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We derive an analytical expression that describes the complete three-dimensional carrier-envelope-phase
(CEP) distribution in the focal volume of ultrashort pulsed Gaussian beams focused by spherical mirrors or
lenses. The focal CEP map depends on the so-called factor g specifying the frequency dependence of the
beam width of the source few-cycle pulse, on its chirp, and on the small chromatic aberration introduced by
a lens without appreciably distorting or broadening the few-cycle pulse. We show how to tailor the CEP map
of mirror-focused and lens-focused few-cycle pulses in order to produce negligible transversal and axial CEP
variations in specific regions of the focal volume for phase-sensitive interactions of light with matter taking place
in a volume or on a surface. We propose a quasiachromatic doublet lens that can implement in practice these
tailored CEP distributions.
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I. INTRODUCTION

In this paper we determine the three-dimensional (3D)
carrier-envelope-phase (CEP) map or spatial variation of the
CEP of broadband few-cycle pulses focused by mirrors or
lenses and describe several mechanisms to tailor it for spe-
cific applications. The CEP map is relevant to all nonlinear
light-matter interaction experiments as high-harmonic or at-
tosecond pulse generation, photoelectron emission from metal
surfaces, nano-objects or structures, and in the control of
chemical reactions in femtochemistry where the CEP is a
crucial parameter determining the outcome of the experiment
[1–5]. In gas high-order harmonic generation, for example, the
extreme-ultraviolet (XUV) emission may even originate from
a large portion of the focal volume, influencing its spectral
content through phase matching [4,6–10]. The significance of
the spatial distribution of few-cycle laser beam parameters in
phase-matching properties of high-order harmonic generation
has also been highlighted in Ref. [11]. Thus knowing and
controlling the focal CEP variation along with a consequent
choice of the material sample position and extent can be con-
sidered as relevant as controlling the CEP of the laser source.

It has happened slowly and with difficulty to stop identi-
fying the variation of the CEP through a focus with Gouy’s
phase shift, probably because the former has its origin in the
latter [12,13]. Gouy’s phase shift is an additional −π phase
shift of a monochromatic constituent through the focus that
changes its phase velocity, whereas the CEP shift is the shift
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of the phase of the carrier oscillations at the time of pulse peak
due to the different and space-dependent phase and group
velocities [14]. The precise on-axis and off-axis CEP map of
ideally focused few-cycle transform-limited pulsed Gaussian
beams was described in Ref. [15]. The deviation from Gouy’s
phase shift is governed by the so-called factor g of the input
beam also called the Porras factor in Ref. [16], which is deter-
mined by the variation of the beam width with frequency [15].
On the experimental side, earlier measurements did not report
conclusive deviations of the CEP shift from the Gouy’s phase
shift [12,17,18]. Recent measurements based on spectral in-
terferometry reported however strong deviations from Gouy’s
phase shift and their relation with the wavelength-dependent
properties of the input beam [19]. Very recently, direct mea-
surement of the on-axis and off-axis CEP map based on the
CEP sensitivity of the backscattered photoelectrons from a
nanotip scanning the focal volume [16] confirmed the strong
deviations from Gouy’s phase shift and corroborated the pre-
dictions in Ref. [15], in particular, the predicted dependence
with the g factor. These observations underscore the need
to properly characterize the laser source in use—especially
measuring its factor g—to get advanced control on the CEP
and hence on the allied CEP-sensitive light-matter interac-
tions [16]. Unfortunately, there are no studies on how the
factor g determining the CEP map relates to the femtosecond
laser source characteristics so that no effective control can be
exercised on the CEP under close-to-ideal focusing conditions
as with spherical or parabolic mirrors.

Soon after the demonstration of CEP sensitivity of dif-
ferent physical processes, methods have been proposed to
attain some control on axial variations of the CEP based
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on dispersive material for specific applications [20,21]. We
have previously studied the focusing of few-cycle pulses with
lenses [22–24] and determined the precise conditions for
lenses to focus to transform-limited few-cycle pulses traveling
undistorted in the focal volume. We have also described how
the on-axis CEP variation differs from that using mirrors as
an effect of the small chromatic aberration introduced by
the lens [22]. Although mirrors are thought to be generally
preferable, chromatic focusing has recently been proposed as
an additional control knob for high-order harmonic genera-
tion [25]. Also, we have previously found that a small pulse
chirp, lengthening the pulse by, e.g., less that one femtosec-
ond, strongly affects the on-axis CEP variation [23]. Chirped
femtosecond pulses have also been used to control high-order
harmonic generation [26–30], chemical reactions [31], and
terahertz generation [32]. Chromatic aberration and chirp thus
offer two control parameters, often used in femtosecond light-
matter interaction experiments, to control the CEP map.

However, the capability of chromatic focusing and chirp
to modify and control the CEP map has only been analyzed
along the optical axis and not off axis, whereas nonlinear
interactions generally take place in a volume not just on
axis [1,4,33,34]. It is thus of interest to these experiments
to investigate how the complete 3D CEP map depends on
g, chromatic aberration, and chirp so that specific axial and
transversal CEP variations (e.g., no axial and/or radial CEP
variation) required for particular CEP-sensitive interactions at
specific target positions and extents can be tailored acting on
these parameters.

Thus, in Sec. II we evaluate the complete 3D CEP map,
recalling the conditions under which the few-cycle pulses
can be focused without appreciable distortion. In Sec. III we
analyze the conditions under which the CEP map can be made
flat, axially, transversally, or both, in specific locations in the
focal volumewith a focusing mirror or with a lens using small
chirps and chromatic aberrations. In Sec. IV we exemplify
the results by showing these small pulse chirps and the
tunable small chromatic aberrations are easily provided by a
separable achromatic doublet that would allow for generating
these tailored CEP maps in practice.

II. THE THREE-DIMENSIONAL CEP MAP

If the beam to be focused is of sufficiently high quality—
the beam-quality factor M2 [35], is close to unity—, its
spectrum can be assumed to be of the form of the collimated
Gaussian beam Êin(ω, r ) = p̂in(ω) exp(−r2/s2

L), where r is
the radial coordinate from the optical axis and p̂in(ω) is
the on-axis spectrum of bandwidth �ω about the laser car-
rier frequency ω0. The beam spot size sL and the asso-
ciated Rayleigh distance L = ωs2

L/2c depend, in general,
on frequency ω. Since applications require careful focusing
to a nearly diffraction-limited beam, we can assume that
the spectrum after the focusing system is given from well-
known Gaussian beam formulas in the Debye approxima-
tion (L � f or no appreciable focal shift) by Ê(ω, r, z) =
p̂(ω)(−f/q ) exp(iωr2/2cq ) exp(iωz/c), where z is the axial
distance from the exit plane of the focusing system, q =
Z − iLR and LR = f 2/L are the complex beam parameter
and Rayleigh distance of the focused beam, f is the focal

length, which may depend on frequency, Z = z − f is an
axial coordinate with its origin at the focal point at each
frequency, and p̂(ω) may differ from p̂in(ω) in the possible
spectral changes introduced by the focusing system. The
space-dependent parts of the spectral amplitude and phase at
each point after the focusing system are then given by

a(ω, r, z) = f

LR

1

[1 + (Z/LR )2]1/2
exp[−r2/s2(Z)], (1)

ϕ(ω, r, z) = −π

2
− tan−1

(
Z

LR

)
+ ωr2

2cR(Z)
+ ω

c
z, (2)

where s2(Z) = s2
f [1 + (Z/LR )2]1/2, s2

f = 2cLR/ω ,R(Z) =
Z[1 + (LR/Z)2].

It has been shown [22] that the above Gaussian-beam
formulas describe accurately the spectrum of the focused
pulsed beam if sL is small enough compared to the mirror or
lens radius for aperture effects and spherical aberration to be
negligible. Under this condition, and if the focusing system
is a lens, pulse broadening introduced by the lens material
dispersion is substantially the same as that introduced by a
slab of the lens material and thickness equal to the lens central
thickness D, i.e., p̂(ω) = p̂in(ω) exp[iDn(ω)], where n(ω)
is the lens material refractive index [22]. It is then possible
to have a transform-limited few-cycle pulse after the lens
by simply precompensating for the dispersion introduced by
that plate as usually performed with standard pulse-shaping
techniques (e.g., group-velocity dispersion and/or third-order
dispersion compensation, depending on the pulse duration and
lens thickness D). We may also have a pulse with positive or
negative chirp after the lens by under- or overcompensating
that material dispersion. It has also been shown [22] that the
distortions in the pulse shape about the focus originating from
the lens chromatic aberration, measured by the parameter
γ = ω(df/dω)/LR (evaluated at the carrier frequency), are
negligible if |γ | � ω0/�ω, a condition that is easily given
with real lenses. Under these conditions, the only source of
distortion in the pulse shape is the intrinsic distortion due to
the transverse limitation of a focused beam, i.e., to diffrac-
tion, distortions that are generally very small, and have been
shown to be accurately described by the first-order theory
of diffraction effects in few-cycle pulses [36]. In this theory,
the time-domain electric field, or inverse Fourier transform of
Ê(ω, r, z), is expressed as the enveloped carrier oscillations
E(t, r, z) = A(t, r, z) exp{−i[ω0t − ϕ(ω0, r, z)]} with an en-
velope given by

A(t, r, z) � a(ω0, r, z)p(τ ) + ia′(ω0, r, z)
dp(τ )

dτ
. (3)

The prime signs stand for a derivative with respect to fre-
quency, p(τ ) is the inverse Fourier transform of p̂(ω) eval-
uated at the local time τ = t − ϕ′(ω0, r, z). The second term
on the right-hand side of Eq. (3) accounts for the small
diffraction-induced changes in the pulse shape about the
focus.

The CEP at a point (r, z) is the phase of the
carrier oscillations at the time of the pulse peak, i.e.,
�(r, z) = −ω0[τ (r, z) + ϕ′(ω0, r, z)] + ϕ(ω0, r, z) + φ(r, z),
where τ (r, z) is the time at which |A(τ, r, z)| peaks and φ(r, z)
is the argument of A(τ, r, z) at that time. Thus, if we take the
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focal point at the carrier frequency (r = 0, z = f (ω0) ≡ f0)
(focal point for short) as a reference point, the CEP shift from
the focal point is given by ��(r, z) = �(r, z) − �(0, f0),
which can be separated in the two contributions,

��1(r, z) = [−ω0ϕ
′(ω0, r, z) + ϕ(ω0, r, z)]

− [−ω0ϕ
′(ω0, 0, f0) + ϕ(ω0, 0, f0)], (4)

and

��2(r, z) = −ω0[τ (r, z) − τ (0, f0)] + φ(r, z) − φ(0, f0)

≡ −ω0�τ (r, z) + �φ(r, z). (5)

The first contribution is independent of the shape p(τ ) of
the pulse, the only one considered in Ref. [15] for focusing
without chromatic aberration, and has been verified exper-
imentally to describe the actual CEP map with transform-
limited (unchirped Gaussian) pulses [16] (which implies that
the second contribution is negligible with transform-limited
pulses). The effect of chromatic aberration on the CEP was
considered in Ref. [22] but limited to on-axis points (r = 0).
The second contribution includes the effect of the small pulse
reshaping and depends on the pulse shape itself. For on-axis
points only, it has been shown that any small amount of chirp
in the focused pulse drastically alters the CEP map [23].
Here we evaluate the two contributions for off-axis points
with chirped or unchirped Gaussian pulses, providing thus a
complete description of the CEP map about the focus.

Evaluation of Eq. (4) is a straightforward but lengthy (and
tedious) exercise of algebra and calculation of derivatives
of which we summarize the most relevant points. With the
normalized variables ζ = Z/LR and ρ = r/s(Z) the spectral
phase reads as ϕ = −π/2 − tan−1(ζ ) + ρ2ζ + (ω/c)z. Both
ζ and ρ depend on ω because f , L, and hence LR, Z =
z − f , and all other quantities in the Gaussian-beam formulas
where they appear, depend on ω. Careful evaluation of their
derivatives yield ζ ′ = −(f ′/LR ) − ζ (L′

R/LR ) and (ρ2)′ =
ρ2[1/ω − (L′

R/LR ) − 2ζ ζ ′/(1 + ζ 2)]. After long algebra, the
first contribution to the CEP shift from the focal point is
obtained to be

��1(r, z) = − tan−1

(
Z

LR

)
+

1 − 2 r2

s2(Z)

1 +
(

Z
LR

)2

×
[
g

(
Z

LR

)
+ γ

(
Z

LR

)2
]

+ γ
r2

s2(Z)
, (6)

where

g = −L′
R

LR

ω, γ = f ′

LR

ω, (7)

and where all frequency-dependent quantities are evaluated
at the carrier frequency ω0, e.g., Z = z − f0 is the axial
distance from the focal point. Although parameter g is ex-
pressed in Eq. (7) using the Rayleigh length LR of the focused
beam, it depends solely on input beam parameters and can
be calculated using the Rayleigh length L or waist size sL

of the input beam as g = L′ω/L ≈ 1 + 2s ′
Lω/sL [15,22,24].

The dependence of g on the parameters of the laser source is
yet unclear and should be the subject of future experimental
studies. The results of Hoff and co-workers suggest [16], e.g.,

that it depends on day-to-day tuning and alignment of the laser
source. Some easily interpretable values of g are described in
Refs. [15,24].

Similarly, the spectral amplitude, expressed in the dimen-
sionless variables, is given by a = (f/LR ) exp(−ρ2)/(1 +
ζ 2)1/2. After some algebra, its derivative with respect to
frequency can be written as a′ = h(ρ, ζ )a, where

h(ρ, ζ ) = h(ζ ) − ρ2

(
1

ω
− L′

R

LR

− 2ζ ζ ′

1 + ζ 2

)
, (8)

h(ζ ) = f ′

f

(
1 + f

LR

ζ

1 + ζ 2

)
− L′

R

LR

(
1 − ζ 2

1 + ζ 2

)
, (9)

and where all frequency-dependent quantities are evaluated at
the carrier frequency. The complex envelope in Eq. (3) then
yields A � [p(τ ) + ih(ρ, ζ )dp/dτ ]a, which, being a first-
order approximation (second-order derivatives are neglected),
is conveniently replaced with A � p[τ + ih(ρ, ζ )]a, having
the same first-order approximation. Assuming that the on-axis
pulse immediately after the lens is the Gaussian pulse p(τ ) =
(�T/b) exp(−τ 2/b2), where b2 = �T 2 − 2iC, C is a resid-
ual chirp, and �T is the transform-limited duration {actual
duration �TC = �T [1 + (2C/�T 2)2]1/2}, the reshaped real
amplitude’s temporal shape in the focal region is found to be

|A| � �T

b
exp

[
h2(ρ, ζ )

�T 2

]
exp

{
−

[
τ − (

2C
�T 2

)
h(ρ, ζ )

]2

�T 2
C

}
.

(10)

Thus, reshaping due to the strong localization in the focal
region consists of a drift of the time of pulse peak from
point to point of space given by τ (ρ, ζ ) = (2C/�T 2)h(ρ, ζ ).
This expression allows to evaluate −ω0[τ (r, z) − τ (0, f0)] =
−ω0(2C/�T 2)[h(ρ, ζ ) − h(0, 0)] in Eq. (5) for the second
contribution to the CEP shift from the focal point. Similar
calculations allow for concluding that the difference in the
phases of the envelopes at the time of the drifted peaks
φ(r, z) − φ(0, f0) does not give a significant contribution to
the CEP shift. After some algebra, Eq. (5) for the second
contribution to the CEP shift then yields

��2(r, z) = 2C

�T 2

1 − 2 r2

s2(Z)

1 +
(

Z
LR

)2

[
−γ

(
Z

LR

)
+ g

(
Z

LR

)2
]

+ 2C

�T 2
(1 + g)

r2

s2(Z)
, (11)

where again all quantities are evaluated at the carrier fre-
quency. The total CEP shift from the focal point is finally
obtained to be

��(r, z) = − tan−1

(
Z

LR

)
+

1 − 2 r2

s2(Z)

1 +
(

Z
LR

)2

×
[
G

(
Z

LR

)
+ �

(
Z

LR

)2
]

+
[
� + 2C

�T 2

]
r2

s2(Z)
, (12)
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where

G ≡ g − γ
2C

�T 2
, � ≡ γ + g

2C

�T 2
. (13)

These equations provide the complete 3D CEP map for the
focusing conditions of interest in many applications to a
nearly diffraction-limited and transform-limited pulsed beam.
The most relevant novelty compared to the on-axis formula
is the term in the third row that makes the CEP on the focal
plane to present, in general, a quadratic variation with radial
distance. Out of the focal plane, the CEP has also a positive
or negative quadratic variation, depending on the specific
value of Z. Along caustic surfaces r/s(z) = const, the CEP
variation is more pronounced or less pronounced than Gouy’s
phase, depending on the value of g of the input beam and the
specific caustic surface and as described elsewhere [15,16,23].
The CEP shift along the caustic surface r/s(Z) = 1/

√
2 al-

ways equals Gouy’s phase shift. For further development, we
rewrite (12) more compactly as

�� = − tan−1 ζ + ζG + ζ 2�

1 + ζ 2
(1 − 2ρ2) + Pρ2, (14)

where

P = � + 2C/�T 2 = γ + (g + 1)
2C

�T 2
. (15)

The validity of our analytical approach has been confirmed
experimentally by Hoff and co-workers [16] for unchirped
pulses focused by mirrors, even if the beam was not perfectly
Gaussian (M2 = 1.2). We note, however, that intense few-
cycle pulsed laser beams are often obtained experimentally
by using hollow-core fiber compression techniques produc-
ing beams having profiles described by truncated Bessel
modes [11,37–39]. If the mode is truncated at first zero of
the Bessel function, our expressions derived for Gaussian
beams are expected to give a fair approximation for the CEP
of the clipped Bessel beam. Studying beams with Bessel or
truncated Bessel profiles are outside the scope of this paper.

III. TAILORING THE THREE-DIMENSIONAL CEP MAP

The CEP map can be used and manipulated in a number of
ways, depending on the particular application. For example, it
is generally desirable to have a constant CEP in the volume of
the target to avoid CEP-integration effects that may wash out
the sensitivity to the CEP of the light-matter interaction. One
may then evaluate the CEP standard deviation in the target
volume and minimize it. In the following we assume a laser
source of certain factor g (that cannot easily be modified),
a target at position Z of narrow axial thickness compared
to LR , and a large transversal size compared to s(Z). We
can also consider a light-matter interaction that depends on
a certain power n of the intensity I n ∝ exp[−2nr2/s2(Z)] =
exp(−2nρ2). This is an alternative way to consider a transver-
sally limited target of effective radius s(Z)/

√
n smaller than

the beam radius, e.g., negligible transversal size for n → ∞.
The effective CEP in the thin sample or average CEP with In

is found to be

〈��〉 = − tan−1 ζ + ζG + ζ 2�

1 + ζ 2

(
1 − 1

n

)
+ P

2n
, (16)

with a transversal standard deviation given by

〈(�� − 〈��〉)2〉1/2 = 1

n

∣∣∣∣Gζ + �ζ 2

1 + ζ 2
− P

2

∣∣∣∣. (17)

For a given sample position ζ , we may wish to have no
transversal variation of the CEP, no local axial variation of
the CEP, or both, acting on the two control parameters at
hand, namely, pulse chirp and lens chromatic aberration. No
transversal variation requires

2ζG + 2ζ 2� − (1 + ζ 2)P = 0, (18)

locally vanishing axial variation of the effective CEP at posi-
tion ζ and, in particular, vanishing on-axis CEP variation for
n → ∞ requires

−(1 + ζ 2) + (1 − ζ 2)G

(
1 − 1

n

)
+ 2ζ�

(
1 − 1

n

)
= 0,

(19)

as obtained by equating to zero the derivative of Eq. (16) with
respect to ζ .

A. Design of the CEP map with focusing mirrors

Since, in most experiments, mirrors are used to focus few-
cycle pulses, we first analyze if the above conditions can be
given with a mirror in which case γ = 0. Then G = g, � =
g(2C/�T 2), and P = (1 + g)(2C/�T 2). From Eq. (19), no
axial CEP variation at the focus ζ = 0 occurs, irrespective of
the chirp, only with the specific value of g = 1/(1 − 1/n) of
the input pulse, or g = 1 for the on-axis CEP, and therefore
it is not generally possible. From Eq. (18), the CEP across
the focal plane is constant only if P = (g + 1)(2C/�T 2) =
0, i.e., requires a transform-limited pulse. Any chirp induces
a CEP variation across the focal plane. Axially and radially
constant CEPs occur only given with input laser pulses with
g = 1 and C = 0.

In many experiments the target (e.g., a gas nozzle) is
placed slightly out of focus, preferably in its second half.
Equation (18) for a transversally flat CEP at 0 < |ζ | < 1 in
the case of a mirror yields the needed relative pulse chirp,

2C

�T 2
= 2ζg

g(1 − ζ 2) + (1 + ζ 2)
. (20)

Figures 1(a) and 1(b) are examples of CEP maps in the
focal volume of input focused pulses with g = −0.5, having
radially flat CEPs at ζ = 0 with transform-limited pulses
(C = 0) and radially flat CEPs in the middle of the second half
of the focal region with slightly chirped pulses (2C/�T 2 =
−0.571). Figure 1(c) shows the corresponding on-axis axial
variations, and Fig. 1(d) shows the relative chirp 2C/�T 2 to
have transversally flat CEPs at different positions ζfrozen in the
second half of the focal region for a few (supposedly) typical
values of the factor g of the input beam. The relative chirp
providing a radially flat CEP in the first half of the focal region
has an opposite sign. As seen, chirping the pulse could be
useful in practice (does not entail important pulse broadening)
to have transversally flat CEPs at a desired axial position in the
focal region for input pulses with g > −1.
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(a) (b)

FIG. 1. For spherical mirror focusing, focal CEP maps (cut along
the y = 0 plane) for an input beam with g = −0.5, (a) transform-
limited pulse 2C/�T 2 = 0, and (b) chirped pulse 2C/�T 2 =
−0.571. The CEP is transversally flat on the focal plane in (a) and
at Z = LR/2 in (b). (c) Axial variation of the CEP in the two above
cases (solid curves) compared to Gouy’s phase shift (dashed curve).
(d) Needed relative chirp as a function of the position Zfrozen at
which the CEP is constant transversally for a few values of g of the
input pulse. Chirps with opposite signs cause the same constant CEP
transversally in the first half of the focal region.

We instead may wish to have a CEP with no axial variation
at a certain position 0 < |ζ | < 1 in the focal volume. Condi-
tion (19) yields the chirp,

2C

�T 2
= 1 + ζ 2 − (1 − ζ 2)g

(
1 − 1

n

)
2ζg

(
1 − 1

n

) . (21)

Unfortunately, the chirp values are considerably large for most
values of g. Only for g > 1, a reasonably small chirp produces
a locally constant CEP within the focal region as shown in
Fig. 2(a) for the effective CEP with n = 4 and in the second
half of the focal region with positive chirps (opposite chirps
produce the same effect in the first half). With the choice
of n = 4 the examples shown are representative for the case
of high-order harmonic generation since the intensity of the
generated XUV radiation scales approximately with the fourth
power of the laser field intensity [40]. We also note that the
curves do not change qualitatively for different values of n.

Of particular interest is the situation in which the CEP is
constant transversally and axially. Equating (20) and (21), this
effect is seen to be possible in the focal region only with an
input beam with g � 1.15 at a certain position ζ in [−1, 1]
[where the curves in Figs. 1(d) and 2(a) intersect] that depends
on the particular value of g. This relevant position in the

(d)

FIG. 2. (a) Needed relative chirp as a function of the position
Zfrozen at which the effective CEP with n = 4 is locally constant
axially for a few values of g of the input beam for which this
chirp is relatively low. Chirps with opposite signs cause the same
locally constant axial CEP variation in the first half of the fo-
cal region. (b) Needed relative chirp to freeze the effective CEP
with n = 4 both axially and transversally and the position within
the focus at which this happens as functions of the values of g

for which this effect is possible. (c) On-axis and effective CEPs
with n = 4 (solid curves) for g = 1.26 and 2C/�T 2 = 0.574 and
Gouy’s phase (dashed curve), showing locally constant effective
CEPs at Z = LR/2. (d) CEP map in the focal region for g = 1.26
and 2C/�T 2 = 0.574, showing also a transversally constant CEP
at Z = LR/2.

second half of the focus and the required chirp are depicted
in Fig. 2(b) as functions of g. Note that since opposite chirps
produce the same CEP freezing effect in the first half of the
focal region as in the second half, only results for ζ in [0,1]
are depicted. The curves end at g = 1/(1 − 1/n) at the focus
with no chirp. For example, with an input pulse with g = 1.26,
the chirp 2C/�T 2 = 0.574 leads to the axially frozen effec-
tive CEP with n = 4 at ζ = 0.5 as seen in Fig. 2(c). The
transversally and axially flat CEP map at ζ = 0.5 is seen in
Fig. 2(d).

These results underscore the need to characterize the fem-
tosecond laser source in use by measuring its factor g. By
doing this we not only will know the possible CEP maps about
the focus of the mirror, but also will know if the CEP map
can be adapted to particular applications using small amounts
of chirp as a control knob or suitably positioning the sample
according to the CEP maps.

B. Design of the CEP map with lenses

The use of a lens offers more possibilities. According to
Eq. (19), we can have a CEP map with no axial variation at
the focus with input pulses of any value of g if the chromatic
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FIG. 3. (a) Chromatic aberration parameter γ as a function of
the relative chirp 2C/�T 2 (a) to freeze axially the on-axis CEP
at the focal point for different values of g of the input pulse. (b)
The same but to have a transversally flat CEP on the focal plane.
(c) and (d) Chromatic aberration and chirp to produce on-axis and
transversally frozen CEPs at the focus. Positive chromatic aberration
requires negative chirp (solid curves) and vice versa (dashed curves).

aberration γ and the relative chirp 2C/�T 2 verify

γ
2C

�T 2
= g − m, (22)

where m = (1 − 1/n)−1. Figure 3(a) shows the γ − 2C/�T 2

curves determined by Eq. (22), limited to relative chirps
|2C/�T 2| < 1 so as not to enlarge excessively the pulse for
different values of its g parameter in the particular case of
n → ∞ (m = 1), i.e., to freeze the on-axis CEP variation at
the focus. For other values of n the curves are qualitatively
similar. As an example, the particular CEP map for an input
pulse with g = 0 having an on-axis maximum at ζ = 0 using
the relative chirp 2C/�T 2 = 0.5 and the chromatic aberration
γ = −2 is plotted in Fig. 4(a). With chirp and chromatic
aberration of opposite signs, the CEP map would feature a
minimum.

Instead, we may wish to have the same CEP at all points of
the focal plane. According to Eq. (18), a transversally constant
CEP imposes the linear relation,

γ = −(g + 1)
2C

�T 2
. (23)

The γ − 2C/�T 2 lines determined by Eq. (23) are depicted
in Fig. 3(b) for the same values of the g parameter as in
Fig. 3(a). The particular CEP map with a flat CEP on the
focal plane for an input pulse with g = 0 using relative
chirp 2C/�T 2 = 0.5 and γ = −0.5 is plotted in Fig. 4(b)
for illustration purposes. Chirp and chromatic aberration of
opposite signs would also produce a flat CEP on the focal
plane.

FIG. 4. CEP maps in the focal volume (y = 0 sections) for g = 0
and the indicated values of γ and 2C/�T 2. The CEP at ζ = 0 is
axially constant in (a), transversally constant in (b), and axially and
transversally constant in (c) and (d) with a maximum in (c) and a
minimum in (d).

Although axially and transversally flat CEPs at the focus
with a focusing mirror require a transform-limited input pulse
with a particular value of g with a lens, this particularly
relevant CEP map is possible with a variety of values of g.
From Eqs. (22) and (23) we obtain the needed chirp and
chromatic aberration as

2C

�T 2
= ±

√
m − g

1 + g
, γ = ∓

√
(1 + g)(m − g). (24)

These values are the points of intersection of the curves in
Figs. 3(a) and 3(b) for each specific value of g, intersection
points that exist for input pulses with −1 � g � m, and are
represented in Figs. 3(c) and 3(d) as functions of g in the
particular case of n → ∞ (m = 1). Positive and negative
chromatic aberrations correspond to negative and positive
chirps in Eq. (24) or solid and dashed curves in Figs. 3(c)
and 3(d). Thus, given the factor g of the input pulse, there
are two specific values of chromatic aberration and chirp to
tailor an axially and transversally flat CEP map at the focus.
Only for 0 � g � 1 [black curves in Figs. 3(a) and 3(b)],
however, the chirp can be considered small enough according
to our criterion of |2C/�T 2| < 1. As a couple of examples,
the CEP maps corresponding to input pulses characterized
by g = 0 with γ = +1, 2C/�T 2 = −1 (with a local ax-
ial maximum at ζ = 0) and with γ = −1, 2C/�T 2 = +1
(with a local minimum) are plotted in Figs. 4(c) and 4(d).

Also, it is generally possible to freeze the CEP at particular
locations out of focus. The required chromatic aberrations
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FIG. 5. Upper plots: On-axis (n → ∞) CEP shift for input pulses with the indicated values of g, focused by a lens with the indicated
values of chromatic aberration γ and chirp 2C/�T 2 such that the CEP is approximately flat in the first half of the focus (red curves). The
dashed curves represent Gouy’s phase shift for reference, and the black curves represent the CEP shift in the case of focusing without chromatic
aberration and without chirp. Lower plots: Corresponding CEP maps (y = 0 sections) showing that the CEP is also transversally flat at positions
about −LR/2 as indicated by the vertical dashed lines in the upper plots.

can be straightforwardly obtained from Eqs. (18) and (19),
but the obtained expressions for γ and 2C/�T 2 are long and
cumbersome. In Ref. [23], it has been shown that, irrespective
of the value of g, a small chromatic aberration γ in [−1, 0] or
in [0,1] flattens the axial CEP variation in the first or second
half of the focus, respectively, and a small chirp enhances
further the flatness of the axial CEP variation. Following
this criterion, it is easy, in practice and faster than deriving
particular expressions, to adopt a inspection procedure by
directly plotting the 3D CEP map given by Eq. (14) with
the given value of g and different values of γ and 2C/�T 2.
We have found that, for optimum values of γ and 2C/�T 2

to flatten the axial CEP variation in one half of the focus,
the transversal CEP variation at about the middle of that half
vanishes. This result is illustrated in Fig. 5 for focused input
pulses with different values of g, including negative ones. The
vertical dashed lines in these figures indicate the positions
about the middle of the first half of the focus where the
CEP is axially and transversally flat. For each g, chromatic
aberrations and the chirp of opposite signs would equally
flatten axially and transversally the CEP in the second half of
the focus.

IV. IMPLEMENTATION OF TUNABLE CHROMATIC
ABERRATION FOR CEP MAP CONTROL

In addition to small chirps |2C/�T 2| � 1, we propose
a simple “separable” close-to-achromatic doublet to easily
tune the chromatic aberration parameter γ and hence to
focus few-cycle pulses with a tailored CEP map. Substantial
chromatic aberration can severely distort the pulse [41], but
condition |γ | < ω0/�ω ensures negligible pulse distortion,
and according to the above analysis, |γ | � 1 generally suffices
for the purpose of CEP map design.

For two thin lenses of focal lengths f1 and f2 separated by
a distance d, the focal length is

1

f
= 1

f1
+ 1

f2
− d

f1f2
. (25)

The lens-maker’s formula for thin lenses and Eq. (7) yield

γ = −L

[
a

f1
+ b

f2
− a + b

f1f2
d

]
= γ (0) + L

a + b

f1f2
d, (26)

where a = n′
1ω/(n1 − 1) and b = n′

2ω/(n2 − 1), n1,2 are the
lens refractive indices, L = ωs2/2c = f 2/LR is the Rayleigh
distance of the input pulse, and, as above, all quantities and
their derivatives are evaluated at ω0. In the second equality
γ (0) = −L(a/f1 + b/f2) is the chromatic aberration param-
eter when the two lenses are joint. Thus, chromatic aberration
varies linearly with increasing separation d, giving an easy
way to control it and hence the CEP map. Since usually achro-
matic doublets consist of a focusing and a defocusing element,
meaning f1f2 < 0, γ decreases with lens separation.

Suppose we wish to focus the input pulse of the Rayleigh
distance L to a half-focal depth LR as required by a particular
experimental setup and with chromatic aberration γ (0) when
the two lenses are joint. Setting the required focal length√

LLR in Eq. (25) with d = 0 and from γ (0) = −L(a/f1 +
b/f2), we obtain the required focal lengths as

1

f1
= γ (0)/L + b/

√
LLR

b − a
,

1

f2
= −γ (0)/L − a/

√
LLR

b − a
.

(27)

By slightly separating the two lenses, the chromatic aberration
γ can be tuned following the second equality in Eq. (26), and
if the system is designed such that the required separations d
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for efficient γ tuning are minimal compared to f1 and f2, the
variation of the total focal length f is also minimal, and the
variation of the focused Rayleigh distance LR = f 2/L is also
very small.

As an example of design, we consider pulses at an 800-
nm carrier wavelength, input spot size sL = 17 mm (20-mm
FWHM in intensity and L = 1.135 × 106 mm) to be focused
to LR = 3 mm. Chromatic aberration is wished to be tuned
from γ = +1 to γ = −1. With a N-BAF10 lens and a SF10
lens, Eqs. (27) with γ (0) = +1 give f1 = 589.2 and f2 =
−867.9 mm, and the total focal length with zero separation
is f = 184.5 cm. From Eq. (26), γ varies linearly ranges
from +1 to −1 when d ranges from d = 0 to d = 10 mm. At
the same time, the total focal length obtained from Eq. (25)
experiences a small variation from 184.5 to 178.1 cm, cor-
responding to a negligible decrease in the focused Rayleigh
range LR from 3 to 2.8 mm. Due to the small change in the
focal length the doublet can be placed and moved on a linear
stage, so the target remains at the same position in the focal
volume. This means that the proposed doublet system along
with small chirps of the focused pulse allow one to study
light-matter interactions with practically the same parameters
except the CEP map, that can be tuned to meet the needs of
the specific experiment.

We have confirmed numerically the usefulness of the above
system for focusing without distortion few-cycle pulses. Sim-
ilar to previous works [22–24], our numerical calculations
use a ray-tracing algorithm to analyze propagation from the
input to the output plane of the focusing optics, whereas the
electric-field strengths in specific points in the focal volume
are evaluated from scalar diffraction theory. The model takes
into account the truncation of the beam by the aperture of
the optics and considers the lens-varying thickness along with
the resulting spherical and chromatic aberrations [24]. The
above system is realized with central lens thicknesses D1 =
3.5, D2 = 2.0 mm, 3-in diameter, radii of curvature 120 and
58 cm for the first lens, and −58 and 881 cm for the second
lens, making it possible for zero separation (negative value
means a concave surface). In the ray-tracing calculations, d is
assimilated to the distance between the back and the front sur-
faces of the two lenses. The input pulsed beam at an 800-nm
carrier wavelength is Gaussian temporally and transversally
of duration �T = 8.49 fs (10-fs FWHM), width sL = 17 mm
(20-mm FWHM), and g factor equal to 0.5. With precompen-
sation of the second- and third-order dispersions introduced
by the central thicknesses D1 and D2, the pulse after the
lenses is Gaussian and transform limited for all practical
purposes and of the original duration at all points of the focal
volume, similar to the examples of previous works [19,22–24]
where the usefulness of lenses to focus few-cycle pulses is
stressed. The symbols in Figs. 6(a) and 6(b) represent the
CEP shift along the beam axis and along the focal plane,
respectively, extracted from the numerically evaluated electric
fields when the lens separation is d = 0 mm and d = 10, and
the solid curves represent the predictions of Eq. (12) with
g = 0.5, C = 0, and γ = ±1, demonstrating also the useful-
ness of the separable doublet system for CEP map tailoring.
Additional calculations confirm applicability of the system
with pulse durations down to 5-fs (two-cycle pulse). With
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FIG. 6. (a) On-axis CEP shift about the focus for two different
lens separation distances evaluated from Eq. (14) (curves) and from
the numerical simulation described in the text (symbols). (b) The
same but on the focal plane.

shorter pulses, precompensation of higher-order dispersion
terms than the second and third might be necessary to retain
the pulse shape.

V. CONCLUSIONS

We have completed partial calculations provided by differ-
ent authors in previous works in order to provide the com-
plete spatial distribution of the CEP of few-cycle Gaussian-
Gaussian pulsed beams focused by mirrors or lenses. This
amounts to specify the complete electric field under the
envelope at each position of the focal volume. Our results
underscore the importance of characterizing the few-cycle
laser source in use by measuring its factor g since it is the
fundamental parameter that specifies the CEP map in the
focal volume. Once g is determined, small residual chirps
and small chromatic aberration can be used to modify and
adapt the CEP map for specific applications or target posi-
tions without appreciably deteriorating the pulse. We have
shown, for example, how to suppress the CEP variation both
longitudinally and transversally at different locations of the
focal volume. We have also proposed and tested numerically
a quasiachromatic doublet that can perform this job without
distorting the few-cycle pulse and only changing the CEP
map. This analysis or others more adapted to each particular
situation can help to reach conditions that are beneficial in
research areas where light-matter interactions strongly depend
on the CEP, such as high-harmonic generation, attosecond-
pulse production, ultrafast nano-optics, or plasmonics. As
possible extensions of this paper, it would be of interest to
remove the restriction to Gaussian beams in order to evaluate
the CEP map of other focused beams in use in these phase-
sensitive light-matter interactions, e.g., of vortex beams [42]
or radially or azimuthally polarized beams [43].
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