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Wavelets in weighted norm spaces *

K. S. Kazarian, 'S. S. Kazaryan ‘and A. San Antolin

September 25, 2018

Abstract

We give a complete characterization of the classes of weight func-
tions for which the Haar wavelet system for m-dilations, m = 2,3, ... is
an unconditional basis in LP(R,w). Particulary it follows that higher
rank Haar wavelets are unconditional bases in the weighted norm
spaces LP(R,w), where w(z) = |z|",7 > p—1. These weights can have
very strong zeros at the origin. Which shows that the class of weight
functions for which higher rank Haar wavelets are unconditional bases
is much richer than it was supposed. One of main purposes of our
study is to show that weights with strong zeros should be considered
if somebody is studying basis properties of a given wavelet system in
a weighted norm space.

1 Introduction

The wavelet analysis, since its creation, has been used in many areas
of applied mathematics. The main idea is as simple as to find a function
(wavelet or wavelet function) defined in R or in R? so that the system of its
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dilations and translations constitute a complete orthonormal system (ONS)
in L2(R) or in L2(R%). In fact this idea was used by A. Haar for constructing
a complete ONS in L?(]0, 1]) such that the expansion with respect the system
of any continuous function on [0, 1] converges uniformly. In the univariate
case the simplest dilation is the dyadic dilation. In this case a function
g € L*(R) is a wavelet if {gy, : k,j € Z}, where g, ;(z) := 2¥/2g(2kx — j) is
a complete ONS in the space L*(R).

If we want to study the class of weight functions w > 0 for which a
given wavelet system {gy; : k,j € Z} is a basis in a certain sense in the
weighted norm space LP(R,w),1 < p < oo then we have to consider a new
phenomenon which does not arise in the case of a finite interval. In recent
years several papers were published where the above question was studied.
Unfortunately in the majority of those papers the phenomenon which we are
going to describe is not considered. To give a preliminary idea about the
main subject of our study suppose that for a given weight function w there
exist some functions h such that

(a) Jg 9k (@)h(x)dz =0 forall k,j € Z;
(b) L e I’ (R,w), /p+1/p =1.

Then any non trivial function % as linear continuous functional will be a non
trivial element in the dual space L” (R, w). Moreover, this functional vanishes
on all gy; : k,7 € Z . Hence our wavelet system is not complete in the
space LP(R, w). A necessary condition for completeness of the system {gy ; :
k,j € Z} in the space LP(R,w) is the following condition: % ¢ LV (R, w).
Thus if we are going to describe all weight functions w for which the system
{9k : k,j € Z} is a basis in a certain sense in LP(R, w), we have to consider
all those weight functions w for which the condition (b) is not true. For our
study we will use the technique by which similar questions were studied for
incomplete systems in the weighted norm spaces (see [15],[16], [17]). We also
will show that the conditions (a) and (b) are not hypothetical cases. We tried
to produce a readable text of our study. The authors are conscious that some
results of the present paper can be proved by other methods. In those cases
we have opted for more classical tools with the hope to present a text which
will be accessible to a wider range of readers.

Usually in concrete examples one has that the wavelet g € L'(R) (] L*(R).
Moreover, if we are going to study the wavelet system in LP(R, w) it will be



natural to suppose that
g € L'R) [ L=®r)(R).

On the other hand the purpose of the present paper is not to obtain the most
general results. Hence, instead of the last restriction we will suppose that
g € LY(R) L=(R). It is well known that if a wavelet g € L'(R) [ L*(R)
then its Fourier transform g should vanish at the origin and thus the con-
stant functions satisfy to condition (a). Which means that if someone has
studied the formulated question without describing the class of functions
for which the condition (a) holds and without considering weighted norm
spaces LP(R,w) with weights w which does not satisfy the condition (b),
then his proof is not complete. In [7](see also [6]) was given a complete char-
acterization of weight functions w for which the Haar wavelet system is an
unconditional basis in LP(R,w),1 < p < co. It was given without detailed
proof because the technical details were similar with the proof given in [17].
Almost at the same time was published the paper [23]. In the last paper the
described phenomenon was not considered. It is understandable that we will
not cite all papers where similar questions have been studied.

In order to show that the question under consideration is not a technical
problem which has only theoretical interest, we characterize the classes of
weight functions for which the Haar wavelet system for m-dilations, m =
2,3, ...1s an unconditional basis in L”(R, w). From the corollary of the main
theorem of the last section it follows that higher rank Haar wavelets are
unconditional bases in the weighted norm spaces LP(R,w), where w(z) =
|z|",r > p — 1. Which shows that the class of weight functions for which
higher rank Haar wavelets are unconditional bases is much richer than it
was supposed (see for example [20], where this question was studied). In
Section 2] we prove an inequality for the orthogonal wavelet systems which
particularly shows that in the case of general orthogonal wavelet systems the
set of nontrivial functions A for which the condition (a) holds is not empty.
In Section [3] we give all preliminary results which will be used for our study.
Next two sections are dedicated to the mth rank Haar system on [0, 1]. The
results of these sections have certain interest. It should be mentioned that
they are used for proofs given in the last section, where the main results for
the higher rank Haar wavelets are obtained.



2 An inequality for wavelet type systems

If w > 0 be a weight function on R, i.e. a non negative locally integrable
function then we write ¢ € LP(R,w),1 < p < 0o if ¢ : R — C is measurable
on R and the norm is defined by

ol o= [ looPuar) < +oc.

For a g € L*(R) and m = 2,3, ... we will denote

Grgm(@) = m"?g(mbe —j),  k,j €L (2.1)

In this paper we will use a slightly modified version of the classical definition
of the Fourier transform. For a function f € L'(R) N L*(R) we put

_ /R f(@)e 2 vdy,

The characteristic function of a set E is denoted by xg and Ny = N{J{0}.
The following lemma is a well known result (cf. [4], p. 132; [12], p. 71).

Lemma 2.1. The system {h(- — j) : j € Z}, where h € L*(R), is an or-
thonormal system if and only if

Z|?L(t+j)|2=1 for a.e. teR.

JEZ

As an obvious corollary of the above lemma we have that if g € L*(R) is
a wavelet then [g(t)] <1 a.e. on R.

Theorem 2.1. Let g € L*(R) and m = 2,3,.... Suppose that the system
{9kjm : k € No,j € Z} is orthonormal. Then

> [gm )P < 1 (2.2)
k=0

Proof. 1t is easy to check that

i~ - —2mijm~F
Teim(y) = m~F2G(m " y)e 2miim "y, (2.3)



It is well known that for any interval I C R,|I| = 1 the trigonometric
system {e ?"¥}, 7 is a complete orthonormal system in L?(I). Hence, for
any k € Z and A C R, |A| = m" the system {m*/2e=2mm v}, will be a
complete orthonormal system in L?(A). Thus for any f € L?(R) such that
suppj?g I,|I] =1 we will have that

Sulfi2) = 3 [ FOntansnla) = 3 [ FOTO e gom(o).

JEZ JEZ

Which yields

F0) =3 [ Femmemage > = Fo)lao)?

JEZ

if y € I. It should be observed that the last equality holds because f()% €
L3(I) which is true because of Lemma 2.1l If for any k£ € N we put

Z/.f gk]m dtgk]m( )

JEZ

in a same way we obtain that
SFW) = FEm™ )P i yel. (24)
By the orthogonality of the system {gi ; : k € Ny, j € Z} we have that
Se(f,)LSw(f,) in L*R) if k#K.
Hence,

/RZSk \d:c—Z/|Skfx|dx_Z/|Sk )Py

k=0

- /Rim(f, edy = [ 1Fw)

k=0
By (2.4)) we have that

[ 1w

2
-k dy.

g(m ™" y)|?

g(m~ y

dy—/ZlSk y)[*dy
I

b}



S 2
/RZ\k )"dy.

k=0
By the above relations and Bessel’s inequality we obtain that

/I|f<y>2 2dy§/R\zl:Sk(f,x)|2dx

k=0

)P

< IfI? = / Fl)dy.

The last inequality can be interpreted as follows. Let

y) =Y lgm™*y))> i yel
0

Then for any [ € N the multiplicative operator T;(¢)(y) = w(y)o(y) is a
bounded operator L*(I) — L*(I) with the norm less than or equal to 1.
Which is true if and only if 1;(y) < 1. O

By a simple modification of the last part, related with the application of
the Bessel inequality and the proof of Theorem 2.1l we obtain the following

Theorem 2.2. Let R € L2(R),1 <v <pandm=2,3,.... Suppose that
the system {h :k €Ny,j €Z,1 <v < u} is orthonormal. Then

ii\h (m™Fz)? < 1.

k=0 v=1

k,jm *

We formulate the following corollary for g € L'(R) () L*(R). In the gen-
eral case a similar result can be proved using the concept of points of ap-
proximate continuity (cf. [1], [2]).

Corollary 2.1. Let g € LY(R)(L*(R) and m = 2,3,.... Suppose that the
system { gk jm : k € No,j € Z} is orthonormal. Then the continuous function
g vanishes at the origin, g(0) = 0.

Proof. Let g(0) # 0. Without loss in generality we can suppose that g(0) > 0.
Which yields that g(y) is greater than g(0)/2 in a neighborhood of the origin.
The last condition contradicts to (2.2)). O
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By Corollary 211 we have that when for ¢ € L*(R)(L*(R) and m =
2,3, ... the system {gi;m : k € Ng,j € Z} is orthonormal then the set of
nontrivial functions h defined on R such that

(@)m /gm,m(x)h(:z)da: =0 forall k,j€Z
R

is not empty. Hence, having in mind that the constant function belongs to
L*>*(R) we obtain

Corollary 2.2. Let {g™}*_, c LYR)NL*R) and m = 2,3,.... If the
system {g,(:])m cke€Z,j€eZ,1<v < u}isorthonormal then it cannot be
complete in L'(R).

3 Preliminary results

3.1 On M-sets

Further in this section we will _consider that m > 2 is a fixed natural number.
Let M = M(m) = {[&, 4] : k € Z,j € Z}. Further, the parameter

mF  mF
m will be omitted to make the notation understandable. We will assume
that any m—adic rational point { = -5 k € Z,j € Z is “split” into two
distinct points & and &, characterized by the following conditions: for any

—o0 < a <& <b< 400 we have

Ge(ag], &¢l&b), and & el€h), & ¢ (a8

Hence, there can be easily established one to one correspondence between
any y € R and the sequences {A;(y)}22__ C M such that

j=—00
Ajia(y) € Aj(y) forall jeZ and [Ay(y)| =m™.

When talking about the neighborhoods of the points & and &, we will un-
derstand some intervals (a, &) and (€, b), respectively. The measure of the set
of all m—adic rational points is equal to zero, hence, this assumption will not
affect the results that we are going to consider. In the last section we need
concept of M-neighborhoods of +00 and —oo. For 5 € Ny we put

Aj(+00) =RT\ [0,m7], and Aj(—oc) =R\ [-m/,0],
where R = [0, +00) and R™ = (00, 0].
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3.1.1 Maximal function

Let
Mo f(z) = MDE%AU®W7 feLL.®). (31

TEA,AEM

Let us consider also a maximal function with respect to a weight function
w defined by the following equation

Muof(z) = sup /u Jw(tydt,  fell(Rw), (32)

zEA,AEM W

where w(A) = [, w(t)dt

Proposition 3.1. Let w(z) > 0 for x € R, w € L} (R) and let f €
L (R,w). Then for any A >0

loc

w({t € R : Maguf() > A}) < (/u Jw(t) (3.3)

Proof. If v € Q\(f) :={t € R: M, f(t) > A} then for some A € M such

that x € A )
—A)/A|f(t)|w(t)dt > A\

Observe that among all intervals which have the above properties there ex-
ists A, € M with maximal w—measure. Thus, having in mind that M is
numerable we can find a sequence of mutually disjoint intervals {A,} € M
so that Q) = ;2| A,. O

We also have
Proposition 3.2. Let w(z) > 0 for z € R, w € L;,.(R). Then for any
fell Rw),p>1

AMMJ@% ﬁ<——/V )Peo(t) (3.4)

Proof. Following the proof of the corresponding result for the Lebesgue mea-
sure (see [27], p.7) we split f into two parts, f = fi1 + f2, where fi(z) = f(z)
if | f(z)| > 3 and fi(z) = 0 otherwise. Then we have |f(z)| < |fi(z)| + 3.



Hence, M. f(2) < Mpofi(z) + 5 and Q\(f) C Q%(fl). Thus by Proposi-
tion 3.1l we have that

@ <5 [1h0LOE=3 [ 1roLor @)

Q%(f)

Afterwards we have to use the following equality for any measurable function

g:R—R
/ l9(0) Pur(t)dt = p / / NN (i)t
R R J[0,|g(t)]]

=7 {190 > AP

Hence, by (83) we obtain

“+oo
[ Muatraa <o [ [ (p@letodian -
R 0 QA ()

A
2

2|f(®)] - _Qri )
o [150ko [ vrande= 2 popa

3.1.2 Calderon-Zygmund decomposition for m—adic intervals

We need a modified version for the Calderon-Zygmund decomposition (see
[28]) for the m—adic intervals. Let f € L'[0,1], f > 0 and let A > 0 is such
that

f(t)dt < A.
[0,1]

At the first step we take m intervals {Ix}7, C M ([0, 1] such that |I| =
=1 <k <mand U I =[0,1]. Let {I;,};", C {I;}f~, be all those
intervals for which Nr, > A, 1 <1 <my < m, where

ﬁ / F(t)dt = 1.

Those intervals are renamed G, ..., G,y,,. Clearly,
1
A< — | f(O)dt <m. (3.6)
Gl Je,
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If nr, < Aforall 1 < k < m then we put m; = 0. On the next step we
repeat the same procedure on any of those intervals that were not renamed.
The collection of all m—adic intervals which are separated on the second step
are renamed G, 41, ..., Gm,. For those intervals the condition (B.6]) holds
again. On the vth step all m—adic intervals which are separated are renamed
Gm,_i+1, -, Gm,. If no any interval is separated then we put m,.; = m,.
This procedure produces a collection of disjoint m—adic intervals {G;} for
which the condition (B.6) holds and

1 1
\Q\—;\szX;/Glf(t)dtéx [

where 2 = |J, G} and for any I € M([0,1], I C Q° := [0,1] \ Q we have
that n; < A. The collection {G;} will be called Calderon-Zygmund m—adic
decomposition at level A. Let

g9(z) = f()xae(r) + > _nexa(x) and b(z) = f(z) —g(z).  (3.8)
l

Ft)dt, (3.7)
]

0,1

We skip the details of the proof of the following

Proposition 3.3. Let f € L'[0,1], and let A > 0 be such that [, ;| f(¢)|dt <
A. Then there exists a family of disjoint sets {G,}ex C M such that

lf(x)| <A ae on QF where Q= UGl’ (3.9)
leY

(57) is true and for any I € Y holds (3.8). Moreover, f(x) = g(z) + b(z),
where g is defined by (3.8) and the following conditions hold:

lg(x)] <mA a.e. on [0,1]; (3.10)
lg(@)lI5 < (mA)P=HIfll - for all 1< p < oo; (3.11)
/ b(t)dt =0 forall 1e€T. (3.12)

Gy

For dyadic intervals a similar result was obtained by C. Watari [29].
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3.1.3 Classes of M,,p > 1 weights
Definition 3.1. We say that a non negative locally integrable function w
satisfies the condition M, p > 1 if

W(A) [/Aw_pll(t)dt] Tooap vaem (3.13)

where C, > 0 is independent of A € M. For p = 1 it is understood that
1 p=1
lfA w_rﬂl(t)dt} = [Jw™ Lo (a)-

We say that w satisfies the condition M,,(G), where G C R if (3.13) holds
for all A € M G. The reader should observe that the conditions M, ([0, 1])
and M,,((0,1]) are distinct. In the second case the intervals [0,277],7 € N
should be excluded when one checks the inequality (B13)).

The following lemma is obvious.

Lemma 3.1. Letw satisfies the condition M,,,p > 1 then ) = w T satisfies
the condition M, where % + z% =1.

We follow the ideas given in [3] to prove the following result.

Proposition 3.4. Let w(z) > 0 for z € R, w € L}, (R). Then for any
fell (Rw),p>1

loc

/R My f(HPw(t)dt < B, / FOPwlt)d, (3.14)

for some B, > 0 independent of f if and only if w satisfies the condition M,,.
Proof. Suppose that ([B.I4) is true. For any A € M we have by (31 that

Fi| /A |f()|dtxalx) < M f(z).

Hence, by (3.14) we have that

<ﬁ /A | f(t)|dt)pw(A) <B, /R |f(®)[Pw(t)dt.

Letting f(t) = w_ril(t)XA (t) we obtain (3.13) with C,, = B,. To prove the
opposite assertion one has to use Proposition [3.1] and the following

11



Lemma 3.2. Let w satisfies the condition M,,p > 1 then there exists € > 0
such that w satisfies the condition M,,_..

We skip the rest of the proof because the proof in [3] works with small
changes. O

Definition 3.2. We say that a non negative locally integrable function w
satisfies the condition M, if there exists C' > 0 and § > 0 such that for any
A € M and any measurable subset E C A

AE) _ (1B
“=c(ly)- (3.15)

We skip the detailed proofs of the following two lemmas because the
corresponding proofs in [3] for A, weights work with obvious changes.

Lemma 3.3. Let w satisfies the condition M,,p > 1 then there exist r > 0
and C' > 0 such that

(FL/AW(@HT)“% < C% YA € M. (3.16)

Lemma 3.4. Let w satisfies the condition M,, for some p > 1 then w satisfies
the condition M.

We need also the following
Lemma 3.5. Let w satisfies the condition M, for some p > 1 then
w ¢ L(A;j(+00)),  wé L(Aj(=00)),  Vj €N,

Proof. We prove the assertion for the neighborhoods of +00. For this purpose
we observe that there exists C}, > 0 such that for any j € Ny

w(A_j1) < Cuw(A_ji1 \ Ay). (3.17)

For any 7 € Ny and any locally integrable function f > 0 we have that
Muyf(z) > m™ f[o ] f(t)dt if z € [0,m’]. By Proposition [3.4] we obtain
that

(1 [ o)) w(0,m) < 5, [ sereto

12



Putting j 4+ 1 instead of 7 in the above inequality and letting f be the char-
acteristic function of the set A_;_; \ A_; we obtain the inequality (B.17). If
w € L(Aj,(+00)) then for any € > 0 there exists N € N such that

/ w(t)dt < e.
[m,+o0)

Which leads to a contradiction with the condition (8:I7). Evidently the proof
for the neighborhoods of —oo is similar. O

Definition 3.3. Let w > 0 be a weight function defined on RT. We will say
that w satisfies the condition MY(R™¥), p > 1 for some y € R if

1 p-1
ca| [ wea] <onwr wez e
RH\A; (y)
where C, > 0 is independent of j € Z.

We will not formulate the definition of the condition MY(R™) because it
is clear from the context.

Definition 3.4. Let w > 0 be a weight function defined on A, where A € M,
|A| = m!. We will say that w satisfies the condition MY(A), p > 1 for some
yeAif

| [ eer] <ciamr visL @

where C, > 0 is independent of j.

Lemma 3.6. Let w > 0 be a weight function defined on [0, 1] such that w
satisfies the condition MY([0,1]) for some y € [0,1] and 1 < p < co. Then
there exists q, > 1 such that

-1
/ w‘ﬁ(t)dt</ w‘ﬁ(t)dt) > g,
0.11\A 1) 0.11\2; ()
for all 7 € N.

13



Proof. For any j € N we have that

-1
/ w—ﬁ(t)dt(/ W (t )dt)
[0,1\A;+1(y) [0,1\A;(y)
N -1
21+/ w‘w(t)dt(/ W (¢ )dt)
A;\Aj+1(y) (0,1\A; (y)

p

zu/w\wy)w pl()dt( (A, <y>>)’+o 7T A ()|

i _p_ —— (m—1\r1?
> 1+ [A; )\ A ()77 A ()P =2 14+ Gy (T)
1 v
Putting ¢, =1+ C, "' ("Zl)ﬁ we finish the proof. O

Following three lemmas will be used in the last section. In the proofs we
will use the following notation: aE = {at : t € E}.

Lemma 3.7. Let w > 0 satisfies the condition M,(R™),p > 1 with a con-
stant C, > 0. Then for any N € N the weight function wy(x) := w(m"x)
satisfies the condition M([0, 1]) with the same constant C,,.

Proof. For any E € M ([0, 1] we have

1 p—1 p—1
wN(E)[/wN”l(t)dt} =m w(z)dx [m_N/ w 1( )dx}
E mNE mNE
<m PNC,|mNE|P = C,|E.

We have used that mME € M. O

Lemma 3.8. Let N € N and let y € [0,m"]. Suppose that w > 0 satisfies
the condition M,([0,m™]\ {y}),p > 1 with a constant C, > 0. Then the
weight function wy(z) := w(mMNz) satisfies the condition M,([0,1] \ {yn})
with the same constant C,, where yy = mNy.

Proof. Forany E € M| ([O, 1]\{yN}) we observe that the interval m™ E €

MN ([0, m™]\ {y}) The rest of the proof is the same as above. O

14



Lemma 3.9. Let N € N and let y € [0,m"]. Suppose that w > 0 satisfies
the condition Mg([O,mN]),p > 1 with a constant C, > 0. Then the weight
function wy (x) = w(m™Nx) satisfies the condition MY ([0,1]) with the same
constant C,,, where yy = my.

Proof. For any 7 € N we have

1 p—l
x| [ Twa] = [
[0,1\A(yn) A N (y)

p—1
X [m_N / w_rfl(x)dx]
(0,mNN\A; N ()

< m_pNCp Aj-n@)F = CplAj(y) [P

3.2 Higher rank Haar wavelets

We bring the definition of higher rank Haar wavelets without recalling the
general theory of multiresolution analysis. For relations of these type of
wavelets with p—adic analysis see [21]. Let p(x) = xpo,1(«) and let

V(m) = span{pq jm(z) : 0 <j <m—1} (3.20)
for any m = 2,3,.... Afterwards, let {h)(z) : 0 < v < m — 1} be an
orthonormal basis in V' (m) such that h®(z) = ¢(z). The system

H(m) = {h{) () k € Z;j € ;1 < v <m —1}, (3.21)
where
h,(:])m(:v) = m*2h ) (mkx — §) (3.22)

will be called mth rank Haar system. Sometimes we will use also the following
notation o

Jj J+1
mk’ mk
The orthogonality of the system (B.21]) is obvious.

h(AV) = h\") (x) when A =]

T k7j7m

! (3.23)

Theorem 3.1. The system H(m) is complete in LP(R),1 < p < oo.

15



Proof. Let p,1 < p < oo be fixed. It is easy to observe that the proof will
be finished if we show that for any o1, (2),0 < j <m —1 and any ¢ > 0
there exists a finite linear combination P; of functions

{h,(:l)m(:z) 1k € Z\Np;l € Z;1 < v < m—1} such that ||¢q jm—Pjl|r@) < €.
Let I € N be such that m2m!®/r=1) < ¢ We set

V(l)(m) = span{@ jm(r) 10 <j < mitt — 1}.

It is clear that dim V® (m) = m!*L. Let us show by induction that there are

exactly m!*! — 1 functions from the system
{h,(:])m(:z) :1>k>—1+1;j €Z;1<v<m-— 1} with supports in [0, m!].

If [ = 0 then it is obvious. Suppose that for some p € N we have that the
number of functions from the system

() (@) 11> k> —p+1j€Z1<v<m—1} (3.24)

k,j,m
with supports in [0,m"] is equal to m*™ — 1. Then it is clear that there
are (m**t1 — 1)m functions from the system (3.24) that have their supports
in [0, m**1]. Note that the functions {h(_ulo,m(a:) :1 < v < m — 1} vanish
outside the closed interval [0, m**!]. Thus we have (m**! — 1)m+m —1 =
m#T2 — 1 mutually orthogonal functions in (3.24) which have their supports
in [0, m#t1].

Let {g;}7, "~ be all functions from the system
(W) () 1>k > -1+ €Z1<v<m—1}

that have their supports in [0, m!]. Evidently {g; ;ﬁl“—l c VO (m).
Let go(2) = X[o.m1)(x). Then go € V¥ (m) and g is orthogonal to all elements
of {g,.};ﬁfl—l. Hence, {g; ;’igl_l is a basis in V®(m) and

mitl—1
01,jm = Z a? g, where ) = m™! ©1,5.m(t)dt.
=0 [O,Wll}
Thus we obtain that for any 0 < j <m —1
mltl—1
H%,j,m — Z agj)gi = a((f)go = m'2m!/r= ¢
i=1 Lr(R) Lr(R)
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4 mth rank Haar system on [0, 1]

Let ho(z) = 1 for = € [0,1]. For any n € N we have a unique representation
n=mi+j—1, where keN, 1<j<mF (4.1)

and
mp=1+m+m*+-+m" m =1 (4.2)
For any 1 <v <m — 1 we put

h)(z) = h,(:])-_lm(x) forz € [0, 1].

n

Afterwards we enumerate the functions in the following way

h(z) =hO(x) for 1<1<m-—1; (4.3)
hi(z) =h®(z) for I=v+n(m—1),neN. (4.4)

We denote the mth rank Haar system by H(m) = {h;(z)};2,- We also let
po=0, 1 =po+m—1,--+, fig11 :uk+(m—1)mk,--- . (4.5)

The following lemma is the analogue of Schauder’s lemma for the classical
Haar system (see [26]). For any f € L'[0,1] and for any 1 < j <mF k € N
we put

M Jj—1m—1
Opuritm-n)(f.2) = Y _ a(f)h(z) + a) (R (),
=0 s=0 v=1

where
a(f)= [ fOh®d: o), ()= FOR, (4t
[0,1] [0,1]

Lemma 4.1. Let f € L'0,1] and let 1 < j < m* k € Ny. Then the partial
sum O, 4jm-1)(f,x) is constant on any interval from the collection of sets

s s+1 4
I 1+1] .
Moreover, for any A from ({{-6]) or from ({{.7)
1
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Proof. At first we show that the assertion of the lemma is true for ©,, (f, ),
k € Ng. Indeed,
span{h;,0 <1 <mF —1} = V(m),

where V' (m) is defined by (3.20). Hence, for any A from (d.7) with j = 1 we
have that for z € A

mk—1
1
Oulfia) = 3 [ Fonendtorin@) = 17 [ 10
A
Afterwards we observe that in the general case

: J
®Hk+j(m—1)(f7 .CL’) = @,U«kJrl (fv LE‘) if ze€ [Ov W]
and ‘
. J
@Mk+j(m—1)(f> ZL’) = @Mk(f> ZL’) if ze [ﬁa ]-]
Which finishes the proof. O
By Lemma [4.1] we obtain the following corollaries.

Corollary 4.1. For any m = 2,3,... the system H(m) is a basis in any
space LP[0,1],1 < p < oc.

Proof. By Lemma [.1] as in the case of the classical Haar system we have
that
||@uk+j(m_1)||Lp_>Lp S 1 for all 1 S] S mk, k € N.

To finish the proof we have to check that limy . |a;(f)[||hi]|zrpa) = 0. We
skip the technical details because afterwards we are going to return to the
similar question in the weighted norm case. O

Corollary 4.2. For any f € L'(0,1] the Fourier series of f with respect to
the system H(m), m = 2,3, ... converges almost everywhere to f on [0, 1].

Proof. For every x € [0, 1] which is a Lebesgue point of f we have that

lim ©,, (f,z) = f(x).

k—00

Afterwards we observe that |a;(f)||h(z)] < CMuy(f,x) which finishes the
proof. O
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For any k € Ny and any 1 < j < m* consider the kernel

g J—1m-1
Kij(t, o) = > hi(t)hi(z) + hyY) L(OhY) (@), (4.9)
=0 s=0 v=1

Let {G;: 1 <i<mF+ j(m— 1)} be mutually disjoint sets from (Z6) and
(@0). Further in the paper we will need the following result.

Lemma 4.2. Let k € Ny and 1 < j < mF. Then the kernel

1
Kyt o) = e for (t,x) € G2,1 <i<mF+j(m—1); (4.10)
and
mk+j(m—1)
Kkj(tvx) :Ov Zf (t,l’) € [Ov 1]2\ Gzz
i=1
Proof. We have that {|Gi|~*2xq, (:L’)}ziklﬂ (m=1) is an orthonormal system of

functions. From Lemma [£1] it follows that the orthonormal system of func-
tions {h;(x)}/*, U{h,(:zm(x) :0<s<j—1,1<v <m—1} can be obtained

from the set of functions {|G;|~"2x¢, (x)}:iklﬂ (m=1) 1y an orthogonal trans-

formation. Hence,

mk+j(m—1)

Ky(t,x) = Y 1G] xe,(0)|Gi 7 xe, (x)

i=1

mF4j(m—1)

= Z |Gi|_1XGi(t>XGi(x>’

O

Definition 4.1. We say that a system of functions {¢x}32, C L*>[0,1] is
total with respect to L*[0,1] if

f@)or(t)dt =0 forall k€N for some f€L'0,1] (4.11)
[0,1]

if and only if f =0 a.e. on [0,1].
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By Lemma [4.1] it follows immediately

Corollary 4.3. The system H(m), m = 2,3,... is total with respect to
L'0,1].

Theorem 4.1. For any m = 2,3, ... the system H(m) is an unconditional
basis in any space LP[0,1],1 < p < o0.

The reader can find well known facts about unconditional bases in [24].
For any sequence € = {¢}°,, where ¢ = +1 we consider an operator I, :

LY0,1] — L°[0, 1] defined as follows I.(f,z) = > >, aai(f)h;.
Proposition 4.1. The operator I, is of weak-(1,1) type.

Proof. We adopt the idea of the proof given in [29]. Let f € L*[0, 1] and
suppose that A > || f]l;. Without loss in generality we can suppose that
f > 0 (see [27], pp. 21-22). By Proposition we write f(z) = g(x) +
b(x), where g satisfies the condition (8.I0). The system #H(m) is a complete
orthonormal system. Hence, I : L?[0,1] — L?[0, 1] is an isometry. Thus by
the Tchebychev inequality we will have

1 m m
o €01 Lg.2)l > M < 55 [ @)de < Tl < Tl @412
[0,1]

where the last inequality follows by (B.11]). Afterwards, we apply the following
property of m—adic intervals. If A;; Ay C M then only two relations are
possible or A; Ay = ) or one of those intervals is a subset of another
interval. By the definition of the system H(m) and by ([B.12) it is easy to
deduce that [.(b,z) = 0 for z € Q°. Thus by [B.7) and (£I2]) we obtain

m—+ 1
A

{2z €0,1] - [I(f, 2)] > A} < 1f1]x- (4.13)
From the last inequality readily follows that for any f € L'[0, 1] the series
Yoo aai(f)h; converges in measure on [0,1]. Observe that in the proof of
the inequality ({.I3)) the condition f € L*[0,1] was used only to claim the
existence of I.(f,x). Hence, the proof is complete. a

The analogue of Proposition 1] for the Haar system was obtained by S.
Yano [31].
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Proof. By Proposition 4] and the Marcinkiewicz interpolation theorem (see
[32]) we obtain that #(m) is an unconditional basis in L?[0,1],1 < p < 2.
Afterwards by duality we finish the proof of Theorem .11 O

For the system #(m) we put

1
2

Guttoo) = (S la(Dh(@P) ', where fe Lo,
1=0
For the operator G,, : L'[0,1] — L°[0, 1] the following proposition holds.

Proposition 4.2. The operator Gy, is of weak-(1,1) type.

Proof. Let f = Zl]\;o a;h; be any polynomial with respect to the system #H(m)
and let € = {€}Y, be any Rademacher sequence. By a well known inequality
(see [14],p.8) we have that for any 0 < a < 1 and and any x € [0, 1]

P(L(f.2) > aGon(f. 7)) > %(1 o).

Observe that G, (I(f, ), z) = Gy (f, x) for any Rademacher sequence e. For
any A > 0 we have that if the following two events {I.(f,x) > aG,,(f,z)},
{Gpn(f,x) > 2} then {I.(f,z) > A}. Hence, by Proposition 1] we finish the
proof for the polynomials with respect to the system H(m).

For arbitrary f € L'[0, 1] we have that the sequence G,,(0,(f,), ) is an
increasing sequence which a.e. converges to G,,(f, z). Hence,

{Gn(F,2) > M| = Tim [{Gu(©4(f,).2) > Al

C C
< 5 sup 190 (f5 Mty < 71Hf||L1[0,1}

O

By standard arguments (see [30]) one can derive from Theorem [A.]] that
forall 1 <p < o0

|G f, ')HLP[O,l] ~ Hf”LP[O,l}- (4.14)
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4.1 Haar wavelet systems as unconditional bases in
LP(R),1 < p < 0.

From Theorem [4.1] we easily derive

Theorem 4.2. For any m = 2,3, ... the system H(m) is an unconditional
basis in any space LP(R),1 < p < oo.

Further we will use the following notations: Rt = [0, 400), R~ = (—00, 0]
and ZT = R*[)Z having in mind the agreement introduced in Section Bl
For technical reasons we divide the system H(m) into two parts:

H*(m) = {h),.(x) k€ Z;j > 0;1<v<m—1}, (4.15)
H(m)={h{) (x) k€ Zj<-1;1<v <m—1}. (4.16)

We are going to show that the systems H*(m), H~(m) are unconditional
bases respectively in the spaces LP(R") and LP(R7),1 < p < oo. Let us
prove the following

Theorem 4.3. For any m = 2,3,... the system H*(m) is an unconditional
basis in any space LP(RT), 1 < p < 0.

Proof. Let f € LP(RT) and let  C Z x ZT be a finite set. For any 1 < v <
m — 1 consider the sum

SO(fa) =Y (). (),

(k,7)eQ

where

W(f) = 5 FORY) (1)t

Let N € N be such that for all (k,j) € Q by} (z) = 0if z € [m", +00).
Consider the dilation operator Dy(¢)(z) = m? ¢(m™z). It is clear that
DN(h,(:])m) € H(m) for any hl(:;m which satisfies to the above conditions if
we consider the restriction on [0, 1] of the image of the operator. Thus

Dx(SS(f,N@) = Y ¢ (f)Dn(h),) ()

(k,7)eQ
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on [0,1] is a finite linear combination of elements from H(m). We also have
that if (k,7) € Q

C%Vﬁ==/’ FORY (dt = [ Dn(f) (DN, ) (¢)dt.
[0,mM] [0,1]

Hence, DN(SéV)( f,))(z) on [0, 1] coincides with the sum of a subsequence of
the expansion of the function Dy(f) with respect to the system H(m). By
Theorem we obtain that there exists €}, > 0 which depends only on p
such that

[ o parascr [ ipyora

[0,1]

which yields
1SS (f, Moy < Coll Fll o).
]

It is clear that in a similar way we can check that H~(m) is an uncondi-
tional basis in any space LP(R7),1 < p < oo. Thus we the proof of Theorem
is finished.

4.2 mth rank Haar system in L*([0,1],w),1 < p < oc.

Theorem 4.4. For any m = 2,3,... the system H(m) is a basis in the
weighted norm space LP([0,1],w), 1 < p < oo if and only if w satisfies the
condition M,([0,1]).

Proof. By Corollary 3] we easily obtain that the system H(m) is complete in
LP(]0,1],w), 1 < p < oo. Suppose that w satisfies the condition M,,([0, 1]).
Then it is evident that

/ 1 1
Moo ¢ 7710, 1), w), where -+ — =1.

w p

Hence, the system H(m) = {h;(z)}°, is minimal in LP([0, 1], w) and its
conjugate system is the system H*(m) = {ﬁhl(z)}}ﬁo. Thus for any f €
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LP([0,1],w), the coefficients of its expansion with respect to the system #H(m)
are equal to

w() = [ fO—hw@di= [ O = alf).
[0,1] w(t) [0,1]

Hence, for any k € N and 1 < j < mF the partial sums of the mentioned
expansion with indices pj + j(m — 1) coincide with ©,, 4jmm—1)(f,2) (see
subsection [l). By Lemma AT it follows easily that

19 utim—1)(fs M zro.a1.w) < Cllfllzo(o.1),0)5 (4.17)

where C' = C(w, p,m) is independent of f. If we prove that
i (o)l 22 o.,0) = 0 (4.18)

then it will follow that (£I7) holds for all n € N. Which yields that the sys-
tem H(m) is a basis LP([0, 1], w). We have that b;(f) = f[o 1 [f(t)—P(t)]h(t)dt

for any P(t) = 2_:10 dphi(t). If hy(x) = h,(:])m(:v) forz € [0,1] and A =
[, ]mlkl] then

1o ()Nl 2o 0,17,y <

)
h,kujvm
1
w P

[N
L A

< |f = Pllzeqo,,w) [w(A)]

12| Lo (jo,1ym
)

o]

1
< |If = Pllzoo..m) 1B 1300 (0.1 C5 -

L' (A

S =

<|f- P||L,,([O,1]7w)||h(”)||%oo([071])mk[w(A)]

The last inequality yields (£I8) because the system H(m) is complete in
LP([0, 1], w).

To prove the necessity suppose that the system 7 (m) is a basis in the
weighted norm space LP([0, 1], w), where 1 < p < 0.
Let H*(m) = {h](z)};2, be the conjugate system of the basis H(m). Then
we have that

/ [h(H)w(t) — Uh)dt =0 forall [ e N,
[0,1]
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Hence, hg(t) = ﬁ € L¥'([0,1],w). Thus we obtain that

hf(z) = —= for all [ e Np.

Thus for any f € LP([0, 1], w) nth partial sums of its expansion with respect
to the basis H(m) coincide with ©,,(f,z). By Lemma [l it follows that for
some C' > 1 such that for any A € M

1
sup m‘ /A f(t)dt

where the supremum is taken over all || f||rr(jo,1),0) < 1. The last inequality
easily yields (B.I3) with C, = C?. O

p
w(A) < CP,

The prove of the following result technically is much more complicated.
The main line of our proof is close to the one given in [10](see also [3] and

17, [5])-

Theorem 4.5. For any m = 2,3, ... the system H(m) is an unconditional
basis in the weighted norm space LP([0,1],w), 1 < p < oo if and only if w
satisfies the condition M,([0,1]).

Lemma 4.3. Suppose that w is a weight function which satisfies the condition
Mo ([0,1]). Then for any XA >0, any 0 <~y < 1 and for any f € L'[0,1]

w({zx € [0,1] : Gpu(f,z) >2X and My f(z) < yA})
< CYw({x €[0,1]: Gpu(f,2) > A}),

where C' > 0 is independent of f, X > 0 and v > 0, while 6 > 0 s the
corresponding constant from Definition [3.2.

In the formulation of the following assertion we use the agreement formu-
lated in the Section [3.1].

Lemma 4.4. For any f € L'[0,1] and any X\ > 0 there exists a finite or
denumerable set of disjoint closed intervals {Ay}rex such that the set

Ex(f) ={z €[0,1]: Gu(f.2) > A} = | As. (4.19)

ke
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Proof. According to our agreement for any = € [0, 1] there exists a unique
sequence of closed intervals I'y(z) C M such that I'y(xz) C I'y_1(x) for all
k € Nand [Ty(z)] = m™* N2, Tk(z) = x. For any zy € E\(f) there exists
k(x0) € Ng so that ey (20) € Ex(f) and [yy)-1(20) at least contains a
point which does not belong to E,(f). Indeed, if Gy,,(f, o) > A then there
exists NV € N such that

N
(G (f, 70)] Ezal 2> N2

Hence, for some v € N the sum Zf\io la;(f)hi(z0)]? is constant on T, (xg).
Which means that I'),(z9) € E\(f). The number k(zy) will be the small-
est index for which the last relation holds. Afterwards, one observes that
maxgep, (1) |Lk@)(x)] := po exists. There exist only finitely many disjoint
intervals in the set {I'yq)(z) : * € Ex(f)} with length equal to po. Let
Aj(1 < j < my) be all such intervals. Let Ey = Ex(f) \ (UL, 4;) and re-
peat the same procedure taking Fs instead of E\(f). Thus step by step we
construct the finite or denumerable set of disjoint closed intervals {Ag }rer
which satisfy the conditions of lemma. O

Proof of Lemmal[].3 Let A, be an arbitrary closed interval from (LI9). At
the first step we have to prove the following relation

Hx €N :Gp(f,z) >2\ and My f(x) < 7)\}' < Cv|A, (4.20)
where C' > 0 is independent of f Ay and 4A;. Suppose that there is at least

a point y; € A; such that My f(y;) < vA. Otherwise there is nothing to
prove. Let A} € M be the interval which satisfies the following conditions:

A7 A |Af| = mIA. Let f(x) = filx) + fola), where

file) = (f(af) . fA;)xw), = o [ s s < m

and fo(x) = f(x) — fi(z). By Proposition [1.2] we have that

{entna > 3 < Bhillony =52 [ 1slar a2
A
4mC’1

|A Mg f(yr) < 4mCry|Al.
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l < p,, we have that a;(f) = a;(f2), which yields Gy, (fa, ) = G, (0, (f, ), x)
if x € Af. There exists at least one point z; € Af such that G,,,(f,z) < A
Thus if z € A} then

On the other hand we have that |Af| = m™" for some k € Ny. Thus for all 0 <

Gn(f2,7) = Gm(Op, (f, ), ) < Gm(f, ) < A
We have that if x € A} then
Gm(f7 SL’) < Gm(flvx) + Gm(fg,ilf) < Gm(f17x> + A

Hence, by (£21]) we finish the proof of (£.20).
We have that the weight function w satisfies the condition M ([0, 1]).

Thus we obtain that
w{z € Ar: Go(f, ) > 2Xand My f(x) < A} < CYw(A)

where C' > 0 is independent of f, A > 0, v > 0 and A;. Hence, by Lemma
[4.19 we finish the proof. O

Proof of Theorem[{.5. The necessity follows from Theorem 1.4l Suppose
that w satisfies the condition M,([0,1]). By Lemma [4.3] we derive

+00
GP (. 2)w(x)dzx —p2? / N lw({a € [0,1]: G (f,2) > 22})dA
[0,1] 0
+o0o
< Kp/ Nlw({z € [0,1] : Muf(z) > 7A})dA
0
+o0o
+ Kp075/ N lw({x € [0,1] : Gou(f,2) > A})dA
0
Let 79 > 0 be such that K,C~] < 3. Then we obtain that
GP (f, v)w(x)dr < 2K,," MR, f(z)w(z)de.
[0,1] [0,1]

By Proposition 3.4] we finish the proof. O
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5 The system Hy(m) = {h;(z)}, in LP(]0, 1], w)
In this section we will use the following result (see [I5]-[18])

Theorem 5.1. Let {f,}>°, C L>®(E) be an orthonormal system of real-
valued functions defined on a measurable set E,0 < |E| < +00 and suppose
that {f,}°2, is total with respect to L*(E). Let, furthermore, N € N and
w € LY(E) be a weight function. For the system {f,}52 v, to be closed
and/or minimal it is necessary and sufficient that the following conditions 1)
and/or 2), respectively, are satisfied:

1) any function of the form (w)™*S°N_ ¢, fn, where c,(1 < n < N) are
real numbers, belongs to LP (E,w) if and only if every c, is zero;

2) for every k (k=N + 1, N +2,...) there exist uniquely determined real

numbers bglk) (1 <n < N) such that the function

1 N
g = E{Zbg’ﬂfwfk]

n=1
belongs to LP (E, w) (% —I—Z% =1).

The following two lemmas are easy consequences of Theorem B We
skip the details of the proofs because they are similar to the case of the Haar
system [19].

Lemma 5.1. For any m = 2,3,... the system Ho(m) is complete in a
weighted norm space LP([0,1],w), 1 < p < oo if and only if there exists
at least one point y € [0, 1] such that

1

S LFT(A(y)  forall jEN. (5.1)
Lemma 5.2. For any m = 2,3,... the system Ho(m) is minimal in a
weighted norm space LP([0,1],w), 1 < p < oo if and only if% e L'([0,1]) or
for a point y € [0, 1]

% e L7i([0,1]\ Aj(y))  forall jeN. (5.2)

By Lemmas [5.1] and it follows easily
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Lemma 5.3. For any m = 2,3,... the system Ho(m) is complete and min-
imal in a weighted norm space LP(]0,1],w), 1 < p < oo if and only if there
exists only one point y € [0,1] such that the conditions (51), [52) hold.

Further in this section we will suppose that the weight function w satisfies
the conditions (5.I)) and (5.2). Hence, the system Hg(m) is complete and
minimal in the weighted norm space LP([0,1],w), 1 < p < oo with the
unique conjugate system Hj(m). By Theorem [B.1] applied for our case it is
easy to see that the system Hf(m) = {h;(z)}2, is defined by the following
equations:

i (@) = M) ), 5.3

w(z)
For any f € LP([0,1],w) and for any 1 < j < m* k € N we put

122 j—1 m—1
0 in(fe) = alf)hi() + (OB (@), (54)
=1 s=0 v=1
where
alf) = [ gm0 = [ FORD0 -1, @
[0,1] [0,1]

Let Ay;(y) be the interval from the collection of sets (L), (47) such that
y € A(y)-

Lemma 5.4. For any f € LP([0,1],w) and for any 1 < j < mF k € N we

have that @LO im— 1)(f x) is constant on any interval from the collection of

sets (4.0), (4.7). Moreover,

1
O l:0) =~ [ S0 Jor 5 € M(w). (59)

and for any A from ({{-6)) or from (£.7) which does not coincide with Ay;(y)

0 mn (fr7) = ﬁ /A f)dt for z€A. (5.6)

Proof. In the proof we use the notation of Lemma Let A be any interval

from the collection of sets (£.6), A7) such that A Ag;(y) = 0. Then we
have that

@/(i)ﬂ(m—l)(f’ v) = [0,1] FOE (¢ 2) = Ky, @)]dt
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mF4j(m—1

)
_ /G FOE(2) — Kigly, )t

i=1

where Kj;(t,2) = Kyj(t,2) — 1, hence, Ky;(t,z) — K;j(y, ) = Ky;(t,x) —
Ky;(y,z). Suppose that G, = Ay;(y) and take any iy # v,1 < ig < mF +
j(m —1). Then by Lemma [4.21 we obtain that for = € G;, we obtain that

mF4j(m—1

)
| @140 — Kol = [ K2

all
= — f(t)dt.
|Gi0 | GiO
On the other hand if x € G, by Lemma we will have that

1=1

mF+j(m—1)
@Lok)ﬂ(m—l)(f’ ) = Z /G O [Kij(t, x) — Ky, v)]dt
i=1,i#v i
1 mF+j(m—1) ]
= ft)dt = — Ft)dt.
G| i:;';ey /G G| [0,1\G.

Lemma and Lemma [5.3] easily yield

Lemma 5.5. Let w > 0 be a weight function defined on [0,1] such that
w satisfies the condition MY([0,1]) for some y € [0,1] and 1 < p < oo,
Then the conditions (5.1l), (2.2) hold and the system Ho(m) is complete and
minimal in a weighted norm space LP([0, 1], w).

Theorem 5.2. For any m = 2,3,... the system Ho(m) is a basis in the
weighted norm space LP([0,1],w), 1 < p < oo if and only if there exists
a point y € [0,1] such that w satisfies the conditions M,([0,1] \ {y}) and
M3([0,1]).

Proof. Necessity. If the system Ho(m) is a basis in the weighted norm space
LP(]0, 1], w) then it is a complete minimal system in LP([0, 1], w). Then we

30



will have that for any f € LP([0,1],w) and for any 1 < j < m* k € N the
partial sum operators are uniformly bounded

sup 103, o 0,010 o (0,110 = Mo < By,
1<j<mk keN

where B, > 0. We have that

| (0)

My > max sup ps+i(m—1) 22 0,13.)

L<ism®+j(m=1) || £l (g, uy <1
If G, Akj(y) =0 then by Lemma [5.4] we will have that

(0) 1
i 122 G = 1

sup
Ifllze (G u) <1

A f<t>dt\w<Gi>%

i Iflle (6w <1
_ 1, 1
= |G, lw(Gi)”Hw pHLP'(Gi)‘

If G, = Ayj(y) then in the same way as above we obtain that

p—1
B re@u)( [ wha) <o
Ag;(y)

Sufficiency. By Lemma [5.5] we have that the system Hy(m) is complete and
minimal in a weighted norm space LP([0, 1], w). Hence, by Lemma (5.4 we
obtain that for any f € LP([0,1],w) and for any 1 < j < m* k € N

w(t)dt

[ 68t~

1 p
+ / f(t)dt
‘ |GV| [0,1\Gw»

The last inequality follows because w satisfies the conditions M,,([0, 1]\ {y})
and MY([0, 1]). To finish the proof we have to show that

limy oo e ()]0 ()| r(0,17,w) = 0. We skip the details because a similar result
we have proved for the proof of Theorem (4.4l

1<z<mk+j(m 1) ‘ |
£y

w@ﬁﬁ%AMWM%ﬁﬁ

Gl/

O

In the case p = 1 we have the following result.
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Theorem 5.3. For any m = 2,3,... the system Ho(m) is a basis in the
weighted norm space L'([0,1],w), if and only if% ¢ L>([0,1]) and there
exists a point y € [0,1] such that w satisfies the conditions My([0,1]\ {y})
and M([0,1]).

We will not give the details of the proof because it is similar to the proof
of Theorem [5.2l The main theorem of this section is the following

Theorem 5.4. If the system Ho(m),m = 2,3,... is a basis in the weighted
norm space LP([0,1],w), 1 < p < oo then Ho(m) is an unconditional basis in
the same space.

Proof. By Theorem we have that there exists y € [0, 1] such that the
weight function w satisfies the conditions M, ([0,1] \ {y}) and M¥([0,1]).
For any f € LP([0,1],w) there exists a unique sequence {a;(f)}2; such that

F=3 alf)h (5.7

The coefficients which correspond to the functions h(A'jj(y) in the series (5.7))
we denote by bj,. We split formally the series (5.7]) into two parts

Z a(f)h = Z ij(f)h(Auj(y) + Z /&z(f)hl, (5.8)

where by >~ we have denoted the series obtained after excluding the terms
which are present in the first series.

For any k € Ny let G, € M, 1 <1 < m—1 be mutually disjoint intervals
such that |Gy =m ™11 <1 <m—1and Ar(y) = Ara(v) UUTS ' G-

By Theorem we easily obtain that the series > a;(f)h; converges
unconditionally in LP(Gy,w) for any £ € N and for all 1 <1 < m — 1.
Hence, if we check that the series > a;(f)h; converges in LP([0,1],w) we
will have that it converges unconditionally in L”([0, 1], w). Thus the proof
of theorem will be finished if we prove that the first series on the right hand
side of the equality (5.8 converges unconditionally in LP([0,1],w). Recall
that we are using the notation introduced in ([B:23]). Let

o) -1
=33 (DY) (2) =di, i zeGu. (5.9)

1

3

j=0 v
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for all k € Ngand 1 <1 <m — 1. By Lemma [5.4] we have that

1
|Gl Ja,,

The weight function w satisfies the condition M, ([0, 1]\ {y}). Hence,

di = f(t)dt, for z € Gy.

m—1

/ |F(@)Pw(@)de = Y |d[Pw(Gr)
[0,1]

k=0 [=1

Gl /G ) <t>|pw<t>dt( /G Mw(t)—ﬁdt)p_lw(c:m)

<G | |fO)Pw(t)dt.

[0,1]

m—1

k=0 [=1

The system Ho(m) is a basis in the weighted norm space LP([0, 1], w). Hence,
the first series in the right hand side of the equality (5.8) converges in
LP([0,1],w). Thus to finish the proof of Theorem [5.4] we have to prove that
the series in (5.9) converge unconditionally in LP([0, 1], w).

For any j € Ny we have that

m—1 (V _l_
X ) == i |, 5

biv ()RR ) (2) = —c; = =D di, for x € Aja(y).

Let {y}"," be a collection of numbers such that

=1 and Y =0 (5.10)
=0 =0
We put
&) =182 MoXa, 1w (@) + D Xe, ()] (5.11)
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and

ai(f) = | FOE0) = A1)yl (5.12)

[0.1]

Dt + / FOE (1)t
\/ J+1 y) /[01]\AJ+1 [0,1\A 1 () ’
1

Nl

b ~Jo
= A (y)l N —Y0)dj — ft)dt
’ 1221: VIR ()] Joana;m)

m—1 j—1

= [A(y))2 ( D (n=0)d; =) mj‘s‘lcs) :

=1 s=0
Lemma 5.6. For any ¢ = {¢;}52, let

o0

Ze]ajgj (5.13)

7=0

Then for all k € N and x € A(y) \ Ari1(y)

m—1

k
|Fr () <2) |dl\+—zmk *|cs.

s=0 I=1
Proof. By (5.11)) and (5.12) we obtain that for x € Gy, 1 <v <m—1

k—1 m—1 m—1

|FZ(x \<ZI%£J )| = Il = olldh] + [l > I — ol ldil

=0 s=0 =1 =1

Lemma 5.7. For any f € L*([0,1],

w), 1 <p < oo and any € = {¢;}32, the
function F* € LP(]0,1],w) and

IEZ  Le(o,10,) < Coll 1l Leqpo, 11,5
where C), > 0 is independent of f and ¢.
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Proof. By Lemma [5.6] we have that

JLC O 4(ZmZ 1) wlon(s)
e (L Zmu)

Afterwards write

"dl»—-

s—l—l | Z |dl

: </As(y)\As+1(y) |f(t)|pw(t)dt);(/As(y)\As+1(y)w( v ldt> WSl

<ci( i) 1Al
As(W\Ast1(y)

Hence, we obtain that

. -
SO (A )]} < 6 ( / \f(t)\”w(t)dt)
=0 I=1 As@)\As+1(y) m

Now we apply the following lemma which is a consequence of Theorem 274
from [11].

S

'G\»—t

'G\»—t

Lemma 5.8. Let u = {u;}32, and v = {v;}32, be numerical sequences such
that w € I' and v € IP,p > 1. Then the Cauchy product w = {w,},,
w, = Z;L:o Un—;V; of the sequences u and v belongs to IP. Moreover

[l < [l fvlfw.

Which gives us the convergence of the series

> (3

= s=0

m—1

d' 2PC, Paw(t)dt.
> I41) W) <26, [ 70

To finish the proof of Lemma [5.7 we have to show that

> ([w(Ak(y))]% im’“‘slcsl) < 400 (5.14)
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We have that

L\ P
1 P
x(/ w(t) pldt) ) |
As(Y\As+1(y)

Recall that w satisfies MY([0, 1]). By Lemma B.6] we obtain that

L
7

mk</ w(t)_plldt>p w(Gp)?
As(y\As+1(y)

1 1 »’ 1
<cy / w(t) 7t / W (f)dt
As(y)\As+1(y) [071}\Ak(y)

1 _k—s
< C;QP "
If we write
k-1 )
> mF e lw(Gr)?
s=0
, k-l P ks
<Y ( / If(t)|pw(t)dt) —
s=0 As(Y\As+1(y)

) i
and put v; = (fAj(y)\AjH(y) |f(t)[Pw(t)dt)r, u; = g * then by Lemma [5.8 we
will obtain

[e.e]

k—1 »
Pl e, Gn) < C,B, F(O)Pw(t)dt.
Z( > |c|) w(G) /M| )Pl

k=1
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Lemma [5.7] yields the convergence of the series
> b (N,
=0
()

for any 1 <v <m —1and ¥e® = { §V) 220, Where €;
obtain that for some B, > 0

= 41. Moreover, we

< Byl fll e o,1),0)-
LP([O,I],U})

6 Higher rank Haar wavelets in L?(R,w)

Let w > 0 be a locally integrable function defined on R. In this section
we study the phenomenon described in the introduction with respect to the
higher rank Haar wavelet systems H(m),m = 2,3,.... Let x ™ (x) = xg- ()
and xT(x) = xg+(z). The following result is the first step in that direction.

Lemma 6.1. For any m = 2,3,... let H(m) be the wavelet system defined
by (Z21) and (322). Let U, be the linear subspace of locally integrable
functions & on R such that

/5 h,(;’]m )(t)dt =0 Vi,keZ,1<v<m-—1. (6.1)

Then dim U,,, = 2 and x~, x* as vectors constitute a basis in U,,.

Proof. 1t is clear that if we prove that a locally integrable function £ such
that {(x) = 0 if z € R~ and holds (6.)) if and only if £ = ex ™ for some ¢ € R
then the proof will be finished. By Corollary we have that the system
H(m), m = 2,3,... is total with respect to L'[0,1]. Hence, by definition of
the system H(m) and by (6.1]) it follows that

EWh(t)dt=0  forall I€N.
0.1]

Which yields that {(z) = cho(z) for € [0,1]. We finish the proof by
induction. Suppose that for some N € N it is true that if £ is a locally
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integrable function such that {(z) = 0 if € R~ and (6.J)) is true then
£(x) = ¢ if x € [0,m"], where ¢y € R. If £ is a function which satisfies to all
mentioned conditions then by definition of the system H(m) it follows that
the functions &,(x) = £(x —vm”),1 < v < m — 1. Thus by our supposition
it follows that &,(z) = ¢, if € [0,m"], where ¢, € R. Hence, £(z) = ¢,
if z € [pm",(v+1)m"],0 < v < m — 1. Afterwards we observe that the
functions ) (mN*1z),1 < v < m — 1 belong to the system H(m), which
yields

N+1

/ E()h ) (mNr)de =0  forall 1<v<m-—1.
0
After a change of the variable we have that
1
/ Em NI (t)dt =0 forall 1<v<m-—1.
0

By definition of the functions h"), 1 < v < m—1 we obtain that £ (m~""12)
cif x €0,1].

o

It is convenient to continue our study considering the systems H™(m),
H~(m) respectively in the spaces LP(R",w) and LP(R™,w). Tt is easy to see
some sort of symmetry between those systems. Thus it would be sufficient
to study the system H*(m) in the space LP(R™). In fact we have proved the
analogue of the above lemma for the system H™(m) which is formulated as
follows.

Lemma 6.2. Let U} be the linear subspace of locally integrable functions £
on RT such that

EORY) (2)(t)dt =0 VEeZVjeZ1<v<m—-1.  (6.2)
R+

Then dimU,S =1 and x* € U,}.
We need the analogues of Lemmas [5.1], for this case.

Lemma 6.3. The system H"(m) is complete in LP(RT,w), 1 < p < oo if
and only if

’% ¢ L1 (R"). (6.3)
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Proof. Suppose that H™(m) is complete in LP(R* w). If g = % € Lﬁ(RJF)
then g € L” (R*,w), where % + :z% = 1. Thus

/ gORY) () Bwt)dt =0  VkeZVjeZT1<v<m—1. (64)
R+

Which yields that H*(m) is not complete in LP(R*,w). Which is a contra-
diction. )

Suppose that % ¢ Lr—1(RT). If H"(m) is not complete in LP(RT, w)
then there exists ¢ € L” (R*,w) such that (64) holds. By Lemma it
follows that g(t)w(t) = cx™(t) a.e. on RT, where ¢ € R. We came to a
contradiction which finishes the proof. O

From Lemma follows

Lemma 6.4. The system H*(m) is complete in LP(RT,w), 1 < p < oo if
and only if there exists at least one point y € [0, +00| such that

% ¢ LTil(Aj(y)) forall j € N. (6.5)

We also have

Lemma 6.5. The system HT(m) is minimal in LP(Rt,w), 1 < p < oo if
and only if

For any h,(fj)m(x) € H*(m) there exists a coefficient a,i'j])-vm

such that

(v) 1 (M)
B e L1 (RY).

v XD

Ikjym =

w

Proof. Suppose that the system H*(m) is minimal in LP(R",w). Then there
exists a system {g,(:])m cke€Z,jeZ"1 <v < m— 1} biorthogonal to
H™*(m). Hence, if for some vg,1 < g < m — 1 we fix any | € Z and any
weZ thenforall k€ Z,j € Zt and 1 <v<m-—1

[ aarte) = i I ) = 0. (6.6
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By Lemma [6.2] we obtain that

(VO) — al(j;i)v?rnx-i_ _I_ h

ium =

(v0) .
MU e LT (RY).

w

The proof of sufficiency is direct. We easily check that the system
{g,(:])m ke€Z,jeZ,1<v<m—1} is biorthogonal to H*(m). O

From Lemma easily follows

Lemma 6.6. The system H*(m) is minimal in LP(RT,w), 1 < p < oo if
and only if there exists at most one point y € [0, +o0] such that (G.3) holds.

By Lemmas [6.3] and [6.5] we obtain immediately

Lemma 6.7. The system H*(m) is complete and minimal in LP(RT w),
1 < p < oo if and only if conditions (6-3) and (M) hold.

Lemmas [6.4] and [6.6] yield

Lemma 6.8. The system H*t(m) is complete and minimal in LP(RT w),
1 < p < oo if and only if there ezists a unique point y € [0,400] such that
the condition (G.3) holds.

If we analyze the proofs of results which brought us the last lemma then
it is not hard to see that the following result also holds.

Lemma 6.9. The system H—(m) is complete minimal in LP(R™,w), 1 <
p < oo if and only if there exists a unique point y € [—00,0] such that the
condition (G.3) holds.

Lemma and Lemma [6.9 easily yield

Lemma 6.10. The system H(m) is complete and minimal in LP(R,w), 1 <
p < oo if and only if there exists a unique point y* € [0, +o0] and a unique
pointy~ € [—o0, 0] such that the condition (6.3) holds for both of those points.

The following lemma will be used in the proof of the main result of the
present section.
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Lemma 6.11. Let {¢;}i_;, {¢;}=, be some measurable functions defined on
a measurable set E and let

= Z%(x)%-(t) (z,t) € E x E.

Furthermore, for a given real valued orthogonal matrix
A = (CLU)
1<i<p
1<5<u

let fr(x) = >0 awpi(x), gp(x) =DM aithi(t). If we consider a new kernel

Ba.1) = S0y felwhgu(t) then
K(z,t) = ®(x,t) for (z,t) e EXE.

Proof. We have

I
M=
M:

(I)(ZE', t) azk¢z Z al/k‘,l?bl/

¢V Z QulQif

v (@)1 (1) = K(z,1).

B
Il
—

i=1

I
M=
bg:

.
Il

—
Il
—_

1%

I
pgt

N
Il
—

O

We are going to apply Lemma [6.11]in the proof of the next theorem. As
{#;}i—1 and { fi}j_, we will take two orthonormal bases in V(m) considered
in Sectlon B.2l Concretely we will consider the following orthonormal bases
of V(im) : {h®(z) : 0 <v<m—1} and {pyjm(r): 0<j<m—1}.

Theorem 6.1. For any m = 2,3, ... the system H™(m) is an unconditional
basis in the weighted norm space LP(RT w), 1 < p < oo if and only if there
ezists a point y € [0, +00] such that:

If y # 400 then w satisfies the condition M,(R™ \ {y}) and the condition
M(R*);

If y = +oo then w satisfies the condition M,(R™).
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Proof. Suppose that H*(m) is an unconditional basis in the weighted norm
space LP(RT,w), 1 < p < co. Then H*(m) is complete minimal in LP?(R", w)
and there exists a unique point y € [0, +o0] such that the condition (6.5])
holds. First consider the case y = 4o00. In this case the uniqueness of the
point y means that for any h,(c'jj)m(x) € Ht(m)

) 1
v _ kgm = +
g'”m_—w e L—1(R™). (6.7)

The proof of the necessity can be easily completed following the scheme of
the proof of Theorem .4l

If y € [0,400) then by Lemma the system biorthogonal to H™(m) is
defined by the following equations:

14 h](ﬂu) m
o) (1) = =5

forallke€eZ,jeZT and 1 <v <m— 1.
Let A = Aj4(y) and let A(y) = A(0) + j,m™!, where j, € Ny. For
f € LP(RT w), consider the sum

(6.8)

By Lemma [6.17] follows that

/ 1t ngm B (@)lt)dt (6.9)

m—1

() D @it grsm(@) g m(Ew(t)dt, (6.10)

J=0
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where

U im(t) = i1y tim () — G, +5m ()X (E)
o e '

Thus we obtain that if z € A;;(y) then
m—1
> d?) (R (@) = —ml F(t)dt —m! Ft)dt.
=1 R¥\A 1 (y) RT\A;(y)
If f(t) > 0 for ¢t € RT then it follows that for x € A1 (y)
Z DU, 2 D) [ ped]
+1\Y

Afterwards in the same way as in the proof of Theorem we obtain that
for some B, > 0 and for all | € Z

1 p=l
e ([ wma) <
RH\A(y)

Let £j; € M,1 < j <m —1 be mutually disjoint mtervals such that |Ej;| =

m~Ay(y), 1 <1< m—1and Ay(y) = A (y) UUSL, By By (63) we
obtain that if f(t) = 0 when z € Rt \ A;(y) then

S lt) (VB () = Byl e it e e B0 <j<m-1),
lj

Which yields

ol et [

Let A € M,|A] = m~=! be such that A A;(y) = 0. We consider the
interval A* € M, |A*| = m~! be such that A C A*. Let = Ay(0) + k*m™!
where k* € Nj.

For f € LP(R* w) consider the sum

p—1
w_p%dt) SBIf’j foranyl €Z andl<j<m—1.

-1

A (YR ().
1

3

v
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Using the same idea as above we show that if z € A then

= v ) () — AL AL
S (DA = 187 [ s [ s

Thus if f(t) =0 for t € RT \ A it follows that

m—1

v m — 1 —
S il ()M le) = " lA [ (o
v=1

and the proof of the necessity is completed easily.

The proof of the sufficiency will be given following the same idea as in
proof of Theorem By Lemma we have that the system H™(m) is
complete and minimal in LP(R* w). Let Gt(m) = {g]iuj)m ke Z,j €
Z*,1 < v < m— 1} be the conjugate system of the basis H*(m). Suppose
that w satisfies the condition M,(RT). Then the system G*(m) is defined
by the equations (6.7). Let f € LP(RT,w) and let Q@ C Z x Z* be a finite

set. Moreover, let N € N be such that h,(fj)m(x) =0 if x € [m", +00) for all
(k,j) € Q. For any 1 <v < m — 1 consider the sum

SO (fx) =D (M), (6.11)

(k,7)eQ

where

A ()= [ FO",, 0.
R+
Applying Lemma [3.7 as in the proof of Theorem .21 we obtain that for some
167 (£, Mr@r ) < Byl fllzwizr.a,

where B, > 0 is independent of f and (2.

If y € [0, +00) then we take N € N so that h,ﬁ”jm(a:) =0ifz € [m", +o0) for
all (k,7) € Q and y € [0,m"]. By Lemma the system G (m) is defined
by the equations (6.8]). In this case the coefficients of the sum (6.11) are
defined as follows:

()= | F@OR.0) =) ()]dt.
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We write f(t) = fi(t) + fa(t), where fi(t) = f(t)x[m~|(t). By Lemma 3.8
and Lemma in the same way as above we obtain that

1SS (F1y Miw@s w) < Byl fill Lo o),

where B, > 0 is independent of f; and 2. The proof will be complete if we
show that

||S§2”’(f2, MNrr@tw)y < Byl foll e @+ w),
where B > 0 is independent of fy and ). We have that

S (fax) = D> D (f)h),(@)

(k,j)eQ

=_ £)dt ) ()R ().
/[mN,+oo) Z kJ

(k,7)eQ

Let fx(t) = m N xp,mv(t) then

(k,j)e2 (k,j)e2
= S((ZV (fN>I)'
Thus we have that
I Motz = | [ OIS 5 e
m* ,+00

L
Y

_ 1
sufznmw,m[ [ e wdt} Bl il v
[mN ,+o0)

1 1
| p
:Bpm_N{/ w(t) pldt} {/ w(t)dt} Hf2HLP(R+,w)-
[m¥,+00) [0,mN]

Using that w satisfies the condition MY(R™) we complete the proof. O

It is easy to check that any function w,(x) = 2" if r > p — 1 satisfies the
condition MJ(R*) and the condition M,,((0,+00)).

Corollary 6.1. Let 1 < p < oo and let w.(x) = |z|" if r > p—1. Then

the system HT(m) is an unconditional basis in the weighted norm space
LP(RY, w,).
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Theorem 6.2. For any m = 2,3, ... the system H(m) is an unconditional
basis in the weighted norm space LP(R,w), 1 < p < oo if and only if there
exist two points y; € [0, 4+00], Yo € [—00, 0] such that:

If y1 # 400 then w satisfies the condition My(R™ \ {y1}) and the condition
MY (RT);

If y1 = +o00 then w satisfies the condition M,(R™);

If yo # 400 then w satisfies the condition M,(R™ \ {y2}) and the condition
Mg2 (R—)}.

If yo = —o0 then w satisfies the condition M,(R™);

Corollary 6.2. Let 1 < p < oo and let w.(z) = |z|" if r > p— 1. Then the
system H(m) is an unconditional basis in the weighted norm space LP(R,w,.).
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