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Abstract 

The transmission characteristics of Lamb waves across a partially closed through-thickness crack in a 

plate are investigated numerically and experimentally. In the numerical analysis, the spectral element 

method is used to simulate the transmission of the lowest-order symmetric (S0) and antisymmetric (A0) 

Lamb modes across a crack in a low-frequency range. The analysis is carried out for an open crack with 

traction-free surfaces as well as for a partially closed crack modeled as a spring-type interface 

characterized by normal and tangential stiffnesses. The transmission ratios of both modes are obtained 

from the spectral amplitude of the simulated transmission waveforms for different crack lengths and 

interfacial stiffnesses. The numerical results show that the transmission ratio of the S0 mode increases 

monotonically with the interfacial stiffness, but that of the A0 mode depends on the interfacial stiffness in 

a non-monotonic manner depending on the frequency. The Lamb wave transmission measurements are 

carried out for aluminum alloy plates with artificial slits or a fatigue crack. The experimental results for 

the plates with slits show reasonable agreement with the numerical results for open cracks. The measured 

transmission ratio of the S0 mode is shown to decrease with the tensile load applied to the plate, but that 

of the A0 mode shows different load dependence for different frequencies. The qualitative features of the 

experimental results for the fatigue crack are discussed based on the numerical simulation for closed 

cracks. 

Key words: Structural health monitoring; Lamb wave; Closed crack; Spectral element method; 

Spring-type interface model  
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1. Introduction 

Elastic guided waves propagate on thin-walled structures with relatively low loss of energy and offer 

an effective means for detecting and characterizing defects in such structures. Lamb waves are typical 

guided wave modes which can be used for nondestructive evaluation and structural health monitoring of 

thin plate structures. Their multi-modal and dispersive characteristics, which need to be properly taken 

into account in the evaluation process, are well documented in the existing literature [1, 2]. Complicated 

scattering phenomena of Lamb waves at various types of defects have been studied by many investigators 

[3-8]. Furthermore, different defect detection and characterization algorithms using Lamb waves have also 

been proposed [9, 10]. 

For structural components used in cyclic loading environments such as airframes, the Lamb 

wave-based monitoring of fatigue cracks has been an issue of practical importance [11-17]. Among others, 

Ihn and Chang [12, 13] investigated the use of a built-in sensor/actuator network to monitor the fatigue 

crack growth at riveted joints and repair patches. Cho and Lissenden [17] examined the Lamb wave 

transmission across a fatigue crack growing from a fastener hole for different transmitter-receiver paths. In 

actual structures, fatigue cracks are often closed with their surfaces in partial contact with each other, 

which influences the acquired signals of Lamb waves [16]. In the above-mentioned work [17] it was also 

noted that the Lamb wave transmission behavior across a fatigue crack was different when tensile loading 

was applied to the plate, indicating that the crack was partially closed. The influence of partial closure of 

fatigue cracks on the ultrasonic wave scattering characteristics has been a long-standing issue in ultrasonic 

nondestructive testing [18-20]. In order to further advance the Lamb wave-based monitoring of fatigue 

cracks, it is important to fully understand the effect of crack closure on the interaction of Lamb waves 

with them. While the contact acoustic nonlinearity of Lamb waves at fatigue cracks is attracting current 

attention [21, 22], even the fundamental linear phenomena related to the Lamb wave interaction with 

closed cracks remain largely unexplained. 

Recently, Mori and Biwa [23] studied the transmission characteristics of the lowest-order symmetric 

(S0) and antisymmetric (A0) Lamb waves at the contacting edges of two plates experimentally. In their 

experiments, the transmission coefficient of the S0 mode showed monotonic dependence on the applied 

pressure and the wave frequency, but the transmission coefficient of the A0 mode exhibited 

non-monotonic behavior showing local minima at a certain pressure and frequency. Furthermore, the 

features of the experimental results were explained qualitatively by the theoretical analysis in which the 

contacting interface was modeled as distributed springs in the normal and tangential directions 

(spring-type interface model) [24-26]. This work provides some useful insights into the Lamb wave 

interaction with a partially closed crack, since the contacting edges of plates represent the local state of a 
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through-thickness crack of the plate which is closed under in-plane compressive stresses. It then appears 

intriguing to examine the Lamb wave transmission across a partially closed crack in a plate from a 

theoretical point of view based on the spring-type interface model. 

In this study, the transmission characteristics of the lowest-order Lamb modes across an open crack 

as well as a partially closed crack are investigated by numerical simulations. The partially closed crack is 

modeled as a spring-type interface, and its interfacial stiffnesses are varied in order to examine the effect 

of crack closure on the Lamb wave transmission. The Lamb wave transmission measurements are carried 

out for artificial slits and for a fatigue crack in aluminum alloy plates. Different tensile loads are applied to 

the plate to examine the effect of the crack closure on the transmission characteristics of Lamb waves. 

This paper is structured as follows. In Section 2, the numerical model of the Lamb wave propagation in an 

elastic plate with a through-thickness crack is presented, and the numerical simulation procedure using the 

spectral element method [27-30] is outlined. The corresponding Lamb wave transmission measurements 

are described in Section 3. In Section 4, the numerical and experimental results for open cracks (artificial 

slits), the numerical results for closed cracks and the experimental results for the fatigue crack are 

presented. Discussions of the numerical and experimental results are given in Section 5, and concluding 

remarks in Section 6. 

 

2. Numerical analysis 

2.1 Modeling of Lamb wave propagation 

The schematic of the numerical model considered in this study is shown in Fig. 1. A thin flat plate 

(thickness H, length L and width W) made of a homogeneous and isotropic linear elastic solid (mass 

density , longitudinal and shear wave velocities cL and cT, respectively) occupies the region –L/2 < x < 

L/2, 0 < y < W and 0 < z < H in the Cartesian x-y-z coordinate system. The wave motion in the plate is 

analyzed based on the linear theory of elastodynamics assuming infinitesimal strains and Hooke’s law. 

The plate has a straight, through-thickness crack of length C at x = 0 extending parallel to the y-axis, on 

which the displacements can be discontinuous. The crack is assumed to be either open or partially closed. 

The open crack is assumed to have traction-free surfaces, i.e., 
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where σx(x,y,z,t), τxy(x,y,z,t) and τxz(x,y,z,t) are the stress components and t denotes the time. The partially 

closed crack is modeled as a spring-type interface with normal and tangential stiffnesses KN and KT, 

respectively [24, 25], i.e., 
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where ux(x,y,z,t), uy(x,y,z,t), and uz(x,y,z,t) are the displacement components. The interfacial stiffnesses KN 

and KT represent the extent of crack closure. The conditions of Eq. (2) include those of an open crack in 

Eq. (1) as a special case when KN = KT = 0. Later in Section 6, the case where the crack has both open and 

closed parts will be discussed in comparison to the experimental results. 

In recent works on structural health monitoring using Lamb waves, surface-mounted or built-in 

piezoelectric transducers are mainly used. In the present study, however, the wave excitation and detection 

using the oblique incidence/transmission through wedges are dealt with in order to examine the 

transmission of the two lowest-order Lamb modes (S0 and A0) across the crack separately. The 

wedge-based Lamb wave excitation/detection is simulated in the numerical analysis in the following 

simplified manner. As the excitation signal, the out-of-plane nodal force g(t − td(x)) is prescribed with a 

position-dependent time delay td on the rectangular area denoted by P, |x + L/4| < Lx/2, |y − W/2| < Ly/2 on 

the upper surface z = H, where Lx and Ly denote the dimensions of the excitation area. The function g(t) 

denotes the excitation waveform and the delay is given by td(x) = (x + L/4)sinθ/cw according to the 

x-coordinate of each node in the area P, where  is the simulated incident angle and cw is the velocity of 

the longitudinal wave in the wedge. For simplicity, this out-of-plane force is assumed to have a constant 

magnitude irrespective of the node position in the area P, and its magnitude is chosen arbitrarily due to the 

linear nature of the problem. The exterior surfaces of the plate are assumed traction-free except the 

excitation area P. The time-dependent excitation force on the area P generates dynamic motion in the plate, 

which propagates as Lamb waves. The rectangular area Q (|x − L/4| < Lx/2, |y − W/2| < Ly/2 on the upper 

surface) is regarded as the detection area, and the transmission waveform is obtained as the integral of the 

out-of-plane nodal displacement over the area Q with the similar position-dependent delay. 

 

2.2 Numerical implementation 

The numerical simulations are carried out for an aluminum alloy plate (ρ = 2700 kg/m3, cL = 6.2 km/s, 

cT = 3.1 km/s) with the dimensions L = 300 mm, W = 80 mm, and H = 5 mm according to the experiments 

described below. The three-dimensional analysis of the elastic wave propagation in the plate is performed 
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using the spectral element method proposed originally by Patera [27]. Detailed formulations of this 

method and applications to the problems of elastic wave propagation in plates are described in Refs. 

[28-30]. An advantage of this method is that the mass matrix becomes diagonal [28-30], which is 

beneficial for the computational efficiency. 

On the crack surfaces (x = 0, 0 < y < C), double nodes are arranged which have separate nodal 

displacement components, and the boundary conditions of Eq. (1) or (2) are enforced on each node pair on 

the crack surfaces. The numerical analysis is carried out for different values of crack length C in order to 

examine its effects on the Lamb wave transmission. In the present analysis, the interfacial normal and 

tangential stiffnesses are assumed constant irrespective of the position on the crack surfaces. Foregoing 

studies on the ultrasonic wave reflection/transmission at solid-solid contacting interfaces [25, 31-34] have 

revealed that the ratio of two interfacial stiffnesses KT/KN can take a range of values between 0.2 and 0.6. 

In the present analysis, however, the ratio is fixed as one of typical values KT/KN = 0.3 in order to 

represent the magnitude of interfacial stiffnesses in terms of a single parameter KN.  

A burst signal of the frequency 0.25 MHz with the amplitude modulated by a Gaussian function is 

used as the excitation waveform g(t). The dispersion curves for the 5 mm-thick aluminum alloy plate are 

shown in Fig. 2. At the frequency of 0.25 MHz, the A0 mode has the shortest wavelength (9.88 mm) 

among the propagating guided wave modes (S0 and A0 Lamb modes and the lowest-order shear horizontal 

mode SH0). In the present analysis, the dimensions of all elements are set as 5 mm (x-direction) × 5 mm 

(y-direction) × 1.25 mm (z-direction), and the numbers of GLL points in each element are chosen as N = 6, 

N = 6 and N = 3. In this case the average distance between two neighboring nodes in the in-plane 

direction is around one-tenth of the wavelength of the A0 mode at 0.25 MHz. The total number of 

elements is 3,840 and the total number of nodes is 220,104 at maximum (for the longest crack). The time 

integration is carried out using the fourth-order Runge-Kutta method with the time increment 10 ns to 

satisfy the stability condition [30]. 

The piezoelectric transducers used in the experiments have the length 18 mm and width 16 mm. The 

dimensions of the excitation and detection areas are then given as Lx = Ltr/cos, where Ltr = 18 mm, and Ly 

= 16 mm simply assuming a parallel beam in the wedge. Two different incident angles are considered in 

the numerical analysis in order to simulate the excitation/detection of the S0 and A0 Lamb modes. The 

velocities of the S0 and A0 modes at 0.25 MHz are shown in Table 1, and the longitudinal wave velocity 

in the PMMA wedge is cw = 2.7 km/s. For the analysis of the S0 mode excitation, Snell’s law gives the 

incident angle  = 31 deg which gives Lx = 21 mm. For the A0 mode excitation, there is no incident angle 

satisfying Snell’s law, so the angle  is set as 75 deg which was the angle used in the experiment. In this 
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case, the value of Ltr/cosexceeds the dimension of the base plane of the wedge in the x-direction (28 

mm), so Lx is replaced by the latter, Lx = 28 mm. 

For the cases of  = 31 deg (S0 mode incidence) and  = 75 deg (A0 mode incidence), the calculated 

distributions of the out-of-plane displacement on the upper surface of the plate are shown in Fig. 3 at 

certain elapsed times when the main wave packet of the S0 or A0 mode has not yet arrived at the crack 

located at x = 0. Note that only the left half (x < 0) of the whole model is displayed. In Fig. 3, the 

transverse profiles of these distributions at x = -30 mm are also shown. It is noted that the incident wave 

field in each case is not uniform in the y-direction. It is also observed that the wave packet of A0 mode has 

a narrower main lobe than that of S0 mode, due to the shorter wavelength of the former mode. In the 

present study, the Lamb wave-crack interaction is analyzed for these fixed incident wave fields. As a 

consequence, the findings obtained in the present analysis are applicable to the particular 

excitation/detection conditions and the relative location of the crack for the given plate geometry. 

In order to confirm that the spring-type interface model is properly incorporated in the numerical 

analysis, the results for the case where the partially closed crack is extended over the entire width of the 

plate (C/W = 1) were compared to those of the two-dimensional analysis for the spring-type interface joint 

of plates [26]. For this purpose, the out-of-plane displacement waveform was calculated at x = 75 mm on 

the center line (y = 40 mm) of the upper surface for each of the S0 and A0 mode incidence (note that the 

waveform was computed at this single point, not as the integral over the detection area Q as mentioned 

above which is regarded as the transmission waveform in the subsequent discussions). The wave packet of 

the S0 (A0) mode was selected from the transmitted waveform for each mode by an appropriate window, 

and its amplitude spectrum was computed by the fast Fourier transform (FFT). The spectral amplitude at 

0.25 MHz was normalized by the corresponding spectral amplitude obtained for the homogeneous plate 

without a crack and considered as the transmission coefficient of each mode. The so-obtained transmission 

coefficients of the S0 and A0 modes for different interfacial stiffnesses are shown in Fig. 4 together with 

the transmission coefficients obtained by the two-dimensional analysis using the hybrid finite element 

method [26]. It can be observed that the results by the present numerical scheme are in reasonable 

agreement with the two-dimensional analysis, demonstrating that the spring-type interface condition is 

properly implemented in the numerical analysis. 

 

3. Experiment 

3.1 Specimens 

The Lamb wave transmission measurements were carried out as in the numerical simulations 

demonstrated above. The schematic of the plate specimens is shown in Fig. 5. The plates were made of 
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A5052 aluminum alloy and their dimensions were the same as the numerical model. Three types of 

specimens were used in the experiment: (i) a plate with no defect employed as the reference plate, (ii) 

plates with an artificial slit of the lengths 10, 20, 30, 40, 50, 60 and 70 mm made by electric discharge 

machining (EDM) as shown in Fig. 5(a), and (iii) a plate with a 46 mm-long fatigue crack grown from a 

10 mm-long EDM slit as shown in Fig. 5(b). The EDM slits were made in the plate width direction, and 

had the gap opening of about 0.5 mm. The fatigue crack was grown from the EDM slit by cyclic 

three-point bending with the bending moment about the z-axis, and its inclination was within 2 degree 

from the y-axis (three plate specimens were prepared and subjected to cyclic bending to introduce a 

fatigue crack, and the one with the straightest crack was chosen for the experiment). Since the plate with 

the fatigue crack had the total defect length of 56 mm (the EDM slit 10 mm and the fatigue crack 46 mm), 

the specimen with a 56 mm-long EDM slit was also prepared to examine the difference between the EDM 

slit and the fatigue crack. 

 

3.2 Lamb wave measurement 

The schematic of the Lamb wave measurement is shown in Fig. 6. The same Gaussian pulse of the 

center frequency 0.25 MHz as in the numerical simulations was sent from an Agilent arbitrary waveform 

generator 33220A to the emitting transducer via a Thamway amplifier T145-7516B and a RITEC 

attenuator RA-30. Piezoelectric longitudinal wave transducers (KGK, nominal frequency 0.25 MHz) were 

fitted to adjustable-angle PMMA wedges (length 28 mm and width 30 mm) and mounted on the plate 

surface with coupling medium (glycerin) to emit and to receive the ultrasonic wave. In the same manner 

as in the numerical simulations, the angles of the wedges were set as 31 deg and 75 deg, respectively, to 

excite and detect the S0 or A0 Lamb mode dominantly. The transmitted wave detected with the receiving 

transducer was saved in a personal computer after averaging over 64 synchronized signals in a Keysight 

oscilloscope DSOS054A. 

The measurements for the plates with the EDM slits of the lengths 10 to 70 mm were carried out by 

placing the experimental setup on a flat table. On the other hand, the measurements for the plate with the 

fatigue crack and the plate with the 56 mm-long slit were performed by applying tensile load in the 

direction normal to the crack (slit), in order to examine its effect on the Lamb wave transmission 

characteristics. An Instron-type tensile testing machine (Shimadzu Autograph AG-Xplus) was used to 

apply the tensile load to the plate. The plate was held vertically and clamped at both ends by the chucks of 

the testing machine. The chucked areas on the plate are shown in Figs. 5 and 6. The wedges were fixed on 

the plate using plastic tie bands. The tensile force was measured by a load cell equipped in the testing 

machine. When the plate was first hung by the upper chuck, the value of the load cell was reset to zero. 
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When both ends of the plate were clamped, the load cell indicated a non-zero force (50 N in the S0-mode 

measurement and 54 N in the A0-mode measurement): this was the initial load from which the load was 

varied. The tensile load was increased from the initial value up to 400 N at the crosshead speed of 1 N/s, 

and then decreased down to 0 N at the same crosshead speed. During the loading/unloading process, the 

Lamb wave measurement was carried out at every 10 N by holding the tensile load constant for 20 

seconds.  

 

4. Numerical and experimental results 

4.1 Plate with an open crack 

The transmission behavior of the S0 and A0 modes in the plate with an open crack is first examined. 

For the excitation of the S0 and A0 modes at the center frequency of 0.25 MHz, the numerically simulated 

transmission waveforms for three different crack lengths are shown in Fig. 7 (a) and (b), respectively, 

together with the results for a homogeneous reference plate without a crack (C = 0). The crack length C is 

normalized by the plate width W. According to the group velocities shown in Table 1, the main wave 

packets in the reference plate at 43 μs in Fig. 7(a) and at 58 μs in Fig. 7(b) correspond to the S0 and A0 

modes, respectively. It is shown that the magnitudes of both modes decrease as the length of the crack 

increases. 

The measured voltage waveforms for the reference plate and the plates with the EDM slit of length 

20, 40, and 60 mm are shown in Fig. 7(c) and (d). The main wave packets for the reference plate located at 

around 114 μs in Fig. 7(c) and at around 127 μs in Fig. 7(d) correspond to the S0 and A0 modes, 

respectively. The arrival times of these modes in the measured waveforms are different from those in the 

numerical results as the former include the propagation time within the wedges. It can be seen that the 

peak voltages of the measured waveforms decrease as the length of the slit increases in qualitative 

agreement with the numerical results in Fig. 7(a) and (b), which is expected since the open crack (slit) will 

hinder the wave transmission. 

From the transmission waveforms, the amplitude spectra of the S0 and A0 mode signals are 

calculated by the FFT using a Gaussian window. The transmission ratio of each mode is defined as the 

spectral amplitude A(f) for the plate with a crack divided by A0(f) for the reference plate as 

 ,
)(

)(
)(

0 fA

fA
fT          (3) 

where f denotes the frequency. For the numerical simulation and the experiment, the transmission ratios of 

the S0 and A0 modes at 0.25 MHz are shown in Fig. 8 as functions of the normalized crack length. For the 

numerical results, the transmission ratios of the S0 and A0 modes are relatively insensitive to the crack 
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length when C/W < 0.3 or C/W > 0.8, which is a natural consequence since the excitation/detection areas 

as well as the main lobes of the incident wave have finite widths (c,f, Fig. 3). On the other hand, the 

transmission ratios decrease monotonically with the crack length in the intermediate range 0.3 < C/W < 

0.8. The steeper gradient for the A0 mode may be accounted for by the narrower main lobe of the incident 

wave for that mode. It is shown in Fig. 8 that the slit-length dependence of the measured transmission 

ratios of both modes appears to follow the same trend as the numerical results. The discrepancy between 

the numerical and experimental results, particularly seen for the A0 mode when C/W < 0.3 and C/W > 0.8, 

may be due to the difference of the subtle side-lobe features of the incident wave profile between the 

analysis and experiment. Otherwise the numerical and experimental results are in excellent agreement, 

which indicates the effectiveness of the present numerical modeling in reproducing the Lamb wave 

measurements, particularly for the range 0.3 < C/W < 0.8. It is noted again here that the crack-length 

dependence of the transmission ratios demonstrated here reflects the particular excitation/detection 

conditions and the relative crack location considered in this study, and the same holds true in the 

corresponding results for closed cracks discussed in the subsequent sections.  

 

4.2 Plate with a partially closed crack 

For the plate with a partially closed crack modeled as a spring-type interface in the present numerical 

simulation, the transmission waveforms of the S0 and A0 modes are shown in Fig. 9 for different 

interfacial stiffnesses and for the two crack lengths C/W = 0.5 and 0.75. With increasing interfacial 

stiffness, the transmission waveform of the S0 mode increases its magnitude and approaches the 

waveform for the reference plate (C = 0) as shown in Fig. 9(a) and (b). The transmission waveform of the 

A0 mode shows a similar trend for the shorter crack (C/W = 0.5, Fig. 5(c)). In contrast, in the case of C/W 

= 0.75 shown in Fig. 9(d), the wave packet changes its shape significantly with increasing interfacial 

stiffness. The transmission ratios of the S0 and A0 modes are calculated from the amplitude spectra of the 

transmission waveforms based on Eq. (3) and shown in Fig. 10 as functions of the frequency for the two 

crack lengths. The transmission ratios of the S0 mode, shown in Fig. 10(a) and (b), are almost 

frequency-independent or slightly decreasing with the frequency in the range of 0.2 MHz < f < 0.4 MHz. 

On the other hand, the transmission ratios of the A0 mode, shown in Fig. 10(c) and (d), exhibit 

non-monotonic frequency dependence. The non-monotonic variation is more remarkable for the longer 

crack (C/W = 0.75), which exhibits a local minimum at 0.25 MHz when KN = 0.0125 MPa/nm and at 0.28 

MHz when KN = 0.02 MPa/nm. Furthermore, the transmission ratios at 0.25 MHz are shown in Fig. 11 as 

functions of the interfacial stiffness. The transmission ratio of the S0 mode increases monotonically with 

the interfacial stiffness for the two crack lengths. The transmission ratio of the A0 mode shows 
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non-monotonic variation with the interfacial stiffness when C/W = 0.75, with a local minimum of the 

transmission ratio at around KN = 0.01 MPa/nm. 

Figure 12 shows the transmission ratios of the S0 and A0 modes at 0.25 MHz for partially closed 

cracks against their length, together with the corresponding results for the open crack. In the range where 

the crack length is sufficiently small (roughly for C/W < 0.3), the transmission ratios of both modes 

remain close to unity irrespective of the interfacial stiffness, which is due to the finite width of the main 

lobes of the incident waves as discussed for open cracks. Beyond this range, the transmission ratios tend to 

decrease with increasing crack length, but show different variations depending on the interfacial stiffness. 

As the interfacial stiffness increases from zero, the crack-length dependence of the transmission ratio 

deviates from that for the open crack. A general trend is that the increase of the interfacial stiffness 

contributes to the increase of the transmission ratios. For the A0 mode, however, an exceptional behavior 

is observed when the crack is relatively long, i.e. C/W > 0.6. Specifically, the transmission ratios for the 

stiffnesses KN = 0.005 MPa/nm and 0.0125 MPa/nm are smaller than the corresponding values for the 

open crack when the normalized crack length is 0.69 and 0.75, respectively. 

 

4.3 Plate with a fatigue crack 

For the plate with the fatigue crack of total length 56 mm (EDM slit of 10 mm and fatigue crack 46 

mm), the measured waveforms for the S0 and A0 modes are shown in Fig. 13 for different levels of tensile 

loading, i.e., at the initial state (50 or 54 N), at the maximally loaded state (400 N) and at the unloaded 

state (0 N). It is seen in Fig. 13 that the measured waveforms have lower magnitude at the maximally 

loaded state than at the unloaded state, for both S0 and A0 modes. The waveforms for the plate with the 

EDM slit of the same length (56 mm) are also shown in Fig. 13. For this plate, there was no visible 

difference in the measured waveforms for different levels of loading, so only the results at 0 N are shown. 

The transmission ratios of the S0 and A0 modes were obtained from the amplitude spectra of the 

measured waveforms at three different frequencies of 0.2, 0.25 and 0.3 MHz. The results are shown in Fig. 

14 against the tensile load applied to the plate, together with the corresponding results for the plate with 

the EDM slit of the same length. It is first observed that the transmission ratios for the plate with the slit 

are essentially independent of the tensile load for both S0 and A0 modes, as expected naturally (since the 

results for the loading and the unloading processes are indistinguishable, only the latter results are shown 

in Fig. 14). On the other hand, the transmission ratios for the plate with the fatigue crack change with the 

tensile load, which indicates that the contact condition of the crack surfaces was varied by the applied 

loading. 
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In Fig. 14(a), the transmission ratios of the S0 mode for the three frequencies are around 0.2 at the 

initial load, and decrease with the increasing tensile load. This is consistent with physical intuition since 

the tensile load will reduce the effect of crack closure. The ratios become stationary for higher loading, say, 

beyond 200 N. At unloading, the transmission ratios follow similar curves to the loading process down to 

the initial load. As the load is decreased further, the transmission ratios increase and take the values around 

0.3 at 0 N. It is also noted that the frequency does not have significant effect on the transmission ratio.  

The tensile load dependence of the transmission ratio of the A0 mode is shown in Fig. 14(b). In 

contrast to the results of the S0 mode, the results for the A0 mode show different load dependence for 

different frequencies. At the higher frequency of 0.3 MHz, the transmission ratio shows monotonic 

dependence on the tensile load similarly to the case of the S0 mode, although it exhibits only slight change 

for the tensile load above the initial value. At the lower frequency of 0.2 MHz, the transmission ratio 

shows increasing behavior with increasing tension above the initial load and saturates for the load above 

around 200 N. At unloading, the ratio follows the similar path down to the initial load, and increases 

slightly as the load approaches 0 N. At the central frequency of 0.25 MHz, the transmission ratio shows 

intermediate characteristics between the two frequencies. The non-monotonic load dependence of the 

transmission ratio observed here for the A0 mode will be discussed in the next section. 

 

5. Discussions 

5.1 Effect of interfacial stiffness and frequency on the Lamb wave transmission 

In the results of the numerical simulations demonstrated in Section 4.2, the qualitative nature of the 

Lamb wave interaction with a closed crack is remarkably different between the S0 and A0 modes. Namely, 

the transmission ratio of the S0 mode across the closed crack increases monotonically with the increasing 

interfacial stiffness of the crack. The ratio decreases monotonically with the frequency, although its 

variation is not significant in the range demonstrated in the present analysis. Such monotonic dependence 

of the wave transmission on the interfacial stiffness and the frequency has also been observed for bulk 

ultrasonic waves transmitted across a spring-type interface [33, 35]. In contrast, the numerical results have 

demonstrated that the transmission ratio of the A0 mode across the closed crack exhibits non-monotonic 

dependence on the interfacial stiffness and the frequency, featured by a local minimum at a certain value 

of these parameters as shown in Figs. 10-12.  

In the foregoing study, Mori et al. [26] presented a theoretical analysis of the reflection and 

transmission of Lamb waves across a spring-type joint interface of two plates. Their two-dimensional 

analysis corresponds to the situation in which the plate width and the crack length are infinitely long and 

the plate is subjected to the incidence of the pure S0 or A0 mode. They obtained similar findings regarding 
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the effect of the interfacial stiffness and the frequency on the transmission characteristics of the S0 and A0 

modes. Based on the analysis of Mori et al. [26], the reason behind the qualitative difference between the 

S0 and A0 modes can be physically explained in the following manner. When the S0 mode is incident on 

the spring-type interface of plates, not only the reflected and transmitted S0 mode but also other 

symmetric Lamb modes (S1, S2, …) can be generated at the interface (due to the symmetry of the 

interface boundary conditions only the symmetric modes are generated for the incidence of a symmetric 

mode). In the frequency range examined here, these higher-order modes are non-propagating and localized 

near the interface. According to the analysis [26], their magnitudes are negligible as compared to the 

magnitude of the incident S0 mode. Therefore, the reflection/transmission of the S0 mode is similar to the 

bulk longitudinal wave normally reflected/transmitted at the spring-type interface. This explains the 

monotonic dependence of the S0 mode transmission on the interfacial stiffness and the frequency.  

When the A0 mode is incident on the interface, other antisymmetric and localized Lamb modes (A1, 

A2, …) can be generated likewise. A key feature is, however, that the magnitude of the A1 mode is of 

comparable order to the incident A0 mode while the other antisymmetric modes (A2, …) are of negligible 

magnitudes. Namely, the interface boundary conditions are essentially met by the reflected/transmitted A0 

modes as well as the localized A1 modes on both sides of the interface. Since these two modes are 

involved in the reflection/transmission process with their magnitude varying with the interfacial stiffnesses 

and the frequency, the monotonic dependence as in the case of the S0 mode incidence is no longer 

expected. In particular, at a certain frequency for given interfacial stiffnesses (or at certain interfacial 

stiffnesses for a given frequency), the wave motion on the transmission side can be essentially supported 

only by the non-propagating A1 mode, which gives vanishing transmission of the A0 mode. The 

through-thickness profiles of the S0, A0, S1 and A1 Lamb modes at 0.25 MHz are shown in Fig. 15. 

Clearly, the S0 mode is predominantly associated with the in-plane motion, while the A0 mode is 

dominated by the out-of-plane motion. It can be noted that the profile of the A1 mode resembles that of 

the A0 mode to some extent, although the in-plane motion is dominant for the A1 mode. This indicates 

that the A0 mode may be easily coupled with the A1 mode at the interface, which appears to support the 

above reasoning regarding the role played by the A1 mode in the reflection/transmission of the A0 mode. 

 

5.2 Examination of experimental results based on the spring-type interface model 

In the experimental results shown in Fig. 14(a), the transmission ratio of the S0 mode decreases 

monotonically as the tensile load is increased. Qualitatively, this is consistent with the monotonically 

increasing variation of the transmission ratio with the interfacial stiffness found in the numerical analysis, 

since the tensile load tends to open the crack, which theoretically corresponds to the reduction of its 
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interfacial stiffnesses. The experimental results for the S0 mode in Fig. 14(a) also show that the 

transmission ratio is not sensitive to the frequency, which qualitatively corresponds to the feature found in 

the numerical results in Fig. 10. Rigorously speaking, however, the measured transmission ratio is slightly 

increasing with the frequency in Fig. 14(a), while the numerical result in Fig. 10 is decreasing with it. This 

may partly be attributable to the inhomogeneous nature of rough-surface contact, which yields higher 

interfacial stiffnesses, hence higher transmission, for higher frequencies as discussed in Refs. [23, 33] for 

aluminum alloy specimens and in Refs. [36, 37] for fractures in geophysics. It should be noted, however, 

that the theoretical analysis assumes constant interfacial stiffnesses which are uniform on the crack 

surfaces and have the constant ratio KT/KN = 0.3. Such an assumption is not guaranteed for the specimen 

used in the measurement, so the quantitative comparison is out of the scope of the present study from the 

outset. 

In Fig. 14(b), the transmission ratio of the A0 mode across the fatigue crack obtained in the experiment 

shows complicated effects of the tensile load and the frequency. Specifically, the tensile loading, which 

should weaken the crack closure, does not necessarily lead to the reduction of the transmission ratio. This 

complex behavior is also observed numerically in Fig. 11 as the non-monotonic influence of the interfacial 

stiffness on the transmission ratio. In order to examine the experimental results for the fatigue crack in 

more detail, the numerical simulation of the Lamb wave transmission was performed using the spectral 

element method by assuming the same crack length as the experiment. Namely, the crack examined in the 

experiment, which is a 46 mm-long fatigue crack grown from a 10 mm-long EDM slit, was modeled as 

the crack with the open part 10 mm and the closed part 46 mm. The computed transmission ratios of the 

S0 and A0 modes are shown in Fig. 16 as functions of the interfacial stiffness. It is noted again that the 

information of the distribution of the interfacial stiffnesses on the fatigue crack surfaces in the experiment 

was not available, so the interfacial stiffnesses were assumed to be uniform on the crack surfaces with the 

constant ratio KT/KN = 0.3. This simplified modeling makes the quantitative comparison between the 

experimental and numerical results less meaningful, so the discussion is restricted to the qualitative 

comparison. In order to do this in a physically intuitive manner, the inverse of KN is taken along the 

horizontal axis of Fig. 16. In Fig. 16(a), the transmission ratio of the S0 mode decreases with increasing 

1/KN (decreasing KN), and the frequency dependence is not significant. On the other hand, in Fig. 16(b), 

the transmission ratio of the A0 mode shows different behavior depending on the frequency. At 0.3 MHz 

the ratio decreases monotonically with 1/KN in the entire range plotted, while at 0.2 MHz the ratio first 

decreases with 1/KN but turns to increase with it for higher values of 1/KN (for lower KN). The inverse 

stiffness 1/KN can be regarded as a measure of the tensile loading applied to the closed crack. It is 

interesting to note that if the fatigue crack had a certain finite interfacial stiffness, say 1/KN = 3×102 
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nm/MPa, in the unloaded state, the variation of the transmission ratio of both S0 and A0 modes with 

increasing 1/KN would qualitatively reproduce the load dependence in the experimental results in Fig. 14. 

 

6. Concluding remarks 

In this study, the transmission characteristics of the S0 and A0 Lamb waves across a 

through-thickness crack have been investigated numerically and experimentally. The three-dimensional 

Lamb wave propagation in a plate with an open or a partially closed crack has been analyzed by the 

spectral element method by modeling the partially closed crack as a spring-type interface characterized by 

normal and tangential stiffnesses. The numerical analysis has shown that the transmission ratio of the S0 

mode increases monotonically with increasing interfacial stiffness, but the transmission ratio of the A0 

mode varies in a complicated manner depending on the interfacial stiffness and the frequency. The Lamb 

wave transmission measurements have also been performed for aluminum alloy plates with an EDM slit 

and for an aluminum alloy plate with a fatigue crack. For the plates with a slit, the experimental results are 

in reasonable agreement with the numerical analysis for open cracks for both S0 and A0 modes. For the 

plate with a fatigue crack, the tensile load reduces the transmission ratio of the S0 mode, but its effect on 

that of the A0 mode is not monotonic and depends on the frequency. Features qualitatively corresponding 

with the experimental results have been shown by the numerical analysis for the closed crack based on the 

spring-type interface model. 

The present study has shown that the Lamb wave interaction with a crack is significantly influenced 

by the extent of its partial closure. Moreover, the crack closure has different effects on different Lamb 

modes. The transmission ratio of the S0 mode is increased by the crack closure. On the other hand, the 

crack closure influences the transmission of the A0 mode in a more complicated manner, i.e., the 

magnitude of the transmitted signal of the A0 mode cannot be simply related to the state of crack closure. 

These features should be properly accounted for in the monitoring of fatigue crack growth using Lamb 

waves. One remedy in practical applications would be that the crack be monitored using the S0 mode 

Lamb wave while it is subjected to tensile loading to make it fully open. Further explorations would 

facilitate an effective Lamb wave-based characterization method for closed cracks. The numerical 

simulations for closed cracks based on the spring-type interface model will offer a convenient tool to 

examine the feasibility of different characterization techniques for fatigue cracks.  
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Table 1  The phase velocity cp and group velocity cg of the S0 and A0 Lamb modes. 

Frequency [MHz] Mode cp [km/s] cg [km/s] 

0.25 S0 5.28 5.00 

0.25 A0 2.47 3.20 
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Figure legends 

Fig. 1  Schematic of an elastic plate with a through-thickness crack.  

Fig. 2  (a) Phase and (b) group velocities of guided waves in an aluminum plate of thickness 5 mm. 

Fig. 3  Distribution of the out-of-place displacement on the upper surface of the plate and its transverse 

profile at x = -30 mm for (a)  = 31 deg (S0 mode incidence) at elapsed time t = 22.5 s and (b)  = 75 

deg (A0 mode incidence) at elapsed time t = 31.0 s. The displacement is normalized by the maximum of 

the transverse profile. 

Fig. 4  Relation between the transmission coefficients and the interfacial stiffness for the S0 and A0 

modes at 0.25 MHz, obtained by the present analysis and by the two-dimensional analysis.  

Fig. 5  Schematic of the aluminum alloy plate specimens used in the experiment, (a) specimen with an 

EDM slit of different lengths C, (b) specimen with a fatigue crack grown from an EDM slit. 

Fig. 6  Schematic of the experimental setup. 

Fig. 7  Calculated transmission waveforms of the (a) S0 and (b) A0 modes and the measured 

transmission waveforms of the (c) S0 and (d) A0 modes for open cracks of different lengths C/W. 

Fig. 8  Variation of the calculated and measured transmission ratios of the S0 and A0 modes at 0.25 MHz 

with the length of the open crack C/W. 

Fig. 9  Calculated transmission waveforms of the S0 mode for closed cracks of the lengths (a) C/W = 0.5 

and (b) C/W = 0.75 and of the A0 mode for (c) C/W = 0.5 and (d) C/W = 0.75, for different 

interfacial stiffnesses. 

Fig. 10  Frequency dependence of the calculated transmission ratio of the S0 mode for closed cracks of 

the lengths (a) C/W = 0.5 and (b) C/W = 0.75 and of the A0 mode for (c) C/W = 0.5 and (d) C/W = 

0.75, for different interfacial stiffnesses. 

Fig. 11  Variation of the calculated transmission ratios of the S0 and A0 modes at 0.25 MHz with the 

interfacial stiffness for closed cracks of the lengths C/W = 0.5 and C/W = 0.75. 

Fig. 12  Variation of the calculated transmission ratios of the (a) S0 and (b) A0 modes at 0.25 MHz with 

the length of the partially closed crack C/W for different interfacial stiffnesses.  

Fig. 13  Measured transmission waveforms of the (a) S0 and (b) A0 modes for the plate with a fatigue 

crack for different tensile loads. 
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Fig. 14  Variation of the measured transmission ratios of the (a) S0 and (b) A0 modes with the tensile 

load at different frequencies for the plate with a fatigue crack and for the plate with an EDM slit. 

Fig. 15  Through-thickness displacement profiles for the (a) S0, (b) A0, (c) S1 and (d) A1 modes at 0.25 

MHz. 

Fig. 16  Variation of the calculated transmission ratios of the (a) S0 and (b) A0 modes with the inverse of 

the interfacial stiffness 1/KN at different frequencies. 
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Fig. 1  Schematic of an elastic plate with a through-thickness crack. 
 
 

 
 

Fig. 2  (a) Phase and (b) group velocities of guided waves in an aluminum plate of thickness 5 mm. 
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Fig. 3  Distribution of the out-of-place displacement on the upper surface of the plate and its transverse 
profile at x = -30 mm for (a)  = 31 deg (S0 mode incidence) at elapsed time t = 22.5 s and (b)  = 75 

deg (A0 mode incidence) at elapsed time t = 31.0 s. The displacement is normalized by the maximum of 
the transverse profile. 

 
 

  
 

Fig. 4  Relation between the transmission coefficients and the interfacial stiffness for the S0 and A0 
modes at 0.25 MHz, obtained by the present analysis and by the two-dimensional analysis. 
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Fig. 5  Schematic of the aluminum alloy plate specimens used in the experiment, (a) specimen with an 
EDM slit of different lengths C, (b) specimen with a fatigue crack grown from an EDM slit. 

 
 

 
 

Fig. 6  Schematic of the experimental setup. 
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Fig. 7  Calculated transmission waveforms of the (a) S0 and (b) A0 modes and the measured 
transmission waveforms of the (c) S0 and (d) A0 modes for open cracks of different lengths C/W. 
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Fig. 8  Variation of the calculated and measured transmission ratios of the S0 and A0 modes at 0.25 MHz 
with the length of the open crack C/W. 
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Fig. 9  Calculated transmission waveforms of the S0 mode for closed cracks of the lengths (a) C/W = 0.5 
and (b) C/W = 0.75 and of the A0 mode for (c) C/W = 0.5 and (d) C/W = 0.75, for different interfacial 

stiffnesses. 
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Fig. 10  Frequency dependence of the calculated transmission ratio of the S0 mode for closed cracks of 
the lengths (a) C/W = 0.5 and (b) C/W = 0.75 and of the A0 mode for (c) C/W = 0.5 and (d) C/W = 

0.75, for different interfacial stiffnesses. 
 
 

 
 

Fig. 11  Variation of the calculated transmission ratios of the S0 and A0 modes at 0.25 MHz with the 
interfacial stiffness for closed cracks of the lengths C/W = 0.5 and C/W = 0.75. 
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Fig. 12  Variation of the calculated transmission ratios of the (a) S0 and (b) A0 modes at 0.25 MHz with 
the length of the partially closed crack C/W for different interfacial stiffnesses. 
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Fig. 13  Measured transmission waveforms of the (a) S0 and (b) A0 modes for the plate with a fatigue 
crack for different tensile loads. 
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Fig. 14  Variation of the measured transmission ratios of the (a) S0 and (b) A0 modes with the tensile load 
at different frequencies for the plate with a fatigue crack and for the plate with an EDM slit. 
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Fig. 15  Through-thickness displacement profiles for the (a) S0, (b) A0, (c) S1 and (d) A1 modes at 0.25 
MHz. 
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Fig. 16  Variation of the calculated transmission ratios of the (a) S0 and (b) A0 modes with the inverse of 
the interfacial stiffness 1/KN at different frequencies. 

 


