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Abstract. We present the 7-functions for the hypergeometric solutions to the g-Painlevé
system of type ES) in a determinant formula whose entries are given by the basic hyper-

geometric function gW7. By using the W (D5) symmetry of the function §Wr, we construct

a set of twelve solutions and describe the action of W(Dél)) on the set.
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1 Introduction

A natural framework for discrete Painlevé equations by means of the geometry of rational
surfaces has been proposed by Sakai [17]. Each equation is defined by the group of Cremona
transformations on a family of surfaces obtained by blowing-up at nine points on P2. According
to the types of rational surfaces, the discrete Painlevé equations are classified in terms of affine
root systems. Also, their symmetries are described by means of affine Weyl groups, the lattice
part of which gives rise to difference equations. For instance, the g-Painlevé system of type Eél),
which is the main object of this paper, is a discrete dynamical system defined on a family of
rational surfaces parameterized by nine-point configurations on P? such that six points among
them are on a conic and other three are on a line [17]. An explicit expression for the system of
g-difference equations is given by [15]
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where ¢ is the independent variable and the time evolution of the dependent variables is given
by § = g(qt) and f = f(t/q). The parameters b; (i = 1,2,...,8) satisfy b1babsby = ¢ and
bsbebrbg = 1. B

Similarly to the Painlevé differential equations, the discrete Painlevé equations admit par-
ticular solutions expressible in terms of various hypergeometric functions. Regarding the g¢-
difference Painlevé equations, the hypergeometric solutions to those equations have been con-
structed by means of a geometric approach and direct linearization of the g-difference Riccati

*This paper is a contribution to the Proceedings of the Workshop “Elliptic Integrable Systems, Isomonodromy
Problems, and Hypergeometric Functions” (July 21-25, 2008, MPIM, Bonn, Germany). The full collection is
available at http://www.emis.de/journals/SIGMA /Elliptic-Integrable-Systems.html
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equations [9, 10]. In particular, the Riccati solution to the system of ¢-difference equations (1.1)
is expressed in terms of the ¢-hypergeometric series

1/2 1/2
. . ap,qay ,—qay ,a1---,0a5 .
8W7(a0aa17"'aa57Q7Z) = 8¥Y7 1/2 1/2 34,
ao » — Qg aan/ab “++,qap/as

(1 — aog* (107 (ai;q Sk q*ag (1.2)
g | | , z=— .
=0

(1 —ao) e qao/az, a102a3a405
k-1 ,
where (a;q)r = [] (1 — aq").
i=0

(1)

The purposes of this paper are to propose a formulation for the g-Painlevé system of type E;
by means of the lattice 7-functions and to completely determine the 7-functions for the hyper-
geometric solutions (hypergeometric 7-functions for short) of the system.

This paper is organized as follows. In Section 2, we give a formulation for the ¢-Painlvé
system of type Eél) in terms of the lattice 7-functions. Section 3 is devoted to a preparation for
constructing the hypergeometric 7-functions. We decompose the lattice, each of whose elements
indicates the 7-function, into a family of six-dimensional lattices.

In Sections 4-6, we construct the hypergeometric 7-functions. We find that a g-analogue of
the double gamma function appears as a normalization factor of the hypergeometric 7-functions
in Section 4. In Section 5, we find that a class of bilinear equations for the lattice 7-functions
yields the contiguity relations for the g-hypergeometric function gW. As is well-known, the ¢-
hypergeometric function W7 possesses the W (Ds)-symmetry [13]. From that, we can construct
a set of twelve solutions corresponding to the coset W (Dg)/W (Ds), and describe the action of
W(Dél)) on the set of solutions.

One of the important features of the hypergeometric solutions to the continuous and discrete
Painlevé equations is that they can be expressed in terms of Wronskians or Casorati deter-
minants [4, 12, 7, 3, 16]. In Section 6, we show that the hypergeometric 7-functions of the
g-Painlevé system of type E&l) are expressed by “two-directional Casorati determinants”. As
a consequence, we get an explicit expression for the hypergeometric solutions to the g-difference
Painlevé equation (1.1), which is proposed in Corollary 6.1.

2 The g-Painlevé system of type Eél)

2.1 The discrete Painlevé system of type Eél)

At first, we give a brief review of the formulation for the discrete Painlevé system of type Eél)
in terms of the lattice 7-functions [8, 11].
Let £ = EB Ze; be a lattice with a basis {eg, e1,...,e9}, and define a symmetric bilinear form

(,):Lx ﬁ — 7Z by
<eo,eo>:—1, (ei,ei>:1 (i:1,2,...,9>, (ei,ej>:0 (z‘,j:O,l,...,9; 275])
Consider the affine Weyl group W(Eél)) = (so, $1,- - -, Ss) associated with the Dynkin diagram

TO
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The lattice £ admits a natural linear action of W(Eél)) defined by s;. A = A — (h;, AYh; for
A € L, where h; (i = 0,1,...,8) are the simple coroots defined by hy = ey — e; — e2 — ez and
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hi =e; —e;iy1 (i =1,...,8). The canonical central element ¢ = 3eg —e; — - - - — eg is orthogonal
to all the simple coroots h;, and hence W(Eél))—invariant.

The parameter space for the discrete Painlevé system of type Eél) is the ten-dimensional

9
vector space @ Ce;, whose coordinates are denoted by ¢; = (e;,-) (1 = 0,1,...,9). The root
7=

8
lattice Q(Eél)) = @ Za; is generated by the simple roots g = g9 —e1 —e2—e3 and o; = €;—€411
i=0

(i =1,...,8). The affine Weyl group W(Eél)) acts on the coordinate function &; in a similar
way to on the basis e;. The W(Eél))—invariant element corresponding to ¢ is given by § = (¢, ) =
3cg — €1 — - -+ — &g, which is called the null root and plays the role of the scaling constant for
difference equations in the context of the discrete Painlevé equations. For simplicity, we denote
the reflection s, with respect to the root a = g;; = &; —¢j or a = g5, = €9 — &; — € — &}, for
i,j,k € {1,2,...,9} by s4; or s;j, respectively. Also, we often use the notation e;; = e; —e; and
€ijk = €0 — € — €; — €.
For each a € Q(Eél)), the action of the translation operator T, € W(Eél)) is given by [6]

1
To(A) = A+ {c,A\)h — <2<h,h><c, A) + (h, A)> c (Ae L) (2.1)
by using the element h € L such that o = (h,:). Note that we have 7,73 = 15T, and

wTow ™! =Ty for any w € W(Eél)). When o = g;; or €;;;, we also denote the translation Ty,
simply by T;; or Tjj;i, respectively. They can be expressed by

Tij = SilylySilsly Slslgly Silsly Silyla Sig s {i,5,01,.. ., 17} ={1,2,...,9},
Tijk = 81112[3814151681112[38ijk, {i,j, k’, ll, Ce ,lﬁ} = {1, 2, ce ,9}.
Let us introduce a family of dependent variables 7o = 7a(g), € = (£o,...,&9), indexed by

A € M, where M is the W (ES")-orbit defined by
M=W(EM) . ey ={Ae L] {c,A) = —1,(A,A) =1} C L.

The action of W(Eél)) on the lattice 7-functions 75 is defined by w(7y) = 7y.a for any w €

W(Eél)). The discrete Painlevé system of type Eél) is equivalent to the overdetermined system
defined by the bilinear equations

[8jk”8jkl]7—ei7-eo—ei—el + [5]4:2] [5kil]7—e]'7—eo—ej—el + [8ij”€ijl]7—ek7—60—ek—el =0
for any mutually distinct indices i, 7, k,l € {1,2,...,9}, as well as their W(Eél))—transforms
[w(gjk)][w(Ejkl)}Tw.eiTw.(eofeifel) + (iuj? k)'CyChC =0

for any w € W(Eél)). Here, [z] is a nonzero odd holomorphic function on C satisfying the
Riemann relation

[z +ylle = yllu+v][u =] = [z +ullz —ully + vlly — o] = [z + vlfz - o][y + ully — u]

for any x,y,u,v € C. There are three classes of such functions; elliptic, trigonometric and
rational. These three cases correspond to the three types of difference equations, namely, elliptic
difference, g-difference and ordinal difference, respectively. The lattice part of W(Eél)) gives
rise to the difference Painlevé equation.
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2.2 The g-Painlevé system of type E;l)

Let us propose a formulation for the g-Painlevé system of type Eél) by means of the lattice
T-functions, using by the notation introduced in the previous subsection. A derivation of the
formulation is discussed in Appendices.

The g-Painlevé system of type E( ) is a discrete dynamical system defined on a family of
rational surfaces parameterized by nine-point configurations on P? such that six points among
them are on a conic C' and other three are on a line L [17]. Here, we set p1, p2, ps, p4, ps,p6 € C
and pr7,ps,pg € L. In what follows, the symbols C' and L also mean the index sets C' =
{1,2,3,4,5,6} and L = {7,8,9}, respectively. And we often use i,j,k,... and r,s as the
elements of C' and L, respectively. In this setting, the symmetric groups Gg = (s12,...,856) and
&L = (s78, s39) naturally act on the configuration space as the permutation of the points on C
and L, respectively. Also, the standard Cremona transformation with respect to (p1,p2,p7) is

well-defined as a birational action on the space. They generate the affine Weyl group W(Eél)) =
(812, 23, S34, S45, S56, S78, S89, S127). The associated Dynkin diagram and its automorphism are
realized by

€12

€89 €78 €127 €23 €34 €45 €56

and T = $123547558569, respectively. Thus we find that the extended affine Weyl group W(ES))
= (s12, $23, $34, S45, S56, S78, 589, S127, ™) acts on the configuration space.

The lattice T-functions 7o = 75 () for the ¢g-Painlevé system of type Egl) are indexed by
Ae MPT=W(BW) ey = MC [ ME,
where
={A € M|(ergg,A) =0} = W(Eél)) .eq,
L= {A e M| (ers0,A) = =1} = W (EV) ez,

The action of W(Eél)) on the lattice 7-functions 74 is defined by w(7p) = 7y.a for any w €

W (E;l)). The ¢g-Painlevé system of type Eél) is equivalent to the overdetermined system defined
by the bilinear equations

[57”5] Te; eo ei—e;j [5ijs]7'<gl;7'g—ei—er - [Sijr]TéTg_ei_es,

[5Jk] eo el—er [@kr]TCTe]B —ei—e;j [5ijr]7'c7'eL0 —e;j—ep? (2.2)
[Ew][&yr] ek eo en—e, T (i, 7, k)-cyclic = 0,

i) [ert]Teh e, Teg—ep—e, + (05 s F)-cyclic = 0, (2.3)
Tngfefeg Tng ej—eg T [eij][€izo] s Ter eLg =0,

T —o1—e1 Tog—ca—cs — Tog—or—c Tog—o—oq + [E12][E34] deTE TS, = 0 (2.4)

for mutually distinct indices i, j,k,l € C and r,s € L, as well as their V[N/(ES))—transforms. The
superscript C' (resp. L) denotes that the 7-function is indexed by A € MY (resp. A € MF),
and we leave it out when it is unnecessarily. It is possible to fix the function [z] as [z] =
e(3z) — e(—3x), e(z) = e™ =12 without loss of generality. The factors d, and de in (2.4)
correspond to the irreducible components of the anti-canonical devisor Dy, = ey — e7 — eg — €9
and Do = 2eg — e; — - - - — eg, respectively. These factors are W(Eél))—invariant and the action
of 7 is given by w : dr, < d¢.
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The translation operators with respect to the root vectors €;;, €5, €ijr € Q(ES)) are denoted
by T;j, T;s and T;j., respectively. Also, there exist fifty six translation operators that move

a lattice point A € M¥7 to its nearest ones. Let us denote such operators by ﬁ-r, ﬁjk and ﬁrs

according to the action on Q(Eél));
Ti7: e+ e +9, €12+ €12 — 0,
Tigg : €127 — €127 — 0, €34 > €34 + 0,

for instance. We find that these operators can be realized as ir = T;8789, ’fijk = 578913 and

Tirs = TirsS789, respectively, in terms of the Weyl group W(Eél)). Then, from the formula (2.1),

the action on a lattice point can be calculated as fn(eg) = Ti7(eg — e7 —eg) = ep — e — eg, for
example. Note that we have the relations such as T197T17s = 1 and T 123T456 = 1 The translatlon
operators with respect to the root vectors can be expressed by T;; = T T Ts = T 1T,8 and

.77' ’
T‘ijr = Ejk:Tkr-

Proposition 2.1. If the lattice T-functions 7o (A € MF7) satisfy the bilinear equations (2.2)
and their W(Eél))—tmnsforms, then they also satisfy (2.3) and their W(Eél))—tmnsforms.

This is easily verified by a direct calculation. From this proposition, we see that it is not
necessary to consider the bilinear equations (2.3) for constructing a solution to the g-Painlevé
system of type Eél). However, as we will see Section 6, we use the bilinear equations of type (2.3)
in order to get a nicer determinant formula for the hypergeometric 7-functions. Then, we
will treat all types of bilinear equations below, although the discussion becomes technically
complicated as a consequence.

Let us introduce the dependent variables f and g by

1 1
e(7€13)Te, T —e(—7€13)Tes T
f:e(%al_%ar"i'%ng_‘_%é) (411 13)Tey Tep—e1 —e (— 41; 13)Te; Tep—ea— es’
6(1513)7— Teo—ep—e3 — e( 1513)7 Teg—e1—e2
1 1
e(7€23)Tes T —e(—7€23)Tes T
gze(%ar—%al—i-%ém—%(s) (111 23) eo—e1—e3 (— 411 23) eo—e1—e2
6(1623)7—627—60 —e1—egy ( 1523)7—637—60 —eq1—e3

with o = 3e127 + 2678 + €39 and «, = 334 + 2645 + €56. Then, one get the explicit expression
for the g-difference equations (1.1), a derivation of which is discussed in Appendix C.

3 A family of six-dimensional lattices and the bilinear equations

As a preparation for constructing the hypergeometric 7-functions, we decompose the lattice MF7
into a family of six-dimensional lattices according to the value of the symmetric bilinear form
with the coroot vector egg = eg — ey;

MP =T My, My ={A€ M |(Aeso) =n}.
nez

Parallel to this decomposition, let us consider the orthogonal complement of €g9 in the root
lattice Q(Eél)). Then we get the root lattice Q(Dél)) corresponding to the Dynkin diagram

€127

€45
€12 €23 €34 €56

0 — €567
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Since we have €197 + €12 + 2€23 + 2e34 + 2645 + €56 + (6 — €567) = I, the same § denotes the
null root of Q(Dél)). The corresponding simple reflections generate the affine Weyl group
W(Dél)) = (S127, 512, 523, S34, 545, 556, S5—e557)- Note that the finite Weyl group W(Dg) =
(s127, S12, S23, S34, S45, S56) includes the symmetric group Sg = (s12, S23, S34, S45, S56) as a sub-
group. In this realization, an automorphism of the above Dynkin diagram can be expressed by

. . DY . .
P = TS1575168524526535579 Whose action on the simple roots of Q(Dé )) is given by
p: €12 <> 0 — E567, €127 < €56, €23 < €45.
. = 1 .
The extended affine Weyl group W(Dé )) = (S127, 512, $23, S34, S45, S56, S5—csg7, £) ACtS transi-

tively on each M,. Regarding the translation operators, we have i’?, ﬁjk S W(Dél)) for
i,j, k€ C={1,2,...,6}, which can be expressed in the form fa = pw, w € W(Dél)).
According to the location of the lattice 7-functions, one can classify the bilinear equa-

tions (2.2) into the following four types:

(A),,: Two on each of M,,_1, M, and M, 1, respectively.

(B),, : Four on M,, and one on M, and M,_1, respectively.

(C),,: Three on My 1 and M, respectively.

(D),, - Six on M,.
The bilinear equations of type (C),, are further classified into two types. The first one is that
all of three 7-functions on M, 41 belong to M (or M*), which is denoted by (C)%. The second

is that one of three 7-functions on M, belongs to M (or ML), denoted by (C)}. Typical
bilinear equations are given by

(A)O [589]7'ej7'e07ei7ej = [51']'9]7—687—60761'768 - [5ij8]7—e97—e076i7e97

(B)og  [e78]Te; Teg—ei—e; = [Eij8]TerTeo—ei—er — [€ij7]Tes Teg—e;—ess

(C)y  [ejk]Tes T2e0—ei—e;—cp—es—co = [Eik8)Teg—en—co Teo—eci—e; — [€1j8] Ten—e;—eo Teg—ei—cxs

(C) (€3] Teo—ei—e; Teo—e—eo 1 (15 4, k)-cyclic = 0,

D)y [ejk]TerTeg—ei—er = [Eik7]Te; Teg—ei—e; — [€i57]Ter Teo—ei—ex (3.1)

for mutually distinct indices 4, j, k € C. The bilinear equations (2.3) are also classified in a similar
way into four types, each of which we denote by (A),, (B),, (C),, and (D)), to distinguish them

n» no
from the bilinear equations (2.2). Typical equations are given by

(A)g [£78][0 — €569 Teo T2e0—e1 —es—es—es—eq + (7, 8,9)-cyclic = 0,
B)o  [EijllEni]Tes T2c0—es—ej—ex—er—es
= [51‘18] [5jk8]7—eo—ei—ek7_eo—ej—el - [5j18][EikS]Teo—ej—ekTeo—ei—el7

(Q)y  [eijlleij9) Tex Teo—ex—eo + (i, 4, k)-cyclic = 0,

(D)o leijller)mijia + (4, 4, k)-cyclic = 0, leij]l€ij7)TTir + (4, J, k)-cyclic = 0 (3.2)
for mutually distinct indices i, 7, k,l € C. The bilinear equations (2.4) are also classified into
the type (A)d, (B)d, (C)d and (D){. Typical equations are given by

(A)S Teg T2eg—e1 —es—e3—ea—es — Teg T2eg—e1—es—ez—es—eg + [0 — €567][€89] A0 TesTeg = 0,

(B)§  TeiTeo—ei—er — Te;Teg—ej—er + [ij][€1j7] AL TesTey = O,

Tes T2e0—e1 —ea—es—eq—es — Teg—e1—ez Teg—ez—eqs — [€128][€348] 0 Tes Teg = 0,
(C)5 TeiTeo—es—ey — Te;Teg—e;—eo T [€ij][€ijo] ALTer Tes = 0,
(D)§  Teg—e1—eaTeo—ea—es — Teg—e1—esTeo—es—es T [€12][E34] dCTesTeg = 0 (3.3)

for mutually distinct indices 4,7 € C.
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Lemma 3.1. Any bilinear equation of type (A), can be obtained by an action of W(Dél)) on
the first equation of (3.1). Also, we have a similar situation regarding each case of type (B),,
(C)y, (C)y and (D),, respectively.

Proof. Any lattice 7-function on M; can be transformed to 7., by an action of V[N/(Dél)).

Searching for A € M_; such that (A +eg, A +eg) = 0, we find that the lattice 7-functions
on M_; which can pair with Tey are Te,—e;—egs T2eg—e;—e;—ej—er—es ANA Tete;+eg—er for mutually
distinct indices 4, j, k € C. Any of them can be transformed to 7e;,—e,—eg by an action of W (D).
Since 7o is invariant under the action of W (Dsg), we find that one of the pairs of the lattice
7-functions in a bilinear equation of type (A)g can be transformed to ey Tey—e,—eg Dy an action of
W(Dél)). Note that three pairs of the lattice 7-functions in a bilinear equation have a common
barycenter. Therefore, the bilinear equations of type (A)p including the term Te Teg—e,—es are
reduced to

[589]7—e]-7—e0—e1;—ej = [5ij9]7_eg7_eo—ei—eg - [6ij8]7—697—80—97;—897
[589]7—e77—e0—ei—e7 = [579]7—e87—e0—ei—e8 - [578]7—e97—e0—ei—e97

which are transformed by the action of the Dynkin diagram automorphism p € W(Dél)) to each
other. The proof for the other types of bilinear equations is given in a similar way. |

From this lemma and similar consideration for the bilinear equations (3.2) and (3.3), we
immediately get the following proposition.

Proposition 3.1. Fiz n € Z.

1. All the bilinear equations of type (A)

another. Also, we have a similar situation regarding each case of type (B),,, (C),,, (C),,
and (D), , respectively.

2. All the bilinear equations of type (A)!

n

n

can be transformed by the action ofW(Dél)) to one

n’

can be transformed by the action of W(Dél)) to
one another. Also, we have a similar situation regarding each case of type (B)! and (C)’

n n’
respectively. The set of all the bilinear equations of type (D);1 18 decomposed to two orbits
by the action of W(Dél)).

3. All the bilinear equations of type (A)i can be transformed by the action of W/(Dél)) to
one another. Also, we have a similar situation regarding each case of type (C)i and (D)i,

respectively. The set of all the bilinear equations of type (B)d

n 18 decomposed to two orbits
by the action of W(Dél)).

Let us discuss the relationships among the above types of bilinear equations.

Proposition 3.2. If the lattice T-functions satisfy all the bilinear equations of type (B),,, then
they also satisfy those of type (A), ; that is,

Moreover, if o # 0 for A € M,,_1, we have the following:
3. (Cy = (D)

4. (A),, (O, = (C)

n n’

n*
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Proof. It is sufficient to verify the statement for a certain n € Z. The first and second
statements are easily verified for the case of n = 0.
3. (C)y = (D),. Let us consider the following bilinear equation

[523]7—647260—62—63—64—65—69 = [5349]7—60—62—697—60—63—65 - [6249]7—60—63—697—60—62—65
of type (C)i. Multiplying this equation by 7ey—e,—e, and summing up its (1,2, 3)-cyclic permu-
tations, we get a bilinear equation of type (D).

4. (A)y and (C)'; = (C). Let us consider the following bilinear equation of type (C),

[€jk]7'eg7'260—ei—ej—ek—eg—eg = [5ik9]7'eo—ek—egTeo—ei—ej - [5ij9]7'eo—ej—e37'eo—ei—ek'

Multiplying both right and left-hand sides by 7., and using the first equation of (3.1), we get

Teg X [Ejk] TegT2eg—e; —ej—e—eg—eg

= Teg—e;—e; X ([EikS]TegTeo—ek—eg + [589]Tei7eo—ei—ek) - {J A k}

= 7-69 X ([EikS]TeofekfegTeofeifej - [gijg]’reofejfeglreofei*ek)7

which is equivalent to the third equation of (3.1). [

Also, by not difficult but tedious procedure, we get the following propositions.

Proposition 3.3. If the lattice T-functions satisfy all the bilinear equations of type (B)g, then
they also satisfy those of type (A)S; that is,

2. (A),, (O = (O),
)y (Cay = (D),
4. (O 4, (O, (B), = (B)y

Proposition 3.4. If the lattice T-functions satisfy all the bilinear equations of type (C);, then
they also satisfy those of type (C)',; that is,
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4 The construction of the 7-functions on M,

Hereafter, we construct the hypergeometric 7-functions for the ¢-Painlevé system of type E§1)

by imposing the following boundary condition
7", =0 forany A_;€ M 4 (4.1)

and 75, # 0 for any Ag € M. In this section, we discuss the construction of the T-functions on
the lattice M.
First, let us consider the following bilinear equations of type (A)g, (A)j and (A)d

[589]Tej7-eo—ei—ej = [gijQ]TegTeo—ei—eg - [EijS]TegTeo—ei—eg (27.7 € C):
[878] [5 - 6569]7—697—260—61—92—63—94—89 + (77 87 9)'CYCHC = 07

[5 - 5567] [589]d07—e57—e6 + TegT2eg—e1 —es—e3—eq—es — TegT2eq—e1 —ea—e3—eq—eg — 0. (42)
The boundary condition (4.1) leads us to
[589] =0 & eg=weZ. (4.3)

All the bilinear equations of type (A)g, (A)j and (A)d hold under the conditions (4.1) and (4.3),
since they can be obtained by the action of W(Dél)) = (5127, 512, - - - , S56 S6—e567, £) ON (4.2) and
the coefficient [egg] is W(Dél))—invariant.

Under the boundary condition (4.1), the bilinear equations of type (B)o, (B)j and (B)g are
expressed in terms of the lattice 7-functions on My. Typical equations of these types are given by

[578]Tej7_eo—ei—ej = [gij8]7—677—eo—ei—e7 - [gij7]7—e87eo—ei—esa
[Eij][5kl]7'eg7'2eo—ei—ej—ek—el—eg = [5il8} [5jk8]7-eo—ei—ek7'eo—ej—el - [Ejl8] [5ik8]7'eo—ej—ekTeo—ei—el7
Te;Tep—e;—er — TejTeg—ej—er + [5ij][€ij7] dLTegTeg =0,

Teg T2eg—e1 —eg—e3—eg4—eg — Teg—e1—eaTeg—e3z—eq — [5128] [5348] dCTe5Te6

for mutually distinct indices ¢, j, k,1 € C. These are reduced to

[579]7_ej7_eofeifej = [5ij9]7_e77_eofeife7a TeiTeofeife7 — TejTeofejfem

Teg—e1—eaTeg—eg—eq T [5129”5349] dCTesTea =0 (44)
and

[5il9} [5jk9]7_eo—ei—ek7—eo—ej —e — [Ejl9] {5ik9]7—e0—ej —er Tep—e;—e; (45)

due to the conditions (4.1) and (4.3). Obviously, the equation (4.5) can be derived from the
third equation of (4.4) and its Gg-transforms. Also, it is not difficult to see that all the bilinear

equations of type (D)o, (D)) and (D)g can be derived from the equations (4.4) and their W(Dél))—

transforms. Then, it is sufficient to consider the equations (4.4) and their W(Dél))—transforms
for constructing the hypergeometric 7-functions on Mj.

Let us consider a pair of non-zero meromorphic functions (G(z), F'(z)) satisfying the diffe-
rence equations G(x + d) = € [x]| G(z) and F(x + §) = G(z)F(z) with a constant ¢ € C*. When
Imé > 0, a typical choice of such functions is given by

_9(z/s
_ 2(2)> Flz)=e (—g(f”é‘s)) (454, 9)oo,
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oo . .
where v = e(z), ¢ = e(d), (u;q,q) = J] (1 —ug"?’) and ¢ = —1. For other choices of
i,j=0
(G(x), F(x),€), see Appendix in [14]. In what follows, we fix a triplet (G4 (z), Fly(x),€e4) with
a constant factor e, , namely we have

Gi(z+0) =ei[z]Gy(z),  Fi(z+6)=G(z)Fi(2). (4.6)
Also, we introduce a pair of functions (G_(z), F_(x)) by the relations

F_(z) = F1(20 + w — z), G_(2)G4+(6+w—2)=1. (4.7)
Note that these functions satisfy the difference equations

G_(x+0) =e_[z] G_(z), F (z+9)=G_(z)F_(x) (4.8)
with e_ = (=1)*Tle,

Moreover, we consider a triplet of functions (A4 (x), B4+ (z),C4+(z)) defined by the difference
equations

(90+5) +(@=9) _
LA @) derte
(x +0)By(x—0d) ol
BB () Tt
(“(5;&8) O _ e(—a +9), (4.9)

where a, b, ¢ and « are the complex constants satisfying e(2ad + 4b + 2¢) = (—1)“*! and
(—1)“Te e(aw + 2a) + dce(5b + 3¢) = 0. A typical example of such functions is given by
Ay (z) = e(éa(x/‘;ﬂ) + a(wé‘s)). Also, we introduce the functions A_(z), B_(x) and C_(z) by
the relations

A_(z) = AL (20 + w — z), B_(x) = B4(26 — z), C_(x) =C4(20 — x). (4.10)

Definition 4.1. For each Ag € My, we define the twelve functions T[(\(;;i) (¢) (a € C) by

T (€)= Falero + (fero. do) +10) [T oo + ((eigo, Ao) +1)9)
1,j€C;i<g
x As(ero + ((ero, Aoy +1)8) [ AL, (@ (gijo + ({eijo, Ao) +1)4)
1,j€C;1<]
X H By (giar + ({€ia7, Ao) + 1)6) Bx(gia + ({€ia, Ao) + 1))
1€Clyq
X C:I:(gacﬂ + (<eaa77 A0> + 1)5)7 (411)

where /ﬁ@

: : : (a) _ 6,5} {a _
;; 1s the sign factor defined by x;;" = (—1)#diit{ed) and €, = C\{a}.

Theorem 4.1. The action of W(Dél)) on the functions TA?i) () is described as follows:

1. For any translation operator T € V[N/(Dél)), we have T%aAiO) (e) = TI(X‘;;i) (T(g)).

2. For any permutation o € &g, we have Tc(ri\(o);i) () = T/(\?)’i)(a(a)).

3. Take two mutually distinct indices 1,7 € C.
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(a) Ifa g {i,5}, then 750 (2) = 745 (si52(2)).

(b) If a € {i,j}, then Ts(ZjE/)\o (e) = T[(xl;ﬂ:)(sij7(6)), where b is an index such that {a,b} =
{i,5}-

4. The action of the central element w. € W (Dg) is given by T(a;iz) (e) = T/(\(;;i)(wc(s)).

We
Proof. The first and second statements are obvious from the definition of T/(\(;;i) (€). The third
statement is guaranteed by the relations (4.7) and (4.10). Since we have

We : €79 — 0 +w — €79, 5ij9'—>5—|-w—€ij9 (i,jEC'),
one can verify the fourth statement by using the relations (4.7) and (4.10). [

Remark 4.1. The central element w. € W(Dg) can be expressed by w. = $12512753453475565567 -
It is easy to see that we have Tw, = w.T'~! for any translation operator T € W(Dél)).

Let S be a label set defined by S = {(a; €) |a € C, e = £1}. By using the difference equa-
tions (4.6), (4.8) and (4.9), one can verify that the family of functions {T/(\z) (€)}agen, for each
label n € S satisfies the bilinear equations (4.4). Also, the set of the functions {7‘1(\7(7)) (e)|ne s,

Ag € My} is consistent with respect to the action of W(Dél)) in the sense of Theorem 4.1. Then,
we have the following theorem.

Theorem 4.2. For each label n € S, the family of functions {T/(\z) (€)}rpem, defined by (4.11)

satisfies all the bilinear equations of type (B),, (B)g, (B)g, (D)y, (D) and (D)g under the
conditions (4.1) and (4.3).

Before discussing the construction of the hypergeometric 7-functions on M,, for n € Z>1, we
mention those on M, for n € Z_y.

Lemma 4.1. For any fized n € Z«o, we have 1p,(¢) = 0 for any A, € M, under the condi-
tions (4.1) and (4.3).

5 The construction of the rm-functions on M;

In this section, we construct the hypergeometric 7-functions on M;. We find that a class of bilin-
ear equations for the lattice 7-functions yields the contiguity relations for the ¢-hypergeometric
function gW7 [5, 1]. As is well-known, the ¢-hypergeometric function gWr possesses the W (Ds)-
symmetry [13]. From that, we can construct a set of twelve solutions corresponding to the coset

W (Dg)/W (Ds), and describe the action of W(Dél)) on the set of solutions.

5.1 The g-hypergeometric function W, and its transformation formula

Fix a complex number ¢ with 0 < |¢g| < 1. Let us consider the basic hypergeometric function
sWy = sWr(ap; a1, ..., as;q,z) defined by (1.2). It is well-known that this function admits the
transformation formula [5, 1]

an. 490 __a%aj ’af .
W ( ) qao, aqas’ ajazazaq’ ajazasas’ q 0o
gWvrlaop; a1, az,as, a4,05;4,2) =
) ] ) ) ) 54, qao  qag q2a3 q2ag .
aq ’ as ’ ajazaz’ aijazazaqas’ q 0o

2
9ap . gap  gao  _gag . qag
X 8W7 <a1a2a37 azasz’ aias’ aiaz’ a4, as5;4, a4a5> 5
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which can be expressed by the following identity

5
(¢%ad/ar1azazasas; @)oo 1 (qao/ak; @)oo
=1

(qa0; @)oo

sWr(ao;ai, ... as;5q,2)

5
(¢%a3/a1a2a30405; q)oo 1] (q0/k; q)oo
=1 o _
= = sWr(ao;ai, ..., as5;q,2)
(903 ¢)oo

with respect to the coordinate transformation

~ 2
ag = qao/alagag,
a1 = qap/azas, ap = qag/ayas, a3z = qag/aiaz,

a4 = a4, ay = as.

In this form, the function is manifestly invariant under the permutation of the parameters

ai,...,as.
Assume that Im 6 > 0. We relate the variables a; to ; by
aq 26(5—8669), a; 26(5_5169) (Z = 1,2,...,5), :6((5). (51)

Since the action of sy57 € W(Dg) = (s12, S23, S34, S45, S56, S127) on the variables a; is given by

. 2
S457 ¢ g — qag/aiazas,
al — qao/agag, ag — qao/a1a3, as — qao/a1a27

a4 = a4, a5 as,

we see that this action leads us to the above transformation formula for gW7.
Let us introduce the function u(%)(g) that is invariant under the action of the symmetric
group S5 = (s12, S23, S34, S45) C S and satisfies
©) 9+(€459)9+(20 — g669) [I 9+(0 +w — €ipr)
1% (5457(5)) N 1=4,5

p® () gy(e79)9+ (20 — €669 — £457) 1_4[ gir(6+w—eig)’
=45

(5.2)

g+()
(43 q)oo

where g4 () is given by G4 (z) = with u = e(z) and ¢ = e(d). The relation (5.2) means

9+(20 — €669)

g+(e79) e 9+(6 +w —€ig)
Then, we see that the function

G 25 —¢
(6) (o) &+(20 — £660) 669 H G (e 5.3

that the function 1% (¢) is invariant under the action of s457.

where ®©)(e) = gWr(ag; ay, a9, as, as, as;q, z), is invariant under the action of the finite Weyl
group W(Ds) = (s12, 523, 534, 845, s127) C W (D).

5.2 The contiguity relations for sWy

It is also known that the ¢-hypergeometric function ®(®) = g7 satisfies the following contiguity
relations [5, 1]

5

[1(1—qao/ara:)

(a1 —az)(1 - 2)@® = ¢; = O 41a1/q

1—qap/ay
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5
,1:[3(1 — qao/aza;)
— 62 1 —qap/as (I)(6)‘a2Ha2/q7 (5.4)
(a2 — a1)(1 — ap/a1a2)®® = (1 — a1)(1 — ap/a1)®®a, - ga,
— (1= a2)(1 = a0 /a2)®® |4y gas, (5.5)
5
[1(1—ao/ai)
1_ 1 - \®®) — =1 O (_
( aO/al)( Z) (1 — q_lao (1 — ao)(l — q_1a1) ( )
5
[1(1—qao/ara;)
g =2 ®)
¢ @ (1—qgta)(1— an/al)q) lax—ar/o (5.6)
5
(1 — gao)(1 — ¢*ao) [T (1 — a;)
O gay — 2O =gz =2 O (4), (5.7)

(1~ ao/ar) T1(1 = gao/ )

where Q)(G)(ﬂ:) = (I)(G)|aon—>qi2ao,alHqilal,...,a5»—>qi1a5'
Noticing that the action of translation operators Ty € W(Dél)) (i € C) on the variables a;
(1=0,1,...,5) is given by

-1 = 2 1 ,
Ti7r: a; v q " a, Te7 2 ap — q “ag, a; = q a; (i € Cs),

we see that the contiguity relations (5.4) and (5.5) can be rewritten as

[T lejiol IT  lenol
(1) femller] 20(6) = = 200 (Tin(e) - L P00 (Te(e) ()
and
[ejk][Ejk0 — 0] @O () = [gj60 — 0][£;6]2 (T (¢)) — [enso — 01[eks] @@ (T} (2)), (5.9)

respectively, for j, k € Cg. Similarly, the contiguity relations (5.6) and (5.7) are expressed by

H [8 kl9]
(=1) ene] [exso) [e70] @) (€) = %@<ﬁ> (Tir(2))

I1 [ete]

_ 1eCq
[0 — €669][—€669)

o) (Tyz(c)) (5.10)

and

[30 — €669][20 — c669] I [ei69 — 9]

3O (c) = 2O (T} (e)) e o) (T (e)), 5.11
( ) ( k7 ( )) [5k6] ]._[ [516_5] ( 67 ( )) ( )

1eCs

respectively, for k € Cg.
Let us introduce the function ¥ (¢) by
1 _
H —— 0O () = O (g) G+(20 — ce69) H G_(2i6) ) (2),
ijecy i<y O+ (€19) Gilem) e,
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where the right-hand side is the W (Dj)-invariant function (5.3). We see that the function ¥(©)(¢)
is Gg-invariant and satisfies the relation

[T  GiCiso) T G-(eivo) Gt leaso) W (sus7(e)) = G (eng) ¥ (e).

i,j€{1,2,3};i<j i=1,2,3

Suppose that the correction factor M(G) (), introduced in the previous subsection, satisfies the
difference equation u(®(Ti7(¢)) = (~1)*u®(e) (i € C). Then both of the contiguity rela-
tions (5.8) and (5.10) yield

(1) [ejullejuo] U9 () = WO (Th7(e)) — U (Thr(e))

for j,k € C. Similarly, we see that (5.9) and (5.11) are reduced to

Clenllero =618 O(e) = T [lewo — 18O (T @) = [[ lejio — 6199 (T}7 ()
leC\{j,k} leC\{j,k}

for j,k € C. Tt is easy to see that the function ¥(%)(g) (a € C4) defined by U(® () = W) (5,4(¢))
satisfies the same contiguity relations as those for W) ().

Proposition 5.1. Each of the functions W(%)(e) (a € C) satisfies the contiguity relations

(D)= [ejullejnol U@ (e) = T (Tyr(e)) — T (Tir (), (5.12)
€2 [ejkl[ero — 8]0V (e)
= [I lemo—019T @) = [ Ilejo— ¥ (T (2)) (5.13)
leC\{j,k} leC\{j,k}

for mutually distinct indices j, k € C.

Here, we give a remark on choice of the correction factor ;{9 (). The function p(®(¢) in the
form

g+(e79) 1 9+(6 +w —€i6)

©)(e) = ) (¢ 1€C )
p (e) (e) 9+ (20 209)

where (%) (g) is a W (Ds)-invariant function, is manifestly Gs-invariant and satisfies the rela-
tion (5.2). Due to g4 (z+0) = —eje(—32)g+ (), what we have to do is to find a W (Ds)-invariant
function () (¢) satisfying the difference equations

VO(Tiz () = (—1)*e3%e (3(e70 — €6 + 0 +w)) v O(e) (i € Cy),
VO (Ter(e)) = (—1)* e ($e6e0) V1 (e). (5.14)

It is easy to see that the function (%) () in the form

vO>e) =pi(erg) [ er(eiso) [ 0106 +w —cigo) [] woleior)pa(eis)ps(essr),

1,j€Ce6 ;1<] i€Cg i€Cg

where ¢;(z) (i = 1,2,3) are arbitrary functions, is W (Ds)-invariant. When ¢;(z) (i = 1,2, 3)
satisfy @i (v +0) = e(iz + B;)¢i(x) with ag = 2a1 — az, 8a1 + 4az = 1 and €;%e((a1 — a2)d +
aow + (=401 + 562 + f3)) = 1, the function v(%) () satisfies the difference equations (5.14).
A typical choice of them is given by @;(z) = e(aié(xéé) + Biz/6). It is possible to determi-
ne 1% () according to the choice of the functions ¢;(x) (i = 1,2,3) and G, (z). We have
proposed some examples of the functions G4 (x) and Fly(z) in Appendix of [14].
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5.3 Twelve solutions

Hereafter, we denote W(® (&) by W(%H)(g). Since the action of the central element w, € W (Dg)
on the variables a; (i = 0,1,...,5) is given by wc(a;) = ¢/a;, the application of w, to the
contiguity relations (5.12) and (5.13) leads us to

S lejpllejno — 018 (e) = V(T (0)) — B (T (e)),

(1) epllena] 8D e) = [ lemo 8D (Tirle)) = [ ¥ @D (Tin(e)),
1eC\{j,k} leC\{j,k}

where W(@H) (¢) = W(%H) (1, (¢)). Let us introduce the function ¥(%~)(¢) by
W) () = £06) ()G ) ()T (@) (¢),
g(aH’) (5) — A;(Em) H A;(gljg) H A;((s 4+ w — Eiag) H B;(gia?)B;(&ia)C;(EQQ'T)g

1,j€Cq;1<] 1€Cyq 1€Cyq
II Gi(eiao) TI  G-(gijo)
. icCly 1,7€C,;1<]
Glot) (o) = |
© G (ero) ’

where the functions A, (z), B/, (z) and C', (x) are expressed in terms of A4 (x), By (x) and C4 (),
introduced in the previous section, by

AL (20t w— ) ' _ Bi(-2) ' _Ci (=0 —x)
T A G tw—a) Bi(z) = B (20 —z)’ C(@) = C:(36 —a)

Al (z)

When we set do = d, = (—1)¥€2, the factors £(@F)(e) and G(%1)(e) satisfy the difference
equations

[ [eiro]

g(a;—i—)(ﬁ?(e)) _ (_1)w+15(a:+)(8)’ g(a:—l—) (T‘ﬁ(&)) _ (_1)w+16i%g(a:+)(€)

for i € C, and we get e(2ad + 4b + 2¢) = (—1)“*! and e(aw + 2a) = e(5b + 3¢). Thus, we find
that each of the functions W(%~)(¢) satisfies the contiguity relations

e leillero — o]0 (e) = ] lewo — 1) (115 (2))
leC\{j,k}

— H [ej19 — 5]‘11(%_)(73;1 (),
1EC\ ik}
(=)< eullejpol W (e) = W) (Tha(e)) — ¥ (Tin (),

which are the same as those for U(%H)(¢).

Theorem 5.1. Each of the twelve functions W(e) = W) () gives rise to the solution of the
contiguity relations

(1) [ejullejnol U (e) = ¥ (Tyr(e)) — ¥ (Thr(e)),

e lejrllers — 01U (e) =[] lemo — U (Ti7 ) — I lejw — 619 (T7' (2))
1eC\{j,k} leC\{j,k}

for mutually distinct indices j, k € C.
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From these contiguity relations, one can get the g-hypergeometric equation of the second
order. The functions ¥(®+) (¢) coincide with the twelve pairwise linearly independent solutions
to the g-hypergeometric equation constructed by Gupta and Masson [2].

Furthermore, we introduce the function £(%7)(¢) by

E@e)=A (er0) ]  Alleijo) [] A6 +w —ciag) [[ B (cia7)B(cia)C" (£aar),

1,j€Cq;1<j 1€Cy 1€Cy

where A’ (z), B (z) and C’_(x) are defined by A’ () A (§+w—z) =1, B (z)B, (—z) =1 and
C' (z)C!.(—x) = 1, respectively. By construction, we have the following proposition.

Proposition 5.2. The action of W (D) on the functions W(%%)(¢) is described as follows:

1. For any permutation o € g, we have W) (g(g)) = We(@iF) (g),

2. Take two mutually distinct indices 1,7 € C.

(a) If a ¢ {i,j}, then

. G+ (e79) :
\I}(ay:t) Si‘ c _ + \Ij(a;i) g).
(siy7(2)) Gi(eigo) II Galemo) I Gx(€kao) ©
k,leck\iil,j,a}; keC\{i,j,a}

(b) If a € {i,j}, then

1 G=(e79)

- Ebx) () Gi(szjg) I G$(5kl9)
kleC\{i,5}; k<l

W (s57(0) W),
where b is an index such that {a,b} = {i,7}.

3. The action of the central element w. € W(Dg) is given by

[ Gi(iao) II  Gx(eijo)

P@F) (o) = glait) (o) i€ 1§ €Cai i< W) (,(e)).
(€) = £9)(e) e (we(e))

The set of twelve functions ¥(*%)(¢) corresponds to the coset W (Dg)/W (Ds), as we will see
below. Note that |W (Dg)/W (Ds)| = 12.

5.4 The 7-functions on M,

Here, we construct the functions 7y, (¢) (A1 € M) on the basis of the discussion in the previous
subsections. The bilinear equations to be considered are of type (C)o, (C)j, (C)4, (D)1, (D)}
and (D){, since the functions 7a,(¢) (Ag € Mp) are already known.

It is easy to get the following lemma.

Lemma 5.1. If the lattice T-functions satisfy all the bilinear equations of type (B)B1 and (C)g

under the boundary condition (4.1), then they also satisfy those of type (C)g.

From this lemma, we see that it is sufficient for constructing the hypergeometric 7-functions

on M; to consider the bilinear equations of type (C)g.
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Definition 5.1. For each A; € M, we define the twelve functions T[(\(?i) (¢) by
a;+ a;t a;+
T () = NI () w7 o), (5.15)

where ./\/jg?i)(e) is given by

N/(\1 ) (e) = Falero + ((er, A1) + 1)6) H w@ (gijo + (eijo, A1)0)
1,j€C;1<g

x Ay (er9 + ({e79, A1) +1)0)
< I AxCeio + (eijo, Ar) +1)8) T Az (eiar + (eian, A1)3)

i,j€Ca;i<j ieC,
X H B (gia7 + (€ia7, M1)0) B (gia + (€iq, A1)9)
i€Clyq

X C:I:(gaa,'? + (<eaa7a A1> - 1)(5>7
and \I/Xll;i)(e) = () (g 4 (e, A1)d).

Theorem 5.2. The action of W(Dél)) on the functions T/(\T:t) () is described as follows:

1. For any translation operator T € W( we have 7'7(1 Ai) (e) = Tj(i;i) (T(e)).

2. For any permutation o € g, we have T(/E a); )(5) = TI(G jE)((7(5)).

3. Take two mutually distinct indices i,5 € C.

(@) Ifa ¢ {i.j}, then 77} (&) = 73" (sij1(e)).

Tsijr. A \&) = Tay

If a € {i,j}, then T (@2) (o) = 7 0F) sii7(€)), where b is an index such that {a,b} =
S 57 A1 Aq J
{m}-
4. The action of the central element w. € W (Dg) is given by 7'( 77\)1 (e) = T/(\(i;i)(wc(s)).

Proof. The first and second statements are obvious from the definition of T/(ﬁ;i) (€). The third
and fourth statements are guaranteed by Proposition 5.2 and (5.15). |

Corollary 5.1. For the particular element eg € My, the set of twelve functions

Te(s;i)(e) = Fy(e79 +0) H (a) (€ij9)
1,7€C; <]
X Ax(e79 +9) H A+ (459 +6) H A+ (€ia9)
1,j€Cq;1<] 1€Cq
X H B (€ia7) B (€ia) X Ci(€aar — 0)TEH)(¢)
i€Cq

is stabilized by W (Dg)?

. For each label (a;+) € S, the isotropy subgroup of Tés;i) (€) is isomor-
phic to W(Ds);

Te(f;ﬂ(w(é)) = Te(gﬁ;i)(f), w € W(Ds) = (S12, 523, 534, 545, S127)

for instance.

'Note that es € M; is W (Dse)-invariant.
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Let us consider the bilinear equation of type (C)4

Te;Tep—e;—eg — TejTeg—ej—eg + [5ij”5ij9]dL7_e77—eg =0 (516)

for mutually distinct indices i,7 € C. Substituting (4.11) and (5.15) into (5.16), we get for
(%) () the linear relation

(~D1 [l eigo) 1) ) = WO Fir(e)) — W) Ty ().

Similarly, the application of the central element w. € W(Dg) to the bilinear equation (5.16)
leads us to

e’ [ejullero — |0 (@) = ] leno — (T (o))
leC\{j,k}

= 11 (e = 19T ()
1€C\{j.k}

for mutually distinct indices ¢, j € C. These are precisely the contiguity relations in Theorem 5.1.
Also, the set of functions {T/(\?) (e)|n e S, A1 € My} is consistent with respect to the action

of W(Dél)) in the sense of Theorem 5.2. Therefore, we have the following theorem due to
Propositions 3.2, 3.3, 3.4 and Lemma 5.1.

Theorem 5.3. For each labeln € S, the family of functions {7'1(\77) (7)Y aemo 1] M, defined by (4.11)
and (5.15) satisfies all the bilinear equations of type (C)g, (C)B, (C)gs (C)os (D)?, (D), and (D)}
under the conditions (4.1) and (4.3).

Remark 5.1. From this theorem, we see that the bilinear equations of type (C)3, (C)i, (C)}

and (C){, imply the contiguity relations for the ¢-hypergeometric function §W7. Also, we get the

quadratic relations for gW7 from the bilinear equations of type (D){, (D); and (D).

Remark 5.2. From the result in this section, one can get an explicit expression for the so-called
Riccati solution to the system of g-difference equations (1.1), in terms of the functions 7'/(\2) ().
When the label n € S is fixed, one can express b; (i = 1,2,...,8) and ¢ in terms of the parameters
of the g-hypergeometric function gW5. On the other hand, another expression for the Riccati
solution has been proposed in [10], which is constructed under the condition b1b3 = bsb7; that
is, £358 € Z. Comparing this with the condition (4.3), we find that these two expressions can be
transformed to each other by a Bécklund transformation.

6 A determinant formula for the hypergeometric 7-functions

One of the important features of the hypergeometric solutions to the continuous and discrete
Painlevé equations is that they can be expressed in terms of Wronskians or Casorati determi-
nants [4, 12, 7, 3, 16]. In this section, we show that the hypergeometric 7-functions on M,
(n € Z>2) are expressed by “two-directional Casorati determinants” of order n.

Let us introduce the auxiliary variables z; (i = 0,1,...,6) by 29 = § — e7g and z; = %Eiig
(i € C), where we have zo + 1 + -+ + ¢ = 20 + 2w. Under the conditions (4.1) and (4.3),
the functions 74(¢) depend on z; (and w). In what follows, we denote the hypergeometric
r-functions by 74 (z) instead of by 75 () for convenience. Also, we denote a function f(7(x)
(n € S) by f(n;z).

For each n € Z>o, we define the twelve functions K,(n;z) = Kl®) (z) by the following
“two-directional Casorati determinants”

Ko (n; 20 + 22716, z; 4+ 212=16)

zi—x;—(m—1)6 (1=1,2,3,4)



Hypergeometric 7-Functions of the ¢g-Painlevé System of Type Eél) 19

2m

:det(\p(bimvm+1*baaim’m+1ia))ab=1’

Kom+1 (n; w0 + md, z; + 36)

xlv—wlfm& (i=1,2,3,4)

:det(\IJ(b—m—1,m+1_b7a_m_17m+1_a))2m+1

a,b=1"

where W(m1, ma, m3, ma) = V(10; ) |;ma,4m:6 (i=1,2,3,4), and ¥(n; x) is the hypergeometric func-
tion multiplied by some normalization factors, introduced in Section 5.2 and 5.3. The first some
members of K, (n;x) are given as follows:

\1,24(3:) \1114(36)
UB(z) wi(z) |
UP5(x) Wi(x) Wis(2)
=| Ui(x) U(z) Ti(x) |,
UHi(z) Pi(x) P3i(x)

Ky(x) =1, Ki(z) =V(z), Ky (o + 56,2 + 16) = ‘

K (330 + 0, x; + %5)

zi—x;—0 (1=1,2,3,4)

where we omit the label n € S for simplicity, and \11;11’]; (x) = \IJ(SU)) 24 o348 (iig i) . By using
xj =T —6 (J=j1,-r)
Jacobi’s identity, one can easily see that each of the functions K, (n; x) satisfies the relation

K1 (;2) K5 (520 — 6, — 3)
= K2V (g0 — §,2 — §) K (50 — §,21 — §)
_KT(L14) (naxo_%7x1_ 5) n23) (7771.0_371.1_%)7
where qull-.-lr) (777 (I,‘) = Kn(n, .f) |55i'_’1'i+6 (1= 0enyir) -

Definition 6.1. For each n € Zxo, we define the twelve functions 7,(n;x) by 7,(n;2) =
Y (n;2) Ky, (n; x). The normalization factor Y, (n;z) = r(E®) (z) is given by

a; 1 —n —n
TP @) = Pl +1520) [ P (@it 2y +15%9)
1,j€C;1<g
Ao+ 1520) TT Aw (ot o+ 2508) T A (o + 20+ 1520
1,7€Ca; i< i€C,
X H By(xog+ 2 + x4 —w—nd)Be(xqg — 2 + (1 = n)d)Co(x0 + 224 — w — 2n0),
i€Cyq

where the functions Fy(x), A+(x), B+(x) and Ci(x) are introduced in Section 4. The factor
cn(x) is defined by

en(e) = (1) G T — 0 + Lol — 24+ L]

r=1

H $1+w2+ %1)5]T[373+m4+(r—"7“)5]r7

where I, (r = 1,2,...) is the subset of Z given by I, = {—r+1,—r+3,...,r — 3,7 — 1} and

[z + 18] = [ [« + k).
kel

Proposition 6.1. We have the following bilinear relation

21 — @) [23 — @)1 (m; 2)7S 22 (320 — 6,25 — §)
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1)
(20— $,2: — 3). (6.1)

This proposition is easily verified by noticing that the normalization factor Y, (n; x) satisfies
the relation

w1 — @) (w3 — 2] Yo (5 2) Y25 (my 0 — 6,2 — )
= e+ 30 o2 0~ 30] Y9 (0 — o~ ) THY (g5 s 3
= w2 + 24 — 36| [x1 + 23 — 5]T£L )( %,xifg)'fg)(n;xo Q,xzfg

13 . d
) (777 xo — 5, xl —

3\1\

= 21 + x4 — 58] [w2 + 33 — 36] 7 (24) (m; 0 — %,xi — g)

~for b1 = 30 o1+ = 6] 1 o~ o= )

—~

3

Definition 6.2. For each A, € M, (n € Z), we define the twelve functions 7, (7; x) by

TA, (17; l‘) =7, (77; T+ l(n)é),
l(()n) = (vo, An) + 1_?”7 lz(n) = (vi, An) + 17Tn (i € C), (6.2)

where the vectors v; are defined by vg = ¢ — e7g and v; = %eiig (1 € C) that correspond to the
variables x;.

We show below that the functions 7, (7;x) are precisely the hypergeometric 7-functions
on M,. As a preparation, let us define the action of W(Dél)) on the label set S = {(a,€)|a €
C,e==+1}.

Definition 6.3. We define the action of W(Dél)) on the label n = (a,€) € S as follows:

1. The label is invariant under the action of any translation.
2. The action of any permutation o € Sg is defined by o : (a; ) — (o(a); ).

3. Take two mutually distinct indices 4,5 € C. If a ¢ {i,7}, then s;57 : (a;£) — (a;£).
Otherwise, we have s;;7 : (a; %) — (b; F), where b is an index such that {a,b} = {i,j}.

4. The action of the central element w, is defined by w, : (a;£) — (a;F).
Theorem 6.1.

1. For eachn € S, the family of functions {Ta(1; @)} xcasB. satisfies all the bilinear equations
for the q-Painlevé system of type Eél) under the conditions (4.1) and (4.3).

2. For each n € Z, the action ofWN/(Dél)) on the set of functions {Tp, (n;x)|n € S, A, € M,}
is described by Ty A, (wW(N);x) = 77, (N;W(2)) for any w € W(Dél)).

Let us verify the first statement. We consider the bilinear equations
[e12](€34) 7L, 108 TLun 1 +2e0—e1—e2—es—es—es

= [e148 — m0][eass — MO|TL,, o+eo—ez—eaTLm.o+eo—e1—es

- [5248 - mé] [5138 - md]TLm,O+eO_el_e4TLm,0+eO_62_e3 (6'3>

and

[e12] [534]TLm,z+c+esg+e7TLm,o+c+2eo—e1 —ep—eg3—eq4—eg—egter
= [e148 — md][eass — MO|TL,, 1 +ctessoter Thm 1+ctersoter
- [5248 - md] [5138 - m(s]TLm,1+C+e149+e7TLm,1+c+6239+e77 (64)
where Ly, , = m(m + n)c+ megg (m € Z), which are of type (B)j,, and (B)5,,,, |, respectively.

Substituting (6.2), we see that these bilinear equations are satisfied thanks to (6.1).
In order to verify the second statement of Theorem 6.1, we use the following lemma.
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Lemma 6.1. Suppose that the functions s, ,(n;x) and Ta, (n;x) satisfy all the bilinear equa-
tions of type (D). and (C)_,, and that we have the relations Ty, ,(w(n);x) = 7a, , (n; w(x))
and Ty, (W(N);x) = Ta, (M w(x)) for any w € W(Dg). Then the function Ty, ., (n;x) deter-
mined by the bilinear equation (6.3) or (6.4) also satisfies Ty, (W(N);x) = T, ., (N;w(x)) for
any w € W (D).

Proof. From the assumption, we have the bilinear relations

(1 = wa]lws — 2alrf!® (s )7 (m; 2) + (1,2, 3)-cyelic = 0, (6.5)

s — ) [+ 25 = 210 Y (o = §, i = §) 7 (s ) + (3, 4,5)-eyelic = 0,

[x3 — 24] [xg + x5 — %16] TT(L£2134) (7]; o — %, T;— 4) 7795) (m;2) + (3,4,5)-cyclic =0, (6.6)
and the relations 7,—1(w(n);z) = Th—1(n;w(z)) and 7, (w(n);x) = T(n;w(x)) for any w €

W (Dg) = (s12, S23, S34, S45, S56, S127). What we have to do is to show that the function 7,41 (n; x)
determined by the recurrence relation (6.1) also satisfies

a1 (w(0); 2) = Tnpa (1; w(2)) (6.7)

for any w € W(Dg). It is obvious that we have (6.7) for w = s19, $34, S56 and s127 under the
assumption. Then, it is sufficient to verify (6.7) for w = sa3 and s45. Replacing z by & = so3(x)
in the recurrence relation (6.1), we get

P (w0 —b.2i — §)

= [21 4 24 — 0] [$2+$3 50 ] M (w0 — G — §) T (w0 — §, i —
n
2

— [x3+x4—75] [$1+$2 ] (14) (n;xo—%,xi—g) T

21 — 23] [0 — 2] 71 (m; T) 7"

where 77 = s93(). Then, the bilinear equation (6.5) yields 7,41(7;2) = Th41(n; z). Similarly,
replacing x by T = s45(z) in the recurrence relation (6.1), we get

(1 — ][5 — sl (D)5 (70 — 6.1 — )
= [21 + a5 — 26] [w2 + a3 — 20] (%) (Frwo — S, — ) 71 (w0 — S, — 3)
— (w2 + 25 — 26) [w1 + w3 — 26] 10 (Frwo — §, i — §) 7P (Frwo — §.mi — ),
where 77 = s45(n). From the bilinear relations (6.6), we get 7,11 (7; ) = Tny1(0; T). [

We already have 7y.aq(w(n);z) = 7a,(m;w(z)) and 7y, (w(n);z) = 74, (n;w(z)) for any
w € W(Dg) from Theorems 4.1 and 5.2. Also, these functions satisfy all the bilinear equations
of type (C)j and (D)} from Theorem 5.3. Then we have 7, z,(w(n); ) = 7a,(n; w(z)) for any
w € W(Dél)) from Lemma 6.1. Applying Propositions 3.2, 3.3 and 3.4 repeatedly, we can verify
the second statement of Theorem 6.1.

With respect to the system of g-difference equations (1.1), one can get the explicit expression
for the hypergeometric solutions in terms of the functions 7,(n; z) introduced in Definition 6.1.
When the label n € S is fixed, one can express b; (i = 1,2,...,8) and ¢ in terms of the parameters
of the g-hypergeometric function gW5. For instance, in the case of n = (6;4) € S, we have the
following.

Corollary 6.1. Define the functions fn(x) and g,(x) by

fula) = (@1045> HanN@ ( 10205 )” ! 1/2 Nyn(2)

ajasasg Df n(l’) qapa4as ng(x)
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with
Nin(x) = (a1/az)"/*7] ( — 36,mi + )77(112) (xo + 36,2, —9)
(03/a1 ¥ (w0 — 26,2 + 2) 7% (o + 26,2, — 3),
Dy () = (a1 /az)"/ ,&3 (20— B+ 8) (0 36,2, — 9)
— (ag/a)V* 71 (zo — 36,25 + 8) 712 (wo + 36,2, — 9),
Ng,n(l‘) — (G2/a3 1/4 [3] zo — 35 T + ) 77‘13) (ZEO + 5 T — %)
(a3 2 (0 — 38,21+ 8) 702 (w + §0,2 ).
Dgn(x) = a2/@3)1/477[12} (370 - %5, T+ Z) 77(112) (a:o + %5, Ti — %)

- (a3/a2)1/47-7[z3} (xo - %5, T+ g) T,(L13) (:CQ + %5, T; — %) ,

where ag,ai,...,as are the parameters of the hypergeometric function sWr(ag; a1, ..., as;q, 2)
defined by (5.1), quzm)(x) = To(®)|zyswi6 (i=ir io) 0N TH( ) = (@) |ojom;—s- Let bip (i =

1,2,...,8) be the parameters defined by
bin = —q" a3 (apasas) /4, bon = —q"*ay** (agazas) /4,
bsn = —q"/ a5 (apazas) /4, bin = —q"4ay* (azaqa5)'*,
bs.n = —q"/*(a1a2)*(apazasas)'’*, bon = —¢*/ 10y * (a1a2) "2 (azasa5) "3/,
brp = —q"/2*3/4a0_3/4(a1a2)1/2(a3a4a5)1/4, b, = _qfn/273/4a0 3/4(a1a2)1/2(a3a4a5)1/4

and t = (a1/a2)V?. Then, f = fn(z) and g = gn(x) with b; = bin give rise to a solution of the
system of q-difference equations (1.1).

A The g-Painlevé system of type E;l)

A.1 Point configurations and Cremona transformations

As mentioned in Section 2, the ¢-Painlevé system of type Eél) is a discrete dynamical system
defined on a family of rational surfaces parameterized by nine-point configurations on P? such
that six points among them are on a conic C' and other three are on a line L [17]. In this section,
we set p1, p2, P4, s, Pe, P7 € C and p3, ps,pg € L so that the standard Cremona transformation
with respect to (p1, p2, p3) is well-defined as a birational action on the configuration space. One
can parameterize the configuration space by [17, 9]

1 1 —u3 1 1 1 1 —ug —ug z
X = Uy U2 0 ug U5 Ug U7 0 0 €T 5
2,2 2 .2 2 2
uip wy; 1wy up ug us 1 1 3

where uy,us, ..., ug are parameters satisfying ujus ---ug = ¢~ (¢ € C*) and the tenth column
denotes the coordinates of a general point on P2. The symmetric group 660 x &L with 68 =
(519, 524, 545, 556, S67) and &L = (s3g, s39) naturally acts on the space as o(uj) = ug(; for any
o€ Gg X 6%.

Let us normalize X by an action of GL3(C) as

1 0 0 wisg ul Y1
Y=101 0 wugy U9 Yo
0 0 1 wusgy u39 Y3
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The coordinates u;; can be expressed by

Lo w ) (=1,2,4,5,6,7), 1)
1) . .
Tl vty) (=389,
where y¢ (u) and y(u) are defined by
(ug — u)(1 — ugusu) (ug — u)(1 — uyusu)
YT (u) = cys(u) = :
(UQ — ul)(l — U1U2’LL3) (u1 — UZ)(l — U1U2U3)
Uy —u)lua — U
oS () = {2 =)
(1 — U1UQU3)
and
I ug(ug — u) I ui(ug — u)
= N u) = s
yl ( ) (U2 — ul)(l — U1UQU3) y2 ( ) (u1 — ’LLQ)(l — ’LL1U2U3)
1 —uugu
Lo~ 1U2
Ys (u) N 1-— U1U2U3’
respectively. We further normalize X (or Y') by an action of PGL3(C) as
1 0 01 vz ... vig =1
7 = 01011}25 ... V29 292 s
o011 1 ... 1 1
where the coordinates v;; and z; are expressed by
v = oAt BT 90 5= 5,6,7,8,9). (A.2)
Ujq U3 Uiq Y3

The action of the standard Cremona transformation with respect to (p1,p2,p3), denoted by sjo3,
on these variables is given by si23(v;;) = 1/v;; and s123(2;) = 1/%. This transformation
together with the symmetric group Gg X 6% generates the affine Weyl group W(Egl)) =
(812, S24, S45, S56, S67, S38, S89, S123) associated with the Dynkin diagram

€12

€89 €38 €123 €24 €45 €56 €67

In this realization of W(Eél)) C W(Eél)) = (812,523, ..., 889, S123), the automorphism of the
above Dynkin diagram can be expressed by m = s124 S35 Sg8 S79. The action of the extended
affine Weyl group W(E§1)) = (812, S24, S45, S56, S67, S38, S89, S123, T) on the configuration space is
given by

Z1 — U Z9 — U
s12(21) = 22, s12(22) = 21, s3g(z1) = =——2, s3g(z) = 222,
1—vig 1 — vog
1 1 29 — 21 z2
e p— = — = = A.3
8123(21) 7 s5123(22) P 824(21) y— 1 824(32) 29— 1’ ( )
21 z2
s45(21) = —, S45(22) = —
45(21) o 15(22) o
and
(o) = SRR (1 =89,6,7 for j=6,7.89), m(z)= (A4)
Vi — 1 zi —1
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for ¢ = 1,2. From this representation, we obtain a family of functional equations

w(vj) = ng(v), w(z;) = R (v; 2) (A.5)

for each w € W(Eél)), where Sj7(v) and Rj’(v; z) are some rational functions.
Let us introduce the variables ¢; = e(e;) (1 = 0,1, ...,9), where ¢; are the coordinate functions
introduced in Section 2, and suppose that the parameters uy, ..., ug are expressed by u; = ¢;/cj

(j = 1,2,4,5,6,7) and u; = cj/c§ (j = 3,8,9) with 2r + s = 1. Then, y¢(u) and yX(u) are
expressed by

(1 —=1t/c1)(1 = crest/co)
(1 —co/c1)(1 —creacs/co)’

(1 —1t/c2)(1 — caest/co)
(1 —c1/e2)(1 — creac3/co)’
crea(l1 —t/e1)(1 —t/ca)

2" (1 — creaes/co)

vy (t/ch) = ys (t/c) =

v (t/cp) = (A.6)

and

03(1 — t/Cg)
(1 —c1/ca)(1 — creacs/co)’
1-— Clcgt/CO
1-— 010263/00’

03(1 — t/Cg)
(1 —cafc1)(1 — creacs/co)’

(A7)

yr(t/c) = vz (t/c}) =
vz (t/c5) =

respectively. These expressions with (A.1) and (A.2) give us

ur — ug)(1 — ugugu,

V15 =
J 1 — uguzuag)(ug — uj

ug — ug)(1 — urugu;

1 — uiugug)(ug — u;

(A.8)

( ) _
( )~
| ) _
A )~

for j =5,6,7 and

up(uy — ug)(ug — uy) [e14][
(1 — uguzug) (1 — uruguy)  [e34][€125]

)( Il

(1 Il

Ulj =

1}2]' =

uy (ug — ua)(uz — uy) [e24][e3] (A.9)

(1 — U1U3'LL4) — uw2u] [6134 512j]

for j = 8,9. We find that these expressions satisfy w(v;;)(e) = v;j(w(e)) for any w € ’WV(ES)),
namely (A.8) and (A.9) give a solution to the first equation of (A.5). Also, we see that the
functions

le14] [e123 + €1 — ] _ le2d] [er23 + €2 — 1]

<1 = [€234] [e1 —t] [€134] 2 — 8] (A.10)
and
_ [e1d] [es — 1] 2] le5 — 1]
 leasdl [eros + 5 — 1] =T [e134] [€123 + €3 — 1] (A.11)

satisfy zj(w(e);t) = R{(e;z(e;t)) for any w € W(EQ) This means that each of (A.10)
and (A.11) provides a one-parameter family of solutions to the second equation of (A.5). These
solutions will be called the canonical solution, which correspond to the vertical solution in the
context of the differential Painlevé equations.
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A.2 The lattice 7-functions and the bilinear equations

Here, we introduce a framework of the lattice 7-functions and show that the action of the
extended affine Weyl group ’W(Eél)) is transformed into the bilinear equations for the lattice
T-functions.

Recall that the lattice T-functions for the discrete Painlevé system of type Eél) are indexed

by Ae M = W(Eél)) er={AeL|(AA) =1, (¢c,A) = —1} [8]. Let us decompose the central
element ¢ = 3eg —e; — ey — - -+ — eg into two irreducible components by [17]

DC:280—81—82—84—65—86—87,

=D D
‘ c+PL {DL260—63—68—69

corresponding to the conic C' and the line L. Then, we have two W(Eél))—orbits
MC ={A e M|(De,A) = ~1, (D, A) =0} = W(EM) ey,
MY = {A e M|(Dg,A) =0, (Dp,A) = =1} = W(EM) e,

which are transformed by the action of the Dynkin diagram automorphism = € W(Eél) ) to each
other. Hereafter, we consider the lattice 7-functions 75 for A € M*7 = MC [ MF = W(Eél))el,

on which the action of w € fWV(Eél)) is defined by w(7p) = Tw.A.-
Suppose that the variables y; are expressed by

y TegTez Teg—es—e3 y Te1TezTeg—eq —e3 y Te1Teg Teg—e1—en
N ’ Noy ’ N3 ’
where the normalization factors N1, Ny and N3 are certain functions of ¢; (i = 0,1,...,9).

Denote the 7-functions for the canonical solution on the conic C by mz|c (A € MF7);

C _ 7—92|C7—63’0780—€2—e3‘0 c _ Tey ’0763‘07—80—81—63’0
U1 N, ) 2 N, )
yC _ Te1|C7—62|CTeo—61—62|C

Comparing this expression with (A.6) and (A.7), one can assume that the 7-functions for the
canonical solutions on C' and L are expressed by

Tolo = (1—e(t—¢j))elag;) (j=1,2,4,5,6,7),
J e(Be;) (j =3.8,9),

and

ol _{ e(fe;) (j=1,2,4,5,6,7),
T (L —et—e)))elag;) (G =3.8,9),

respectively, so that the canonical solutions yzc and yZL are transformed by the action of the
Dynkin diagram automorphism 7 to each other. These requirements lead us tor =1/4, s =1/2

and f = a — 1/2, and we get N = —cg_l/zcl [e12][e123], N2 = 08_1/202[512][5123] and N3 =
a—1/2 1/2
CO 63 [8123].

Let us introduce the variables f; (i = 1,2,3) by f1 = M, fa = Teo—er=es g f3 =

e 7—(32
Teo—er—ez Then, the inhomogeneous coordinates z; and zo are expressed by
Tes
., = lend] ho - [e24] f2. (A.12)
[e234] f3 [e134] f3
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From (A.3), (A.4) and (A.12), one thus obtain a realization of the extended affine Weyl group
W(Egl)) as a group of birational transformations.

Theorem A.1. The action ofW(Egl)) on the variables (f1, fo, f3) and (Tey, . .., Teg) is given by

0(Te;) = Te (0 € 6§ x &%),
8123(7'e1) :Telflv 5123(7'«32) :Tesza 5123(7'e3) :Tegf?)a
s12(f1) = fo, s12(f2) = f1,

sss(f1) = <2 [£126] f1 = [esslfs [e128] f2 — [e38] f3

: s38(f3) = s f,

) 838(f2) = @

Tes [e123] Tes [e123] Tes
s123(f1) = J}f 5123(f2) = flz, s123(f3) = ;37
saa(f1) = 2 uallewsilfr — o) [6234]f2, saa(fa) = 2 fo,
Tey le12][e123] Tey
 Tey [€134]f3 — [€24] f2
s24(f3) = Tt B ,
and
() = TeyTes —|€14)f1 + [€234] f3 r(7e,) = TeyTes —|€24) f2 + [€134) f3
o Tey [£123] ’ “ Tes [e123]
77(7-63) = Tes 77(7—64) = Tesf?n 71-(7-65) = Tes
71—(7-66) = Teg) 77(7—67) = Teg 71—(7—68) = Teg» 77(7_69) = Ters
_ Tey [€15]f1 — [E235] 3 _ Tey [€25]f2 — [e135] 3 _ Tes
m(f) = Tes [€14) f1 — [€234] f3' m(f2) = Tes [€24] f2 — [€134] f3' m(fs) = Tes

These give rise to a representation of W(Eél))

From this theorem, we immediately obtain the bilinear equations (2.2) and (2.3) for mutually
distinct indices i, 7, k,l € {1,2,4,5,6,7} and r,s € {3,8,9}.

B Another representation

In this section we again set C' = {1,2,3,4,5,6} and L = {7,8,9}. The lattice T-functions 7
(A € MP7) for the g-Painlevé system of type Eél) satisfy the following bilinear equations

[5rs]7—ej7_eofe¢fej = [Eijs]TeTTeofeifer - [5ijr]7—es7—eofeifesa

[5]'19]7—%7—60*61'*% = [5ikr]7—ej7—60*e¢*ej - [SijT]TekTEO*ei*ek7 (B'l)
and

[5ij”5ijr]7—ek7—eofekfer =+ (i,j, k:)—cyclic =0,

[&Lj] [Ekl]Teo—ei—e]'Teo—ek—el + (ia jv k)_CyChC = O,

where 4, j,k,l € C and 1, s € L.

As discussed in [8, 11], when A = deg —v1e1 — - - - — vgeg, the T-function 7, is characterized by
a homogeneous polynomial of degree d in the homogeneous coordinates of P? which has a zero
of multiplicity > v; at p; for each j = 1,...,9. From this geometric consideration, we find that

we have the following bilinear equation

Te; Teg—e;—eg — Te;jTeg—ej—eg T [eij][€i0] AL TerTes =0 (B.2)



Hypergeometric 7-Functions of the ¢g-Painlevé System of Type Eél) 27

for ¢,7 € C', which associates with the line passing through the point pg. The factor dj, corre-
sponds to the irreducible component of the anti-canonical devisor Dj, = ey — e7 — eg — eg, and is
invariant under the action of W(Eél)). The action of the Dynkin diagram automorphism 7 on

this bilinear equation gives us the second equation in (2.4) with do = 7(dp).

One can get another representation W(Eél)) for the T-variables, by using the bilinear equa-
tions (B.1) and (B.2).

Theorem B.1. Let us introduce the variables o and o by

6(i523)7637'eo—e1—e3 - e(_%€23)7—627-e()—61—e2

g = dr s
[£23]
5—d e(i523)7627-eo—e1—e2 - e(_%523)763760—e1—63
l [523] )

where the factors d; and d, are given by d; = e (1—16041 — Tlﬁozr) and d, = d;l with oy = 3e127 +
2e78 + €89 and o = 3e34 + 2e45 + €56. Then, the action of W(Eél)) on the variables Te,, Te,,
Tess Tegs Ters Tegs Tegs Teg—ei—eqs O and 0 is described as follows:

589 ¢ Teg < Teg, S78 1 Tey < Teg» 5127 ¢ Te; <7 Teg—eq—ens
534 1 Teg <7 Tey, S45 1 Tey < Tes» 556 © Tes < Tegs
— _1~
e(—i523) d-lo + e(iagg) d,"o
523(Teg) = ;
Teg—e1—en
1 —1 1 —1~
6(1523) dr 0’+6(*1623) dl o
323(Te0—e1—e2) = y (B3>
7-63
1 1
e(_1512)7—677—687697-60—81—62 + 6(1512)7'637'e47'e57'e6
312(0_) = ~ ;
g
1 1
~ 6(1612)7—677—687—697—e0—91—82 + e(_1512)7—e37—e47—e57—e6
s12(0) = ; (B.4)
g
([ 7—63 — 7—607617627 7-64 — 7—677 Te5 g Tega 7-66 — 7—697 g < 0.

(1))'

These also give rise to another representation of W(E}

Proof. We immediately get (B.3) from the definition of o and 7. It is easy to see that o and &
are invariant under the action of sgg, S78, S127, S23, S34, S45 and sz¢. The bilinear equations (B.1)
and (B.2) yield

[6 (i623) TesTeg—e1—eg — € (_%623) TegTeO—el—eg]
X [6 (%513) Te3Teg—ep—e3z — € (_i&—l:ﬂ) TelTeofelfez}
= [e13][e23] [6 (_%612) TerTes Teg Teg—e1—ez T € (%512) 7—637_647_657-66] )

from which we get the first equation of (B.4). Since we see that 7 : o <> & by the definition, we
immediately get the second equation of (B.4). |

Note that this representation coincides with that constructed by Tsuda [18]. The above
theorem gives us the following proposition.

Proposition B.1. Define the variables f and g by

f o §e(%512)7_677_es7-697-60761762 + e(_%512)7837_e47_657_e6 g=

1 1 )
g e(_1512)7877—687-697-60—61—62 + 6(1512)Te37'e47'e57'e6

Q™



28 T. Masuda

Then, the action of W(Eél)) on these variables is described by

1 1
2: feg, Wﬁf’—>?, 9'—’57 so3: frh,

where h is a rational function determined by

h+d2 ( 612) f+d2 ( 613) g—i—dlz (—%523)

. (B.5)
h+de(—3e1s) [+ de(—Lers) g+ dPe(less)
Note that the variable f can be expressed by
= d2 (111613)7}17'&30 e1—ey 6(7%613)7-637-60*32*63’ (B_6>

1
€(7€13)Te3Tep—ea—es — e(_1513)7_617-eo—el—ez

and h = s13(g).

C A derivation of the difference equations

By writing down the action of the translation operator 151 € W(Egl)) on the variables f and g,
we will get the system of g-difference equations (1.1). Hereafter, we denote the time evolution
of a variable by T = Ty (x) and z = T,,'(x). Let us introduce the transformation u by
[ = S12523514751585169- 1t is easy to see that T = uz and p(g) = f. We also introduce the
auxiliary variables k = so47(h) and | = sa55(k). Note that we have g = s969(l).

Lemma C.1. We have

[+ die(—3e13) f/g—e(—%é?u) f/h —e(—3e23)

f+die(3eis)  flg+e(—3e12) f/h—e(3es)

[+ dikare(—ge0a7)  f/h —e(3e23) f/k — e(—5e347)
f+ B rae(Seanr)  f/h—e(—3e23) f/k—e(3esr)

[+ dPrsse(—%eas8)  f/k—e(fesar) f/l— e(—3e3a7 — 56058)

f+ drsse(beass)  f/k—e(—3esar) f/1— e(besar + seass)
[+ dirgoe(—3ea60)  f/l—e(3esar + 3e058) [/g—e(—3(e12+ 5))
f+ dPrege(Sea60)  f/l—e(—%esar — deass) f/G—e(3(c12+9))

Proof. The first equation is reduced to (B.5). The other expressions can be rewritten as

[+ d?rare(—3e247) h+ dikare(3esar) k+ dikare(—3e23)
f+ d /<a47e( £947) h+d%/€47€(—%6347) k —|—d2/£47e( €93)
f 4 d?rsse(—3e058) b+ dirsse(3e3a7 + 2e958) |+ dPrsse(—3e347)
f+d H586( £958) k + dl2l€5g€(—%8347 — Zeoss) L+ d? /41586( £347)
f+ d?rege(—3e269) 1+ direoe(3(c12 +0)) G+ direoe(—3e34r — 3e258)
[+ @rege(ea60) |+ dPrgge(—%(g12 +0)) G+ d?rege(esar + 5e258)

=1,

=1,

=1, (C.1)

1 1 1 1 1 1
where Ra7 = 6(5634 - 56127), K58 — 6(5835 — 58128) and K9 — 6(5636 - 56129). From the
expressions (B.6), we get

f+ d?rare(—3eour) 1
= e (—3e247

) TerTeg—ea—er
f + d /’6476( 5247) TesTeg—eg—ey
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By applying s13s12 and so47 successively, we also get

h + d%/ﬁ476(l€347)

TeisTen—ea—
1 €4 '€p0—€3—€4
= e (fegqy) 0
2 2 ’
h + dl Kare(— 25347) TezTeg—ez—er
2
k+ dl 5476(_*523) . ( 1 ) Teg—ea—eq Teg—e3—er
kot d B !
5476( 523) Teg—ez—erTeg—e3—eq

and then the first equation of (C.1). The second and third equations of (C.1) can be obtained
by a similar way. |

The above lemma immediately gives us

fg—e(3e12) fg—e(3(e12+0))

fg—e(—3e12) f7— e(—3(c12 +0))
f+die(3e13) [+ dirare(ieaar) [+ dinsse(3eass) [+ direge(ea)
f + dl e(— 5513) f+ dl2f£47€(—§€247) f+ dl21€586(—%€258) f+ dl 143696(—58269)’

where we replace g with 1/g. Applying u~! to the above equation, we also get
fg—e(=3(12 = 9)) fg — e(—3¢12)
fg—e(3(e12=9)) fg—e(ze12)
gt dle(3en) g+ d%ﬁl (3e147) g+ dinsge(zeiss) g+ dikgy e(5e160)
g+ d2e(—%eas) g+ A2y e(—Se1ar) g + d2hing e(—3e1s8) g + dPhgy e(—3E160)

Let us introduce the parameters b; (i = 1,2,...,8) and the independent variable ¢ by

b1 = —¢"/Bdle (1(e13 +e23)) by = —¢"/3dle (1(c1a + e24) + Lesa)

by = —q"/dfe (L(e15 + eo5) + Le3s) by = —q"/3dle ((c16 + e26) + Lese)

by = —q"/8die (—L(e13 + €23)) bg = —q"/8dPe (—L(erar + easr) — te1ar)
br = —¢"/dle (—(e13s + €238) — Se138) . bs = —q/Bdfe (—1(e139 + £239) — Se129)

and t = e( %612), respectively. Replacing the dependent variables f and g with ¢~ /8¢=/2f and
¢'/3t1/2g, respectively, we get the system of difference equations (1.1).

Acknowledgements

The author would like to express his sincere thanks to Professors M. Noumi and Y. Yamada
for valuable discussions and comments. Especially, he owes initial steps of this work, including
the formulation by means of the lattice 7-functions and the bilinear equations, to discussions
with them. The author would also thank Professors K. Kajiwara and Y. Ohta for stimulating
discussions.

References

[1] Gasper G., Rahman M., Basic hypergeometric series, 2nd ed., Encyclopedia of Mathematics and Its Appli-
cations, Vol. 96, Cambridge University Press, Cambridge, 2004.

[2] Gupta D.P., Masson D.R., Contiguous relations, continued fractions and orthogonality, Trans. Amer. Math.
Soc. 350 (1998), 769-808, math.CA /9511218.

[3] Hamamoto T., Kajiwara K., Hypergeometric solutions to the g-Painlevé equation of type Ail), J. Phys. A:
Math. Theor. 40 (2007), 12509-12524, nlin.SI/0701001.


http://arxiv.org/abs/math.CA/9511218
http://arxiv.org/abs/nlin.SI/0701001

T. Masuda

Hamamoto T., Kajiwara K., Witte N.S., Hypergeometric solutions to the ¢g-Painlevé equation of type (41 +
AW | Int. Math. Res. Not. 2006 (2006), Art. ID 84619, 26 pages, nlin.SI/0607065.

Ismail M.E.H., Rahman M., The associated Askey—Wilson polynomials, Trans. Amer. Math. Soc. 328 (1991),
201-237.

Kac V.G., Infinite-dimensional Lie algebras, 3rd ed., Cambridge University Press, Cambridge, 1990.

Kajiwara K., Kimura K., On a g¢-difference Painlevé III equation. I. Derivation, symmetry and Riccati type
solutions, J. Nonlinear Math. Phys. 10 (2003), 86—-102, nlin.SI/0205019.

Kajiwara K., Masuda T., Noumi M., Ohta Y., Yamada Y., 10 F9 solutions to the elliptic Painlevé equation,
J. Phys. A: Math. Gen. 36 (2003), L263-272, nlin.SI/0303032.

Kajiwara K., Masuda T., Noumi M., Ohta Y., Yamada Y., Hypergeometric solutions to the ¢-Painlevé
equations, Int. Math. Res. Not. 2004 (2004), no. 47, 2497-2521, nlin.SI/0403036.

Kajiwara K., Masuda T., Noumi M., Ohta Y., Yamada Y., Construction of hypergeometric solutions to the
g-Painlevé equations, Int. Math. Res. Not. 2005 (2005), no. 24, 1439-1463, nlin.SI/0501051.

Kajiwara K., Masuda T., Noumi M., Ohta Y., Yamada Y., Point configurations, Cremona transformations
and the elliptic difference Painlevé equation, in Théories asymptotiques et équations de Painlevé, Seminaires
et Congres Editors E. Delabaere et al., Sémin. Congr., Vol. 14, Soc. Math. France, Paris, 2006, 169—-198,
nlin.S1/0411003.

Kajiwara K., Noumi M., Yamada Y., A study on the fourth g-Painlevé equation, J. Phys. A: Math. Gen.
34 (2001), 8563-8581, nlin.SI/0012063.

Lievens S., Van der Jeugt J., Invariance groups of three term transformations for basic hypergeometric series,
J. Comput. Appl. Math. 197 (2006), 1-14.

Masuda T., Hypergeometric 7-functions of the g-Painlevé system of type Eél), Preprint 2009-12, Kyushu
University, 2009.

Ramani A., Grammaticos B., Tamizhmani T., Tamizhmani K.M., Special function solutions of the discrete
Painlevé equations, Comp. Math. Appl. 42 (2001), 603—614.

Sakai H., Casorati determinant solutions for the ¢-difference sixth Painlevé equation, Nonlinearity 11 (1998),
823-833.

Sakai H., Rational surfaces associated with affine root systems and geometry of the Painlevé equations,
Comm. Math. Phys. 220 (2001), 165-229.

Tsuda T., Tropical Weyl group action via point configurations and 7-functions of the ¢g-Painlevé equations,
Lett. Math. Phys. 77 (2006), 21-30.


http://arxiv.org/abs/nlin.SI/0607065
http://arxiv.org/abs/nlin.SI/0205019
http://arxiv.org/abs/nlin.SI/0303032
http://arxiv.org/abs/nlin.SI/0403036
http://arxiv.org/abs/nlin.SI/0501051
http://arxiv.org/abs/nlin.SI/0411003
http://arxiv.org/abs/nlin.SI/0012063

	1 Introduction
	2 The q-Painlevé system of type E_7^{(1)}
	2.1 The discrete Painlevé system of type E_8^{(1)}
	2.2 The q-Painlevé system of type E_7^{(1)}

	3 A family of six-dimensional lattices and the bilinear equations
	4 The construction of the \tau-functions on M_0
	5 The construction of the \tau-functions on M_1
	5.1 The q-hypergeometric function {}_8W_7 and its transformation formula
	5.2 The contiguity relations for {}_8W_7
	5.3 Twelve solutions
	5.4 The \tau-functions on M_1

	6 A determinant formula for the hypergeometric \tau-functions
	A The q-Painlevé system of type E_7^{(1)}
	A.1 Point configurations and Cremona transformations
	A.2 The lattice \tau-functions and the bilinear equations

	B Another representation
	C A derivation of the difference equations
	References

