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We determine the expression for the electrostatic potential generated by a point charge held stationary in the topologically charged
black hole spacetime arising from the Randall-Sundrum II braneworld model. We treat the static electric point charge as a linear
perturbation on the black hole background and an expression for the electrostatic multipole solution is given: PACS: 04.70.-s,
04.50.Gh, 11.25.-w, 41.20.-q, 41.90.+e.

1. Introduction

The idea of our universe as a brane embedded in a higher
dimensional spacetime has recently attracted attention.
According to the braneworld scenario, the physical fields
(electromagnetic, Yang-Mills, etc.) in our 4-dimensional
universe are confined to the three-brane and only gravity
propagates in the bulk spacetime. One of themost interesting
scenarios is Randall-Sundrum II model in which it is consid-
ered aZ

2
-symmetric, 5-dimensional, asymptotically anti-de-

Sitter bulk [1] and our brane is identified as a domain wall.
The 5-dimensional metric can be written in the general form
𝑑𝑠
2
= 𝑒
−𝐹(𝑦)

𝜂
𝜇]𝑑𝑥
𝜇
𝑑𝑥

]
+ 𝑑𝑦
2 and due to the appearance of

the warp factor, it reproduces a large hierarchy between the
scale of particle physics and gravity. Moreover, even if the
fifth dimension is uncompactified, standard 4-dimensional
gravity on the brane is reproduced. However, due to the cor-
rection terms coming from the extradimensions, significant
deviations from general relativity may occur at high energies
[2–4].

As is well known, in general relativity the exterior
spacetime of a spherical compact object is described by
Schwarzschild solution. In the braneworld scenario, the
high energy corrections to the energy density together with
Weyl stresses from bulk gravitons imply that the exterior

metric of a spherical compact object on the brane is no
longer described by Schwarzschild metric. In fact, black hole
solutions in the braneworldmodel are particularly interesting
because they have considerably richer physical aspects than
black holes in general relativity [5–11]. The first solutions
describing static and spherically symmetric exterior vacuum
solutions of the braneworldmodelwere proposed byDadhich
et al. [12] and Germani andMaartens [13] and later they were
generalised by Chamblin et al. [14] and revisited by Sheykhi
and Wang [15]. This kind of solutions carries a topological
charge arising from the bulkWeyl tensor and the line element
resembles Reissner-Nördstrom solution, with the tidal Weyl
parameter playing the role of the electric charge. In order
to obtain this solution, there was the null energy condition
imposed on the three-brane for a bulk having nonzero Weyl
curvature.

On the other hand, the generation of an electromagnetic
field by static sources in black hole backgrounds has been
considered in several papers beginning with the studies of
Copson [16], Cohen and Wald [17], and Hanni and Ruffini
[18] where they discussed the electric field of a point charge
in Schwarzschild background. Afterwards, Petterson [19]
and later Linet [20] studied the magnetic field of a current
loop surrounding a Schwarzschild black hole. More recently,
similar studies have been performed in other background
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geometries including charged black holes of general relativity
and black holes with Brans-Dicke modifications or with
conical defects [21–25].

In this paper we are interested in obtaining an expression
for the electrostatic potential generated by a point charge
held stationary in the region outside the event horizon of a
braneworld black hole.There are several vacuum solutions of
the spherically symmetric static gravitational field equations
on the brane with arbitrary parameters which depend on
properties of the bulk or that are simply put in by using gen-
eral physical considerations. At the present, it is theoretically
not known whether these parameters should be universal
over all braneworld black holes, or whether each separate
black hole may have different values of them. Similarly,
there is not a single complete solution in the sense that the
metric in the bulk is uniquely known. Since this situation
is unsatisfactory from a theoretical point of view, it may be
useful to investigate more closely the observational effects
of the black hole properties. Specifically, we consider the
effects due to the projections of theWeyl tensor and how they
specify the corrections on the electrostatic potential. Since
the generic form of the Weyl tensor in the full 5-dimensional
spacetime is yet unknown, the effects of known solutions
must be studied on a case-by-case basis. Although one can,
in principle, constrain the projections, this only yields very
mild constraints on the 5-dimensional Weyl tensor [26, 27].
Therefore we decided to derive the electrostatic potential
generated by a point charge held stationary in the outside
region of the event horizon of the particular solution in the
Randall-Sundrum braneworld model obtained by Dadhich
et al. [12] and revisited by Sheykhi and Wang [15]. In this
case, tidal charge is arising via gravitational effects from
the fifth dimension; that is, it is arising from the projection
onto the brane of free gravitational field effects in the bulk,
and is this term the one that will modify the electrostatic
potential produced by the particle.We obtain the corrections,
due to the topological charge arising from the bulk Weyl
tensor, to the electrostatic potential and deduce the necessary
correction to incorporate Gauss’s law. Finally we also present
the solution of Maxwell equations in the form of series of
multipoles.

2. The Topologically Charged Black Hole in
the Braneworld

The gravitational field on the brane is described by the Gauss
and Codazzi equations of 5-dimensional gravity [2],

𝐺
𝜇] = −Λ𝑔𝜇] + 8𝜋𝐺𝑇𝜇] + 𝜅

4

5
Π
𝜇] − 𝐸𝜇], (1)

where 𝐺
𝜇] = 𝑅

𝜇] − (1/2)𝑔𝜇]𝑅 is the 4-dimensional Einstein
tensor and 𝜅

5
is the 5-dimensional gravity coupling constant,

𝜅
4

5
= (8𝜋𝐺

5
)
2

=
48𝜋𝐺

𝜏
, (2)

with 𝐺
5
the gravitational constant in five dimensions and Λ

is the 4-dimensional cosmological constant that is given in

terms of the 5-dimensional cosmological constantΛ
5
and the

brane tension 𝜏 by

Λ =
𝜅
2

5

2
(Λ
5
+
𝜅
2

5

6
𝜏
2
) . (3)

𝑇
𝜇] is the stress-energy tensor of matter confined on the

brane, Π
𝜇] is a quadratic tensor in the stress-energy tensor

given by

Π
𝜇]

=
1

12
𝑇𝑇
𝜇] −

1

4
𝑇
𝜇𝜎
𝑇
𝜎

] +
1

8
𝑔
𝜇] (𝑇𝛼𝛽𝑇

𝛼𝛽
−
1

3
𝑇
2
)

(4)

with 𝑇 = 𝑇
𝜎

𝜎
, and 𝐸

𝜇] is the projection of the 5-dimensional
bulk Weyl tensor 𝐶

𝐴𝐵𝐶𝐷
on the brane (𝐸

𝜇] = 𝛿
𝐴

𝜇
𝛿
𝐵

]𝐶𝐴𝐵𝐶𝐷

𝑛
𝐴
𝑛
𝐵 with 𝑛𝐴 the unit normal to the brane). 𝐸

𝜇] encompasses
the nonlocal bulk effect and it is traceless, 𝐸𝜎

𝜎
= 0.

Considering the Randall-Sundrum scenario with

Λ
5
= −

𝜅
2

5

6
𝜏
2 (5)

which implies

Λ = 0, (6)

the four-dimensional Gauss and Codazzi equations for an
arbitrary static spherically symmetric object have been com-
pletely solved on the brane, obtaining a black hole type
solution of the field equations (1) with 𝑇

𝜇] = 0, given by the
line element [12, 14, 15, 28]

𝑑𝑠
2
= ℎ (𝑟) 𝑑𝑡

2
−
𝑑𝑟
2

ℎ (𝑟)
− 𝑟
2
𝑑Ω
2
, (7)

where 𝑑Ω2 = 𝑑𝜃2 + sin2𝜃𝑑𝜑2 and

ℎ (𝑟) = 1 −
2𝐺𝑀

𝑟
+
𝛽

𝑟2
. (8)

For this model, the expression of the projected Weyl
tensor transmitting the tidal charge stresses from the bulk to
the brane is

𝐸
𝑡

𝑡
= 𝐸
𝑟

𝑟
= −𝐸
𝜃

𝜃
= −𝐸
𝜑

𝜑
=
𝛽

𝑟4
. (9)

This result shows that the parameter 𝛽 can be interpreted
as a tidal charge associated with the bulk Weyl tensor and
therefore, there is no restriction on it to take positive as
well as negative values (other interpretations consider 𝛽 as
a five-dimensional mass parameter as discussed in [14]). The
induced metric in the domain wall presents horizons at the
radii (taking 𝐺 = 1). Consider the following:

𝑟
±
= 𝑀 ± √𝑀2 − 𝛽. (10)
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For 𝛽 ≥ 0 there is a direct analogy to the Reissner-
Nördstrom solution, showing two horizons that, as in general
relativity, both lie inside the Schwarzschild radius 2𝑀; that is,

0 ≤ 𝑟
−
≤ 𝑟
+
≤ 𝑟
𝑠
. (11)

Clearly, there is an upper limit on 𝛽, namely,

0 ≤ 𝛽 ≤ 𝑀
2
. (12)

However, there is nothing to stop us choosing 𝛽 to be
negative. This intriguing new possibility is impossible in
Reissner-Nördstrom case and leads to only one horizon, 𝑟

∗
,

lying outside the corresponding Schwarzschild radius,

𝑟
∗
= 𝑀 + √𝑀2 +

󵄨󵄨󵄨󵄨𝛽
󵄨󵄨󵄨󵄨 > 2𝑀. (13)

In this case, the single horizon has a greater area that
its Schwarzschild counterpart. Thus, one concludes that the
effect of the bulk producing a negative 𝛽 is to strengthen the
gravitational field outside the black hole (obviously it also
increases the entropy anddecreases theHawking temperature
but these facts are not important in this paper).

3. The Electrostatic Field of a Point Particle

Copson [16] and Linet [20] found the electrostatic potential
in a closed formof a point charge at rest outside the horizon of
a Schwarzschild black hole and that the multipole expansion
of this potential coincides with the one given by Cohen and
Wald [17] and by Hanni and Ruffini [18]. In this section
we will investigate this problem in the background of the
topologically charged black hole (7).

According to the braneworld scenario, we will consider
that the physical fields are confined to the three brane and
if the electromagnetic field of the point particle is assumed
to be sufficiently weak so its gravitational effect is negligible,
and the Einstein-Maxwell equations reduce to Maxwell’s
equations confined in the curved backgroundof the brane (7).
These are written as

∇
𝜌
𝐹
𝜌𝜇
= 4𝜋𝐽

𝜇
, (14)

where

𝐹
𝜇] = 𝜕𝜇𝐴] − 𝜕]𝐴𝜇 (15)

with 𝐴
𝜇 the electromagnetic vector potential and 𝐽

𝜇 the
current density. Considering that the test charge 𝑞 is held
stationary at the point (𝑟

0
, 𝜃
0
, 𝜑
0
), the associated current

density 𝐽𝑖 vanishes while the charge density 𝐽0 is given by

𝐽
0
=

𝑞

𝑟2
0
sin 𝜃

𝛿 (𝑟 − 𝑟
0
) 𝛿 (𝜃 − 𝜃

0
) 𝛿 (𝜑 − 𝜑

0
) . (16)

From now on, we will assume that the charge 𝑞 is held
outside the black hole; that is, 𝑟

0
> 𝑟
+
in the case 𝛽 ≥ 0

and 𝑟
0

> 𝑟
∗
in the case 𝛽 < 0. We will not consider

here the possibility of having the charge inside the event
horizon because; as well known, this construction leads to
the description of a charged black hole of the Reissner-
Nördstrom type [15].

The spatial components of the potential vanish, 𝐴𝑖 = 0,
while the temporal component 𝐴0 = 𝜙 is determined by the
𝜇 = 0 component of (14), giving the differential equation:

𝜕

𝜕𝑟
(𝑟
2 𝜕𝜙

𝜕𝑟
)

+ (1 −
2𝑀

𝑟
+
𝛽

𝑟2
)

−1

× [
1

sin 𝜃
𝜕

𝜕𝜃
(sin 𝜃

𝜕𝜙

𝜕𝜃
) +

1

sin2𝜃
𝜕
2
𝜙

𝜕𝜑2
]

= −𝑟
2
4𝜋𝐽
0
.

(17)

In order to solve this equation we will perform the
substitutions

𝑟 = 𝑟 + 𝑟
−
,

𝜙 (𝑟, 𝜃, 𝜑) =
𝑟 − 𝑟
−

𝑟
𝜙 (𝑟 − 𝑟

−
, 𝜃, 𝜑)

(18)

which turn the differential equation into

𝜕

𝜕𝑟
(𝑟
2 𝜕𝜙

𝜕𝑟
)

+ (1 −
2𝑚

𝑟
)

−1

[
1

sin 𝜃
𝜕

𝜕𝜃
(sin 𝜃

𝜕𝜙

𝜕𝜃
) +

1

sin2𝜃
𝜕
2
𝜙

𝜕𝜑2
]

= −
4𝜋𝑞

sin 𝜃
𝛿 (𝑟 − 𝑟

0
) 𝛿 (𝜃 − 𝜃

0
) 𝛿 (𝜑 − 𝜑

0
) ,

(19)

where𝑚 = √𝑀2 − 𝛽 and 𝑞 = 𝑞𝑟
0
/(𝑟
0
+ 𝑟
−
). Note that, in the

extremal case 𝑚 = 0, or equivalently𝑀2 = 𝛽, (19) becomes
Laplace’s equation in Minkowski spacetime. On the other
hand, when𝑚 ̸= 0 (including values with 0 ≤ 𝛽 < 𝑀

2 as well
as 𝛽 < 0), (19) is formally identical to the partial differential
equation for the electrostatic potential in the Schwarzschild
spacetime. Hence, assuming 𝜃

0
= 0, 𝜑

0
= 0 and proceeding

in analogy with Copson [16], we find that the solution of (17),
after using the substitutions (18), is

𝜙
𝐶
(𝑟, 𝜃) =

𝑞

𝑟
0
𝑟

(𝑟 − 𝑀) (𝑟
0
−𝑀) − (𝑀

2
− 𝛽) cos 𝜃

√(𝑟 −𝑀)
2
+ (𝑟
0
−𝑀)
2

− 2 (𝑟 −𝑀) (𝑟
0
−𝑀) cos 𝜃 − (𝑀2 − 𝛽) sin2𝜃

. (20)
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This solution describes, as stated before, the potential for a
charge 𝑞 situated at the point (𝑟

0
, 0, 0) and it is regular for any

value of 𝑟 outside the event horizon, except at the position of
the point charge. However, as shown by Linet [20] and Léauté
and Linet [21], it is easy to see that this solution includes
another source. Note that, for 𝑟 → ∞, the potential 𝜙

𝐶
takes

the asymptotic form

𝜙
𝐶
(𝑟, 𝜃) 󳨀→

𝑞

𝑟
(1 −

𝑀

𝑟
0

) , (21)

and consequently, by virtue of Gauss’s theorem, there is a
second charge with value −𝑞𝑀/𝑟

0
. Solution (20) has only the

source 𝑞 outside the horizon and thus the second chargemust
lie inside the horizon. Moreover, since the only electric field
which is regular outside the horizon is spherical symmetric
[29], the electrostatic potential for our physical system will
be of the form

𝜙 (𝑟, 𝜃) = 𝜙
𝐶
(𝑟, 𝜃) +

𝑞

𝑟

𝑀

𝑟
0

. (22)

The electrostatic solution can be analysed for all values 𝑟.
Considering this equation, it is clear that when the charge 𝑞
is approaching the outer horizon 𝑟

+
in the case 𝛽 ≥ 0 or the

horizon 𝑟
∗
in the case𝛽 < 0, the electrostatic potential𝜙 tends

to become spherically symmetric, recovering a charged black
hole of the Reissner-Nördstrom type as stated before.

When 𝑟
0
> 2𝑀, there is only one charge 𝑞 in the case

𝛽 ≥ 0 as well as in the case 𝛽 < 0. However, when 𝑟
+
≤ 𝑟
0
<

2𝑀 in the case 𝛽 ≥ 0, there are also two other charges 𝑞
1
=

𝑞(1−2𝑀/𝑟
0
) and 𝑞

2
= −𝑞
1
located at (𝑟 = 2𝑀−𝑟

0
, 𝜃 = 𝜋) and

𝑟 = 0, respectively.This behaviour is obviously not present for
𝛽 < 0 because 𝑟

∗
> 2𝑀 as shown in Section 2 of this paper.

Finally, in order to write formally the electrostatic poten-
tial of a charge 𝑞 located at the arbitrary point with coor-
dinates (𝑟

0
, 𝜃
0
, 𝜑
0
), we simply replace the term cos 𝜃 by the

function 𝜆(𝜃, 𝜑) = cos 𝜃 cos 𝜃
0
+ sin 𝜃 sin 𝜃

0
cos(𝜑 − 𝜑

0
). This

gives the general solution

𝜙 (𝑟, 𝜃, 𝜑) =
𝑞

𝑟
0
𝑟

(𝑟 − 𝑀) (𝑟
0
−𝑀) − (𝑀

2
− 𝛽) 𝜆 (𝜃, 𝜑)

√(𝑟 −𝑀)
2
+ (𝑟
0
−𝑀)
2

− 2 (𝑟 −𝑀) (𝑟
0
−𝑀)𝜆 (𝜃, 𝜑) − (𝑀2 − 𝛽) [1 − 𝜆2 (𝜃, 𝜑)]

+
𝑞

𝑟

𝑀

𝑟
0

. (23)

3.1. Multipole Expansion. If the angular part of the potential
in (19) is expanded in terms of Legendre polynomials in cos 𝜃,

one may obtain the well-known electric multipole solutions.
Using again the substitutions (18), the radial parts of the two
linearly independent multipole solutions of (17) are

𝑔
𝑙
(𝑟) =

{{{{

{{{{

{

1 for 𝑙 = 0

2
𝑙
𝑙! (𝑙 − 1)!(𝑀

2
− 𝛽)
𝑙/2

(2𝑙)!

𝑟
2
− 2𝑀𝑟 + 𝛽

𝑟

𝑑𝑃
𝑙

𝑑𝑟
(

𝑟 −𝑀

√𝑀2 − 𝛽

) for 𝑙 = 1, 2, . . . ,
(24)

𝑓
𝑙
(𝑟) = −

(2𝑙 + 1)!

2𝑙 (𝑙 + 1)!𝑙!(𝑀2 − 𝛽)
(𝑙+1)/2

𝑟
2
− 2𝑀𝑟 + 𝛽

𝑟

𝑑𝑄
𝑙

𝑑𝑟
(

𝑟 −𝑀

√𝑀2 − 𝛽

) for 𝑙 = 0, 1, 2, . . . , (25)

where 𝑃
𝑙
and 𝑄

𝑙
are the two types of Legendre functions.

These functions satisfy the following:

(1) for 𝑙 = 0, 𝑔
0
(𝑟) = 1 and 𝑓

0
(𝑟) = 1/𝑟;

(2) for all values of 𝑙, as 𝑟 → ∞, the leading term of 𝑔
𝑙
(𝑟)

is 𝑟𝑙 while the leading term of 𝑓
𝑙
(𝑟) is 𝑟−(𝑙+1);

(3) as 𝑟 → 𝑟
+
, 𝑔
𝑙
(𝑟) → 0 (for 𝑙 ̸= 0) while 𝑓

𝑙
(𝑟) →

finite constant. However, 𝑑𝑓
𝑙
/𝑑𝑟 blows up for 𝑙 ̸= 0

when 𝑟 → 𝑟
+
.

The above properties let us infer that only the set of solutions
(25) has the correct behaviour at infinity and only the
multipole term 𝑙 = 0 does not produce a divergent field at the
horizon 𝑟 = 𝑟

+
. This set of solutions reproduces Israel’s result

[29] when 𝛽 = 0 (i.e., for the Schwarzschild black hole).

As is well known, the gravitational field modifies the
electrostatic interaction of a charged particle in such a way
that the particle experiences a finite self-force [22, 23, 30–34]
whose origin comes from the spacetime curvature associated
with the gravitational field. However, even in the absence of
curvature, it was shown that a charged point particle [35, 36]
or a linear charge distribution [37] placed at rest may become
subject to a finite repulsive electrostatic self-force (see also
[24]). In these references, the origin of the force is the distor-
tion in the particle field caused by the lack of global flatness
of the spacetime of a cosmic string. Therefore, one may
conclude that the modifications of the electrostatic potential
come from two contributions: one of geometric origin and
the other of a topological one. In a forthcoming paper we will
show that, considering the topologically charged black hole
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described by the line element (7) as the background metric,
both kinds of contributions appear in the electrostatic self-
force of a charged particle.
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