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Abstract. The recursion relations of branching coefficients £Y for a module L*”, . reduced
to a Cartan subalgebra b are transformed in order to place the recursion shifts v € T'qcy
into the fundamental Weyl chamber. The new ensembles F'¥U (the “folded fans”) of shifts
were constructed and the corresponding recursion properties for the weights belonging to the
fundamental Weyl chamber were formulated. Being considered simultaneously for the set
of string functions (corresponding to the same congruence class Z, of modules) the system
of recursion relations constitute an equation M(Ei)mé‘u) = 6&) where the operator M(J) is

an invertible matrix whose elements are defined by the coordinates and multiplicities of
the shift weights in the folded fans F'¥ and the components of the vector m‘(‘u) are the

string function coefficients for L* enlisted up to an arbitrary fixed grade u. The examples

are presented where the string functions for modules of g = Agl) are explicitly constructed
demonstrating that the set of folded fans provides a compact and effective tool to study the
integrable highest weight modules.
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1 Introduction

We consider integrable modules L* with the highest weight p for affine Lie algebra g and
are especially interested in the properties of the string functions related to L*. String func-
tions and branching coefficients of the affine Lie algebras arise in the computation of the local
state probabilities for solvable models on square lattice [1]. Irreducible highest weight modules
with dominant integral weights appear also in application of the quantum inverse scattering
method [2] where solvable spin chains are studied in the framework of the AdS/CFT correspon-
dence conjecture of the super-string theory (see [3, 4] and references therein).

There are different ways to deal with string functions. One can use the BGG resolution [5]
(for Kac-Moody algebras the algorithm is described in [6, 7]), the Schur function series [8], the
BRST cohomology [9], Kac—Peterson formulas [6] or the combinatorial methods applied in [10].

Here we want to develop a new description for string functions by applying the recursive
formulas for weight multiplicities and branching coefficients obtained in [11].

*This paper is a contribution to the Special Issue on Kac—-Moody Algebras and Applications. The full collection
is available at http://www.emis.de/journals/SIGMA /Kac-Moody_algebras.html
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It was proved in [6] that for simply laced or twisted affine Lie algebra and integrable modu-
le L* with the highest weight p of level 1 the string function is unique:

_5 B
B 1:[ —end mult(né)

so that the corresponding formal character ch (L*) can be easily written down provided the set
max () of maximal weights for L* is known:

e (1) = o (e~4) 3 vt (5 i) W

aeM

with

Zo) for untwisted algebras or A2
% 2r
M:=¢ =1,
Z:l Zo; for A2 and A # Agi)

(see also Corollary 2.1.6 in [12]). Comparing this expression with the Weyl-Kac formula

R R

weWw

where the character can be treated as generated by the denominator % acting on the set of

singular vectors U = 7 ¢(w)e?°(#+P)=P of the module L* we see that in the relation (1)
weW
both factors on the right hand side are simplified: singular weights are substituted by the

maximal ones and instead of the factor % the string function o, (6_5) is applied.
In this paper we shall demonstrate that similar transformations can be defined when the
level k (u) is arbitrary. To find these transformations we use the recursion properties of branching

coefficients k" for the reduced module L* . Where the subalgebraa has the same rank as g:

r(a) = r(g). These properties are formulated in [11] in terms of relations

Y= 37 sEEL + D €(w) S mowoutp)-n)»

'Yeracg weW

where 7, is the projection to the weight space of a and I'qc4 is the fan of the injection a — g,
that is the set of vectors defined by the relation

1— H (1 _ e,a)mult(a)fmulta(a) _ Z s (7) .

a€(maoAt) Y€lacy

(W)

(with s (y) # 0). In particular when a is a Cartan subalgebra b of g the coefficients k. are

—

just the multiplicities of the weights of L# and the corresponding fan I'y4 coincides with w0 —
the set of singular weights ¢ € P for the module L°. -

In Section 3 we demonstrate that this set can be “folded” W(®) — FW¥ so that the new
shifts (the vectors of the folded fan) fi € F'W¥ connect only the weights in the closure of the
fundamental Weyl chamber while the recursive property survives in a new form. Thus the recur-
sive relations are obtained for the coefficients of the string functions for the modules L% whose
highest weights §; belong to the same congruence class Z.,. When these relations are applied
simultaneously to the set of string functions located in the main Weyl chamber (Section 4) this
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results in the system of linear equations for the string function coefficients (collected in the

(W) oy ol

. * . ) — l'L —
vectors m(&u)). This system can be written in a compact form M(u)m(u) = 5(u) where the ope

rator M ) is a matrix whose elements are composed by the multiplicities of weights in the folded

fans F'W. The set is solvable and the solution — the vector m’(fu) — defines the string functions

for L* up to an arbitrary minimal grade u. In the Section 5 some examples are presented where
)

The set of folded fans provides a compact and effective method to construct the string
functions.

the string functions for modules of g = Agl are explicitly constructed.

2 Basic definitions and relations

Consider the affine Lie algebra g with the underlying finite-dimensional subalgebra E;
The following notation will be used:
L* — the integrable module of g with the highest weight u;
r — the rank of the algebra g;
A — the root system;
AT — the positive root system for g;
mult () — the multiplicity of the root o in A;

[e)

A — the finite root system of the subalgebra E;;
N*# — the weight diagram of L#;

W — the corresponding Weyl group;

C© — the fundamental Weyl chamber;

p — the Weyl vector;

€ (w) :=det (w), w € W;

«; — the i-th simple root for g, i =0,...,7;

0 — the imaginary root of g;

« — the simple coroot for g, i =0,...,7;
o

¢ — the finite (classical) part of the weight £ € P;

A= (/\; k; n) — the decomposition of an affine weight indicating the finite part A, level k£ and
grade n;

C’,E:O) — the intersection of the closure of the fundamental Weyl chamber C(?) with the plane
with fixed level k = const;

P — the weight lattice;

@ — the root lattice;

p
> Zoy for untwisted algebras or Aéi),

M = =1 ;

> Za; for A2 and A + Ag?,

i=1
& — the group algebra of the group P;

2
0, = e—%é > ete°X _ the classical theta-function;
aceM
Ay = D €(s5)Os0n;
seW

2 | |2

\:[J(ﬂ) = 6%6 - pAﬂ+p =e H;kp o= p Z e(s)gso(u-ﬂl) =

o
seW

= 3 e(w)e?°tP) =P  the singular weight element for the g-module L*;
weW
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\17(;) — the set of singular weights ¢ € P for the module L# with the coordinates

(¥, ke (w (¥))) |pmw(w)o(usp)—p (this set is similar to P () in [7]);
mé“ ) the multiplicity of the weight £ € P in the module L*;

ch (L") — the formal character of L*;
> 6(w)ewowﬂ»)—p

ch (LM) = wT_IW (@) = ‘;ES) the Weyl-Kac formula;
—e
acAt
R:= 1] 1- e‘o‘)mult(a) = ¥ — the denominator;
aEAT

max () — the set of maximal weights of L#;

( ) = Z m 5 " 6)q — the string function through the maximal weight &.

3 Folding a fan

The generalized Racah formula for weight multiplicities mé“ ) (with £ € P) in integrable highest
weight modules L (g) (see [13] for a finite dimensional variant),

() _
m; - Z e(w)m E (wOp p T Z W)0(wo(putp)—p) > (2)
weW\e weW

can be obtained as a special case of developed in [11] (see also [14]) branching algorithm for
affme Lie algebras. To apply this formula (2) we must determine two sets of singular weights

0 for the module L* and 0 for LY. (As it was indicated in the Introduction the set 10
coincides with the fan I'yy of the injection h — g of the Cartan subalgebra b in the Lie
algebra g.)

Our main idea is to contract the set W(%) (the fan I'ycgy) into the closure C(©) of the funda-
mental Weyl chamber C'(®). We shall use the set max(u) of maximal weights of L* (g) instead

of W), And as a result we shall find the possibility to solve the relations based on the recur-
rence properties of weight multiplicities, to obtain the explicit expressions for the string functions

UgEmax( and thus to describe the module L*.
®)

Consider the module L* (g) of level k: p = (,101, k;0). Let C’,g(_]g be the intersection of C’,go) with
the plane § = 0, that is the “classical” part of the closure of the affine Weyl chamber at level k.
To each £ € P attribute a representative we € W of the class of transformations

we € W/We,  Wer={weW|wof=¢},

bringing the weight £ into the chamber C,go)

{wgoge(f {GP'UJ&EW/W&}

Fix such representatives for each shifted vector ¢ (§,w) =& — (w o p — p). The set

{wqﬁ(f,w) ’ We(g,w) © ¢ (57 w) € C]gO)}v

is in one-to-one correspondence with the set {¢ (£, w)} of shifted weights. The recursion rela-
tion (2) can be written as

mé“) - 7 Z y T Z W)O(wo(putp)—p) €

weW\e weW
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- _ Z e(w)m ( §w>0¢5w+z w0u+p )€

weW\e weW

o0,

Consider the restriction to C),

(n) _ (1)
e ‘secfco) == 2 0 My g yottem) T Onte ®)
weW\e

In the r.h.s. the function mé’,‘) has an argument &' = wy(¢,.) © ¢ (§, w) € C,EO):

m — —mW
Mg Wa(e,w)03(Ew) — et (w e wyod(€w)—€)”

Thus the new (“folded”) shifts are introduced:

(€ w) = (€~ e = woeuy © (€~ (W0 p—p)yse =& EL€CY, &

When the sum over W\ e in the expression (3) is performed the shifted weight ¢ acquires the
(finite) multiplicity 7 (§,£'):

7)== > ew), (4)

weW\e,

(the sum is over all the elements w € W'\ e satisfying the relation wg ¢ gy (§ — (wop —p)) =¢')
such that

(w) _
me ‘5609_ D aEam M e T O (5)
gec erze

The main property of the multiplicities 77 (¢, ¢’) is that they do not depend directly on ne.

Lemma 1. Let ) = p—wo p; ¢(€,w) = €+ ; € 1= wye) 0 ¢ (&, w); €, € CF). Then
the corresponding folded shifts fi (£, w) =& — & and multiplicities 1) (£,&') depend only on k, 2,

and w.

Proof. As far as imaginary roots are W-stable we have: wgy(¢ ) © (§ +n6) = Wy (e ) © € + 10
Thus for both £ and & = £ + nd the representatives of the classes bringing ¢ (£, w) and (;5(5, w)
to the fundamental chamber C’,EO) o () modW. In the shift
f (§,w) decompose the element wye ) = thew) * Sp(e,w) iNto the product of the classical
reflection sy(¢ ) and the translation ¢y ,,). Denote by 0;(5,10) the argument (belonging to M)

can be taken equal: wy¢ ) = w

of the translation £y ). The direct computation demonstrates that the weight f1 (&, w) does
not depend on ng:

o o o oV

(e © (E+ 1) — &+ Kby ), 0,

fo(§w) = °o ©
N—wop — \%(gw |* = (sogw © (€ + ). 0)(c )

Thus the shift fi (£, w) can be considered as depending on k, £ and w: fip = fi (5, k, w). The
multiplicity 77 (£,&) (see (4)) depends only on the set of reflections w € W connecting ¢ and

¢ # ¢ and does not depend on n¢ neither: 7 (£, €') = (€, k. &) n
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Thus we have constructed the set of (nonzero) shifts fw(f,k,w) with the multiplicities

ﬁ(é JkE+ fo (f,k,w)) and obtained the possibility to formulate the recursion properties en-

tirely defined in the closure C,E,O) of the fundamental Weyl chamber.

Let us return to the relation (5),

u) (W)
k 16
LGC(O) ; (§ £)m erfolhw
gec? g
()
- €k €+ Fo(E b w + 6e .
OZ (¢ ( ))m erfohw) P
FH(E k)0

For simplicity from now on we shall omit some arguments and write down the shifts as fv (5)

and their multiplicities as 7(£,¢’) (keeping in mind that we are at the level k and the weight ¢
depends on the initial reflection w). The set of vectors:

o

FU(E) = {¢ — €= 19() = (Fo@somm )l —€ 70}
¢ =wyeuy 0d(Ew), &€,

plays here the role similar to that of the set {\II(O) \O} of nontrivial singular weights for L° in

the relation (2) and is called the folded fan for £. (The initial (unfolded) fan I'ycq corresponds
here to the injection of the Cartan subalgebra.)
Thus we have proved the following property:

PropOSItlon 1. Let L* be the mtegmble highest weight module of g, u = (ILOL;I{Z;O), & =
(f k; ng) e Nt € e C cO and let F\If(f) be the folded fan for § then the multiplicity of the

weight £ is subject to the recursion relation

W)
e ‘56020) OZN &€+ o), e+ fw(£>+6£’“' ©)
FOOEFuE)

4 Folded fans and string functions

For the highest weight module L (g) with u = ([OL, k; O) of level k consider the set of maximal
(0)

vectors belonging to C},

Zl = {C € max(u) N C’IEO)}.
Let m be a projection to the subset of P with level k and grade n = 0 and introduce the set:

= {¢=mo(|CeZl).

The cardinality

P = # (E4)
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is finite and we can enumerate the corresponding weights &;:

= ={g =1 o}

The string functions necessary and sufficient to construct the diagram N* (and correspondingly
the character ch (L*)) are

{Jg’k ¢ € Zg} , ch (L) = Z of (e70)eb = Z Ué"k C

&€max(p) weW/We,CeZy
Let us consider these string functions as starting from the points &; rather than from (’s.

oo
(For ¢ = & — 16 € ZI! the expansion afgs (q) = mgg)_ms)q” starts with string coefficients
n=0 s

M(¢,—ns)ln<t = 0.) Denote these extended string functions by 0';-‘ *# and introduce the set
T mk’|§,€:/x
k U] J =k (-

Let us apply the relation (6) to the weights of the string O’;L’k € Eg and put { = & + n;0,

(/L) - (o] (o] (o] (o]
o = i (& + j)iking +n o
m(gj;k;nj) OZN . 77(53 (53 f¢(§a) n;j nfw(éj)))
FY(&)er¥(g;)
xm® + 0, -

(& +Fv(&))sks(n; e )

In the folded fan FW (ﬁj) let us separate the summation over the grades ny, and the classical

(o] [e]
parts fip of the shifts fi (§j). The overcrossing terms vanish because their multiplicities are
zero. The first term in the r.h.s. of the recursion relation takes the form

S A6 G ) kin e ))m)

= oo ((€;+F0(E))iks(ny4+n
g fYEg); b

FU(&)EFT(E;)

F(E) o))

(€5)

For the same reason we can spread the first summation over all the positive grades. It is
sufficient to include the vector with zero coordinates into the folded fan and put the multiplicity

n(& €) = —1. Introduce the set

FU (&) == F¥(&) U (0;0;0).
It is called the full folded fan or simply the folded fan when from the context it is clear what fan

FU (&) or F¥(¢;) is actually used. The set of multiplicities n(&,&’) for the shifts in F¥(€) is
thus fixed as follows:

2
N o = — s 7
e, o > ®
We(e,w)0(§—(wop—p))=¢’

and the recursion property (6) is reformulated:

p VY00 (1) (0)
S+ fY(§))m o +0, =0, Q.
OZ ) 77(55 f (5)) e+ F®) &1 § k
FH(E)EFT(E)
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For the string aé‘ * we can rewrite this relation separating the summations:

G (& + FO(&)iksmy +n))m™) + 0, =0,
E: E: 65 (6 + F0 &)k ))<@+W@mwmﬁm> Coon
f¢'(§a)

F(E)EFU(E)

The properties of N* for an integrable modules L* guarantee that for any finite n; the first sum
is finite. It extends to n < —n; (remember that n; is negative). The second sum can also be

augmented so that the vectors (§j + fo (fj); k; O) = (55; k; 0) run over the set Zf. Now taking
into account that n;, does not depend on n; (Lemma 1) the notation can be simplified:

NP (1) — )
.S = j 5 S k7 j + 9 s.n;:+n = o 9
o (1) = (&, (Eiking +0)), = m

and the recursion property for the string functions in {Uf 1€ € Eg } can be stated:

Proposition 2. Let L* be the integrable highest weight module of g, pu = (ﬁ;k;()), pgfgx =

# (E’,:) , & = (fj;k;nj) € E+n;0 , let F\I'(ﬁj) be the full folded fan for & and njs(n) =
— > €(W;s) where the summation is over the elements w; s of W satisfying the equation wy¢ ,)©

Wy,s,

(W)

(& — (Wjs0p—p)) = (& ksnj + n), then for the string function coefficients Mg n,n the fol-

lowing relation holds:

(k)

Pmax

Z Z 77]8 sn]—l—n = _553‘7#' (8>

s=1 n=-n;

For a fixed n; < 0 consider the sequence of the string weights

Eim, = (&5 king), &g = (§5king + 1), ..., &o = (&:k:0),

and write down two (|n;| + 1)-dimensional vectors: the coordinates of the first one are the
coefficients of the s-th string {o%'},

m(“) = (m(“) m(”) ..,mg/fo)) ,

(sin;) sy s ny 410
the second indicates that the j-th string 07 kg starting at the highest weight pu,

e _
(5(j;nj) :=(0,0,...,—1).
For the weights with n > n; we have the sequence of relations of the type (8):

pgggx Ny

ZZTZJS sn]+n:07

s=1 n=0

pmax —n; -1

Z Z 77]3 sn]+n+1_0

s=1 n=0
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P

277]5 =-1. (9)

Introduce the upper triangular (|n;| 4+ 1) x (|n;| + 1)-matrix

nj,SO(O) j,s (é) e M (—nj)1
M(Eﬁs) . : 77],5:( ) . Mjis ( 7;‘] ) .
0 0 - 1js (0)
The set of relations (9) reads:
M(EJ'I,AS) ’ mgg;)nj) = Oisna): (10)

Perform the same procedure for the other weights &; € Z} putting the minimal values of grade

equal: nj|j: p = U that is construct all the folded fans F'¥ (fj) (till the grade u) and

the corresponding sets of multiplicities 7; s (n) (defined by relations (7)). For j =1,..., pﬁﬁ;ﬁx

compose (|u| + 1)? equations of the type (10):

Ep ) se S (1)
MG oM ian) = Omy B8 = Lo Pmax (11)

(W)

Form two (Ju| + 1) X pmax-dimensional vectors: the first with the string coefficients,

(w) ._ (w) () () (m) . (w) (1)
M) = M Mg M0 M 0 Mo yg1s - -5 Mg - - -
(1) () ()

R L T LA O

the second indicating that the string 05 * with number J starts at the highest weight p,

no
Oy *
(here only in the j-th subsequence the last ((|u| 4+ 1)-th) coordinate is not zero). Define the

(Ju| +1 )pr(maX X (Jul +1 )p](rffgx—matrix the block-matrix with the blocks M( ”S)'

= (0,0,...,0,0,0,...,0,0,0,...,—1,0,0,...,0),

(w) -~

] §= 17 7p1’nax

e L
(4>

In these terms the relations (11) have the following integral form:

m _ sk
) = 0wy

The matrix M=* being invertible the equation (12) can be solved. Thus we have demonstrated

M= mt (12)

that the strings a;f * are determined by the matrix M=* whose elements are the full folded fan
weight multiplicities:

Proposition 3. Let L* be an integrable highest weight module of g, u = (,u,k O) pgﬁgx =

# (EZ), & = (gj;k;nj) 2 +nid; let F\Il(ﬁj) be the full folded fan for §] and M=* — the

(Inj] +1 )pgfgx X (Inj] +1 )pgngx—matmx formed by the blocks M(j 9

Mj,s (0) Nj,s (1) T Nj,s (_nj)
0 ms(0) - mys(—my;—1)

Epoo_
M) =

0 o - Mj,s (0)
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where the elements n; s (n) are the multiplicities of the folded fan weights,

s () = = (s

Wij,s»

with the summation over the elements w;j s € W satisfying the equation

We(g,w) © (§ — (Wjs0p — p))z(gs;k;nﬁ@-

Let the string function coefficients be the coordinates in the mj + 1-subsequences of the vec-

tor mE“)). Then for the coefficients of {U;L’k lji=1,... ,pmax} the following relation folds:

m) = (M=) o (13)

(nj)

(1)
(ny)
(with the grades no less than the preliminary fixed n; = u).

To describe the complete string functions it is sufficient to send w to the limit v — —oo .

Thus the solution m describes all the string functions relevant to the chosen module L*

5 Examples

51 g= A

Consider the fan I'ycg (With 1,0 < 9):

Theg = { (0,1,0,0,1),(2,1,0,0,-1),(1,0,0,0,1), (1,2,0,0, —1),
(2,2,0,0,1),(3,1,0,1,1),(-1,1,0,1,-1),(1,3,0,1,1) ,
(1,-1,0,1,-1),(3,3,0,1,-1), (=1,-1,0,1,1), (3,4,0,2, 1),
(0,-2,0,2,1),(2,4,0,2,—1),(=1,-2,0,2,-1), (4,3,0,2,1),,
(=2,0,0,2,1),(4,2,0,2,-1),(-=2,-1,0,2,—1),(0,3,0,2, —1),
(3,0,0,2,-1),(—1,2,0,2,1),(2,-1,0,2,1),(0,4,0,4,1),,
(=3,-2,0,4,1),(5,4,0,4,—1),(2,—2,0,4,—1), (4,0,0,4,1),,
(—2,-3,0,4,1),(4,5,0,4,—1),(~2,2,0,4,—1),(—3,0,0,4, 1),
(1,-3,0,5,1),(5,1,0,5,—1),(5,5,0,5,1), (1,5,0,5, 1),
(0,-3,0,4,-1),(2,5,0,4,1),(5,2,0,4,1), (—3,-3,0,5, —1),,
(-3,1,0,5,1),(6,4,0,6,1),(3,-2,0,6,1),(—1,4,0,6,—1),
(—4,-2,0,6,—1),(4,6,0,6,1),(—2,3,0,6,1), (4,—1,0,6,—1)
(—2,-4,0,6,—1),(3,6,0,6,—1),(6,3,0,6,—1), (—4,—1,0,6,1),
(-1,-4,0,6,1),(6,1,0,8,1),(—4,1,0,8,—1), (1,6,0,8,1)
(1,-4,0,8,—1),(6,6,0,8,—1), (—4,—4,0,8,1),(3,7,0,9,1),,
(-3,-5,0,9,1),(5,7,0,9,—1), (—1,-5,0,9, —1) , (7,3,0,9,1) ,
(-5,-3,0,9,1),(7,5,0,9,—1),(=5,-1,0,9,—1), (—3,3,0,9, —1),,
(3,-3,0,9,~1),(~1,5,0,9,1),(5,-1,0,9,1) ... }. (14)

Here the first two coordinates are classical in the basis of simple roots {aj, a2}, next comes
the level £ = 0, the grade Ty (0) and the multiplicity My (0) of the weight pO) e ['ycg (for the
injection h — g we have m ) = —e(w)).



String Functions for Affine Lie Algebras Integrable Modules 11

5.1.1 k=1

The set C’f(.)g contains three weights (pﬁéﬁx =3):

) = {(0,0;1;0), (G15150), (523 130)} = {wo, w1, o)
= {(0,0;1;0),(2/3,1/3;1;0),(1/3,2/3;1;0) },

w; are the fundamental weights.

The classical components fow of the folded fan shifts
Woew) 0 (€= (wop—p))—¢ €€

belong to the classical root lattice Q(E) For any weight & = (5; 1;0) Cfg these classical
components are equal to zero, thus the folded fan has the form

FU(g) ={(0;00n o)}, ¢gec” =123

fv(8)
It is convenient to indicate the multiplicities
Njs (n) = — > e(wj,s)
’lf)j’sEW,

w¢(§,w)o(§j_(wj,sop_p)):(gs;k§nj+n)
as the additional coordinates of the shifts fi):
oty Mo (Mg )
Thus any folded fan for the highest weight u of level k = 1 contains only “one string”. Moreover
the fans F'¥ (fj) do not depend on the choice of §; = (fj, 1; 0) € C%g The latter results are in
full accord with the Proposition 12.6 in [6].

Using the fan I'y-y we obtain the folded fan (only the shifts with nonzero multiplicities 7; ;
are indicated, the maximal grade here is n = 20):

PU(g) = {(0.0.n o mis(n

FU (&) == {(0;0;0; —1),(0;0;1;2),(0;0;2; 1), (0; 0; 3; —2) , (0; 0; 4; —1),,
(050;5;—2), (0;0;7;2), (05 0;8;2), (0; 0; 9; 1), (0; 0; 10; =1),, (0; 0; 13; =2) ,
(0;0;14; -3),(0;0;15;2), (0;0; 16; —2) , (0;0;19;2) , (005 20;2) ,... }

The multiplicities
i (M}, o 00=1{-12,1,-2,-1,-2,2,0,2,2,-1,-1,0,0,-2,-3,2,-2,0,0,2,2}

form the unique nonzero matrix M; ;) for j = 1,2, 3:

755 (0) m (1) - mij(=ny)
0 7;0) - mi(=n;—1)
M= . : : : :
0 0o - 1.5 (0)

The matrix M is block-diagonal and the equation (13) splits into three equivalent (for p =

3
(0,0;1;0),(2/3,1/3;1;0), (1/3,2/3:1;0)) Eeiations m{) o = ML ol determining the
“w

unique string function with coefficients m;" o) = (mgu 220, mg“ 2 19+ - ,m%)),

o (q) =14 2q + 5¢% + 10¢% + 20¢* + 36¢° + 65¢° + 11047 + 185¢% + 300¢° + 481¢*°
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+752¢"" + 1165¢'2 + 1770¢" + 2665¢™* + 395645 + 582246 + 847047
+12230¢"® + 17490¢"° 4 24842¢%° + - ..

The obtained expression coincides with the expansion of the square of the inverse Euler function
(see Proposition 12.13 in [6] and the relation (12.13.4) there).

5.1.2 k=2

The set C{?g contains six weights:

oo { (0,0:2:0)., (51:2;0). (<:2:0), } B
1 ( (

D (W + W 2;0), (2613 2; 0), (2u2; 2; 0)

_ [ (0,0;2;0),(2/3,1/3;2;0),(1/3,2/3;2;0),
_{ (1,1;2;0),(4/3,2/3;2;0) ,(2/3,4/3; 2;0) }

This set is divided into 3 congruence classes. The fan shifts cannot connect vectors from different
classes. Thus instead of the set =9 we can consider three subsets separately:

={(0,0,2;0),(1,1;2;0)},

={(2/3,1/3;2;0),(2/3,4/3;2;0)},
.11 = 1(1/3,2/3;2;0),(4/3,2/3;2;0)} .

[1] [I] [I]

Let us start with & € Za;1 and p = (0,0;2;0). Here we have two folded fans F'W (fl) and

FU(&).
Using the fan I'yg4 (14) we obtain the folded fans (the maximal grade here is n = 9):

o

FU(&) == {(0;0;0;—1),(0;0;2;1),(0;0;4;2), (0;0; 8 —2), (0;0; 10; —2) ,
(1;1;052), (L 1;1;-1), (11,2, -2), (1;1;3; -2) , (1, 1; 43 2),
(1;1;5;1),(1;1;6; —2), (1;1;7;2), (151, 9; =1) , ... },

qu(é;) = {(0;0;1;1),(0;0;3; —2), (0;0; 7; 1), (0; 0;9; —2) ,

(L 1; 1, 2)7(1,1,2 =2),(1;1;4;1),(1;1;5;2), (1;1;6;2),
(1;1;7;-2), (15158, -2) , (1;1;9; -2) , ... }.

The multiplicities (n =0, ..., 10)

{ma1(=10+n)} = {~1,0,1,0,2,0,0,0,—2,0, 2},
{m2(=10+n)} ={2,-1,-2,-2,2,1,-2,2,0,—1,0},
{121 (=10 +n)} = {0,1,0,-2,0,0,0,1,0,—1,0}
{22 (=10 +n)} = {~1,2,-2,0,1,2,2, -2, 2, —2,0},

form the matrices Mgff);v) for s,t =1,2:

Ns,t (0) Tls,t (1) o Mst (10)
2,2,0) 0 Ns,t 0) --- Ns,t 9)

0 0 ce st (O)
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The block-matrix ME2v) ig

1,2)

Mg‘:a2;v) MgE,Z;v)

H M(572;U) M(Evzﬂj)
(2,2)

The equation

(0,0;2;0) _ =,2:0)\ 1 ¢(0,0;2;0)
(~10) = (ME2v) 9 Z10)

. . . 0,0;2;0
gives two string functions 0( 0:0)

(0,0;2;0)
(5,—10) )

with the coefficients in the subsections of the vector m o

o) =1+ 29 + 8¢ + 20¢° + 524" + 1164°
+256¢° + 522¢" + 1045¢% 4+ 1996¢° + 3736¢° + - - - |
(0,0;2;0)

O(—10) — 47+ 4¢* +12¢° + 32¢* + 77¢°
+172¢5 + 365¢" 4 740¢° + 1445¢° + 273640 + - - - .

In the second congruence class Zo.1={(2/3,1/3;2;0),(2/3,4/3;2;0)} put p=(2/3,1/3;2;0).

Again we have two folded fans F'¥ (fl) and F'¥ (fg).
The multiplicities (n = 0,...,10):

{m1(-10+n)} ={-1,2,-2,0,1,2,2,-2,-2,-2,0},
{mz2(-10+n)} ={1,0,-2,0,0,0,1,0,—1,0,2},

{21 (-10+n)} ={0,2,-1,-2,-2,2,1,-2,2,0, -1},
{m22(-10+n)} ={-1,0,1,0,2,0,0,0,—2,0, —2}.

form the matrices Mizgl for s,t = 1,2 and the 22 x 22 block-matrix M

. MEZ;II MEQ;H
M_Z,H = H g_l,l L1’2I

=2;11 =2;
May Mpy

The equation

(2/3,1/3:2:0) _ (aaZ2:00\ —1 <(2/3,1/3;2;0)
me_ ) = (M ) 5(—10)

gives two string functions 08/3”110/)3;2;0) for the module L(2/3:1/320) with the coefficients in the

(2/3,1/3;2;0)

subsections of the vector m 70

Ug-/filo/)&m) =1+ 4q+ 13¢* + 36¢° + 89¢* + 204¢°

+441¢5 + 908¢7 + 1798¢® + 3444¢° + 6410¢"° + - - ,
= 2¢ + 7¢* + 22¢° + 564" + 1364
+300¢° + 636¢" + 1280¢% + 2498¢° + 4708¢*° + - - - .

(2/3,1/3;2;0)
(2;—10)

For the third congruence class Zo1={(1/3,2/3;2;0) , (4/3,2/3;2;0)} the folded fans F¥ (&)

[¢]
and F'¥ ({2) are the same as for the second one. As a result the string functions also coincide:

a((sl;/_?’i%/)g;zo) = 8;/_3’110/)3;2;0) in accord with the A, external automorphism.



14 P. Kulish and V. Lyakhovsky

513 k=4

The set C’{?g contains 15 projected maximal weights

{5] ‘5] ‘—‘47 17"'7pmaX:15}7

4wy, 3wy + w1, 3wy + wa, 2wy + 2w1, 2wy + 2ws,
Cpg 2w + w1 + wa, wy + 3w, wo + 3wa, wo + 2w + wo,
wo + w1 + 2wa, 3w + wa, w1 + 3wa, 2wy + 2wa, 4w, dwo

This set is divided into 3 congruence classes. Instead of the set =4 we can consider separately
three subsets:

Z41 = {(0,0;4;0),(1,1;4;0), (1,2;4;0), (2,1;4;0) , (2,2;4;0) },
Eamr = {(2/3,1/3;4;0),(2/3,4/3;4;0),(5/3,4/3;4;0), (5/3,7/3;4;0) , (8/3,4/3;4;0) },
Eqmm = { (1/3,2/3;4;0),(4/3,2/3;4;0), (4/3,5/3;4;0), (7/3,5/3;4; 0) , (4/3,8/3;4; 0) }.

Let us start with & € =4,y and o = (0, 0;4;0). Here we have 5 folded fans F'¥ (ﬁs), s=1,...,5.
Using the fan I'y4 (14) we construct the folded fans (the maximal grade here is chosen to
be n =9):

FV ( 1) :=={(0,0;0;-1),(0,0;9;2),(1,1;0;2), (1,1;1; 1), (1,1; 3; 1),
(1,1;4;—2), (1,1;5;2), (1,1;6; —2), (1,15 7; —1), (1, 1;8; 2),
(1,2;0; —1),(1,2;1; 1), (1,2;3; 1), (1,2; 5; 1), (1, 2; 8; 1),
(2,1;0; —1),(2,1;1; 1), (2,1;3;1),(2,1;5; 1), (2, 1;8; 1),
(2,2;0;1),(2,2;2;2),(2,2;4; —2),(2,2;6;—2), (2,2; 8, —2),... },

F‘I’(§O2) :={(0,0;1;1),(0;0;5; —1), (1;1;0; 1), (1; 1;2; -1), (1; 1, 4;2) , (1; 1; 5; —2),
(1;1;8;2), (1, 1;9;2), (1, 151, 2), (1,152, -2), (1, 154:1), (1, 155; 2)
(1;156;2),(152;0;1), (1,21, -1), (1522;1), (15.23451), (1; 255, —1)
(1;2;6;—1), (12,7, —1), (2,1, 0,1), (2,1, 15 =1), (21, 21), (251 4511)
(2:155;=1), (2:1;6; 1), (21,7, —1),(22,0,1), (252, 2;2) , (252,45 -2)
( (

( (

(

(

(

o

FW(&) :={(0,0;2;—1),(0;0;6;1
1;2;0;—1),(1;2; 151
1;2:9;2),(2;1;1; -1
2;1;8;-1),(2;2;051

L1 1;1),(1;15452), (15156, =2) , (1,1, 7, =2)

)

)
)
2;2;6;-2), (22,8, -2),... },
)
)

1;2;4;-1), (1,155, —1), (152565 1), (15 2; 8; 1),
2;152;-1),(2;1;3;2),(2;155: 1), (2;1;6; 1),
2;2;2;-1),(2;2;8;1),... }.

)

Y

~— — ~— ~—
~~ ~~ —~

The fan F\I/(§4) is equal to {F\II(§3)| (1;2;n5m) = (2;1;n;m) }

F¥(&) == {(0,0;4;1),(0;0;8; —2>,(1;1;1;1),<1 1;2; —2),
(1;153;-2),(1;1;4;2), (1;1;5; 1), (1; 1; 75 1), (1; 15 8; 2)
(1;2;1;1),(1;2;2;—1),(1;2;6;—1),(1 2 7 1),(1;2;9;1),
(2,1 151),(21;2;,—1),(2; 156, =1), (2, 1;7; 1), (2;1;9; 1)
(2;2;0;-1),(2;2;2;2),(2;2;6;-2),(2;2;8;-1) ... }.

Their multiplicities (for n = 0,...,9)
{mi(-9+n)}=1{-1,0,0,0,0,0,0,0,2,0},
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{ma(=9+n)}=1{2,1,0,-1,-2,2,-2,-1,2,0},
{ms(=9+n)}={-1, 1,0,1,0,1,0,0,1,0},
{ma(=94+n)}={-1, —1010,1,0 0,1,0},
{ms(=9+n)} ={1,0,2,0,-2,0,-2,0, 2,0},
{m21 (=9 +n)} ={0,1,0,0,0, 1,0,0,0,0},
{m22(=94+n)} ={-1,0,-1,0,2,-2,0,0,2,2},
{m3(=9+n)}={1,-1,1,0,1,-1,-1,-1,0,0},
{m24 (=9 +n)} ={1,-1,1,0,1,—-1,-1,-1,0,0},
{m25(=9+n)} = {1,0,2,0,-2,0, 2,0, —2,0},
{n31(=9+n)} ={0,0,-1,0,0,0,1,0,0,0},
{n32(=9+n)} ={0,1,0,0,2,0,-2,-2,0,0},
{m33(=9+n)} ={-1,1,0,0,—1,-1,1,0,1,2},
{34 (=9+n)} ={0,-1,-1,2,0,1,—-1,0,—1,0},
{n35(=94+n)} = {1,0,-1,0,0,0,0,0,1,0},
{m1(=9+n)} ={0,0,-1,0,0,0,1,0,0,0},
{12 (=9+n)} ={0,1,0,0,2,0,-2,-2,0,0},
{m3(=94+n)}={0,-1,-1,2,0,1,-1,0, 1,0},
{44 (=94 n)} ={-1,1,0,0,-1,-1,1,0,1,2},
{m45(=9+n)} ={1,0,-1,0,0,0,0,0,1,0},
{n51 (=9 +n)} ={0,0,0,0,1,0,0,0,-2,0},
{52 (=94+n)} ={0,1,-2,-2,2,1,0,-1,2,0},
{n53(=9+n)} ={0,1,-1,0,0,0,—1,1,0,1},
{ns4(=9+n)} ={0,1,-1,0,0,0,—1,1,0,1},
{55 (=9 +n)} ={-1,0,2,0,0,0,—2,0,—1,0} .
The matrices M(E;g for s,t =1,...,5:
ns,t(O) 775,::(1) Ns,t (9)
Mi{; — 0 ns,t:(o) "73,t‘(8) ‘
0 0 Ns.+ (0)
For example,
1 -1 1 0 1 -1 -1 -1
o 1 -1 1 0 1 -1 -1
O 0 1 -1 1 0 1 -1
o 0 0 1 -1 1 0 1
=4, O 0 0 0 1 -1 1 0
Még):o O 0 0 0 1 -1 1
o 0 0 0 0 0 1 -1
o 0 0 0 0 0 0 1
O 0 0 0 0 0 0 0
O 0 0 0 0 0 0 0
Matrices M=% form the block-matrix MZ41= HM““

scribe five modules of the level 4 with the highest weights us €

(t)

0 O
-1 0
-1 -1
-1 -1

1 -1

0 1

1 0
—1 1

1 -1

0 1

s,t=1,...,5

. With this matrix we can de-

E4;1 = {(07 0747 0) ) (17 1a 4a O) )
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1,2:4;0),(2,1;4;0),(2,2;:4;0)} . We construct five sets of string functions U(HS_) in terms of
(t-9)

(us) .

their coefficients obtained as ten dimensional subsections of the vector m m g

(1s) _ 24,1\ 1 o(ps)
m Ty = (ME5) 6%
The answer is as follows:

0833;330) =1+ 2q + 8¢” + 24¢® + 72¢* + 190¢° + 490¢°

+ 117647 + 2729¢° + 6048¢° + - - -,

oo = q+4¢7 +15¢° + 48¢" +138¢° + 366¢° + 913" + 21564° + 4874¢° + - ,
aggf(}g;)) 2 4 6¢° + 23¢* + T4¢° + 212145 + 55647 + 1366¢° + 3184¢° + -

@ + 6% + 23¢* + 74¢° + 2121¢5 + 556¢7 + 1366¢° + 3184¢° + -

= 2+ 10¢ + 40> + 133¢% + 398¢* + 1084¢° + 2760¢°
1663297 + 15214¢° + 33508¢° + - - -

(
(
a((&;g; = ¢® + 4¢> + 18¢* + 56¢° + 167¢5 + 440¢" + 1103¢® + 2588¢" + - - -,
(
(

GESY =1+ 6q +27¢% + 96¢° + 298¢" + 836¢° + 2173¢°
+5310¢7 + 12341¢° + 27486¢° + - -
olyle)) =207 + 127 +49g* + 166¢° + 494¢° + 1340¢" + 3387¢" + 8086¢° + -
ol la) = 207 +12¢° + 49" + 16647 + 494¢° + 13404" + 3387¢" + 8086¢° + -
a((;;l';‘)o) — g+ 8¢ + 35¢3 + 124¢* 4 379¢° 4+ 105245 + 27004 + 653645 + 15047¢° + -
a(q;ig;» =1+ 8¢ + 32¢> + 110¢° + 322¢* + 872¢° + 2183¢°
+5186¢7 + 11730¢° + 25552¢° + - - -
ag;;ig;» =1+ 6¢ + 25¢° + 85¢° + 255¢* + 695¢° + 1764¢°
+ 422647 4 9653¢° + 21179¢° + - - - ,
o3 Ze)) =14 4g+ 16> + 54¢° + 163¢" + 450¢° + 1161¢° + 28244
+ 6549¢° + 14572¢° +
8 - 3)0) = 2q + 11¢° + 44¢® + 143¢* + 414¢° +10964¢° + 27144"

+ 6364¢° 4 14272¢° +
(1,2;4;0)

Ol ey =20+ 9¢% + 36¢° + 115¢* + 336¢° + 890¢° + 2224¢" + 5241¢% + 11840¢° + - - - .
The next set of string functions O'((27£7§)’0) coincides with the previous one where the third and the

fourth strings are interchanged: 0(;,1,;1)0) = U((i 23)0), 08’5330) = gfg;m

the module L*5 where ps is the highest weight in 24,1

. The last set describes

o370 = 3+ 14g + 58¢% + 184¢° + 536¢ + 1408¢° + 3492¢°
+ 8160q" + 18299¢° + 39428¢° + - - - |
0((553;330) =24 11q + 44¢° + 145¢° + 424¢" 4 1133¢° + 2830¢°

+ 6688¢" + 15102¢® + 32805¢° + - - -,
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o3 Za =1+ 6q + 25 + 86¢° + 260q" + T164° + 1833¢° + 44264

+10183¢% + 22488¢" + - - - |

ol ZgY =1+ 6q + 250 + 86¢° + 260q" + T164° + 1833¢° + 44264
+10183¢® + 22488¢" + - - - |
B0 =1+ 4q + 19> + 64¢° + 202" + 560g” + 1464¢° + 3568¢"

+ 8315¢° + 18512¢° + - - - .

Notice that in the congruence class Z4,1 we have only 17 different string functions.

6 Conclusions

The folded fans F'W¥ (§j) (for a fixed level k and the congruence class Z,, of weights in C,go))

were constructed by transporting to the fundamental Weyl chamber the standard set U(0) — the

set of singular weights of module L? supplied with the anomalous multiplicities. We have found
o o

out that the shifts f1) (5) € Fv (5) (connecting §; € Zj,,) together with their multiplicities n;
describe the recursive properties of the weights of modules L% with the highest weights &

o]

Thus the set {F v (£j)|£j € Ek;v} describes the recursive properties of the string functions
{ .k
g -

J

for {Uf’k VIRIAS Ek;v} they can be written in a form of the equation ME’k?”mEg = 5&)' In this

u .
(u

W, & € Ek;v}. When for a fixed module L* these properties are simultaneously considered

equation MZF is a matrix formed by the multiplicities 1,5 of the fan shifts, J; , indicates what

—

)
(
(

= =

weight in the set Zj., is chosen to be the highest weight ;1 of the module and m’ | is a vector of

o
u
string functions coefficients. As far as M=*? is invertible the solution m&g = (ME”’“”)_1 5&)
can be explicitly written and the full set of string functions {O’? ok |, & € Ek;v} for L* is
determined by this linear equation (at least for any common finite “length” of all the strings).

There are two points that we want to stress. The first is that in this algorithm the singular

vectors ¢p € W) of L* are not needed (except the highest weight p). The second point is
that the crossections F'W (ﬁj) N C}Eog form the parts of the classical folded fans for E; It can be

easily verified that the string starting vectors {05»‘ ok | 11, €j € Sy = 0} and their multiplicities

present the diagram A ﬁﬂC’éO) of the module L (S) In general the crossections F'W (ﬁj) NC©) (E;)

do not coincide with the classical folded fans because the chambers C'(0) (B) are infinite (contrary

to Clgog for any finite k).
As it was demonstrated in the examples the folded fans provide an effective tool when study-
ing the string functions for integrable highest weight modules of affine Lie algebras.
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