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recent data. This discussion motivated the study of other alternative or "exotic" inflationary
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produced, therefore a more general but detailed discussion on this subject is mandatory, par-
ticularly since gravitational wave signals from massive astrophysical objects mergers have
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Chapter 1

The non-minimal matter-curvature
coupling: an extension of General
Relativity

1.1 General Relativity

G ENERAL Relativity (GR) was proposed by Albert Einstein in 1915 as a theory of
spacetime geometry and it is one of the most extraordinary theories ever con-
ceived by the human mind. His work consisted of four fundamental papers pub-

lished in November of 1915 [7–10]. Although his theory has been derived mainly through
elegance, aesthetics and simplicity criteria, GR is extremely successful in accounting for the
weak-field experimental regime of gravitation where it agrees with data with an impressive
precision (we refer the reader to Refs. [11, 12] and references therein).

In GR the concept of spacetime geometry is crucial. In fact, the main features of the
curvature are encoded in the Riemann tensor:

R̄λ
µσν := ∂σΓ̄λ

µν − ∂νΓ̄λ
µσ + Γ̄ρ

µνΓ̄λ
ρσ − Γ̄ρ

µσΓ̄λ
ρν , (1.1)

where Γ̄λ
µν is the affine connection, which can be decomposed into three parts:

Γ̄λ
µν = {λ

µν}+ Kλ
µν + Lλ

µν , (1.2)

where {λ
µν} := 1

2 gλρ
(
∂µgρν + ∂νgρµ − ∂ρgµν

)
are the Christoffel symbols, Kλ

µν := 1
2 Tλ

µν +

T λ
(µ ν)

is the contortion built from the torsion tensor, Tλ
µν := 2Γ̄λ

[µν]
, and

Lλ
µν := 1

2 gλρ
(
−Qµρν −Qνρµ + Qρµν

)
is the disformation built from the non-metricity ten-

sor, Qλµν := Dλgµν, where Dλ is the generalised covariant derivative built from the affine

connection, Γλ
µν [13]. In General Relativity, the connection is torsionfree and the metric is

preserved, hence it corresponds to the Christoffel symbols and is called Levi-Civita connec-
tion, which we denote by Γλ

µν. But there are other metric-affine theories based on combina-
tions of how many of the three aforementioned parts vanish. This can be illustrated in Fig.
(1.1).

Henceforth, and otherwise stated, we employ the Levi Civita connection. Then, the ac-
tion functional for General Relativity reads:

S =
∫

[κR + L]
√
−gd4x , (1.3)
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FIGURE 1.1: General picture of combinations of non-vanishingness of the
terms in the affine connection decomposition. Based on Ref. [14].

where κ := c4 M2
P

2 with c being the light speed, M2
P = (8πG)−1 being the reduced Planck

mass, and G being the Newton’s gravitation constant, R = gµνRλ
µλν is the Ricci scalar (or

scalar curvature), L is the Lagrangian of the matter fields, and g is the determinant of the
metric, gµν.

1.1.1 Metric formalism

If we vary the action with respect to the metric, we get the Einstein field equations:

Rµν −
1
2

gµνR =
1

2κ
Tµν , (1.4)

where Rµν is the Ricci tensor and Tµν = −2√−g
δ(L√−g)

δgµν is the energy-momentum tensor. The
left hand side (lhs) of the field equations is called the Einstein tensor and is denoted by
Gµν. From the Bianchi identities, the Einstein tensor is covariantly conserved, ∇µGµν = 0,
and due to the field equations, the energy-momentum tensor is also covariantly conserved,
∇µTµν = 0.

1.1.2 Palatini formalism

There is a subtle caveat in the metric formalism: we postulate that the affine connection
depends on the metric and its derivatives. Nevertheless, this is not necessarily the most
general case. In fact, we can recall the basics of Differential Geometry and Topology: the
metric field gives the notion of inner product and defines distances in the manifold and
angles between vectors in the tangent space; whilst the affine connection is related to the
parallel transport along a curve of tangent vectors to a manifold from one point to another.
Therefore, GR or any other theory can be analysed in the Palatini formalism, where the action
functional can be varied with respect to the metric and to the connection independently.
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However, the matter Lagrangian does not feel this independent connection, but only the
metric field and its derivatives. In this formalism, the variation of action 1.3, keeping in
mind that R(Γ) = gµνRµν(Γ), with respect to the metric reads:

R(µν)(Γ)−
1
2

gµνR(Γ) =
1

2κ
Tµν , (1.5)

and the variation with respect to the connection gives:

∇µ

(√
−ggµν

)
= 0 , (1.6)

where the latter is simply the relation for the Levi-Civita connection. Hence, we get the
metric formalism equations, albeit the fact that in the Palatini formalism the Levi-Civita
connection is a dynamic consequence of the theory and not an a priori assumption.

Although this approach is known as the Palatini formalism, it seems that this procedure
was firstly considered by Einstein [15]. In fact, Atillio Palatini derived the so-called Palatini
identity:

δRµν = ∇ρ(δΓρ
νµ)−∇ν(δΓρ

ρµ) , (1.7)

which is remarkably similar to the Lie derivative, Lξ , which measures in a coordinate inde-
pendent way the change of a tensor field along the flow of a given vector field, ξ = ξρ∂ρ:

Lξ Rµν = ∇ρ(LξΓρ
νµ)−∇ν(Lξ Γρ

ρµ) . (1.8)

There are also other formalisms: the metric-affine one, which regards the metric and the
connection as two independent variables, but additionally the matter sector also feels the
connection; the vierbein formalism, which writes the theory in the tangent space; among
others (we refer the reader to the review in Ref. [16]).

1.1.3 Some concerning issues with GR

Despite GR’s impressive agreement with most observational data, there are some conun-
drums: the so-called ultraviolet (UV) and infrared (IR) behaviours; in other words, the small
scales (high energies) and the large scales (small energies) limits. In the first case, we refer to
the lack of a fully consistent quantum version of GR and in the other limit to the large scale
enigmatic behaviour of the Universe, namely the so-called dark matter and dark energy
problems [17].

Attempts to find a quantised version of GR have been pursued. However, it is shown
that the theory is not renormalisable at one-loop [18]. In addition, quantum corrections to
GR in string theory or in the Noether symmetry approach [19–25] show that higher-order
curvature invariant terms have to be included in the action. These terms would affect the
UV limit of gravity. Actually, this reasoning lead to important models in the early Universe,
as it was the case of the cosmic inflation, which we shall discuss in Section 1.4. In fact, in the
1980’s, Stephen Hawking and James Hartle started a new branch of research, the quantum
cosmology. In this approach the spacetime is described by the Universe wavefunction, which
obeys to the Wheeler-De Witt equation, an equation analogous to the Schroedinger’s one
[26–30].
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A different approach to a quantum gravitational theory was performed in the spirit of
effective field theory. The latter was well known in the context of Particle Physics and Sta-
tistical Mechanics, and relies on the identification of the relevant degrees of freedom (d.o.f.)
which describe phenomena at a given scale, while it ignores substructure and degrees of
freedom at lower scales by integrating out these heavy d.o.f. Thus, the method has been em-
ployed to General Relativity [31–34] and also in a covariant way using the background field
method [35–38]. This approach leads to measurable quantum corrections to the Newtonian
potential [39–41].

At the other end of length scales, there have been strong evidences that GR fails. Namely,
observational data requires either a different gravitational theory or the presence of two dark
components: dark matter and dark energy; which have not been directly observed so far.
Assuming they do exist, data requires that 26.8% of the Universe energy content is due to
dark matter and 68.3% of dark energy [42]. This means that just the remaining 4.9% is of
matter we know.

The issue of dark matter [43] started to be discussed at the early 20th century by Lord
Kelvin when he computed the mass of the Milky Way from the observation of the stars’
velocity dispersion, which was in disagreement with the value obtained from the visible
stars. Thus, the idea of the existence of some "dark bodies" in the galaxy was born. In 1906,
Henri Poincaré analysed the work of Kelvin and coined the term "dark matter" (or "matière
escure" in French) [44]. Further attention was drawn to this topic from several authors. In
particular, Fritz Zwicky estimated the mass of the Coma Cluster using the virial theorem,
which states that in a relaxed gravitational system the kinetic, K, and potential, U, energies
obey the relation 2K + U = 0, obtaining a value 400 times higher than the one computed
from the brightness and number of galaxies in the cluster [45]. Although, this value was
overestimated due to the less rigorous value of the Hubble constant, he correctly inferred the
need of "dunkle materie" (dark matter). In 1970, two studies were published concerning the
missing matter in galactic rotation curves in the optical waveband [46, 47]. Vera Rubin and
Kent Ford showed that the velocity rotation curve of Andromeda Nebula stayed roughly
constant for large radii, and Kenneth Freeman showed that for the two galaxies NGC 300
and M33 the maximum velocity happened for larger radius than the one predicted from
photometry. This introduced a new motivation for the understanding on the nature of dark
matter. A characteristic rotation curve is shown in Fig 1.8b. More recently, the observation of
clusters of galaxies which collided a long time ago indicated that two main patterns could be
detected: X-ray emission of hot gas, which indicates that stars from the two clusters passed
right through each other and the gravitational lensing effect due to dark matter [48–50] as
shown in Fig. 1.2b.

A vast list of particle physics motivated candidates for dark matter have been proposed,
which can be classified into three main categories: hot, warm and cold dark matter, in in-
creasing order of mass. Notwithstanding, hot dark matter consists of ultrarelativistic parti-
cles such as neutrinos. However, they show great tension with structure formation simula-
tions as they provide much less structures than the ones we observe in the Universe. In its
turn, warm dark matter particles would have masses of the order of keV as the sterile neu-
trinos, although initially they have been proposed from an extension of the Standard Model
of Particle Physics. These neutrinos have right-handed chirality, and only interact through
gravity. Warm dark matter models show good agreement with observations [52–55]. The
last scenario: the cold dark matter is the most studied case as it relies on heavy particles,
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(A) Galactic rotation curve of the galaxy NGC
3198 showing the plateau behaviour for large
radius, which cannot be explained from the
observed ordinary matter within General Rel-

ativity [51].

(B) The "bullet cluster" 1E 0657-56 with X-ray
hot gas in red and gravitational lensing effect

due to "dark matter" in blue [48–50]

FIGURE 1.2: Two observational evidences for the existence of dark matter or
a gravitational behaviour different from General Relativity.

with masses from GeV to TeV, and assumes that they interact very weakly. Some candidates
of this scenario are the Weakly Interacting Massive Particles (WIMP), which although ther-
mally produced in the early Universe went out of the equilibrium as the expansion rate of
spacetime overdominated the production/annihilation rate of WIMP and whose abundance
became constant [56, 57]; and the Feeble Interaction Massive Particles, which were not very
abundant in the early Universe but were created by out of equilibrium decaying processes of
Standard Model particles [58, 59]. However, this type of dark matter fails on small scales as
it leads to the satellite galaxies problem: more small structures, such as small galaxies orbit-
ing bigger ones, than the ones observed. Furthermore, none of the three types of candidates
for dark matter were directly observed so far (see e.g. Ref. [60] for a review on dark matter
searches).

Some of the searches for dark matter occur in Particle Physics colliders such as the Large
Hadron Collider (LHC) in Switzerland, mainly due to the possibility of the decaying of the
superrenormalisable Higgs boson into new particles [61]. In particular, SU(3) × SU(2) ×
U(1) singlet fields can have renormalisable coupling to the Higgs, which motivates the so
called "Higgs portal" dark matter [62–64]. Non-renormalisable terms may however appear
provided that the dark matter field lives in a hidden sector which is sequestered by the
visible sector, where Standard Model particles live, including the Higgs boson itself [65].
On the other hand, the dark matter scalar field can be coupled to both the Higgs field and
the scalar curvature, thus having some bearings on inflation and electroweak symmetry
breaking [66–68]. Moreover, unifying scenarios of dark matter and dark energy to dark
energy can also be found through this procedure [69].

In addition to the astronomical observations on the dark matter effect, there were other
ones which showed another intriguing feature: the Universe is undergoing an accelerated
expansion phase. Indeed, in 1998, two teams reported that conclusion from the observation
of Supernovae Type Ia, used as standard candles to accurately measure distances, the High-
Z Supernova Search Team [70] and the Supernova Cosmology Project [71]. These results led
to the Nobel Prize in Physics in 2011 awarded to Saul Perlmutter, Brian Schmidt and Adam
G. Riess. This acceleration was postulated to be due to some form of smoothly distributed
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dark energy.
The simplest mechanism for the dark energy is the cosmological constant: a constant in

Einstein’s field equations, which was introduced by Einstein himself but in a rather different
context. At that time, it was believed that the Universe was static, and the way to reconciliate
the theory with such Universe was to include a cosmological constant. Just after the Hubble’s
observations on the redshift of galaxies, which indicated that the farthest galaxies moved
faster away from us than the local ones, Einstein decided to consider the introduction of the
mentioned constant as a huge mistake. However, much later it was realised that a positive
cosmological constant could account for the dark energy effect. This leads to an equation of
state parameter w := p/ρ = −1, where p is the pressure and ρ denotes the energy density.

There are also other possibilities for dark energy. One of such models relies on a scalar
field, φ, whose dynamics at late times become potential dominated, and consequently w ≈
−1. However, the scalar field can evolve in time, and its equation of state “freezes” towards
or “thaws” away from the nowadays value, w = −1 [72–74].

There are also models which attempt to explain dark matter and dark energy through
a single unifying mechanism. This is the case of an exotic fluid with equation of state p =

−A/ρα, where A and α are real constants, with 0 < α ≤ 1 [75,76]. This model will be further
developed in Chapter 4 in the context of Inflation. We refer the reader to Refs. [77, 78] for
review on models of dark energy.

As we have seen, despite all the beauty of the mathematics and the impressive agreement
with some observational data, General Relativity may fail at very low and very high scales.
Hence, one may think that GR is not the ultimate theory. Thus, several modified gravity
models have been proposed in the literature. We shall discuss two of them: f (R) theories
and the non-minimal matter-curvature coupling theories. The latter will be a central point
of the present thesis.

FIGURE 1.3: General Relativity may not be the final theory. At small length
scales, we need a fully consistent quantum theory of gravity, whilst at large
length scales we need to provide an explanation for the behaviour dark mat-

ter and dark energy in the Universe.
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1.2 f(R) theories

W E have pointed out that attempts to build an UV completion of GR relied on
higher-order curvature terms in the action. Thus, at least from a phenomeno-
logical point of view, we can replace the Ricci scalar in the action by a generic

function of it, f (R) [79–81]:

S =
∫

[κ f (R) + L]
√
−gd4x . (1.9)

The function can be expanded in a power series:

f (R) =
+∞

∑
n=−∞

an

(
R

M2
n

)n
, (1.10)

where an are the coefficient of the terms in the series, and Mn are some mass scales to be
determined. In the metric formalism, the variation of the action relatively to the metric
gives:

F(R)Rµν −
f (R)

2
gµν =

1
2κ

Tµν + ∆µνF , (1.11)

where we have defined the operator ∆µν := ∇µ∇ν − gµν�, with � := ∇µ∇µ being the
D’Alambertian, and F(R) := d f /dR. The trace of the field equations yield a dynamical
equation for the Ricci scalar, thus instabilities associated to a negative sign on the mass term
for R should be avoided. The Dolgov-Kawasaki criterion provides a necessary and sufficient
condition for that: F′(R) ≥ 0 [82].

However, in the Palatini formalism, the metric and the connection variations yield, re-
spectively:

F(R)R(µν)(Γ)−
f (R)

2
gµν =

1
2κ

Tµν , (1.12)

∇̄µ

(√
−gF(R)gµν

)
= 0 , (1.13)

where ∇̄ is the covariant derivative built from the connection and we should bear in mind
that f (R) = f

(
gµνRµν(Γ)

)
.

In fact, for f (R) theories, the Palatini formalism reduces the order of the field differential
equations. In particular, the trace of the field equations yields an algebraic equation for
R, hence a "mass" term for the Ricci scalar does not appear and instabilities related with
negative masses are not a problem. This is the so called Dolgov-Kawasaki criterion [82].

Other formalisms in f (R) theories are also possible, in particular the metric-affine version
was analysed in Ref. [83].

In what concerns to the observational issues with GR we pointed out earlier, f (R) theo-
ries were considered to have a power-law form, as Eq. (1.10), with a positive exponent for
galaxies. In fact, it was found that the Newtonian potential has a logarithmic correction, if
one looks for a constant tangential velocity of test particle in a stable circular orbit. However,
this approach exhibits no galaxy-dependent parameters and yields an universal asymptotic
velocity. This is in disagreement with the Tully-Fisher and Faber-Jackson laws, which are
empirical power-law relations between the asymptotic rotation velocity of a galaxy and its
total visible mass, M ∝ vm, yielding an exponent m = 4 for spiral and m = 6 for elliptical
galaxies, respectively. On the other hand, if the metric is perturbed, this leads to a correction
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on the Newtonian potential of the form ΦN = −Gm/r(1 + (r/r0)
β), where the exponent β

is a parameter characteristic of each galaxy [79, 84, 85].
As for the dark energy problem, f (R) theories can provide a natural framework for an

accelerated expansion, depending on a suitable choice for the exponent n in f (R) ∼ Rn.
Actually, let us consider, for simplicity, the absence of matter, ρ = p = 0, and a homogeneous
and isotropic Universe given by a Robertson-Walker (RW) metric:

ds2 = −dt2 + a2 (t) γijdxidxj , (1.14)

where γij is the Friedmann metric and a(t) is the scale factor.
The equation of state parameter is defined as w := p/ρ = p̂/ρ̂, where the effective

pressure is written as p̂ = p− 1
2 ( f − FR) +

(
R̈ + 2HṘ

)
F′ + F′′Ṙ2 and the effective energy

density is given by ρ̂ = ρ + 1
2 ( f − FR)− 3HF′Ṙ, with F′ := dF/dR and F′′ := d2F/dR2. A

condition to have an acceleration phase is that the equation of state parameter is w < −1/3
(this will be further developed in Section 1.4), thus for f (R) ∼ Rn it is possible to achieve
such regime depending on suitable choices for n [79–81, 86].

It is worth mentioning that f (R) theories in the Jordan frame can be conformally trans-
formed into a scalar-tensor theory in the Einstein frame:

SE =
∫ [

κR̃− 1
2

g̃µν∂µΦ∂νΦ−V(Φ) + L
(

F−1 g̃µν, Ψ
)]√

−g̃d4x (1.15)

where the conformal metric reads g̃µν = F2gµν, the auxiliary scalar field is Φ :=
√

3κ ln F(R)
and the potential has the form V(Φ) := κ

FR− f
F2 , and Ψ are the matter fields.

Actually, f (R) theories are a relevant modification since they allow for a successful model
of inflation, namely the Starobinsky’s model [87]. Furthermore, they are also quite useful at
late times where they account for dark matter and dark energy unsolved problems without
postulating some exotic particles or fluids yet to be discovered (we refer the reader to Refs.
[17, 88] and references therein for a more detailed discussion).

A further generalisation of f (R) was proposed in Ref. [89] by including a non-minimal
coupling between matter and curvature.

1.3 The non-minimal matter-curvature coupling model

G ENERAL Relativity is built upon the principle of a minimal coupling between the
metric and matter. This means that the partial derivatives are locally promoted
to covariant ones, which, in particular, means that ∂µTµν → ∇µTµν and we get

a covariant conservation equation for the energy-momentum tensor. This was necessary to
obtain the field equations and to get the action functional. However, this is not the most
general case. In fact, the energy-momentum tensor can be no longer covariantly conserved,
which results in an extra force in the geodesics equation that can account for the dark matter
effect on galaxies. This was the idea behind the birth of the extension of f (R) theories with
a non-minimal coupling between matter and curvature [89].

The action functional for these models read:

S =
∫

d4x
√
−g [κ f1 (R) + f2 (R)L] , (1.16)

where f1(R), f2(R) are arbitrary functions of the Ricci scalar R.
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Varying the action with respect to the metric, gµν, leads to the following field equations:

ΘRµν −
f1(R)

2
gµν =

f2

2κ
Tµν + ∆µνΘ , (1.17)

where we defined Θ := F1 + F2L/κ. It is straightforward to see that choosing f1(R) = R and
f2(R) = 1, one recovers General Relativity.

Taking the trace of the previous equations, one finds:

ΘR− 2 f1 =
f2

2κ
T − 3�Θ . (1.18)

Using the Bianchi identities in the metric field equations, one finds that the matter energy-
momentum tensor is not covariantly conserved in this model:

∇µTµν =
F2

f2
(gµνL− Tµν)∇µR . (1.19)

This results in an extra force in the geodesic equation, which for a perfect fluid is given
by [89]:

f µ =
1

ρ + p

[
F2

f2
(L− p)∇νR +∇ν p

]
hµν , (1.20)

where hµν = gµν + UµUν is the projection operator, Uµ denotes the particle’s 4-velocity and
we have used the energy-momentum tensor of a perfect fluid Tµν = (ρ + p)UµUν + pgµν.
As we can see, the extra force explicitly depends on the matter Lagrangian choice.

In the context of GR, it is well known that L = −ρ, L = p and L = −nA, where n is
the particle number density and A is the physical free energy, defined as A := ρ/n − Ts,
with T being the fluid temperature and s the entropy per particle, can be derived from the
same action by adding specific surface integrals to it [90–92]. This yields the same energy-
momentum tensor for a perfect fluid, hence these on-shell descriptions are degenerated.

However, in the non-minimal matter-curvature coupling model, these choices give the
same energy-momentum tensor, but different gravitational equations. In particular, the
geodesic motion is quite different from one choice to another. Let us note that if L = −ρ

the extra force becomes f µ = −
(
∇νΦc +

∇ν p
ρ+p

)
hµν, with the non-minimal coupling poten-

tial Φc := ln f2, whilst for L = p, the extra force reduces to the pressure-gradient force in
GR, and for the third option, L = −nA, it is simply f µ = 1

ρ+p (−(nA + p)∇νΦc +∇ν p) hµν.
This is a rather surprising result, since even in the null dust matter distribution, p = 0, the
parallel transport is not conserved as it still depends on the matter Lagrangian density, hence
these extra forces may be physically distinguishable [93].

On the other hand, this may hint the existence of an underlying principle or symmetry
which gives the correct Lagrangian for a perfect fluid and the usual general relativistic for-
mulation is incomplete [93]. This case was analysed in Ref. [94] for the case of a barotropic
fluid, just assuming that the matter Lagrangian does not depend on metric derivatives and
that the particle number density is conserved.

Furthermore, the existence of the extra force hints an explicit violation of the equiva-
lence principle, which states that bodies in free fall have the same acceleration regardless of
their inner structures. This principle is one of the basics assumptions of GR, and it is very
constrained at the solar system level [95]. However, this is not a fundamental principle of
physics, hence long range deviations may be possible and lead to interesting observational
features [96]. In fact, some higher-dimensional theories have a low-energy version which
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breaks the equivalence principle, such as Kaluza-Klein theories [97] or string theory whose
dilaton and moduli scalar fields couple to matter [98]. Even in the context of dark matter
and dark energy, it was shown that there are cosmological evidences for a putative violation
of the equivalence principle [99–102]. Therefore, observational tests of the equivalence prin-
ciple are very important to constrain parameters of a theory at solar system level, although
it should not be taken as granted for larger scales [103, 104].

The viability and physical meaningfulness of any gravity model is fundamental and can
be scrutinised by studying its stability. One of such criteria is to study the energy conditions
and the stability of the model under the Dolgov-Kawasaki analysis [82]. To do so, we first
note that the field equations of the NMC models, Eq. (1.17), can be recast in another form:

Gµν =
f2(

F1 +
F2L

κ

) 1
2κ

[
Tµν + T̂µν

]
, (1.21)

with the effective energy-momentum tensor defined as

f2T̂µν := ∆µν

(
F1 +

F2L
κ

)
+

1
2

gµν

(
f1 − F1R− F2RL

κ

)
. (1.22)

From Eq.(1.21) one can define an effective gravitational constant according to the simi-
larity with Einstein’s field equations: Ĝe f f := f2(

F1+
F2L

κ

) 1
2κ . In order to have attractive gravity,

we have to require that Ĝe f f > 0, which is a condition arising from the model.
There are four energy conditions which need to be satisfied. The strong (SEC) and null

(NEC) energy conditions are expressed by the purely geometric and theory independent
Raychaudhury equation, which provides the time evolution of the expansion of a congru-
ence of timelike or null geodesics, respectively, together with the requirement that gravity
is attractive. The weak energy condition (WEC) arises from the requirement that the en-
ergy density measured by any observer is non-negative, whilst the dominant energy condi-
tion (DEC) states that in any orthonormal basis the energy dominates the other components
of the energy-momentum tensor [105]. For the non-minimal coupling between matter and
curvature models, and for a Friedmann-Robertson-Walker metric, these energy conditions
yield, for a perfect fluid [106]:

• SEC ρ̂ + p̂ ≥ 0 ,

ρ̂ + 3p̂ ≥ 0
(1.23)

• NEC

ρ̂ + p̂ ≥ 0 , (1.24)

• WEC ρ̂ ≥ 0 ,

ρ̂ + p̂ ≥ 0
(1.25)
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• DEC

ρ̂ ≥ | p̂| (1.26)

where ρ̂ = ρ + 1
2

(
f1
f2
− F1+2LF2

f2
R
)
− 3H F′1+2LF′2

f2
Ṙ is the effective energy density and p̂ :=

p − 1
2

(
f1
f2
− F1+2LF2

f2
R
)
+
(

R̈ + 2HṘ
) F′1+2LF′2

f2
+

F′′1 +2LF′′2
f2

Ṙ2 is the effective pressure. When
setting f1 = R and f2 = 1, we recover GR’s results.

The other criterion is the Dolgov-Kawasaki’s one, which is related with the value of the
"mass" term for the Ricci scalar. In GR, the trace of the field equation gives an algebraic
equation for R, thus GR does not suffer from such instabilities. However, modified gravity
models may lead to a dynamical equation for the scalar curvature as it is the case of the
NMC model. Therefore, requiring the "mass" of the scalar curvature to be positive defined
implies [106, 107]:

F′1 +
1
κ

F′2L ≥ 0 . (1.27)

It was shown in Ref. [106] that for power-law functions, f1 and f2, the positiveness of the
effective coupling, the energy conditions and the Dolgov-Kawasaki criterion are degenerate.
However, in other gravity theories this needs not to hold.

Provided the NMC model satisfy the above conditions, there are many physical situa-
tions which need to be addressed. The first one is the dark matter problem, where these the-
ories can mimic the profiles at galaxies [108, 109] and clusters [110]. In fact, by requiring the
Tully-Fisher law and that the energy-momentum tensor is roughly conserved, ∇µTµν ≈ 0,
but the metric itself is perturbed, thus providing the extra force effect, then the mimicked
dark matter density is given in terms of R/2κ − ρ. If we assume that the non-minimal
coupling function has a power-law behaviour, f2(R) = 1 + (R/M2

n)
n, where Mn is a typ-

ical mass scale for each galaxy, it is found that the dark matter profile is obtained at low
curvatures and long range for a negative exponent, n [108]. One concrete example of this
procedure is shown in Fig. 1.4.

However, the dark matter behaviour on clusters of galaxies is slightly different. Actually,
clusters are the largest astronomical relaxed objects that have entered hydrostatic and virial
equilibrium, hence allowing for a reliable measurement of the total mass [111]. Furthermore,
observations on X-rays and gravitational lensing show that the clusters’ mass is around 7−
10 times larger than the visible mass from stars and the intracluster medium, and this effect is
higher in the innermost regions of the structure. This feature contrasts with the one observed
in galaxies, thus leading to a positive exponent n in a power-law function f2 together with
the requirement that the extra-force is small relatively to the Newtonian one [110].

Those studies [108, 110] found that the exponents were non-integers, which may come
from the simplification on the specific form of the non-minimal coupling function f2 relying
on a monomial behaviour. If this function was polynomial on R, with more exponents and
mass scales, its functional form could be analysed in more detail and be more adequate for
describing deviations from spherical symmetry, for instance. However, this is a highly non-
trivial task and it demands further detailed observations with smaller uncertainties in the
future.

As for the dark energy problem, the same approach performed in f (R) theories can be
made by requiring w > −1/3 and taking into account the generalised effective energy den-
sity and pressure: ρ̂ = ρ+ 1

2

(
f1
f2
− F1+2LF2

f2
R
)
− 3H F′1+2LF′2

f2
Ṙ and p̂ = p− 1

2

(
f1
f2
− F1+2LF2

f2
R
)
+



14
FCUP

Chapter 1. The non-minimal matter-curvature coupling: an extension of General Relativity

FIGURE 1.4: Galactic rotation curve: dark matter (dashed) vs. non-minimal
coupling (full) with f2(R) ∼ R−1/3 for the NGC 2434 galaxy. The dotted
curve comes from visible matter, whilst the dashed grey is from the dark

matter profile. [108].

(
R̈ + 2HṘ

) F′1+2LF′2
f2

+
F′′1 +2LF′′2

f2
Ṙ2, as before. It was also shown that for f1(R) = R and

f2(R) = 1 + (R/Rn)n or f2(R) = e(R/Rn)n
, we can find inhomogenenous spherical mass dis-

tributions with constant curvature solutions. These distributions exhibit admissible values
for density and size of the interstellar medium. It was argued that the averaging of spherical
distributions throughout the Universe can lead to an universal value for the cosmological
constant [112, 113]. Furthermore, it is quite relevant to stress that the same equation of state
parameter found for the dark matter scenario is recovered in the dark energy description,
w = n

1−n , which may hint for an unified model of the dark sector [112, 113].
The identification of the NMC model with a scalar-tensor theory was derived in Ref. [114]

based on tensor-multi-scalar field theories [115]. Contrarily to the pure f (R) case, the NMC
in the Einstein frame is equivalent to two scalar field theory, where although these are two
distinct degrees of freedom, only one of them is dynamical. Additionally the potential term
cannot be decomposed into a sum of potentials of each scalar field [114].

Furthermore, solar system observations impose tight constraints on gravity models [11,
12]. Unlike to pure f (R) theories where there is an evident disagreement with data [116], the
NMC model was shown to have a time-time metric component of the form of Newtonian
plus Yukawa term whose effect can be negligible when the characteristic mass scales of the
two functions, f1 and f2, are similar [117–119]. In fact, the Newtonian approximations need
to be carefully addressed, since the background has to be the cosmological one. This poses
very feeble constrains in some specific models of NMC theories [117–119].

The NMC model induces an extra potential term in the cosmic version of the virial the-
orem, also known as Layzer-Irvine equation, which can be identified with the missing mass
problem on clusters [120]. These theories are stable under cosmological perturbations [121]
and have some consequences for black hole solutions [122]. They also provide a natural
framework for preheating [123] and has some bearings on stellar stability [124].
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Some wormholes solutions in the NMC model are possible provided that normal matter
satisfies the energy conditions at the throat, and the higher order terms in curvature deriva-
tives of the NMC are responsible for the null energy condition violation [125–127].

1.3.1 Palatini formulation

Until now, we have explored some new physics coming from this non-minimal coupling
between matter and curvature in the metric formalism. However, it is worth mentioning
that these theories were also studied in the Palatini formulation [128]. In fact, the variation
of the action relatively to the metric yields:

ΘR(µν)(Γ)−
1
2

f1gµν =
f2

2κ
Tµν , (1.28)

where the functions fi(gµνRµν(Γ)) are now written in terms of the connection. In its turn,
the variation with respect to the connection gives:

∇̄µ

[√
−g Θ gµν

]
= 0 (1.29)

where ∇̄µ is the covariant derivative built from the connection.
In this formalism, it was shown that it is possible to express the connection with a Levi-

Civita form in terms of a metric, hµν = Θgµν, conformal to the physical one. Furthermore,
the energy-momentum tensor is still not conserved and the extra force is also present [128].
It was also discussed an action with a more general dependence on the matter Lagrangian,
which results in two self-interactions of matter in the geodesic equation [128].

We further point out that more general matter-curvature couplings were proposed in the
literature. For instance, we can assume that the gravitational Lagrangian is given by an arbi-
trary function of the Ricci scalar and of the matter Lagrangian, f (R,L) [129]. This model has
some bearings on the geodesic deviation, Raychaudhuri equation, and tidal forces [130]. Fur-
thermore, extensions of f (R,L) gravity were considered by including a generalised scalar
field and kinetic term dependences [131] or by a NMC between the scalar curvature and
the trace of the energy-momentum tensor, f (R, T) [132]. The latter includes f (R,L) gravity
when T ∝ L. Of course, we can also add further mixed terms, such as RµνTµν [133, 134] and
so on. We refer the reader to Refs. [135, 136] for a more exhaustive and detailed review of
modified gravity based on matter-curvature couplings.

Although modified gravity models may explain dark matter and dark energy at large
scales, they must pass several other observational tests and need to be consistent with the
Universe evolution. In particular, they need to be compatible with inflation, either by pro-
viding the mechanism for this accelerated expansion or by not preventing the inflationary
expansion due to another mechanism. In the next Section, we will discuss the main ideas
behind inflation.

1.4 Inflation

IN 1929, the astronomer Edwin Hubble found that the nearby galaxies were moving away
from each other at a rate known as the Hubble constant, although the proposal of an ex-
panding Universe had been firstly derived from the Einstein’s equations by Alexander

Friedmann in 1922 and by George Lemaître in 1927.
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The most interesting fact of Hubble’s discovery was that the farther the galaxies are,
the faster they move away. Straightforwardly, physicists concluded that the Universe was
expanding, hence somewhere in the past it should have been smaller, hotter and denser.
From this, it came the idea of a Big Bang, that is, there was an extremely hot and dense
singularity that remained expanding until now, giving birth to the Universe. This simple
model was very successful in explaining the Big Bang Nucleosynthesis (predicting the cor-
rect abundance of all light elements), the history of the Universe itself and the existence of an
universal background temperature (predicted by Ralph Alpher, Robert Herman and George
Gamow in 1948, in order to explain why the heavy elements were only produced in stars).

After the accidental discovery of the Cosmic Microwave Background Radiation by Arno
Penzias and Robert Wilson in 1964, who were awarded the Nobel Prize in 1978, one striking
conclusion came across: there was a low temperature (around 2, 7K) that permeated the
entire Universe (in fact the work of Alpher, Herman and Gamow predicted a temperature
of about 5K). But the only possible explanation for this feature was that at some point in the
past all regions in space were in causal contact, otherwise, today two distant regions of the
Universe should not exhibit the same temperature.

Several theoretical issues arose later on, namely the monopoles, the flatness and the hori-
zon problems; in other words, why there was no observed topological defects like magnetic
monopoles putatively generated in the context of Grand Unified Theories; why the geometry
of the Universe is so flat nowadays; and why do we observe such a large scale homogeneity
and isotropy? The only possible answer to these questions was the cosmic inflation hypoth-
esis [87,137–139], which implied that the Universe had undergone an accelerated expansion
at very early times, between the Planck and the Electroweak epochs. This also provides a
mechanism to understand the origin of the observable large scale structures due to quantum
fluctuations of the inflaton field, φ.

An inflationary epoch can arise from a modified type of gravity, as in f (R) theories with
f (R) = R + αR2 [87], or from the dynamics of a scalar field [137–139], the inflaton. Fea-
tures of the scalar field potential are now quite constrained by the recent measurements of
the Cosmic Microwave Background (CMB) [140, 141]. The first realisations of inflation were
excluded on various grounds, whilst Starobisky’s model is compatible with Planck data at
1σ level. In fact, given the invariance of a scalar field under Lorentz transformations, ho-
mogeneity and isotropic are not spoiled, as they would if inflation was driven by a vector
field [142], unless higher curvature terms are taken into consideration and the vector field
obeys to a SO(3) symmetry as shown in Refs. [143–145]. However, further analysis needs to
be done in order to fully compare these vector field inflationary models with existing data.

It is worth mentioning that most of modified gravity models can be formulated in the
Einstein frame as General Relativity and a scalar field with a given potential. Thus, we shall
now explore the basic ideas of the inflation paradigm and discuss scalar field inflation.

1.4.1 General inflationary dynamics

Let us consider a homogeneous and isotropic Universe described by the Robertson-
Walker (RW) line element, Eq. 1.14.

The standard Lagrangian density of a homogeneous and isotropic scalar field, the infla-
ton, is given by:

Lφ = −1
2

∂µφ∂µφ−V (φ) , (1.30)
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which can be identified with a perfect fluid with energy density ρφ := φ̇2/2 + V(φ) and
pressure pφ = φ̇2/2−V(φ).

In fact, the Einstein’s field equations give the following set of equations for a perfect fluid
in the RW metric:

H2 =
ρ

3M2
P

, (1.31)

ä
a
= − 1

6M2
P
(ρ + 3p) , (1.32)

where the first equation is called Friedmann equation [146, 147] whilst the second is Ray-
chaudhury equation [148] (although different from the geometric one named in the same
way which gives the expansion of a congruence). We further note that the Hubble parame-
ter is given by H = ȧ/a.

Before continuing, let us discuss three crucial concepts in inflation: the particle and event
horizons, and the Hubble radius. The first corresponds to the maximal comoving distance
from which an observer at time, t, is able to receive signals traveling at the speed of light
from an early time, t0:

dp = c
∫ t

t0

dt
a

= c
∫ a

a0

(aH)−1d ln a , (1.33)

where (aH)−1 is the comoving Hubble radius, which is the maximal distance between two
communicating particles at the present time.

In its turn, the event horizon is related to the maximal distance a particle now can influ-
ence another one at a later time, t f :

dh = c
∫ t f

t

dt
a

. (1.34)

Therefore, the inflationary epoch is characterised by a particle horizon bigger than a Hub-
ble horizon, such that although two particles which were in causal contact early on, they
cannot communicate with each other at the present time, or at the CMB era. This can be
expressed by a set of equivalent formulations (for more details on Inflation, see, for instance,
Refs. [149, 150]):

• Accelerated expansion arising from a shrinking comoving Hubble radius:

d
dt

(aH)−1 = − ä
(ȧ)2 < 0 =⇒ ä > 0 , (1.35)

• Slowly-varying Hubble parameter from a shrinking comoving Hubble radius:

d
dt

(aH)−1 = −1
a
(1− ε) < 0 , (1.36)

where ε := −Ḣ/H2.

• Quasi-de Sitter spacetime with ε� 1:

ds2 ≈ −dt2 + e2Htd~r2 . (1.37)

• Negative pressure or violation of the strong energy condition, which can be seen by
combining the Friedmann equation and the continuity equation, ∇µTµ0 = 0 ⇐⇒
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ρ̇ + 3H(ρ + p) = 0, in the definition of ε:

ε := − Ḣ
H2 =

3
2

(
1 +

p
ρ

)
< 1 ⇐⇒ w :=

p
ρ
< −1

3
. (1.38)

• Constant density from combining the Friedmann equation and the continuity equa-
tion: ∣∣∣∣d ln ρ

d ln a

∣∣∣∣ = 2ε < 1 . (1.39)

In fact, all of these definitions for an inflationary period can be expressed in terms of two
main Hubble slow-roll parameters. The first one was already defined above and corresponds
to the fractional change of the Hubble parameter in a Hubble time:

ε := − Ḣ
H2 = −d ln H

d ln N
� 1 , (1.40)

where N :=
∫

Hdt is the number of e-folds of inflation, which measures the time for the
spacetime to increase by a factor of e. In order to have an homogeneous Universe after
inflation, this process has to last a sufficiently long time. Thus, a second slow-roll parameter
can be defined as the fractional change of ε per Hubble time:

η =
ε̇

εH
= − Ḧ

ḢH
, (1.41)

whose absolute value has to be small, |η| < 1.
Inflation can be achieved from a scalar field as already pointed out. Therefore, we shall

now explore inflation driven by a scalar field, for which two main realisations are possible:
cold and warm inflation.

1.4.2 Cold Inflation

We start with the Lagrangian, Eq. (1.30), for which we require the inflaton to slow-roll
along its potential. During this process, the energy density of the scalar field is potential
dominated. Thus, the Friedmann’s equation becomes:

H2 =
ρφ

3M2
P
=

φ̇2/2 + V(φ)

3M2
P

≈ V(φ)

3M2
P
≈ const , (1.42)

which coincides with the definitions of a inflationary period.
The equation of motion for φ is a Klein-Gordon equation and it is given by:

φ̈ + 3Hφ̇ +
dV
dφ

= 0 =⇒ φ̇ ≈ − V′

3H
. (1.43)

Hence, the Hubble parameter can now be expressed as:

H =
∂ ln a

∂t
= φ̇

∂ ln a
∂φ
≈ − V′

3H
∂ ln a

∂φ
, (1.44)
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from which, and resorting to previous relations and then integrating over φ, we get the
dependence of the scale factor in terms of the inflaton:

a = a0e−M−2
P
∫

dφV/V′ . (1.45)

The inflaton behaviour can be extracted from the dynamics of two slow-roll potential
parameters. The first one measures the slope of the potential

εφ :=
M2

P
2

(
V′

V

)2

, (1.46)

where flat potentials lead to εφ < 1, thus ensuring inflation; whilst the second which is
related with the curvature of the potential

ηφ := M2
P

V′′

V
. (1.47)

These slow-roll parameters are different from the Hubble’s ones. However, resorting to
the Friedmann equation and during slow-roll we have the following identities: εφ ≈ ε and
ηφ ≈ 2ε− 1

2 η.

Quantum fluctuations

In fact, scalar field inflation also provides the seeds for the formation of structures in
the Universe, such as galaxies, clusters, filaments, voids and ensued substructures. This is
achieved due to the quantum fluctuations of the inflaton field. Actually, Eq. 1.43 was de-
rived bearing in mind homogeneity and isotropy of the Universe, but quantum fluctuations
are affected by the neglected terms, namely the Laplacian operator of the inflaton. Thus,
considering small quantum fluctuations around the classical background value of the scalar
field:

φ = φ̄ + δφ , (1.48)

together with the equation of motion of the scalar field,�φ = V′, and in the slow-roll regime,
we may consistently neglect the effective scalar field mass, i.e. V′′(φ̄), such that we obtain:

δφ̈ + 3Hδφ̇− 1
a2∇

2δφ ' 0 . (1.49)

From this equation, we are able to compute the power spectrum of inflaton perturbations
in the Bunch-Davies vacuum, which yields [149, 150]:

Pφ(k) =
H2

2k3 . (1.50)

The relation between the inflaton and the gauge-invariant comoving curvature perturba-
tion lead to a dimensionless power spectrum of inflaton perturbations [149, 150]:

∆2
R(k) =

(
H
2π

)2 (H
φ̇

)2
. (1.51)
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The associated scalar spectral index, which measures deviations from scale invariance of
the spectrum, is then given by:

ns − 1 :=
d ln ∆2

R
d ln k

=
φ̇

H
d ln ∆2

R
dφ

≈ 2ηφ − 6εφ , (1.52)

Additionally, we are able to compute the spectrum of tensor perturbations [149, 150]:

∆2
t (k) =

8
M2

P
∆2

φ(k) =
2

π2
H2

M2
P

, (1.53)

from which we may compute the tensor spectral index [149, 150]:

nt :=
d ln ∆2

t
d ln k

=
φ̇

H
d ln ∆2

t
dφ

, (1.54)

and the tensor-to-scalar ratio, which measures the amount of gravitational waves produced
during inflation, is written as:

r :=
∆2

t
∆2
R
≈ 16εφ . (1.55)

Some of these quantities have been constrained by the Planck collaboration [141]:

ns = 0.9603 , As = ∆2
R(k = k∗) = 2.2× 10−9 , r < 0.11 . (1.56)

After cold inflation, there is an epoch called reheating which allows the Universe get-
ting hotter due to oscillations of the scalar field around its potential’s minimum (where the
inflaton may also decay into other massive particles), thus transforming the vacuum en-
ergy density via its oscillations into radiation energy density. Moreover, the inflaton field
typically rapidly decays into bosons due a broad parametric resonance, which means that
these particles are far from equilibrium and can decay into other particles that will become
thermalised. This is called the preheating [151, 152].

However, there is a different realisation of inflation called warm inflation, which will
shall discuss next.

1.4.3 Warm Inflation

In the warm inflation scenario, both inflaton and radiation play a relevant role and are
coupled to the scalar curvature by an ad hoc term, Υφ̇2. The first time that a term like that
appeared in the literature was in Ref. [153] in a discussion about the reheating phase of
the Universe just after the cold inflation scenario. Later on, a similar term was added to
the inflaton and radiation equations providing a different dynamical realisation of inflation
[154, 155]. Thus, the inflaton obeys:

φ̈ + (3H + Υ) φ̇ + V′ (φ) = ζ , (1.57)

and the radiation follows:
ρ̇r + 4Hρr = Υφ̇2 , (1.58)

where Υφ̇2 is a phenomenological friction term and ζ is a fluctuating force related to the Υ
factor by a fluctuation-dissipation theorem and which does not affect the overall dynamics
of the inflaton since 〈ζ〉 = 0, meaning that it will only be relevant on the inflaton fluctuation
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dynamics (which provides the seeds for the structure formation in the Universe). We also
point out that the Υ is more general than the decay width of particle interaction, Γ, although
in some specific situations it can become the same.

During the slow-roll regime, we may disregard the φ̈ and the ρ̇r terms in the previous
equations, so that:

φ̇ ≈ − V′ (φ)
3H + Υ

, (1.59)

and

ρr ≈
Υ

4H
φ̇ . (1.60)

In fact, by defining a new parameter Q = Υ/3H, we can systematically classify this
inflationary paradigm [155–157]. On one hand, cold inflation can be seen as the limit of
warm inflation when both Q and T � H are extremely small. On the other hand, two other
regimes can be obtained, namely:

• Weak dissipative regime (Υ < H):

3Hφ̇ ≈ −V′(φ) , 4Hρr ≈ Υφ̇2 ; (1.61)

• Strong dissipative regime (Υ > H):

3(1 + Q)Hφ̇ ≈ −V′(φ, T) , 4Hρr ≈ Υφ̇2 . (1.62)

These scenarios lead to some dependencies on the temperature for some observables.
Furthermore, the slow-roll approximation for warm inflation is characterised by four pa-
rameters:

εφ < 1 + Q , |ηφ| < 1 + Q , βΥ < 1 , δT < 1 , (1.63)

where: βΥ := M2
P

Υ′V′
ΥV and δT := T ∂V′/∂T

V′ .
Thus, warm inflation has some distinct implications for the inflaton potential. In the case

of cold inflation, we have the inflaton rolling down its sufficiently flat potential, driving the
Universe to an accelerated expansion. During this stage, the vacuum energy density, corre-
sponding to the inflaton’s energy density, remains almost the same and manifestly dominant
over the radiation component; after the slow-roll period the inflaton decays into other par-
ticles, thus reheating the Universe. However, in the warm picture, the inflaton rolls down
its potential (which does not need to be extremely flat) and since it is coupled to radiation, it
continuously converts some of its energy into radiation, thus heating the Universe without
the need of a reheating stage after the slow-roll period. In Fig. (1.5), we present a pictoric
comparison between the two realisations of inflation.

Thus, inflation is a fundamental piece for understanding the Universe. We have referred
that gravitational waves could be produced due to tensor perturbations of the metric. How-
ever, this is not the unique case: colliding massive objects, such as black holes or neutrons
stars, among other sources can also produce them. In the next Section, we shall examine this
topic.
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FIGURE 1.5: Comparison between warm and cold inflation as far as the po-
tential and energy density evolutions is concerned [158, 159]. The strong and
the weak dissipative regimes in warm inflation are shown in the right-bottom
picture and correspond to higher or lower values for the radiation energy

density component relatively to the vacuum energy density.

1.5 Gravitational Waves

ONE of the most surprising predictions of GR is the existence of ripples in the fabric of
spacetime, the gravitational waves (GW). In fact, they have discovered as a weak
field solution to GR in November of 1916 [160]. However, the first conclusions

were not completely correct since Einstein only realised the quadrupole nature of such waves
in 1918 [161]. Later on, in 1937 Einstein and Nathan Rosen showed that gravitational waves
not only existed in the linear regime of GR, but also in the full nonlinear theory [162].

Nonetheless, the first indirect observational evidence of the existence of gravitational
waves was obtained from the energy loss of the binary pulsar PSR 1913+16 discovered by
Russell Hulse and Joseph Taylor in 1974 [163]. This observation awarded them the Nobel
Prize in Physics in 1993. And only very recently, in 2015, GW were directly detected from
black holes binaries mergers by the Laser Interferometer Gravitational wave Observatory
(LIGO) collaboration [164], and this led to the Nobel Prize in Physics in 2017 being awarded
to Rainer Weiss, Barry C. Barish and Kip S. Thorne. It is worth mentioning that this discovery
was not only about the observation of a direct imprint of a GW, but also about the first time
a signal of a merger of black holes and the subsequent formation of a more massive black
hole was observed. This observed signal is shown in Fig. 1.6.

In fact, the detection was possible due to the two interferometers of the LIGO project
located at Hanford, in Washington, and at Livingstone, in Louisiana, in the USA. Both in-
struments are based on Michelson interferometry, as shown in Fig. 1.7.

Just after the first signal, others were detected from various black hole binaries [166–168].
Furthermore, another amazing feature was found: all the mergers happened at frequencies
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FIGURE 1.6: The first observed signal of a gravitational wave. The strain,
∆l/l, increases during the ring down of the two black holes, has a peak in
the merging and decreases after the formation of the final black hole. The
frequency increases over time and reaches the maximum at the merger. This

is called the chirp, in analogy to the chirp of a bird [164].

which lie in the human audition range. Afterwards, another important observation was
achieved: the merge of binary neutron stars. This resulted in both a gravitational wave
signal and an electromagnetic counterpart [169–172]. Recently, the conclusions from the
two observing runs of Advanced LIGO and Advanced Virgo interferometers combined with
four new ones were addressed in Refs. [173, 174]. These astonishing discoveries have paved
the way for a new era in astronomy and physics, and opened a new window to assess the
ultimate nature of gravity.

In the two interferometers from LIGO collaboration there is a phase shift of half wave-
length, so that when the two beams are summed in the beam splitter, after being reflected
by the mirrors, are expected to produce a null signal. Therefore, when this is not the case, a
signal of some distortion was detected. As one may expect, there are several interference sig-
nals that directly affect the observations: seismic activity, vehicles passing by, trains, thermal
noise, among many others. This is why both interferometers have a lot of supplementary
detectors to fully characterise this background noise and exclude it from an eventual gravi-
tational wave measurement.

Actually, both LIGO interferometers have two 4 km arms, which can detect length varia-
tions of the order of 10−19 m, due to a precision of ∆l

l = 5× 10−22 (at 500Hz). This means
that they are able to detect length variations 105 smaller than the proton size. This is the
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FIGURE 1.7: Schematic representation of a Michelson interferometer. A light
beam is sent to a "beam splitter", where it is split in two beams: one which
goes straight and another which is reflected by 90o. Both beams reach a mir-
ror and are reflected back to the beam splitter that sums the signals and send

them to a detector. Figure extracted from Ref. [165].

most precise instrument ever built in History!
In fact, a gravitational wave corresponds to the linear excitation of the metric:

hµν := gµν − g(0)µν , (1.64)

where g(0)µν is the background metric.
In linearised GR, this can be found by plugging this ansatz into the metric field equations,

Eq. 1.4, and assuming that the background is Minskowskian, g(0)µν = ηµν = diag(−1, 1, 1, 1):

− 1
2

[
�h̄µν + ηµν∂ρ∂σ h̄ρσ − ∂ν∂ρ h̄ρ

µ − ∂µ∂ρ h̄ρ
ν

]
=

1
2κ

Tµν , (1.65)

where h̄µν := hµν − 1
2 ηµνh with h := hµ

µ, and we have dropped terms quadratic in such
quantity since we are assuming that |hµν| � 1. This is a wave equation for h̄µν with a matter
source and it is valid outside the source, where the nonlinear corrections are negligible.
Furthermore, there is a useful gauge which greatly simplifies the wave equation, the Lorenz
gauge:

∂µ h̄µν = 0 . (1.66)

This gauge condition has a residual gauge transformation invariance of the form h̄µν →
h̄µν − ∂µξν − ∂νξµ provided that the extra functions ξµ satisfy �ξµ = 0.

In this gauge, similar to the electromagnetic case, the equation of motion for the metric
perturbation is:

�h̄µν = −1
κ

Tµν , (1.67)

In this linearised version of GR, the conservation law is ∂µTµν = 0. However, linearisa-
tion ignores that "gravity gravitates", i.e., the non-linearity of GR includes the fact that the
energy–momentum tensor associated with the gravitational field acts also as a source for
the gravitational field. A way to circumvent this issue is to compute the energy-momentum
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tensor associated with the perturbation hµν and to introduce it as a source. This leads to a
correction to the metric perturbation, h(1)µν , which in turn generates a correction to the energy-
momentum tensor. This process can continue iteratively and leads to the full non-linear
theory. This approach motivates the validity of the linearisation process since it provides a
self-consistent analysis of gravity in a fixed Minkowskian geometry [175, 176].

Thus, we can proceed to analyse the solutions of Eq. (1.67) in vacuum, which are straight-
forwardly found:

h̄µν = Aµνeikαxα
, (1.68)

where Aµν is a symmetric tensor whose entries are complex constants, kα = (k0,~k) is the
4-wavenumber, a vector with real entries which satisfy kαkα = 0. These solutions are called
plane waves. The gauge condition, Eq. (1.66), provides the constraint:

Aµνkν = 0 . (1.69)

The residual gauge freedom on ξµ can be used to further simplify the analysis. With-
out loss of generality, we can choose a referential where the propagation of the gravitational
wave coincides with the z−direction, k = (k, 0, 0, k) with k = ω/c given in terms of the angu-
lar frequency ω. By doing this, it is found that only two components of Aµν are independent,
hence:

Aµν
TT =


0 0 0 0
0 a b 0
0 b −a 0
0 0 0 0

 = aeµν
1 + beµν

2 , (1.70)

where eµν
1 := Aµν|a=1,b=0 and eµν

2 := Aµν|a=0,b=1 are the linear polarisation tensors, which
correspond to the + and × polarisation states of a gravitational wave, respectively (see Fig.
1.8). This choice of ξµ is the so called Transverse-Traceless gauge (TT). Furthermore, these
predicted modes in GR are massless and travel at the speed of light, and their amplitude is
inversely proportional to the distance from the source.

Nonetheless, other metric gravitational theories are shown to exhibit up to six polarisa-
tion states: two tensor, two vector and two scalar modes. These six modes are shown in Fig.
1.9.

Actually, we have to bear in mind that the linear superposition of plane waves is also a
solution for the linear equations of motion, hence the full solution is:

h̄µν(x) =
∫

Aµν(~k)eikαxα
d~k . (1.71)

However, we have to bear in mind that the physical solutions correspond to the real part
of the previous equation.

When we consider a non-zero energy-momentum tensor, the solution can be obtained
from the Green’s function method, yielding:

h̄µν(ct,~x) = −4G
c4

∫ Tµν(ctr,~y)
|~x−~y| d~y , (1.72)

where ~x are the spatial coordinates of the field at the point where h̄µν is computed, ~y are the
spatial coordinated of a point in the source, ctr := ct− |~x−~y| is the distance at the retarded
times. This comes from the fact that the perturbation of the gravitational field at the event
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(A) Gravitational wave with "+" polarisation passing perpendicularly to ring of test particles.
The GW emerges out of the plane of the paper. Extracted from Ref. [177].

(B) Gravitational wave with "×" polarisation passing perpendicularly to ring of test particles.
The GW emerges out of the plane of the paper. Extracted from Ref. [177].

FIGURE 1.8: The two polarisation states in GR.

FIGURE 1.9: The polarisation states in a generic metric theory, when a grav-
itational wave passes through a ring of test particles. The GW travels in the
+z direction. In GR only the modes a) and b) exist. Extracted from Ref. [12].

(ct,~x) is the result of the influences of the energy and momentum sources at the points (ct,~y)
which lie in the past lightcone.

In fact, the previous solutions can be Taylor expanded in terms of multipoles (following
the notation of Ref. [176]):

h̄µν(ct,~x) = −4G
c4

+∞

∑
`=0

(−1)`

`!
Mµνi1 ...i`(ctr)∂i1 . . . ∂i` , (1.73)

where Mµνi1...i`(ctr) :=
∫

Tµν(ctr,~y)yi1 . . . yi`d~y. Given that the `-term goes as 1/r`+1 only
the first terms will dominate. If we consider only the first term, which gives the asymptotic
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behaviour far from the source (compact source approximation), we find:

h̄µν(ct,~x) = −4G
c4r

∫
Tµν(ctr,~y)d~y , (1.74)

where we note that the time-time component of this equation is the total energy/mass of the
particles, and the time-spatial components correspond to the 4-momentum of the particles
along the direction of each axis. These two quantities are conserved given the conservation
law ∂µTµν = 0. However the spatial-spatial components correspond to integrated internal
stresses in the source and can be rewritten, taking into account the conservation law, as the
quadrupole formula:

h̄ij(ct,~x) = −2G
c6r

d2 Iij(ctr)

dt2
r

, (1.75)

where Iij :=
∫

T00yiyjd~y is the quadrupole-moment tensor, which is constant on each hyper-
surface of constant time.

However, extensions of GR predict different observational signatures. For instance, the
existence of additional polarisations states which propagate with different velocities, or have
effective masses. Some of these observables have been already highly constrained: an upper
bound on the mass of the graviton [167] and a lower and an upper bounds on the speed
and the group velocity of the gravitational wave [172, 178]. In fact, alternative gravity mod-
els equivalent to cosmological scalar fields in scalar-tensor theories of gravity are in strong
disagreement with recent data [179–182].

As a matter of fact, the observation of gravitational waves signal have paved a new prime
arena for gravitation. It is now possible to test GR in the strong regime, when the non-linear
effects are computed, as well as several other gravitational theories.
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Chapter 2

Inflation in NMC

A S discussed in Chapter 1, inflation is the paradigm which solves the initial con-
dition problems of the standard Hot Big Bang model. Most of the inflationary
models are based on General Relativity (GR). However, there are many reasons

why we should seek inflationary models beyond GR. Therefore, we explore in this Chapter
the inflationary dynamics within alternative theories with a non-minimal coupling between
matter and curvature.

In fact, the idea that non-minimal couplings can affect inflation is not new. For example,
in the Bezrukov-Shaposhnikov model, the Higgs boson acts as the inflaton non-minimally
coupled to the scalar curvature [183]. However, in this model the full scalar Lagrangian is not
coupled with gravity, but only a specific function of the inflaton. This scenario is compatible
with data [184]. Additionally, other models with curvature-matter couplings in the context
of inflation were studied [185, 186].

The goal of this Chapter is to explore the modifications to inflationary scenarios arising
from a slowly rolling scalar field non-minimally coupled to an arbitrary function of the Ricci
scalar. Afterwards attention to the observational data will be given, and some of the most
commonly used inflationary potentials will be analysed in these scenarios.

This Chapter is based on Ref. [1].

2.1 Inflation in the NMC model

We start by considering a homogeneous and isotropic Universe, which is described by
a RW metric, Eq. (1.14). We further consider a flat Euclidean metric γij = δij, since infla-
tion will exponentially smooth the effects of spatial curvature, hence addressing the flatness
problem.

As for the matter content in the Universe, we assume that it is well described by a set
of perfect fluids which dominate the energy balance at different epochs. For each fluid, the
energy-momentum tensor takes the form:

Tµν = (ρ + p)UµUν + pgµν , (2.1)

where Uµ is the fluid’s 4-velocity. The time component of the non-conservation law, Eq.
(1.19), gives:

∇µTµ0 = ρ̇ + 3H (ρ + p) =

0 if L = −ρ

− F2
f2
(ρ + p) Ṙ if L = p

, (2.2)

where the dots denote time derivatives.
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In the case of a homogeneous scalar field whose Lagrangian density is given by Eq. (1.30),
it is possible to make the following identifications with a perfect fluid energy density and
pressure: ρφ = φ̇2/2 + V(φ) and pφ = φ̇2/2− V(φ) = Lφ. The inflaton’s dynamics for the
NMC theories, Eq. (1.16), is governed by the field equation:

φ̈ + 3Hφ̇ + V′ (φ) = − F2

f2
Ṙφ̇ ≡ −Γφ̇ , (2.3)

where V′ (φ) = dV/dφ. It is straightforward to verify that the non-minimal matter-curvature
coupling will induce a friction term in the inflaton’s equation of motion, which seems to be
analogous to the case of warm inflation scenario [154, 155] we have discussed in the Intro-
duction.

In addition, a similar term also appears in the continuity equation for a radiation compo-
nent, whose Lagrangian density is defined as Lr = p. Thus:

ρ̇r +
4
3

(
3H +

F2

f2
Ṙ
)

ρr = 0 . (2.4)

This expression can be integrated, yielding [123]:

ρr(t) = ρri

(
ai

a(t)

)4 [ f2(Ri)

f2(R)

]4/3

. (2.5)

When Γ := F2
f2

Ṙ > 0, we may expect this friction term to facilitate the slow-roll of the
inflaton by damping its motion. However, contrarily to warm inflation, Γ > 0 yields a sink
and not a source for the radiation energy density. Hence, the NMC would provide a way
to dilute radiation faster than the expansion rate instead of counter-acting this effect. The
other possibility, Γ < 0, has a negligible effect (proportional to the slow-roll parameter ε)
on the inflaton’s motion for strong curvature/density regimes, where inflation takes place.
Therefore, this term cannot sustain a thermal bath during this period, and inflation will
occur in a supercooled regime unless we consider interactions between the inflaton and other
degrees of freedom, as e.g. in Refs. [187, 188]. Therefore, we will henceforth consistently
neglect the Γ term.

2.1.1 The slow-roll approximation

Let us now study the slow-roll regime during inflation. To do so, we firstly note that the
metric field equations, Eq. 1.17, can be rewritten as:(

F1 +
F2L

κ

)
Gµν =

1
2κ

f2Tµν + ∆µν

(
F1 +

F2L
κ

)
+

1
2

gµν

(
f1 − F1R− F2RL

κ

)
, (2.6)

where Gµν is the Einstein tensor.
In the context of inflation, it is very useful to express several parameters with an explicit

dependence on the reduced Planck mass. Therefore, we shall introduce henceforth the nota-
tion M−2

P := 8πG = 2κ for the reduced Planck mass in units such that c = 1.
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From the 00 and the ii components of the field equations, we get [121]:

f2ρ = 3FH2 +
1
2

(
M2

P f1 − FR
)
+ 3HḞ , (2.7)

f2 p = −3FH2 − 1
2

(
M2

P f1 − FR
)
− 2HḞ− F̈− 2ḢF , (2.8)

where F = M2
PF1− F2ρ. We thus see that p = −ρ up to terms that depend on time derivatives

of the scalar curvature R and matter density ρ, which vanish in the exact de Sitter limit.
The time-time component can be written is a more elegant way, resulting in a modified

Friedmann equation [189]:

H2 =
1
6

1

F1 +
F2L

κ

[
f2ρ

κ
− 6H∂t

(
F1 +

F2L
κ

)
+

(
F1 +

F2L
κ

)
R− f1

]
. (2.9)

Resorting to the Hubble slow-roll parameters, ε and η, and noting that R = 6
(

Ḣ + 2H2),
then we can write:

R = 6H2 (2− ε) =⇒ Ṙ ≈ −24H3ε , (2.10)

which means that a slow-roll regime is achieved by consistently neglecting the time variation
of ρ and H requires, as in the GR case, that the conditions ε, |η| � 1 are satisfied.

We shall henceforth consider the case of a pure non-minimal coupling, i.e. f1(R) = R, so
to isolate its effects. Taking the slow-roll limit of the Friedmann equation in these theories
(2.9), for L = p ' −ρ, we then obtain:

H2 '

 f2

1 + 2F2ρ

M2
P

 ρ

3M2
P

. (2.11)

It is thus clear that this Friedmann equation may have a different behaviour from its
GR version, depending on the inflaton energy density and on the explicit form of the non-
minimal matter-curvature coupling function. In particular, a different behaviour in the high
and low densities regimes is expected, which will be discussed in the next sections. How-
ever, we have to ensure that the effective gravitational constant does not change sign during
inflation so that small anisotropies are stable. We refer the reader to the Appendix A for a
discussion on this topic.

In addition, the ij-component of the field equations, for the flat FRW model in the pure
NMC case, with a Lagrangian L = p and noting that R = 12H2 + 6Ḣ = 6H2 + 6 ä

a , yields:

−
[

2
ä
a
+ H2

](
1− F2 p

M2
P

)
+ 3H2 F2 p

M2
P
=

f2 p
M2

P
+

2
M2

Pa2
∆ij (F2 p) . (2.12)

Substituting the Friedmann equation, Eq. (2.11), in the above equation and consistently
neglecting ∆ij(F2 p), one obtains:

2
ä
a
=

f2ρ̄

1 + F2ρ̄

[
1− 1

3

(
1 + 4F2ρ̄

1 + 2F2ρ̄

)]
, (2.13)

with ρ̄ = ρ/M2
P. Once again, we obtain an accelerated period in the slow-roll regime for

p ' −ρ, as in GR.
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2.1.2 Quantum fluctuations

As we have seen in the Introduction, the inflaton’s quantum fluctuations provide a nat-
ural mechanism for generating structure formation in the Universe. Thus, we aim now to
determine the properties of the spectrum of such quantum fluctuations by considering the
full Klein-Gordon equation, although the friction term in the slow-roll approximation can be
neglected, yielding:

�φ = −V′(φ) , (2.14)

where � denotes the D’Alembertian operator. Since this is the same equation as in the GR
case, the equation of motion for the small quantum fluctuations around the classical back-
ground value of the inflaton field, φ̄, is straightforwardly found:

δφ̈ + 3Hδφ̇− 1
a2∇

2δφ ' 0 , (2.15)

where we note that the effective scalar field mass term, V′′(φ̄), was consistently neglected.
Thus the power spectrum of inflaton perturbations in the Bunch-Davies vacuum is also

immediate:

Pφ(k) =
H2

2k3 , (2.16)

although we stress that this has not the GR behaviour due to the modifications to the Fried-
mann equation introduced by the non-minimal matter-curvature coupling. The relation
between the scalar field and the gauge-invariant comoving curvature perturbation is also
unaffected in the slow-roll regime, so the dimensionless power spectrum of inflaton pertur-
bations is:

∆2
R(k) =

(
H
2π

)2 (H
φ̇

)2
. (2.17)

Given that the Ricci scalar, R, is quadratic in curvature and tensor perturbations, the
NMC model will not modify the action functional for these perturbations at the leading
quadratic order. Hence, the spectrum of tensor perturbations retains its standard form:

∆2
t (k) =

8
M2

P
∆2

φ(k) =
2

π2
H2

M2
P

. (2.18)

As abovementioned, we are interested in studying deviations from GR observational sig-
natures in the high curvature/density regime, but whose low-density behaviour reduces
to the GR’ one. In particular, we seek for non-minimal coupling functions of the form
f2(R) = 1 + (R/M2)n for n > 1. The deviations produced by such functions will be dis-
cussed next.

2.1.3 The high density limit

Let us consider now the high density regime of inflation in the NMC models of gravity
indicated above. In the literature, exponential and power-law non-minimal coupling func-
tions, f2(R), have been employed to tackle cosmological and astrophysical problem such as
dark matter, dark energy, reheating after inflation, and black holes [108,110,112,113,122,123].
Hence, we shall explore these two possibilities within inflation.

If we a have a non-minimal coupling function as f2(R) = eR/M2
, then the modified

Friedmann Eq. (2.11) simplifies to R
M2 ' 1 for ρ/(M2

P M2) & 0.07, which means that H '



FCUP
2.1. Inflation in the NMC model

35

M/
√

6. For mass scales M � MP, this solution is achieved for energy densities far below
the Planck mass.

The remaining class of functions of interest is the power-law type, f2(R) = 1 +
(

R
M2

)n
,

where we find an asymptotic solution:

R
M2 =

(
2

n− 2

)1/n
+O

(
M2

P M2

ρ

)
, n > 2 . (2.19)

We point out that for the special case where n = 2 the modified Friedmann equation
yields H2 = ρ/3M2

P, which is the well known solution in GR that is now retrieved in ad-
dition to the trivial case f2(R) = 1. For n < 2 there are no real solutions for R/M2, hence
it lies outside the present physical discussion. It is worth noting that for n > 2, the so-
lution yields R/M2 ∼ O(1), which was also found in the above exponential case, so that
H ∼ M up to numerical factors. This means that this behaviour is found for energy den-
sities ρ & M2

P M2, which are sub-Planckian provided that M � MP. For instance, the case
n = 3 with ρ & M2

P M2 lealds to a Friedmann equation with the asymptotic behaviour:

H2 ' M2

12

(
21/3 − 1

6× 21/3
M2

P M2

ρ

)
. (2.20)

In Fig. 2.1 we show the comportment of the modified Friedmann equation H2(ρ) for
different power-law functions. In fact, for n > 2 the asymptotic regime is quickly achieved
and the low density regime coincides with Friedmann equation in GR. Since there is no
strong deviation between power-law functions with indices n > 2, we shall explore the
cubic case in the next section, although the analysis for other powers is similar. Actually, the
cubic power corresponds to the simplest monomial which yields a non-trivial correction to
GR in the inflationary regime.

n=2

n=3

n=4

0.001 0.100 10 1000
ρ/MP

2
M
2

0.1

100

10
5

R/M
2

FIGURE 2.1: Solutions of the Friedmann equation for power-law non-

minimal coupling functions, f2(R) = 1 +
(

R
M2

)n
. The special case n = 2

corresponds exactly to the GR solution. For n > 2 the behaviour is quite sim-
ilar for different powers. For n < 2 there are no real solutions, hence a plot in

the real plane is not possible.
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2.2 Cubic non-minimal coupling: f2(R) = 1 +
(

R
R0

)3

For a cubic non-minimal coupling, f2(R) = 1 +
(

R
M2

)3
, and defining H2

0 := 21/3M2/12

and ρ̃ := ρ/M2
PH2

0 , the modified Friedmann equation is recast as:

H2 = H2
0

−22/3ρ̃ +
(

ρ̃3 +
√

ρ̃3(4 + ρ̃3)
)2/3

21/3ρ̃
(

ρ̃3 +
√

ρ̃3(4 + ρ̃3)
)1/3 . (2.21)

However, it is very hard to find numerical and graphical solutions for this cumbersome
function, therefore, we can approximate to the following expression, with the advantage of
being faster in getting the numerical results, but still being highly accurate in comparison
with the full expression:

H2 = H2
0

ρ̃ + ρ̃2

3 + 2ρ̃ + ρ̃2 . (2.22)

This approximated expression gives the correct low and high density limits and is very
close to the exact result in the intermediate density region.

Bearing this approximation in mind and taking into account the discussion for a generic
Friedmann equation of the form H2 = H2(ρ) in the Appendix B, the scalar index and the
tensor-to-scalar ratio read:

ns = 1− 2εφ

(
ρ̃2 + 6ρ̃ + 3
ρ̃2 + 2ρ̃ + 1

)
+

2
3

ηφ

(
ρ̃2 + 2ρ̃ + 3

ρ̃ + 1

)
, (2.23)

r =
16
9

εφ

(
ρ̃2 + 2ρ̃ + 3

ρ̃ + 1

)2

. (2.24)

It is straighforward to recover the GR results in the low-density limit, ρ̃� 1, i.e., ns− 1 =

−6εφ + 2ηφ and r = 16εφ, while at high densities, ρ̃� 1, we obtain:

ns ' 1− 2εφ +
2
3

ηφ
V

H2
0 M2

P
, (2.25)

r ' 16
9

εφ

(
V

H2
0 M2

P

)2

. (2.26)

These are the most relevant observables which have been constrained by the Planck col-
laboration [141]. Therefore, we are able to compare in the ns − r plane the predictions of the
NMC model with the common inflaton’s potentials used in the literature. To do so, we have
developed a numerical code to compute the field value at which the CMB fluctuations at the
pivot scale become super-horizon giving a number of e-folds between 50 and 60, needed to
solve the flatness and horizon problems. Furthermore, the end of inflation was given in each
case via the strongest of the conditions (B.2) and (B.3), so that we could compute ns and r as
a function of the potential parameters.

For each scalar potential, we define the dimensionless parameter x := V0/M2
PH2

0 , where
the constant V0 sets the scale of the inflationary potential, such that when x � 1 we retrieve
the GR limit. On one hand, monomial models are defined uniquely in terms of V0, thus
we show the results as a function of x. On the other hand, the hilltop and the Higgs-like
potentials are parametrised by more than one parameter, hence we chose to plot the results
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for a fixed x and allow the γ parameter from the potential to vary, as it will be discussed in
the next subsections.

2.2.1 Monomial models

Monomial models correspond to potentials of the form:

V = V0

(
φ

MP

)n
, (2.27)

where the constant V0 sets the scale of inflation and n ∈ Z+. The observational predictions
of such potentials depend exclusively on the ratio x = V0/H2

0 M2
P due to the non-minimal

matter-curvature coupling.
In GR, only monomial potentials with n ≥ 2 are ruled out by the observational con-

straints imposed by Planck data [141]. We find that these conclusions hold for the NMC
model, although a further constraint on the ratio x was considered. For n = 1 and n = 2
powers, the observational predictions are shown in Fig. 2.2, where it is clear that n = 2 is
ruled out, while the linear potential with n = 1 is still allowed at the 2σ confidence level for
x . 0.2.

0.93 0.94 0.95 0.96 0.97 0.98 0.99 1.00

0.00

0.05

0.10
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0.20
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r

Chaotic Inflation

FIGURE 2.2: Observational predictions for monomial potentials in the NMC
model with n = 1 shown in blue and n = 2 shown in red. The parameter
x = V0/M2

P H2
0 decreases towards zero from top to bottom. Upper and lower

bounds correspond to Ne = 50 and Ne = 60, respectively. The black circles
correspond to the GR predictions.
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2.2.2 Hilltop Potentials

The hilltop potentials are the ones which can be cast in the following form:

V = V0

[
1− γ

n

(
φ

MP

)n]
, (2.28)

where γ is a running parameter to be constrained with data. Since for this potential we
have two degrees of freedom, we fix the ratio x = 5 and allow γ ∈]0, 1[. The observational
predictions for the quadratic and quartic hilltop potentials, n = 2 and n = 4, respectively,
as a function of the parameter γ are shown in Fig. 2.3. Despite these results, it is worth
to notice that lower values for x lead to observational predictions progressively closer to the
GR behaviour for the hilltop potentials, whilst for larger values of x the scalar-to-tensor ratio
increases.
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FIGURE 2.3: Observational predictions for the quadratic (left) and quartic
(right) hilltop potentials with x = 5 are shown in red, and are compared with
the GR predictions which are shown in blue. The region between upper and
lower bounds correspond to the number of e-folds ranging from Ne = 50 to
Ne = 60, respectively. The black circles correspond to the GR prediction for a
linear potential. The light and dark grey regions correspond, respectively, to
the 68% and 95% C.L. contours obtained by the Planck collaboration [141].

It is found that the non-minimal coupling generically increases the value of the tensor-
to-scalar ratio, which means that it predicts slightly higher values for the tensor modes com-
paratively to GR, particularly for the quadratic exponent. In both plots, γ decreases from
left to right and there is a turning point (which we coin "piparote") which results from the
fact that the potential changes from high density regime, which occurs for smaller values of
γ, to the low density regime. Interestingly, in the low density regime, which corresponds to
γ → 0, we recover the GR limit in both cases, which coincides with a linear scalar potential
V(φ) ∝ φ. The GR limit is also retrieved for x → 0 regardless the value of γ.

For a number of e-folds between 50 and 60, the hilltop models are always compatible
with Planck’s data [141] at the 2σ level, independently of the value of the ratio V0/M2

PH2
0 .

This happens for the branch near the GR behaviour, i.e. for smaller values of γ.
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2.2.3 Higgs-like Potential

A Higgs-like potential is of the form:

V(φ) = λ(φ2 − v2)2 , (2.29)

which can be rewritten as

V = V0

[
1− γ

2

(
φ

MP

)2
+

γ2

16

(
φ

MP

)4
]

, (2.30)

with the following identifications: V0 := λv4 and γ := 4M2
P/v2. This expression resembles a

hilltop model, and the previous analysis is straightforwardly applied. In fact, this potential
can be seen as a completion of the quadratic hilltop model that is bounded from below. Once
again, we fix the ratio x by choosing two values: x = 5 and x = 2. The resulting plots are
shown in Fig. 2.4.
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(A) Higgs potential for x = V0/M2
P H2

0 = 5.
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(B) Higgs potential for x = V0/M2
P H2

0 = 2.

FIGURE 2.4: Observational predictions for the Higgs-like potential in the
NMC model with the ratios x = 5 (left) and x = 2 (right) are shown in
green, and the corresponding GR predictions are shown in blue. Upper and
lower bounds correspond to Ne = 50 and Ne = 60, respectively. The black
circles correspond to the GR prediction for a quadratic potential. The light
and dark grey regions are the 68% and 95% C.L. contours obtained by the
Planck collaboration, respectively [141]. The running parameter γ decreases

from nearly 1 to 0 from left to right in both plots.

Analogously to the hilltop potentials, the value of the tensor-to-scalar ratio is also boosted.
In the NMC scenario, for x = V0/M2

PH2
0 & 4.8, the Higgs model is ruled out by the Planck

results [141], as shown in Fig. 2.4a. For smaller ratios, the behaviour is similar to GR; as an
example, if we set the ratio to be V0/M2

PH2
0 = 2, we get the results shown in Fig. 2.4b. For

x . 2.6 the Higgs potential is in agreement with data mostly at the 2σ level, albeit there exist
some small parametric regions where the potential is favoured at 1σ.
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2.2.4 Consistency relation

We have stated earlier that the standard consistency relation found in GR between the
tensor-to-scalar ratio and the tensor spectral index is modified in the context of the non-
minimal coupling between the inflaton and curvature. Hence in Fig. 2.5, we plot the vari-
ation of the ratio |r/nt| in the cubic power-law coupling as a function of the normalised
energy density at horizon-crossing, ρ/(M2

PH2
0).
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FIGURE 2.5: Variation of the ratio |r/nt| in the cubic NMC model as a func-
tion of the energy density (solid orange curve), in contrast to the constant

prediction in GR, r = 8|nt|, given by the dashed blue line.

As seen in Fig. 2.5, the GR limit is obtained for small energy density, ρ ≤ 0.01H2
0 M2

P, as
we would expected since the Friedmann equation reduces to the standard GR form in this
regime. However, for intermediate ranges, ρ/(M2

PH2
0) ∈ [0.01, 0.6], a ratio smaller than the

GR value is found. This behaviour resembles the characteristic ones from the warm inflation
scenario [187], or from multifield models of inflation [190–192].

On the other hand, energy densities higher than 0.6H2
0 M2

P exhibit a larger |r/nt| ratio,
meaning that for r . 0.11 tensor modes should exhibit an almost scale invariant spectrum.
This comportment as found in models where the initial inflaton state is not the Bunch-Davies
vacuum [193–197]. Such large deviations in the high density limit imply that future obser-
vational constraints, namely for the tensor-to-scalar ratio and the tensor index, may allow
for a way to distinguish between General Relativity and the NMC matter-curvature models.

Additionally, we note that in the high-density limit the amplitude of the scalar power
spectrum is given by:

As '
2

π2M2
P

H2
0

r
. (2.31)

Bearing in mind that the potentials, which were analysed above, meet the observations
for scenarios where r ∼ 10−2, we can infer the magnitude of the non-minimal coupling
mass scale from the amplitude of the scalar power spectrum which is constrained to be
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As ∼ 2.2× 10−9 [141]. Thus, the mass scale is found to be M ∼ 10−5MP ∼ 1013 GeV, which
perhaps not surprisingly, is comparable to the magnitude of the Hubble parameter in most
inflationary models in GR.

After inflation, as in GR, the reheating process takes place. This period is characterised
by the transference of energy from the inflaton into other light particles. Since the radiation
energy density has a quartic dependence on the temperature, ρR ∝ T4, for T <

√
MMP, the

effects of the non-minimal coupling function should be negligible in the scenario that we are
considering. In fact, for M ∼ 1013 GeV, which means that for temperatures below 1015 GeV
the non-minimal coupling plays no relevant role.

Furthermore, in Ref. [123], it was shown that the non-minimal coupling could not pro-
duce inflation by itself, however it was important in the reheating and preheating epochs. In
the present discussion, these conclusions do not hold, since inflation is driven by a real ho-
mogeneous scalar field, and the non-minimal coupling function exists in addition. Nonethe-
less, afterwards it plays a negligible role since the curvature/energy density rapidly de-
creases after inflation. Thus it is expected that reheating follows the GR framework (see e.g.
Ref. [198]).
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Exotic Inflation

I N the previous Chapter, we have discussed inflation in the context of alternative theories
of gravity with a non-minimal coupling between matter and curvature. In fact, other
formulations of non-minimal inflaton-curvature couplings were also analysed, being

compatible with data for some inflationary potentials [185, 186].
Furthermore, there are other inflationary models based on scalar fields arising from su-

perstring and supergravity theories [199]. One example of such scenarios is to the so called
D-brane inflation [200], where the inflaton is a geometric modulus and represents the dis-
tance between two stacks of 3D branes and anti-branes. In these theories, the particles from
the Standard Model are confined to the branes that survive brane-antibrane annihilation at
the end of inflation. Two special cases of D-brane inflationary models have drawn some at-
tention and are compatible with Planck’s data [141]: the quadratic [201] and quartic [202,203]
models.

Moreover, there are inflationary models exhibiting more than one scalar field, as in the
so-called hybrid inflation [204, 205], where a rapid rolling, sometimes called waterfall, of a
scalar field, σ, is prompted by a second scalar field, φ. Despite this pleasant feature, a blue
tilted power spectrum is predicted which is therefore ruled out.

Notwithstanding, these models are just a small sample of the vast literature on this sub-
ject. In fact, there are many non-standard inflationary models which have not been com-
pared with data. An attempt to fulfil this gap for some of those models is made in this Chap-
ter. Taking into consideration the previous discussion on general Friedmann equations of
the form H2 = H2(ρ), and the developed numerical code, we explore the generalised Chap-
lygin gas inflationary model, as well as some inflationary models within supergravity and
braneworld scenarios. We further analyse the degeneracy between some modified gravity
theories and plateau-like potentials in GR which yield a primordial spectrum of fluctuations
similar to the one from Starobinsky model.

This Chapter is based on Ref. [2].

3.1 Chaplygin-inspired inflation

The generalised Chaplygin gas (GCG) model is a proposal to unify dark matter and dark
energy by resorting to an exotic fluid with equation of state [75, 76]:

pGCG = − A
ρα

GCG
, (3.1)
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where pGCG and ρGCG are the pressure and the energy density of the gas, respectively, and A
and α are constants, with the exponent ranging between 0 < α ≤ 1. The original Chaplygin
gas model corresponds to α = 1.

This unified model admits a complex scalar field construction [75,206]. Under the Thomas-
Fermi approximation, which introduces a functional relation between the kinetic energy and
the potential of a field, this construction gives rise to a formulation built upon an underlying
scalar field with a suitable potential [75].

The GCG has an equation of state that leads to a fluid energy density that behaves as

ρGCG =
(

A + ρ1+α
m
) 1

1+α , where ρm ∝ a−3 resembles the energy density of non-relativistic
matter. Such behaviour can also be achieved from a modification of gravity, particularly
from a generalised Born-Infeld action for a scalar field, θ, (we refer the reader to Fig. 3.1 for
a visual scheme) yielding a Friedmann equation of the form [207]:

H2 =
1

3M2
P

[
A + ρ1+α

φ

] 1
1+α . (3.2)

p = − 
A

α
ρ
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FIGURE 3.1: The Generalised Chaplygin scenario arising from a generalised
d-Brane action and leading to three different behaviours of the Universe evo-

lution. Extracted from Ref. [75].

One can immediately identify such a scalar field with the inflaton, provided it obeys the
standard classical equation of motion:

φ̈ + 3Hφ̇ + V′(φ) = 0 . (3.3)

We shall now consider two main cases in the slow-roll regime, ρGCG = ρφ ≈ V(φ),
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namely α = 1 and α = 0.5 for linear and quadratic monomial potentials. Moreover, we shall
also analyse the quartic and quadratic hilltop models, but only in the α = 1 case given the
numeric limitations arisen when computing the observables.

For monomial potentials, Eq. (2.27), the slow-roll parameters can be expressed as:

εφ =
n2

2φ̃2 ,

ηφ =
n(n− 1)

φ̃2 , (3.4)

where we used the notation φ̃ := φ/MP.
In its turn, slow-roll parameters for the hilltop potentials, Eq. (2.28), read:

εφ =
γ2φ̃2n−2

2
(
1− γ

n φ̃n
)2 ,

ηφ = − (n− 1)φ̃n−2

1− γ
n φ̃n . (3.5)

The number of e-folds of inflation after horizon-crossing of the relevant CMB scales is
straightforwardly computed:

Ne = − 1
M2

P

∫ φe

φ∗

(
A + V(φ)1+α

) 1
1+α

V′(φ)
dφ , (3.6)

where the value of the inflaton at the end of inflation, φe, for a modified Friedmann equation
of the form H2 = H2(ρ), is given, for each potential, by the strongest conditions of the
following set, as shown in Appendix B:

εφ ∼ 3

(
M2

P H2

V

)2 (
M2

P
dH2

dρ

)−1

, (3.7)

εφ ∼ 9
H2M2

P
V

. (3.8)

Then, the observables, namely the scalar spectral index and the tensor-to-scalar ratio, are
given by:

ns = 1− 6εφ∗
V(φ∗)2+α

(A + V(φ∗)1+α)
α+2
α+1

+ 2ηφ∗
V(φ∗)

(A + V(φ∗)1+α)
1

1+α

,

r = 16εφ∗
V(φ∗)2

(A + V(φ∗)1+α)
2

1+α

. (3.9)

Analogously to the inflationary scenario in the NMC model discussed in the previous
Chapter, the monomial potentials have a running free parameter due to the modification on
the Friedmann equation, namely x := A

V1+α
0

. In Fig. 3.2, we plot the observational predictions

for the linear and quadratic potentials in the Chaplygin inspired inflation. Imposing the
obvious fact that inflation has to end, some constraints arise for the ratio x in all cases, except
in the linear potential case for α = 1, where it that requirement always holds and an attractor
point is found at (ns, r) = (1, 0) for x → ∞.

In Fig. 3.3 we show the observational predictions for the quadratic and quartic hilltop
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FIGURE 3.2: Predictions for monomial potentials in the Chaplygin inspired
inflation in comparison with Planck data in grey for 1σ and 2σ confidence
levels. For n = 1, if α = 0.5, then x := A

V1+α
0

< 0.53. For n = 2, if α = 1, then

x < 0.59, and for α = 0.5 we must have x < 0.53. Upper and lower bounds
correspond to Ne = 50 and Ne = 60, respectively.
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FIGURE 3.3: Predictions for the quadratic (left) and quartic (right) hilltop
potential in a generalised Chaplygin model with α = 1 in comparison with
Planck data in grey. For x � 1, one recovers the standard Friedmann equa-
tion prediction, whilst for larger values of x the potential behaviour is quite
different. The region between the upper and lower bounds correspond to a

number of e-folds between Ne = 50 and Ne = 60, respectively.
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potentials for α = 1, as a function of x. In fact, as x → 0, we find the predictions of such
potentials in GR for both cases, as expected. However, for larger values of x the deviations
are more evident: the tensor-to-scalar ratio diminishes and an attractor point is found at
(ns, r) = (1, 0) for γ → 0. Nonetheless, there is a considerable range of values for x which
are observably favoured.

3.2 N = 1 Supergravity Inflation

We shall now study a particular case of N = 1 supergravity (SUGRA), which is an at-
tempt to quantise GR by imposing local supersymmetry through a super-Poincaré algebra.
The potential which will be analysed describes the interaction of chiral superfields, and is
specified by the Kähler potential, K(Φ, Φ†). Thus, the scalar potential reads [208]:

V =
eK

4

(
Ga(K−1)a

bGb − 3|W|2
)

, (3.10)

where Ga = KaW + Wa denotes the Kähler function, the indices a, b label the derivatives
with respect to the chiral superfields, Φ, and W(Φ) corresponds to the superpotential that
describes the Yukawa and the scalar couplings of the supersymmetric theory.

We shall assume that the superpotential can be split into three sectors:

W = P + G + I , (3.11)

where P represents the supersymmetry-breaking part, G is a gauge term, and I is an infla-
tionary sector.

In the following discussion, we shall discuss the supersymmetric model constructed in
Refs. [209, 210] with the minimal choice for the Kähler potential, K = ΦΦ†, and the inflaton
superpotential, I = ∆2MP f ( Φ

MP
), where ∆ sets the inflation scale, and f (Φ/MP) is a function

unconstrained by the underlying R-symmetry of the model (this symmetry is responsible
for transforming different supercharges into each other). Hence, the scalar potential as a
function of the inflaton field, φ, reads [208]:

VI(φ) = e|φ|
2/M2

P

∣∣∣∣∣ ∂I
∂φ

+
φ∗ I
M2

P

∣∣∣∣∣
2

− 3|I|2

M2
P


Φ=φ

. (3.12)

We can further impose that SUSY remains unbroken in the global minimum,
∣∣∣∣ ∂I

∂Φ + Φ∗ I
M2

P

∣∣∣∣
Φ=φ0

= 0, and that we have a vanishing cosmological constant at present times, VI(φ0) = 0. There-
fore, the simplest superpotential I that satisfies these conditions is:

I(φ) = V0(φ− φ0)
2 , (3.13)

where V0 = ∆2/MP. As we can see from this expression, there is a flat region in the vicinity
to the origin for φ0 = MP, which yields a vanishing inflaton mass. Therefore, we can Taylor
expand the potential around its origin [209, 210]:

VI(φ) = ∆4
(

1− 4φ̃3 +
13
2

φ̃4 − 8φ̃5 +
23
3

φ̃6 + . . .
)

, (3.14)
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where φ̃ := φ/MP as before.
Now, we can proceed in order to compute the slow-roll parameters:

εφ ' 2

(
−6φ̃2 + 13φ̃3 − 20φ̃4 + 23φ̃5

1− 4φ̃3 + 13
2 φ̃4 − 8φ̃5 + 23

3 φ̃6

)2

,

ηφ ' −24φ̃ + 78φ̃2 − 160φ̃3 + 230φ̃4

1− 4φ̃3 + 13
2 φ̃4 − 8φ̃5 + 23

3 φ̃6
. (3.15)

In addition, the number of inflationary e-folds follows from:

Ne = −
1

M2
P

∫ φe

φ∗

V(φ)

V′(φ)
dφ . (3.16)

Most surprisingly, both the equation of motion for the inflaton and the Friedmann equa-
tion coincide with the well known ones in general relativity. Thus, it is immediate to find
the scalar index and the tensor-to-scalar ratio at horizon crossing:

ns = 1− 6εφ∗ + 2ηφ∗ , (3.17)

r = 16εφ∗ . (3.18)

However, when compared with data, this model predicts a scalar index in the range ns ∈
[0.92, 0.94] which is ruled out by the Planck data. Additionally, it leads to very small tensor-
to-scalar ratio, actually of the order of 10−9− 10−8, which, although viable, in practical terms
poses difficulties for the observation. Furthermore, other small field realisations in minimal
N = 1 SUGRA with only one chiral superfield also show some tension with data [211].
However, it is important to stress that Planck data favours slightly lower values of the scalar
spectral index when taking into account as free parameters the following quantities: the total
neutrino mass, Mν, and the effective number of relativistic degrees of freedom, Ne f f . This
usually happens in scenarios with Mν larger than the minimal value allowed by neutrino
oscillation data and in scenarios with a low-reheating temperature for which Ne f f < 3.046
[212]. Hence, we cannot fully rule out the SUGRA model.

However, for standard observational data [141], this SUGRA model is excluded. There-
fore, we shall consider in the next sections some supergravity models on the brane. But first,
we shall analyse some features from braneworld scenario.

3.3 Brane Inflation

The braneworld scenario is a model to explain the weakness of the gravitational force
when compared the other three fundamental interactions: electromagnetic, weak and strong
nuclear forces. In the 5-dimensional brane scenario, the standard model matter fields are
localised in a 3-brane and only gravity propagates in the fifth dimension (bulk). In fact, we
can find a 4-dimensional version of the Einstein field equations [213]:

Gµν = −Λgµν +
1

M2
P

Tµν +
1

M6
5

Sµν − Eµν , (3.19)

where M5 := (8πG5)
−2 is the 5-dimensional reduced Planck mass associated to the 5-

dimensional gravitational constant G5, Tµν is the energy-momentum on the brane, Sµν is
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a tensor which depends only on quadratic powers of Tµν, and Eµν is the projection of the
5-dimensional Weyl tensor on the 3-brane. We can assume that the spacetime on the brane
is homogeneous and isotropic, i.e., is well described by the RW metric, such that the Fried-
mann equation look as [213–215]:

H2 =
Λ
3
+

ρ

3M2
P
+

ρ2

9M6
5
+

ε

a4 , (3.20)

where ε is an integration constant and a is the scale factor. Given its smallness, the cos-
mological constant has a negligible contribution and the last term on the previous equation
quickly vanishes when inflation sets in. Hence, we can further simplify the Friedmann equa-
tion [216, 217]:

H2 =
ρ

3M2
P

(
1 +

ρ

2λ

)
, (3.21)

where λ := 3M6
5/2M2

P is the 3-brane tension.
It is instructive to make the following comment: there are other models which render

a similar Friedmann equation. One of such models is as the Cardassian one [218], where
we have an ad hoc correction of the form

(
1 + ρn

2λ

)
in the Friedmann equation. This model

has already been compared with observational data, and the results showed that both the
ΛCDM and the Cardassian models were equally favoured within WMAP constraints [219].
Furthermore, Gamma Ray Burst data further narrowed the allowed values for the exponent
of such model or even a modified version of it - the modified polytropic Cardassian model
[220]. Another striking similar model is found in the context of loop quantum cosmology
[221,222], where the corrections to the standard Friedman equation have a minus sign, H2 ∼
ρ
(
1− ρ

2λ

)
. This model is compatible with the observations [223, 224].

Looking back at the brane model under consideration, the equation of motion for the
fields are not changed relatively to GR, namely Eq. (3.3). However if there existes some
vector field defined on the bulk and coupled to the Ricci tensor, a spontaneous Lorentz sym-
metry breaking would be possible and the equations of motion would change [225].

As in the previous discussion, we must require the smallness of the slow-roll parameters,
in order to achieve a successful inflationary period. The number of inflationary e-folds is
given by:

Ne = −
∫ 1√

2εφ̃

(
1 +

1
2λ

V(φ̃)

)
dφ̃ . (3.22)

At last, the scalar index and the tensor-to-scalar ratio follow from:

ns = 1− 6εφ∗
1 + 1

λ V(φ∗)(
1 + 1

2λ V(φ∗)
)2 + 2ηφ∗

1(
1 + 1

2λ V(φ∗)
)2 .

r = 16εφ∗
1(

1 + 1
2λ V(φ∗)

)2 . (3.23)

In Fig. 3.4, the predictions of this brane inflationary model for the linear and quadratic
monomial potentials are plotted in comparison with the allowed observational regions from
Planck data [141]. The quadratic monomial model is excluded by the observations. In con-
trast, the linear model is consistent with data. The running parameter for these potentials is
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FIGURE 3.4: Predictions for monomial potentials in a braneworld inflation
scenario. As the factor y := V0

λ ∼ 0, the linear or the quadratic behaviour in
the standard Friedmann equation, represented by the black dots, is obtained.
On the other hand, if y goes to larger values, tensor-to-scalar ratios become
smaller. The quadratic model is disfavoured by Planck data (in grey), but the
linear potential is always compatible with data, and, in particular, for y '
0.05 it becomes 1σ compatible with Planck observations. Upper and lower
bounds for each potential correspond to Ne = 50 and Ne = 60, respectively.

the ratio y := V0
λ , which when it becomes larger, leads to a smaller tensor-to-scalar ratio. In

particular, when the ratio y ≥ 0.05, the linear monomial becomes 1σ compatible with data.
We can also study the quadratic and hilltop potentials, whose predictions are shown in

Fig. 3.5. For these cases, we fix some values for y and allow the potential parameter γ to
run. Thus, when the y factor grows, the scalar spectral index becomes larger. Nonetheless,
in the limit γ → 0 the general relativity predictions for a linear potential are recovered,
independently of the value of the free parameter y.

3.4 N = 1 Supergravity inflation in the braneworld scenario

Let us now implement a N = 1 SUGRA model in the braneworld framework introduced
in the previous section. To to so, let us look again at the N = 1 SUGRA scenario discussed in
Sec. 3.2. If we aim to extract new predictions, then we must look at possible significant devi-
ations from the standard Friedmann equation. These are attained when we consider the case
where φ0 = 0, which renders a large-field inflationary model, rather that the studied case
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FIGURE 3.5: Predictions for the quadratic (left) and quadratic (right) hilltop
potential in a braneworld inflationary scenario in comparison with Planck
data in grey. When the factor y := V0

λ ∼ 0, one gets the linear behaviour in
GR, but as y grows, one predicts larger values of ns for γ → 1. Neverthe-
less, they are compatible with data for a large subset of the parameter space.
Upper and lower bounds for each case correspond to Ne = 50 and Ne = 60,

respectively.

φ0 = MP that leads to a hilltop-like potential, which now would not yield new measurable
effects.

Thus, the relevant part of the inflaton potential, along the real φ direction, reads [217]:

V(φ) = V0eφ̃2
(

4φ̃2 + φ̃4 + φ̃6
)

, (3.24)

where, as before, φ̃ := φ
MP

. The slow-roll parameters for this potential are written as:

εφ = 2
(

4 + 6φ̃2 + 4φ̃4 + φ̃6

4φ̃ + φ̃3 + φ̃5

)2

,

ηφ =
8 + 52φ̃2 + 64φ̃4 + 30φ̃6 + 4φ̃8

4φ̃2 + φ̃4 + φ̃6 , (3.25)

and the number of inflationary e-folds after horizon-crossing is:

Ne = −
∫ 1√

2εφ̃

(
1 +

1
2λ

V(φ̃)

)
dφ̃ . (3.26)

For this potential, we allow the parameter y := V0
λ to run, and we find that a very small

tensor-to-scalar ratio is found as depicted in Fig. 3.6. Nonetheless, this model is compatible
with the observational data within the 2σ region for y := V0

λ & 106 with Ne = 50, and
y & 2× 103 with Ne = 60.

3.5 Plateau potentials in general relativity

A very popular inflationary model is the Starobinsky one, where a de Sitter phase is
driven by a particular function of the scalar curvature: f (R) = R + αR2. In addition to this
model, other similar scenarios, such as the Higgs-inflation with a non-minimal gravitational
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FIGURE 3.6: Predictions for the N = 1 supergravity inflation model on the
brane world scenario. When the factor y := V0

λ increases, predictions go from
the left to the right. The upper line at ns = 0.93 corresponds to 50 e-folds
of inflation, while the lower one to 60. For 50 e-folds and y & 106 and for
60 e-folds and y & 103 the model is in agreement with Planck data at 2-σ

confidence level (in light grey).

coupling, share a common property, namely a very flat and negatively curved effective scalar
potential in the Einstein frame. In fact, the data release by the Planck collaboration made it
very clear that observations favoured potentials with such features. This is also the case of
the hilltop or the natural inflationary potentials, or some modified gravity theories, at least in
the context of single field cold inflation. However, warm inflation allows further monomial
potentials, such as the quartic one V(φ) = λφ4, rendering predictions in agreement with
Planck data [187, 188].

To complement the discussion of exotic inflationary scenarios, we shall pursue a dif-
ferent approach in such a way that most modifications of gravity are degenerate with GR
plus a scalar field, although in the Einstein frame. However, we note that in the previous
Chapter we have examined inflation driven by a scalar field whose Lagrangian density was
non-minimally coupled to the curvature. Such theories, as it has been discussed earlier, are
equivalent to a theory with two scalar fields with distinct properties, so the analysis in this
Section do not apply directly to that case.

In fact, the predictions of the Starobinsky model are degenerated to the ones from generic
plateau-like potentials within GR with a scalar inflaton.

We start by defining a p-plateau, p > 2, as a potential function for which p− 1 derivatives
vanish at some field value φ0, with V(p)(φ0) < 0. In the vicinity of the central plateau value,
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φ0, the potential may be written as:

V(φ) = V0

[
1− µ

p

(
φ− φ0

MP

)p
+ . . .

]
, (3.27)

where µ > 0. The slow-roll parameters are found to be:

εφ ' µ2

2
∆φ̃2p−2 ,

ηφ ' −µ(p− 1)∆φ̃p−2 , (3.28)

where we have defined ∆φ̃ := (φ − φ0)/MP � 1. We further note that εφ � |ηφ| when
µ . 1. The number of inflationary e-folds of inflation after horizon-crossing is thus:

Ne = −
1

M2
P

∫ φe

φ∗

V(φ)

V′(φ)
dφ ' ∆φ̃

2−p
∗

(p− 2)µ
, (3.29)

provided that ∆φ̃e � ∆φ̃∗ and p > 2. As for the spectral index and the tensor-to-scalar ratio,
we get:

ns − 1 = −6εφ∗ + 2ηφ∗ ' −2µ(p− 1)∆φ̃
p−2
∗

' − p− 1
p− 2

2
Ne

,

r = 16εφ∗ ' 8µ2∆φ̃
2p−2
∗ ' 8µs(p− 2)s−2Ns−2

e ,

(3.30)

where s := 2/(2− p). A very flat plateau is characterised by the condition p� 1, then:

ns ' 1− 2
Ne

,

r ' 8
p2N2

e
. (3.31)

It is straightforward to see that the scalar spectral index prediction coincides with that
of the Starobinsky potential and Higgs-inflation non-minimally coupled to the curvature,
rendering a scalar index of ns ' 0.96− 0.967 for 50-60 e-folds of inflation. In Fig. 3.7, the
predictions for different plateaux with integer p ≥ 3 and µ = 10−3 − 1 for 60 e-folds of
inflation after horizon-crossing are shown. Thus, it is clearly evident that for large powers
p, the observational predictions become insensitive to the curvature of the potential, µ. We
further notice that a flat plateau with integer power p ≥ 6 meets Planck data at 1σ confidence
level.

In addition to the identical scalar spectral index, plateau potentials are degenerate with
the Starobinksy model, for which r ' 12/N2

e , in the sense that the tensor-to-scalar ratio can
be arbitrarily large for any finite value of p provided µ→ 0. The effective scalar potential for
the Starobinsky model in the Einstein frame is V(φ) = V0 ×(

1− e−
√

2/3φ/MP
)2

, which may be seen as an infinite degree plateau at φ0 → +∞. How-
ever, our analysis does not immediately apply. This result shows that Planck data is not
strictly favouring modifications of GR, but rather to a model with a sufficiently flat plateau
in the scalar effective potential, within a general relativistic description.
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FIGURE 3.7: Observational predictions for plateau potentials of order p =
3, . . . , 20 (increasing integers from left to right), for 60 e-folds of inflation and

µ ∈ [10−3, 1]. Planck data is shown in grey.
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Gravitational waves in NMC

A striking property of General Relativity is the prediction of gravitational waves,
which have been directly observed in recent years. However, this solution of the
field equations also appear in other models of gravity, usually with new features

which may be observable and, therefore, provide a way to distinguish between models of
gravity [226].

As an example, we note that further scalar and vectorial modes or massive modes are
expected in most of extensions of GR. For instance, in higher order extended theories of
gravity [227], where scalar invariants other than the Ricci scalar are included, spin-0 and
spin-2 massive modes are expected besides the massless spin-2 field (graviton), and even
some ghost modes might arise. Therefore, much attention should be taken in finding con-
sistent physical solutions both theoretically and observationally. However, there are many
alternative theories whose predictions are degenerate to the GR’s ones [228], thus further
techniques should be devised in order to distinguish these models [229].

An interesting tool to discriminate these theories is the application of the Newman-
Penrose formalism in addition to the usual perturbation theory [230–232]. This prescription
can be also used in the Petrov classification for the Weyl tensor of the theory [233]. Inter-
estingly, in f (R) theories, the aforementioned formalisms seemed to render inconsistencies,
as the scalar breathing mode that appeared in the Newman-Penrose formalism [234] was
not present in the usual perturbative approach [235]. However, later on, it was realised that
the issue resided in the assumption of the two traceless and transverse gauge conditions,
which are no longer incompatible with each other [236]. Nevertheless, this issue does not
appear in the Palatini formalism, where only two tensor modes as in GR are found [234].
However, this should not be surprising since the Palatini formulation of f (R) theories is
equivalent to a Brans-Dicke theory with the parameter ωBD = −3/2. In fact, this particular
value corresponds to a vanishing kinetic term for the scalar field, rendering a nondynami-
cal contribution, and therefore no additional scalar degree of freedom is expected. Despite
these apparent ambiguities between different formalisms, gravitational waves are still a very
robust tool to test theories of gravity.

In most cases, the gravitational wave solution of a given theory is considered in vacuum.
However, this can be extended to account for matter source terms in GR and other alterna-
tive theories of gravity by resorting to the Green functions’ method. Nonetheless, there are
further approaches, namely the Campbell-Morgan formalism [237], or taking into account
the interaction of gravitational waves with matter [238] or even the cyclotron damping and
Faraday rotation of GW in the presence of collisionless plasmas [239,240]. A further relevant
topic was considered: the presence of a cosmological constant, which induces the metric
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field equations to lose their residual gauge freedom [241], and has some bearings on the
physical metric [242].

Thus, we are motivated to explore in this Chapter the main properties of the NMC mod-
els in what concerns gravitational waves. We shall analyse these solutions in both the lin-
earised version and the Newman-Penrose formalism. We further assess the implications of a
GW propagating in a background dominated by a cosmological constant and briefly discuss
the non-trivial case of a dark energy-like fluid.

This Chapter is based on Ref. [3], which we will follow closely.

4.1 Linearised NMC theories

We start by considering the action functional of Eq. (1.16), and for convenience we shall
adopt units such that κ = 1/2, which mean M2

P = c = 1.
The trace of the metric field equations, Eq. (1.17), can be cast in the following form:

� (F1 + 2F2Lm) =
2 f1 − (F1 + 2F2Lm) R + f2T

3
, (4.1)

from which it is clear that the trace equation can be seen as a Klein-Gordon equation, but for
two fields Φ1 := F1 and Φ2 := 2F2Lm, rather than just one as in pure f (R) theories [235],
with an effective potential given by:

dV
dΦ1

:=
2 f1 − F1R

3
,

dV
dΦ2

:=
−2F2LmR + f2T

3
, (4.2)

where Lm is the matter Lagrangian density.
This identification is valid since the NMC theories are equivalent to a two-scalar field

model in the Einstein frame, as referred in the Introduction. In fact, one of the scalar fields is
not dynamical, but mixes with the dynamical one [114].

Before proceeding any further, let us define the following perturbative fields:

δ f := (F1 − 2F2Lm + F2T) δR , (4.3)

δ f ′ :=
(

F′1 + 2F′2Lm
)

δR , (4.4)

δh := f2δT , (4.5)

δh′ := 2F2δLm . (4.6)

Now the trace equation can be written as:

3�
(
δ f ′ + δh′

)
= −R0

(
δ f ′ + δh′

)
+ δ f + δh , (4.7)

where we have computed such perturbative fields at a constant curvature background R0.
Linearising the field equations with the metric gµν = ηµν + hµν, where hµν � 1:

(
F′1δR + 2F′2LmδR + 2F2δL

)
Rµν + (F1 + 2F2Lm) δRµν

−1
2

ηµνF1δR− 1
2

hµν f1 −
[
∇µ∇ν − hµν�

]
(F1 + 2F2Lm)

−
[
∇µ∇ν − ηµν�

] (
F′1δR + 2F′2LmδR + 2F2δLm

)
= f2δTµν + F2TµνδR . (4.8)
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We shall consider that the background is Minkowskian, which means that the scalar cur-
vature vanishes at lowest order, Rµν = R = 0. In fact, for constant curvature we have
∇µFi = F′i∇µR = 0. Hence:

(F1 + 2F2Lm) δRµν −
1
2

ηµνF1δR− 1
2

hµν f1

−
[
∂µ∂ν − ηµν�

] (
F′1δR + 2F′2LmδR + 2F2δLm

)
(4.9)

+
[
∂µ∂ν − hµν�

]
(F1 + 2F2Lm) = f2δTµν + F2TµνδR .

We further require that the Lagrangian density can be written as Lm → Lm + δLm(xµ),
such that∇µLm = 0. This is the case of a cosmological constant, for instance. Actually, these
assumptions further simplify the linearised field equations:

(F1 + 2F2Lm) δRµν −
1
2

ηµνF1δR− 1
2

hµν f1 (4.10)

−
[
∂µ∂ν − ηµν�

] (
δ f ′ + δh′

)
= f2δTµν + F2TµνδR .

However, we should stress that the NMC theories reduce to pure f (R) theories in the far-
field and in the absence of matter. Therefore, we expect to have six polarisation states [234].
On the other hand, if matter is present then the polarisation states can be highly non-trivial.
In particular, the longitudinal mode, which can be found in the trace of the field equations,
can be decoupled into two scalar modes under some conditions, which is motivated by the
fact that the NMC model is equivalent to two scalar fields in the Einstein frame.

A particular matter Lagrangian density, which although simple, renders non-trivial so-
lutions is the cosmological constant as a source, which will be analysed and the resulting
polarisation states found in the next section.

4.2 GWs in the presence of a cosmological constant

Let us consider a geometry determined by a cosmological constant term:

Lm = −Λ⇒ Tµν = −Λgµν ⇒ T = −4Λ . (4.11)

Then, the field equations can be written as:

(F1 − 2F2Λ) δGµν −
1
2
( f1 − 2 f2Λ) hµν

=
[
∂µ∂ν − ηµν�

] (
δ f ′ + δh′

)
, (4.12)

where the perturbed Einstein’s tensor is defined as δGµν = δRµν − 1
2 ηµνδR. We should bear

in mind that R0 = 0, which means that the fluctuations δ f ′ =
(

F′1 − 2F′2Λ
)

δR and δh′ = 0,
since δΛ = 0.

It is worth mentioning that the above perturbations can be expressed in terms of the
metric perturbations. In fact, the perturbed Ricci tensor and scalar curvature are given by:

δRµν =
1
2

[
−�hµν + h α

ν ,µα + h α
µα, ν − h,µν

]
, (4.13)

δR = hαβ
,αβ −�h , (4.14)

respectively.
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It is important to choose a gauge such that the equations become simpler. The most
obvious choice is the following gauge:

∂µ

[
hµν −

1
2

ηµνh− ηµν

(
δ f ′ + δh′

F1 − 2F2Λ

)]
= 0 , (4.15)

where we should bear in mind that F1 − 2F2Λ := F1(R0) − 2F2(R0)Λ is computed at the
curvature R0 = 0.

Thus, the field equations, in this gauge, read:

�
(

hµν −
1
2

ηµνh− ηµνΩ
)
=

f1 − 2 f2Λ
F1 − 2F2Λ

hµν , (4.16)

with
Ω :=

δ f ′ + δh′

F1 − 2F2Λ
. (4.17)

An interesting conclusion can be immediately drawn: in the adopted gauge, a massive
degree of freedom (scalar mode) is found, in addition to a dressed graviton that breaks resid-
ual gauge invariance h′µν = hµν − ∂(µεν), as expected [241]. It is important to notice that the
presence of a cosmological constant regarded as an integration constant in the pure gravity
sector [243–245], that is f1(R) = R− 2Λ, leads to rather different results. However, this has
been done in the context of f (R) theories and do not correspond to the present analysis in
the matter sector.

Equation (4.16) can be rearranged in the following form:

�
(

hµν −
1
2

ηµνh
)
=

f1 − 2 f2Λ
F1 − 2F2Λ

hµν +
ηµν

3

(
hαβ

,αβ −�h
)

. (4.18)

However, we note that �Ω = 1
3 δR = 1

3

[
− 1

2�h +�Ω
]
⇒ �Ω = − 1

4�h. Thus, the
previous equation can be recast as:

�
(

hµν −
1
4

ηµνh
)
=

f1 − 2 f2Λ
F1 − 2F2Λ

hµν . (4.19)

As we can see, the scalar mode can be completely absorbed in the form of a scaling of the
trace of the graviton, although it is still present in the gauge choice, Eq. (4.15). The solution
to the wave equation is straightforwardly obtained:

hµν = A+eikαxα
e+µν + A×eikαxα

e×µν , (4.20)

where A+, A× are the amplitudes of the “plus” and “cross” polarisations, and e+µν, e×µν are
the usual polarisation tensors, respectively, as discussed in the Introduction. However, a
massive dispersion relation for the tensor modes arises:

kαkα := ω2 − k2 =
f1 − 2 f2Λ
F1 − 2F2Λ

. (4.21)

This implies that we have a traceless metric perturbation, h = 0, which naturally occurs
when considering a cosmological constant. Furthemore, the squared mass of the graviton,
which corresponds to the coefficient of the hµν term in rhs of Eq. (4.19), has an upper bound
equal to mg < 7.7× 10−23 eV/c2 [167]. Taking this bound into account and the two func-
tions, f1(R) and f2(R), and their first derivatives evaluated at R = 0, the restrictions for the
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NMC model imply that the denominator of the mass term has to be much larger than the nu-
merator, and that both of them need to have the same sign. In the case of a pure non-minimal
matter-curvature coupling ( f1(R) = R), and using the observational value of the cosmologi-
cal constant Λ = 4.33× 10−66 eV2 [42] the following constraint is found: f2(0) > −6.8× 1020

in units such that c = 1. This poses a very weak restriction on the value of the non-minimal
coupling function evaluated at vanishing curvature. In addition, we avoid tachyonic insta-
bilities by requiring that − f2(0)Λ > 0 ⇒ f2(0) < 0. Therefore, in what concerns to these
bounds a non-minimal coupling to the cosmological constant model is a quite viable model.

An additional observable has been restricted by data: the group velocity, vg, of the grav-
itational wave [172]. This quantity follows from the dispersion relation:

vg :=
∂ω

∂k
=

1√
1 + f1−2 f2Λ

F1−2F2Λ
1
k2

≈ 1−
m2

gw

2k2 , (4.22)

where m2
gw := f1−2 f2(0)Λ

F1−2F2(0)Λ
� 1. Therefore the NMC model predicts a group velocity of

the gravitational wave slightly smaller, but very close to the speed of light, thus avoid-
ing Cerenkov radiation. This is consistent with the most recent data from the neutron star
merger −3× 10−15 <

vg−c
c < 7× 10−16 [172]. Given the dependence on k, or equivalently,

the energy dependence on the group velocity, if k� 1 occurs then some problems can arise,
this is known as the soft-graviton case. Nevertheless, for the NMC model we have ω ∼ k,
thus leading to vg = 1− mgw

2k2 ≈ 1− 7.0× 10−23 → 1−, which is compatible with the ob-
served frequencies of gravitational waves f ∼ 250 Hz, and the smallness of the mass of the
graviton.

There is also a further observable: the so-called "speed" of a gravitational wave, cgw,
which follows from a modified dispersion relation in models which exhibit rotation invari-
ance of the form [178, 246]

ω2 = m2
g + c2

gwk2 + a
k4

∆
, (4.23)

where ∆ is a high-energy scale cut-off that has been constrained to be large [247], and a is
an operator that is model dependent. This quantity has been constrained to be in the range
0.55 < cgw < 1.42 [178]. By comparing Eq. (4.23) with the non-minimal coupling dispersion
relation, we find that cgw = 1, hence being observationally viable.

4.2.1 Longitudinal scalar mode

We have seen that the longitudinal scalar mode Ω could be absorbed in the solution of
the wave equation through a scaling effect. However, we shall further explore its nature and
properties. Taking into account that the perturbation δh′ vanishes for the case of a cosmolog-
ical constant as a source term, the solution to the wave equation for Ω is straightforwardly
found. In fact, linearising the trace equation gives:

�Ω = m2
ΩΩ , (4.24)

with

Ω :=
δ f ′

F1 − 2F2Λ
=

F′1 − 2F′2Λ
F1 − 2F2Λ

δR , (4.25)
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and the mass term
m2

Ω :=
1
3

[
F1 − 2F2Λ
F′1 − 2F′2Λ

]
. (4.26)

Furthermore, for a gravitational wave passing through a galaxy in a curved background
due to a cosmological constant, for instance, the mass of the longitudinal mode changes
as in the f (R) case [248]. In fact, if a constant matter Lagrangian of the form L = −ρ0 is
considered, the underlying physics would remain the same and it would only be necessary
to replace Λ by ρ0. More elaborated forms for the matter Lagrangian would render highly
non-trivial technical problems to be handled. However, our conclusions would not change
drastically given the weakness of the coupling of gravity to matter.

4.2.2 Newman-Penrose analysis

In addition to the linearisation procedure to characterise the gravitational wave solution
of the NMC model, there is a very useful formalism due to Ezra T. Newman and Roger
Penrose which accounts for the full non-linear theory with a cosmological constant back-
ground [232]. This Newman-Penrose (NP) formalism is presented in the Appendix C. The
NMC model with a cosmological constant background is equal to the f (R) case upon the
identification f (R) := f1(R)− 2 f2(R)Λ.

Let us start by considering the following forms for the two functions f1(R) = R− αR−β

and f2(R) = 1+ γRn, which have been popular in the literature for other contexts. The trace
of the metric field equations yields:

R− 4Λ = 3�
(

αβR−β−1 − 2γnΛRn−1
)

+α(β + 2)R−β + 2Λγ(2− n)Rn . (4.27)

A special case is worth to be noted: homogeneous and static scalar curvatures (∇µR = 0)
and exponents of the functions of the scalar curvature obeying to n = −β = 2 yield the
trivial solution, R = 0. This is the case of a flat spacetime as the one discussed in the previous
subsection.

However, if n = −β = 2 but the curvatures are not homogeneous and/or static, then:

�R = − R− 4Λ
6(α + 2γΛ)

, (4.28)

whose solution is:
R(z, t) = 4Λ + R0eikαxα

, (4.29)

where R0 is an integration constant and ~k = (ω, 0, 0, k) which obeys to kαkα = 1/(6α +

12γΛ). The z and t dependences of the Ricci scalar should not look surprising given that we
have not specified the spacetime yet.
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Substituting this solution into Eq. (1.17), we find that the nonvanishing terms of the Ricci
tensor are:

Rtt = −Λ− R0eikαxα

2

[
1− 4 (α + 2γΛ) k2

]
, (4.30)

Rzz = Λ +
R0eikαxα

6

[
1 + 12 (α + 2γΛ) k2

]
, (4.31)

Rtz = − (α + 2γΛ) kωR0eikαxα
, (4.32)

Rxx = Ryy = Λ +
1
6

R0eikαxα
. (4.33)

It is clear that we get R = −Rtt + Rxx + Ryy + Rzz = 4Λ + R0eikαxα
as expected. In fact,

the term Rtz was missing in Ref. [234], thus leading to some incomplete conclusions.
In fact, the n = −β = 2 case renders a Starobinsky-like model with a quadratic non-

minimal coupling (let us recall that the quadratic term yields a GR behaviour with respect
to the inflationary paradigm in Chapter 2 or in Ref. [1]).

The only nonvanishing NP-Ricci quantities, which characterise the existence of different
polarisation modes, are:

Φ00 =
α + 2γΛ

2
(ω− k)2 R0eikαxα

, (4.34)

Φ22 =
α + 2γΛ

2
(ω + k)2 R0eikαxα

, (4.35)

Φ11 = Λ̃− Λ
6

. (4.36)

These quantities can be used to study the Ricci tensor, or alternatively its traceless ver-
sion, the Plebański tensor, Sµν = Rµν − gµνR/4, where a classification likewise the Petrov
one for the Weyl tensor can be performed. Relatively to the NP-Weyl quantities, we must
solve the full non-linear theory to extract the metric field and to compute the Riemann tensor.
It is relevant to note that expansions of the metric in perturbation theory may lead to com-
pletely different Petrov classifications, and therefore the full metric solution is mandatory to
correctly characterise the theory.

For n = −β, and defining φ := R−β−1 the Ricci scalar has the same form as in Ref. [234]
but with a rescaling:

φ
− 1

β+1 − 4Λ
α + 2γΛ

= 3β�φ + (β + 2)φ
β

1+β . (4.37)

We can see that for β ≥ 1, at late times we have R−β � R, Λ, which leads to the Klein-
Gordon equation:

�φ ≈ − β + 2
3β

φ
β

1+β ∨ α + 2γΛ = 0. (4.38)

Provided that α + 2γΛ 6= 0, the solution to the above equation is:

R(z, t) =
[

iξ
(z− z0)− vt√

1− v2
+ C−1/2

]−2

, (4.39)

where

ξ :=
1

2(β + 1)

[
2(β + 2)(β + 1)

3β(2β + 1)

]1/2

, (4.40)
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wit C being an integration constant and v the wave propagation velocity which arises from
the Lorentz transformation. Then the only nonvanishing components of the Ricci tensor are:

Rtt =
R
6β

[
3− 2

β + 2
1− v2

]
, (4.41)

Rxx = Ryy =
R
6β

[−3 + 2(β + 2)] , (4.42)

Rzz =
R
6β

[
−3− 2

β + 2
1− v2 v2

]
, (4.43)

Rtz =
R
6β

β + 2
1− v2 2v . (4.44)

These results lead to the following non-null and independent NP-Ricci quantities:

Φ00 = − R
12β

(β + 2)
1− v
1 + v

, (4.45)

Φ22 = − R
12β

(β + 2)
1 + v
1− v

, (4.46)

Φ11 =
R

12β
(β + 2) = 2

β + 2
β

Λ̃ . (4.47)

The NP-Weyl quantities follows a discussion similar to the previous case, and therefore
a full analysis lie beyond the scope of the present work.

Another situation can be studied: an exponent β < −2, and the same conditions as above
hold. In this case, we have R−β � R, Λ and the Ricci scalar is defined in an implicit way
through:

(z− z0)− vt√
1− v2

=
√

6β(α + 2γΛ) (β+1)
(β+2)

√
βR−1

β+1 ×

× 2F1

(
1
2 , 1 + β

2 ; 2 + β
2 ; 4βΛR−1

β+1

)
, (4.48)

where 2F1(a, b; c; z) denotes the hypergeometric function [249]. This special function can be
evaluated for each specific value β. In order to get some insight on the physical implications,
let us consider the case of β = −3, where the Ricci scalar is given by:

R(t, z) = 6Λ− ((z− z0)− vt)2

108(α + 2γΛ)(1− v2)
. (4.49)

The main conclusion from the study of the NMC theories with a cosmological constant,
or with a constant matter Lagrangian density of the form L = −ρ0 = const., reduces to
the analysis of a f (R) theory. However, the analysis of the polarisation states can only be
complete if the full metric of the theory is found [250]. Even though, the nonvanishing
components of the Ricci tensor, seen throughout the present discussion, suggest the presence
of extra polarisation modes of the gravitational waves of this alternative model. Moreover,
as we get more observational data from mergers of black holes or neutron stars, the detection
of such modes could provide a direct way of testing alternative theories of gravity, such as
f (R) and the NMC.
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4.3 GWs in the presence of a dark energy-like fluid

The next simple, although non-trivial example which can be studied is a perfect fluid
matter source having an equation of state parameter of the form w = −1, which implies
p = −ρ:

L = −ρ ≈ const.⇒ Tµν = −ρgµν ⇒ T = −4ρ . (4.50)

Although this case resembles the previous one with a cosmological constant, there is a
strong difference, namely that, in general, δρ 6= 0. This implies that the linearised field
equations now read:

�
(

hµν −
1
2

ηµνh− ηµνΩ
)
=

f1 − 2 f2ρ

F1 − 2F2ρ
hµν +

2 f2δρ

F1 − 2F2ρ
ηµν , (4.51)

where

Ω :=
δ f ′ + δh′

F1 − 2F2ρ
. (4.52)

We shall note that
3�Ω = δR− 4

F1 − 2F2ρ
δρ , (4.53)

which means �Ω = − 1
4�h− 2 δρ

F1−2F2ρ , thus:

�
(

hµν −
1
4

ηµνh
)
=

f1 − 2 f2ρ

F1 − 2F2ρ
hµν . (4.54)

This result is similar to the cosmological constant case, since the massive longitudinal
mode is absorbed into the scaling of the trace of the graviton term. Furthermore, in this
rescaling the matter perturbation term also disappears due to the fact one required ρ =

ρ0 + δρ, and the fluctuation is a subleading term, and therefore should not manifest itself in
the equation for the tensor mode in the gauge Eq. (4.15).

In what concerns the nature and properties of the longitudinal modes, if these two modes
in the Klein-Gordon equation can be decoupled, which occurs when matter and curvature
perturbations evolve separately at linear order, we have:

�ω f = m2
ω f

ω f , (4.55)

�ωh = m2
ωh

ωh , (4.56)

with

ω f :=
δ f ′

F1 − 2F2ρ
=

F′1 − 2F′2ρ

F1 − 2F2ρ
δR , (4.57)

and
ωh :=

δh′

F1 − 2F2ρ
=

−2F2

F1 − 2F2ρ
δρ . (4.58)

The masses of the two modes are defined as:

m2
ω f

:=
1
3

[
F1 − 2F2ρ

F′1 − 2F′2ρ
− R0

]
, (4.59)

m2
ωh

:=
1
3

[
2 f2

F2
− R0

]
, (4.60)
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respectively. Let us note that in our case R0 = 0. By requiring that both F1−2F2ρ
F′1−2F′2ρ

≥ 0 and
f2/F2 ≥ 0, tachyonic instabilities are avoided.

Notwithstanding, this is not the most general solution, as the evolution of matter and
curvature perturbations could depend on each other, thus being coupled.

In addition, a dark energy-like fluid, whose matter Lagrangian L = −ρ ≈ const., has
some evident similarities with the case of a cosmological constant in what concerns to the
tensor modes, but an extra longitudinal mode related to δρ comes into play.

Let us note that since at linear order the graviton is propagating with a velocity v . c,
then the classification system developed in Refs. [230, 231] for metric theories do not nec-
essarily hold [251], and we have to be able to find the full non-linear solution of the field
equations. After the mathematical issues properly addressed, there are some engineering
difficulties which need to be overcome.

4.4 Detection of NMC gravitational waves

The detectability of the extra polarisation states of the NMC theories may become pos-
sible if one resorts to the theory-independent method proposed in Ref. [252]: which relies
on the antenna angular pattern functions of the detector of gravitational waves. In its turn,
the antenna pattern provides measurements on the linear combination of the polarisation
states. Therefore, the response signal from combined Gravitational Wave detectors, such as
the Advanced-LIGO, the Advanced-Virgo or the Einstein GW Telescope, could be used to
discriminate between models of gravity, and in particular between GR and the NMC.

As far as the strong gravity regime is concerned, a previous work on black hole so-
lutions for the NMC models [122] brought some insight on the issue: once the Newto-
nian limit was ensured and the null energy condition was satisfied, the Schwarzschild and
Reissner–Nordstrom solutions of GR are recovered in the non-minimally coupled curvature-
matter theories provided quantities such as mass, charge, and cosmological constant are
suitably “dressed". Consequently, further detailed analyses on gravitational waves genera-
tion by black holes collisions will result in a modification on the relevant parameters so to
account for the effects of the non-minimal coupling.

In concluding, future work requires more studies in the new scalar and vectorial modes
by extending the formalism of cross-correlation analysis. Hence, the energy density of the
spectrum of a stochastic background of gravitational waves would then be possible [253].
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U NTIL now, our discussion focussed on a metric compatible and torsionless con-
nection. However, as it was pointed out at the Introduction, this is not the most
general case and when the other parts are taken into account different theories of

gravity are found and new observational features emerge. For instance, some extensions of
GR assume either just torsion [254] or only non-metricity [14,255,256]. In fact, there is a vast
literature on theories with torsion (we refer the reader to Refs. [257, 258] for reviews on the
topic). As far as non-metricity is concerned, it was, for instance, constrained by the Bhabha
scattering in the metric-affine formulation of Ricci-based gravity models in vacuum [259],
and a lower bound on the scale of non-metricity was found to be greater than 1 TeV.

Furthermore, modified gravity models can also be built from more general connections.
In fact, extensions with torsion, such as in f (T) theories [260, 261], or of non-metricity [262],
were considered, leading to significantly different results from f (R) theories. However, the
differences if f (R) = R are not so sharp, thus it is said that they provide equivalent for-
mulations of GR [263]. This inspired the analysis for non-minimal coupled versions with
curvature and torsion [264] and with non-metricity [265].

Thus, we shall pursue this line of research in the present Chapter, by considering a par-
ticular interesting case of non-metricity which is the Weyl Gravity [266]. Originally, this idea
was proposed to unify gravity and electromagnetism through an auxiliary vector field. Af-
terwards, a reformulation of this scenario was due to Dirac leading to a simpler action, but a
new scalar field was introduced to describe spacetime in addition to the metric [267]. More
recently, Weyl gravity-like theories have regained attention in order to address issues such
as dark matter and dark energy problems or inflation [268].

As a matter of fact, the interest of vector fields in cosmology is not new [142–145]. How-
ever, a vector field is, in general, incompatible with the homogeneity and isotropy of the
Universe, leading to a preferred direction. This can be circumvent provided that it is embed-
ded in a SO(3) symmetry [143–145].

Then, we shall discuss the main features of Weyl gravity with a non-minimal coupling
between matter and curvature, as well as some implications for cosmology, namely the con-
tribution from the theory to the cosmological constant.

This Chapter is based on Ref. [4].
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5.1 Weyl Gravity

Hermann Weyl proposed a model of gravity relying on non-metricity. This proposal is
motivated by a generalised covariant derivative defined from the expression:

Dλgµν = Aλgµν , (5.1)

where,
Dλgµν = ∇λgµν − ¯̄Γρ

µλgρν − ¯̄Γρ
νλgρµ , (5.2)

∇λ is the usual covariant derivative built from the Levi-Civita connection and ¯̄Γρ
µν = − 1

2 δ
ρ
µ Aν

− 1
2 δ

ρ
ν Aµ +

1
2 gµν Aρ is the Weyl connection, constructed from the Weyl vector, Aµ. We further

notice that the covariant derivative of the inverse metric is given by: Dλgµν = −Aλgµν.
In the context of the Weyl connection, we follow the convention that the contraction of

first index of the Riemann tensor with its third one yields the Ricci tensor, R̄µν := R̄λ
µλν,

which can be expressed as:

R̄µν = Rµν +
1
2

Aµ Aν +
1
2

gµν (∇λ − Aλ) Aλ + Fµν +
1
2
(
∇µ Aν +∇ν Aµ

)
:= Rµν + ¯̄Rµν , (5.3)

where Fµν := ∂µ Aν − ∂ν Aµ = ∇µ Aν −∇ν Aµ is the strength tensor of the Weyl field. We can
further contract the Ricci tensor giving the Ricci scalar or scalar curvature:

R̄ = R + 3∇λ Aλ − 3
2

Aλ Aλ := R + ¯̄R . (5.4)

As we can see, the spacetime is no longer specified just by the metric, but also by the
Weyl vector field. Therefore, the constant Riemann curvature solutions found in the context
of GR, namely the de Sitter, anti-de Sitter and Minkowski spaces, do not follow immediately.
In fact, they now also depend on the values of the vector field and only coincide with the
usual spaces of GR for a vanishing Weyl vector.

The contracted Bianchi identities can be generalised taking into account the Weyl covari-
ant derivative:

DµḠµν = −1
2
DµFµν , (5.5)

which give:

DµḠ(µν) = 0 , (5.6)

DµFµν = 0 , (5.7)

where Ḡµν = R̄µν − 1
2 gµνR̄ is the Einstein-like tensor for the R̄(µν) curvature and we have

defined for convenience Dµ :=
(

Dµ + 2Aµ

)
.

Now, we can proceed to accommodate Weyl gravity within the non-minimal matter-
curvature coupling scenario of Ref. [89].
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5.2 Weyl Gravity with a non-minimal matter-curvature cou-

pling

We shall now consider the non-minimal coupling model, Eq. (1.16), with the Weyl grav-
ity’s scalar curvature:

S =
∫

(κ f1(R̄) + f2(R̄)L)
√
−gd4x . (5.8)

If we vary the action functional relatively to the vector field, we obtain, up to boundary
terms, a constraint equation:

∇λΘ̄ = −AλΘ̄ , (5.9)

where Θ̄ := F1(R̄) + (F2(R̄)/κ)L, and Fi := d fi/dR̄. On the other hand, varying the action
with respect to the metric and taking into account the previous constraint, we get:

[
Rµν + ¯̄R(µν)

]
Θ̄− 1

2
gµν f1 =

f2

2κ
Tµν , (5.10)

where ¯̄R(µν) =
1
2 Aµ Aν +

1
2 gµν (∇λ − Aλ) Aλ +∇(µ Aν).

The constraint equation for the vector field reduces a fourth order theory, as the usual
NMC, into a second order version.

The trace of the metric field equations reads:

R̄Θ̄− 2 f1 =
f2

2κ
T . (5.11)

If we take the trace of the metric field equations and plug it into Eq. (5.10), we have the
trace-free equations:

Θ̄
[

Rµν −
1
4

gµνR
]
+ Θ̄

(
¯̄R(µν) −

1
4

gµν
¯̄R
)
=

f2

2κ

[
Tµν −

1
4

gµνT
]

. (5.12)

In its turn, the divergence of the field equations leads to a generalised version of the
covariant non-conservation law for the energy-momentum tensor:

∇µTµν =
2
f2

[
F2

2
(gµνL− Tµν)∇µR +∇µ ( ¯ΘBµν)− 1

2
(F1gµν + F2Tµν)∇µ

¯̄R
]

, (5.13)

where we have defined the tensor: Bµν := 3
2 Aµ Aν + 3

2 gµν (∇λ − Aλ) Aλ.
On its hand, we can resort to the Weyl divergence of the energy-momentum tensor, yield-

ing:

DµTµν =
2Θ̄
f2

[
DµR̄(µν) − 1

2
Dµ

(
gµν f1

Θ̄

)
−Dµ

(
f2

2Θ̄

)
Tµν

]
, (5.14)

where we opt to keep this form for the equation since it will be useful in the next section
when considering the contracted Bianchi identities.
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5.2.1 The sequestering of the cosmological constant

An interesting idea firstly proposed by Einstein and further explored by other authors is
unimodular gravity [269–273]. This scenario restricts GR with the condition on the determi-
nant of the metric,

√−g = 1, which leads to a traceless version of the field equations:

Rµν −
1
4

gµνR =
1

2κ

(
Tµν −

1
4

gµνT
)

. (5.15)

It is worth to note that these equations are formally equivalent to substitute the trace
equation into the field equations. However, in unimodular gravity, the field equations
lost one degree of freedom when the condition for g was taken. Bearing in mind the con-
tracted Bianchi identities∇µGµν = 0 together with the covariant conservation of the energy-
momentum tensor, we can take the divergence of Eq. (5.15) leading to a conserved quantity
∇ν
(

R + 1
2κ T
)
= 0 = ∇ν(4λ) which can be identified as a cosmological constant.

This procedure motivated further techniques to "sequester" the cosmological constant
from a gravity theory [274, 275]. In fact, adding specific Lagrangian multipliers to the action
functional lead to a similar version of the previous scenario:

Rµν −
1
2

gµνR =
1

2κ

(
Tµν −

1
4

gµν〈T〉
)

, (5.16)

where 〈T〉 :=
∫

T
√−gd4x/

∫ √−gd4x is the cosmic average of the trace of the energy-
momentum tensor, T. Since the matter Lagrangian can be decomposed as a sum of a vacuum
contribution and the matter species part, L = −2κλ0 +Lm, and noting that the cosmic aver-
age of a constant is the constant itself, then, it is immediate to get:

Rµν −
1
2

gµνR + gµνΛ =
1

2κ
τµν , (5.17)

where Λ := 〈τ〉/8κ is the cosmological constant term, τµν is the energy-momentum tensor
built from Lm and τ its trace.

This scheme was applied in the context of the relaxed regime for the non-minimal cou-
pling model [276], and some conditions for the functions f1(R) and f2(R) were found in
order to overcome the discrepancy between the vacuum energy Λ0 and the integration con-
stant Λ.

Thus, we now aim to get an integration constant from the contracted Bianchi identities
for the non-minimally coupled Weyl model. Let us make κ = 1 for the sake of simplicity and
considering the identity (�∇ν −∇ν�) H = Rµν∇µH, for some scalar function H, we get:

1
4
∇νR = ∇µ

(
Rµν − 1

4
gµνR

)
=

1
4
∇νR +∇µ

(
1
Θ̄

) [
−(Rµν + Bµν)Θ̄− 1

2
gµν f1 +

f2

2
Tµν +�µνΘ̄

]
+

+
1
4
∇ν

[
R + B− 2 f1 −

f2

2Θ̄
+

3
Θ̄
�Θ̄

]
(5.18)

⇐⇒ ∇ν

[
R + B− 2 f1 −

f2

2Θ̄
+

3
Θ̄
�Θ̄

]
= 0 , (5.19)

where the last equality trivially vanishes since it corresponds to the covariant derivative
of the trace of the field equations. As it was found in Ref. [276], by applying the Bianchi
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identities no cosmological constant arises from the model.
We can proceed in a similar way for the generalised contracted Bianchi identities:

1
4
Dµ (gµνR̄) = Dµ

[
R̄(µν) − 1

4
gµνR̄

]
= Dµ

[
f2

2Θ̄

(
Tµν − 1

4
gµνT

)]
= Dµ

(
f2

2Θ̄

)
Tµν +

+

[
DµR̄(µν) − 1

2
Dµ

(
gµν f1

Θ̄

)
−Dµ

(
f2

2Θ̄

)
Tµν

]
− 1

4
Dµ

(
gµν f2

2Θ̄
T
)

(5.20)

⇐⇒ Dµ

(
R̄(µν) − 1

4
gµνR̄

)
+

1
4
Dµ

[
gµν

(
− f2

2Θ̄
T − 2

f1

Θ̄

)]
= 0 (5.21)

⇐⇒ 1
4
Dµ

[
gµν

(
R̄− f2

2Θ̄
T − 2

f1

Θ̄

)]
= 0 , (5.22)

where as in the previous scheme, it yields a trivial solution from which a cosmological con-
stant does not follow.

Notwithstanding, there is another discussion which may hint for a cosmological constant
construction, which resorts to the constant sectional curvature solutions of a theory. This
possibility shall be analysed in the next subsection.

5.2.2 The space form behaviour

In order to assess whether the vacuum of the NMC Weyl gravity is well defined and
admits a constant generalised curvature solution, we resort to the analysis of its space form
behaviour. To do so, let us recall that a pseudo-Riemannian manifold is said to be a space
form if and only if the following equation holds [277]:

R̄abcd = K(gacgdb − gadgcb) =⇒ R̄bd = 3Kgdb =⇒ R̄ = 12K , (5.23)

where K is some real constant, which in GR is directly related to the cosmological constant,
K = Λ/3. Given that in our case, we have a vector field affecting the vacuum state, we gen-
eralise the space form property so to allow for homogeneous and isotropic evolving spaces
where K = K(t). Furthermore, requiring an homogeneous and isotropic scalar curvature,
but allowing it to evolve in time, leads to a cosmological term with a time dependence which
might account for the dark energy behaviour of the Universe. Actually, a time varying cos-
mological term was found in the context of the Brans-Dick theory [278].

Even in the absence of matter, the vacuum also contributes to the Lagrangian density,
L = −2κΛ0, so that the metric field equations and their trace are given by:

[
Rµν + ¯̄R(µν)

]
Θ̄ =

1
2

gµν f1 − gµν f2Λ0 , (5.24)[
R + ¯̄R

]
Θ̄ = 2 f1 − 4 f2Λ0 . (5.25)

The trace of the metric field equations, Eq. (5.25), can be recast in the following form:

2 f1 − R̄F1

2 f2 − R̄F2
= 2Λ0 , (5.26)

which may provide a way to sequester the cosmological constant. Let us consider the case
of a pure non-minimal coupling, f1 = R̄, then:

f2(R̄) =
R̄

2Λ0
+ C2R̄2 ⇐⇒ f2(R̄ = 12K(t)) =

6K(t)
Λ0

+ C ′2K(t)2 , (5.27)
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where C2 is an integration constant and C ′2 := 144C2.
On the other hand, we can consider a feeble non-minimal coupling, f2(R̄) ≈ 1, along

with a general function for the pure gravity, which does not need to reduce to GR, then:

f1(R̄) = 2Λ0 + C1R̄2 ⇐⇒ f1(R̄ = 12K(t)) = 2Λ0 + C ′1K(t)2 , (5.28)

where C1 is an integration constant and C ′1 := 144C1.
A conclusion can be immediately drawn: the contribution of the cosmological term, K(t),

in general differs from the one arising from the vacuum energy, Λ0.
A further issue need to be tackled: the homogeneity and isotropy of the Universe cannot

be spoiled, hence some conditions for the vector field have to be found. Thus, if we combine
equations (5.24) and (5.25) into a single one, we get:

4
[

Rµν + ¯̄R(µν)

]
Θ̄ = gµν

[
R + ¯̄R

]
Θ̄ , (5.29)

where the Riemann tensor with a Levi-Civita connection can itself generate a space form
manifold, hence its contractions can be written as Rµν = 3Λgµν and R = 12Λ. These terms
cancel each other in the previous equation, leading to an equation for the vector field for the
non-trivial case, Θ̄ 6= 0:

gµν∇λ Aλ + gµν
1
2

Aλ Aλ = 2Aµ Aν + 4∇(µ Aν) . (5.30)

Hence, an ansatz for the Weyl vector need to be assumed. In particular, the following
ansatz:

A0 = ξ(t) , Ai = χ(t)δa
i La , (5.31)

admits invariance under spatial rotations, SO(3) transformations, with generators La, which
exhibits the homogeneity and isotropy of space. The time-time component and each diago-
nal space-space components of Eq. (5.30) for this ansatz lead to:

ξ̇ +
1
2

ξ2 +
1
2

χ2 = 0 , (5.32)

whilst the time-spatial components give:

χ̇ + 2ξχ = 0 . (5.33)

Two non-trivial cases can be studied: ξ = ξ0 = const. and ξ = χ. The first leads to the
solution:

χ(t) = χ0e−2ξ0(t−t0) , (5.34)

where χ0 and t0 are integration constants. As we can see, an exponentially decreasing con-
tribution from the vector field is found, which for the space form manifold condition, and
resorting to the definition of R̄µν, gives:

12K(t) =
(

12Λ +
3
2

ξ0

)
− 6ξ0χ(t)− 9

2
χ(t)2 , (5.35)

which at late times is expected to be constant, 12K(t)→ 12K = 12Λ + 3
2 ξ0.
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In its turn, the other case of interest, ξ = χ, leads to:

χ(t) =
χ0

1 + χ0(t− t0)
, (5.36)

which for the space form condition yields:

12K(t) = 12Λ + 3∂0χ(t)− 3
2
× 2χ2(t) = 12Λ . (5.37)

In this case, however the vector field does not contribute to the vacuum, and the curva-
ture of the space form coincides with the curvature of the Levi-Civita connection.
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Conclusions

T HERE are several reasons, both theoretical and observational, to seek for a theory
of gravity beyond General Relativity. The lack of a fully consistent UV comple-
tion of GR, and the existence of the dark matter and dark energy problems at the

IV regime point towards additional curvature terms in the Einstein-Hilbert action. One of
the vast plethora of models of gravity is an extension of the so-called f (R) theories includ-
ing a non-minimal coupling between curvature and the matter Lagrangian density [89]. This
model has some interesting properties, such as the covariant non-conservation of the energy-
momentum tensor of matter fields, which gives rise to an extra force term in the geodesics
for a perfect fluid. This feature allows for mimicking the dark matter and dark energy be-
haviours at galactic and cosmological scales. This model has survived a vast set of observa-
tional constraints and some stability conditions have been found, hence motivating further
studies. Therefore, this work presented some implications of such theories in different con-
texts.

In Chapter 2, we have studied the implications of a scalar field inflaton non-minimally
coupled to curvature. It was found that the NMC model exhibited two main regimes during
the slow-roll of the inflaton along its potential: the low density regime where the obser-
vational predictions coincided, in the limit, with the ones from GR; and the high density
regime whose asymptotic behaviour for the Friedmann equation resemble the contribution
from Starobinsky model, and whose predictions differed significantly from GR. In order to
have a complete analysis, some of the most commonly used inflationary potentials, namely
monomials, hilltop and Higgs-like potentials, were compared with Planck data. In general,
the NMC in the high density regime led to a higher scalar-to-tensor ratio, which means that
a higher amount of gravitational waves are expected. However, the inflationary potentials
were in agreement with data for large ranges on the running parameters. Furthermore, we
have shown that the consistency relation |r/nt| may deviate strongly from the GR’s predic-
tion, particularly at high densities, where we have found |r/nt| & 8. This implies that future
observational constraints in both the tensor-to-scalar ratio and the tensor index may help
distinguishing GR from the NMC curvature-matter models of gravity.

The discussion of generic Friedmann equations of the form H2 = H2(ρ) and the numer-
ical code developed in the previous Chapter motivated the discussion of some "exotic" in-
flationary models relying on the Generalised Chaplygin gas, on Supergravity and on Brane
world scenarios in the light of recent data. This analysis was done in Chapter 3. The re-
sults showed that there were some regions on the running parameters which met the data.
However, a model of N = 1 supergravity with an R-symmetry, yielding a hilltop-like po-
tential with vanishing first and second derivatives at the origin, which was observationally
disfavoured at more than 2σ. A similar model could, however, be made compatible with
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the Planck data by considering a brane-localised scenario. On the other hand, we have
also found that scalar potential with a very flat plateau section led to predictions which
are degenerated to modified gravity models such as the popular Starobinsky model, which
is essentially likewise a special plateau-potential in the Einstein frame. Thus, data may be
pointing towards to potentials with these properties rather than to modified gravity.

Gravitational waves are predicted in the context of inflation, but also from the merger of
compact object, such as black holes and neutron stars. Therefore, in Chapter 4, we explored
the gravitational wave solutions of the NMC model resorting to both perturbation theory
and the Newman-Penrose formalism. In particular, the perturbation of the trace of the field
equations exhibited a behaviour that could be interpreted as the dynamics of the effective
scalar field decoupled into two scalar modes: one arising from perturbations on the Ricci
scalar and the other from perturbations on the matter Lagrangian density. When considering
a matter Lagrangian from a cosmological constant term, the analysis was similar to the f (R)
case. A further technical difficult need to be overcome in the future: a way to compute the
full metric solution of the field equations in order to classify the Weyl tensor for the theory.
However, the mass of the graviton and on the speed and group velocity of the gravitational
waves at linear level are in agreement with the most recent bounds.

Finally, in Chapter 5, we have relaxed the metric compatibility assumption on the con-
nection in a particular case: the Weyl gravity. In this scenario, the spacetime is not uniquely
determined by the metric, but also by a vector field. Therefore, we allowed the NMC model
to account for the non-metricity. It was found that this property reduced the order of the
field equations, hence given a second order well defined theory. Furthermore, space form
manifolds are also admitted in these theories, and that the non-metricity affects the vacuum.
In order to have a homogeneous and isotropic Universe, the Weyl vector, Aµ, had to obey a
SO(3) symmetry. Thus, two time decaying solutions were found: one leading to a constant
curvature at late times with a correction, and the other degenerated into the well known
constant curvature of GR. However, these solutions, likewise GR, can be made compatible
with observations by fine tuning.

As a final remark we would say that in this thesis we have shown that the non-minimal
coupling theories: i) are compatible with inflation driven by a scalar field; ii) have gravita-
tional wave solutions, which predict the existence of extra polarisations modes although the
tensor ones are quite similar to the GR case; iii) with the non-metricty property may allow
for new features in a gravity theory.
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Appendix A

Avoidance of singularities

I N fact, as seen in the Introduction, it is common to express the field equations of alter-
native theories of gravity in an effective Einstein-like field equations, Eq. (1.21). From
these equations we can define an effective gravitational constant: Ĝe f f ≡

f2(
F1+

F2L
κ

) 1
2κ .

Although extremely convenient, this kind of identification may present singularities, partic-
ularly if it changes sign and one considers homogeneous, but anisotropic models [279, 280].
This may pose a serious problem in the NMC model, given that inflation had to work be-
yond the assumptions of homogeneity and isotropy. Therefore, we aim to properly address
this issue in this appendix.

We have explored inflation in the presence of a pure non-minimal coupling, f1 = R. In
this scenario, when deriving the Friedmann equation during slow-roll, Eq. (2.11), we found
a natural effective gravitational constant: Ge f f ∼

f2

1+ 2F2ρ

M2
P

G. This expression resulted from the

balance between the convenient constant Ĝe f f and the effective energy-momentum tensor.
In fact, Ge f f remains positive throughout the entire slow-roll regime. But after slow-roll, that
expression no longer holds and we need to look back at the full Ĝe f f which will be positive
given that the inflaton will be kinetically dominated.

Moreover, if field and metric perturbations cannot avoid a zero appearing in the expres-
sion 1− 2 F2V(φ)

M2
P

(related to Ĝe f f ) this poses further restrictions on the free parameters for

each inflationary potential: (x, γ). Therefore, in order to circumvent the problem, we must
require that the effective gravitational constant remains positive during inflation. For the

slow-roll, this occurs for the hypersurface V(φ)
V0
≈ 2.57653

x , for f1 = R and f2 = 1 +
(

R
M2

)3
.

Hence, we are able to find regions defined by a range of the parameters which are com-
patible with Planck’s data. In particular, for the linear monomial model, n = 1, this require-
ment implies that x . 0.24 for 50 e-folds and x . 0.22 for Ne = 60, which gives r < 0.11, in
perfect agreement with data. The quadratic monomial potential, n = 2, requires x . 0.012
for Ne = 50 and x . 0.01 for Ne = 60, even though it is still excluded by data. As for
the quadratic hilltop potential, and for x = 5 the coupling parameter is constrained to be
γ . 0.0018 when Ne = 50 and γ . 0.0015 for Ne = 60. Graphically, this means that only
the region from the turning around point ("piparote") till γ → 0 is allowed. However, as
the ratio x drops, larger values for the parameter are allowed; as an example, for x = 2 all
values in the range γ ∈]0, 1[ are allowed. The case of the quartic hilltop potential follows
in a similar way: for the ratio x = 5, the free parameter γ . 3.1× 10−7 for 50 e-folds and
γ . 2.1× 10−7 for 60 e-folds. Once more, this results in that only the region ranging from
the turn around point towards the γ → 0 limit is admissible. Furthermore, as we lower x,
higher values for γ are allowed which turns into a larger graphical area. As for the Higgs-
like potential, by setting x = 5, the following constraints are found: γ . 0.0049 for Ne = 50
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and γ . 0.0041 for Ne = 60. For x = 2, the free parameter has to be γ . 0.04 for the range
Ne ∈ [50, 60].

Now, we have to ensure that after inflation, a change on the sign if the effective gravita-
tional constant does not occur. In fact, the pressure becomes kinetically dominated p ≈ K,
as the inflaton oscillates around the minimum of its potential, so that F1 +

F2L
κ stays posi-

tive throughout the whole history of the Universe. Hence, we expect the behaviour of the
Universe evolution to be identical to GR scenario since one is in the low curvature regime,
and the characteristic mass scale of the non-minimal coupling function, which is coupled to
the inflaton, to be of the order of 1013 GeV as it was found at the end of Subsection (2.2.4).
Additionally, neither the curvature nor the inflaton Lagrangian, i.e. its pressure, blow up
since F1 +

F2L
κ < ∞. Thus, the homogeneity and isotropy of the Universe depicted in the

FRW metric are not spoiled.
It is worth mentioning, that a singularity could appear between inflation and radiation

epochs, mainly due to the high complexity of the full field equations and the reheating
model-dependency. However, this issue can be removed when considering the effects of
both matter and tensor perturbations, in the same fashion as in inflationary scenarios in
the context of other modified gravity models. Of course, the aforementioned constraints no
longer hold and a highly non-trivial analysis of such issues is required for reaching a general
conclusion.
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Inflation with a general modified
Friedmann equation

T HE non-minimal matter-curvature coupling model induces a modification on the
Friedmann equation, which in the context of slow-roll inflation, has a generic de-
pendence on the energy density of the scalar field. Therefore, this motivates a

thorough analysis of inflationary dynamics arising from a Friedmann equation of the form
H2 = H2(ρ), with the requirement that inflaton’s equation of motion during slow-roll,
3Hφ̇ ' −V′(φ), is unaffected.

Thus, the acceleration equation is given by:

ä
a
= H2

[
1− 3

dH/dρ

H(ρ)
φ̇2
]
= H2 [1− ε] , (B.1)

where we may write the slow-roll parameter in the form ε = 3 dH/dρ
H(ρ)

φ̇2. In order to have an
accelerated period characterised by ä > 0, the condition ε < 1 has to be satisfied. The latter
we can recast in terms of the field slow-roll parameter εφ = M2

P(V
′/V)2/2 as:

εφ < 3

(
M2

PH2

V

)2 (
dH2

dρ̄

)−1

, (B.2)

for ρ ' V(φ). It is straightforwardly found that in the GR limit, this reduces to εφ < 1. In
addition, the slow-roll also requires ρ ' −p, i.e. φ̇2/2 < V, which is equivalent to:

εφ < 9
H2M2

P
V

. (B.3)

While in GR the two conditions on the field slow-roll parameter, εφ, are essentially the
same (up toO(1) factors), in general they yield different constraints, and the end of inflation
is set by the strongest of these conditions. In fact, for the non-minimal inflaton-curvature
coupling model considered in the high density regime, V � H2M2

P, the second condition,
Eq. (B.3), yields a much stronger constraint than Eq. (B.2).

The general expression for the number of inflationary e-folds reads:

Ne =
∫

Hdt =
∫ H

φ̇
dφ ≈ −3

∫ φe

φi

H2(ρ)

V′
dφ . (B.4)

Now, we can proceed to compute some of the relevant quantities which can be con-
strained by the CMB observational data. We start by the amplitude of the dimensionless
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scalar curvature power spectrum, which is given by:

∆2
R =

(
H
φ̇

)2 ( H
2π

)2
=

9H6(ρ)

4π2V′2
=

1
24π2

V
M4

P
ε−1

φ

(
3H2M2

P
V

)3

, (B.5)

where it easy to see that the amplitude of curvature perturbations is suppressed for V �
H2M2

P. The associated scalar spectral index is now given by:

ns − 1 ≡
d ln ∆2

R
d ln k

=
φ̇

H
d ln ∆2

R
dφ

= −2
dH
dρ

V′2

H3 +
2
3

V′′

H2

' −6
(

3
dH2

dρ̄

)(
V

3H2M2
P

)2

εφ + 2

(
V

3H2M2
P

)
ηφ , (B.6)

where ηφ = M2
PV′′/V satisfies the slow-roll condition |ηφ| � H2M2

P/V similarly to Eq. (B.3).
Another relevant quantity is the amplitude of the tensor spectrum:

∆2
t =

8
M2

P

(
H
2π

)2
=

2
π2M2

P
H2(ρ) , (B.7)

from which the tensor spectral index is found:

nt ≡
d ln ∆2

t
d ln k

' − 2V′2

3H3(ρ)

dH
dρ
' −2

(
3

dH2

dρ̄

)(
V

3H2M2
P

)2

εφ , (B.8)

as well as the tensor-to-scalar ratio:

r ≡ ∆2
t

∆2
s
=

8
9

V′2

M2
P

1
H4(ρ)

' 16

(
V

3H2M2
P

)2

εφ . (B.9)

Furthermore, the non-minimal coupling between matter and curvature model does not
change the Lyth bound obtained in GR, which related the distance travelled by the inflaton
field in the field space during inflation and the scalar-to-tensor ratio. In fact, for any modified
Friedmann equation of the form H2 = H2(ρ) we get:

∆φ

M2
P
= O(1)

√
r

0.01
. (B.10)

The last comment is dedicated to the consistency relation between the tensor-to-scalar
ratio and the tensor spectral index, which turns out to be:

r = −8
(

3
dH2

dρ̄

)−1

nt . (B.11)

This expression is in general considerably different from the GR case, r = −8nt, possibly
yielding a ‘smoking gun’ for a non-minimally coupled inflationary regime.
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The Newman-Penrose formalism

A way to properly analyse the polarisation modes of a gravitational theory is ob-
tained from the Newman-Penrose formalism, named after Ezra T. Newman and
Roger Penrose [232]. Originally, it was used treat to GR in terms of spinor nota-

tion, but later on it started to be employed for other theories of gravity. In this formalism, we
decompose the Riemann tensor into its irreducible parts: the Weyl tensor, the Ricci tensor
and the scalar curvature. In fact, the independent components of the Weyl tensor are en-
coded in ten Ψ scalar functions, while the independent components of the Ricci tensor (and
its trace itself) are encoded in nine Φ scalar functions plus a single Λ̃ scalar. The classification
on the algebric symmetries of the Weyl scalars of a given theory was performed by by Alek-
sei Zinovyevich Petrov in 1954 [233] and, independently, by Felix Pirani in 1957 [281]. An
alternative classification relies on the Plebanski tensor, built from the trace free Ricci tensor,
which shares the symmetries of the Weyl tensor [250, 282].

In fact, the tensors of a given gravity theory are projected onto a complete vector basis
at each point in spacetime, in a so called tetrad formalism. The vector basis is chosen to
reflect a given symmetry depending on the issue which needs to be addressed. In the case of
gravitational wave solutions of a gravity theory, it is useful to chose the gravitational wave
oriented in the +z direction, so that one can use the null-complex tetrads [231]:

k =
1√
2
(et + ez) , l =

1√
2
(et − ez) , (C.1)

m =
1√
2

(
ex + iey

)
, m̄ =

1√
2

(
ex − iey

)
, (C.2)

which obey −k · l = m · m̄ = 1 and k ·m = k · m̄ = l ·m = l · m̄ = 0, respectively.
Therefore, the Newman-Penrose quantities in this tetrad basis read:

Ψ0 := Ckmkm = Rkmkm (C.3)

Ψ1 := Cklkm = Rklkm −
Rkm

2
(C.4)

Ψ2 := Ckmm̄l = Rkmm̄l +
R
12

(C.5)

Ψ3 := Cklm̄l = Rklm̄l +
Rlm̄

2
(C.6)

Ψ4 := Clm̄lm̄ = Rlm̄lm̄ (C.7)

Φ00 :=
Rkk
2

(C.8)

Φ11 :=
Rkl + Rmm̄

4
(C.9)
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Φ22 :=
Rll
2

(C.10)

Φ01 :=
Rkm

2
= Φ∗10 ≡

(
Rkm̄

2

)∗
(C.11)

Φ02 :=
Rmm

2
= Φ∗20 ≡

(
Rm̄m̄

2

)∗
(C.12)

Φ12 :=
Rlm

2
= Φ∗21 ≡

(
Rlm̄

2

)∗
(C.13)

Λ̃ :=
R
24

, (C.14)

where Cαβγδ is the Weyl tensor. In order to better understand the previous notation, let us
recall that any tensor T can be written as Tabc... = Tµνλ...aµbνcλ..., where a, b, c, . . . are vectors
of the null-complex tetrad basis (k, l, m, m̄), whilst µ, ν, . . . run over the spacetime indices.

Actually, in a metric theory that admits plane null wave solutions, the Newman-Penrose
quantities reduce to only six real independent components in a given null frame:
{Ψ2, Ψ3, Ψ4, Φ22}. Thus a complete classification system for this kind of theories can be
built from the “little group” E(2), which is a subgroup of the Lorentz group that leaves the
wavevector invariant [230, 231, 233]. This set, under the action of the rotation group, yields
the following helicities {0,±1,±2, 0}. A closer look at both Ψ3 and Ψ4 scalars show that they
are complex quantities, hence for each of them two polarisations modes are found, that cor-
respond to the real and to the imaginary parts of these functions. In particular, the Ψ2 scalar
denotes a longitudinal mode, the real and imaginary parts of Ψ3 account for the mixed vecto-
rial x− and y−modes, the Ψ4 corresponds to the two transverse tensor polarisations (+, ×),
and the transverse scalar breathing mode is accounted for Φ22. This is the motivation for
Fig. 1.9 in the Introduction.
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