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Let X be a complex surface with at most a rational singularity at a point O ∈ X and
m = mX,O be the maximal ideal of the local ring OX,O at O. Given a tuple of m-primary
ideals aaa := (a1, ..., ar) ⊆ (OX,O)r we will consider a common log-resolution, that is a birational
morphism π : X ′ → X such that X ′ is smooth, ai · OX′ = OX′ (−Fi) for some effective Cartier
divisors Fi, i = 1, . . . , r and

∑r
i=1 Fi + E is a divisor with simple normal crossings where

E = Exc (π) is the exceptional locus. Actually, the divisors Fi are supported on the exceptional
locus since the ideals are m-primary.

We define the mixed multiplier ideal at a point c := (c1, .., cr) ∈ Rr>0 as 1

J (aaac) := J (ac11 · · · a
cr
r ) = π∗OX′ (dKπ − c1F1 − · · · − crFre)

where d·e denotes the round-up and Kπ =
∑s

i=1 kjEj is the relative canonical divisor, a Q-divisor
on X ′ supported on the exceptional locus E which is characterized by the property (Kπ + Ei) ·
Ei = −2 for every exceptional component Ei, i = 1, . . . , s.

Associated to any point ccc ∈ Rr>0, we consider the region of ccc as:

Raaa (ccc) =
{
ccc′ ∈ Rr>0

∣∣∣ J (aaaccc′) ⊇ J (aaaccc)
}
.

The boundary of the region Raaa(ccc) is what we call the jumping wall associated to ccc. From now
on we will denote by JWaaa the set of jumping walls of aaa.

1 Multiplicities of jumping points

We define the multiplicity attached to a point ccc ∈ Rr>0 as the codimension of J (aaaccc) in J
(
aaa(1−ε)ccc

)
for ε > 0 small enough, i.e.

m(ccc) := dimC
J
(
aaa(1−ε)ccc

)
J (aaaccc)

.

One can compute these multiplicities using the following result:

1By an abuse of notation, we will also denote J (aaaccc) its stalk at O so we will omit the word ”sheaf” if no
confusion arises.
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Theorem 1 Let aaa ⊆ (OX,O)r be a tuple of m-primary ideals, ccc ∈ Rr>0 a point and Hccc the reduced
divisor defined as Hccc = dKπ − (1− ε)c1F1 − · · · − (1− ε)crFre − dKπ − c1F1 − · · · − crFre for
a sufficiently small ε > 0. Then,

m (ccc) = (dKπ − c1F1 − · · · − crFre+Hccc) ·Hccc + # {connected components of Hccc} .

2 Poincaré series of mixed multiplier ideals

Given a m-primary ideal a ⊆ OX,O, Galindo and Montserrat in 2010 introduced its Poincaré
series as

Pa(t) =
∑
c∈R>0

m(c) tc.

For a tuple of m-primary ideals aaa = (a1, . . . , ar) ⊆ (OX,O)r we are going to give a general-
ization of this series by considering a sequence of mixed multiplier ideals indexed by points in
a ray L : ccc0 + µu in the positive orthant Rr>0 with a vector u = (u1, . . . , ur) ∈ Zr>0, u 6= 0
and ccc0 ∈ Qr

>0. Here we are considering, for simplicity, a point ccc0 belonging to a coordinate
hyperplane but not necessarily being the origin and µ ∈ R>0. Namely, we consider the sequence
of mixed multiplier ideals

J (aaaccc0) ) J (aaaccc1) ) J (aaaccc2) ) · · · ) J (aaaccci) ) · · ·

where {ccci}i>0 = L ∩ JWaaa or equivalently {ccci}i>0 is the set of jumping points of this sequence.
Then we define the Poincaré series of aaa alongside the ray L as

Paaa(t;L) =
∑
ccc∈L

m(ccc) tccc

where tccc := tc11 · · · tcrr .

Theorem 2 Let aaa = (a1, . . . , ar) ⊆ (OX,O)r be a tuple of m-primary ideals and let L : ccc0 + µu
be a ray in the positive orthant Rr>0 with u ∈ Z>0, u 6= 0. The Poincaré series of aaa alongside L
can be expressed as

Paaa(t;L) = tccc0
∑

µ∈[0,1)

(
m(ccc0 + µu)

1− tu
+ ρccc0+µu,u

tu

(1− tu)2

)
tµu .
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