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We introduce a mathematical framework for quantifying fine-tuning in general physical settings.
In particular, we identify two distinct perspectives on fine-tuning, namely, a local and a global

perspective — and develop corresponding measures.

These measures apply broadly to settings

characterized by an arbitrary number of observables whose values are dependent on an arbitrary
number of parameters. We illustrate our formalism by quantifying fine-tuning as it arises in two
pertinent astrophysical settings: (i) in models where a significant fraction of the dark matter in the
universe is in the form of primordial black holes, and (ii) in scenarios that derive the fraction of
protons in habitable dark-matter halos from underlying models of cosmic inflation.

I. INTRODUCTION

The fine-tuning of our existence, as encoded in our
current best (effective) physical theories — such as the
standard models of particle physics and cosmology —
is a striking putative fact [1-3]. And yet this is just
one instance of fine-tuning as it arises for such theories.
More broadly, we may identify the fine-tuning of some
particular phenomenon, F, in the context of some theory
T, in the following way (for which we provide a mnemonic
label, as the claim will recur below):

(FT): If circumstances in theory T were a lit-
tle different, phenomenon F would not arise.

Although simple to state, there are significant technical
and conceptual challenges involved in making this claim
precise.

The ‘circumstances’ referred to in (FT), are perhaps
less controversial. They refer, in practice, to three items
that characterize an effective physical theory: (i) equa-
tions of evolution for dynamical variables of interest, (ii)
initial conditions for those dynamical variables, and (iii)
parameters that appear in the equations. These parame-
ters are left unspecified by any such theory, and are fixed
by our observations. For example, Tegmark et al. [4]
identify a total of 31 such parameters that arise in the
standard models of particle physics (26 parameters) and
cosmology (5 parameters).

A particularly difficult challenge involves making pre-
cise the notion of ‘a little different’. This problem sits at
the heart of what we mean by fine-tuning, and quantify-
ing this notion is the focus of this paper.

One also needs to be clear about which phenomenon,
F, one is referring to in (FT). There are cases where F
is straightforward to identify, but where any subsequent
analysis would be uninteresting. For example, ordinary
objects on Earth appear to be finely tuned, but their ex-
istence can be accounted for by a sequence of accidents —
in which case their finely tuned nature does not seem to
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require an explanation. Thus, the question arises: what
are the salient phenomena (the appropriate F’s) that
should be the target of our concerns about fine-tuning?
As mentioned in the opening paragraph, this question is
of particular interest (and is particularly difficult to an-
swer) when we would like F to stand for ‘our existence’.
(See Ref. [5] for a discussion of this point.)

A second facet of the issue of fine-tuning, aside from
concerns that relate to its definition, arises when we ask:
how should we deal with theories that predict phenom-
ena that are finely tuned? For now, we will refer to such
theories as ‘finely tuned theories’. One can think of finely
tuned theories as containing ‘finely tuned models’, which
instantiate the theory in the real world — though we will
not make much of this distinction in what follows. One
response, that we broadly endorse, is that finely tuned
theories seem to cry out for a replacement, namely, a less-
finely tuned theory, where phenomena of interest do not
disappear under small changes in ‘circumstances’. And
there are a variety of examples in physics of new, puta-
tively less finely tuned theories supplanting more finely
tuned theories. An interesting example from the recent
history of physics is that of cosmic inflation (see Refs. [6-
9]) supplanting the standard big-bang model of cosmol-
ogy.! (We touch upon further examples, gleaned more
broadly from the history of science, in Sec. V.)

In this paper, motivated by (a) technical challenges
inherent in making claims about fine-tuning precise, and
(b) the role that fine-tuning plays in the development of
theories, we ‘gauge fine-tuning’ — namely, we develop
quantitative measures of fine-tuning suited to the anal-
ysis of various models employed in the sciences. (See
Refs. [12-15] for related work in the context of particle
physics.) Our goal is to provide a means to compare
levels of fine-tuning between models, to aid in the task
of theory evaluation and development. We define both
local and global measures of fine-tuning, and then illus-
trate our formalism by applying these measures to quan-
tify levels of fine-tuning in two pertinent astrophysical

1 And, of course, one can wonder whether cosmic inflation is itself
finely tuned — see, for a lively recent debate, Refs. [10, 11].



examples. In particular, we (i) characterize fine-tuning
in models where a significant fraction of the dark matter
in the universe is in the form of primordial black holes
(PBHs), and (ii) characterize fine-tuning in more realis-
tic models that derive the fraction of protons in habitable
dark-matter halos from underlying models of cosmic in-
flation.

In Sec. IT we describe the general setting in which
our analysis of fine-tuning most naturally applies, and
then define local and global measures of fine-tuning. In
Sec. III we apply these measures to characterize fine-
tuning in models of dark matter based on PBHs, and
then, in Sec. IV, characterize fine-tuning in models of
habitable dark-matter halos derived from cosmic infla-
tion. We summarize our conclusions in Sec. V.

II. MEASURES OF FINE-TUNING

We begin by outlining the general setting in which we
will define local and global measures of fine-tuning. Con-
sider a theory (or a model) in which there is a total of
m observables, represented by a vector O c R™, which
arise via a map from a set of n parameters, represented
by a vector p € P C R", with

O:P—R™
p+— O(p) = (01(p), O2(p), ..., Om(p)). (1)

We assume that each parameter p;, for i = 1,...,n, is
a real number that takes values in some finite interval
P; C R, and that ‘parameter space’, denoted by P =
P1xXP2X...P, (viz., the n-ary Cartesian product of such
finite intervals), is an n-dimensional box in R™. (One can
think of O as a collection of salient phenomena — namely,
a collection of Fs — as introduced in Sec. I.)

The justification for restricting attention to such a fi-
nite parameter space is subtle (see, e.g., Ref. [16] for a re-
lated discussion). As mentioned in Sec. I, in practice, our
characterizations of fine-tuning occur for effective physi-
cal theories, where those theories have a limited regime
of applicability. For example, the standard models of
particle physics and cosmology do not apply to energy
scales where effects of quantum gravity become impor-
tant. This limit on a maximum energy scale translates
into limits on dimensionful parameters in the theory (a
minimum energy scale can be reasonably assumed to be
zero). When dimensionless parameters in the theory de-
termine dimensionful physical quantities (what Tegmark
et al. [4] refer to as “derived physical parameters”), such
as masses of particles, then they too may be reasonably
assumed to have finite ranges — so that the resulting
physical quantities do not lie outside the bounds of ap-
plicability of the effective theory. And when one is faced
with a parameter whose range cannot be otherwise re-
stricted (or where one side of the range cannot be re-
stricted), one must use background knowledge to restrict

the range in order to capture salient features of the the-
ory. In sum: for each parameter p;, the interval P; is
set either by the regime of applicability of the effective
theory under investigation, or else by our expectations
about values of p; that characterize the theory. (We will
see how such considerations enter into our characteriza-
tion of fine-tuning in Secs. III and IV.)

We note one further feature of the general setting in
which we examine issues of fine-tuning. The map from
parameters to observables, viz., Eq. (1), is designed to
be general, in that it can include rather complicated
conjunctions of dynamical evolutions and algebraic maps
that may take us from the parameters of the theory (as
encoded in p), to the measurements we make in our ex-
periments (as encoded in 6) Such a feature will be at
play in our examples in Secs. III and IV.

A. Local measure of fine-tuning

We denote the local sensitivity of the uth observable
Oy, at p’ € R™, in some direction in parameter space € =
€/|e|, by L, (p’;€), and define this via a dimensionless,
fractional change in O,;:

[Ou(p’ + €) = Ou(P")] /104(P")]

(2a)

L,(p';€) = lim

lel—0 el/|p’|
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We note that the limit in Eq. (2a) signals that we take
the term that is of lowest order in |e|, as displayed in
Eq. (2b). When O, (p’) > 0, we find that

Lu(p'€) =1p'[(€-VInO,) |p, 3)

namely, at any point in parameter space p’, the local
sensitivity of the uth observable is proportional to the
projection of the gradient of the logarithm of the uth ob-
servable onto the direction of interest in parameter space
(viz., €).

To construct a general measure of the degree of local
fine-tuning taking into account all the observables, which
we will denote by L(p’;€), we combine local sensitivi-
ties of each individual observable via the usual Euclidean
norm:

m 1/2
ama_{ [@@%W}

If we have just a single observable (m = 1), as will be
the case for the examples considered in Secs. IIT and 1V,



setting O — O, we find

L6 = :(p's )] = |O’(”p)| €-VO)lw|. ()

We distinguish orders of local fine-tuning based on the
value of L:

L(p’;€) = 0 = Order 0, (6a)
0< L(p';€) <1=O0rder 1, (6b)
1< L(p';€) < 2= Order 2, (6¢)

N —-1< L(p';€é) < N = Order N, (6d)

where N € {1,2,...} can, in principle, be unbounded.
When £ = 0, there is no local fine-tuning. Though, de-
pending on the scenario at issue, values of £ very close
to zero may not, in fact, be significantly different from
zero.

A motivation for such a classification scheme comes
from noting that in particular instances, £ is the expo-
nent in a power-law dependence of observables on pa-
rameters, viz., O ~ p¥%. [One can explicitly derive this
relation from, for example, Eq. (5): wherein we fix the
total number of parameters to be one (i.e., n = 1); set
that parameter (denoted by p) to be positive (p > 0);
and choose O(p) > 0.] In such cases, values of £ that
correspond to different orders of local fine-tuning are, in-
deed, significantly different from each other. (Of course,
such values of £ would be even more significantly differ-
ent from each other if we had characterized the depen-
dence of observables on parameters via an exponential
relationship.)

Now, local measures of fine-tuning do not provide an
exhaustive account of the finely tuned nature of some
observable (or set of observables). For if € points along
a contour of, say, O(p’), then L(p’;€) = 0. But we do
not expect this fact to be sufficient to definitively rule
out fine-tuning of the observable. What is also needed is
a global measure of fine-tuning, and we turn to such a
measure in the following section.

B. Global measure of fine-tuning

Our global measure of fine-tuning accords most closely
with the common notion of a finely tuned observable [as
implicit in (FT) in Sec. I]. That is, we commonly think of
an observable as being finely tuned with respect to some
parameter if a small, finite change in that parameter (i.e.,
not an infinitesimal change), leads to a large change in
the value of the observable. By ‘a small finite change’ of
a parameter, we usually mean some (measurably) small
fraction of the range of values that the parameter could
have taken. Here, we will develop the case where that
measure is the usual Euclidean norm (but our scheme
is consistent with more complicated measures as well).

Thus, put in plain terms, our global measure of fine-
tuning compares (i) how far one needs to move in some
direction in parameter space for a significant change in
some observable (or set of observables) to occur, with
(ii) how far one could have traveled in principle, in that
direction in parameter space. (Recall that our parameter
space, P, is finite in all directions.)

The construction of our global measure of fine-tuning
proceeds as follows. At some point in parameter space
p’, in some direction in parameter space v, we find the
length of the vector, |v|, such that one obtains an order-
unity fractional change in the observable (i.e., a large
change in the observable). So we need to find |v| such
that

—

O’ +v) — 0| |
10(p")]

Note that not all changes in the (vector of) observ-
ables may be significant. In an example where one has a
total of one observable, as explored in Sec. III, an order-
unity increase in the fraction of dark matter in the form
of PBHs should not count as significant when assessing
the scenario wherein a significant fraction of dark matter
is in the form of PBHs (of course, a decrease would be
significant). Or, as explored in Sec. IV, an order-unity in-
crease in the fraction of protons that end up in habitable
dark-matter halos should not count as significant when
what we are really interested in is the potential for such
halos to give rise to life. Thus one needs to heed any such
interpretation of the observables when applying Eq. (7).

If we denote by A[p’; ¥], the size of the range of allowed
parameter values, starting at p’, in the direction o, then
our global measure of fine-tuning, G(p’; v), is given by

alpal)

v

o). (7)

G(p': 9) = logo ( ®)

We introduce the convention that if an order-unity frac-
tional change in the observable does not occur by the
point at which one reaches the edge of parameter space,
then |v| = A[p’; 9], in which case G(p’; ) = 0. Note then
that this measure of global fine-tuning is non-negative,
G(p';v) = 0.

Alternatively, one may be interested in the entire range
of parameter values along the line through p’, parallel to
©. Then, denoting by A [p’; ], the size of the range of
allowed parameter values, starting at p’, in either direc-
tion © or —v, we have

ApoF] = Alp';o] + Alp'; 9], (9)

where A [p’; —9] is the size of the range of allowed pa-
rameter values, starting at p’, in the direction —o. Let

[v*| = o] + o7, (10)

where |v ™| is the size of the vector that leads to an order-
unity fractional change of the observable in the direction



—v; and where we invoke the convention introduced im-
mediately after Eq. (8), appropriately modified for the
—v direction. Then we can define another (manifestly
non-negative) measure of global fine-tuning, which we
will denote by G (p’; %), namely,

Alp'; ﬁi])

g~<pl;{)i) ElOglO ( |’Ui| (11)

As in the case for the general local measure of fine-
tuning, we distinguish orders of global fine-tuning (treat-
ing our two global measures independently), based on the
numerical value of G(p’; %) or G(p’;9*). In particular,
we distinguish the following cases:

G(p’;0) = 0 = Order 0, (12a)
0<G(p';0) < % = Order 1, (12b)

% < G(p';9) < 1= Order 2, (12¢)

g <G8 < N; L Order N4+1,  (124)

where N € {0,1,...} can, in principle, be unbounded.
A similar set of cases for G(p’; %) can be obtained by
replacing G(p’; ©) with Q(p'; %) in Egs. (12).

We now apply the formalism developed above to two
pertinent astrophysical settings.

III. DARK MATTER AS PRIMORDIAL BLACK
HOLES

To illustrate how our measures of fine-tuning operate,
we first characterize levels of local and global fine-tuning
as they arise in models where a significant fraction of
dark matter in the universe is in the form of PBHs.

First posited about 50 years ago, PBHs are hypothet-
ical entities thought to arise from large overdensities on
horizon scales in the early universe [17-20]. Such over-
densities can be sourced by an early inflationary phase
(see, e.g., Refs. [21-24]). There has been a resurgence of
interest in their existence due to the discovery of mas-
sive (~ 30Mg) black holes by the LIGO-Virgo Collabo-
ration [25]; as large numbers of black holes of such large
masses are difficult to manufacture through stellar col-
lapse (at least for solar metallicity environments) [26, 27].
Massive PBHs have also been posited as seeds for the gen-
eration of supermassive black holes thought to reside in
the centers of galaxies [22, 28-31]. The idea that PBHs
could constitute dark matter has been around for about
40 years [32]. It gained further attention as a result of
the LIGO-Virgo results [33], and comprises a distinct al-
ternative to particle-based models of dark matter (see
Ref. [34] for a review).

To describe fine-tuning in models that claim that PBHs
are a significant fraction of dark matter, we need to iden-
tify, in accord with Eq. (1), parameters that character-
ize the formation of PBHs, as well as observables whose
finely tuned nature we are investigating.

For the sake of simplicity, we fix the parameters to
be those that arise in a specific extended mass function
for PBHs — one that is thought to be a good approxi-
mation to the mass function that would arise assuming
certain mechanisms for their production (e.g., those in-
voking cosmic inflation).? Also, we will restrict attention
to the case where there is a single observable: the fraction
of dark matter in the form of PBHs.

The extended mass function we invoke takes a lognor-
mal form (see, e.g., Refs. [35-40]). In particular, the
differential mass function of the fraction of dark matter
in the form of PBHs, denoted by f(M) (where M is the
present-day PBH mass), will be assumed to be

_ 1 dQF‘BH
F(M) = Qpy dIn M

frBH 1 2
——— (In M — In M, 13
\/%O' eXp 202 ( n n C) i ( )

where: Qpy = ppm/pe is the ratio of the density of
dark matter today to the critical density today; Qpgg =
ppPBH/ Pe is the ratio of the density of matter in the form
of PBHs today to the critical density today; M, is the
‘central’ value of the mass of PBHs at which the lognor-
mal distribution peaks; and o is the standard deviation
of the distribution. Note also that

oo
fren z/ dIn M f(M) = %"BH, (14)
— DM
is the total fraction of dark matter in the form of PBHs.
We thus have a two-parameter mass function, where the
parameters are (M., o). In what follows, we will con-
sider a dimensionless, scaled version of these parameters,
namely (log,o(M./Mg), o).

The observable we are interested in is related to fppu
in Eq. (14) — in particular, we will assume that the ob-
servable is the maximum allowed value of fppy, as deter-
mined by astrophysical constraints. As outlined in Carr
et al. [34], astrophysical constraints on the abundance of
PBHs have predominantly been derived assuming that
the mass function of PBHs is monochromatic (i.e., the
mass function is proportional to a Dirac delta function).
The constraints come from a variety of considerations in-
cluding: PBH evaporation, gravitational lensing experi-
ments, various dynamical effects, and PBH accretion and
radiation. These constraints are currently in flux (see

2 In models that source PBHs from, say, single-scalar-field models
of cosmic inflation (see, e.g., Refs. [23, 24]), one could fix the
parameters to be those that appear in a suitable scalar potential
V(¢), together with initial conditions for the scalar field.



Refs. [34, 40-43] for a discussion of such constraints and
for snapshots of how such constraints are employed in
the literature). For the sake of our analysis, and in par-
ticular to determine the observable of interest for our
fine-tuning analysis, we present an illustrative subset of
such constraints in Fig. 1(a).

Our assumed differential mass function is extended,
and we confront such a mass function with the monochro-
matic constraints displayed in Fig. 1(a). Procedures have
recently been developed that allow one to do this in a rig-
orous way (see Refs. [40, 43, 44]). In particular, for each
observable, the constraint that the extended mass func-

J

tion needs to satisfy is

f)
/dlnMW(M) <1, (15)

max

where fi2°"°(M) is the maximum value of the fraction of
dark matter in the form of PBHs, under the assumption
of a monochromatic mass function. We implement a sim-
plified version of the full procedure, in which we assume
that f2oro (M) is the solid blue line in Fig. 1(a) for the
entire PBH mass-range of interest. Thus, substituting
Eq. (13) into Eq. (15), and rearranging, we obtain an ex-
pression for the maximum value of the fraction of dark

matter in the form of PBHs:

1 1 -
fPBH,max = {/dlnM o (1) Vare exp | =53 (In M — lnMC)Q}} . (16)

max

We now expressly connect this scheme for analyzing
PBHs with the general setting in which we derived mea-
sures for fine-tuning (in Sec. IT). In particular, we choose:
p — (logyo(Mc/Mg),0) and O — fppH,max-

Performing the integral in Eq. (16) numerically, we find
the result displayed in Fig. 1(b). The shape of the region
where one obtains a significant maximal fraction, e.g.,
log o (fPBH,max) 2 —3 is roughly symmetric due to the
symmetry of the lognormal mass function (and the ap-
proximate symmetry of the monochromatic constraints).
In addition, for a fixed M., we find that increasing the
width of the mass function, viz., increasing o, leads to
an eventual decrease in logo(fpBH,max), indicating that
generically, one cannot avoid the constraints by flatten-
ing out the mass function. Finally, we note a small island
around log,y(M./Mg) ~ —8.8 and o ~ 0.2, where one
obtains a significant fraction of dark matter in the form of
PBHs, viz., fpBH,max 2 50%. This island corresponds to
the permissive nature of the selected constraints around
the same PBH mass in Fig. 1(a).

We are now in a position to compute the level of local
fine-tuning in such a model using Eq. (5). In particular,
we are interested in the scenario in which a significant
fraction of dark matter is in the form of PBHs, and so
we assume that the point in parameter space we are pri-
marily interested in [viz., p’ in Eq. (5)] corresponds to
a large fpBHmax. We choose log,(fpBH,max) ~ —0.25,
and thereby characterize fine-tuning in a scenario where
about 56% of the total density of dark matter is in the
form of PBHs. Our chosen point in parameter space with
this property is marked by the red dot in Fig. 2(a) [it has
coordinates p’ = (—8.85,0.190)].

In applying Eq. (5) we furthermore note that our
parameter space is two-dimensional, so we can write
€ = (cosf,sinf). Thus, once we have fixed p’, the level
of local fine-tuning, £(p’; ) [or, alternatively, £ (p’;6)],
is purely a function of the angle §. We plot £,(p’;0) in

(

Fig. 2(b), and find a maximal level of local fine-tuning
of Order 14. According to the classification scheme de-
fined in Eqs. (6), this corresponds to a significant level
of local fine-tuning. We note also, as anticipated in the
final paragraph of Sec. IT A, there are directions in pa-
rameter space where there is no local fine-tuning [where
L(p’;0) = 0= L1(p’;6)] — such directions correspond to
those in which € points along a contour of the observable
fPBH,max~

To provide some context for the levels of fine-tuning
quoted for the chosen point p’, we compute the maximal
order of local fine-tuning at a set of points with the same
mass-function width o, but with different values of the
mass, M., at which the mass function peaks. The chosen
points are displayed in Fig. 2(c). The maximal order of
local fine-tuning for these points is displayed in Fig. 2(d).
Most selected points display maximal orders that are low
compared to the chosen point p’.

To compute the level of global fine-tuning (relative
to the same point in parameter space, p’) in accord
with the scheme introduced in Sec. II B, we need to fix
some finite range over which parameters can take val-
ues. In what follows, we fix this range to correspond to:
M. € [5 x 10*g,10*Mg] and o € [0.1,10]. The lower
bound on M, approximates the mass of black holes at
formation that would have evaporated, via Hawking ra-
diation, by the present epoch [40, 42], whereas the upper
limit is a conservative, illustrative upper bound based
on astrophysical constraints [see Fig. 1(a)].> The lower
bound on the range of ¢ is chosen such that one does
indeed obtain an extended mass function, and the upper
bound is chosen so that we subsequently probe at least
two orders of magnitude in o.

3 See Ref. [37] for a discussion of one mechanism that allows for
such an upper cutoff on the mass of PBHs today.
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FIG. 1. (a) Monochromatic constraints on the fraction of dark matter in the form of PBHs, fpsu, as a function of the mass, M,
of PBHs today. A stylized subset of constraints from Refs. [34, 41] has been employed to illustrate our fine-tuning formalism.
The light-blue region denotes values of fpgu that are ruled out by observations and the dark-blue line demarcates the border
of that region. (b) Maximal value of fpgpn for the lognormal extended mass function in Eq. (13), such that the monochromatic

constraints are satisfied [see Eq. (16)].

Measures of global fine-tuning can then be computed
using Egs. (7)—(11). Again, due to the two-dimensional
nature of the parameter space, directions in parameter
space (labeled by, for example, © in Sec. II B) can be pa-
rameterized by 0. For each direction # we may now use
Eq. (7) to find the length of the vector that yields an
order-unity change in the observable, fpeH, max. Note, as
discussed in Sec. II B, for the scenario that we are assess-
ing, wherein a significant fraction of dark matter is in the
form of PBHs, an order-unity increase in fppH,max does
not count as significant, and so we only probe order-unity
decreases in fppH,max. We choose the order-unity change
to correspond to 0.8, and display numerical results for our
computation of G(p';0) and G(p';0) in Fig. 3.

In Fig. 3(b), we see that the maximal level of global
fine-tuning is of Order 3 [i.e., when 1 < G(p';6) < 3/2 —
according to Eqgs. (12)], and that G(p’;6) = 0 when the
direction of interest does not yield a significant order-
unity change in the observable before one reaches the
edge of parameter space. When we take into account
the entire range of parameter values along a line through
p’, as for the computation of G(p’;0), we find that the
minimal level of global fine-tuning is Order 1. In sum:
the hypothesis that PBHs make up a significant fraction
of dark matter can indeed require high levels of both local
and global fine-tuning.

IV. HABITABLE DARK-MATTER HALOS
FROM INFLATION

We turn now to our second illustrative example, that
treats a less speculative scenario, wherein we compute

levels of local and global fine-tuning in astrophysical
models that estimate the fraction of protons in habitable
dark-matter halos. Note that throughout this section,
we will use ‘extended Planck units’ (as in Tegmark et al.
[4]), where: ¢ = h = G = ky, = |ge] = 1, so that the
reduced Planck mass is given by M, = (87)~ /2.

We implement a simplified version of the scheme intro-
duced in Ref. [4], which relates the fraction of protons, f,
(‘k’ for ‘halo’), that end up in dark-matter halos whose
densities lie in some specified range, to cosmological pa-
rameters: in particular, to the density of dark energy, pa,
and the amplitude of primordial density perturbations, )
— so that f, = fu(pa,Q).* In particular, the standard
Press-Schechter formalism is employed to compute the
fraction of matter that has collapsed into dark-matter
halos (of at least a certain mass at a certain time) [45].
Habitable halos correspond to those that lie within some
mass-density range, viz., pmin < Pn < Pmax (Where we
set, as in [4], pmin = 107128 and ppayx = 107129). They
are ‘habitable’ in the sense that the halos satisfy neces-
sary conditions for the existence of life. From now on,
frn will expressly refer to the fraction of protons in such
habitable halos.

Suitable values for the cosmological parameters,

4 See, for further details, Tegmark et al. [4, Sec. IVA]. Their final
expression for fj [their Eq. (50)] is also, in effect, a function of
£, the matter density per photon-number density — but we set
this quantity to its present-day value quoted in Ref. [4] for the
sake of simplicity (viz., £ = 3.3 x 10728). Any dependence on
&h, the baryonic matter density per photon-number density, will
be suppressed due to hard cutoffs employed for the density range
over which such halos form.
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FIG. 2. The measure of local fine-tuning for the scenario wherein PBHs make-up a significant fraction of dark matter. (a)
A close-up of the corresponding region from Fig. 1(b), showing the maximal value of fppu for the lognormal extended mass
function in Eq. (13), such that the monochromatic constraints are satisfied [see Eq. (16)]. The red dot corresponds to a particular
point in parameter space, p’ = (—8.85,0.190), at which measures of local (and global) fine-tuning have been calculated. (b)
The level of local fine-tuning at point p’ = (—8.85,0.190), as a function of direction, 6, in parameter space. As usual, 6 is
measured anticlockwise from the positive z-axis in parameter space. We have plotted £1(p’;6) as it appears in Eq. (5). (c)
Selected points (black and red) in parameter space at which the maximal order of local fine-tuning was computed. The red
dot corresponds to p’ = (—8.85,0.190) as in (a). (d) The maximal order of local fine-tuning at each corresponding point in (c).
The red dot in (d) yields the maximal order of local fine-tuning at p’ = (—8.85,0.190) — viz., Order 14.

(pa, @), can be derived from a variety of models of cos-
mic inflation. We thus extend the discussion in Ref. [4] to
include an analysis where these parameters indeed arise
from an early inflationary phase, sourced by a minimally
coupled, single scalar field ¢, subject to a power-law
potential, V(¢) (see, e.g., Ref. [46]). In particular, we
choose

V(¢) = pa + Ao", (17)

for specific values of n.

Assuming the slow-roll approximation, it is straight-
forward to derive @ in terms of the potential (and its
derivative with respect to ¢) when cosmological scales
left the horizon during inflation: roughly N, = 50 to 60
e-folds before the end of inflation (see, e.g., Ref. [47]).

One finds, to leading-order in slow-roll parameters, that

1/2 g\ (n+2)/4
ot () o)
122 M5 "
(18)
Here we have also assumed that py < A" for ¢ = ¢eng ~
nMp/ V2, corresponding to the field value when slow-roll
inflation ends, for the case where the field rolls down the
potential starting from positive values of ¢. Thus, our
observable of interest, the fraction of protons in habit-
able dark-matter halos, will now be expressed with the
functional dependence: fp,(pa, A).

We focus on three values of the exponent, n, in
Eq. (17), namely, n = 2/3,2, and 3. To leading-order
in slow-roll parameters, and again assuming that pp <
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FIG. 3. Measures of global fine-tuning for the scenario wherein PBHs make up a significant fraction of dark matter. (a) A
close-up of the corresponding region from Fig. 1(b), showing the maximal value of fppu consistent with the observational
constraints displayed in Fig. 1(a). The red dot corresponds to a particular point in parameter space, p’ = (—8.85,0.190), at
which measures of global (and local) fine-tuning have been calculated. The dark-blue region corresponds to those points in
parameter space that yield a significant change in fppH,max as compared with the value of fppH,max evaluated at p’. (b) A
computation of the measure of global fine-tuning in Eq. (8). The dashed gray lines demarcate boundaries where the order of
global fine-tuning changes [see Eqgs. (12)]. As expected, G(p'; ) = 0 in directions that reach the edge of parameter space before
a significant order-unity change in fpBu,max Occurs. (¢) A computation of the measure of global fine-tuning in Eq. (11).

A@l 4, one can compute the primordial scalar spectral
index, ng, and the tensor-to-scalar ratio, r, when cosmo-
logical scales left the horizon during inflation. One finds:

4N, —n—4 16n

.= , = — 19
" 4N, +n " 4N, +n (19)

As shown in Fig. 4, the three values of n that we analyze
lead to inflationary scenarios that have varying degrees
of agreement with recent results from the Planck Col-
laboration [48], which has measured ns = 0.968 + 0.006,
and r < 0.11. (Such qualitative differences in agreement
between the three inflationary models we study do not
change if we adopt the updated constraint r < 0.09 [49].)
For each value of n, the values of ng and r plotted in
Fig. 4 employ Eq. (19), where N, varies between 50 and
60 e-folds.

Now, for a fixed n, we connect the above scheme for an-
alyzing the fraction of protons in habitable dark-matter
halos with the general setting in which we derived mea-
sures for fine-tuning (in Sec. II). In particular, we choose
p — (l0gyg pa;logp A) and O — fi.

Moreover, in this example (in contrast to the exam-
ple developed in Sec. IIT), we are able to identify a point
in the resulting two-dimensional parameter space that
is consistent with results obtained by the Planck Col-
laboration [50]. We find: pp obs ~ 1.16 x 10712% and
Qobs = \/Asobs ~ 4.6 x 1075 (where Asops is the
observed amplitude of primordial scalar perturbations).
Then, for any n and a fixed value of N,, we can invert
Eq. (18) to obtain a value for A, which we will denote by
Aobs (M, Ni), which is consistent with these results. We
find, for the particular values of N, we will indeed use
below: log;o[Aobs(2/3,50)] = —11.72, log4[Aobs(2, 60)] =
—12.16, and log;[Aobs(3,50)] = —12.55.

Our results for the observable, f, for the cases where
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FIG. 4. Relative degrees of agreement of the three inflation-
ary potentials studied herein with results from the Planck
Collaboration [48]. The potentials, whose functional form is
given in full in Eq. (17), are labeled by their ¢-dependence.
Black dots indicate the values of N, that we employ in our
analysis.

n =2/3,2, and 3, are displayed in Fig. 5(a), (¢), and (e),
respectively. In each of these plots, the red dot marks pa-
rameter values that are consistent with observations (as
described above) — and denotes the point, p’, that en-
ters into our computations of local and global fine-tuning
[see, e.g., Eq. (5)]. In each case, we find, at the red dot,
fn~0.2.

In computing levels of local fine-tuning via Eq. (5) we
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FIG. 5. (a), (c), and (e): The fraction of protons in habitable dark-matter halos, as a function of our two-dimensional

parameter space, for the cases n = 2/3,2, and 3, respectively. In each case, the red dot corresponds to f, ~ 0.2 and denotes the
point in parameter space consistent with cosmological observables. More specifically, that dot denotes p’ in the main text [see,
e.g., Eq. (5)] and takes the values: p’ = (—122.94, —11.72) for (a); p’ = (—122.94, —12.16) for (c); and p’ = (—122.94, —12.55)
for (e). Levels of local fine-tuning at p’ are displayed in (b), (d), and (f), as computed from (a), (c), and (e), respectively. The
maximal level of local fine-tuning is of Order 145 in each case.



again note that our parameter space is two-dimensional,
so we can write € = (cos,sinf). Thus, once we have
fixed some p’, the level of local fine-tuning, £(p’;0) [or,
alternatively, £1(p’; )], is purely a function of the angle
6. We display results for £, (p’;0) for each of the three
cases where n = 2/3,2, and 3, in Fig. 5(b), (d), and (f),
respectively, to obtain a maximal level of local fine-tuning
of Order 145 in each case. The results across the three
distinct cases are virtually identical. According to the
classification scheme defined in Eqgs. (6), this corresponds
to a very significant level of local fine-tuning.

The computation of levels of global fine-tuning re-
quire a parameter space where each parameter takes a
finite range of possible values. In what follows, for the
sake of illustration, we fix this range to correspond to
pA € [0.1pA obs, 1] and A € [10710ps(n, N,), 1]. In each
case, the upper limits in the ranges reflect the fact that
order-unity quantities in the units we employ are to be
considered large. The lower limits in each case are largely
illustrative.

Measures of global fine-tuning can be computed using
Egs. (7)—(11). Directions in parameter space (labeled by,
for example, ¥ in Sec. IIB) can again be parameterized
by 6. For each direction § we may now use Eq. (7) to find
the length of the vector that yields an order-unity change
in the observable, f,. Since, as described in Sec. II1B,
we are interested in the potential for dark-matter halos
to give rise to life, an order-unity increase in f5 is not
significant, but an order-unity decrease is. We choose
the order-unity decrease to correspond to 0.9 [viz., the
right-hand side of Eq. (7) is set to 0.9 and only a decrease
in the value of the observable is deemed significant], and
display numerical results for our computation of G(p’; 9)
and g~(p’; 6), for each of the three cases n = 2/3,2, and
3, in Fig. 6.

In Fig. 6(b), (e), and (h), we see that the maxi-
mal level of global fine-tuning is of Order 4 [i.e., when
3/2 < G(p';0) < 2 — according to Egs. (12)], and that
G(p';6) = 0 when the direction of interest does not yield
a significant order-unity change in the observable before
one reaches the edge of parameter space. When we take
into account the entire range of parameter values along a
line through p’, as in the computation of G(p’; #), we find
that the minimum level of global fine-tuning is of Order
1 for each value of n considered. Again, results for each
case are very similar. In sum: the fraction of protons
in habitable dark-matter halos, consistent with observa-
tions, can require extreme levels of local fine-tuning and
high levels of global fine-tuning for the models of cosmic
inflation described above.

V. DISCUSSION

In this paper, we have defined quantitative measures of
fine-tuning from ‘local’ and ‘global’ perspectives, suited
to the assessment of various theories (or models) em-
ployed in the sciences. The underlying motivation for
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this work is the claim that the perceived level of fine-
tuning of scientific theories plays an important role in
the evaluation and development of theories (toward less-
finely tuned theories) — and yet it remains a difficult
challenge to make precise what we mean by fine-tuning.

There are many examples in the history of science
that may be interpreted to support the underlying mo-
tivation mentioned above. Omne example comes from
early advances in astronomy, in which the geocentric
model of Ptolemy (indeed, described by Weinberg [51]
as finely tuned) was supplanted by Copernicus’ heliocen-
tric model. Another example, not related to physics per
se, arises in On the Origin of Species, where Darwin ar-
gued for the hypothesis of common ancestry over (what
we would naturally describe as) the finely tuned hypoth-
esis of special creation [52]: with the former hypothesis
furnishing a better explanation for, say, the existence of
similar features of inhabitants of regions with ostensibly
different climatic conditions. And, skipping ahead to the
present day, it is interesting (and perhaps unsurprising)
to note that those in the vanguard of theory develop-
ment in emerging disciplines such as in theoretical bio-
physics are indeed sensitive to such a tradition (see, for
overviews, Refs. [53, 54], and references therein).

The groundwork we have laid for meeting the challenge
of making fine-tuning precise, describes local and global
measures suited to the analysis of a broad range of such
scientific settings. Our measures can indeed be employed
to establish and compare levels of fine-tuning in various
contexts. In an example of an application of our formal-
ism, in Sec. I, we characterized fine-tuning in models
where a significant fraction of dark matter is in the form
of PBHs, and found these scenarios to be finely tuned in
both a local and global sense. We expect this fine-tuning
to increase substantially if one traces the evolution of
PBHs from, for example, inflationary mechanisms up to
the generation of extended mass functions.

In a second example, described in Sec. IV, which indeed
involves inflationary processes in the very early universe,
we characterized fine-tuning in models that derive the
fraction of protons in habitable dark-matter halos from
underlying models of cosmic inflation. We found these
scenarios to be significantly finely tuned in both a local
and global sense, with levels of fine-tuning being very
similar across the three inflationary models studied.

We also wish to highlight some important caveats to
our approach. In referring to sizes of ranges in parameter
space, our global measure of fine-tuning implicitly treats
different points in parameter space equally. If one wishes
to assign different weights to different points in param-
eter space, a new global measure of fine-tuning would
need to be constructed. Indeed, we have not dealt with
the important issue of measure-theoretic descriptions of
fine-tuning, but they are the natural setting in which to
describe such a generalization of our scheme. Of course,
the central feature of our definition of global fine-tuning
would remain in place. That is, establishing levels of
global fine-tuning consists of a quantitative comparison
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FIG. 6. Levels of global fine-tuning of f5, the fraction of protons in habitable dark-matter halos as a function of inflationary
parameters [appearing in Eq. (17)]. (a)—(c) display results for n = 2/3; (d)—(f) display results for n = 2; (g)—(i) display results
for n = 3. (a), (d), and (g) present a close-up of the corresponding region in Fig. 5(a), (c), and (e), respectively. Contours
mark order-unity increases and decreases in f5, though only order-unity decreases are used in our global analysis. A red dot
corresponds to the point in parameter space consistent with measured cosmological observables, as quoted in the caption to
Fig. 5. Subplots (b), (e), and (h) present computations of the measure of global fine-tuning in Eq. (8), for n = 2/3,2 and 3,
respectively. The dashed gray lines demarcate boundaries where the order of global fine-tuning changes [see Egs. (12)]. As
expected, G(p';0) = 0 in directions that reach the edge of parameter space before an order-unity decrease in f; occurs. (c),
(f), and (i) present computations of the measure of global fine-tuning in Eq. (11).

between (i) a measure of all relevant parameter values,
and (ii) the (smaller) measure of such parameter values
that are consistent with the phenomenon whose finely
tuned nature is under investigation.

Finally, we note that fine-tuning is just one aspect
of a theory (or model) that may be used in its assess-
ment. There are other characteristics that may also be
taken into account when evaluating and comparing the-
ories, such as empirical adequacy, internal and external
consistency, scope, simplicity, and the ability of a the-
ory to provoke new lines of inquiry. (See, for example,

Refs. [55, 56].) Thus we caution against using only the
measures we have explicated in this paper (or more gen-
eralized versions of such measures) to assess a theory,
but stress that such measures are an important charac-
teristic of theories, and are a valuable aid in the difficult
task of theory development considered broadly across the
sciences.
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