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ABSTRACT

A powered transfemoral prosthesis is an assistive device for patients with above knee

amputation. For these patients, walking on various sloped surfaces is one of the most chal-

lenging tasks in their daily lives. Designing prostheses that can effectively adapt to varying

terrain remains an ordeal to this date. In this thesis, we focused on generating the desired

trajectories for various inclined surfaces without prior knowledge of slopes using human

impedance and cubic-Bezier-polynomials-based optimization. Trajectory generation for

the powered prosthesis is an important procedure to design an appropriate controller that

mimics human locomotion; the trajectory has to be generated for each gait cycle in real-

time to produce a stable, robust, and human-like walking. The proposed method is rooted

in analyzing the human data from the motion capture system, to gain an understanding

of how human walks differently according to the slopes. Impedance control using human

parameters allows the prosthesis adapt to these different slopes during the stance phase.

Since impedance control is used only during the stance phase, we were prompted to con-

sider a different control strategy for the swing phase. These trajectories are tracked using

PD control. Thus, we proposed the cubic-Bezier-curve-based optimization to generate

appropriate trajectories for the given slopes during the swing phase, without any infor-

mation regarding the slopes. Before the heel contact occurs (terminal swing phase), low

gain PD control is used to adapt to the unexpected slopes and smoothly track the gener-

ated trajectories. To validate the proposed framework, the concept was implemented on

a transfemoral prosthesis, AMPRO II, on various slopes. The main objective of the thesis

is to propose and verify a unified framework that enables the transfemoral prosthesis to

perform real-time inclined walking without a priori information regarding the terrain.
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1. INTRODUCTION

Amputation is typically known to affect the victims adversely - be it psychologically

and physically. In particular, lower extremity amputation results in the reduction of am-

putees’ mobility and dexterity in their daily lives – making patients vulnerable to fall and

resulting injuries [7]. Even though these people are not able to walk as they did before

the amputation, they still have a chance to recover their locomotion by using an assistive

device, such as a prosthetic leg. This motivates us to develop a lower limb prosthesis that

performs human-like walking.

Figure 1.1: 5 different levels of lower limb amputation [1]

Lower limb amputation can be categorized into five types (Fig.1.1): foot amputation

(amputation of any part of the foot), transtibial (amputation below the knee), knee disar-

ticulation (amputation at the level of the knee joint), transfemoral (amputation above the

1



knee), and hip disarticulation (amputation at the level of the hip joint) [1]. According to

the National Center for Health Statistics, transfemoral amputees account for 18.5% of 1.2

million amputees in the United States [8]. As per a report by the Healthcare Cost and Uti-

lization Project from 1988 through 1996, transfemoral amputees are the 2nd largest group

(transtibial amputees are the largest group) among the lower limb amputations except toe

amputation [9]; toe amputation is normally excluded from consideration while developing

prostheses because toe prostheses are barely needed for the amputees. It is also shown in

a case study conducted by Johns Hopkins University, in collaboration with the Amputee

Coalition of America (ACA), transtibial amputees form the largest group of lower limb

amputation, followed by transfemoral amputees [10]. Between these two most common

amputees, transfemoral amputees face more mobility challenges and are more prone to

falls than transtibial amputees.

Due to the investigation of transtibial prostheses in the research field, high-performing

transitibial prostheses have been developed. A transitibial prosthesis is developed in

Michigan Tech, has two controllable degrees of freedom including dorsiflexion & plan-

tar flexion, and inversion & eversion by using a cable-driven mechanism to provide more

human-like ankle characteristics during a step [11]. With more degrees of freedom, am-

putees have more authority over the prosthesis’ reaction to unexpected situations during

operation. Beyond the daily activities, some cutting edge transtibial prosthesis can provide

more freedom for amputees to express their artistic emotion such as dance [12]. Further-

more, to contribute to more human-like walking gait, there is on-going research which

focuses on designing a toe joint enable push-off toe [13]. Honert et al., addressed adding

an elastic toe joint to enhance the push-off capability by comparing two different versions

(with an elastic toe joint vs. without a toe joint) of customized prosthetic foot and by

studying how adding a toe joint affects Center of Mass (COM) and push-off power [13].

2



Figure 1.2: Ottobock 3WR95, the aqualine waterproof passive prosthesis [2]

Despite these efforts in transtibial prostheses, transfemoral prostheses still have lots of

challenges than transtibial prostheses. The most distinct and difficult part of developing

transfemoral prostheses is ensuring stability. Since the transfemoral prostheses should per-

form more functions (including those of the knee joint) than transtibial prostheses, they are

more prone to cause falls when the systems malfunction. Therefore, the stability problem

should be more carefully handled. The transfemoral prostheses can be classified under

three categories: i) passive prostheses, ii) micro-processor prostheses, and iii) powered

prostheses. Passive prostheses (Fig.1.2), the classic, are the most commonly used type

because they are light weight and easy to operate. But, they do not compensate for the

power loss associated with a missing limb. Micro-processor prostheses, such as C-Leg

(Fig.1.3) enable amputees to alter the damping properties of the prosthetic as per the task

at hand – thus, making them a popular choice [3]. While micro-processor prostheses pro-

3



Figure 1.3: Ottobock C-Leg, the micro-processor prosthetic system designed to reproduce
the functions of a biological leg [3]

Figure 1.4: Center of Intelligent Mechatronics at Vanderbilt University, the powered pros-
thetic system designed to provide the net power for the ankle and knee joints [4]

4



vide power only to the knee, powered prostheses (Fig.1.4) can contribute to the amputees’

walking by providing net power during the gait cycle to both the knee and the ankle. Since

powered prosthesis uses sensor data from the user, real-time feedback control can be used

to generate human-like walking gait.

Since we are dealing with a robotic system attached to the human body, it is imper-

ative for the system not to interrupt human walking. Therefore, transfemoral prostheses

are expected to perform a stable human-like locomotion under normal circumstances, such

as flat ground and inclined terrains. However, existing passive and micro-processor pros-

theses cannot fully accommodate such functions because they cannot control the system

adaptively. To satisfy user expectation, there have been several studies on transfemoral

amputees to develop an effective powered transfemoral prostheses. Fig.1.4 shows the pros-

thesis developed by Vanderbilt University. It is based on impedance control and trajectory

tracking, using the set of impedance parameters along the user’s walking [4]. In order

to successfully control the prosthesis, they decomposed the gait cycle into several states,

and specify the different linear stiffness and damping coefficients to each state. Each state

generates torques for each joint that ensure passivity within these states [14]. They also

expanded this approach to upslope walking [15] and stair walking [16] by adding different

modes to the system. By using motion capture data, they analysed human walking trend

on stairs and found the conditions for state transitions for stair walking, which were further

used to implement to a finite state-based control system [16]. For every single situation,

Vanderbilt prosthesis is required to tune the impedance parameters based on the joint sen-

sor. The set of parameters that they used vary based on the user, thus mandating a tuning

process prior operation. This can limit the practical usage of the prosthesis.

AMBER Lab (now at California Institute of Technology) proposed Human-Inspired

Control (HIC) to avoid the tuning process by using optimized Canonical Walking Func-

tions (CWF) (Fig.1.5). HIC is a framework based on Hybrid Zero Dynamics (HZD),

5



Figure 1.5: AMPRO I, the powered transfemoral prosthesis developed in Texas A&M
University [5]

which is the mathematical description of hybrid systems including a discrete heel contact

event and continuous human walking [17]. Yet, it is necessary to relax some constraints

to avoid high velocity jump at the knee when the heel strike happens. Therefore, Partial

Hybrid Zero Dynamics (PHZD) is proposed to automatically generate stable and human-

like walking trajectories [18]. This framework has the advantage of being mathematically

stable owing to PHZD [18], [19]; because of this advantage, it is widely used in bipedal

robotics and prostheses [19], [20]. However, to generate the trajectories which satisfy

PHZD conditions, a heavy optimization problem, which is a computationally demanding

process must be solved. To overcome this difficulty, a previous study using convex opti-

mization based spline generation was proposed to generate upslope and flat ground walk-

ing trajectories in real-time [6]. The advantage of this method is the ability to perform flat

ground and upslope walking without any slope information by adapting to the slope with

low gain PD control and blending into the flat ground walking trajectory with spline gen-

eration. This algorithm allows us to avoid solving heavy optimization problem and tuning

6



for diffrent slope environments. However, this method is not applicable for the downslope

walking since downslope walking trajectories vary greatly from those of upslope walking

[21]. In an attempt to enable inclined walking, be it upslope or downslope, we conducted a

study that used Principal Component Analysis (PCA) to generate the walking trajectories

[22]. The results provided an avenue for performing real-time inclined walking using an

information set of lower dimension [23]. However, this solution cannot avoid detecting the

angle of inclination, which may pose some risks since the misdetection can cause a stabil-

ity problem. Therefore, a new methodology should be considered, keeping in mind that

the new technique would have to avoid detection of the slope angle and real-time heavy

optimization.
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1.1 AMPRO II

Figure 1.6: AMPRO II is the second version powered transfemoral prosthesis developed
at Texas A&M University.

AMPRO II (A&M Prosthesis II) is the second generation powered transfemoral pros-

thetic system designed at Texas A&M University (Fig.1.6). It is fully actuated with two

actuators on the ankle and knee, respectively (Fig.1.6 g,e). AMPRO II senses the user’s

walking progression and controls two actuators to follow the appropriate joint angle tra-

jectories. A 9-axis Inertial Measurement Unit (IMU) on a L-shape adapter of the pros-

thesis (Fig.1.6 d) provides the thigh angle to calculate the state of user’s gait progression.

Depending on the walking progression the processor provides the desired torques to the

ELMO drivers (Fig.1.6 f). Then, these motor drivers control two actuators on the ankle

8



and knee with the desired torques through Controller Area Network (CAN) protocol. Dur-

ing the gait cycle, two force sensors (FlexiForce) are used to detect the heel contact and

the push-off for switching between the swing phase and the stance phase (Fig.1.6 h,i). For

the processor and the high-level controller, two BeagleBone Blacks are used to calculate

the gait progression and the proper state of walking gait, respectively in 200 Hz data rate

(Fig.1.6 b). To perform human-like walking, we control the actuators on the ankle and

knee to follow the human ankle and knee trajectories. Therefore, trajectory generation for

the powered prosthesis is an essential procedure to design an appropriate controller that

mimics human walking. Trajectories have to be generated for each gait cycle in real-time

to produce stable, robust and human-like walking.

1.2 Thesis Structure

The flow of the thesis is described in this section. In the following Chapter 2, the main

objective of the thesis is proposed before the idea is developed.

In Chapter 3, bio-mechanical traits of human walking on inclined surfaces are de-

scribed by comparing the ankle and knee joint angle trajectories from 7 different slope

conditions.

The control strategy for the prosthesis to mimic human walking trends is explained in

Chapter 4. Chapter 4 consists of two different control strategies in two sections. First,

an impedance controller is used for the stance phase with human impedance parameters.

Second, a PD controller is utilized for the swing phase of gait cycle to follow joint angle

trajectories which are generated by using Bezier polynomials.

In Chapter 5, the experiment protocol is proposed to verify the control strategies. Also,

the experiment protocol is followed by the results of the experiments. The results, directly

captured from the encoder on the prosthesis, are discussed by comparing a nominal human

walking data and the joint angle trajectories from the device.
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Additional improvements are also discussed in Chapter 6 to propose the next genera-

tion of the prosthesis as the future works.

The conclusion and discussion are presented in Chapter 7. The strength of the proposed

framework is briefly summarized and concluded from the results in this chapter.
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2. RESEARCH OBJECTIVES

The ability to walk on sloped surface is one of the most important functions for the

transfemoral prosthesis. To provide appropriate prosthetic walking gait for various slopes,

we characterized the human walking patterns on various slopes. Thus, this thesis focuses

on generating human-like walking trajectories to perform sloped walking for a powered

transfemoral prosthesis, without the former information of the slope in real-time.
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3. HUMAN MOTION ANALYSIS FOR INCLINED WALKING

3.1 Human Data Analysis for Inclined Walking

People have their own strategy for different walking conditions. Even though individu-

als may have different characteristics, such as heights, limb lengths, and walking patterns,

they all share common characteristics of walking [21] because of the kinematic traits of

human. During normal walking, ankle and knee rotation will occur - also termed as dorsi-

flexion, plantar flexion for the ankle, and flexion, extension for the knee (Fig.3.1).

Figure 3.1: The knee joint rotates in two direction: flexion and extension, while the ankle
joint moves in two directions: dorsiflexion and plantar flexion

3.1.1 Human walking data

To do a bio-mechanical analysis for human walking, we collected human walking data

and joint trajectories for the ankle and knee joints with a motion capture system (9 Oqus
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Figure 3.2: Bio-mechanical analysis for human walking can be done by utilizing camera-
based motion capture system. (14 reflective markers were used)

210c cameras, Qualisys North America, Inc., Highland Park, Illinois, USA). We put 14

reflective markers on the body of a healthy young adult (male, 28 years, 5’ 7” height, 150

lb weight) to capture the subject’s joint trajectories while walking on a treadmill. The

markers were put on the subject’s right shoulder, hip, knee, ankle, heel, toe, toe bone

and his left side of the back, hip, knee, ankle, heel, toe, toe bone. During the test, the

inclination of the treadmill was varied by 7 different angles: -15◦, -10◦, -5◦, 0◦, 5◦, 10◦,

and 15◦. We specified the limit of the slope angle at ±15◦ since angles exceeding ±15◦

are rarely encountered in the daily living.
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3.1.2 Flat-ground walking

Figure 3.3: Joint angle trajectories for flat-ground walking (A: ankle joint angle, B: knee
joint angle)

Since human walking is periodic, we focus on only one gait cycle of human walking.

When illustrated, human walking trajectory is considered to consist of roughly two walk-

ing phases, called stance phase and swing phase; it can be divided into more subsections

depending on the definition of subsections (e.g., Early-stance, Mid-stance, Late-stance,
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Pre-swing, Mid-swing, Late-swing), but we consider only two sections in this research.

The stance phase indicates the phase that lasts from heel contact to toe-off; during the

stance phase, one of the legs is on the ground. On the other hand, the swing phase indi-

cates the phase that the leg is in the air. Commonly, the stance phase is specified from 0%

to 60% of the gait cycle, and the swing phase is specified as the rest of the gait cycle.

Human walking analysis is started from flat-ground walking because flat-ground is the

most commonly faced terrain condition in our daily lives; thus we refer to flat-ground

walking trajectory as the base-line. Since the prosthesis system that we used has two ac-

tuators, on the ankle and knee, we looked into the ankle and knee joint angles to describe

flat-ground walking. For the ankle, it can be described by its rotating joint angle: dor-

siflexion and plantar flexion. During human walking, the ankle undergoes dorsiflexion

before heel strike and plantar flexion during push-off (Fig.3.3A). Likewise, the knee joint

is also said to undergo angular deflections: slight flexion and extension after heel strike,

and extensive flexion and extension during the swing phase (Fig.3.3B).

3.1.3 Upslope walking

Compared to the base-line, it is shown that upslope walking trajectories have a con-

sistent patterns as the slopes are varied from 5◦ to 15◦. The ankle joint angle trajectories

indicated that the ankle joint angle increased, with respect to the slope increment, in the

range of 0% – 45% and 80% – 100% of the gait cycle. On the other hand, in the mid

range of the gait cycle, all ankle joint trajectories tended to merge into the base-line re-

gardless of the slope angle (Fig.3.4A). An similar trend was observed in the knee joint

angle trajectories (Fig.3.4B).
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Figure 3.4: Joint angle trajectories for upslope walking compared to the flat-ground walk-
ing trajectory (0◦, 5◦, 10◦, and 15◦)
(A: ankle joint angle, B: knee joint angle)

3.1.4 Downslope walking

It was found that the walking pattern for the downslope was entirely different from

that of upslope walking [21]. According to the data, when the subject walked on downs-

lope surfaces, the ankle joint angle seemed to remain the same as the base-line regardless

of the inclination angles (Fig.3.5A). On the other hand, for the knee joint angle, as the

decline grew steeper, the deviation of the knee joint trajectory from the base-line became

16



significant (Fig.3.5B).

Figure 3.5: Joint angle trajectories for downslope walking compared to the flat-ground
walking trajectory (-15◦, -10◦, -5◦, and 0◦)
(A: ankle joint angle, B: knee joint angle)
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4. PROSTHESIS CONTROL STRATEGY FOR INCLINED WALKING

4.1 Prosthesis Strategy for Inclined Walking

Figure 4.1: Two different strategies to the robotic system for inclined walking

In order to mimic the natural gait of humans on inclined surfaces, we apply two dif-

ferent methods to the robotic system (Fig.4.1): i) During the stance phase, the prosthesis

is controlled using impedance parameters of the human subject, while ii) PD control is
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implemented during the swing phase of the gait cycle. Low gain PD controller in the

terminal swing phase makes the prosthesis adapt to the different terrains without any con-

flicts. During the early to mid swing phase (60% – 85%) of the gait cycle, upslope walking

trajectories show that the ankle and knee joint angle trajectories conform to the base-line

(Fig.4.1). On the contrary, at the same section of the gait cycle, the knee joint angle tra-

jectories for downslope walking vary considerably with the inclination angle; if the knee

flexion of the prosthesis is not enough while walking downslope, it could hit the slope.

To generate the proper trajectories with respect to the inclination, Bezier curves are uti-

lized during the early-mid swing phase; general PD controller is implemented to track the

desired trajectory.

4.1.1 Stability of walking with prosthesis

4.1.1.1 Stability of the periodic orbit

Figure 4.2: The basic concept of Poincare map

For the prosthesis, a stability problem should be carefully considered to avoid malfunc-

tion during user’s walking. In the field of bipedal robotics and prostheses, the repetition
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of movement (walking) is one criterion for assessing stability since it is periodic motion.

To check the stability of these periodic movement, Poincare map (a.k.a. the first return

map) is generally utilized. This map helps us to analyze a system which appears to have a

periodic behavior.

Figure 4.3: 3-Dimensional phase portrait during 4 steps of human on flat-ground

A phase portrait, which is a function of a state vector, is a geometric description of

the trajectories of a dynamical system in the phase plane. From a phase portrait, we gain

invaluable information of a dynamical system, such as the stability. Fig.4.3 indicates the

phase portrait of 4 steps of human walking from an isometric perspective; the joint angle

displacement and time are represented on the x-axis and the y-axis, respectively, and the

angular velocity is indicated on the z-axis. It is shown that human walking has a peri-

odic movement. When we check Fig.4.3 in the x-z plane, a remarkable periodic trend is

observed (Fig.4.4). From Fig.4.4, we can construct a section Σ, transverse to the corre-
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Figure 4.4: 2-Dimensional phase portrait during 4 steps of human on flat-ground

sponding closed orbit Γ, to see the discrete trend on the surface (Fig.4.5). An orbit starting

at x0 ∈ Σ reaches Σ again when it is following the phase flow. When an orbit passes a

section Σ, a point (xk) is created on the surface. The Poincare map P : U ⊂ Σ→ Σ is

defined by

xk+1 = P (xk) (4.1)

If xk+1 converges to a fixed point p, it stays on the limit cycle:

p = P (p) (4.2)

After we get a limit cycle, we should check the stability of a limit cycle P (p+ε). Since

it is close enough to the limit cycle (ε is extremely small), Taylor expansion can be used

to approximate the map.
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Figure 4.5: Poincare map is constructed in the phase portrait of human walking gait cycle.

P (p+ ε) = P (p) +DP |pε (4.3)

Since it is on the limit cycle, Eq.4.3 can be re-described with a fixed point p:

P (p+ ε) = p+DP |pε (4.4)

We only care about the size of derivative term in comparison to the size of ε to check

whether it diverged or converged. By checking the eigenvalues of DP |pε, which refers to

the Floquet Multiplier, the stability of the limit cycle is confirmed. If only one eigenvalue

is equal to 1 and other eigenvalues are less than 1, then the system is stable. On the

contrary, if at least one eigenvalue is larger than 1, the system is diverged, which means it
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is unstable.

4.1.1.2 Human-inspired control

In the field of robotics and prostheses, to guarantee the system which appears a repi-

titive behavior, e.g. walking, a framework based on Hybrid Zero Dynamics (HZD) was

proposed, called human-inspired control [18], [24]. HZD approach describes human walk-

ing functions in a mathematical way by using human data as the reference [25], [26].

These nominal human walking functions can be generated from non-linear optimization

problems which make them mathematically stable functions. By tracking these functions

using feedback control method, the system can be called a stable system.

Figure 4.6: 7-link bipedal robotic model which is inspired from human [6]

To start with the human-inspired control, 7-link anthropomorphic bipedal robotic model

is utilized to represent human walking. The coordinates of the model is based on the hu-
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man subject as θ = [θsa, θsk, θsh, θnsh, θnsk, θnsa]
T ∈ QR, where QR is the configuration

space, a submanifold of R6 (Fig.4.6).

During human walking, in contrast with the continuous dynamics of human walking,

a discrete event happens when the heel contact occurs and this impact affects the system

with an instant change of joint velocities [26]. In consideration of both the continuous

dynamics of walking and the discrete impact at heel contact, the bipedal robotic system is

regarded as a hybrid system [26]. The continuous dynamics of the system is described in

the equation of motion using the Euler-Lagrange formula:

D(θ)θ̈ + C(θ)θ̇ +G(θ) = Bu (4.5)

where, D(θ) is the inertial matrix, C(θ) indicates the Coriolis term, and G(θ) is the

gravity vector, the gradient of the potential energy. Since 6-coordinate robotic model is

assumed to be fully actuated, B is the 6-dimensional identity matrix and the input of the

system is the torque u. An affine control system ẋ = f(x) + g(x)u can be represented by

re-describing Eq.4.5 in state variable x = (θ, θ̇)T .

In order to mimic the human walking, human-like walking trajectories, called Canon-

ical Walking Functions (CWF), were obtained from the walking data of several subjects

[18]. They conducted 6 different canonical walking functions considering the 7-link model

with flat foot assumption: δphip the linearized hip position, θsk the stance knee, θnsk the

non-stance knee, δmnsl the non-stance slope, θtor the torso angle, and θnsf the non-stance

foot [19]. These canonical walking functions have two different types of desired outputs:

the linearized hip velocity (yd1(θ, θ̇)), and the solution of a second order system (yd2(θ, θ̇))

(d refers to the desired value).

yd1(θ, θ̇) = δ ˙phip(θ, θ̇) (4.6)
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yd2(θ, θ̇) =

[
θsk θnsk δmnsl θtor θnsf

]T
(4.7)

Each output yd(t, α) can be described as the exponential function depending a set of

parameter α; a set of α represents the characteristic of each canonical walking function.

Note that vhip is a member of α as well.

yd1(t) = vhipt (4.8)

yd,i2 (t, α) = e−α1t(α2cos(α3t) + α4sin(α3t)) + α5 (4.9)

where, i ∈ θsk, θnsk, δmnsl, θtor, θnsf

y(θ, θ̇, α) =

y1(θ, θ̇)
y2(θ, α)

 =

 ya1(θ, θ̇)− vhip

ya2(θ)− yd2(ρ(θ), α)

 (4.10)

where, y1(θ, θ̇) is the relative degree one output, and y2(θ, α) is the relative degree

two output. These outputs refers to the differences between the actual (ya1(θ, θ̇), ya2(θ))

and the desired (vhip, yd2(ρ(θ), α)) canonical walking functions (Eq.4.10). ρ(θ) indicates

the phase variable to make the system as the state based system, which is independent

of time. ρ(θ) can be parametrized by using the linearized hip position (δphip), its initial

value (δpinithip ), and the desired hip velocity (vhip): ρ(θ) = (δphip − δpinithip )/vhip. If these

outputs (y1(θ, θ̇), y2(θ, α)) are driven to zero, the robotic system will perform a human-

like walking. However, even though the system is stably controlled in the continuous

dynamics, the stability problem should be ensured in a discrete event as well. Therefore,

HZD surface is considered in this situation.

Zα = (θ, θ̇) ∈ TQR : y1(θ, θ̇) = 0, y2(θ, α) = 0, Lfy2(θ, θ̇, α) = 0 (4.11)
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where, TQR is the tangent bundle of the system and Lf (θ, θ̇, α) represents the lie deriva-

tive.

When the outputs of the system are driven to 0, the HZD surface can be derived as

(Eq.4.11). Since this surface is an invariant set, the outputs stay at 0 for the continuous

dynamics. When an impact occurs at the heel contact, the system is affected by the impact;

intense velocity jumps occur at the joints. Thus, the relaxed constraints can be considered

to the HZD surfaces, called Partial Hybrid Zero Dynamics (PHZD) surface (Eq.4.12).

PZα = (θ, θ̇) ∈ TQR : y2(θ, α) = 0, Lfy2(θ, θ̇, α) = 0 (4.12)

From Eq.4.12, it is shown that the constraint of the hip velocity (y1(θ, θ̇)) is relaxed in

PHZD surface. This allows the system adjust the hip velocity after an impact for compen-

sating the intense effect of the impact. However, this can affect the system to stray from

the PHZD surface. In order to make the system stay in an invariant set under the impact,

the PHZD constraint is considered (Eq.4.13).

4(S ∩ PZα) = PZα (4.13)

With the PHZD constraints, the system does not stray from the PHZD surface PZα

under the impact 4 (reset map) when the system is in the switching surface S in the

PHZD surface. By providing joint angle trajectories which satisfy PHZD constraints, they

make the system stay stable during the operation. However, in order to find α sets for

generating stable joint angle trajectories, the optimization problem should be solved; this

can be demanding for the system to generate the trajectories in real-time.
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4.1.1.3 Stability of human walking

Thus, in this framework, we decided to use human walking trajectories directly rather

than generating mathematically stable walking trajectories. Though the inherent stable

nature of the human gait remains a puzzle to this date, it is widely accepted that humans

are more robust than robots. There is no exact metric to measure and verify the stability

of human walking in a systemic way because human walking is overly complicated and

humans are hard to model. However, what we can say confidently about human walking

is that human walking is stable, well-balanced and repetitive; humans have the ability to

react to unexpected situations including the external force when the heel impact happens.

Humans can withstand perturbations within reasonable limits and can continue walking

as before the perturbations. Furthermore, by using low gain PD control before the heel

contact, the affect of an impact at the heel contact can be compromised.

4.1.2 Synchronization of step progression

In order to achieve the interaction between the robotic system and the user for a stable

walking, it is crucial to synchronize the user’s kinematics during the gait cycle; such syn-

chronization would enable the detection of the user’s walking progression and provide the

appropriate control signal to follow the right track. To achieve this goal, a phase variable

has been widely proposed and utilized in the field of robotics [17] – [20], [24] – [27]. A

phase variable is a variable which parameterizes the phase of human locomotion. Villar-

real et al. investigated multiple phase variable candidates related to the hip angle with

respect to a global coordinate frame [28]. According to the study of phase variable, the

chosen phase variable must be monotonic; i.e. it should be linearly mapped to the walk-

ing gait cycle in a one-to-one manner. In our previous study, we used the hip position as

a phase variable [6]. However, to calculate the hip position, we need two different joint

kinematics – thigh and shank joint angles. To obtain the necessary data, we would have
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to mount two IMUs at the thigh and the shank. Such mountings make it inefficient for

the users to use because it would interfere with the daily activities of the user. Hence,

it is required to minimize our reliance on sensors on user’s body. Also, the hip position

cannot adapt to walking speed precisely. Therefore, there is a need for an alternative phase

variable to perform the inclined walking more actively; we decided to use the thigh angle

in a global coordinate frame as the phase variable. The global thigh angle has been shown

to be a good candidate [29], and by using the thigh angle as a phase variable, we were

able to put an IMU on the prosthesis and removed all the sensors from the user’s abled leg

(Fig.4.7).

Figure 4.7: The change of IMU sensor position can provide more practical usage of the
prosthesis to the users.

According to the previous research [29], the change of the global thigh angle can be

assumed to be a consistent function that has the same periodicity as the human walking

gait cycle (Fig.4.8). Therefore, it enables accurate detection of the stage of the gait cycle

without having to consider the time that has elapsed. Since the thigh angle under consid-
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Figure 4.8: The movement of a global thigh angle during a gait cycle on the sloped surfaces

eration is that of the amputated leg, the operation of the prosthesis is independent of the

status of the intact leg – allowing the user to have complete and independent control over

the prosthesis’ action.

In order to use the thigh angle as the phase variable, it should be linearized. Further, to

satisfy the condition for its monotonic trend (which the thigh angle by itself fails to meet

(Fig.4.8)) the monotonic relationship between the thigh angle and its derivative or integral

(Fig.4.9) is considered as the phase variable [29]. Between its derivative and integral,

the latter is chosen because it is less noisy. Before using the thigh angle to compute the

phase variable, a normalization process is needed (the variation of the phase variable from

0 to 1 would indicate the walking progression from 0% to 100%). However, the thigh

angle’s range is different for each step. Therefore, to make the phase variable vary within

the desired 0 to 1 range (Fig.4.10), we propose to normalize the global thigh angle using

the updated range from the most recent gait cycle. During the normalization process, the
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Figure 4.9: The relationship between the normalized thigh angle and its integral can be
represented as a circular trend in quadrants.

Figure 4.10: The phase variable from thigh angle is bounded in [0,1]

scaling factor is also updated as per the walking speed; it can be calculated in compliance

with the duration of the most recent gait cycle. Using the phase variable calculated from
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the global thigh angle along with two force sensors at the bottom of the prosthesis foot, the

users will have complete authority over the operation of the prosthesis. However, since the

thigh angle is not a perfect co-sine function, the calculated phase variable does not reach 1

at the exact 100% of the gait cycle. By ensuring the phase variable stays at the maximum

value until heel contact occurs, the user can make a heel contact with the extended knee;

this can be compromised by using low gain PD control for the late swing phase.

4.2 Impedance-Based Control

To successfully control the system during the stance phase, the impedance-based ap-

proach is suggested rather than trajectory tracking. Impedance control is broadly utilized

in the field of robotics. Controlling the torque provides more flexibility for the users to

interact with the system during operation [30], [31].

The torque at each joints can be described in series of passive impedance functions as

follows:

τ = k(θ − θeq) + bθ̇ (4.14)

According to the previous research [14], the mechanical impedance of human joints,

the ankle and knee, varies while walking. In order to enforce this idea to the robotic

system, researchers broke the human gait down into several states and assigned differ-

ent constant impedance values to each state [14]. These states together are called a finite

state machine (FSM), and their transitions are defined based upon biomechanical events,

such as the movement of joint angles, heel contact, and push-off. A Piecewise Passive

Impedance (PPI) controller with the proper impedance parameters was implemented for

each state machine [4]. To emulate the biomechanical behaviors of a healthy human better,

a Hybrid Impedance-Admittance (HIA) control framework was proposed [4]. In the HIA

approach, they used the PPI controller for the early and mid stance phases of the gait cycle,

and trajectory tracking for the rest of the gait cycle [4]. In addition, some researchers used
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piece-wise functions to represent the ankle impedance during human walking gait cycle

[32] – [33]. Rouse et al. estimated ankle impedance of humans during walking by using

their customized robotic platform, called perturberator robot, which provides angular per-

turbation to the ankle’s center of rotation during walking [34]. According to Lee et al.,

the impedance parameters (the stiffness and damping) do not remain constant, especially,

the stiffness linearly increases from heel contact to terminal stance phase, remaining low

during entire swing phase [33].

The torque signals of each joint (τi) were computed from the model (i=0: ankle, i=1:

knee), consisting of a virtual angular stiffness (ki), damping parameter (bi), and the equi-

librium angle (θeq,i) (Eq.4.15).

τi = ki(θi − θeq,i) + biθ̇i (4.15)

While the previous studies constrained the joint impedance parameters to be constant

within a given state [14], [15], the impedance values used during the stance phase in this

study, can be described as functions of the phase variable – the virtual angular stiffness (k0,

k1) linearly increase with the phase varies, and the damping coefficients for the ankle and

knee (b0, b1) are set to be constant. Even though the final equilibrium angles of the ankle

and knee (θeq,0, θeq,1) were considered to decrease to -12◦ and -45◦ respectively during the

swing phase according to [35], the equilibrium angles in this case were set to 0◦ and -5◦

since we used the impedance parameters only for the stance phase.

Base on the previous studies, we provided the varying impedance parameters, which

can be represented by a function of time parameter from the phase variable (Fig.4.11).

Exact values of the stiffness, damping, and equilibrium angles were chosen by combining

the previous studies’ data [4] – [15], [31] – [35].
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Figure 4.11: Varying impedance parameters, which is dependent on the time parameter
from the phase variable

4.3 Cubic-Bezier-Polynomials-Based Optimization

During the swing phase, a different method should be considered to ensure sufficient

foot clearance; especially downslope walking. Since the prosthesis is in the air during the

swing phase, it is acceptable to use high impedance based controller for enough knee flex-

ion while downslope walking. Therefore, we decided to use PD controller for trajectory

tracking rather than using impedance controller; to generate the appropriate desired trajec-

tories, we proposed to use Bezier polynomials. In order to have enough freedom to gener-

ate the curve, cubic Bezier polynomial (Eq.4.16) is chosen (Fig.4.12), where t ∈ [0, 1].

Z(t) = (1− t)3P0 + 3t(1− t)2P1 + 3t2(1− t)P2 + t3P3 (4.16)

A Bezier curve is a parametric curve widely used in computer graphics related fields to

generate the arbitrary curves with the finite points. Assuming nth order Bezier curve, the

curve consists of an initial control point (P0), a final control point (Pn), and inner control

points between P0 and Pn; by moving these inner points, we can get any form of curve

from a Bezier polynomial. The computational cost increases as the number of control
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Figure 4.12: Using Bezier polynomials to generate the appropriate inclined walking tra-
jectories

Figure 4.13: Bezier curve based optimization with human data (H)

points increases; thus it is important to choose the optimal number of control points to

generate the desired trajectories.

Since the human walking trends of the ankle and knee are disparate, we set different

parameters to generate the Bezier curve for the ankle and knee. For both the ankle and

knee, the Bezier curve region is set from 60% to 85% of the gait cycle; the terminal swing

phase (85% – 100%) is excluded in order to flexibly adapt to the upcoming terrain.

To obtain the parameters for generating the appropriate swing trajectories in real-time,

an off-line optimization problem is solved with human data from the motion capture sys-

tem. Initially, the starting point of the generated Bezier curve (P0) is updated every single
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gait cycle to generate a proper trajectory; this lets us newly generate suitable trajectories

in accordance with the inclination. Also, the end point of the Bezier curve (P3) is se-

lected to be the point at which the current trajectory blends into the base-line trajectory

(H). These following two conditions are required as the constraints in order to guarantee

the continuity of the optimized trajectories.

Z(0) = P0 (4.17)

Z(1) = P3 (4.18)

Also, to guarantee the smoothness of the trajectories, the following equality constraints

of the angular velocities should be considered:

Ż(0) = Ḣ(P0) (4.19)

Ż(1) = Ḣ(P3) (4.20)

To obtain a closer trajectory to the reference path H, it is necessary to have an objective

function based on the distance between the Bezier curve and H (Fig.4.13) while satisfying

the constraints (Eq.4.17− Eq.4.20); 2-norm is used to find the optimal values.

min||Z(t)−H|| (4.21)

s.t (Eq.4.17)− (Eq.4.20)

P1, P2 can be approximated by P0, P3 and their angular velocities (Fig.4.14) can be

determined from the smoothness constraints (Eq.4.22, Eq.4.23).

P1 = (P0 + P0P1xv0) (4.22)
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Figure 4.14: Re-describing P1, P2 by considering the smoothness constraints

P2 = (P3 − P2P3xv3) (4.23)

where,

P0P1x: the length of projection
−−→
P0P1 to x-axis

P2P3x: the length of projection
−−→
P2P3 to x-axis

v0: angular velocity at 60% of gait cycle

v3: angular velocity at 85% of gait cycle

Thus, Eq.4.16 is described with P0 and P3, which can be transformed into the matrix

form:

Z(t) =



t3

t2

t

1



T 

2 −2 3v0 3v3

−3 3 −6v0 −3v3

0 0 3v0 0

1 0 0 0





P0

P3

P0P1x

P2P3x


(4.24)

For the closer look, the objective function can be expressed with N set of way points

as follows:
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Zi(ti) =



t3i

t2i

ti

1



T 

2 −2 3v0 3v3

−3 3 −6v0 −3v3

0 0 3v0 0

1 0 0 0





x0

x1

x2

x3


= TiBX (4.25)

where,

i ∈ [1, N ], Ti =

[
t3i t2i ti 1

]
, X =

[
x0 x1 x2 x3

]T
Then, all values at the way-points can be represented as follows:

Z = TBX (4.26)

Since the smoothness constraints are already satisfied by the re-described Bezier poly-

nomials (Eq.4.24), only the continuity constraints should be considered. The continuity

constraints (Eq.4.17, Eq.4.18) can be represented in a matrix form:

AX = C (4.27)

where,

A =

1 0 0 0

0 1 0 0

, X =



x0

x1

x2

x3


, C =

P0

P3



To find the analytic solution of the equality constrained optimization problem, the

problem is written as:

min||TBX −H|| (4.28)
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s.tAX = C

First, we could check whether the objective function f has a global minimum or not:

f = (TBX)TTBX − 2HTTBX +HTH (4.29)

∇Xf = 2(TB)TTBX − 2(TB)TH (4.30)

∇2
Xf = 2(TB)TTB (4.31)

Since the Hessian matrix of f (Eq.4.31) is positive definite, a global minimum ex-

ists. To find this minimum value, we used the Lagrangian Multiplier Method; this method

lets us turn a constrained optimization problem into an unconstrained problem. The La-

grangian is:

L(X, ν) = (TBX)TTBX − 2HTTBX +HTH + νT (AX − C) (4.32)

To minimize L over X , set the gradient equal to 0:

∇XL(X, ν) = 2(TB)TTBX − 2(TB)TH + ATν = 0 (4.33)

∇νL(X, ν) = AX − C = 0 (4.34)

It is expressed as a linear equation in matrix form:

2(TB)TTB AT

A 0


X
ν

 =

2(TB)TH

C

 (4.35)
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This linear equation (Eq.4.35) can be handled in the robotic system using C++. Since

this is an off-line optimization problem, the system is only tasked with determining the

Bezier curve polynomials using the angle values (P0, P3) and their angular velocity values

(Ṗ0, Ṗ3). The off-line optimization problem was solved using MATLAB.

Also during the late swing phase, we suggested a low gain PD control to adapt to

the unexpected terrain at heel strike. The rationale behind our choice of low gain PD

controller over impedance controller is to make the knee extend fully and contact ground

stably during the late swing phase. This makes the device more flexible and mimics the

nature of a low gain passive device.
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5. RESULTS

5.1 Bezier-Polynomials-Based Optimization Results

Figure 5.1: Comparison between human ankle data and the results of Bezier based opti-
mization problem
A: Ankle angle trajectories on 0◦ – 15◦ slopes in 60%–85% of a gait cycle
B: Plot A with the generated trajectories from the optimization results
C: Ankle angle trajectories on -15◦ – 0◦ slopes in 60%–85% of a gait cycle
D: Plot C with the generated trajectories from the optimization results

To successfully perform inclined walking, the desired trajectories should be generated

properly in accordance with human walking trends. During the swing phase, especially

from 60% to 85% of the gait cycle, the desired trajectories were generated with off-line
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Figure 5.2: Comparison between human knee data and the results of Bezier based opti-
mization problem
A: Knee angle trajectories on 0◦ – 15◦ slopes in 60%–85% of a gait cycle
B: Plot A with the generated trajectories from the optimization results
C: Knee angle trajectories on -15◦ – 0◦ slopes in 60%–85% of a gait cycle
D: Plot C with the generated trajectories from the optimization results

optimization problem using human data. The results of the off-line optimization problem

are shown in Fig.5.1, Fig.5.2.

From the results in Fig.5.1, Fig.5.2, it is shown that the optimized trajectories (bold tra-

jectories) are close to the human base-line trajectories. For the ankle joint angle, the Bezier

polynomial is defined to merge into the level-walking trajectory regardless of the inclina-

tion angle (Fig.5.1B,D). For downslope walking, the generated trajectories resemble the

human walking data corresponding to the same slope inclination (Fig.5.2D). During the

upslope walking, the trend of the knee joint angle blends to the base-line, similar to the
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ankle joint movement (Fig.5.2B). The controller is designed to track these desired trajec-

tories during the swing phase to make the prosthesis perform appropriately for the inclined

surfaces.

5.2 Experimental Set-up & Protocol

To validate that the system successfully meets the needs for inclined walking, we de-

signed an indoor experiment using a treadmill. The experimental protocol was reviewed

and approved by the Institutional Review Board (IRB) at Texas A&M University.

5.2.1 Indoor experiment protocol

The indoor experiment was performed on a treadmill at five different slopes: -10◦, -

5◦, 0◦, 5◦, and 10◦. Each walking trial was conducted at a treadmill speed based on the

subject’s comfort (1.06 mph) and the encoder data from the prosthesis was recorded to

check its performance.

5.3 Experimental Results

The prosthetic walking data from the encoders and the human walking data from IMUs

on the intact leg were compared in order to verify whether the prosthesis mimics human

walking. For both the ankle and knee, the human walking data from the IMUs during the

test differed from the trends captured from the motion capture system (Fig.3.3 – Fig.3.5).

For the ankle joint angle (Fig.5.3A – Fig.5.7A), it is commonly shown that the push-off

is small compared to the human walking trends since the current platform has a rigid foot.

Also, since the phase variable met the maximum value earlier than 100% of a gait cycle,

the push-off timing was different from human walking trends. Especially, for the flat-

ground walking (Fig.5.5A), a difference between the ankle encoder and ankle joint angle

from IMUs was shown in the mid-range of a gait cycle. According to the encoder data, a

dorsiflexion angle is large during the late stance phase; low stiffness might affect the ankle
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and hinder the push-off appropriately. It is also commonly shown from all results that a

slight knee flexion and extension did not happen during the stance phase for the prosthesis

(Fig.5.3B – Fig.5.7B). This is because the subject tends to make a heel contact with a fully

extended knee for safe weight-shift. Also, a maximum knee flexion is restricted to 1.1

radians because of the hardware limitation.

The controlled behaviors of the prosthesis in 5 different slopes are shown in Fig.5.8

– Fig.5.12. These figures were captured for one gait cycle, from heel strike to another

heel strike. Fig.5.8, Fig.5.9 represents the downslope walking on tilted treadmill with an

inclination of -10◦ and -5◦, respectively. In addition, Fig.5.10 represents the flat-ground

walking on the treadmill. The upslope walking with an inclination of 5◦ and 10◦ are

indicated in Fig.5.11, Fig.5.12.

Figure 5.3: Comparison between the prosthesis’ and the human walking on -10◦ inclina-
tion (A: Ankle joint, B: Knee joint)
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Figure 5.4: Comparison between the prosthesis’ and the human walking on -5◦ inclination
(A: Ankle joint, B: Knee joint)

Figure 5.5: Comparison between the prosthesis’ and the human walking on Flat-ground
(A: Ankle joint, B: Knee joint)
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Figure 5.6: Comparison between the prosthesis’ and the human walking on 5◦ inclination
(A: Ankle joint, B: Knee joint)

Figure 5.7: Comparison between the prosthesis’ and the human walking on 10◦ inclination
(A: Ankle joint, B: Knee joint)
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6. FUTURE WORKS

To verify this framework in a different perspective, bio-mechanical analysis will be

planned with the current prosthesis. By checking the energy expenditure and the metabolic

cost of transport during test with the prosthesis, the control strategy will be further vali-

dated in a bio-mechanical perspective. Since the current device has no elastic components

on the body, the user experience high impact at heel strike. To compensate for the impact at

heel strike, elastic components will be included in the next generation of the transfemoral

prosthesis. Also, there is no significant push-off since the current foot is a rigid flat-foot.

This can be improved by dividing the foot into two parts: toe and foot, and putting some

elastic components between them. Furthermore, in order to adapt to the ground more eas-

ily, one more degree of freedom, inversion and eversion, will be provided to the system.

In the current framework, the device cannot accommodate different heights of the users

because of its rigid frame. To overcome this limitation, an adjustable pylon can be utilized

in the frame of the next prosthesis.
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7. CONCLUSION & DISCUSSION

The proposed framework for the inclined walking allows the lower limb prosthesis

to overcome the difficulties of inclined walking in real-time. Regardless of the slope in-

formation, appropriate joint trajectories can be generated from the suggested algorithm,

and can be tracked using a PD controller with user comfort based gain value during

the swing phase. An impedance controller is implemented for the stance phase. In this

framework, cubic-Bezier-polynomials are chosen to provide enough freedom to gener-

ate different curved trajectories as the inclination varies. The required parameters for the

Bezier-polynomials are solved by an off-line optimization problem – resulting in a simple

polynomial equation that is solved by the prosthesis in real-time.
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