provided by Crossref

Gen Relativ Gravit (2013) 45:987-1004
DOI 10.1007/s10714-013-1506-0

RESEARCH ARTICLE

Towards uniqueness of degenerate axially symmetric
Killing horizon

Jacek Jezierski - Bartek Kaminski

Received: 13 October 2012 / Accepted: 3 February 2013 / Published online: 22 February 2013
© The Author(s) 2013. This article is published with open access at Springerlink.com

Abstract For near horizon geometry we examine the linearized equations around
extremal Kerr horizon (which is a unique axially symmetric near horizon geometry)
and give some arguments towards stability of this horizon with respect to generic (non-
symmetric) linear perturbation of near horizon geometry. The result is also applicable
for other situations like Kundt’s class spacetimes or isolated horizons.
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1 Introduction

Let us consider the following basic equation on a two-dimensional compact manifold
wA||B + wB||A + 2wawp = Rap, (D

where wadx? is a covector field, || denotes covariant derivative compatible with
the metric g4p, and Ry4p is its Ricci tensor. The Eq. (1) is a starting point of our
considerations and it is a special case of (3.7) in [1], if we assume that S’A B vanishes.
See also [4] or [9].
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Some geometric consequences of the basic equation' (resulting from Einstein equa-
tions) were discussed in [6]. This is a non-linear PDE for unknown covector field and
unknown Riemannian structure on the two-dimensional manifold. It appears in the
context of Kundt’s class metrics (cf. [7,8]), degenerate Killing horizons [4,9], or vac-
uum degenerate isolated horizons [1,10,11]. Several important results are already
proved, like topological rigidity of the horizon and integrability conditions (cf. [6]).
Moreover, when the one-form wgdx? is closed (e.g. static degenerate horizon [4])
there are no solutions of (1). The transformation (4) of a covector wy4 leads to (par-
tially) linear problem (invented in [6]) and simplifies the proof of the uniqueness of
extremal Kerr for axially symmetric horizon. However, the problem of the existence
of non-symmetric solutions to the basic equation remains open. The solutions of this
equation enables one to construct near horizon metric (cf. [2-5,9]), Kundt’s class
spacetime or isolated horizon neighborhood.

In [6] the following results were proved:

Theorem 1 For any Riemannian metric gap on a two-dimensional, compact, con-
nected manifold B with no boundary and genus g > 2 there are no solutions of basic
equation.

Theorem 2 For any Riemannian metric gap on a two-dimensional torus Eq. (1)
possesses only trivial solutions * = 0 = K and the metric gap is flat.

Theorem 3 There are no solutions of Eq. (1) with the following properties:

e w? =0 only at finite set of points,
e B is a sphere with non-negative Gaussian curvature.

The symmetric part of w) g is controlled by the equation but f := %wAH petl is

an unknown function on a sphere. We have

1
wa|B = feap + EKgAB — wAWB. (2)

The integrability condition:
L glia A 2,3 A
ZR A+2(Ro™)ja=6f +§R(R—12a)Aa) ) 3)

implies that there exists non-empty open subset, where 12w 0% > R > 0.

In this paper we analyze a linear perturbation of extremal Kerr solution. More pre-
cisely, in Sect. 2 we perform linearization of Eq. (1) around extremal Kerr solution
(20). Axial symmetry of the background solution gives possibility to decompose lin-
earized solution into Fourier series. Each Fourier mode vy, fulfills ordinary differential
Eq. (42). Using functional analysis methods we prove (in Appendix C) that there are
no regular solutions for |k| > 8. We hope to check numerically the nonexistence of
low modes for |k| < 8.

! This is an equation describing the so-called near horizon geometries see [2,3,5].
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Degenerate axially symmetric Killing horizon 989

Moreover, in this Section below we give some new results like equivalent formula-
tions of the full nonlinear problem (cf. Theorem 4), equivalence between (2) and (18)
or some properties contained in formulae at the end of Sect. 1.

Finally, some nontrivial calculations are shifted to the Appendix which also contains
some useful formulae.

1.1 Transformation to linear problem

Let us denote

wa
Py = —5—. “)
w-wp
For any domain, where w®wp > 0, equation (1) implies
wA
@08t = ( . ) "€ =0 )
@ @B /c

which simply means that the one-form ® 4dx* is closed, and locally there exists a
coordinate ® such that

dd = dydx?.

Moreover, from (1) we get

CDAH a=1 (6)
hence the potential @ is a solution of the Poisson’s equation:

AD=1. )
Remark 1f we choose one isolated point, where w vanishes, then for a given metric g
we have unique solution of the above Laplace-Beltrami equation (Green’s function in
the enlarged sense cf. [12]). For more isolated points we can take linear combination
of such solutions. More precisely, let G, be a unique solution (for a given metric
g) of the Eq. (7) on S2 — {xo}). fco+ci+ ...+ ¢, = 1 (where ¢; € R) then

® =coGyy+c1Gyx, + ...+ ¢, Gy, is a solution of (7) on 2 — {x0, x1,...,x,},and
 vanishes at the points xg, x1, ..., Xp.

1.2 Two zeros of w
Suppose w4 vanishes at two distinct points in a generic way (i.e. wajp is non-

degenerate at those points). Then the Eqs. (6) and (5) extend (in the sense of dis-
tributions) as follows:
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990 J. Jezierski, B. Kaminski

D44 =1 —c189=r — 2800, (8
e = d18g—r — d289—0. )
Integration of the above equations on s2 implies di = do» = d and ¢] + 3 =

% =(total volume of $2). Hence, for ®4 = 94 ® + 4595 P the potentials ®, ®
p
fulfill Laplace equations:

AD =1—c186g=r — 280—0, (10)
AD =d|8g=r — drdy—0, (11)
and their solutions may be expressed in terms of generalized Green’s functions on
$? which are well defined as the distributions (they are integrable functions, smooth

outside poles with log divergence at poles).
Moreover, the trace of (1)

a)AHA =K — a)Aa)A (12)

may be expressed in terms of ®4 as follows:

5 (x@f‘ )+ by LK =0 2 5 (xcbf‘) K 13)
A — = = ——0A = .
OBy OBy [P @]

1.3 Equivalent form of the basic equation in terms of the covector ® 4
and its conformal rescaling

Equations (5) and (6) together with (13) written as follows:

229Dy =0, (14)
0 (18" 0s) =1, (1s)
g Bog A
) — 2K =0, 16
A (gCDCDCCDD) * gePodcdp . (16)

for the conformally equivalent metric 745 = exp(—2u)gap (cf. Eq. (22)) are almost
the same

1
OLK)(h) — (L K)(g) = hpnlpu = hgLgu, —(WK)(h) = Eaz,xx,
94 (x hhABch) = anexpu), 1eACocdy =0,

5 M hAB ®p exp(2u) » exp(4u)
4 hCD DD hCD O

—anKnp +npbpu =0.
Moreover, we have the following
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Degenerate axially symmetric Killing horizon 991

Theorem 4 Equations (14-16) are locally equivalent to the Eq. (2) in the domain,

where wy = qjgg is not vanishing.

Proof Let us represent tensor w4 p as a sum of three parts: skewsymmetric (f),
traceless symmetric (74 p) and trace (7):

wA|B = feaB + TaB + T8AB. )

We have to show that t4p and 7 are determined by Eq. (14-16). It is easy to check
that (16) implies 2t = K — ||o|* = a)AHA. Moreover, (14) gives

é‘ABa)Aa)CTCB =0
and similarly (15) implies
208 wPtap = —|o)*.
Let us observe that any two-dimensional traceless symmetric tensor has only two

independent components, hence the last two conditions determine t4 g uniquely in the
following form:

1
TAB = —WAWR + EgABllwllzo

Finally, the above formula together with t = %(K — el give the Eq. (2). O

One can also check the following formula:

1
Py p =0 €48+ 7848 — fxP,Pp + xPpdy)

dpDp 1
+(1 — K||c1>||2>( — —gAB) (18)
o2 2

which is equivalent to (2) but in terms of .
Let us observe that 554 = 0 hence the symmetry of the tensor @ 4,5 implies

o4lBp = cI>B||AB = cI>B||AB - q)BHBA = Ryp®5,
and we obtain the following nice formulae:
AIBp = koA, xpAllBy = kx4, (19)
Moreover,

AllB 2
DMBwap =K — ||oll
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and

(@M w) 15 = D1F gt + By p = 2K — o],

lim oAlIB . dSE = / K =4m, where S, := S\ U k.o
0
s, P xiew=1({0))

2 Linearization of basic equation around extremal Kerr

After introducing a new coordinate x := cos @ the (two-dimensional) extremal Kerr
(see [6])

1 +cos?6 2sin? 6

= 2m? do? 2, 20
8kerr = = |: 2 + 1 +cos?6 (20)

in6 cos 6 1
0 — _&, of = _ (21)

m2(1 + cos? )2 2m2(1 4 cos2 6)
takes the following form:

8Kerr = hagdx?dx® = 2m? (cfzd)c2 + azd(pz) , (22)

2 . .
where a? := 2 :iz and ) := /deth,p = 2m>. The components of various objects

for Kerr are the following:

2 ) 2
looll” =

T 2m2 1 42

X

R e e

1 1 1
o = 1dx +dp, —*®=—dx —xd¢ (*CDA = €AB¢B) . (23)
(,12 2m2 a2

2m?
2 1-3x2 _lx(I4+a’) 1 x3—x?)
S om2(A+x)3 T m2 (1422 m? (1 +x2)3
vif= 4
2 TV T A i
I = *®], *PA®=]|D|*%rdxAdg. (25)
The nearby metric g we describe by conformal factor:
gap = expQu)hap (26)

and we get

TCap(g) = TCap(h) + S a3,
SCap = 553Bu + 5§8Au — hagh®Papu.
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Degenerate axially symmetric Killing horizon 993

Let us denote by u® := h849,u the gradient of u with respect to the metric 4. We
have

Va(g)wa = Vp(h)wa — S€ ap(u)oc 27)
= Vp(h)wa +hABa)CuC—a)AuB — WRUA. (28)

Moreover, the Gaussian curvatures K and K for the conformally related metrics A
and g respectively are related as follows

Apu = K — expCu) K.
This gives the following transformation for the right-hand side of (1):
Rap(g) = Kggap = (K — Apu) hpp. (29)

Using (27) and (29) we rewrite basic Eq. (1) as follows:

Ve(h)wa + Va(h)wp +2 (hAchuC —waup — wgup + wAwB)
= (Kp — Apu) hap. (30)

Let us denote the linear part of the covector w by
Wy 1= wyp — a)§err .
Now we are ready to linearize basic equation.
2 (wgerrWB + C()Il%errwA + hABa)gerruC _ cUgerruB _ wgerruA) + Vg (h)Wy

+VAa(WWp + hapApu =2Waupg + 2Wguyg — 2hABWCuC —2wawWpg ~ 0.
(31)

Finally, for covector w4 and conformal factor u in (26) the linearization of (1) takes
the following form:

VaWwA 4+ u?) + 204wy =0, (32)
TS (VaWp +2wa(Wp —up)) =0, (33)

where now w and V are background objects (corresponding to the Kerr solution (22)),
and

TS(tap) :=tap +tpa — haphPtcp

denotes the traceless symmetric part of the tensor 74 5.
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994 J. Jezierski, B. Kaminski

We show in Appendix B that after elimination of u 4 we get:

Ap(Wax®) 4 648wy 5 = 0, (34)
Ap(WaADY) + 4ws D] + 3w =0, (35)
where
up = : Vi (dBw, — By £ v, (0P 36
A=3 Wy + Vg (dTWy — OAW?) + V4 (P Wp) | . (36)

Remark The Eqs. (34-35) are conformally covariant with respect to the rescaling of
the two-metric 2. More precisely, the form of these equations is the same for two
conformally related metrics provided that &, x® are vector fields and w and w are
covector fields. One can easily verify this observation multiplying the above equations
by scalar density .

The non-existence of the solution W 4 to the Eqgs. (34—35) is equivalent to the stability
of the solution (20-21).

Axial symmetry of the background solution enables one to separate variable ¢ with
the help of Fourier transform and (34-35) becomes second order ODE for

w:[—1,1]1—~ R?.

One can also introduce another pair of variables:

1 14+ x2 1+x2
“:=8ABWACDB=2|:2WX—X( +x7) ‘Pi|= x_x( +x°)

1—x2 20— a2y e =W g
B = dwt =m? 7x<1+xz)w"+2w‘/J w 4—71+x2 w We + —w
= =m =X =X —Wp,
A 1—x2 x 2(1 — x2) ¢ T2
where a? :=2 };ii . The formula (36) takes a simple form:
1 B
“AZE[WA Yea VBa+VA,B]. 37)
Moreover, the inverse transformation
o+ xpB 2B —xa
= — = , 38
T 1442 ¢ ThTre (38)
implies the following form of the Eqs. (34-35) in terms of variables «, B:
o+ xpB 2B —xa
Ap(a) + 9y (H—)cz)_ax (a 1+x2)=07 (39)
4a? B —xa s +xB
A 30, | —— 30 =0, 40
h(ﬂ)+1+x2,3+ :p(l+x2)+ x(a 1+X2) (40)
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Degenerate axially symmetric Killing horizon 995

where
Ap = 3ya*dy + dpa=%d, .
o x —1 1 x
Let us denote v := 5l B = ﬁ [3 3x] ,C = H—# |:—3x 3i|, then the Egs.
(39-40) take the following (matrix) form:
Aot 2 00) o (2By) 44, (Cvy =0 41
a0 [P+ (@BY) 2, Co =0, @

Other useful identities:

Wy = o +aeaPop =04Qu — B) —eaPdpa,
204u = 94p + Bwa + a8 (0pa + awp).

2.1 Boundary data

A small perturbation of Kerr data (20-21) does not destroy the number of two zeros for
covector w4. This is a simple consequence of the “inverse function theorem”. More
precisely, the non-vanishing curvature in the neighborhood of “spherical pole” (zero of
w ) assures invertibility of the first derivative V4w in a small open neighborhood” and
implies existence of a local diffeomorphism w4 (x?). Hence, for perturbed w4 (x %)
there exists (in a small open neighborhood of spherical pole) precisely one point,
where w4 vanishes. The freedom of global conformal transformations enables one
to introduce “new conformal coordinates” in such a way that the spherical poles
are always at the points where w4 vanishes. Hence, we can always assume that the
perturbed w4 vanishes at spherical poles which implies zero (homogeneous) boundary
data for linear perturbation W, or equivalently for v = (a, 8)°.

One can also show that respectively chosen conformal vector field X enables one
to change w4 — W4 + Lxw,4 in such a way that it will vanish at a given point (see
Appendix D).

Hypothesis The Eq. (41) has no regular solutions for homogeneous boundary data
WA|x=1 =0= WA|x=71’

Proof attempt Let us consider Fourier series for v:

e¢]

vix, ) = D wx)e?.

k=—00

2x2(3=x?%)

T2y and it

2 Formula (2) implies that det VAa)B = f2 + %(% - ||a)||2), for Kerr det VAa)B =
vanishes only on the equator x = 0.

3 It is not obvious that W4 = 0 corresponds to v = 0 and it is not true for k = 0.
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996 J. Jezierski, B. Kaminski

It leads to ODE for v (x):
k> 4a*> T0O 0 ,
3xa23ka - a—zvk + m |:0 li| Ve + ax(aszk) +ik(Cvr) = 0. (42)

We check that v vanishes at poles for |k| > 1, because W4 vanishes there. For k = 0
we have axial symmetry, hence we already have uniqueness in full nonlinear case,
however it would be nice to check this fact independently.

For |k| > 8 we show in Appendix C that there are no regular solutions. There are
some initial numerical results which confirm nonexistence hypothesis for |k| < 8.
We are going to check numerically the existence or nonexistence of low modes. The
results will be published in a separate paper. (]

The above Hypothesis implies stability of the extremal Kerr horizon. It is true for
|k| > 8 and adding this assumption we get Theorem 5. More precisely, Eq. (42) has
no regular solutions for |k| > 8. The analytical proof is given in Appendix C.
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Appendix A: Kerr in conformal coordinates

The background metric (22) can be conformally related to unit sphere metric as follows:
gkerr = hapdxAd® = 2m? (a—2dx2 n a2d<p2) — 2m2 F2 pdiAdRE,  (43)

where

7 dx? x —tanh 2
hapdi?di® = 1—-id@*|, ¢=¢, F=— "2
ARG X [1—)22“ SRR R A Al pver
is the usual unit sphere metric and
2 a® 2 X . Xx\2 2.~
F =—~=—(cosh——xsmh—) , dx = F“dx.
1 —x2 14 x2 2 2
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Appendix B: Reduced linearized equations
B.1 Elimination of u 4

We start from traceless part (33):

VaWg + VpW4 + 2w0aWp + 20pW4 — VCWChAB — ZwCWchAB +
—2wasupg —2wpuys + 2a)CuChAB =0. 44)

The two independent components (AB) = (xx) and (AB) = (x¢) can be written as
follows. Component (xx):

2V W, + 4o, Wy — (VW + VW) I — 2(0 Wy + 0P Wy) iy +
—dwyuy + 2(w0 uy + a)‘puq;)hxx =0

or in an equivalent form (dividing by /,):

VW, + 4™ W, — VIW, — VoW, — 20" W, — 20% Wy — 40 iy + 207 u, +
20%uy =0, (45)
20 u, — 2a)¢u¢ = V'w, — V¢W¢ +20"W, — 2w¢w¢.

Component (x¢):

ViWg + VoW + 20, Wy + 20pWx — 201ty — 2wpuy = 0,
2a)¢ux + 2a)xu¢ = VXW¢ + V¢Wx + 26z)xW¢ + 20)¢Wx. 46)

Finally we have (in matrix form)

20 —20% | [ uy VW, — VoW, + 20" W, — 20%Wy

= 47)
2a)¢ 2wy Ugp VxW¢ + V¢Wx + 2a)xW¢ + 20)¢Wx

20° —2w?

Let us denote A := |:2a)¢ 20,

]. Hence

Al 1 20 20?7 1 wy o
Aoy ofop) | 209 207 | 2]0)? [—wg o |
Multiplying by A~! we get

! x 0 x 0
Uy = W(a)xv W, — 0y VPWy + 200" Wy, — 20, 0P Wy +

+a)¢VxW¢ + w¢V¢Wx + 2wxa)¢w¢ + 2a)¢a)¢wx)
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998 J. Jezierski, B. Kaminski

or in simpler form

O VW, — 0, VW4 + 0? VW + 0? Vw, + 2)|olPwy).  (48)

Uy =

2ol
Similarly, component ¢:
1
Up = W(w¢v¢w¢ — wy VW, + 2a)¢a)¢’w¢ — 2wpw Wy +
+0" ViWg + 0" VgWy + 20" 0, Wy + 20" wgWy)

or

1
Uy = 2||a)||2( ¢V Wy — 0y VW + 0" ViWg + 0" Vywy +2||w]? Wy). (49)

Equations (48) and (49) we can rewrite in covariant form:

U = (@B VEWa + 0P Vawp — waVEWg + 2[|w]?Wa).

2||eo]|?

Now, introducing ®4 := ——>w4 we have

o n
up =wA+%(chvaA+c1>BvAwB — d,VBwp). (50)
Let us notice the following
BVewy = Ve (@Bwy) — wuVpd? = V(@Pw,y) —wy (51)
(from [6] we know that Vz® 8 = 1),

OBV wp = Va(PPwp) —wpVad® = Va(@Pwp) — WiV D, (52)
D VEwp = VB(@awp) —wpVED, = Va(@awP) —wBVpd,.  (53)

The above Egs. (50), (51), (52) and (53) imply
Ua = l By, B B B _ .
A=Wy + 3 VE(P WA —D4W?) + VA(P WE) + W (VpDy —VaDPp)—Wy | .

From [6] we know that e4BVyd 4 = 0, hence Vpd 4 — V4P = 0, and we obtain
formula (36): ua = § [Wa + Va(®Bwp) + Va(@Ew, — o wh)].
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Degenerate axially symmetric Killing horizon 999

B.2 Equations for wy

The trace and curl of u 4 gives:

VAW 4+ 20%W4 + VAuy =0, (54)
e48Vgu, = 0. (55)
Using formula
_ ! B By, B
ua =5 |Wa + Va(P"Wp) + V(P Wy — Ddyw™) (56)

and Eq. (54) we obtain
VAWA—l—Za)AWA—}—%VAWA+%VAVA(<I>BW3)+%VAVB(G>BWA—QDAWB) =0,
A(@Bwp) +3VAWY + 40wy 4+ VAVE(Dpwy — Dywp) = 0.
Moreover, VAVE(®zwy — & 4wp) = 0, because
VeVpth — Vet = R pept®® + RB pepthE,
where by RApcp we denote Riemann curvature tensor. We have
VaVptAB — VpVatAB = RpptPB — RpatE,
where by R4p we denote Ricci tensor. The symmetry of Ricci
VaVptAE — VVst48 = Rpptf8 — Ropt?f =0
implies

VAVE (@pwy — Pawp) = VEVA(@pwy — Dawp) =
=VAVE (D wp — Dpwy) = —VAVE(Dpwy — DaWp).

Hence VAVE (dgw, — ®4wp) = 0 and we obtain (35)
A(DPwp) +3VAwy, + 4wy = 0.
Using formula (56) and Eq. (55) we get
e BVpwa + BV VC(Dewa — Dawe) + BV V4 (0Pwp) = 0.
Vanishing torsion gives eABVpV A4 (®Bwg) = 0, hence

eABVpwy + 2BV VE (Dewy — Dawe) = 0.
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1000 J. Jezierski, B. Kaminski

Moreover, dcwWy — PspWe = sAcsDECDDWE implies
eABVpwy + e4BescVEVE (ePE D pw).
Using identity e48g,c = —858 ¢, we get
e BVpwy + VeV (et Bdpwy) = 0,
and finally we obtain (34)

A(EABCDBWA) + EABVBWA =0.

Appendix C: Proof for large k
Stability for the extremal Kerr leads to the following equation:

k2
9ra’dyve — — v + Dy + dx(a>Bug) + ikCuv =0,
a

2 _ ~Al—x?
at=2 1+x2°
v s [—1,1] — C? is the unknown function we are looking for,

_ 1 x—l

B_W[:Hx}
I x

S

C= sz[—3x3}’

_42 00
D_lJf)c2 |:011|'

Theorem 5 Equation (57) has no solutions for |k| > 8.

Proof For functions f, g : [—1, 1] — C? let us define a standard scalar product:

1
(flg) = / FTgdx.
e

Let us consider an operator X := a% and its hermitian conjugate X*

Eq. (57) takes the form:

k2
X*Xv + — vk + X*(aBvy) —ikCv; — Dvg = 0.
a

@ Springer
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Degenerate axially symmetric Killing horizon 1001

The left-hand side we denote by Ly, where L is a linear operator and vy € ker L, i.e.
Lvi = 0. For (vr|Lvg) we have:

0 = (vl Lwp) = || Xvg||> + &>

1 1
—vr || + (XvglaBuy) — ik (—vklan) — (vk|Doy).
a a

1
| X vl gl

= we obtain:
okl lTvel

Introducing real numbers x :=

2 2 2.2 2 o1
X Noll” + k7 y llogll” = —(XvklaBug) + ik kalank + (V| Dvg),
and absolute value one can estimate as follows:
2 2 2.2 2 1
X Nokll” + k7 y lloell” < [(XvglaBug)| + k| Ekaank + [(vk| Dug)| -
From Cauchy-Schwarz inequality
2 2 2.2 2
X Nvell” + k7 y lloell” < xllvkllllaBug |l + [kl yllvellllaCo |l + vkl Dokl
and from [|Av]|| < ||A|l|jv] we get:
el + 2y vell® < llaBl + [klylaCll + DI o l>
Hence
2 2.2
x“+k7y" < x|laB|l + lk|yllaC|l + | D

or in an equivalent form:
laBl\* laCl\? laB|? + [laC|?
(x— ) +(ky===) =Ipl+ ————.

4
Positivity of (x — @)2 gives

laC|l\? laB|? + [laC|?
(|k|y— ) <|D|+ —M—

2 4

and

_ llaCll+ VAIDI + llaB|? + [laC|
< 2 .

Ik|
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1002 J. Jezierski, B. Kaminski

1
Definition of y = Nguel anda < /2 gives y > %ﬁz hence

llvell

laCll + V4D + llaB? + llaC|?

k|l <
= V2

A simple computation gives || D|| = 8, laB| = v/6, ||laC|| = 3+/2. Finally

3J2 324+6418
k| < V24 o =34+ V28 =~ 8.29,
V2
but £ is integer hence |k| < 8. m]

Appendix D: Conformal vector field for extremal Kerr

We are looking for a vector field X in the following form:

X = A(x)cos pdy + B(x)sin¢dg.

m21x? 0
In coordinates (x, ¢) the metric tensor (gap) = 1—x? > |, hence

21—
0 4m 1+§2
1+ x2 —x2
— 2 _ 2 :
Xy = Am - cos¢p, Xy =4Bm e sing .
The CVF equation

VaXp+VpXa=VcXCgap

applied to our field X reduces to

14+x% 2x 5
VX, = ]_sz +(]_x2)2A m COS¢,

Ve X 4m? 1_xB 2 A ) cos¢
= 4m — .
000 1T+x27 7 (1422

1—x? 14 x?
V¢XX+VXX¢ = (41+sz/— =2

VeXC = (A + B)cos ¢,

A) m? sin o,

where A’ := Z—A.
X
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They can be written in an equivalent form:

1+x2 2x ) 1 ,1+x%
(l—sz (1—x2)2A)m cos¢=§m l—xZ(A + B)cos ¢,
1—x 2x 1—x?
2 _ 2 /
4m (1+x23—(1+x2)2A)cos¢_2m 1+x2(A + B)cos ¢,
1—x? ’—1+X2A:O,
1+ x2 1 —x2

and finally we obtain system of ODE’s:

B—A/+4—x
- 1

74

1 —x2 1+ x?

4B = s
1+ x2 1—x2

which leads to the second order ODE for the function B:
2
4x 1/1+x2
2 —
[3x Ty (ﬁ) ]B“) =0

2
and A(x) =4 (E_—ii) B’(x). We get the following solution:

B(x)=C Bl L (x 4108 =) |+ Cysinh | & (x + log -
X) = 1 COS 2 X 0g1—|—x 2SI 2 X Og1+x .

If we assume that the field X vanishes at one “pole” (x = £1) we obtain the relation
for constants C;: Cp = £C}. For C, = —C we have:

1 1 1 —x2
B(x) = C i e=br Ay =20 | LFX LY dx
l—x 1—x1+x2

Finally the CVF X takes the form:

X=C

1 1—x?
+x —3x (2_x2 cos ¢y + sin¢8¢) .

1—x 14+ x
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