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ABSTRACT

Recent experimental wear tests have demonstrated that shape memory alloys offer better wear

resistance than conventional wear resistant materials and therefore make them ideal candidates

as tribological materials. The wear resistance of shape memory alloys has been attributed to its

pseudoelasticity and high yield strength. To date however, an extensive computational study that

simulates the contact behavior of these alloys during a typical sliding wear process has not been

investigated.

This study uses the finite element method to analyze the sliding contact behavior between a

rigid cylinder and a two dimensional shape memory alloy semi-infinite half-space. An experi-

mentally validated constitutive model is used to capture the pseudoelastic effect exhibited by these

alloys. The finite element contact model is validated with closed form solutions for well known

normal and sliding elastic contact problems. Parametric studies involving key shape memory alloy

material parameters (maximum recoverable transformation strain, the inherent difference between

the elastic moduli of martensite and austenite phase, various isothermal loading paths) and co-

efficients of friction are conducted to study the effects on the sliding response. It is shown that

the sliding response of SMAs is strongly temperature dependent, with significant residual stresses

present in the half-space at temperatures below the austenitic finish temperature. An increase in

the maximum transformation strain causes the stress distribution to be spread over a wider area and

causes a significant decrease in the maximum von Mises stress in the half-space. The ability of

shape memory alloys to undergo a stress induced transformation to a more compliant phase, also

causes a reduction in the Mises stress and further demonstrates why pseudoelastic SMAs offer

better wear resistance that conventional wear resistant materials.
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1. INTRODUCTION

Contact mechanics is a branch of applied mechanics that focuses on the stresses and deforma-

tion of two or more bodies undergoing surface interactions, as a result of internal and/or external

loads. Contact mechanics has several applications in various industries across multiple scales and

has led to the development of a new branch of engineering called tribology that focuses on the wear

and lubrication of bodies in contact. Some examples include the locomotive industry, where the

macroscopic contacts of wheel on rails, gears, bearings, brakes and tires need to be studied so as to

extend their life under repeated severe contact; the oil and gas industry, where the fretting wear due

to reciprocating contact at the gas turbine blade and disk interface is a critical issue that decreases

the energy transfer efficiency and gas turbine lifetime; the biomedical industry, where the design

and material selection of artificial implants and joints that undergo severe and repeated contact with

other body parts is critical and the nano/micro-electronic-mechanical system (N/MEMS) industry,

where surface roughness and the geometry of asperities at these small scales need to considered

to ensure repeatable and reliable contact and to avoid mechanical failure like stiction and wear. It

has also served as the foundation for academic research in the field of nanoindentation, wherein

material properties such as hardness and elastic moduli of nanoscale thin films can be determined

using principles of elastic contact mechanics.

The importance of material selection in the prevention of various contact driven failure modes

such as wear and crack propagation cannot be understated. Several experimental studies have

recently demonstrated excelled wear resistant properties of a new class of material called shape

memory alloys (SMA). This material possesses a thermo-mechanical coupling and undergoes a

phase transformation during a typical sliding wear process. To date however, the literature on

simulating the contact behavior of this unique material in a typical sliding wear process is limited

and needs to be explored so as to further leverage its unique wear resistant properties.

The following sections will review the basics of elastic contact mechanics and will address the

challenges involved in studying the contact mechanics of materials that demonstrate an inelastic

1



constitutive behavior. An overview of the thermo-mechanical inelastic behavior (pseudoelasticity,

shape memory) of shape memory alloys is provided and relevant literature conducted to study the

contact mechanics of these specific materials is discussed. A literature review on the implications

of pseudoelasticity on the experimental wear behavior of shape memory alloys is also provided.

Finally a general outline of this thesis and its research objectives will be presented.

1.1 Literature Review

1.1.1 Elastic Contact

The seminal study in the field of contact mechanics was conducted by Hertz [2] towards the

close of the 19th century. Hertz introduced analytical solutions for three dimensional normal con-

tact of non-conforming spheres, with each possessing dissimilar radii and isotropic elastic material

properties (Figure 1.1). The solution for the stress field in the two bodies resulting from this contact

was later provided by Huber [3]. In the development of these analytical solutions, it was assumed

that the contacting surfaces are in perfect slip (i.e. frictionless). The Hertzian model is powerful in

the sense that certain simplifications can be introduced to study a range of contact problems such

as a rigid sphere in normal contact with an elastic semi-infinite half-space or an elastic sphere in

normal contact with an elastic semi-infinite half-space. The Hertzian contact model can also be

generalized to a two-dimensional plane strain and plane stress analysis [4].

Figure 1.1: Hertzian contact of two spheres.
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While the Hertzian model is only applicable to contact between spherical bodies, analytical

solutions for the stress field due to plane contact between a rigid body of a specific profile and an

elastic half-space are also available. The origin of these solutions are rooted in the point contact

solutions in 3-D formulated by Boussinesq [5] and the line contact solutions in 2-D developed by

Flamant [6]. By using the principle of superposition, the Boussinesq solution for a point contact

allows the stress distribution in the elastic half-space to be determined for any distribution of pres-

sure within a contact area. This approach has resulted in closed-form solutions for contact between

an elastic half-space and a rigid cylinder, rigid cone/wedge and rigid flat punch since the contact

pressure distribution for these geometries is known a-priori [4], [7].

Contacting bodies that slide relative to each other are considered to be in sliding contact. In well

lubricated bodies, frictional forces and tangential tractions are absent and therefore the stress field

in the half-space is unaffected by the sliding motion. In the case of dry frictional sliding, tangential

forces arise that oppose the direction of the prescribed sliding motion. Sliding contact mechanics

is therefore concerned with the stresses and deformation of the half-space due to the combined

presence of normal and tangential tractions (Figure 1.2). A limiting value of the tangential traction

required to initiate perfect slip during sliding is described using Amonton’s law, which relates the

normal traction to the tangential traction via the coefficient of friction. The coefficient of friction

is defined as the ratio of the tangential traction to the normal traction and its value typically does

not exceed unity [4]. If the specified tangential traction is above this limiting value in the contact

region, then the sliding contact is said to be in perfect slip, else if the entire contact region is below

this limiting value, the sliding contact is in perfect stick. As a result of the tangential traction during

frictional sliding, the symmetry of the subsurface stress distribution during a typical Hertzian type

of contact disappears. In addition the level of stress at any given depth increases and gradually

moves closer toward the loaded surface. Analytical solutions for the stress field generated due to an

elastic cylinder in sliding contact with an elastic half-space are provided by several authors [8–10]

and for an elastic sphere on an elastic half-space by other authors [11, 12]. For the case of a rigid

cone in sliding contact with an elastic half-space, a framework to determine the explicit solutions
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for the stress distribution in the elastic half-space is provided by [13], however the authors note

that in practice, because of the stress singularity at the cone tip, plasticity commences immediately

once the cone indents and slides along the half-space.

Figure 1.2: Typical sliding contact showing normal traction P and tangential traction Q.

1.1.2 Inelastic Contact

The previous section outlined classical contact mechanics solutions for axi-symmetric inden-

ters on semi-infinite half-spaces as well as 2-D simplifications for some contact problems. In real-

ity, contact between two bodies rarely occurs between axi-symmetric indenters and infinite bodies.

Furthermore, contact between bodies often extends beyond the elastic regime, either because the

applied loads are high enough to initiate plastic yield or due to stress singularities associated with

the geometry of the indenter. By applying the von Mises or Tresca failure criterion to the Hertzian

contact solutions for a sphere or a cylinder on a half-space, it is possible to predict the onset of

failure [4]. For instance, Green [14] used the von Mises criteria to predict the critical load, contact

area and maximum indentation depth at the onset of plasticity when two cylinders and spheres

come in contact.

Some approximate solutions for the mean contact pressure between a rigid indenter and a rigid-
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perfectly plastic material have been solved by means of the slip-line field theory [4, 15]. These

solutions are typically used to determine an approximate value for the hardness of metals and are

only applicable for the case when the plastic region completely surrounds the contact region and

elastic effects in the rest of the half-space do not have a significant effect.

To date, a complete analytical solution for the stress distribution of an elastic-plastic half-space

with a rigid indenter of the various geometries considered in the elastic contact case have not been

solved. This is because the shape and the size of the elastic-plastic boundary are not known a-

priori [4]. Researchers have therefore resorted to studying the elastic-plastic contact problem using

semi-analytical or numerical techniques such as the finite element method (FEM). Because of the

breadth of work since the advent of FEM, only the literature on elastic-plastic contact problems

of relevance to the current work (two-dimensional normal and sliding contact) are discussed. A

detailed review on this topic has been very recently summarized by Ghaednia et al. [16] that covers

the 2D plane strain/plane stress and 3D axisymmetric normal and sliding contact of elastic-plastic

materials.

In one of the first studies, Dumas and Baronet [17] studied the plane-strain normal contact (in-

dentation) between a cylinder and an elastic-plastic half-space with the different hardening slopes

using the finite element method. The residual depths upon unloading were compared with experi-

mental observations to agreeable results. They also showed that as the plasticity in the half-space

increases, the contact pressure distribution changes from an elliptical shape to a flattened shape.

A similar flattening behavior of the contact pressure distribution using FEM was also obtained by

Carre and Fisher-Cripps [18] and Komvopoulos [19], who studied the indentation problem of a

layered half-space. This flattening behavior of the contact pressure distribution was attributed to

large plastic strains either in the region of contact or directly beneath the region of contact. Since

then, several authors have studied the 2-D sliding contact of a cylinder on a layered half-space and

showed that the presence of a hard layer on a soft substrate can prevent surface yielding even at

high coefficients of friction [20–22].
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1.1.3 Shape Memory Alloys

Over the last three decades, there has been a growing academic and commercial interest in

multi-functional materials. These materials possess a coupling between different forms of energy.

Examples of these materials include piezoelectric materials that couple electrical and mechani-

cal energy; thermoelectric materials that couple thermal and electrical effects and shape mem-

ory materials that can couple thermal and mechanical energy. Among these various classes of

multi-functional materials, Shape Memory Alloys (SMAs) possess the highest actuation work den-

sity [1].

This coupling between thermal and mechanical energy demonstrated by SMAs physically man-

ifests itself in the form of large macroscopic deformations resulting from a change in the con-

stituent material phase of the SMA. This phase change or phase transformation occurs as a result

of atomic lattice shearing when the SMA transitions between its high temperature austenite phase

to a low temperature martensite phase and is triggered either by a change in stress, temperature

or a combination thereof. Each phase has its own crystal structure and mechanical properties.

For instance, the martensite phase can exist is different crystal lattice configurations such as or-

thorhombic, tetragonal or monoclinic while the austenitic phase is generally cubic. The reversible

transformation between phases has produced uses for SMA materials in a number of fields includ-

ing aerospace [23–26], biomedical [27, 28], and many others [29, 30].

Figure 1.3 and Figure 1.4 demonstrate the two most relevant thermomechanical paths in stress-

temperature space which produce macroscopic deformation in SMA materials and are of impor-

tance for a typical contact mechanics problem. If an SMA that is initially in the high temperature

austenite phase is cooled at zero stress, then phase change to martensite initiates at the temperature

Ms and completes at Mf . The martensite crystals formed at this zero load cooling step are self-

accommodating in nature (twinned). Heating the SMA causes reverse transformation to austenite

to initiate at As and finish at Af . If these cooling and heating steps are performed at non-zero

isobaric conditions, the transformation temperatures Ms,Mf , As, and Af shift and accordingly a

phase diagram can be built as shown in Figure 1.3. This shift in the transformation temperatures
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varies almost linearly with the applied load and the slope of this thermo-mechanical coupling for

each phase is represented in the phase diagram as CM and CA. The black dashed lines in the dia-

grams are associated with the material twinning where below σs, martensite is in the twinned state

and above σf , the vast majority of martensite variants are detwinned. The two most common ther-

momechanical paths taken by SMAs under typical contact applications are described as follows:

• Pseudoelastic Path

The SMA initially in the austenite phase is increasingly stressed in an isothermal environ-

ment until phase change into martensite occurs. The material is then unloaded back to

austenite. The transformation from austenite to martensite occurs at a specific stress σMs

and completes at a higher stress σMf .

Figure 1.3: SMA phase diagram and pseudoelastic stress-strain response.

The SMA unloads elastically until it hits a critical stress σAs at which point it begins to trans-

forms back to austenite. A complete transformation to austenite is achieved when the stress

reaches σAf . This path is typically used for damping applications where the phase change
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is able to absorb energy put into the systems. It also forms the basis for the mechanical

behavior of the SMA in the contact mechanics problem presented in this thesis.

• Shape Memory Path

Material initially in the austenitic phase is cooled to martensite at zero stress, then loaded

above σf to induce detwinning in the martensitic phase and achieve a macroscopic defor-

mation. The material is then unloaded and an apparent permanent deformation is observed.

Upon heating to a temperature above Af , the material reverts back into the austenite phase

and a recovery of the original configuration is observed.

Figure 1.4: Typical shape memory effect loading path [1].

1.1.4 Contact Mechanics of Shape Memory Alloys

The contact behavior of SMAs is classified under inelastic contact because of the associated

nonlinear constitutive behavior. This renders closed-form solutions for the stresses and displace-

ments under normal and tangential tractions to be intractable. The majority of studies in the avail-

able literature that investigate computational contact mechanics of SMAs do not focus specifically
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on the stress field and deformations that arise due to the pseudoelastic or shape memory behavior

of the material under contact but rather on the force-displacement relationships during indentation

(normal contact) and unloading. A summary of these works is provided and implications of the

constitutive behavior under normal contact (indentation) are discussed.

In one of the earliest studies involving the contact behavior of pseudoelastic SMAs, Liu and

Li [31] used FEM to study the wear behavior of interacting asperities, with one of the asperities

modeled as a pseudoelastic SMA. The wear behavior was characterized by studying the accu-

mulated plastic strain generated during the asperity on asperity interaction. A comparison study

between NiTi and steel 304 was performed and results demonstrated that as the normal contact

force between the asperities increased, the amount of plastic strain in the pseudoelastic NiTi as-

perity was significantly smaller than the accumulated plastic strain in steel 304 asperity. This was

then extended to study the feasibility of improving the wear life of NiTi by reinforcing the NiTi

matrix with nano TiN powder [32]. While these studies numerically demonstrate the superior wear

resistance of SMAs, they do not explain the constitutive model used to simulate the pseudoelastic

behavior. In a more analytical formulation, Shaw et al. [33] used the expanding spherical cavity

model developed by Hill [34, 35] and later adopted by Johnson [36] for the study of conventional

elastic-plastic materials, to predict the recovery ratio of SMAs undergoing the shape memory effect

during nanoindentation. The theoretical recovery ratio is defined as the ratio of the thickness of

the region that experiences deformation via martensitic rearrangement to the radius of the elastic-

plastic boundary. While the theoretical results match fairly well with the experimentally measured

recovery ratio, the model fails to account for any hardening behavior of NiTi in the transforma-

tion region. Wood and Clyne [37] used the SMA constitutive model developed by Auricchio and

Taylor [38] in a finite element model to study the nanoindentation response of SMAs for both

spherical and conical indenters. Results demonstrated that for the conical indenter, the region sur-

rounding the indentation was dominated by plasticity. This was attributed to stress singularities

at the cone tip. A good agreement between the model and experimental load-displacement results

was obtained. For the sphere however, at temperatures above Af , some pseudoelasticity in addi-
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tion to plasticity was observed and the model was not able to accurately match the experimental

results at these temperatures. The authors attributed this difference to the limited capability of the

model to accommodate compressive work-hardening characteristics compared to tensile loading

on which the model was originally developed for. A similar study was conducted by Zhang et

al. [39] using a modified version of the Ivshin-Pence model [40] where a good co-relation be-

tween experimental and numerical spherical pseudoelastic indentation and recovery was observed

even for spherical indenters. In another study investigating the wear resistance of SMAs, Yan [41]

used the maximum contact pressure developed during spherical indentation as a metric for the

wear resistance capability. A parametric study is conducted for different transformation strains

and forward transformation stresses and the maximum contact pressure is tracked throughout the

indentation process. The author demonstrated that the wear resistance under spherical indentation

is greatest when the SMA possesses a high transformation strain and a low transformation stress.

Wang et al. [42] employed a bilinear strain hardening model to capture the pseudoelastic response

of SMAs under spherical indentation and compared the response with that of stainless steel. It

was shown that increasing the maximum transformation strain corresponds to a smaller region of

plasticity when compared to stainless steel. More recently, Maletta et al. [43] compared experi-

mental and numerical load-displacement curves of SMAs obtain from spherical nanoindentation at

loads sufficient to induce phase transformation and at temperatures above Af . The numerical and

experimental results demonstrated that the recovery of the indent decreased as the load increased

while the recovery of the indent increased as the temperature was increased.

Most of the cited literature focused solely on the normal contact of either the pseudoelastic

or shape-memory SMAs. However as pointed out in Section 1.1.1, the presence of both normal

and tangential contact alters the stress distribution in the half-space and this can have important

implications when predicting the sliding wear behavior of SMAs.
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1.1.5 Wear Behavior of Shape Memory Alloys

It is well known that the wear resistance of conventional tribo-materials is mainly dependent

on their mechanical properties such as hardness, toughness, and work-hardening [44]. Hardness is

of particular importance to abrasion resistance, while toughness and work-hardening are responsi-

ble for the resistance to wear under impact or high stresses. Recently, shape memory alloys have

emerged as a new class of tribo-materials [45]. Unlike traditional tribo- materials that owe their

wear resistance to their hardness and toughness, the wear resistance of SMAs has been attributed

to several factors, such as its pseudoelasticity, pseudoplasticity (shape memory effect), low yield

strength compared to other tribo-materials, or a combination of these factors. In recent years,

several experimental studies have demonstrated the superior wear resistance of SMAs. What fol-

lows is a brief review of the available literature aimed at identifying the various effects attributed

to the wear resistance of SMAs during sliding. In one of the earliest studies, Clayton [46] con-

ducted sliding and rolling contact fatigue tests on 55-Nitinol (55 wt.% Nickel and 45 wt.% Ti) and

observed that the SMA had a significantly higher wear resistance than conventional steel for the

same experimental tests. The author attributed the wear resistance to cyclic hardening of the SMA

during the sliding process. Liang et al. [47] studied the wear resistance of both pseudoelastic and

pseudoplastic SMAs under sliding wear, impact abrasion and erosion and found that in all three

cases, recovery due to the pseudoplastic effect was more pronounced than recovery due to pseu-

doelasticity. Li [45] performed several tests (indentation, sliding wear, microwear, corrosion and

air-jet erosion tests) on both a heat treated SMA and a cold drawn SMA and compared the wear

resistance of SMAs with that of steel 304. The sliding wear test was performed on a pin on disc

tribometer, with the volume loss of the pin specimen used as an indicator of wear resistance. It was

shown that for the indentation and sliding wear tests, the SMA material consistently outperformed

the steel specimen. In addition, at low loads, the heat-treated specimen had lower wear resistance

than the as-received specimen, indicating that heat treatment can play a major role in decreasing

the wear loss of pseudoelastic SMAs.

Besides heat treatment and pseudoelasticity, there is evidence that the concentration of the
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alloying elements of the SMA can also inhibit wear. Lin et al. [48] demonstrated that Ti49Ni51 alloy

exhibited better wear resistance than Ti50Ni50 alloy due to its higher hardness and pseudoelastic

behavior. Furthermore, sliding tests revealed that wear increases with increasing load and sliding

distance but decreases with increasing sliding speed. Other studies have shown that pseudoelastic

recovery of SMAs is not only dependent on the applied load and heat treatment, but also depends on

the geometry of the indenter [49] and the temperature of the surface during wear [50]. For instance,

Qian et al. [50] performed indentation and wear tests of an SMA using a triboindenter with the

temperature controlled from 22 ◦C to 120 ◦C (all above Af ) using a Berkovich type diamond tip.

The results of the wear tests indicated that for a fixed load, the wear resistance decreased as the

operating temperature increased. This phenomenon was attributed to an increase of the plastic

yield stress of austenite and the phase transition stress with temperature. A similar trend was

also obtained by Abedini et al. [51] for near equi-atomic NiTi alloy with composition of Ti50.3

wt%. However, these experimental tests were conducted at operating temperatures both above and

below the austenite finish temperature. More recently, Yan and Liu [52] added more insight to

this phenomenon by identifying two different wear modes for purely austenitic SMAs. Mode 1

occurred within the temperature range of Af < T < Md , where Md is the maximum temperature

at which stress induced martensite can occur. Within this mode, wear resistance increased with

increasing temperature until the point where the contact stresses exceeded the yield strength of

martensite. Mode 2 corresponds to a temperature range of T > Md where the austenitic phase

loses its pseudoelasticity and the wear resistance deteriorates as the alloy follows a conventional

strain-hardening behavior.

In summary, there are several experimental and material factors that have been attributed to the

superior wear resistance of SMAs when compared to traditional wear resistant metals. With the

aim of further improving the wear resistance of these unique alloys, the critical material parameters

that affect them and means to modify them need to be further studied. With the aid of constitutive

models that accurately simulate the behavior of these materials, these key material parameters that

can improve the wear resistance of these materials can be identified.
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1.2 Research Objectives and Thesis Outline

Most of the aforementioned computational studies on modeling the contact behavior of SMAs

focus purely on either the pseudoelastic or pseudoelastic-plastic response of SMAs due to inden-

tation (normal contact). The cited literature on experimental wear resistance of SMAs however,

demonstrates that wear resistance is typically measured under sliding wear and not through in-

dentation experiments. While indentation simulations provide a general overview of the complex

stress fields during loading and unloading, they do not account for the evolution of these complex

stress fields during forward and reverse transformations under combined normal and tangential

tractions. To fill this gap, this thesis focuses on simulations that study the pseudoelastic response

of SMAs under sliding contact. The pseudoelastic behavior is simulated using the phenomenolog-

ical constitutive model put forward by Lagoudas et al. [53]. The sliding contact problem studied

is that of an infinitely long cylinder of radius R indenting a pseudoelastic semi-infinite half-space

and sliding to a finite distance. This problem can be modeled in 2-D by invoking the plane strain

assumption. A parametric study is then performed to study the effect of key material properties

and contact definitions on the stress distribution in the half-space. The primary objectives of this

research effort are stated as follows:

1. To study the effect that phase transformation and pseudoelasticity have on the sliding contact

response of shape memory alloys.

The cited literature indicates that pseudoelasticity contributes to the superior wear resistance

of SMAs when compared to traditional tribo-materials. One possible reason is that stress

induced transformation to martensite during indentation and sliding leads to a phase that has

a lower modulus than the parent austenite phase and consequently leads to a decrease in the

stress in the substrate. Another possible reason is that the maximum amount of recoverable

strain can help relieve some of stress observed during the indentation and sliding contact

process. Parametric studies investigating the effects of the difference in elastic modulus

between the two phases as well as the degree of maximum recoverable transformation strain

on the sliding contact response will be conducted.
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2. To study the effect that the operating temperature has on the sliding contact response of

shape memory alloys.

Studies involving isothermal loading paths both above and below the austenite finish and

start temperatures will be conducted to determine their effect on the sliding response. It is ex-

pected that complete recovery of indentation induced martensite in the substrate is achieved

during the sliding process at operating temperatures above the austenite finish temperatures.

3. To study the effect of friction on the pseudoelastic sliding contact response of a shape mem-

ory alloy half-space

The effect of interfacial friction between bodies in contact is an integral part of computa-

tional contact mechanics and wear prediction studies. The effect of friction on the sliding

contact of a pseudoelastic half-space will be investigated by studying the stress distribution

during sliding for different coefficients of friction.

The rest of this thesis is summarized as follows. Section 2 briefly introduces the constitutive model

employed in the finite element simulation and outlines the key material parameters chosen for

the simulation. It also describes the modeling procedure for the sliding process and assumptions

made therein. The results of a parametric study studying the effects of the max transformation

strain, operating temperatures and the coefficient of friction on the sliding response are presented

in Section 3 and key conclusions are summarized in Section 4.
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2. MODELING FRAMEWORK

This section provides a general overview of the SMA constitutive model as well as a descrip-

tion of the contact model available in the finite element software. The various contact controls

employed to accurately simulate the normal and sliding contact between the indenter and the half-

space are also discussed. The Hertzian normal contact and sliding contact analytical formulations

are compared with analogous results obtained from FEM simulations so as to demonstrate the

validity of the numerical model to be used for the pseudoelastic normal and sliding contact studies.

2.1 Key Assumptions

The following assumptions are used to simplify the problem

1. The cylinder and the half-space are assumed to be infinitely long such that contact problem

can be reduced to a two-dimensional plane strain contact problem. Since it is not realisti-

cally possible to model an infinite body using the finite element method, it is assumed that

the chosen finite dimensions of the half-space are large enough to closely approximate an

analytical infinite half-space.

2. The constitutive behavior of the SMA does not account for dislocation-slip plasticity. Al-

though in a typical sliding wear process, wear initiates due to accumulated plastic strain in

the specimen, the effects of phase transformation during sliding needs to be well understood

before the combined effects of phase transformation and plasticity are studied.

3. The normal and sliding contact process is simulated in an isothermal environment. There-

fore, thermal variations at the contact surface as a result of frictional heat generation are not

considered.

4. The normal and sliding contact process is also simulated in a quasi-static manner with the

loads/displacements applied incrementally. Therefore, dynamic effects of an indenter sliding
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with a particular velocity are not considered. Likewise, the material properties of the SMA

do not depend on the quasi-static strain rate.

2.2 Shape Memory Alloy Constitutive Model

The constitutive model used in this study is based on a thermodynamic framework and what

follows is a condensed description of the model. A more detailed explanation can be found in the

works by Boyd and Lagoudas [54] and Lagoudas et al. [53]. The formulation is developed by first

stating the total Gibbs free energy

G
(
σ, T, ξ, εt

)
=− 1

2ρ
σ : S : σ − 1

ρ
σ :

[
α (T − T0) + εt

]
+

c

[
(T − T0)− T ln

(
T

T0

)]
− s0T + u0 +

1

ρ
f (ξ) (2.1)

where σ is the Cauchy stress tensor, εt is the transformation strain tensor, ξ is the martensite volume

fraction, T is the current temperature, T0 is the reference temperature, f(ξ) is the transformation

hardening function. S,α, ρ, c, s0 and u0 are the material constants which refer for the effective

compliance tensor, effective thermal expansion tensor, density, effective specific heat, effective

entropy at reference state and effective specific internal energy at reference state [54]. By the rule

of mixtures, these material constants are defined as follows:

S(ξ) =SA + ξ
(
SM − SA

)
= SA + ξ∆S

α(ξ) =αA + ξ
(
αM −αA

)
= αA + ξ∆α

c(ξ) =cA + ξ
(
cM − cA

)
= cA + ξ∆c

s0(ξ) =s
A
0 + ξ

(
sM0 − sA0

)
= sA0 + ξ∆s0

u0(ξ) =u
A
0 + ξ

(
uM0 − uA0

)
= uA0 + ξ∆u0 (2.2)

where the superscripts A and M refer to the austenite and the martensite phases, respectively.

The total strain equation is the sum of the elastic, thermoelastic and transformation strain and

16



is given by

ε = −ρ∂G
∂σ

= S : σ +α (T − T0) + εt (2.3)

where ε is the strain tensor and εt is the transformation strain tensor. In this study, it is assumed

that the thermoelastic strain is not that significant.

The martensite volume fraction ξ is treated as an internal state variable and is related to the

other internal state variable εt. The evolution of ξ is described by

ε̇t = Λξ̇ (2.4)

where Λ is the transformation tensor that determines the transformation strain direction. The

transformation tensor Λ for proportional loading case (e.g., uniaxial loading) is expressed by two

different forms as follows:

Λ =


Λfwd = 3

2
Hcur σ′

σ̄
; ξ̇ > 0,

Λrev = εt−r

ξ
; ξ̇ < 0.

(2.5)

where Hcur is the uniaxial transformation strain for full transformation, εt−r is the transformation

strain at reverse transformation, σ′ is the deviatoric component of the stress tensor and σ̄ is the

effective stress defined using the von Mises criterion as :

σ̄ =

√
3

2
σ′ : σ′ (2.6)

Hcur is defined as a decaying exponential function of the applied load and is given as

Hcur (σ̄) =


Hmin; σ̄ ≤ σ̄crit,

Hmin + (Hmax −Hmin)
(
1− e−k(σ̄−σ̄crit)

)
; σ̄ ≥ σ̄crit.

(2.7)

where Hmin gives the transformation strain attained when no external loads are applied to the

material, Hmax is the ultimate potentially attainable transformation strain under uniaxial loading,
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and σ̄crit is the minimum equivalent stress required to generate transformation strains higher than

Hmin. The k parameter controls the rate at which Hcur increases from Hmin to Hmax and is

typically chosen based on experimental calibration.

During transformation, the thermodynamic driving forces π must balance the critical thermo-

dynamic driving force required for transformation, Y . This balance is termed the transformation

yield surface Φ, which has the condition that during transformation, there should be maximum

dissipation, analogous to J2 plasticity theory,

The thermodynamic force π is expressed in conjunction with the martensite volume fraction ξ

as follows:

π (σ, T, ξ) =σ : Λ+
1

2
σ : ∆S : σ + σ : ∆α (T − T0)

+ ρ∆c

[
(T − T0)− T ln

(
T

T0

)]
− ρ∆s0 − ρ∆u0 −

∂f

∂ξ
(2.8)

and the transformation yield surface Φ is defined as a function of the thermodynamic force π

as

Φ =


π − Y ; ξ̇ > 0,

−π − Y ; ξ̇ < 0.

(2.9)

Since π must balance Y during both forward and reverse transformation, this essentially renders

Φ = 0 during this process.

To ensure a smooth transition from the elastic state to the transformation response, the harden-

ing function f(ξ) is defined using a power law in terms of ξ with real exponents.

f (ξ) =


1
2
a1 [1 + ξn1 − (1− ξ)n2 ] + a3; ξ̇ > 0,

1
2
a2 [1 + ξn3 − (1− ξ)n4 ] + a3; ξ̇ < 0.

(2.10)

where ai(i = 1, 2, 3) are coefficients that assume real values, and ni(i = 1, 2, 3, 4) are expo-

nents which assume real numbers 0 < ni ≤ 1.

The constitutive equations described above yield material and phase transformation parame-
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ters that are eventually used to calibrate the model so as to match experimental results. These

parameters can be broken into three categories

• Thermoelastic Parameters

EA, EM , νA, νM , αA, αM

where E is the elastic modulus, ν the Poisson ratio, α the thermal expansion coefficient and

the subscripts A and M represent the austenite and martensite phase. The elastic constants

are measured from isothermal stress-strain curves in each phase.

• Transformation strain Parameters

Hmin, Hmax, σ̄crit, k

are defined above and are typically calibrated directly from isobaric experimental tests under

thermal variations where the value of k in particular is empirically chosen by fitting theHcur

function to the data.

• Phase Transformation Parameters

Ms,Mf , As, Af , CM , CA, n1, n2, n3, n4

whereMs,Mf , As, Af are the martensite start, martensite finish, austenite start, austenite fin-

ish temperatures, CM , CA are the slopes of the phase-temperature diagram, ni(i = 1, 2, 3, 4)

are the smoothening coefficients.

These constitutive equations have been implemented into a user material sub-routine in the

finite element software ABAQUS.
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2.3 Contact Model

Contact between the cylinder and the half-space is defined in the finite element software using

a master-slave contact pair approach. The cylindrical rigid body is specified as the master surface

and the surface of the refined mesh of the half-space that is to be in contact with the rigid body

throughout the simulation is specified as the slave surface. Prior to the indentation process, contact

between the indenter and the half-space needs to be detected. This is enforced via the so called

“hard” contact pressure - overclosure” relationship. Hard contact implies that the surfaces transmit

no normal traction unless the nodes of the slave surface make contact with the master surface and

that zero penetration of the master surface beyond the nodes of slave surface in the contact region

is allowed [55]. At the instance of sliding between the contact pairs, this study considers the effect

of both a friction and a frictionless interaction. When friction is enabled, the Coulomb friction

model is employed to relate the maximum allowable frictional (shear) stress across an interface

to the contact pressure between the contacting bodies by specifying a value for the coefficient of

friction µ. In this friction model, as long as lateral surface traction q(x) is less than the product

of the specified friction coefficient µ and the contact pressure p(x) , the contacting interfaces will

stick. Gross slip occurs when q(x) in the whole region increases beyond this limit.

ABAQUS offers different contact formulations that govern the relative motion between the

contact pair (indenter and half-space) during the sliding process, namely the small and finite sliding

contact formulations. In this study, the finite sliding tracking option instead of the small sliding

tracking option because of the large displacement controlled sliding distance considered in this

study. The small-sliding formulation assumes that throughout the sliding process, even if the

surfaces undergo large deformation/rotations, a slave node on the surface of the half-space will

always interact with the same local area of the indenter it was originally in contact with. This

behavior differs from finite-sliding contact problems, where the contact area changes due to large

sliding.

ABAQUS/Standard applies conditional constraints at various locations on each surface to simu-

late contact conditions and accurately measure the contact area and contact pressure. ABAQUS/Standard
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offers two contact discretization options: a traditional node-to-surface discretization and a true

surface-to-surface discretization. The current study employs the node-to-surface discretization ap-

proach since node-to-surface contact discretization tends to be less costly per iteration than surface-

to-surface contact discretization (because surface-to-surface contact discretization generally in-

volves more nodes per constraint). For the case when the slave surface consists of a node-based

surface, the contact pressure is equal to the normal contact force divided by the cross-sectional

area at the contact node.

2.4 Finite Element Model

This study involves a plane strain assumption wherein a rigid cylinder of radius R = 0.01 mm

indents and slides along a pseudoelastic semi-infinite half-space. The rigid cylinder and the half-

space are assumed to be infinitely long in the direction perpendicular to sliding which simplifies

the analysis to a 2D finite element problem as shown in Figure 2.1.

The assembly consists of the cylinder modeled as an analytical rigid body, the geometry of

which is defined by equations, rather than nodes. The half-space is modeled as a deformable body.

The subsequent analysis is performed by utilizing the implicit solver of the FEM package. The half

space is modeled using 4-node plane strain linear elements with reduced integration (CPE4R). The

reduced integration scheme is preferred to a full integration scheme because it results in a better

approximation for analyses of nonlinear material behavior [56, 57]. To achieve accurate results, a

high mesh density is specified in the vicinity of the contact zone, while the mesh gets gradually

coarser farther away from the contact zone. This is accomplished by partitioning the half-space

appropriately, with the partition size getting progressively larger away from the contact zone. The

local mesh seed size in and around the contact zone is determined from a mesh density convergence

study. Further details as to the size of the domain, element size and mesh density are included in

the mesh convergence study outlined in Section 2.5 Mesh Domain Convergence.
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Figure 2.1: Two dimensional pseudoelastic half-space in contact with a rigid cylinder of radius R
(lower half shown).

The temperature of the simulation is then specified under the Predefined Field Option in

ABAQUS. All simulations are performed in an isothermal environment, i.e., temperature effects

that may occur due to frictional sliding are ignored and the material properties of the SMA are as-

sumed to be at a specified operating temperature. Furthermore, the material response of the shape

memory alloy due to sliding remains in the elastic regime of both martensite and austenite, i.e., no

dislocation plasticity is considered for the pseudoelastic case.

Sliding contact is enforced via a displacement controlled approach in two steps. In the first step,

a normal displacement is incrementally applied in the −y direction at the master node/reference

point of the rigid cylinder, while constraining the movement in the +x direction and rotation about

the out of plane axis to be zero. The value of the normal displacement is appropriately chosen
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so as to initiate stress induced martensite in the indentation step. In the second step, the cylinder

slides horizontally by specifying an incremental horizontal displacement in the +x direction while

maintaining the normal displacement specified in the previous step. In a similar manner to the first

step, the rotation about the out of plane axis is constrained to be zero to prevent the indenter from

rolling during the sliding step. The initial position of the rigid body is specified at the plane of

symmetry x = 0 as shown in Figure 2.1.

2.5 Mesh Domain Convergence

In this section, the appropriate size of the domain of the half-space is determined so as to

accurately model a semi-infinite half-space behavior. This is established by undertaking a domain

convergence study in which the dimensions of the half-space are proportionately increased until

convergent results are obtained. This is also performed to ensure that the size of the half-space is

large enough so that the boundary conditions specified at the fringes of the domain do not interfere

with the results near the contact region. For the domain convergence study, the half space is

assumed to be elastic with a modulus of elasticity E=55 GPa and a Poissons ratio ν=0.3. The

rigid cylinder has a radius R=0.01 mm while the dimensions of the half-space are increased while

maintain the same aspect ratio of the half-space, i.e., the length of the half-space is always twice

that of the height of the half-space. The height of the half-space is then increased from 2R to 14R

and the contact pressure distribution due to an applied normal displacement of ∆y = 0.008R is

calculated and used as a metric to determine if convergent results are achieved.
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Figure 2.2: Half-Space Domain convergence study where the height H of the domain is varied
from 2R− 14R, the length L = 2H .

Figure 2.2 demonstrates that the contact pressure gradually decreases as the size of the domain

increases until the results for considerably large domains 12R−14R are comparable. The fact that

the contact pressure decreases as the size of the domain increases suggests a reduced effect of the

boundary conditions applied on the edges of the half-space. Based on this result, the height of the

domain is chosen as 12R and the length of the domain chosen as 24R.

A separate study is performed to determine the appropriate size of the elements in the con-

tact region so as to achieve an accurate mesh discretization in the contact region. The size of the

each element in the contact region is varied from 0.01R to 0.00085R and the contact pressure

distribution obtained due to normal contact for the similar indentation depth of ∆y/R=0.008 is

studied. The same elastic properties as in the previous convergence study are used. Figure 2.3

demonstrates the contact pressure distribution for these different element sizes. While the maxi-

mum contact pressure remains approximately the same as the element size decreases, the size of

the contact region gradually shrinks suggesting that a larger element size over predicts the region

of contact. Based on this study, the final element size for the linear quadrilateral element in the
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contact region is selected as 000125R. The final model has 96763 nodes and 96523 elements.
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Figure 2.3: Contact region element size convergence study.

2.6 Model Validation

The contact formulation and definitions in the finite element model (node to surface contact

formulation) and the mesh convergence findings are compared and validated against solutions to

established contact mechanics problems. Three separate validation studies are performed to deter-

mine the accuracy of finite element model. In the first and second validation studies, the numerical

interior stress fields in the half-space are compared with the elastic closed form expressions for the

interior stress fields available in the literature. In the third validation study, the analytical expres-

sions for the critical distributed force required to initiate yield are modified to derive the critical

distributed force required to initiate phase transformation in the half-space and these results are

compared with the numerical force obtained using the FEM model.
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2.6.1 Normal Contact

The first validation study investigates the elastic normal contact problem of a cylinder of ra-

dius R1 and elastic material properties E1, ν1 in normal contact with another cylinder of radius

R2 and elastic material properties E2, ν2, where Ei, νi are the elastic modulus and Poisson ratio

respectively. For an applied load F , the normal traction or contact pressure distribution according

to Hertz is given by

p(x) = p0

√
1−

(x
a

)2

, −a < x < a (2.11)

where a is the contact radius, p0 is the maximum contact pressure, and x is the spatial dimension in

the contact region defined by a. Outside of this region, the contact pressure is effectively zero. The

contact radius is a function of the applied load, combined elastic properties of the two materials

and the radii of the two cylinders and is given by

a =

√
4FR∗

πE∗ (2.12)

and the maximum contact pressure p0 is also a function of the applied load, elastic properties and

radii of the two cylinders

p0 =

√
FE∗

πR∗ (2.13)

where E∗ and R∗ are the effective elastic modulii and effective radius and are expressed as

E∗ =

(
1− ν21
E1

+
1− ν22
E2

)−1

R∗ =

(
1

R1

+
1

R2

)−1

(2.14)

To model a half-space, the radius of one of the cylinders R2 is set to ∞. To model the rigid

cylinder, the elastic modulus of other cylinder, E1 is also set to ∞. The resulting problem can be

visualized in Figure 2.4
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Figure 2.4: Normal contact of a rigid cylinder on an elastic half-space.

For the finite element model, instead of using a displacement control approach adopted in

the model domain and mesh convergence study, a load control approach is used. A load equal

to F=1.25 N/mm is used in the simulations and the analytical model. The elastic properties of

the half-space selected are E2=55 GPa, ν2 = 0.3 which are the same as the elastic properties

of austenite that will be chosen for the parametric study to be discussed later. The radius of the

indenter R is selected as 0.01 mm. The load is applied at the master node/reference point of the

rigid cylinder. Figure 2.5 shows the results of the contact pressure distribution for the Hertzian

contact problem. An excellent correlation between the two approaches is obtained.

27



-1.5 -1 -0.5 0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

1

1.2

Figure 2.5: Comparison of contact pressure distribution (Analytical vs. FEM).

The solution for stresses σxx, σyy and τxy in the elastic half-space are given by Johnson [4].

These stresses along the axis of symmetry of the indenter x = 0 and in the half-space (Figure 2.4)

are expressed explicitly as

σxx =− p0
a

((
a2 + 2y2

) (
a2 + y2

)−1/2 − 2y
)

σyy =− p0
a

(
a2 + y2

)−1/2 (2.15)

A comparison of the stresses using FEM and their analytical equivalent is shown in Figure 2.6.

The satisfactory overlap of the two results further confirms that hard contact pressure overclosure

relationship specified for normal contact in ABAQUS accurately simulates the normal indentation

process.
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Figure 2.6: Comparison of sub-surface stress distribution in the half-space along x/a = 0 (F =
1.25 N/mm, µ = 0).

2.6.2 Sliding Contact

In the second validation study, the stresses in the half-space due to sliding contact are studied.

The analytical solution for the stresses developed due to sliding contact on an elastic half-space are

provided by Smith and Liu [10] and are reproduced below

σxx =− p0
π

{(
a2 + 2x2 + 2y2

) y
a
ψ̄ − 2π

z

a
− 3xyψ

+ µ
[(
2x2 − 2a2 − 3y2

)
ψ + 2π

x

a
+ 2

(
a2 − x2 − y2

) x
a
ψ̄
]}

σyy =− p0
π
y
[
aψ̄ − xψ + µyψ

]
τxy =− p0

π

{
y2ψ + µ

[(
a2 + 2x2 + 2y2

) y
a
ψ̄ − 2π

y

a
− 3xyψ

]}
(2.16)
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where

a =

√
2F∆

π
, ∆ =

2R∗

E∗ , p0 =
2F

πa
(2.17)

R∗ and E∗ are the effective radius and elastic modulus of the two bodies in contact and have

been defined in Eqn. 2.14, µ is the coefficient of friction, ψ̄ and ψ are functions that are dependent

on the geometry of domain of the half-space.

Simulating the sliding contact problem in the finite element model requires an additional anal-

ysis step to the normal contact problem. In this step, both the normal and the tangential distributed

loads are added. A normal force F = 1.25 N/mm is used in the simulation and the tangential load

Q = µF , where µ is chosen to be 0.15. The same elastic properties of the half-space that were

specified in the normal contact validation have been employed here.

The finite element and analytical stress distributions along the axis of symmetry x = 0 and at

an arbitrary distance x = 0.9354a from the axis of symmetry are compared in Figure 2.7. Near

the surface of the half-space (y = 0), there is some slight discrepancy in the FEM results. This

is likely due to a combination of the FEM results being interpolated form the integration points

of the linear elements employed as well as the slight elastic slip tolerance in the friction model.

Nevertheless, the general trends are the same.
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Figure 2.7: Comparison of sub-surface stress distribution in the half-space along left(x = 0) and
right (x = 0.9354a),(F = 1.25N/mm, µ = 0.15).

2.6.3 Onset of Phase Transformation

Since the SMA half-space is initially in the austenite phase, indentation at a certain load will

trigger phase transformation. From principles of classical contact mechanics, it is known that for

parabolic shaped indenters (spheres/cylinders), the maximum von Mises stress in the half-space

exists not at the contact region but instead at some point in the half-space that is directly below the

center of the indenter.

Johnson [4] provides an analytical expression for the critical force needed to be applied on

the cylindrical indenter so as to initiate plastic yield in the half-space. This equation is calculated

based on the von Mises yield criterion and is given by:

F Y
crit =

πR

E∗ (1.79σY )
2 (2.18)

whereR is the radius of the cylinder, E∗ is the reduced modulus defined above and σY is the

yield strength of the material. The constant 1.79 is a parameter that varies based on the yield
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criterion used and also depends on the Poisson ratio of the half-space as pointed out by Green [14].

In this case, the von Mises yield criterion is employed for purposes of comparison. A similar form

of equation 2.18 can be used to determine the critical force per unit length required to initiate phase

transformation since the current SMA constitutive model uses the von Mises J2 plasticity theory

to determine the onset of phase transformation. If the initial phase of the SMA is austenite, then

the critical stress required to initiate transformation to martensite σMs is given by

σMs = CM(T −Ms) (2.19)

where CM is the slope of the stress-temperature relationship corresponding to the martensite phase

in the phase diagram, Ms is the martensite start temperature of the SMA at zero load and T is

the temperature of the isothermal loading path. Substituting the critical transformation stress in

equation 2.19 for the yield stress in equation 2.18, an expression for the critical normal load to

initiate phase transformation F T
crit is then given by

F T
crit =

πR

E∗ [1.79CM(T −Ms)]
2 (2.20)

Using the finite element contact model described earlier but now with the constitutive model

parameters outlined in Table 1, the numerical critical force required to initiate transformation in

the half-space is compared with the analytical form in equation 2.20. A normal load of F = 1.25

N/mm is specified as the line load and the cylinder is assumed to have a radius R = 0.01 mm. The

normal force is applied incrementally and the contact force corresponding to increment when the

martensite volume fraction ξ of an element in the half-space transitions from 0 to a non-zero value

is recorded. This is repeated for several different temperatures T and the result of the comparison

between the analytical and numerical solutions are shown in Figure 2.8.
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Figure 2.8: Comparison between FEM and analytical predictions for the critical normal distributed
force to initiate transformation in the half-space for a range of temperatures.

Figure 2.8 demonstrates that a good prediction using the two approaches is achieved, further

validating the FEM model and the analytical prediction. The critical normal force increases with

increasing temperature and is a result of the increase in the critical stress required for forward trans-

formation to initiate. Consequently, if the specified load on the indenter is below the threshold limit

predicted by equation 2.20, then phase transformation does not initiates and the half-space deforms

elastically in the austenitic phase. In the parametric study to follow, a displacement controlled ap-

proach is used instead of the load controlled approach used in the model validation section and

the displacement input is applied in a manner that phase transformation occurs in every simula-

tion. The effects of phase transformation and ensuing stress redistribution in the half-space are

compared with the case when no phase transformation is present (i.e. when the half-space deforms

elastically in the austenitic phase).
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3. PARAMETRIC STUDY

In the following parametric study, the SMA model outlined in Section 2.2 is employed in dif-

ferent simulation studies wherein specific parameters unique to SMAs are varied and their effects

on the sub-surface stresses and contact pressure distribution during sliding are analyzed. In the

first simulation study, the operating temperature of the simulation is varied at temperatures above

Af , below Af and below As. In the second simulation study, the maximum transformation strain

Hmax is varied from 1% to 4%. The results are then compared to the completely elastic case (i.e.

when Hmax is 0%). In the third simulation study, the elastic modulus of martensite is varied to

study the effect of elastic properties of the stress induced phase on the response of the pseudoe-

lastic half-space. In the final simulation study, the interfacial coefficient of friction is varied to

compare the behavior of well lubricated and dry sliding of pseudoelastic SMAs. In all simulations,

it is assumed that the SMA is initially in the austenitic phase.

The radius of the cylinderR=0.01 mm, the half-space dimension are the same as those obtained

using the model domain convergence study and has a length equal to 24R and height equivalent

to 12R. With the exception of the simulation study that focuses on the effect of the coefficient of

friction on the sliding response, the interface between the cylinder and the half-space in the rest

of the simulation studies is assumed to be frictionless. In the first analysis step, an incremental

normal displacement ∆y is specified in the −y direction, with each increment being equivalent to

0.01∆y. In the second sliding step, a tangential displacement ∆x is specified in the +x direction

in increments of 3.33 × 10−4 of the total specified tangential displacement. All simulations are

performed on a computer with an Intel i7-7700k processor and 32 GB RAM. Simulation time for

both analysis steps was about 2.5 hours when the coefficient of friction was set to zero and about

5 hours when it was non-zero, due to the contact tracking algorithm employed.

The relevant model parameters chosen for these simulations are listed in Table 3.1.
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Table 3.1: Relevant Model Parameters.

Parameter Value

EA 55 MPa

EM 46 MPa

νM = νA 0.3

Af 280 ◦K

As 270 ◦K

Ms 245 ◦K

Mf 230 ◦K

CA = CM 7.4 MPa/◦K

αA = αM 0

Hmin 0

Hmax 1%-4%

kt 0.00752 MPa−1

σ̄crit 8 MPa

n1 = n2 = n3 = n4 0.6

3.1 Effect of Temperature

This section considers the effect of the temperature on the sliding contact response. Experi-

mental results [50,51,58] have demonstrated that the wear behavior of SMAs changes based on the

operating temperature. The constitutive model is employed to provide an insight into the evolution

of the stress field in the half-space at temperatures both above and below Af .

The constitutive response of a single finite element at these different temperatures is first shown

in Figure 3.1. At temperatures above Af a complete recovery of austenite is achieved upon un-

loading. At temperatures below Af , some irrecoverable strain is observed with no recovery at

temperatures below As and the SMA behaves like an elastic-plastic material. It is also observed
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that as the temperature decreases, so does the critical transformation stress needed to induce a

phase transformation. σT1, σT2 and σT3 represent the critical transformation stresses from austen-

ite to martensite at these different temperatures.

Figure 3.1: SMA constitutive response at different temperatures.

In the finite element sliding simulation, the cylinder is initially at x = 0 and indents the half-

space to a depth of ∆y = 0.005R which is sufficient to induce phase transformation. This is

followed by maintaining the same indentation depth and then sliding to a distance of ∆x = 0.3R.

This sliding distance is chosen so as to attain a steady state stress distribution that is unaffected by

the initial indentation. It is chosen by studying the distributed normal and tangential reaction forces

at the cylinder master node/reference point throughout the sliding process. The evolution of the

normal and tangential loads at the different isothermal loading paths considered is demonstrated in

Figure 3.2 and is compared with results of a cylinder of the same radius in sliding contact with an
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elastic half-space (E = EA = 55 GPa, ν = 0.3) to illustrate the difference between pseudoelastic

and elastic sliding contact.

Figure 3.2: Reaction forces on the indenter at different isothermal loading paths throughout the
frictionless sliding process (a) tangential distributed force (b) normal distributed force.

For an elastic material in frictionless sliding contact, the tangential force Q experienced by

the cylinder due to the applied normal and tangential displacement is close to zero and is likely

indicative of the low indentation depth specified. This is not the case for the pseudoelastic half-

space as shown in Figure 3.2 (a), where Q is non-zero. At the initial stages of sliding, there is a

steady climb in the tangential force in the direction of sliding as the cylinder is pushed into the

depression created during the initial indentation. As the temperature of each isothermal loading

path decreases, there is a proportional increase in the tangential force experienced by the indenter,

thereby demonstrating the temperature dependent sliding behavior of the material. Eventually, the

tangential fore reaches a steady state, however, it is observed that the sliding distance required to
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reach steady state increases with the decrease in temperature. For instance, the steady state sliding

distance when As > T is achieved when the sliding distance ∆x is nearly 4 times the elastic

Hertzian contact radius a, whereas the steady state sliding distance ∆x is 2.5a when T > Af .

The normal force decreases during sliding and then increases until it reaches a steady state.

This is observed for all simulations involving the SMA constitutive model, except for the case

when As > T , where after a certain sliding distance, the normal force experienced by the indenter

continues to rise and does not reach a steady state. This disparity is caused by the progressive

build-up of residual stresses underneath the indenter during sliding as will be shown in the suc-

ceeding paragraphs. For the other isothermal loading paths, the normal force also decreases during

the initial sliding process before eventually increasing and reaching a steady normal force that is

slightly lower than the normal force at the start of sliding.

Figure 3.3 depicts the von Mises stress distribution σVM and corresponding martensite volume

fraction ξ in a region of the half-space and at different stages of the sliding process. The specified

temperature is T=285 K, which is just above the Af listed in Table 3.1. The von Mises stress in the

pseudoelastic half-space is normalized by the maximum von Mises stress generated in an elastic

half-space σmax
VM,El for the same indentation problem. The chosen spatial dimensions of the half-

space are normalized by the analytical Hertzian contact radius a generated due to a rigid indenter

indenting an elastic half-space. The elastic half-space has the same modulus and Poisson ratio as

the SMA in its austenitic phase.
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Figure 3.3: Normalized σVM (top) and ξ (bottom) in the half-space during different stages of
sliding contact for T > Af .

For the normal indentation step, the von Mises stress distribution is symmetric about x/a =

0, which is also position of the center of the cylinder. The presence of the large recoverable

transformation strain causes the stress to be distributed over a larger region when compared to the

stress distribution generated for the equivalent elastic contact problem. The maximum von Mises

stress in the SMA half-space at this indentation depth is 0.57 times the maximum von Mises stress

in the elastic half-space. This demonstrates the ability of the transformation strain in the SMA

half-space to release some of the stress generated upon indentation.

This sliding response at T > Af is characterized by a complete recovery of austenite from the

indentation induced martensite. This is demonstrated in Figure 3.3 in which the martensite volume

fraction ξ around the region of the initial indent (x/a = 0) is 0, indicating that the phase of the

material reverted back to the austenitic phase upon unloading of the cylinder. During steady state

frictionless sliding there is a noticeable increase in the von Mises stress and the martensite volume

fraction. This response differs from frictionless steady state sliding of elastic materials where the

stress distribution is almost the same as the stress distribution developed at indentation. It is also
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synonymous with the gradual increase in the tangential force experienced by the indenter during

sliding. At steady state sliding, the von Mises increases to about 0.65 times the maximum von

Mises stress in the elastic half-space.

The SMA von Mises stress distribution and martensite volume fraction in a region of the half-

space at T=275 K, which is just below Af but greater than As, is shown for the indentation and

steady state sliding stages in Figure 3.4. At ∆x/a = 0, the indentation step, the region of stress

induced martensite is much larger than the region observed in Figure 3.3. This is explained by the

fact that the stress required to induce martensite decreases as the operating temperature reduces

(in accordance with the Clausius-Clapeyron relation). The maximum von Mises stress in the half-

space at this analysis step is 0.47 times the maximum von Mises stress in the elastic half-space.

This demonstrates that reducing the critical transformations stress for phase transformation leads

to a lower effective stress in the half-space, which decreases the onset of plasticity.

Figure 3.4: Normalized σVM (top) and ξ (bottom) in the half-space during different stages of
sliding contact for Af < T < As.

As in the previous case, there is an increase in ξ and the maximum Mises stress at steady state
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sliding ∆x/a = 7.6. In this instance however, a complete reverse transformation to austenite does

not take place when the cylinder unloads from the initial indentation and moves to the right as

exhibited by the small amount of residual martensite in the region where the indentation occurred

and in the wake of the sliding cylinder. At steady state sliding, the maximum Mises stress in the

SMA half-space is approximately 0.67 times the maximum von Mises stress in the elastic half-

space.

Figure 3.5: Normalized σVM (top) and ξ (bottom) in the half-space during different stages of
sliding contact for As < T .

Figure 3.5 compares the normalized von Mises stress distribution and corresponding martensite

volume fraction in the SMA half-space at different stages of the sliding process for an operating

temperature T=265 K, which is just belowAs. A comparison of the indentation response (x/a = 0)

for the three different isothermal loading paths shows that the region of stress induced martensite

is largest in the latter case, while the von Mises stress is also the lowest in the latter case. This

is expected as the indentation depth is kept constant for all three simulations and the reduction

in the critical transformation stress as the temperature decreases, results in a higher degree of

transformation at the lowest specified temperature.
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Table 3.2: Normalized maximum von Mises stress σVM/σ
max
VM,El at indentation and at steady state

sliding for different isothermal loading paths (Hmax = 2%, µ = 0).

T > Af As < T < Af As < T
Indentation (∆x/a = 0) 0.57 0.47 0.39
Sliding (∆x/a = 7.6) 0.65 0.67 0.78

During steady state sliding, it is observed that there does not appear to be any recovery to

austenite upon unloading and a complete forward transformation to martensite is achieved. Fur-

thermore, the region of residual stresses is significantly larger than in the temperature range of

As < T < Af . As a consequence of the build-up of the residual stresses at this temperature, the

maximum von Mises stress in the SMA half-space increases from 0.39σmax
VM,El during indentation

to 0.78σmax
VM,El at steady state sliding. These results for the different temperatures are summarized

in Table 3.2.

The effect of the operating temperature during sliding contact is more apparent when analyzing

the evolution of the surface displacement of the half-space between the indentation step and the

steady sliding step. Figure 3.6 plots the normalized surface displacements for both analysis steps.
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Figure 3.6: Comparison of surface displacements at different isothermal loading paths after (a)
indentation and during (b) steady state sliding.
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It is important to remember that the total surface displacement is a sum of the elastic dis-

placement as well as the displacement due to phase transformation. In the indentation step, the

maximum surface displacement of the half-space for all isothermal loading paths is the same due

to the prescribed displacement boundary condition. After sliding to a distance away from the initial

indent, there is a complete recovery of the initial indent generated due to both elastic and pseu-

doelastic deformation for T > Af while some small residual displacement persists for the case

when As < T < Af . A larger residual displacement at x = 0 is observed due to irrecoverable

transformation strain when As > T . A portion of the recovery at this temperature is elastic. Ex-

perimentally, recovery of this residual displacement is possible by heating the sample above Af

as shown for the case of pure indentation in the works of Ni et al. [58, 59]. This has also been

demonstrated numerically by Nolan et al. [60] using the current constitutive model. This effect is

not considered in this study as the primary focus is on the pseudoelastic behavior rather than the

shape-memory behavior of these alloys.
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Figure 3.7: Comparison of the contact pressure distribution at different isothermal loading paths
after (a) indentation and during (b) steady state sliding.

The surface contact pressure distribution due to indentation and during sliding at different
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operating temperature regimes is shown in Figure 3.7. The contact pressure shown is normalized

by the maximum Hertzian contact pressure p0 caused due to indentation of an elastic material

by the same displacement imposed boundary condition and with the same elastic properties as

austenite. This normalization is chosen to illustrate the difference between a pseudoelastic and

elastic contact pressure distribution. The contact pressure profile in indentation is symmetric about

the x = 0 axis. In comparison to the contact pressure distribution obtained in a typical Hertzian

elastic contact problem (see Figure 2.5), the maximum pseudoelastic contact pressure is much

lower than the maximum elastic contact pressure distribution. It is also observed that a reduction

in the temperature results in a reduction in the maximum contact pressure and a corresponding

increase in the contact area. This reduction occurs due to fact that as the temperature decreases,

the phase transformation occurs not only in the interior of the half-space but extends to the surface

of the half-space that is contact with the cylinder. As the transformation zone around the region of

contact increases, a larger contact area develops which leads to a reduction in the contact pressure.

This is especially true for the case when T < As and the SMA behaves similar to that of an elastic-

plastic material. Simulations of the contact pressure distribution for elastic-plastic materials reveal

a similar trend wherein a flattening of the contact pressure distribution occurs during indentation

[18].

During frictionless steady state sliding, the contact pressure distribution is no longer symmetric

about the indenter’s center. This trend is markedly different from the contact pressure profile for

elastic materials for which the contact profile remains symmetric and unchanged even during fric-

tionless sliding (since tangential tractions are absent). For the pseudoelastic SMA, the maximum

contact pressure increases in each case and shifts to the right of the indenter’s center (in the direc-

tion of sliding). A significant jump in the contact pressure occurs for the case when T < As. In

this specific case, the transformation zone has spread to the surface of the contacting region and in

fact, a portion of the region in contact has completely transformed to martensite. Depending on the

degree of transformation at the surface, the contact pressure distribution will not be uniform. This

can be understood from an analytical point of view, since the Hertzian contact pressure distribution
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(Equation 2.11) depends on several factors such as the elastic moduli of the bodies in contact, the

radii of the contacting bodies and the applied load/displacement. Since in this instance, the elastic

modulus of the half-space at the surface is not uniform, this results in an irregular contact pressure

distribution.

3.2 Effect of Maximum Recoverable Transformation Strain

In this section, the influence of the maximum transformation strain on the sliding response

is studied. The temperature T is held constant above Af , while the coefficient of friction µ is

assumed to be 0 (frictionless). Hmax is varied from 1% to 4% and effects of this variation on

the von Mises stress and contact pressure are discussed. The constitutive responses of a single

finite element for the different strains varied from 1%-4% are shown in Figure 3.8 to illustrate the

implication this variation has on the stress-strain response.
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Figure 3.8: Constitutive response when Hmax is varied from 1% -4%.
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The constitutive response obtained in Figure 3.8 is achieved by fixing the transformation tem-

peratures and the slopes (CA and CM ) of the stress-temperature relationships in the phase diagram.

The only parameter in the model that is varied is Hmax. This renders the critical transformation

stresses constant while the hardening decreases as Hmax increases.

In the finite element sliding simulation, the cylinder is initially at x = 0 and indents the half-

space to a depth of ∆y = 0.008R, which is deeper than the indentation depth specified in the

previous simulation. This is followed by maintaining the same indentation depth and sliding to

a distance of ∆x = 0.225R ≈ 4.6a, where a is contact radius of a rigid cylinder indenting and

sliding along an elastic half-space to same depth ∆y and with elastic properties equivalent to that

of the austenitic phase. The sliding distance is once again chosen so as to attain a steady state stress

distribution that is unaffected by the initial indentation. It is determined by studying the evolution

of the tangential and normal reaction forces experienced by the cylinder during the sliding process.

Figure 3.9: Reaction forces on the indenter at different half-space maximum transformation strains
Hmax throughout the frictionless sliding process (a) tangential distributed force (b) normal dis-
tributed force.
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Figure 3.9 shows the normal and tangential forces acting at the reference point of the rigid

cylinder throughout the sliding process. In comparison with Figure 3.2, the magnitudes of the

forces here are much higher as a consequence of the increase in the indentation depth. A similar

trend is also observed in that there is a gradual increase in tangential force as the sliding step

commences, before eventually decreasing and attaining a steady state value at about ∆x/a=3.

It is observed that an increase in the maximum transformation strain causes an increase in the

distributed tangential force.

The difference between the pseudoelastic and elastic normal reaction force is much more pro-

nounced at this indentation depth than seen in Figure 3.2. The smaller reaction force for contact

between the indenter and the pseudoelastic half-space suggests that work done by the indenter

during indentation and sliding is less than that for an elastic material. The decrease in the normal

force during the initial stages of sliding corresponds with the increase in the tangential force at the

same instance. The magnitude of the normal force decreases as the maximum transformation strain

increases implying the ease of penetration of the indenter into the half-space as Hmax increases.

Since these simulations are conducted at T > Af , the evolution of the normalized von Mises

stress and the martensite volume fraction follow a similar trend as observed in Figure 3.3, i.e., a

complete reverse transformation to austenite is obtained as the cylinder unloads during the sliding

process. Therefore, for the sake of brevity, only the results for region symmetric about the position

of the indenter are shown for the post indentation and sliding steps.
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Figure 3.10: Normalized von Mises stress in the pseudoelastic half-space after indentation for
various Hmax values (1%-4%) at an indentation depth of ∆y = 0.008R ≈ 0.15a.

A comparison of the von Mises stress developed after indentation for the different maximum

transformation strains is shown in Figure 3.10. The results are normalized by the maximum von

Mises stress σEl
VM developed by the indentation of a rigid cylinder into an elastic half-space with

the same elastic properties as the austenitic phase. This is done so as to measure the difference

between the response of a material without phase transformation and with phase transformation.

The spatial dimensions of the pseudoelastic half-space are also normalized by the known analytical

contact radius a of the elastic half-space. In both the elastic case and the pseudoelastic case, the

same indentation depth is specified (∆y = 0.008R ≈ 0.15a).

Figure 3.10 shows that an introduction of even a small amount of transformation strain causes

a large reduction in the maximum normalized Mises stress. For instance, the ratio of the maximum

pseudoelastic von Mises stress with 1% recoverable strain to the maximum elastic von Mises stress

48



is 0.6. This represents a nearly 40% reduction in the maximum stress. This ratio is about 0.45

when Hmax is increased to 4% , which represents a 55% reduction in the stress. The ratio of

the maximum pseudoelastic von Mises to its elastic analogue at 2% strain and 3% recoverable

transformation strain are 0.473 and 0.458 respectively, which represent a decrease of about 50% in

each case.

The martensite volume fraction in the half-space at the corresponding transformation strains

is also shown in Figure 3.11 and offer some insight into the von Mises stress distribution in the

half-space shown in Figure 3.10. For the same indentation depth, a complete transformation to

martensite is achieved at Hmx = 1%, while martensite is still in the detwinning process at higher

maximum transformation strain values.

Figure 3.11: Martensite volume fraction in the pseudoelastic half-space after indentation for vari-
ous Hmax values (1%-4%) at an indentation depth of ∆y = 0.008R ≈ 0.15a.

During the frictionless sliding phase, there is perceptible increase in the Mises stress (Figure
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3.12). At steady state sliding, the ratio of the maximum pseudoelastic von Mises stress to the

maximum elastic von Mises stress increases to about 0.85, representing only a 15% reduction in

the stress. The largest reduction in the stress again occurs when Hmax is greatest, i.e., 4%. The

ratio of the Mises stresses in this case is about 0.51, representing a 49% reduction in the stress in

the half-space. For the case when Hmax is 2% and 3%, the ratios are 0.69 and 0.55. These results

are summarized in Table 3.3. This can be further understood by studying the martensite volume

fraction that correspond to these stress distributions.

Figure 3.12: Normalized von Mises stress in the pseudoelastic half-space at steady state sliding for
various Hmax values (1%-4%) at an indentation depth of ∆y = 0.008R ≈ 0.15a.

Figure 3.13 demonstrates that during steady state sliding, a complete transformation to marten-

site is achieved in all cases except for the case when Hmax is 4%. Furthermore, the region of
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Table 3.3: Normalized maximum von Mises stress σVM/σ
max
VM,El at indentation and at steady state

sliding for different Hmax values (T=285 K,µ = 0).

Hmax = 1% Hmax = 2% Hmax = 3% Hmax = 4%
Indentation (∆x/a = 0) 0.58 0.47 0.46 0.45
Sliding (∆x/a = 4.6) 0.85 0.69 0.55 0.51

martensite developed gets progressively smaller as Hmax increases. This suggests that SMAs with

a high degree of pseudoelasticity can accommodate more of the imposed deformation by the cylin-

der and resist complete transformation to martensite and the eventual onset of plasticity.

Figure 3.13: Martensite volume fraction in the pseudoelastic half-space at steady-state sliding for
various Hmax values (1%-4%) at an indentation depth of ∆y = 0.008R ≈ 0.15a.
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Figure 3.14: Comparison of the contact pressure distribution for various Hmax values (1%-4%)
after (a) indentation and during (b) steady state sliding.

The contact pressure distribution for the variation in Hmax is shown in Figure 3.14 and is

compared with the elastic Hertzian solution. All the contact pressure distributions are normalized

by the maximum contact pressure p0 at the surface of an austenitic half-space (E = 55 GPa,

ν = 0.3). It becomes quite apparent that the presence of pseudoelasticity in the half-space results

in a non-Hertzian contact pressure distribution. An increase in Hmax corresponds to an increase

in the contact area, which results in a decrease in the contact pressure. However, the decrease in

the maximum contact pressure does not follow a linear trend, indicating that at some maximum

Hmax value, the contact area and pressure distribution will remain unchanged. This is especially

observed when comparing the contact pressure distributions when Hmax = 3% and 4%. Figure

3.11 shows that at these transformation strains, the distribution in the internal state variable ξ is

different. The greater the value of ξ is in the contact region, the greater is the maximum contact

pressure distribution.

During frictionless sliding contact, the contact pressure distribution is asymmetric and in-
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creases in the direction of the sliding. When compared to the contact pressure distribution at

∆x/a = 0, the maximum contact pressure during steady state sliding is much higher, while the

elastic contact pressure distribution is still Hertzian (symmetric). This trend is characterized by the

absence of any tangential force Q on the indenter during elastic sliding contact and a non-zero Q

on the indenter during pseudoelastic sliding contact (see Figure 3.9). This increase in the contact

pressure in the half-space and tangential force on the indenter from pseudoelastic normal contact

to pseudoelastic sliding contact is a consequence of the steady increase in the martensite volume

fraction ξ at the contact surface (Figure 3.13), which changes for different the loading conditions

and various Hmax values.

3.3 Effect of Modulus Change

The presence of two different elastic moduli in the half-space can lead to a very different

stress field in the half-space when compared to a homogeneous elastic half-space. This is well

established especially when considering contact mechanics literature of layered elastic half-spaces

with different properties [20, 21, 61, 62]. Typical elastic properties of the austenite and martensite

phases in pseudoelastic materials can differ greatly, with the modulus of martensite being lower

than that of austenite. This difference is quantified by the parameter β which represents the ratio

of the elastic modulus of the martensite phase to the austenitic phase. Kan et al [63] have shown

that this ratio is typically in the range of 0.3− 0.65 for most SMAs. In this study, the ratio of β is

varied from 0.5 to 1 and its effect on the stress distribution in the half-space is studied.

The constitutive responses of a single finite element for the various β values are shown in

Figure 3.15 to illustrate the implication this variation has on the stress-strain response.
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The effect of this difference in the elastic moduli is studied under both normal and steady state

sliding contact. In all simulations, the parameter Hmax is fixed at 2% and the temperature is held

constant at T > Af . The decrease in β is accompanied by a softening response and a pronounced

decrease in the martensite finish stress σMf .

The Mises stress for the different β values considered is shown in Figure 3.16. The stress is

once again normalized by the maximum Mises stress developed in an elastic half-space in normal

contact with a rigid cylinder to the same indentation depth as the pseudoelastic half-space. This

normalization is chosen in an attempt to compare the difference between the contact behavior of

pseudoelastic and elastic materials.
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Figure 3.16: Normalized von Mises stress and martensite volume fraction in the pseudoelastic half-
space after indentation for various β values.(∆y = 0.008R ≈ 0.15a, Hmax = 2%, T = 285K).

It is observed that as the β parameter increases, the von Mises stress in the half-space decreases.

In fact, the maximum stress directly beneath the indenter significantly decreases as β decreases.

Naturally this is because as β decreases, the half-space becomes more compliant. In quantitative

terms, ratio of the maximum pseudoelastic von Mises stress to the elastic von Mises stress is 0.51

when β = 1. For this case, the elastic moduli of both austenite and martensite are the same as the

modulus of the elastic material used for the normalization. The ratio of the Mises stresses falls to

0.46 and 0.41 for β = 0.75 and β = 0.5 respectively. These results are summarized in Table 3.4.

Figure 3.16 also illustrates the corresponding martensite volume fraction in the half-space,

which demonstrates that as β decreases, the martensite volume fraction ξ increases. This is likely

due to the fact that the constitutive behavior (Figure 3.15) predicts a reduction in the martensite

finish stress σMf
as β increases. In other words, for the same fixed indentation depth, the indenta-

tion induced stress needed to completely transform to martensite is higher when β is 1 as opposed

to when β is smaller.

Under steady state sliding, complete transformation to martensite is achieved in all cases. At
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Table 3.4: Normalized maximum von Mises stress σVM/σ
max
VM,El at indentation and at steady state

sliding for different β values (T=285 K,µ = 0,Hmax = 2%).

β = 1 β = 0.75 β = 0.5
Indentation (∆x/a = 0) 0.51 0.46 0.41
Sliding (∆x/a = 4.6) 0.73 0.67 0.61

this analysis step, the maximum von Mises stress in all cases is nearly 40% higher than the corre-

sponding maximum stresses after indentation. In keeping with the trend observed during indenta-

tion, the stress in the half-space during steady state sliding is smallest when the when the martensite

phase is more compliant (β = 0.5). This ability of SMAs to undergo a transformation to a more

compliant phase, further demonstrates why pseudoelastic SMAs offer better wear resistance that

conventional wear resistant materials.

Figure 3.17: Normalized von Mises stress and martensite volume fraction in the pseudoelastic
half-space during steady state sliding for various β values. (∆y = 0.008R ≈ 0.15a, Hmax = 2%,
T = 285K).

The contact pressure distribution in the half-space at these different β ratios is studied next

(Figure 3.18). The contact pressure distribution in each case is normalized by the maximum con-
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tact pressure p0 developed at the contact surface between a rigid cylindrical indenter in normal

contact with an elastic half-space (E = 55 GPa, ν = 0.3) to an indentation depth of ∆y = 0.008R.

As the martensite phase becomes more compliant, the maximum contact pressure reduces and the

contact area increases. This is observed for both the normal contact and steady state sliding contact

pressure distributions. From a classical Hertzian contact mechanics approach, the maximum con-

tact pressure p0 is proportional to the elastic modulus of the half space (Equation 2.11). Therefore,

the more compliant the half-space, the lower is the contact pressure.

Figure 3.18: Comparison of the contact pressure distribution for various elastic mismatch ratios
after (a) indentation and during (b) steady state sliding.

3.4 Effect of Friction

The previous simulation studies focused on the effect of pseudoelastic SMA relevant parame-

ters on the frictionless sliding contact response. In this study, the effect of friction at the contact

interface is studied for one of the SMA relevant parameters. Specifically, the effect of friction on

57



the sliding response at different isothermal loading paths is studied.

In the FEM simulations, two different coefficient of frictions µ = 0.15 and µ = 0.25 are em-

ployed to compare the effect of frictional pseudoelastic sliding contact against frictional elastic

sliding contact (µ = 0). In the first step, a normal displacement equal to ∆y/R = 0.004 is spec-

ified at the reference point of the indenter and in the subsequent step, this normal displacement is

held constant and a tangential displacement is specified equivalent to ∆x/R = 0.0275. The same

indentation depth and sliding distance are then specified for the frictional pseudoelastic simula-

tions. The maximum transformation strain for the pseudoelastic half-space is chosen as 1% and

the Young’s modulus for austenite and martensite are the same as those specified in Table 3.1.

Figure 3.19: Comparison of the von Mises stress distribution in an elastic half-space for various
friction coefficients µ at steady state sliding (∆x/R = 0.00275).
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The elastic von Mises stress distribution during steady state sliding for the different coeffi-

cients of friction are shown first to demonstrate the effect of friction in an elastic sliding contact

process (Figure 3.19). Two key observations are made, the first being that frictional sliding causes

an asymmetric stress distribution in the elastic half-space. The second observation is that the max-

imum stress in the half-space increases as the coefficient of friction increases. For the frictionless

sliding case, the maximum von Mises stress in the half-space is 588 MPa and increases to 596 MPa

and 636 MPa for µ = 0.15 and µ = 0.25 respectively.

Having demonstrated the typical characteristics of frictional sliding contact for an elastic ma-

terial, the frictional sliding contact of a pseudoelastic half-space at various temperatures are now

presented. The same isothermal loading paths chosen in Section 3.1 are used here. The von Mises

stress distribution in the pseudoelastic half-space for each frictional sliding contact simulation is

normalized by the corresponding maximum von Mises σEl
VM stress in an elastic half-space and is

shown in Figure 3.20.

As pointed out in the previous simulations, the frictionless sliding step produces an asymmetric

stress distribution in the pseudoelastic half-space which is not the case for the frictionless sliding

of the elastic half-space as shown in Figure 3.19 (a). This asymmetry in the stress distribution

during sliding is compounded by the addition of the shear traction at the contact interface due to

friction. The increase in the coefficient of friction causes an increases in the maximum von Mises

stress in the half-space. In quantitative terms, the normalized Mises stress increases from 0.74 for

µ = 0 to 0.76 and 0.86 for µ = 0.15 and µ = 0.25 respectively. This indicates that as the friction

at the contact interface increases, the ability of the pseudoelastic SMA to relieve the stress in the

half-space diminishes.
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Figure 3.20: Normalized von Mises stress (left) and martensite volume fraction (right) in the
pseudoelastic half-space for various friction coefficients µ at steady state sliding (∆x/R =
0.00275, T = 285K > Af ).

At low coefficients of friction, the maximum Mises stress develops in the interior of the half-

space. This indicates that failure would likely originate in the interior of the half-space. For a

higher coefficient of friction, µ = 0.25, the maximum Mises stress moves from the interior of

the half-space to the surface of the half-space and at the trailing edge of the sliding cylinder. A

similar trend is also observed for the martensite volume fraction, where ξ = 1 in the interior of

the half-space for low coefficients of frictions, but at µ = 0.25, ξ = 1 both in the interior and the

contact region. Johnson [4] states that for elastic materials, the von Mises criterion predicts that

the transition from sub-surface yielding to surface yielding occurs when the coefficient of friction

µ > 0.3. Therefore for elastic materials, the maximum von Mises stress in the half-space moves

from the interior to the surface at µ = 0.3 during sliding. However, these simulations show that in

the pseudoelastic case, the maximum von Mises stress moves from the interior to the surface at a

slightly lower value µ = 0.25. This likely due to the combination of the build-up of tensile stresses
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at the trailing edge of the sliding cylinder due to friction and the inherent increase in the tensile

stresses at the trailing edge observed even during frictionless pseudoelastic sliding.

Figure 3.21: Normalized von Mises stress (left) and martensite volume fraction (right) in the
pseudoelastic half-space for various friction coefficients µ at steady state sliding (∆x/R =
0.00275, T = 275 K < Af ).

Figures 3.21 and 3.22 show the frictional steady state sliding responses for isothermal loading

at As < T < Af and T < As. Once again, an increase in the coefficient of friction results in

an increase in the maximum von Mises stress. The maximum normalized stresses are reported

in Table 3.5. It is observed that as the coefficient of friction increases, the residual stresses that

develop in the half-space as the cylinder unloads from the initial indentation location, are now

more localized towards the surface of the half-space. For µ = 0 for instance, residual stresses are

present at depths of y/a = −4, but for µ = 0.25, these residual stresses are absent. Frictional

sliding contact of the elastic half-space has shown that as the coefficient of friction increases, the

stresses in the vicinity of the contact region increase. This has an effect of increasing the volume
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fraction of the residual martensite near the surface of the half-space as also shown in Figures 3.21

and 3.22.

Figure 3.22: Normalized von Mises stress (left) and martensite volume fraction (right) in the
pseudoelastic half-space for various friction coefficients µ at steady state sliding (∆x/R =
0.00275, T = 265 K < As).

Table 3.5: Normalized maximum von Mises stress σVM/σ
max
VM,El at steady state sliding for different

µ values (Hmax = 1%, β = 0.84).

T > Af As < T < Af As < T

µ = 0 0.74 0.81 0.86

µ = 0.15 0.76 0.87 0.93

µ = 0.25 0.86 0.89 0.95
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4. CONCLUSIONS AND FURTHER STUDIES

This computational study involved the solution of the two dimensional plane strain sliding

contact problem between a rigid cylindrical indenter and a pseudoelastic SMA half-space by using

the finite element method. The SMA constitutive model put forward by Lagoudas et al. [53] is

employed in conjunction with in-built contact algorithms in the commercial finite element software

ABAQUS to simulate the combined normal and tangential contact between the two bodies. Normal

and sliding contact are prescribed using a displacement controlled approach. Parametric studies

involving the effect of unique SMA material characteristics (thermo-mechanical coupling, large

recoverable strains, the inherent difference between the moduli of the martensite and austenite

phases) on the pseudoelastic sliding contact behavior are investigated. In a separate study, the effect

of friction between the two bodies is studied and its implications on surface wear for pseudoelastic

materials are discussed.

4.1 Conclusion

The main conclusions from the parametric studies are listed here

• Indentation of the cylinder into the half-space causes phase transformation from austenite to

martensite to initiate at a point directly below the center of the indenter and in the interior of

the half-space rather than on the surface. This result is consistent with the elastic contact me-

chanics predictions that also show that the maximum von Mises stress in the half-space for

normal contact with parabolic shaped indenters such as cylinders and spheres occurs at point

in the interior of the half-space. As the normal displacement increases, the transformation

zone spreads radially outwards until it reaches the surface of the half-space.

• During pseudoelastic sliding contact, the region in front of the indenter undergoes stress

induced forward transformation to martensite, while the region in the wake of the inden-

ter undergoes reverse transformation to austenite. The initial stages of frictionless sliding

contact are associated with an increase in the von Mises stress distribution, which drives
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an increase in the martensite volume fraction during sliding until a steady state sliding re-

sponse is achieved. This suggests that even though complete transformation to martensite

may not occur after indentation, the increase in stress during sliding could induce a complete

forward transformation to martensite. This depends on several factors such as the depth of

indentation, the amount of recoverable transformation strain and the elastic moduli the two

phases.

• Half-spaces that are elastic undergo a symmetric translation of the stress developed at in-

dentation during frictionless sliding contact. This is because the absence of friction does not

permit any tangential traction in the contact region and the reaction forces due to the materi-

als elasticity are very small. The FEM simulations show that for pseudo-elastic half-spaces,

even during frictionless sliding contact at temperatures aboveAf , a non-zero tangential com-

ponent exists, which contributes to an asymmetric stress distribution in the half-space.

• The sliding contact behavior is heavily temperature dependent. According to the Clausius-

Clapeyron relation, the decrease in temperature causes a decrease in the corresponding crit-

ical transformation stresses. As a result, for the same normal indentation depth, half-spaces

at lower temperatures see a greater degree of transformation. At temperatures below Af ,

a perfect pseudoelastic behavior is not observed, with residual displacement and residual

stresses present in the half-space. At temperatures below As, the SMA behaves like an

elastic-plastic material, with a flattened contact pressure distribution and significant residual

stresses present in the wake of the sliding cylinder.

• Increasing the maximum transformation strain in the half-space results in a lower von Mises

stress distribution during both normal and sliding contact. When compared to an elastic half-

space with the same elastic properties as austenite, the presence of transformation strains as

high as 4% can cause the maximum pseudoelastic Mises stress to differ from the maximum

elastic Mises stress by about 55% when in normal contact. During frictionless sliding con-

tact, this disparity is somewhat diminished as the stresses increase during sliding.
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• The ability of shape memory alloys to transform from a high stiffness austenitic phase to a

low stiffness martensite phase also contributes to the decrease in the von Mises stress. This

stiffness difference is quantified by the parameter β in this study and it is shown that as the

difference between the two phases increases, the maximum Mises stress in the half-space

and maximum contact pressure at the contact interface decreases.

• Therefore, the combination of high transformation strains and a low martensitic elastic mod-

ulus are significant parameters that reduce the von Mises stress in the half-space. This has

important implications for the wear resistance of SMAs since worn surfaces contain very

high levels of plastic strain compared to unworn surfaces. The accumulation of this strain

and the consequent modification of the material’s microstructure have a strong effect on the

wear processes.

4.2 Further Study

A key outcome of this thesis was in demonstrating that a pseudoelastic SMA half-space in

normal and tangential contact is capable of developing much lower stresses than an elastic half-

space under similar applied displacements/tractions. It was demonstrated that this is a result of a

combination of the operating temperature, presence of large recoverable transformation strains and

phase transformation to a more compliant phase. The computational study adds valuable insight

into the sliding behavior of phase transforming materials and agrees with experimental results

that demonstrate the superior wear resistance of pseudoelastic SMAs under a typical sliding wear

process. The literature review on the computational contact mechanics studies showed that the

wear resistance of conventional materials can be improved by adding a hard coating or layer.

Some researchers have also investigated the use of functionally graded coatings [64–66], where

a power function is used to specify a spatial gradient in the material properties of the coating and

substrate. In a similar fashion, the current work can be extended to include a spatial gradient in

key SMA material parameters such as the transformation temperatures and transformation strains

and thereby further reduce the maximum von Mises stress in the half-space.
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