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A bilevel shape optimization problem with the exterior Bernoulli free boundary problem as lower-
level problem and the control of the free boundary as the upper-level problem is considered. Using the
shape of the inner boundary as the control, we aim at reaching a specific shape for the free boundary.
A rigorous sensitivity analysis of the bilevel shape optimization in the infinite-dimensional setting
is performed. The numerical realization using two different cost functionals presented in this paper
demonstrate the efficiency of the approach.
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1. Introduction

Let w C & with @ a smooth and bounded domain in R?. Further 8 is a bounded domain in R? which
is supposed to contain all admissible shapes and is referred to as the hold-all domain. We define the
set of admissible shapes as

Ouq = {2 € R? abounded domain: @ C 2, 2 C &}.
For given u € R, u < 0, we consider the following free boundary problem:

(%) : Find £2 € Oy44 such that problem (1.1)—(1.4) has a solution,

(© European Mathematical Society 2014
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F1G. 1. The exterior Bernoulli problem

where
—Au=0 in 2\o, (1.1)
u=1 on X := 0w, (1.2)
u=0 on I =052, (1.3)
opu =u on I, (1.4)

with u in H 11“ (2 \ @), the standard Sobolev space of H !-functions whose trace vanishes on I".
This problem is known as the exterior Bernoulli free boundary problem due to @ C 2. Note that
(1.1)—(1.4) is over-determined since two boundary conditions are specified on I", and in general
does not have solutions. However for particular sets §2, or equivalently free boundaries I”, problem
(1.1)—(1.4) may have a solution. Problem (1.1)—(1.4) originates, for instance, from the description of
free boundaries for ideal fluids [8, pp. 138—140]. Other applications leading to similar formulations
include electrochemistry and electromagnetics [9].

Typically, the shape of I' is not known analytically except for some particular configurations
of the inner boundary ¥. A number of authors have analyzed and solved problem (%) for a given
fixed domain w, see for instance [8, Ch. 3], [3, 4, 9, 14, 17] and references therein. We use the
notation (¥,,) to emphasize the dependence of the solution I" on w as we will use w to control I” in
the problem considered in this paper.

The over-specification of conditions on I" naturally suggests to formulate (1.1)—(1.4) as an
optimization problem; this approach has been used in [14] for instance. Subsequently, an interesting
control problem arises when X' is used to control the solution I" of (¥,,). This gives rise to a bilevel
shape optimization problem, where the free boundary value problem constitutes the lower-level
optimization problem, and the upper-level consists in minimization with respect to X'. A similar
bilevel problem has been treated for the Bernoulli problem in [24] in the discrete setting, where
a sensitivity analysis was performed for the Bernoulli problem using an automatic differentiation
technique. In the present work, we carry out a rigorous sensitivity analysis of the cost functionals
with respect to the control w (or equivalently X') in the infinite-dimensional setting using the tools
of shape calculus [8, 22]. For this purpose we introduce two cost functionals to drive the free set £2
as close as possible to a given desired set E.
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Control of problems defined on unknown domains plays a crucial role in the quality assessment
of many applications such as continuous casting of steel [19], welding processes [27], thin film
manufacturing processes [21], to mention but a few. In the literature on mathematical programs,
these problems are referred to as multilevel optimization problems. They consist of programs which
have a subset of their variables constrained to be an optimal solution of other programs. Such
problems were first considered in [5]; see also [6] for a review. In shape optimization only a few
bilevel problems have been considered due to their inherent difficulty. In [22, Section 4.3.2] shape
controllability of the free boundary of an obstacle problem is studied. In [24, 25] shape and topology
optimization of Bernoulli free boundary problems are considered. Shape optimization problems in
fluid dynamics governed by free surface flows are considered in [16] where a sensitivity analysis of
the free surface problem with the Navier-Stokes equations as constraints is formally studied.

Turning to numerical realization of the bilevel optimization problem, a possible approach
consists in discarding one of the two boundary conditions on the free boundary and to append it to
the cost functional on the upper level by using a penalty or augmented Lagrangian approach. Using
this strategy, solving for the state # becomes a classical linear boundary value problem with well-
posed boundary data in the lower level problem. Unfortunately, as noted in [24], this approach leads
to serious convergence problems. A further disadvantage that was noted in [24] is that, depending
on the formulation, a locally optimal triplet (1, w, £2) might not represent a physical solution to the
free boundary problem. For this reason, we adopt a segregation approach to solve the optimization
problem, i.e., we find a solution to the free boundary problem () first and then proceed to the
upper level represented by the minimization of the cost functional. In this iterative procedure, (3,)
has to be solved several times for varying w. Therefore, one needs an efficient and robust solver
for this type of problem. Possible solution strategies include trial methods, linearization methods
(continuous or discrete) [7], and shape optimization methods [11]. Here we use a regularized fixed
point method, which is a trial method. The main advantage of this approach is that it solves (F;,)
using some simple updating formula based only on the solution of a state system. Moreover this
method locally converges super-linearly [9].

The remainder of this paper is organized as follows. Section 2 describes the setting of the free
boundary and optimization problems. The sensitivity analysis of the bilevel problems is performed
in Section 3. In Section 4, the numerical algorithm used to solve the optimization problems is given.
Numerical examples that support the theoretical results are then presented.

2. Setting of the problem

In this section the mathematical notations, the algorithm for solving the free boundary problem, and
the setting of the optimization problems are presented.

2.1  Notations

Here we collect some notations and definitions that we need in our subsequent discussion.
Throughout the paper we restrict ourselves to the two dimensional case.

Vectors: We use bold fonts for vectors x = (x1,x2)7 € R? with norm |x|p2 = (Z?=1 x?)l/2
and vector-valued functions are also indicated by bold letters. Two notations for the inner product
in R? shall be used, namely (x, y) and x - y, respectively. The latter shall be used in case of nested
inner products. The unit outward normal and tangential vectors to a domain §2 shall be denoted by
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n = (n1,n,) and T = (—n,, n1), respectively. For a given matrix 4, we denote by A’ its transpose
and by A~ the transpose of its inverse.

Function spaces: Denote by G’Ij (R?) the spaces of k-times continuously differentiable scalar-
valued functions u with DPu bounded whenever 0 < |B| < k, where 8 is a multi-index, and
equipped with the standard C¥-norm. We write Glb(’“ (R?), 0 < a < 1 for the space of functions
u € G’b‘ (R?) such that DAy is Holder continuous with exponent & whenever |8| = k. The space

G’Ij’“ (R?) equipped with the norm

DA — DB
lullea == 3 supDPul + > sup |DPu(x) ! u(y)|
Bl<k S |B|=k X VESXFY |x — ¥yl

is a Banach space. _
Let 8 C R? be a bounded domain, we also consider the Holder spaces @%-%(8). We denote by
W™P(§),m € N, 1 < p < oo the standard L?-Sobolev space of order m:

WmP(8) = {u € LP(8) | DPu e L?(8), for 0 <|B| <m},

where D# is the weak (or distributional) partial derivative. The norm || - [lwm.»(s) associated with
WP (8) is given by
1/p
ullwm.r(s) = ( 3 / |DBu? dx) .
Blm ”®

When p = 2 we write H™(8) := W™2(8) for simplicity. We also denote
Hj(8):={uecH'8)|u=00nA4},

where A C 98 and Hj(S8) when A = 938. When the function is vector-valued, we write
ek« (8, R?), Glg’a (R2,R?), H™(8,R?), and so on for the function spaces.

Domains: The notation |£2| denotes the Lebesgue measure of a set §£2 and £2¢ stands for its
complement. A domain §2 is said to be of class CF or €5 if its boundary is locally the graph
of a C¥ or @%* function, respectively; see [8, Ch. 2, Def. 3.1]. We write 1 for the characteristic

function of a set £2, i.e.,
1 if xe§$2,

e =10 it x¢o 2.1
For a domain £2 of class @2 and a vector v € C!(R?, R?), its tangential gradient Vv is defined as

Vrv:= Vv|p —(d,v)n, 2.2)
and its tangential divergence divp (v) is defined as

divp(v) :=div(v) — Dvn-n. 2.3)

If v is only defined on I', then the tangential gradient and tangential divergence are defined similarly
using an extension of v to R? and they are independent of this extension. If the domain has enough
regularity, the curvature ¥ is given by ¥ = divy n.
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2.2 Existence of solutions for the free boundary problem

In this paper we work with bounded domains w € U,4; where the admissible set of domains is

Woa = {w C R? |wpmin C @ C Wmax C 8, w is star-like with respect to all points
in the ball Bs(0) and w is of class GZ""}, 2.4)

where wpmin, Omax are given non-empty domains in R2, wpin contains the origin, 0 < o < 1 and
the radius § > 0 is a given constant; see [24]. This choice of U,4 guarantees existence, uniqueness
as well as stability (in the sense of [1, Theorem 3.9]) of the solution to (F,) with respect to w.
Moreover, it is shown in [1] that if w € W,y, then the boundary 0£2*(w) is of class €% and is
star-like with respect to all points in Bg(0). Here £2*(w) denotes the solution to (3,).

2.3 Fixed point approach for the free boundary problem

The free boundary problem (3,,) can be formulated as a shape optimization problem [10, 14]. In this
way, the numerical solution of (F,,) relies on the use of gradient information that depends on known
state and adjoint systems. On the other hand, it would be helpful to have a method that solves (3,)
using some simple updating formula based only on the solution of some state system. The structure
of such a scheme is as follows:

(1) Choose an initial approximation of the free boundary.

(2) Solve the boundary value problem (1.1)-(1.4) for ¥ with one condition on I" omitted.

(3) Update I' using the discrepancy left by the remaining boundary condition.

(4) Iterate from step (2) until stationarity up to a specified accuracy is reached.

This scheme is simple to implement but it is not obvious how to construct the updating step
in such a manner that the method converges and that the convergence is fast. In order to obtain an
optimal updating step, Tilhonen [23] derived the first and second order derivatives for the cost §(£2)
in the following shape optimization problem:

1
minimize §(£2) := —/ u?z ds
2J)r

(2.5)
subjectto 2 € Ouq,up € H' (2 \ @)
with
—Aup =0 in 2\o, (2.6)
ug=1 on X, 2.7
aup + dyue =pu on TI. 2.8)

Here the coefficient o can be chosen freely without affecting the solution of the free boundary
problem provided that the solution to (2.5) is such that ug | = 0. However, changes in « affect
the conditioning of the Hessian of the cost functional §(£2). It has been shown in [23] that @ =
¥, where ¥ = 0 is the mean curvature of I, is the optimal choice for an efficient resolution of
the optimization problem (2.5). Furthermore, it has been shown in [9], using formal asymptotic
expansions, that the optimal updating step may be approximated by

k)
ux
X+ 0 M) o)
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where x*) := (xik), xék)) e I'® is the k-th iterate and n, € H'(I",R?) is the smoothed normal
vector field on the free boundary I satisfying

/ eVrng, : Vryv +n,-vds = / n-vdsforall ve H (I R?), 2.9)
r r

and ¢ is some fixed small parameter. The mean curvature ¥ of I" is defined as
¥ :=divr(n,). (2.10)

The algorithm to update the free boundary I at the k** step now becomes

Algorithm 1 Algorithm for solving (%)

1. Choose I'® and compute X©@. Set k = 0.
2. Solve the boundary value problem (2.6)-(2.8) in 2% with @ = ®®.
3. Set '*+D) = p(r®) where F(x) = x — %ng(x) with x = (x1,x,) € "0,

4. If u®+V| 1 is small enough, then stop. Otherwise set k = k + 1 and go to step 2.

Flucher and Rumpf [9] analyzed the convergence of Algorithm | in the continuous case. Their
analysis shows that the convergence suffers from the smoothing procedure so that the convergence
is less than quadratic but still super-linear. In two dimensions, one can obtain the convergence rate
of order 3/2.

2.4  Bilevel shape optimization problems

Under the assumptions in Section 2.2, the solution of (F,) is unique. Thus there exists a mapping
2% Zuad 90)!—).9*(60)6(9,”1, (2.11)

such that £2*(w) is the solution of (¥,,). We denote I'*(w) := d2*(w).

We next turn to a shape optimization problem with respect to w. Our control objective consists
in determining w such that I"*(w) is as close as possible to the boundary dF of a target Lipschitz
domain E € O,y suchthatw C E.

We study two functionals which allow us to achieve this goal. The first one is

J1(R2) := |2 N E| + |E N L. (2.12)

The term |2 N E€| = 0 forces §2 to be included in £ while |E N £2¢| = 0 forces §2 to contain E.
We may also write J; as

J1(82) = / ldx + / 1dx. (2.13)
QNEc° ENg¢
Another approach consists in minimizing the functional
1 1
L(2,0) = —/ u(2,w)? dx + —/ (2, 0) —u(w))* dx, (2.14)
2 Jange 2 JEnwe
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OE

QmEC //

FIG.2. “Free” set £2 and target £

where u = u(£2,w) € H} (8) is the extension by zero to & of the solution of

—Au=0 in 2\o,
u=1 on X :=ldw,
u=0 on I :=012.

Such an extension exists as soon as £2 C 8 is measurable and u = 0 on 0£2; see [13]. Note that
u(2*(w), o) solves (1.1)-(1.4). The function u; = u;(w) solves the linear problem

—Au; =0 in E\w, (2.15)
uy=1 onkX, (2.16)
u; =0 onodE, 2.17)

and is also extended by zero to a function in H{(8). The following proposition shows that
minimizing J; and J; allows to drive §2 to E.

PROPOSITION 2.1 Let w be a given open bounded set with @ C £2. We have J1(£2) = 0 and
J2(£2, w) = 0 if and only if £2 = E almost everywhere.

Proof. We start with the case of J;. If £2 = E, then obviously J;(E) = 0. On the other hand, if
J1(£2) =0, then |2 N E€| = |E N 2¢| = 0 and thus £2 = E almost everywhere.

Now we consider the case of J,. Observe that if 2 = E, then 2 N E€ = @, u = u; a.e on
E N o€ and thus J,($2, w) = 0. Conversely, we show that if J5(£2,w) = 0, then £2 = E almost
everywhere. Since 2 = E if and only if |2 N E€| 4+ |2° N E| = 0, it suffices to show that
J2(£2, w) = 0 implies that |2 N E€| + |£2° N E| = 0. We use a contradiction argument to support
the latter assertion.

To this end, suppose that |£2 N E€| + |2¢ N E| # 0 and J>(£2,w) = 0. Then we face two
possibilities: (1) [2°N E| > 0or (i) [2°N E| = 0and |2N E°| > 0. In case (i), since J2(£2, w) =
0, we have u — u; = 0 almost everywhere on E N w¢. Since 2° N E C w° N E duetow C §2 we
have u; = u = 0 on £2° N E which is a contradiction since u; > 0in £2¢ N E due to the maximum
principle. Hence case (i) cannot happen.
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We turn to case (ii). Since J,(£2,w) = 0 and |2 N E€| > 0 we have u = 0 almost everywhere
on £2 N E€ which is a contradiction since ¥ > 0 in £2 N E€ due to the maximum principle.
Hence we conclude that 2 = E almost everywhere whenever J,(£2, w) = 0. O

Writing J; (£2, w) = J1(£2) for generality, we can now formulate the bilevel shape optimization
problem as
minimize Ji (82, w)

(®:): subject to w € Ugyq and §2 solves (F5,).

The problem of minimizing J; (£2, w) over € U,y is called the upper-level problem, while the
problem of solving (3,,) is called the lower-level problem. Similarly, §2 is the lower-level variable
while w is the upper-level variable. Defining the associated functionals

Ki(0) = J1(2*(®)). 2.18)
K> (w) := Jz(.Q*(a)),a)), (2.19)

we can rewrite the bilevel problem as

(®) minimize K;(w)
771 subjectto @ € Uguy.

REMARK 2.2 Note that the minimum of K;(w) and K»>(w) need not exist and need not be 0 in
general. In these cases we have 2*(w) # E even if @ minimizes K; (w). Indeed we have K;(w) =
Ji (2% (w), ) but 2*(Waq) S Oyq in general. Soif £ € Oyg \ 2% (Uyq), then we cannot find w
such that K;(w) = 0. It is easily seen that 2*(U,4) # Oga in general since the domains 2*(w)
have C* regularity due to our choice of U,y (see Section 2.2). However, if @ minimizes K; (w),
then £2*(w) is the closest approximation of £ (for K;(w)) which solves the free boundary problem
(%w). We observe this phenomenon in Section 4.1.3 of the numerical results.

3. Sensitivity analysis
3.1  Perturbation of identity

In the study of the optimization problem (®; ), several issues arise including the sensitivity of £2*(w)
with respect to w. To deal with these issues, concepts of shape differential calculus, described in
detail in the monographs [8, 13, 18, 22], are utilized. The inherent difficulty in dealing with shape
functionals lies in the fact that sets of shapes are not vector spaces and the notion of differentiation
cannot be used directly. Instead, one may consider perturbations of a reference shape by means
of transformations in an appropriate function space which allows differentiation of the functional.
These transformations can be constructed, for instance, by perturbation of the identity [8] or by the
flow of a velocity field [8, 22]. We will use the perturbation of identity method in what follows.
To this end let V € GIZ’Q(RZ,Rz) with k¥ = 1 and 0 < o < 1. We consider perturbations of

identity I 4+ V where V is in a neighborhood of 0 in Glg’a (R%,R?) so that I + V is a bi-Lipschitz
homeomorphism. In what follows we will denote by

Sy := (I + V)(8)
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the transformation of a generic domain 8 by / 4+ V. Let K(w) be a real-valued functional associated
with @ C R2. The functional K(w) is Fréchet-differentiable at w if there exists a linear and

continuous functional VK (w) from Glbc “*(R2,R?) to R called shape gradient such that
K(ov) = K(®) + VK@) -V + r(V),
where |r(V)|/||Vlk.a = 0 as [[V|k,e — 0. In this case one defines the shape derivative as
dK(®;V) := VK(@) - V. G.1)

‘We have that
€y (R%,R?) 3 V > dK(w; V) (3.2)

is a distribution on R? with support on ¥ = dw. In addition, if @ is of class C¥T1:¢, then for all
Ve Glbc’“(IR{z, R?) such that V-n = 0 on X, we have dK(w; V) = 0. In other words, the shape
derivative in direction V depends only on the normal component of the trace of V on X'. This is the
so-called Hadamard-Zolésio structure theorem in, e.g., [8, Ch. 8] or [13, Ch. 5]. If we assume that
the data is smooth enough, then there exists an integrable function g such that the shape derivative
can be expressed as

dK(w;V):/ gV -nds. (3.3)
=

A similar definition can be used for the shape derivative of functionals taking their values in a
Banach space. In particular, we would like to define the shape derivative of the solution of a partial
differential equation such as (1.1)—(1.4). Let uy denote the solution of a partial differential equation
on the perturbed domain wy. Since uy lives in a function space which depends on the moving
domain wy, one cannot compute the shape derivative directly. Instead we take the derivative of
uy o (I + V), which is defined on w, with respect to V in a direction V; the latter is called material
derivative and written 1 (V; V). Then one introduces the shape derivative by means of:

W' (V; V) :=(V; V) — Vu - V.

Since one usually considers u/(0; V) the notation u/(V) := u/(0; V) is used for simplicity.

3.2 Sensitivity of u with respect to w

In order to compute (3.1), we proceed by first computing formally the derivative of the solution
to (1.1)—(1.4) with respect to w, using the classical results of shape calculus; see for instance [22,
Section 3]. To this end, let T(V) = I + V be the transformation associated with a vector field
Ve Glg’a (R?,R?), and denote

wy = T(V)(w). (3.4)

Assume that there exists W* ¢ Glg’a (R?,1R?) such that 2*(wy) = T(W*)(2*(wo)) for V in a
neighborhood of 0, where £2* (wy) is the solution to (F,y) and wy = w. If such a W* exists, then it
depends on V. In Theorem 3.3 we prove the existence of W* as a function of V. Here we formally
compute the first-order approximation of W* with respect to V. To obtain such a result, we study
the sensitivity of the solution u to (1.1)—(1.4) with respect to w. According to [22, pp. 118-120], the
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shape derivative u’ (V, W*) of u solution of (1.1)—(1.4) with respect to both transformations 7'(V)
and T(W*) at V = 0 and W* = 0 in directions V and W* satisfies

—Au'(V,W*) =0 in 2*(0) \ @, (3.5)
u/(V,W*) = —3,uV-n on X, (3.6)

W' (V,W*) = —3,uW* -n on I'*(w), 3.7
I’ (V,W*) = divp (VruW* -n) + u®¥W* -n  on I'*(w), (3.8)

where V and W* are chosen such that they have compact supports in neighborhoods of X" and
I'*(w), respectively, i.e., V.= 0 on I'*(w) and W* = 0 on X. In view of (1.1)—(1.4) we have
Vru = 0and d,u = p on I', and we may simplify (3.5)—(3.8) as

—Au'(V,W*) =0 in 2*(0) \ @, (3.9)
W (V,W*) = —9,uV-n onX, (3.10)

W' (V,W*) = —uW*-n onI*(w), (3.11)
' (V,W*) = uXW*-n  on I'*(w). (3.12)

Since W* = W*(V), we actually have u/(V,W*) = u/(V). Indeed, gathering the boundary
conditions (3.11) and (3.12), we obtain the following partial differential equation with Robin
boundary conditions on I" = I"*(W) for v/ (V)

—Au'(V) =0 in 2* () \ @, (3.13)
w' (V) = —3,uV-n onX, (3.14)
3’ (V) + ' (V) =0 on I'*(w). (3.15)

Assuming ¥ = 0, equation (3.13)-(3.15) has a unique solution u’(V); see Lemma 3.1. Using
boundary conditions (3.11), we formally obtain

W*V) = —~"%'(V)n  on I'*(w) (3.16)

and the normal component of w* (?) is uniquely defined on I". The tangential component of w*
can be chosen arbitrarily according to the Hadamard structure theorem [22, p. 59] mentioned in
Section 3.1 and we take it equal to zero.

In fact, since W* = W*(V), we have W+ (V) = DyW*(0; V) which is a first order
approximation of W* (V). We now show the existence of W*(V) in Theorem 3.3, for which we
first require the following preliminary lemmata. Further we prove formula (3.16) in Corollary 3.4.

LEMMA 3.1 Letm > 2 be an integer and 0 < o < 1. If ¢ € C™~1#(I"), £ is bounded of class
C™m+1L 4 is bounded of class €% and ¥ > 0 on I, then the linearized system

—Av =0 in\ o,
v=0 onlX,
v+ HXv=1vy onl,

admits a unique solution v € C"™*(2 \ w).
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Proof. Tf 2 is of class @+ 1% then ¥ = divy (n) is of class @~ 1. Applying standards regularity
results for elliptic operators we obtain the result; see [26, Lemma 3.19]. O

We introduce the functions u1,y,w and u» y,w, solutions of

—Auryw =0 inviw \ Oviw, (3.17)
upvyw =1 onXyviw, (3.18)
uiv,w =0 onlyiw, (3.19)
and
—Auyw =0 in 2viw \ Oviw, (3.20)
uzvw =1 on Xyyw, (3.21)
Opuz,vw = onlyiw, (3.22)

respectively. It is convenient to introduce the notation
¢ = ¢ (R R?) x CJ"*(R?, R?).

LEMMA 3.2 Letm = 2,0 < a < 1, £2, w be bounded of class €% and (V, W) € €. Then the
functions

€3 (V,W)—>ujywo(l+V+W)e em,a(ﬁ\w)
and
€3 (VW) > upywo(l +V+W)eC™(2\w)

are of class C* in a neighborhood of (0,0) € €.

Proof. We only prove the case of u, v,w, the case of u1,y,w being a straightforward adaptation of
it. The function u, v,w satisfies the following variational formulation

Vusyw- Vg = M/ ¢ forallg € Hy,  (2viw\Dviw).  (3.23)

/-;2v+w\m I'viw

Transporting back the problem on £2 \ @ by using the transformation (I + V + W)~! we obtain
/ AV, W)Vzyw-Vo = 11 / eJryw forallg € HL(2\ @), (3.24)
2\o r
with
zyvw :=uzvwo(l +V+W),
o =¢o(I+V+W),
AV, W) := Jyw( + DV + DW) (I + DV' + DW')!,

Jy.w :=det(I + DV 4+ DW),
Jryw = det(I + DV + DW)|(I + DV + DW)'n],
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where Jy,w is the Jacobian of transformation / + V 4+ W while Jr v w is the boundary Jacobian
on I". The strong form of (3.24) is given by

—div(A(V, W)Vzy.w) =0 in 2\ @, (3.25)
zyw =1 on X, (3.26)
(A(V, W)VZV’w) ‘N = ,LLJ[',V’W onl. (327)

We introduce the function
G:CxC™MY R\ w)— C" 2R\ w) x C" 1Y) x C™*(X)
(V,W,z) > (— div(A(V, W)Vz), ((A(V, W)Vz)-n— MJF,V,W)|F, (z — 1)|2).
First of all, the function
€3 (V,W) > Jy,w = det(/ + DV + DW) € €)' "*(R%, R)

is of class C*° since I + DV + DW is linear in (V, W) and the determinant is polynomial and
continuous for the C%-norm. Writing (I + DV + DW)™! = Zq;()(—l)q (DV + DW)?, we can
see that the function

€3 (V,W) (I + DV +DW)~' e ) "*(R?,Ml,)

is of class C*° for small (V, W), where Ml is the set of 2 x 2-matrices. Thus (V, W) — A(V, W)
is C*° for small (V, W) since the function

ey IR, M) x @™ (2 \ ) — CMT2Y(R2\ ) x €M) x @M4(Y)
(A,2) > ( — div(AVz), ((AV2) -n)| . z|2)

is bilinear and continuous. For small (V, W) the function (V, W) i Jr v w is also C*°. Gathering
the previous results we get that G is C*°. In view of A(0,0) = I and Jr,0,0 = I, we compute

D:G(0.0.uz,0,0: 2) = (—AZ.9n2|r. 2] ).

Since §2 and w are of class C™%, 0 < «o < 1, regularity theory of elliptic partial differential
equations implies that

D.G(0,0,u2,0,0) : C™"*(2\ w) = C" %2\ w) x " 1*(M) x C™¥(X))

is an isomorphism form = 2 and 0 < o < 1. Therefore, we can apply the implicit function theorem
and there exists a function

(V,W) € € 3(V,W) € C™%(2 \ »)

of class C* on a neighborhood of (0,0) € € such that G(V, W, zZ(V, W)) = 0. By uniqueness of
the solution to (3.25)—(3.27), we get Z(V, W) = z(V,W) = us ywo (I + V+ W) and we have
proved the claim. O
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We now prove the existence of W* (V). For this purpose, we introduce neighborhoods & of ¥
and & of I', suchthat S N & = @.

THEOREM 3.3 Assume that there exist two bounded open sets §2,® of class emtle o> 2
0 < a < 1 such that the over-determined system (1.1)—(1.4) is satisfied in £2 \ @. Assume in
addition that ®¥ = 0 on I = 9£2. Then there exists an open neighborhood U of 0 in C;"* (R?, R?)
and a function

V5 V> WHV) € €] (R? R?)

of class € such that (1.1)—(1.4) has a solution in 2w+ (y) \ @v forall V € U and W*(0) = 0.

Proof. The main tool to prove this result is the implicit function theorem. First of all since 2 is of
class @1 we have ¥ = divy(n) € €™ 1*(I"). Next, we introduce

F: @M() x ™) — C™(3\ w),
(Vn, wy) = (U1,y,w —uzvw)o (I +V+ W),

where

o - cmr(yY)y — GZ”“(RZ, R?), o - ey — GZ"’“(RZ, R?),

v v, +— V. we wy, > W.
are linear extensions along the normal of (v,, wy), i.e., V|x := v,ny and W| := wy,np, such that
V has compact support in & and W has compact support in &. Since §2, w are of class C™ 1% we
havenr € C™*(I") andny € C"™%(X) and we can find such extensions ey, e,,. Since (V, W) € €,
it follows that uy,y,w and uz v,w € C™*(Q2viw \ woy+w) = C™* (2w \ wy) due to the choice of
extensions of v, and wy,.

Since we have assumed that there exist £2 and w such that (1.1)—(1.4) has a solution, by
uniqueness of the solution to (3.17)—(3.19) we get u1,00 = Uu2,0,0 In Q \ o and therefore
F(0,0) = 0. From now on we write 1 := u1,0,0 and Ua := Uz o,0 for simplicity.

In order to apply the implicit function theorem and obtain W*(V), we need to prove that F is
continuously differentiable, and that its derivative is an isomorphism. According to Lemma 3.2, we
have

(V.W) € € (uryw—uzvw)o(I +V+ W) e ™2\ w)

is of class €% in a neighborhood of (0, 0). Since the extensions ¢, and ey, are linear and continuous,
we also get

(Vn, wy) € C™H(Z) x C™(I) > (uryw —uzv,w)o (I +V+ W) € C™(2\w)

is of class C*°. The derivative of u; o,.w o ({ + W) in the direction W at W = 0 is the material
derivative denoted 1; (W), i = 1,2. Recall the definition of the shape derivative:

) (W) := 12; (W) — Vu; - W,
For a given test function W, on I", we denote

W= Dy, ew(0; W) = ey (Wy),
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using linearity of e,,. We obtain due to u; = uy:
Du,, F(0,0; ;) = 111 (W) — 112(W) = ), (W) — uy(W) + Vuy - W — Vuy - W
= 1 (W) — uy(W).

According to standard shape calculus; see [22, pp. 118-120] for instance, u’, (W) and u}, (W) satisfy
the following equations:

—Aul, (W) =0 in 2\,
(W) =0 on X,
u'y (W) = —0,u1W, on I,
and
—Aub(W) =0 in 2\o,
uy (W) = 0 on X,
8nu/2(\,7\V) =divp(Vrusy,) + u¥, on I,
where we have taken into account the fact that W = ey, (W5 ) has compact support on &. We  prove
first the injectivity of Dy, F(0,0). Assume that Dy, F(0,0; W,) = 0. This implies u}(W) =
u’Z(W) Taking into account that u; = up = 0 and d,u; = w on I" as well, we get that w,, =
—u~u (W) on I and u)y, (W) solves
—Mu,(W)=0 in 2\,
uh(W)=0 on X,
8nu’2(\,7\V) + ?{u’Z(W) =0 on TI.
Since ¥ € @™ 1¥(I") and ¥ = 0 on I', this function has a unique solution u/Z(W) = 0 in view of

Lemma 3.1. This implies W, = 0 and the injectivity is proved.
Next, we prove surjectivity. Let ¥y € C"%(§2 \ w). We are looking for a solution of the equation

D, F(0,0; ) = 1y (W) — 1y (W) = . (3.28)
In view of the previous computation, u’z(\,’\V) = u is independent of W and solves

—Auy =0 in 2\,
/
uy, =0 on X,
iy + Ruy = —Ry on T

and w, = —u~!(uy+). Applying again Lemma 3.1, there exists a unique solution u’, € C™%(£\
w). Consequently, we get
Wy = —pu (Ul + ) € @"*(I),

and this proves the surjectivity of D, F (0, 0).
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We have shown that D, F (0, 0) is an isomorphism from C™%(I") to €™%(2 \ ). Therefore,
we may apply the implicit function theorem to F, i.e., there exists a neighborhood Ur of 0 in
C™%*(X) and a unique C* function

C™*(X) 3 vy > wy (vy) € C™H(I)

such that F(v,, w;(v,)) = 0 forall v, € Ur and w;; (0) = 0.
The statement of the theorem is obtained by considering the trace

L CPUR2LRY) (D),
v V = (V-n)|z,

and the linear extension e,,. Note that the restriction r, is well-defined due to ny € C™% (X, Rz).
Taking a neighborhood U of 0 in GZ”O‘ (R?,1R?) such that r,(V) C VU and applying the previous
result with v, := r,(V), we get a unique w;; in C"™*(I"). Setting W* := e,,(w;;) we obtain the
main statement. Since the extension ey, is obviously not unique, W* is not unique as well, even if
w; is. We can also note that W* depends actually only on v, = (V- n)|r and not on its extension
V.

Finally, the trace r, and extension ey, are linear and continuous. Therefore the function

V5 Vi> WHV) € ¢]"*(R?* R?)

is of class C*° by composition. O

COROLLARY 3.4 Under the same assumptions as in Theorem 3.3, the derivative of W*(V) in
direction V at V = 0 in €,"*(R?, R?) is such that

DyW*(0;: V) = —p~'ii(V)np on I, (3.29)
where ﬁ(?) is the solution of
—Ai(V) =0 in 2\, (3.30)
zZ(V) = —a,,uV -ny on X, (3.31)
3 (V) + Rit(V) =0 on I, (3.32)

where I' = I'*(w) and 2 = 2*(w).

Proof. By Theorem 3.3, there exists a neighborhood U 1 of 0 in C"™*(X") and a unique C* function
C™Y(X) 3 vy > w,, (vy) € C™*(I)

such that F(v,, w;; (v,)) = 0 for all v, € VU and w;; (0) = 0. Differentiating F (v,, w;; (v,)) = 0
with respect to v, in direction 0,, one obtains

Dy, F(0,0;W,) + Dy, F(0,0;0,) = 0,
where W, := Dy, w; (0; 0,). This yields

Wy = —(Duw, F(0,0)) ™" Dy, F(0,0;0,) (3.33)



474 H. KASUMBA, K. KUNISCH AND A. LAURAIN
since Dy, F(0,0) is an isomor[ik\lism. We prove that W, = —/,L_lzZ(V)|p is solution of (3.33).
Indeed, choosing W, = —u 1% (V)|r, we have
D, F(0.0: ) = uy (W) — 5 (W),
Dy, F(0.0:5,) = u, (V) — (V).
wheE: uy (W), u 5 (W), uy V), u) V)  are harmoniﬁ functions on £2 \ @, with the boundag conditions
u) (W) = Li’z(W) = Oon X and u (V)A= 8nu’2(/Y) = Oon I". Moreover, we have u| (W) = —ui,
and 0,u%(W) = u¥w, on I" and v (V) = u,H(V) = —0,ud, on ¥. Now define
(W) :=u} (W) —up (W),
(V) :=u, (V) —uh (V).
We then have
—Ai(W) =0 in 2\,

a(W)y=0 on %,  @(W)=u(V)—u)(W) on I, (3.34)
and

—Ai(V) =0 in 2\,

i(V)=0 on X, i(V)=-u)(V) on T (3.35)

The difference ﬁ(?) — u’z(W) satisfies the equation

—~A@E(V) —upy(W)) =0 in 2\@,

(V) —uy(W) = —d,ud, on X,
I (#(V) — up(W)) = —Ri(V) — ¥y =0 on T,

where we have used ¥, = —u~'ii(V)|r. Thus we observe that i (V) — u’z(\,’\V) = u’Z(V) This
yields in view of (3.34)

—A(W)=0 in 2\,
i(W)y=0 on ¥, @(W)=us(V) on I. (3.36)

It follows from (3.35) and (3.36) that ft(W) = —u (V) which means Dy, F(0,0;w,) =
—D,, F(0,0; ), and that b, = —u~ (V)| is indeed the solution of (3.33). Since the extension
ey and the restriction r, from the proof of Theorem 3.3 are linear, we obtain

DyW*(0:; V) = ey (Dvn wy (05 7y @)))

which yields R R
DyW*(0;V) = - 'a(V)np  onT.
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In view of Corollary 3.4 we define W* = DyW*(0; V). From (3.9)—(3.11) we may deduce a
local monotonicity result.

THEOREM 3.5 Let §2 and w satisfy assumptions as in Theorem 3.3 and let Ve GZ’ *(R?,R?),

m = 2. Assume p < 0, V(x) n(x) < O for all x € X and there exists x € X such that
V(x) n(x) < 0, then w* (x)-n(x) >0forallx € I'.

Proof. Since ﬁ(?) is harmonic, the maximum principle states that the minimum of ﬁ(V) is attained
on I" U X. The function u is also harmonic. Therefore, its maximum is attained on X', where u = 1
and d,u(x) > O for all x € X. Therefore, in view of the assumption V-n < 0on X we have
ﬁ(V) > 0 on X dueto (3.31). Consequently, if ft(V) takes negative values on I” then the minimum
of ﬁ(V) is attained on I.

Due to (3.29) and since i < 0 by assumption, the claim w* (x)-n(x) > Oforall x € I amounts
to proving that zZ(V) > 0 on I". By contradiction, we assume that there exists a point z € I" such
that ft(V) (z) < 0. In this case, we have shown that the minimum of % (V) is attained on I” so we may
assume that z € I" is precisely the minimizer, and we assume in addition that ﬁ(V) (2) < ft(V) (x)
for all x € £2. Since §2 is convex, we have H(z) = 0 for all z € I". Therefore, due to (3.32), we
have R R

dxu(V)(z) = =K (2)u(V)(z) = 0. (3.37)
Since £2 is at least of class C>®, it satisfies the interior ball condition and we may apply Hopf’s
lemma (see [20] for details), 1mp1y1ng that 9, u(V) (z) < 0in contradiction with (3.37). Thus the
initial assumption cannot be satisfied and either u(V) (z) > Oforallz € I" or u(V) (z) < 0and
there exists x € 2 such that u(V)(z) = u(V)(x) In the second case, u(V) must be constant in
§2 due to the strong maximum principle and since u(V) (z) = 0 on X we get u(V) 0in 2
which leadsto V-n=0on X, a property excluded by assumption. Therefore, u(V) > 0on [ and
w* (x) -n(x) > 0 forall x € I' in view of (3.29). O

REMARK 3.6 The convexity of £2 in Theorem 3.5 holds whenever w is convex (See for instance [ 13,
Theorem 6.2.2])

REMARK 3.7 Under the assumptions of Theorem 3.3, Theorem 3.5 leads to the monotonicity for
the set inclusion of £2*(w) with respect to a convex w for small perturbations of w, i.e., if w1 C w>
are two convex sets and w, is close to w; in the sense that there existsaV € VU with V-n < 0
on ¥; = dw; such that w, = (I 4+ V)(w;) (note that n denotes here the inner normal vector to
1), then 2*(w1) C 2*(w2). Indeed, we then have 2*(w2) = (I + W*(V))(£2*(w;)) and using
Theorem 3.5 we get DyW*(0; V) - n > 0. Since for a small perturbation V we have

W*(V) = W*(0) + DyW*(0: V) + o(||V|[2,,

and W*(0) = 0, we can choose w, and V small enough such that W*(V) -n = 0 and 2*(w;) C
2*(w7) follows.

In what follows, we will need the following standard lemma.

LEMMA 3.8 Let w be of class €%,V € C;"*(R*,R?), m = 2 and wy = (I + V)(w). Let f be
such that V. — f(V) o (I + V) € L'(w) is differentiable at V = 0 from €,"*(R?,R?) to L' (w)
with derivative f/(0) and £(0) € W11(R?). Consider the functional

JVy= | f(V)dx.

wy
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Then
DvyJ(0; V) =/ £(0; V) + div( f(0)V) dx =/ £(0: V) dx+/ 7(0)V-nds,
w w dw

where f7(0; ?) is the shape derivative of f (V).

Proof. The result is a straightforward consequence of, for instance, [18, Theorem 4.1]. O

3.3 Shape derivative of the cost functional K

We express the shape derivative of K as defined in (3.1) in the Hadamard—Zolésio structure form
(3.3), under appropriate smoothness conditions on the boundary of £2.

THEOREM 3.9 Let o C R? be a bounded domain, with a boundary of class @22 and let V €
Gi’a (R%,R?) be given. Assume ¥ > 0 on I"*(w). Then the shape gradient VK () of the cost K
can be expressed as

VKi(w) = Vp-Vu e CH¥(X), (3.38)
where all expressions are evaluated on X, and the adjoint state p satisfies
—Ap=0 in 2%w)\o, (3.39)
p=0 on X, (3.40)
mp+Rp=—p g +u'lg on I'*(w). (3.41)

Proof. Using Lemma 3.8 we obtain for W € GZ’“ (R?,R?) the shape derivative of J;(£2) at £2:

W-nds+/ —W - nds. (3.42)
T'nE

dJl(Q;W)=/

I'nE¢

Note that in (3.42), there is no contribution from the shape derivative along dE since E is fixed.
The minus sign in the second integral comes from the orientation of the normal vector in £ N £2°€.
Since Ki(wv) = J1((I + W*(V))(£2*(w))) we may apply the chain rule thanks to Theorem 3.3,
Corollary 3.4 and (3.42). Using (3.29) we obtain

dKy(w; V) = dJ1 (2% (@); DyW* (0; V)
= / —u ' ds —1—/ whi'ds = | (—p"ge +pu Mg ds.
I'*NE¢ I'*NE r*
(3.43)

To simplify (3.43), we introduce the adjoint state p solution of (3.39)—(3.41), which is well-defined
dueto ¥ = 0 on I"*(w). Using Green’s formula in £2 \ @ and utilizing (3.39)—(3.41), we obtain

(—u Mge + g ds = / Onp +Xp)u' ds
rx r+

= / (Apu' — pAv') dx + / p(Onu’ + Ru') ds
2:\@ r*

+ / (—u'd,p + pdnu’) ds.
b
(3.44)
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Using (3.13)—(3.15) and (3.39)—(3.41) yields
/ (—p Mge + p Mg ds = / (anpanu)v-nds = / Vp-Vu V-nds.
r* = =

Since  is of class €% and £2* \ w is of class € due to assumption (2.4), we have p|s.,u|s €
C2:%(X) due to standard regularity results andny € C1%(X,R?). Therefore, VK (w) = Vp-Vu €
CL¥(X) and

dK1(w; V) :/ Vp-VuV-nds (3.45)
P

is well-defined. O

3.4 Shape derivative of the cost functional K,

In a similar way we express the shape derivative of K, in the Hadamard—Zolésio structure form
(3.3), under appropriate smoothness conditions on the boundary of £2.

THEOREM 3.10 Let @ C R? be a bounded domain, with a boundary of class €%, and let V €
Gz’a (R2,R?) be given. Assume ¥ > 0 on I"*(w). Then the shape derivative of K, at  in direction

Vis
dKz(a),V) = / [Vu-Vp+Vp -Vul]ﬁ -nds, (3.46)
=

and the adjoint states p; and p satisfy

—Apy=—(wu—u;) inE\o, (3.47)
pr =0 on X, (3.48)
pr =0 on J0F, (3.49)
and

—Ap = u]lg*(w)mEc 4+ (U —u;))lgnepe in .Q*(a)) \ o, (3.50)
r=0 on X, (3.51)
onp+HXp=0 on I'*(w), (3.52)

respectively.

Proof. In view of Lemma (3.2) the conditions of Lemma 3.8 are fulfilled and we may apply the
chain rule to K»(w) thanks to Theorem 3.3 and Corollary 3.4. Note that J> depends on two variables
£2 and w, therefore we obtain the shape derivative of K,(w) with respect to w in direction V as

dK>(w; V) = dJ> (2% (), 0; DyW*(0; V), V)

:/Q*QEC uu' (V) dx—l—/Eme(u—ul)(u/(V)—u;(V)) dx (3.53)

1 = 1 P
+—/ u?DyW*(0: V) -nds + —/ (u—u;)?V-nds,
2 JrenEge 2Js
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where 1’ = u'(V) is the solution of (3.13)—(3.15) and u; = u}(V) satisfies [22, p. 118]

—Auj =0 in E\@, (3.54)
u) = —d,u;V-n on X, (3.55)
u; =0 on JE. (3.56)

In view of the boundary conditions for ¥ and u; we get

dK»(w; V) :/ uu' dx + / (u—up)(u' —ujp) dx
Q*NEC ENo¢ 3.57)
=/ (u]lg*mE(‘ + (u— ul)]lEma,r)u’ dx + / —(u —up)uj dx,
*Nw¢ ENw¢

using ¥’ = 0 on (£2*(w))°. Next, we simplify the second integral in (3.57) by introducing the
adjoint state p;, the solution to (3.47)—(3.49), and we obtain

/ —(u —up)u; dx :/ —Apyuy dx
Enw® Enw®

=/ —p1Auj dx +/ (=0npruj + p1dnu)) ds

ENw¢ P

=/ anplanulﬁ-nds=/ Vpl-Vulv-nds.
> z

Similarly, to simplify the first integral in (3.57), we introduce the adjoint state p solution of (3.50)—
(3.52), which leads to

/ (u]lg*mEc + (u — ul)]lg*nwc)u’ dx :/ —Apu’ dx
2*Nw¢ 2*Nw

:/ —pAu’ dx
2*Nw¢

+ / (=0npu’ + poyu’) ds
r=us
=/ 8np8nu§-nds+/ ' (=0,p —Hp)ds
> r*

:/ 8np8an~nds:/ Vu~VpV~nds,
z z

where we used (3.15). Since the mapping dK»(w; ?) is linear and continuous, we have obtained
(3.46). O

4. Numerical algorithm and examples

We solve the optimization problems using an iterative process, i.e., we find a solution to the lower-
level problem (F,,) first and then proceed to the upper-level problem consisting of the minimization
of K; and K>. For the upper-level problem, we use the boundary variation technique [2]. One may



A BILEVEL SHAPE OPTIMIZATION PROBLEM 479

use the negative shape gradients V; = —VK;(w)non ¥, i = 1,2 as a descent direction, which
need to be extended to the entire domain for the numerical method. In Algorithm 2 we introduce an
extension of V; over the entire domain £2* \ @ such that

dKi(a);Vi):/ VKi(a))Vi~nds=—/ |DV1'|2+|V1'|2 dx <0
X 2

*\@

which yields a descent direction for the cost functionals K;, i = 1,2.

Algorithm 2 Bilevel shape optimization problem

1: Choose initial shape §2¢, t0l, Nyqx and setk = 0;
2: while ((erry > tol) & (k < Npgax)) do
3:  Solve (3t ) using Algorithm 1.

4:  Compute the mean curvature X% of I"'®) using (2.10).
5. Compute the adjoint system (3.39)—(3.41) for J; or (3.47)—(3.49) and (3.50)—(3.52) for J.
6:  Evaluate the descent direction Vl(k) fori = 1,2 by using
—Av® V0 =9 in 2*(®)\a®, (4.1)
3, V¥ = _VK;(0®)n on 2®, 4.2)
v® — o on I'*(0®). 4.3)

7: Compute W*(V®) := DyW*(0; V) using (3.29).
. Set 2% (& D)\ %D = (1 + (PPR)(2*(w®) \ @*)), where T®) solves

_Ap® L gk — in 2*(w®)\a®, (4.4)
gk — Vl(k) on Y® 4.5)
Y® =W v{) on r*@®), (4.6)

and t®) is a positive scalar.
9:  Seterry = max(||Q](k)||H1(9*\5), [|9%®)||e@)) and k = k + 1.
10: end while

In step (8) of Algorithm 2, both sets w and £2*(w) are updated. However, the actual update for
the free set £2* (w) occurs in step (3). The purpose of the update of £2*(w) in step (8) is not to solve
the free boundary problem but to provide a good initialization for solving (3,,) later in step (3).
Alternatively, it would be sufficient to update w only, on the basis of the vector field V; obtained in
step (6), hence avoiding the computation of 2 and the update of £2*(w), but numerical experience
shows that step (8) is advantageous as it allows to decrease the amount of iterations in step (3).

The current form of Algorithm 2 does not satisfy the inequality constraints in W,4. To achieve
these constraints, a penalty approach is used. Furthermore, the extension V; of —V K;(w)n on the
basis of (4.1)—-(4.3) is also regularizing. Namely, if w is of class C2* we have shown for instance
in (3.38) that VK (w) € @1¥(X) and the extension V; is in C%%(£2*(w) \ ) in view of (4.1)—
(4.3). If the Neumann boundary condition in (4.2) is replaced by a Dirichlet condition, then the
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regularization is insufficient and undesired oscillations of the shapes may occur [15].

Note that the shape gradient in (3.46) for the reduced cost K, involves the functions u, p and
u;, p; defined on domains 2*(w) \ @ and E \ w, respectively. From the numerical implementation
perspective, these domains and the associated grids must be updated separately and consequently,
some modification of Algorithm 2 is necessary. Specifically, in addition to steps (4.1)—(4.6) in
Algorithm 2, the domain E \ @ is updated via

E\&*) = (1 + 1 P®)(E\a®),

where 20%) solves

—Aw® 4 ap® =g in E\a®, %))
3, 0% = _VK,(@®)n on TP, (4.8)
® = o on JE, (4.9)

and +® is a positive scalar whose choice is to be discussed in Subsection 4.1. For the computation
of p and py, a data interpolation between E \ @ and £2 \ o is required.

4.1  Numerical examples

The state problem is discretized using standard triangular elements generated by the anisotropic
mesh generator BAMG [12]. The location of the free boundary corresponding to a given inner
boundary is not known a priori. However, when considering the situation where both w and I" are
concentric circles, then the location of the free boundary can be calculated analytically.

4.1.1 Example 1. We start with an example where the exact solution is known. Let © = —1,
w = B,,(0) and £2 = B¢ (0). Then it is straightforwardly seen that the function

u=—-Cln(r)+ 1+ C In(ry)

satisfies Au = 0in 2 \ @, u = 1 whenr = r;, and Vu -n = —1 when r = C. Next, to solve the
free boundary problem (F,,), we look for the value C* giving u = 0 when r = C*. For this, one
needs to solve the equation

—CIn(C)+1+4+C lIn(ry) =0,

for the value of C*. In what follows, we shall take r; = 1, in which case, C* is found to be
C* ~ 1.76322.
Therefore, by setting £ = Bc=(0) where © = —1 in (1.4), we expect a circle of radius one to

be the global minimizer of both J; and J3, i.e.,
E=Qr:={(xy)eR* : x> +y>*=(C*? and or:={(x,y)eR?: x> +)y?=1}.

The optimization is performed using both cost functionals K; and K> starting from the same initial
guess. The initial domains (@ and £2© are given by

x2 yZ
Tti:E = Il @0 = ()R 2 4y2 =4}, (@410

0® = {(x,y) eR? . ;
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FIG. 3. Initial shape £2(©) and target shape E

respectively. The boundaries I"®, ¥© and JE, X7 of the initial and target shapes, respectively,
are depicted in Figure 3a. In order to compute the value of K, the hold-all & := [—4, 4] x [—4, 4]
embedding all admissible domains is utilized. The indicator function of the set (2N E€)U(£2°NE)
is computed using

Teneayu@eney(x) = 1o(x) + 1p(x) = lo(x)1Eg(x).

This indicator function, corresponding to the initialization in (4.10), is depicted in Figure 3b. For
the initial value of the cost functional we get the numerical value K; (v (0)) ~ 3.455. Our aim is to
minimize the area of the dark region in Figure 3b.

REMARK 4.1 The motion of X' is modeled explicitly using boundary nodes which are connected by
line segments. These nodes are moved using the deformation field *J computed in (4.1-4.6). During
each optimization step, the step size 1) is chosen on the basis of the Armijo-type line search and
such that there are no reversed triangles within the mesh after the update. If reversed triangles occur
or the mesh quality deteriorates, then a new mesh is generated, see, e.g., [2, 24] for more details on
mesh regeneration.

The parameters in W ,4 are set to:
Omin = {(x,y) € R? | x% + 32 <0612}, wmar 1= {(x,y) € R? | x? + y? < 1.75%).

We set the value of ol to 1 x 1073, After 28 iterations and no mesh regeneration, we reach the target
shape (see Figure 4a) with the final value K (/") ~ 5.4 x 1072 for the cost. In Figure 4b, we
depict the convergence history of K. From this figure, we observe that the cost is reduced during
the optimization in a manner typical of gradient type methods, i.e., one observes a fast decrease in
the beginning, and a slow convergence afterward. Moreover, since the target and final shapes of the
boundaries practically coincide after optimization (see Figure 4a), the dark region is also minimized
and tends to a set of measure zero.
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FIG.5. Variations of domains £2 \ @ and E \ @

Next, we perform the optimization using K,. The initial value of the cost is found to be
K2(0©) ~ 0.036987. In Figure 5, we plot the variations of the domains £2*(w) \ @ and E \ @ with
the iteration count. It is observed that as the iteration count increases, the boundary X' converges to
the target (see Figure 5b). Similarly, the boundaries of 2* (w) \ @ converge to the target boundaries
as well (see Figure 5a). The final boundaries are depicted in Figure 6a. As expected, the final shape
coincides with the target shape.

The convergence history of K, is depicted in Figure 6b. After 60 iterations and no mesh
regeneration, the value K, (w” %) ~ 2.527 x 107 for the cost is obtained.
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FIG. 6. Final shape of the free boundary using K> and target shape

REMARK 4.2 In the numerical experiments we observe that the domains obtained using K; tend to
have an oscillatory behaviour near the optimal shape, which is not the case with K5. Therefore, in
the subsequent examples, we use only K, which provides a more stable convergence.

4.1.2 Example 2. In this example our aim is to investigate the effect of increasing the value
of 1 on w while the target boundary I’ remains fixed. We set the target boundary as I'r :=
{r(t)(cos2xt,sin2nt)|t € [0, 1]}, where

r(t) = 0.5cos(2xt) + 0.8 cos(4mt) + 2.

It is known that for the exterior Bernoulli free boundary problems with fixed inner component of
the boundary, the respective free boundaries for 4 — 0~ are asymptotic to a family of concentric
circles with radii tending to infinity [9]. Therefore, one excepts the measure of the set £2*(w) \ @ to
increase for u — 0.

The initial design for X' is a circle of radius one while that of I" is a circle of radius C (see
Figure 7a). We choose © = —3 and discretize the initial domains 20\ o® and E \ »© with
triangular elements. The boundary nodes of the triangulations of £2®) \ o® and E \ @ are used
as the control parameters for the optimization. The free boundary problem (1.1)—(1.4) is computed
and the initial value of the cost is K»(w®) a 0.1071. The parameters in W44 are set to:

Omin ‘= {(x,y) eR?|x2+y?2 < 0.752}, Omax ‘= {(x,y) eR?|x2+y?2 < 3.152}.

The final value of the cost K, after 111 optimization iterations and 7 mesh regenerations is found to
be 6 x 107> The optimal domain is depicted in Figure 7b. We observe that the final shape of I'* ()

reaches almost perfectly the target boundary I'r := JE. We compute the measure |2 *(wfmal) \
™| ~ 4.36688.
Next, we set 4 = —1.8 with an aim of checking whether the area of 2* (w) \ ® increases while

I'*(w) still coincides with the target I'7. We choose the same initialization as in Figure 7a. The
parameters in W,4 are now set to:

Omin = {(x,y) € R? | x* + y2 < 0-012}7 Wmax = {(x,y) € R? | x>+ y2 < 1752}-
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The initial value is K5(0©®) ~ 0.128. After 120 iterations one observes that the boundary ¥
intersects itself at the origin (see Figure 8) and a meshing error occurs. At this point the optimization
is stopped, the final value of K,(0™) ~ 3.28 x 10™* is returned, and we compute |2* (o) \
w/indl | & 7.51295. The kind of parametrization used here does not allow topological changes to
occur during the optimization process. Therefore, we arrive at a similar conclusion as in [24], i.e.,
that the inner boundary consists of more than one connected component, although our numerical
approach as well as the cost functionals K; and K, are different. Moreover, as expected, an increase
in the value of u for a fixed target, leads to an increase in the area of 2*(w) \ ®, in agreement with
the theory.

4.1.3 Example 3. 1In this example our aim is to check whether there exists a domain @ € U,y
such that I"*(w) is as close as possible to a target I'r which is not of class C°°. We minimize
K5 with the boundary dF of the target domain E represented by a square with rounded corners
(see Figure 9). The square is of dimension [—2, 2] x [—2, 2]. Each of the corners is rounded using
a quarter of a circle of radius one and centers (1,—1), (1,1), (—1,1), and (—1,—1), numbered
counter-clockwise starting from corner (2, —2). This target boundary can also be described using
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the parametric equations

x(t) = 2] cos(271t)|% -sgn(cos(2rt)), t€(0,1), (4.11)
y(t) = 2| sin(271)|2 - sgn(sin(27t)), 1 € (0,1). (4.12)
With this parameterization, it is clear that the target is not of class C*°. We set & = —1. The

boundary X' is initialized using a circle of radius one while I is initialized using a circle of radius
C, both centered at the origin, cf. Figure 9.

= = = Initial shape

Target

S

(@) 2% (0 )\ 2© (b) Target E \ 0© (c) Initial and target shapes

FI1G.9. Initial domains and target E

The parameters in U4 are set as in the first example. The initial value of the cost is K»(w©®)
0.0954102. After 20 optimization steps and 5 remeshing, we obtain the final shape depicted in
Figure 10b. We compute the final value K, (w ™) 2~ 1.1067 x 1073 In Figure 10a, a comparison
between the target outer boundary and the final outer boundary is made. We observe that the target
is not reached exactly. In fact, some of the optimization variables attained the lower and upper
bounds. Since the target is not of class C°, it cannot be reached using star-like boundaries X' of
class @2 [1, 24]. The non-existence of @ € WU,y such that I'*(w) is as close as possible to the
target I’ ¢ C° usually manifests itself through oscillations of w [24]. However, since we use a
regularized velocity field (see Algorithm 2), these oscillations of the inner boundary do not occur in
our case, cf. [24, Example 2].

5. Conclusions

In this paper, we have performed the mathematical analysis for the sensitivity of a Bernoulli free
boundary problem with respect to a shape perturbation of the inner boundary using the concepts of
shape calculus. A new segregation algorithm for solving this free boundary PDE constrained shape
optimization problem has been proposed and implemented. The numerical results presented here
indicate that the derived shape gradients produce similar results as those obtained by Haslinger et
al [24] using an automatic differentiation technique. The results in this paper can be extended to
other bilevel problems and control of the free boundary in shape optimization.
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