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Abstract. We study an action of the skew divided difference operators on the Schubert
polynomials and give an explicit formula for structural constants for the Schubert polyno-
mials in terms of certain weighted paths in the Bruhat order on the symmetric group. We
also prove that, under certain assumptions, the skew divided difference operators transform
the Schubert polynomials into polynomials with positive integer coefficients.
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1 Introduction

In this paper we study the skew divided difference operators with applications to the “Little-
wood—Richardson problem” in the Schubert calculus. By the Littlewood—Richardson problem
in the Schubert calculus we mean the problem of finding a combinatorial rule for computing
what one calls the structural constants for Schubert polynomials. These are the structural
constants ¢, u,v,w € Sy, of the ring P,/I,, where P, is the polynomial ring Z[z1, ..., x,]
and I, is the ideal of P, generated by the symmetric polynomials without constant terms,
with respect to its Z-free basis consisting of the classes of Schubert polynomials &,,, w € S,.
Namely, the constants c;, are defined via the decomposition of the product of two Schubert
polynomials &, and &, modulo the ideal I:

6,6, = Z Copy Sy (mod 1,). (1.1)

wESn

Up to now such a rule is known in the case when u, v, w are the Grassmannian permutations
(see, e.g., [11, p. 13] and [12, Chapter I, Section 9]) — this is the famous Littlewood-Richardson
rule for Schur functions — and in some special cases, see e.g. [7, 8].

The skew divided difference operators were introduced by I. Macdonald in [11]. The simplest
way to define the skew divided difference operators is based on the Leibniz rule for the divided
difference operators 0, w € S,, namely,

aw(fg) = Z (aw/vf) avg' (12)

wrv
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The symbol w = v for w,v € S,,, here and after, means that w dominates v with respect to the
Bruhat order on the symmetric group S, (see, e.g., [11, p. 6]). Formula (1.2) is reduced to the
classical Leibnitz rule in the case when w = (i,7 + 1) is a simple transposition:

0i(fg) = 0i(f)g + si(f)0ig.

One of the main applications of the skew divided difference operators is an elementary and trans-

parent algebraic proof of the Monk formula for Schubert polynomials (see [11, equation (4.15)]).
Our interest to the skew divided difference operators is based on their connection with the

structural constants for Schubert polynomials. More precisely, if w,v € S, and w > v, then

aw/v (Su) lo=0 = Cypp- (1.3)

The polynomial 9,,/,(&,) is a homogeneous polynomial in x1, ..., x, of degree I(u) +1(v) —I(w)
with integer coefficients. We make a conjecture that in fact

Ow/v(Gy) € Nlz1,. .., 20], (1.4)

i.e. the polynomial d,,,,(&,) has nonnegative integer coefficients. In the case l(u) +1(v) = l(w),
this conjecture follows from the geometric interpretation of the structural constants ci,, as the
intersection numbers for Schubert cycles. For general u,v,w € S,, the conjecture is still open.

In Section 8 we prove conjecture (1.4) in the simplest nontrivial case (see Theorem 1) when
w and v are connected by an edge in the Bruhat order on the symmetric group S,,. In other
words, if w = vt;;, where ¢;; is the transposition that interchanges i and j, and I(w) = [(vt;;) +1.
It is well-known [11, p. 30] that in this case the skew divided difference operator d,,, coincides
with operator 05, i.e. 9/, = 0;;. Our proof employs the generating function for Schubert
polynomials (“Schubert expression” [5, 3, 4]) in the nilCoxeter algebra.

In Section 9 we consider another application of the skew divided difference operators, namely,
we give an explicit (but still not combinatorial) formula for structural constants for Schubert
polynomials in terms of weighted paths in the Bruhat order with weights taken from the nil-
Coxeter algebra (see Theorem 2).

It is well known that there are several equivalent ways to define the skew Schur functions,
see e.g., [11, 12]. Apart from the present paper, a few different definitions of skew Schubert
polynomials have been proposed in [1, 10] and [2]. These definitions produce, in general, different
polynomials.

2 Skew Schur functions

In this Section we review the definition and basic properties of the skew Schur functions. For
more details and proofs, see [12, Chapter I, Section 5]. The main goal of this Section is to arise
a problem of constructing skew Schubert polynomials with properties “similar” to the those for
skew Schur functions (see properties (2.2)—(2.5) below).

Let X,, = (x1,...,2,) be a set of independent variables, and X\, p be partitions, u C A,
(A <n.

Definition 1. The skew Schur function s /#(Xn) corresponding to the skew shape A — p is
defined to be

$x/p(Xn) = det (h/\i—uj—i+j)1gi,j§n ’ (2.1)

where hy, := hi(X,,) is the complete homogeneous symmetric function of degree k in the variables
Xn = (21,...,2p).
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Below we list the basic properties of skew Schur functions:
a) Combinatorial formula:

SA/“(Xn) = me(T), (2.2)
T

where summation is taken over all semistandard tableaux T of the shape A — p with entries

not exceeding n; here w(T) is the weight of the tableau T (see, e.g., [12, p. 5]), and z¥(7) .=
w1 W2 Wn,
Pty ? e

b) Connection with structural constants for Schur functions:

Sx/u = Z C,)),,Su, (2.3)

v, l(v)<n

where the coefficients cf;u (the structural constants, or the Littlewood—Richardson numbers) are
defined through the decomposition

SuSy = Z c])l,sA. (2.4)
A

c¢) Littlewood-Richardson rule:

Sh\/p = Z |Tab0()‘_:u7 v)|sv, (2.5)

vl(v)<n

where Tab’(\ — 1, v) is the set of all semistandard tableaux T of shape A — u and weight v such
that the reading word w(T") of the tableaux T (see, e.g., [12, Chapter I, Section 9]) is a lattice
word (ibid). Thus,

Multy, (V, ® V,,) = cf,‘u = |Tab’(\ — p, v)|. (2.6)

3 Divided difference operators

Definition 2. Let f be a function of z and y (and possibly other variables), the divided
difference operators 9, is defined to be

Opyf = L& y; - g(y, z) (3.1)

The operator d,, takes polynomials to polynomials and has degree —1. On a product fg,
Ogy acts according to the Leibniz rule

Ouy(fg) = (Oryf)g + (82 f)(Ozy9), (3.2)

where s;, interchanges = and y.
It is easy to check the following properties of divided difference operators 0,,:

a) 8xy51’y = _8xy7 Sxyaary = axyv
) 07, =0,

) azyayza:vy = ayzaxyay27

) 6xy8yz = awzazy + ayzamz-

o

A o

The next step is to define a family of divided difference operators 0;, 1 < i < n — 1, which
act on the ring of polynomials in n variables.
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Let x1,x9,...,x, be independent variables, and let
P, =1Z[zxq,...,x,).
Foreachi, 1 <7t <n-—1,let
0 = Oy w415

be the divided difference operator corresponding to the simple transposition s; = (4,7 + 1) which
interchanges x; and x;41.

Each 0; is a linear operator on P, of degree —1. The divided difference operators 9;, 1 < i <
n — 1, satisfy the following relations

i) 0}=0, if 1<i<n-—1,
i)  0;0; = 0;0;, if 1<i,j<n-—1, and [|i—j|>1,
i) 0;0i+10; = 0j410;0i41, if 1 <i<n—2.

Let w € S, be a permutation; then w can be written as a product of simple transpositions
si=(i,i+1), 1 <i<n—1, namely,

W= 8y S

Such a representation (or the sequence (i1,...,%p)) is called a reduced decomposition of w, if

p = l(w), where [(w) is the length of w. For each w € S, let R(w) denote the set of all

reduced decompositions of w, i.e. the set of all sequences (i1, ..., 1) of length p = I(w) such that

W= 8i S,

For any sequence a = (ay,...,ap) of positive integers, let us define 9y = 9y, - - - 0y, -

Proposition 1 ([11], Chapter II).

i) If a sequence a = (ai,...,ap) is not reduced, i.e. not a reduced decomposition of any
w € Sy, then 05 = 0.

ii) If a,b € R(w) then 0y = Op.

From Proposition 1, ii) follows that one can define 9,, = 04 unambiguously, where a is any
reduced decomposition of w.

4 Schubert polynomials

In this section we recall the definition and basic properties of the Schubert polynomials in-
troduced by A. Lascoux and M.-P. Schiitzenberger. Further details and proofs can be found
in [11].

Let 0 =6, =(n—1,n—2,...,1,0), so that

20 = x?_le_Q e T
Definition 3 ([9]). For each permutation w € S,, the Schubert polynomial &,, is defined to be
S = Dy (2), (4.1)

where wy is the longest element of 5,,.
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Proposition 2 ([9, 11]).

i) For each permutation w € Sy, &, is a polynomial in x1,...,x,—1 of degree l(w) with
positive integer coefficients.

ii) Let v,w € Sy. Then

e {eml, if Uwv™) = 1w) = 1(v),

0, otherwise.

iii) The Schubert polynomials &, w € Sy, form a Z-linear basis in the space F,, where

fnZ{fEPn|f:anxa}.

aCd

iv) The Schubert polynomials S,,, w € Sy, form an orthogonal basis with respect to the pairing

< ) >0:

1, if u=wyw,

<6w7 6u>0 = {

0, otherwise,

where by definition (f,g)o = n(Ouw(f9)) = Owe(f9)le=0, and n(h) = hls=..=z,=0 for any
polynomaial h in the variables x1, ..., xy.
v) (Stability) Let m > n and let i : S, — S,, be the natural embedding. Then

Sy = 62(10)

5 Skew divided difference operators

The skew divided difference operators 0,,/,, w,v € Sy, were introduced by I. Macdonald [11,
Chapter II].

Let w,v € Sy, and w > v with respect to the Bruhat order > on the symmetric group S,,. In
other words, if a = (aq,...,ap) is a reduced decomposition of w then there exists a subsequence
b C asuch that b is a reduced decomposition of v (for more details, see, e.g., [11, equation (1.17)].

Definition 4 ([11]). Let v,w € S,, and w = v with respect to the Bruhat order, and a =
(a1,...ap) € R(w). The skew divided difference operator d,,, is defined to be

3w/”u = v—l Z ¢(a, b), (5'1)
bCa, bER(U)
where
¢(a,b) = ﬁ¢‘(a b),¢;(a,b) = Sy 1f ai €D,
) _i:1 i\, D), @ila, - 80,7;7 ’[,f a; Qb

One can show (see, e.g., [11, p. 29]) that Definition 4 is independent of the reduced decom-
position a € R(w).

Below we list the basic properties of the skew divided difference operators 9,,/,. For more
details and proofs, see, e.g., [11]. The statement iv) of Proposition 3 below seems to be new.
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Proposition 3.
i) Let f,g € Py, w € Sy, then

aw(fg) = Z(aw/vf)avg- (52)

w>v

More generally,
i1) Let f,g € Py, u,w € Sy, and w = u with respect to the the Bruhat order. Then

aw/u(fg) = Z uilv(aw/vf)av/ug (53)

wWrvU

(generalized Leibnitz’ rule).
iii) Let w = vt, where [(w) = I(v) +1, and t = t;; is the transposition that interchanges i and
j and fizes all other elements of [1,n]. Then

aw/v = 8ija (54)

where 0;j := Oy, -
iv) Let wg be the longest element of S,,. Then

WUy, /vy = Owoo- (5.5)
v) Let u,v,w € Sp, w = u, and l(w) = l(u) + l(v). Then

6w/u6v =c

uv?

(5.6)

where cio, are the structural constants for the Schubert polynomials &, w € Sy,; in other words,

6.6, = Z Coy©w (mod I,),

wWESy,

where I, is the ideal generated by the elementary symmetric functions e1(x1,...,%n), ..., en(x1,
ce Tp).

Proof. We refer the reader to [11, p. 30] for proofs of statements i)-iii).
iv) To prove the identity (5.5), we will use the formula (5.2) and the following result due to
I. Macdonald [11, equation (5.7)]):

O (f9) = D €(w)u (w0 f) Do (9), (5.7)

?,UeSn

where for each permutation w € Sy, e(w) = (—1)"*) is the sign (signature) of w.
Using the generalized Leibnitz formula (5.2), we can write the LHS (5.7) as follows:

Ouo(19) = D (Bugyuf)Du(9)- (5.8)

wo v

Comparing the RHS of (5.7) and that of (5.8), we see that

U(awo/vf) = E(UwO)avwo (wOf)

To finish the proof of equality (5.5), it remains to apply the following formula [11, equa-
tion (2.12)]:

Owowwy = €(W)woOywo.
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v) We consider formula (5.6) as a starting point for applications of the skew divided difference
operators to the problem of finding a combinatorial formula for the structural constants ci,,
(“Littlewood—Richardson problem” for Schubert polynomials, see Section 2). Having in mind
some applications of (5.6) (see Sections 8 and 9), we reproduce below the proof of (5.6) given
by I. Macdonald [11, p. 112]. It follows from Proposition 2 i) and Proposition 3 i) that

Cgv = aw(GUGU) = Z U1 (8w/1)16u) 87)167).
wr vy

In the latter sum the only nonzero term appears when v; = v. Hence,

Cgv = 810(6“6@) = an/v(Gu) = aw/v(6u)7
since deg ,,/,(6y) = 0. [ |

It is well-known (and follows, for example, from Proposition 2, i) and 7)) that for each

v, w E Sy

Oy (6y) € N[z1,...,Zn-1].
More generally, we make the following conjecture.
Conjecture 1. For any u,v,w € Sy,

Ow/UGv S N[Xn],
i.e. Owu(Sy) is a polynomial in x1, ..., x, with nonnegative integer coefficients.

Example 1. Take w = s951835281 € Sy, v = s281 € Sy, and a = (2,1,3,2,1) € R(w).
There are three possibilities to choose b such that b C a, b € R(v), namely, b = (2,1,-,-,),
b=(2-+-1)and b=(:,-,-2,1). Hence,

Ow /v = 51525251030201 + 51528201030251 + 51520201035251
= 030201 — 0103013 — D1302014.
Using this expression for the divided difference operator 9/, one can find
a) 8w/v(x:1))x%) =22 + z124 + 27 = zox3 (mod Iy).
Thus,
%/v(aﬁ’x%) = Go3 — G135+ G21 (mod Iy).

Here G293 means Gg,s,, n0t S5 4). Similar remarks apply to other similar symbols here and after.
We used the following formulae for Schubert polynomials:

Ga3 = x122 + T123 + T2X3, Gi3 = 27 + x129 + 7123, G2 = 7.
b) Ow/v(xi’x%xg) = 2323 (mod Iy),
and
O o (230573) = G121 + Gazz — G123 — Go13 — G312 (mod Iy).
¢) Os(rizoxs) = z10m3(zy 4+ 23) = —z12503 (mod Iy).
Let us note that QS‘?$2$3 = G19301.
These examples show that in general

e the “intersection” numbers (9,,/,(&4), &;)o may have negative values;

e coefficients ¢, in the decomposition 9,,/,(&y) = ). caz® (mod I,) may take negative
aCon
values.
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6 Analog of skew divided differences in the Bracket algebra

In this Section for each v,w € S, we construct the element [w/v] in the Bracket algebra &9
which is an analog of the skew divided difference operators d,,/,. The Bracket algebra E0 was
introduced in [4]. By definition, the Bracket algebra £° (of type A,_1) is the quadratic algebra
(say, over Z) with generators [ij], 1 < i < j < n, which satisfy the following relations

(i) [ij?=0, for i<j;
(1) [ij]l7k] = [FK][ik] + [ik][ig],  [jk][ej] = [ik][5K] + lig][ik], for i <j <k
(zi1) [ig][kl] = [Kl][¢j] whenever {i,j}N{k, 1} =2, i<j and k<l

For further details, see [4, 6].

Note that [ij] — 0;;, 1 <i < j < n, defines a representation of the algebra &Y in P,.

Now, let v,w € S,, and w > v with respect to the Bruhat order on S,,. Let a € R(w) be
a reduced decomposition of w. We define the element [w/v] in the Bracket algebra 0 to be

w/ol=v" Y ¢ab),

bCa, beR(v)

where

Sa;s a; € b,
oap)=[[s@p). ‘i’i:{[ai w+1, agb.

Note that the right-hand side of the definition of [w/v] can be interpreted inside the crossed
product of £2 by S, (which is also called a skew group algebra in this case) with respect to the
action of S, on £Y defined by

w-[w/v] = [w(iw(f)]  (which means — [w(j)w(i)] if w(i) > w(j)),
eventually giving an element of £9.

Remark 1. Let w,v € S,,, and w = v. One can show that the element [w/v] € £ is independent
of the reduced decomposition a € R(w).

Conjecture 2. The element [w/v] € EQ can be written as a linear combination of monomials
in the generators [ij], i < j, with nonnegative integer coefficients.

Example 2. Take w = $951535251 € Sy, v = s981 € S4. Then

[w/v] = [34][23][12] — [12][34][13] — [13][23][14]
= [34][12](13] + [34)[13][23] — [12][34][13] — [13][23][14]
= [13][14](23] + [14][34][23] — [13][23][14] = [14][34] 23].

7 Skew Schubert polynomials

Definition 5. Let v,w € S5, and w = v with respect to the Bruhat order. The skew Schubert
polynomial &/, is defined to be

611)/11 = vflwo/wflwo(xan)' (71)



Skew Divided Difference Operators and Schubert Polynomials 9

xample 3. a) Let w = 51528381 4, and v = 81 4- en v Twg = $2818382S81, W W =
E ple 3 Let € Sy, and € S4. Th 1 ,w !

s281, and

Sy = 321321/21(95?55%333) = (¢F + 2124 + 2732
= G121 + G232 — G124 — G213 — G132 (mod Iy).

b) Take w = s3s9 € Sy and v = s3 € Sg. Then v wy = 5159515352, wtwy = S15253592, and
av_le/w_le = 813. Thus

6w/v = $%$2$3(!I/‘2 +x3) = —:L‘il)’xgxg (mod Iy).

It is clear that if w,v € Sy, and w = v, then &,,, is a homogeneous polynomial of degree

n
9) ~ l
the Schubert polynomials have in fact positive integer coefficients.

(w) + I(v) with integer coefficients. It would be a corollary of Conjecture 1 that skew

Proposition 4.
i) Let v € Sy, and wg € Sy, be the longest element. Then

Gwo/v = 6v~ (72)
ii) Let w € Sy, then G,,/1 = wowwoSyuy-

Proof of (7.2) follows from (5.5) and (7.1).

It is an interesting task to find the Monk formula for skew Schubert polynomials, in other
words, to describe the decomposition of the product (x1+- - -—|—a:r)6w/v, w,v €S, 1 <r<n-—1,
in terms of Schubert polynomials.

8 Proof of Conjecture 1 for divided difference operators 0;;

First of all we recall the definition of the nilCoxeter algebra NC,, and the construction of the
Schubert expression &™+tY) € Nlzy,...,2,][NC,], where N[zy,...,2,][NC,] denotes the set
of all non-negative integral linear combinations of the elements of the form z{"! .- -z ® e,
mi,...,mp € N, w €S, in Z[zy,...,2,] ®z NC,,. Similar remarks apply to similar notation
below.

The study of action of divided difference operators J;;, 1 < i < j < n, on the Schubert
expression &("*t1) is the main step of our proof of Conjecture 1 for the skew divided difference
operators corresponding to the edges in the Bruhat order on the symmetric group S,4+1. In
exposition we follow to [5, 3, 4].

Definition 6. The nilCoxeter algebra NC,, is the algebra (say, over Z) with generators e;,
1 < ¢ < n, which satisfy the following relations
(i) €2 =0, for 1 <i<n,
(i1) eje; = eje;, for 1 < 4,5 < mn, [i — j| > 1,
(1i1) ejeje; = ejeiej, for 1 <i,5 <m, i —j| = 1.
For each w € Sy41 let us define e, € NC,, to be ey, = eq, - - - €q,, Where (a1,...,a,) is any

reduced decomposition of w. The elements e, w € Sy11, are well-defined and form a Z-basis
in the nilCoxeter algebra NC),.
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Now we are going to define the Schubert expression &1 which is a noncommutative
generating function for the Schubert polynomials. Namely,

st = Z Suew € Nz, ..., 2] [NCy].

wWESn+1

The basic property of the Schubert expression &1 is that it admits the following factoriza-
tion [5]:

S = Ay (21) - -+ Ap(zn), (8.1)

i
where A;(x) = [[ (1 4+ ze;) = (1 +zen)(1 + zep_1) - (1 + ze;).
j=n
Now we are ready to formulate and prove the main result of this Section, namely, the following
positivity theorem:

Theorem 1. Let 1 <i<j<n—+1, we& Syy1. Then
aijGw S N[xl, R 7-73n+1]'

Proof. Our starting point is the Lemma below which is a generalization of the Statement 4.19
from Macdonald’s book [11]. Before to state the Lemma, we need to introduce a few notation.

Let X = (z1,...,2p) be the set of variables and p = (1, ..., itp) be a composition of size n.
We assume that p1; # 0, 1 < j < p, and put by definition po = 0.
Denote by X; the set of variables (4.4 1415+ Tpgtotp; )y 1 <7 < p.

Let w € S™ be a permutation such that the code of w has length < n. The Schubert
polynomial &,,(X) can be uniquely expressed in the form

p
Gu(X)=>_d¥ . ]S X)),
j=1

summed over permutations u; € S®1), ... ,Up € Sir) | see [11, Chapter IV].

Lemma 1. The coefficients dy;, ) defined above, are non-negative integers.

LU

The proof of Lemma proceed by induction on I(u,), and follows very close to that given
n [11]. We omit details.

It follows from the Lemma above that it is enough to prove Theorem 1 only for the transpo-
sition (7,7) = (1,n). Thus, we are going to prove that 01,8, € N[z1,...,x,]. For this goal, let
us consider the Schubert expression &) = Ay (1) A () - - - Ay (), see (8.1). We are going
to prove that

31n6(n+1): Z o (T) s,

WESn11
where au,(x) € N[zy, ..., z,] for all w € Sy,41. Using the Leibniz rule (3.2), we can write
91, &Y = 01, (A1 (1) As(22) - -+ Ap(20))
= Oin(A1(z1))A2(22) - - An(2n) + Ar(zn) A2(22) - - - A1 (Tn—1) 010 (An(T0))-
First of all,

1 -1
alnAn(xn) = + Tnen L1n = —e,.

Tl — Tn
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The next observation is
Al (.Zl:‘n) -1

Tn

OinAi(x1) = + f(z1,2p),

where f(x1,2,) € N[z1,2,][NCy]. Indeed, if Aj(x) = 3 cxa®, where ¢ € NC,,, co = 1, then
k=0

InAi(z1) Z Ch = ol flan, ),

1 — Tnp
=1 1

and f(z1,x,) € Nlz1,2,][NCy], as it was claimed. Hence,
2001 &Y = (Ay(25) — 1) Aa(22) - - Ap—1(zn-1) (1 + Zpey)
— Ay (zpn)A2(x2) - Ap—1(Tn—1)en®n + T F (21, ..., 2y)
= Ai(zn)Az(22) -+ Ap1(zn-1) — Az(2)Az(23) - - An(n)
+xnF(x1,...,20),
where F(x1,...,x,) € N[z1,...,2,][NC,]. Thus, it is enough to prove that the difference
Ai(zn)As(z2) - Ap—1(zn—1) — A2(z2)As(z3) - - - Ap ()
belongs to the set N[zy,...,z,|[NC,]. We will use the following result (see [5, 3]):
Ai(@)Ai(y) = Ai(y)Ai(z), 1<i<n
Thus, using a simple observation that A;(z) = A;+1(z)(1 + ze;), we have
Ai(zn)As(z2) - Ap—1(zn—1) = A2(zn) (1 + zner)Ao(x2) - - - An—1(xn—1)
= Ag(xn)As(x2) - Ap—1(xn—1) + xnA2(zy)e1 As(x2) - -+ Ap_1(Tn—1)
= Ag(xa)As(xn)As(x3) -+ Ap—1(xn—1) + xnA2(xy)e1 Ao(x2) -+ Ap_1(xn_1)
= Ag(x2)As(xn) (1 + zpea)As(xs) -+ Ap—1(Tpn—1) + ang(xn)elAg(:rg) e Ap_1(Tn—1)

n—1 1
— ... :A2($2)A3($3)' :Cn +anHA x] z+1 xn €; H A x]
i=1 j=2 Jj=i+l

Let us denote the sum over i in (5.3) by G(z1,...,x,). It is clear that
G(z1,...xn) € Nlz1,...2,][NCy].
Thus the difference
Ai(xp)As(z2) -+ Ap—1(zn—1) — Aa(x2)As(x3) - - - An(xn) = G(x1, ..., 2p)
also belongs to the set N[z1,...,2,][NCy]. |

9 Generating function for the Schubert polynomials
structural constants c;,

Let w,v € Sy, l(w) —I(v) <1, and w > v with respect to the Bruhat order. For 1 <i¢ <n and
1 < s < n—1 we define the element e (w/v) of the nilCoxeter algebra NC), using the following
rule
0, if w=vlgyp), and simultaneously a # s and b# s,
i if w=wvty, d s<b,
ez(»s)(w/v) _ Jen-i 1 w=vty, and s
—en—i, if w=vwlg,, and b<s,

, if w=w.
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Theorem 2. Let u,w € S,,. Then

n—1n—s

Sete= XTI (4207) o)

vESH {vfb)}gz_ll s=11=1

(

summed over all sequences v = (v.s)) of permutations

w=vf) zop) =zl = o 2 ez 02,
B o o B o B

with restrictions

l(v(s) ) — l(vi(s)) <1 for alli and s.

i—1

In the product in the RHS (9.1) the factors are multiplied left-to-right, according to the
increase of s.

Proof. We start with rewriting of the LHS (9.1), namely showing that
Z Cgvev = n(aw/ue(n))y
vESy

where & denotes the Schubert expression. Indeed,
n(aw/ve(n)) = E n (810/1)(61))) €y = Z Cgvev'
’UESn UESn

The next step is to compute n (8w /UG) using the following lemma, which is obtained by repetitive
use of the generalized Leibniz rule (5.3).

Lemma 2. Let w,u € Sy, and fi,..., fn € P,. Then

N
WOy s (f1-- - [N) = Z Hvz‘ (Bvy_yjw (1)) -

W=V U1 ZUN—1ZVN=u =1

We apply Lemma 2 to the Schubert expression

n—1 %

&M = Ay(z1) - Ap_1(ap_1) = (1 + ziex). (9:2)
1 k=n—1

..
Il

On the rightmost side of (9.2), the factors are multiplied left-to-right according to the increase
of i. As a result, we obtain

n—1ln—s

n(ﬁw/ue(n)) = Z H H n(a”z(i)l/U«ES) (1 + ﬂ:senﬂ-)),

{v(()S)tvgs)i'”tU(S) };L:—ll s=1 i=1

n—s

summed over all sequences of permutations {v(()s) > v§s) iR vif,)s Z:_ll such that v(()l) = w,
véSH) =¥ 1<s<n-2 fug"_l) = u.

Note that we omitted the action of the symmetric group elements since we apply 7.
It is clear that we can assume [ (vfi)l) - l(vgs)) < 1 for all 7, s, and under these conditions, we

have

10,0, (1 + asens)) = 7 00/, .



Skew Divided Difference Operators and Schubert Polynomials 13

10 Open problems

Below we formulate a few problems related to the content of this paper.

1. Main problem. Let w,v € S, and w > v with respect to the Bruhat order on the
symmetric group S,,. Prove that polynomials 9, , (6,) have nonnegative coefficients for each
u € Sy.

2. The generalized “Littlewood—Richardson problem” for Schubert polynomials.
Let u,v,w € S, and

O /v (Gu) = Z Cax®.

(0%
Find a combinatorial description of the coefficients ¢, 1= cq(u, v, w).

Remark 2. If [(w) = l(u) + I(v) and w = v, then 9,/ (6.) = c,

W, see [11, p. 112], or the
present paper, Proposition 3, v).

3. Skew key polynomials. Let o = («a1,...,a,) be a composition, A\(«) be a unique
partition in the orbit S,,-a, and w(a) € S,, be the shortest permutation such that w(a)-a = A(«a).
Let v € S, be such that w(a) > v with respect to the Bruhat order. Using in Definition 4 the
isobaric divided difference operators m; := djz;, 1 < i < n —1 (see, e.g., [11, p. 28]) instead of
operators J; one can define for each pair w > v the skew isobaric divided difference operator
Tw/o : Pn — Py, where P, = Z[x1,. .., 7).

We define the skew key polynomial &/, to be

ka/v = Tw(a)/v (m/\(a))7

where z° = x?l .

-z for any composition 3 = (81, B2, ..., 3,). It is natural to ask whether or
not the skew key polynomials have nonnegative coefficients?

4. Find a geometrical interpretation of the skew divided difference operators, the polynomials
Ow/v (Gy), and the skew key polynomials.

5. Does there exist a stable analog of the skew Schubert polynomials?
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