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Mixed problems for degenerate abstract parabolic
equations and applications

VELIL B. SHAKHMUROV!2 and AIDA SAHMUROVA?

ABSTRACT. Degenerate abstract parabolic equations with variable coefficients are studied. Here the boun-
dary conditions are nonlocal. The maximal regularity properties of solutions for elliptic and parabolic problems
and Strichartz type estimates in mixed Lebesgue spaces are obtained. Moreover, the existence and uniqueness
of optimal regular solution of mixed problem for nonlinear parabolic equation is established. Note that, these
problems arise in fluid mechanics and environmental engineering.

1. INTRODUCTION

In this work, the boundary value problems (BVPs) for parameter dependent degene-
rate differential-operator equations (DOEs) are considered. Namely, linear equations and
boundary conditions contain small parameters and are degenerated in some part of boun-
dary. These problems have numerous applications in PDE, pseudo DE, mechanics and
environmental engineering. The BVP for DOEs have been studied extensively by many
researchers (see e.g. [1-11] and the references therein). The maximal regularity proper-
ties for DOEs in Banach space valued function class are investigated e.g. in [2, 3, 5-10].
Nonlinear DOEs studied e.g. in [6,9].

The main objective of the present paper is to discuses the initial and nonlocal BVP for
the following nonlinear degenerate parabolic equation

(1.1) % + . ak () % + B ((t,x,u,Dmu)> u=F (t,w,u,D[l]u) ,
k=1 k

where a; are complex valued functions, B and F' are nonlinear operators in a Banach
space E and

Oy oltly ollly n
Dty = = ) T = b)),
Y (83&1’ Oxy’ ’axn>7x (@122, -, 2n) € G 1};[1(07 )

, , (4] i
D,[:]u:ul(f):a y:(m”"“ 0 ) u(z), 0 <ai <1

ox}, K xp
First all of, we consider the nonlocal BVP for the degenerate elliptic DOE with small
parameters
. ol . oty
(1.2) ;ak(x)a—miwLA(x)qu)\qu;Ak(x)a—xk:f(x),
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where a;, are complex-valued functions, A is a complex parameters, A (z) and Ay, (z) are
linear operators.
We prove that for f € L, (G;E), larg\| < ¢, 0 < ¢ < 7 and sufficiently large ||,

problem (1.2) has a unique solution v € Wp[Q,]l (G;E(A), E) and the following coercive
uniform estimate holds

Alily

k

n 2 )
323

k=11i=0

+1Aully ey < CUflL,cm) -
LP(G§E)

Then the above result is used to prove the well-posedeness of initial BVP (IBVP) and
the uniform Strichartz type estimate for the solution the degenerate abstract parabolic
equation with parameters

n (2]
(13) % S @) T+ A u=f(at),t€ (0,T), 2 €G.
ot P ox;,

Finally, via maximal regularity properties of (1.3) and contraction mapping argument, the
existence and uniqueness of solution of the problem (1.3) is derived.

Note that, the equation and boundary conditions are degenerated with the different
rate at different boundary edges, in general.

Let v = v () be a positive measurable function on @ C R™ and E be a Banach space.
Let Ly, , (©2; E) denote the space of strongly measurable E-valued functions defined on Q
with the norm

||pr,7=|f||Lp,7m;E>=(/ 1 @)%~ dx) l<p<oo

For v (x) = 1 we will denote these spaces by L, ((; E) .
Let £y and E be two Banach spaces and Ej is continuously and densely embeds into E.
Let us consider the Sobolev-Lions type space W}, (a, b; Eo, /) , consisting of all functions

u € Ly (a,b; Ep) that have generalized derivatives u(™ € L, (a,b; E) with the norm

< o0.
Lp,y(a,b;E)

el = el oo = Nl gm0
Let v = 7 (x) be a positive measurable function on (0, 1) and

whnl = winl (0,1, Eo, B) = {u: w € L, (0,1; E) ,

ul™ € 1,(0,1;E), lull ey = Nl 0,1:80) + Hu[m]‘

< oo} .
Lyp(0,1;E)
Let
ap (z) =20, o= (a1, 00, ..., an) .
Consider E-valued weighted space defined by
olmly,
oz} <

<00 p.
LP(G?E)

W;LETZ] (GvE(A)vE):{u;UGLP(G;EO)v LP(G;E)a

olmly,

m
P k

lullyym = Nl @:m,
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2. DEGENERATE ABSTRACT ELLIPTIC EQUATIONS

Consider the BVP for the following degenerate partial DOE with parameters

a[ lu oty
(2.4) Zak (k) (9 > +A(x )u+)\u+ZAk 8xk = f(z),
= k=1
My ‘ )
Liju = Zakﬁuﬁﬂk (Gro) + Bkjiug] (Gw) =0, j=1,2,
i=0

where a;, are complex-valued functions, A (z) and Ay, (x) are linear operators, u = u (),
Qkji, Brji are complex numbers, A is a complex parameter, my; € {0,1},

n
x=(21,22,....,%n) € G = H (0,bx),
Gro = (21,22, sy Tk—1,0, X1, -, Tn) , P € (1,00),

Gkb = (l’l, L2y ey Th—1, bka LhA1y ey xn) 7
k) = (T1,Z2y ooy Tl 1, T 1y ooy Tp) € Gl = H (0,05).
i#k
Consider the principal part of (2. 4), i.e., consider the problem

(2.5) Zak T) +A( Ju+Au= f(z),
Z Oékjiuggil (Gro) + Bkjiug] (Gw) =0, j=1,2.
i=0

Theorem 2.1. Assume;

(1) E is an UMD spacethe Banach space, 0 < o < 1 — pik, pr € (1,00), agm,, # 0,
ﬁkm 2 7é 07

(Zk) A () is a uniformly R-positive operator in E, A (x) A~' (z) € C (G; L (E)), z € G;

(3) ar € C ([0,by]) and ay, (z1,) < 0 for xy € [0, bg] ;

(4) ag (Gj()) = ay (Gjb) s A (Gj()) Ail (.’E()) =A (Gjb) Ail (1'()), k,] = 1, 2, ey N

(5) = (=1)™" ag1Bra — (1) ar2fr1 # 0.

First, we prove the separability properties of the problem (2.5):

Then, problem (2.5) has a unique solution u € W;ﬂ (G;E(A),E)for f € L, (G, E), larg | <
o with sufficiently large |\| and the following coercive uniform estimate holds

n 2 i
alily,
=1i= 0 kL, (GE)
Proof. Consider the BVP
2.7) (L+ X u=ay (x1) DZu (1) + (A(21) + N u(z1) = f(21),

Liju=0,7=12 2 € (0,b),
where L,; are boundary conditions of type (2.5) considered on (0,b,). By virtue of [7],
problem (2.7) has a unique solution v € WE}II (0,b1; E(A),E) for f € Ly, (0,b1; E),
larg A| < ¢ with sufficiently large |A| and the coercive uniform estimate holds
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2 )
>
=0

Now, let us consider the following BVP

ul) ‘

Ly, (0,b1;E) * ”AUHLM (0,b1;E) =C Hf”Lm (0,b13E)

2
28) Z ag (wr) DPu (w1, 09) + A (w1, 09) u (21, 22) + A (21, 29) = f (21,72)
k=1

Lpju=0, Lipu=0, k=1,2, 21,22 € G2 = (0,b1) x (0,b2) .

Let a(2) = (o, ). Since Ly (0,b2; L, (0,01); E) = L, (Gg; E), the BVP (2.8) can be
expressed as

as D (2) + (B (w2) + A u(22) = f (23), Loju=0,j=1,2,

for z; € (0,b1), where B is a differential operator in L, (0, b1; E) for 2 € (0,b2) , genera-
ted by problem (2.7). By virtue of [1, Theorem 4.5.2], L,,, (0,b1; E) € UMD for p; € (1,0).
Moreover, in view of [10] the operator B is R—positive in L,, (0,b1; E). Hence, the pro-
blem (2.8) has a unique solution u € WEL(Q) (Go; E(A);E) for f € Ly, (Go; E), larg A| < ¢
with sufficiently large |\| and (2.6) holds for n = 2. By continuing this process we obtain
the assertion. 0

Theorem 2.2. Let the conditions of Theorem 2.1 are satisfied and Ay, (z) A=) (x)eC (G; L (E))

for 0 < v < i. Then, problem (2.1) has a unique solution u € WIEQ,L (G;E(A),E) for f €

L, (G; E), |arg A| < ¢ with sufficiently large |\| and the coercive uniform estimate holds

n 2 1_% amu
(29) DX Dt

k=1 1i=0

+1Aullp, iz < CUIL, 65 -
Lp(G§E)

k

Proof. By second assumption and by [5, Theorem 3.5] for all A > 0 we have the following
Ehrling-Nirenberg-Gagliardo type estimate

(2.10) ILeullz, ey < B Tl gimay,my + 2707 Nl iy

Let O denote the operator generated by problem (2.5) and

2 Aty
Liu = Ay (x .
1 gé; k( ) aIk

By using the estimate 2.10 we obtain that thereisa ¢ € (0, 1) such that

HL1 O+ A)‘lHB(X) <4

Hence, from perturbation theory of linear operators we obtain the assertion. O
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3. ABSTRACT CAUCHY PROBLEM FOR DEGENERATE PARABOLIC EQUATION

Consider the IBVP for degenerate parabolic equation:

ou - 92y,
(3.11) ajuzak (w4) 5 + A(@)u+du=f(z,t),t€(0,T), 2 €GC,
k=1 k
iju =0
(3.12) w(z,0) =0, t e (0,T), 2% e Gy,

where v = w(x,t) is a solution, dy;, Ok, are complex numbers, aj are complex-valued
functions on G, A (z) is a linear operator in a Banach space E, domains G, Gi, Gko, Gkb,
o, and (%) are defined in the section 2.

For p =(po,p), Gr = (0,T) x G, L, (Gr; E) will denote the space of all E-valued
weighted p-summable functions with mixed norm.

Theorem 3.3. Suppose all conditions of Theorem 2.1 are satisfied for ¢ > 7. Then, for f €
Ly, (Gr; E) and sufficiently large d > 0 problem (3.11) - (3.12) has a unique solution belonging
to ngg ] (Gr; E (A), E) and the following coercive uniform estimate holds

2

ou oy
y AL, erimy) < Cll Ly @rim) -
H ot Lo(GriE) 395% Lo(GriE) Lp(GT;E) Lp(GT;E)
Proof. The problem (3.11) can be expressed as the following abstract Cauchy problem
d
(3.13) dit‘+(o+d)u(t):f(t), u(0) = 0.

By virtue of [9], O is R-positive in X = L, (G;E), i.e O is a generator of an analytic
semigroup in X. Then by virtue of [10, Theorem 4.2] problem (3.13) has a unique solution
uwe W, (0,T;D(0),X) for f € Ly, (0,T; X) and sufficiently large d > 0. Moreover, the
following uniform estimate holds

du
L, 0m:x)

Since L,, (Gr;X) = Lp (Gr; E) , by Theorem 2.1 we have
(O +d) u||L,,O((O,T);X) =D(0).

Hence, the assertion follows from the above estimate. O

+ ||Ou||Lp0(O,T;X) <C Hf”LpO(O,T;X) .

4. NONLINEAR DEGENERATE ABSTRACT PARABOLIC PROBLEM

In this section, we consider IBVP for the following nonlinear degenerate parabolic
equation

o & oy
(4.14) — + ai (2x) =—5 + B[ (t, z,u, DUy} ) u=F (t,z,u, DMu),
S k0 B 4 ((1m D)) o= )
(4.15) Liju=0,u(z,0)=0,te (0,T),zecG,z® cq,

where u = u (z,t) is a solution, ay;;, Bxj: are complex numbers, a;, are complex-valued
functions on [0, b;]; domains G, Gy, Gio, Gy and o, z*) are defined in the section 2 and

i 8[’]u o 0 !
DL]u: T = (xkkax,) u(z,t),0<ap <l
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Let Gr = (0,T) x G. Moreover, we let

n

HObok G = HObk ), bi € (0,box) ,

k=1
T e (o,TO), BM = (W?» (Gk. E(A),E),L” (Gy; E))

Nik>p’
Mi; + 1 ak no 1
—— B H JJEEE
k=1i=0

Theorem 4.4. Assume the following hold:

(1) E is an UMD space and 0 < oy, ag < 1 — %,p € (1,00);

(2) ay are continuous functions on [0,bg], ay (zx) < O, for all x € [0,b], m,, # 0,
ﬂkmkz 7é 0, k= 1, 2, . n,

(3) there exist ®y; € By, such that the operator B (t,x, ®) for & = {®y;} € By is R-positive
in E uniformly with respect to v € Go and t € [0, Ty] ; moreover,

B(t,z,®) B~ ' (t°,2°,®) € C (G;L(E)), t° € (0,T), 2° € G;

(4) A= B (t°,2°,®): Gr x By — L(E (A), E) is continuous. Moreover, for each positive r
there is a positive constant L (1) such that

|[B(t,2,U) = B (t,2,0)] v||, < L (") [|U=T|| 5 [140]

fort € (0.7),2 € G,UU € Bo,U = {tigs} , ri € Bri, |Ull g, - ||U|| 5, <70 € D(A);

(5) the function F: Gy x By — E such that F (.,U) is measurable for each U € By and
F (t,z,.) is continuous for a.a. t € (0,T), F(t,z,U)—F (t,z,U)], <

2) \U U g, foraa. t € (0,7), x € G, UU € Byand |Ul,,||U| 5z <r f()=

F(.,0)e L, (Gr; E).

Then thereisa T € (O To) and a by, € (0, bor,) such that problem (4.14) - (4.15) has a unique
solution belonging to Wy 2 (Gr; E(A)E).

Nik =

Proof. Consider the following linear problem

ow - oy

Ve du = t t T

(%Jrk:lak(i?k) e +du=f(z,t), z€ G, te(0,T),
(4.16) Liyjw=0,w(z,0) =0,t € (0,T),z € G, 2% € Gy, d > 0.

By Theorem 3.3 there is a unique solution w € Wyl 2 (Gr; E(A), E) of the problem
(5.3) for f € L, (Gr; E) and sufficiently large d > 0 and it satisfies the following coercive
estimate

1ol 2 6rsmay,m) < Collf L, rimy

uniformly with respect to b € (0, b, i.e., the constant Cjy does not depends on f €
L, (Gr;E)and b € (0 by] where

A(z) =B (z,0), f(z)=F(z,0), z € (0,b).

We want to solve the problem (4.14) - (4.15) locally by means of maximal regularity of the
linear problem (4.16) via the contraction mapping theorem. For this purpose, let w be a
solution of the linear BVP (4.16) Consider a ball

B,={veY,v-—weY, |lv-w|, <r}.
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For given v € B, consider the following linearized problem

0 - o2y

u
(4.17) =+ kZ:l ak (1) T +A(x)=F(2,V)+[B(2,0) - B(z,V)]v,
(4.18) Liju=0,u(z,0)=0,te(0,T),zcG,z" eqG.

where V' = {v;}, vki € By;. Define a map @ on B, by Qu = u, where u is solution of
(4.17). We want to show that @ (B,) C B, and that () is a contraction operator provided T
and by, are sufficiently small, and r is chosen properly. In view of separability properties
of the problem (4.16) we have

1Qu —wlly = |lu—wl|y <Co{|[F(z,V) = F(z,0)] x +

I[B(0,W) =B (z,V)]vlx}-

By assumption (4) we have

1B O.W)v= B Vvlx < sup {IIBOW) =B @ W) olue,p)

1B (2, W) = B (5 V)l 0y } <

[60)+ LERIW = Vil g, ] o = wlly + wlly] <
{0) + LR Ol = wlly + v - wlly]

[lv = wlly + llwlly]} <6 0) + L(R) [Cir +r][r+ [lw]ly],
where

5 (b) = sup I[B (0, W) = B (2, W)]ll gy, 5) -
xze|0,

In view of above estimates, by suitable choice of 11z, Lr and for sufficiently small T" €
(0, Tp) and by, € (0, bor] we have

Qv —wlly <,
ie.
Q(B;) C B,.
Moreover, in a similar way we obtain

Qv —Qolly < Co{urCr+ Mo+ L(R)[|lv—wly + Cir] +

L(R)Cy[r + [[wllyl[lv —olly } + ().
By suitable choice of yr, Ly and for sufficiently small T' € (0,T) and by, € (0, boi,) we

obtain ||Qu — Qv|y < nllv—12|y,n < 1,ie. Q is a contraction operator. Eventually, the
contraction mapping principle implies a unique fixed point of ) in B, which is the unique

strong solution u € Wpl,}[f] (Gr;E(A),E). O
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