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ABSTRACT

This thesis consists of two parts. Each of them deals with problems in the
design of linear time-invariant systems with certain prescribed properties,
such as stability and cost optimality.

The first part addresses theoretical questions arising in the design of au-
tonomous decentralized systems. The network topology of such a system
describes which agents are able to interact with each other.

We study the following problem: For a specified network topology, can one
find a set of interaction laws that yield stable dynamics for the ensemble of
agents? We restrict our analysis to systems with strictly linear dynamics.
This problem can also be referred to as the structural stability problem, seen
as the counterpart to the structural controllability problem.

In mathematical terms, we consider vector spaces of real square matrices
for which every entry is either fixed at zero, or an arbitrary real number.
We call them sparse matrix spaces, abbreviated SMS, and examine under
what conditions they contain matrices for which all eigenvalues have strictly
negative real parts. We call an SMS with this property stable.

We estimate the proportion of stable SMS when their size approaches
infinity and when the locations of the free variables are chosen independently
at random. Using graph theory techniques, we also develop polynomial-time
algorithms for extension of a given stable SMS to a stable SMS with up to
two additional nodes.

In the second part, we consider linear time-invariant systems with con-
trol. The well-known linear quadratic regulator (LQR) provides feedback
controller that stabilizes the system while minimizing a quadratic cost func-
tion in the state of the system and the magnitude of the control. The optimal
actuator design problem then consists of choosing an actuator that minimizes
the cost incurred by an LQR.

While this procedure guarantees a low overall cost incurred, it only takes
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into account the magnitude of the control signals the regulator sends to the
actuator. Physical actuators are, however, also limited in their ability to
follow rapid change in control signals. We show in this thesis how to design
actuators so that the high-frequency content of the control signals is limited,
while insuring stability and optimality of the resulting closed-loop system.
We also address optimal actuator design for linear systems with process
noise. It is well-known that the control that minimizes a quadratic cost in
the state and control for a system with linear dynamics corrupted by additive
Gaussian noise is of feedback type and its design depends on the solution of
an associated Riccati equation. We consider here the case where the noise
is multiplicative, by which we mean that its intensity is dependent on the
state. We show how to derive the actuator that minimizes a linear quadratic

cost.
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PART 1

SPARSE MATRIX SPACES



CHAPTER 1

INTRODUCTION

Decentralized control deals with the design of controllers achieving a given
task, e.g. stabilization of the system or optimal control, under constraints
on what information about the system is available to the controller. By
information available to a controller, we shall mean a subset of the variables
used to describe the system. The study of decentralized control systems is
motivated by the many problems that are characterized by an underlying
network topology describing which interactions within a system are allowed:
seee.g. [1,2,3,4,5,6,7, 8] and the references therein. Such problems include
information transmission and distributed computation.

Despite its relatively long history, decentralized control remains a challeng-
ing area of control theory. In fact, some basic issues that underlie the subject
are still mostly open. For example, consider the following: We call a vector
space of matrices with entries that are either arbitrary real numbers or zeros
a sparse matrix space (or SMS, a formal definition is given below). These
vector spaces arise naturally in the study of linear, decentralized systems. In
fact, we can associate to a such vector space a directed graph that describes
the allowed interactions between the various parts of the system. With these
considerations in mind, whether a matrix space contains a stable matrix is a
natural property to study: indeed, the corresponding graphs can be thought
of as describing the interactions that can sustain stable dynamics. In [9] are
given necessary conditions and sufficient conditions for a SMS to be stable,
as well as structural properties of a stable SMS. Since finding both necessary
and sufficient conditions seems excessively hard to deal with, some restricted
problems are considered instead. The case of SMS with symmetric structure
is examined in [10], where necessary and sufficient conditions for stability are
given. Creation of 1-node extensions from stable SMS is examined in [9].

Questions similar to the ones examined in this thesis also appear when

studying the so called signed patterns. A signed pattern, as defined in [11],



is a set of all matrices for which the elements have some predefined signs.
A signed pattern is called stable if it contains at least one Hurwitz matrix.
Classifying all stable sign patterns is not yet complete and even though clas-
sifying stable sparse matrix spaces can be considered as only a special case of
this undertaking, it is still a formidable task. Some sufficient and some nec-
essary conditions for stability of signed patterns, as well as their equivalent
counterparts for SMS, have been independently presented in [11, 9].

In this thesis, we estimate the amount of sparse matrix spaces that are
stable, when each element of the SMS is a free variable independently with
some fixed probability. We also build upon the work in [9] by considering
node extensions of higher degrees, along with algorithms which test whether
the extensions are stable.

The part is organized as follows: In Chapter 2, we introduce the required
background material in Control Theory and Graph Theory. This includes ba-
sic notions about stability of a system, Hurwitz polynomials, directed graphs,
cycles and their relations to permutations. In Chapter 3, we provide the
main definitions concerning sparse matrix spaces, and discuss relations be-
tween their associated graphs and characteristic polynomials. In Chapter 4,
we recall some results about stability of SMS from earlier papers, and discuss
stability of random SMS when their size approaches infinity. In Chapter 5
we establish a necessary and sufficient condition for a SMS of (n+1) x (n+1)
matrices to be stable given that it contains a Hurwitz SMS of n X n matri-
ces. We call it a stable 1-extension of a stable SMS. Not every stable SMS
can be obtained as a 1l-extension, and we derive a sufficient condition for a
2-extension to be stable as well. We conclude this chapter by showing that
there does not exist a finite set of extension rules that creates all stable SMS.
In Chapter 6, we derive polynomial-time algorithms that implement the re-
sults of Chapter 5 to obtain stable 1- and 2-extensions. The algorithms are
organized around two tasks. The first is to check for the existence of Hamil-
tonian decompositions. While Hamiltonian decompositions include cycles,
which evoke hardness of underlying algorithms, we will see that a reduction
to matching problems in bipartite graphs can be used to obtain fast algo-
rithms. The other task is to check whether multivariable polynomials—in
fact, coefficients of the characteristic polynomial of the symbolic adjacency
matrix of a SMS—have common factors. Again, even though factoring poly-

nomials is a hard task in general, the special form of the polynomials at hand



allows us to derive fast algorithms. The main new idea introduced is the no-
tion of signature of a polynomial. We conclude and provide some directions

for future work in the last chapter.



CHAPTER 2

PRELIMINARIES

In this chapter we provide some definitions and results from Linear Dynam-
ical Systems and Graph Theory, which will be needed for the main chapters

later.

2.1 Linear Dynamical Systems

We start with some basic notions from control theory, such as linear systems,
stability, and Hurwitz polynomials. Proofs of the stated theorems can be
found in any introductory control theory textbook and will not be presented
below.

A linear dynamical system is given by a differential equation
i(t) = At)a(t), (2.1)

where x(t) - the state - is a vector-valued function. When A is a constant
matrix, the system is called linear time invariant (LTT).

One very important property of dynamical systems is stability.

Definition 2.1 (Stability). The system (2.1) is (globally) asymptotically sta-
ble if for any initial condition x(0) = ¢, the state x(t) converges to 0 as the
time t approaches infinity. If there exist constants ¢ < 0 and K > 0, such
that

|2(t)] < Ke|xl

for allt >0 and all xq, the system is called (globally) exponentially stable.

In the case of LTI systems (2.1), stability can be determined simply by

examining the characteristic polynomial of the matrix A.



Definition 2.2. A polynomial is called Hurwitz if all its roots have strictly
negative real parts. A square matriz which has Hurwitz characteristic poly-

nomial is called Hurwitz itself.

Theorem 2.1. The LTI system
z(t) = Ax(t)

is asymptotically stable if and only if the characteristic polynomial of the
matrix A is Hurwitz. Furthermore, stable LTI systems are also exponentially
stable.

There are different ways to check whether a given polynomial is Hurwitz
or not, without explicitly computing its roots. One such way is by using the

Hurwitz stability criterion, [12], presented below.

Theorem 2.2 (Hurwitz stability criterion). Let
— n n—1
p(z) = apx™ + a1z + ...+ ay

be a real polynomial. Consider the n X n matriz

a;y az as ... ... ... 0 0 0
ag QAo Q4
0 a; das
apg ag e 0
H=1: 0 - an
ao e Gpy 0
0 Ap—2 Qp,
ap—3 Ap—-1 0

0 0 0 ... ... ... Qpg Gup_o a,

Then the polynomial p(x) is Hurwitz if and only if all leading principal minors

of H are positive.

Even though the criterion above yields a straightforward way to determine
whether given matrix is Hurwitz, it is computationally complex and diffi-
cult to use. In this thesis we will instead use a basic property of Hurwitz

polynomials, given by the following lemma.
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Lemma 2.1. All coefficients of a real Hurwitz polynomial are non-zero and

have identical signs.

Proof. All roots of a real Hurwitz polynomial are either negative numbers
or complex conjugates with negative real parts. Therefore the polynomial
can be expressed as a scaled product of terms z + a and 2% + bx + ¢, where
a,b,c > 0. [ |

2.2 Graphs

Definition 2.3 (Undirected Graph). An undirected graph G = (V, E) is a
set of nodes V', along with a set of edges E, where every edge in E is a

2-element subsets of V.

Definition 2.4 (Bipartite Graph). Bipartite graphs are undirected graphs
for which the set of vertices V' can be split into two subsets Vi and Vs, such
that no two vertices in Vi and no two vertices in Vy are connected with edges.
Bipartite graphs are denoted as G = (V1,Va, E).

Definition 2.5 (Directed Graph). A set of nodes V along with a set of
directed edges between them E C 'V x V is called a directed graph or also,
digraph, and is denoted as G = (V| E).

Definition 2.6 (Subgraph). We say that the graph G' = (V' E') is a sub-
graph of G = (V. E) if V' is a subset of V', and E’ is a subset of E.

The number of nodes in V is called cardinality of the graph G and is
denoted with ||G||.

We recall that path of length k£ in a digraph G is a sequence of nodes
(w1, ug, ..., ux), such that (u;, u;41) € F for 1 <i < k. We say that a subgraph
G' = (V' E') of G is strongly connected if for every w;,u; € V', u; # u; there
is a path in G’ from u; to u; and from wu; to u;,. The maximal subgraphs
which have this property are called "strongly connected components” of G.

A cycle of length k£ in G, or a k-cycle, is a closed path in G, that is a
path (uq,...,ugs1) of length k + 1, for which ug 1 = u;. A simple cycle is
a cycle for which all nodes are distinct, except for u; and ug1, i.e. u; # u;
for 1 < i # 7 < k. In this thesis, all the cycles considered are simple, and

we refer to them simply as cycles. Self-loops represent cycles of length 1.
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Figure 2.1: The graph depicted above admits several complete
decompositions: one into the cycles (12) and (345), one into the cycles
(15),(23), (4) and one into the cycle (12345). The cycle (1) is a
1-decomposition and the cycle (23)(15) is a 4-decomposition of G. Finally,
the cycles (1), (12), (1)(23) are nested 1-, 2- and 3-cycles.
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We say that a set of cycles covers GG if every node of G appears in at least
one cycle. We say that two cycles are disjoint if they do not have any nodes
in common. We call a k-decomposition of G a set of mutually-disjoint
cycles in G whose union covers exactly k nodes. If & = n, i.e. the cycles
cover the entire set V', we call it a Hamiltonian decomposition. We use
the notation (l1ls ... Fj) to refer to the cycle (v, v, - .., Vg, v;,) and write a
k-decomposition as the formal product of its constituent cycles. For example
(12)(3) refers to the 3-decomposition containing the cycle (1,2,1) and the
self-loop (3,3). In Fig. 2.1, the cycles (12) and (34) are disjoint, but the
cycles (12) and (23) are not. We call a sequence of k-decompositions for
1 < k < n nested if the k-decomposition covers all nodes covered by the
k — 1-decomposition plus one additional node. We illustrate some of these
notions in Figure 2.1.

There is a simple construction which associates a bipartite graph G’ to
every pair (G, f) consisting of a directed graph G on a set of nodes V' and
a bijection f : V — V’ with V N V’' = &. Namely, the bipartite graph is
defined as G’ = (V, V', E'), where E' = {{v, f(w)} | (v,w) € E}.

2.3 Matchings

Finally, we recall few basic definitions related to matchings in bipartite

graphs:



Definition 2.7 (Matchings and perfect matchings). Let B = (Vi, Vs, E) be
a bipartite graph.

1. A matching M of the bipartite graph B is a subset of E such that no

edges in M are incident to the same node.

2. A matching M is said to be perfect matching if every node is adjacent
to one edge in M.

3. A matching M is said to be maximal matching if no other matching

contains M.

4. A matching M is said to be maximum matching if no other matching

has higher cardinality than M.

For example, the set of edges (1,3'),(2,1"),(3,2') constitutes a perfect
matching in the bipartite graph depicted in Fig. 3.1-right.

In the classic theorem, [13], below, N(X)={ve G| Ju € X : (u,v) € E}
will denote all neighbors of nodes in a subset X C V.

Theorem 2.3 (Hall’s Marriage Theorem). Let B = (Vi, V,, E) be a bipartite
graph. The graph B contains a perfect matching if and only if |N(Uy)| > |U|
for every Uy C Vi and |N(Us)| > |Us| for every Uy C Vj.

Finding a maximal /maximum matching in a given graph is important and
has many applications, most notably in computer science. There are various
algorithms for doing this task.

We will make use of bipartite graphs in Chapter 4 and Chapter 6.



CHAPTER 3

SPARSE MATRIX SPACES

We start by introducing some vocabulary.

Definition 3.1. We call a (real) sparse matrix space, abbreviated SMS,

a vector space of matrices with entries either arbitrary (real) or zero.

Specifically, let n > 0 be an integer and let a be a set of pairs of integers
between 1 and n, that isa C {1,...,n}x{1,...,n} and denote by E;; the nx
n matrix with zero entries except for the 7jth entry, which is equal to one. We
define X, to be the vector space of matrices of the form A = Z(m)ea a;j Fij,
a;; € R. For example, if n = 3 and a = {(1,2),(1,3),(2,1),(2,2),(3,2)},

then X, is the subspace of matrices of the form

0 *x =%
A= |[x % 0 (3.1)
0 = 0

where * are arbitrary real values.

A sparse matrix space X, can be uniquely represented as a directed graph
G with node set V' = {1,2,...,n} and edge set F = «; we refer to G as
the graph associated with > and vice-versa. For example, the graph
associated to the SMS of Eq. (3.1) is depicted in Fig. 3.1-left.

Alternatively, 3, can be represented using a bipartite graph B = {V;, V5, E'}
with node subsets V; = {1,2,... ,n}, Vo ={1',2/,...,n'} and edge set E = a.
The bipartite graph associated to the SMS of Eq. (3.1) is depicted in Fig. 3.1-
right.

Given an SMS X, we refer to the matrix coefficients corresponding to
indices in « (considered as functions on ¥,) as the free variables of the
SMS, or equivalently of the graph G associated with ¥. To emphasize that

the free variables correspond to edges in the associated graph, we also refer
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Figure 3.1: The graph on the left corresponds to the SMS of Eq. (3.1). It is
Hurwitz, whereas the graph in the middle is not, even though both are
strongly connected and have a node with a self-loop. Theorem 4.1 below
allows to decide the stability of these graphs. The bipartite graph on the
right gives another representation of the SMS given in Eq. (3.1).

to them as edge-variables. For example, the edge-variables of the SMS X
in Fig.3.1-left are (1,2),(1,3),(2,1),(2,2),(3,2). We call an edge-product
a subset of edges of the graph or, with a slight abuse of notation, the product
of the corresponding edge-variables. For example, a = {(1,2),(2,1)} is an
edge-product, and so is & = ajza9;. This terminology, which allows to refer to
the a;; as entries of a matrix in ¥ or edges in the corresponding graph G will
prove useful below in proofs relying on both algebraic and graph theoretic

concepts.

3.1 Permutations and digraph decompositions

We can establish a one-to-one correspondence between permutations of the
set {1,...,k} and k-decompositions of digraphs— we explain this here and re-
fer the reader to [9] for a more detailed exposition. Consider the set S, of per-
mutations (or equivalently, re-orderings) of the elements of N' = {1,2,...,n}.
We denote by (l1,1s,...,1,) the permutation that sends i to l;. There are
n! such permutations. Under the operation of composition of reorderings,
the set of permutations can be made into a group, called the permutation
group. A permutation cycle is a permutation that maps the elements of
some subset N; C N to each other in a cyclic fashion, while leaving the
other elements fixed. For example, (3,1,2,4) is a permutation cycle since
it leaves 4 fixed, and maps the elements of S = {1,2,3} to each other in a
cyclic fashion, but the permutation (2,1, 4,3) is not a cycle.

We adopt the widely used convention of denoting a permutation cycle
by i = (iyiy...ix), where the i are pairwise different, to indicate that the

element in position i, is replaced by the element in position s, the element
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in 75 by the one in 73 all the way to i; by ¢; while the other elements are fixed.
With this notation, the cycle (3,1,2,4) is written as (132) = (321) = (231).
We say that two permutation cycles i and j are disjoint if iy # j,, for all
I,m. We call k£ the order of a cycle and we refer to cycles of order k as
k-cycles. It is a fact from group theory that any permutation can be written
as the composition of disjoint permutation cycles [14]. For example, the
permutation (2, 1,4, 3) is the composition of (12) and (34) and is written as
(12)(34). It is easy to see that disjoint cycles commute (e.g. permuting 3,4
and then 1,2 produces the same result as permuting 1, 2 first and then 3,4).

Now, the key observation is the following:

Lemma 3.1. There is a one-to-one correspondence between permutations in

S, and n-decompositions in a complete graph with n nodes.

For example, consider the complete decomposition (12)(345) of the graph
in Figure 2.1. It corresponds to the permutation (2,1,4,5, 3).

3.2 Characteristic polynomial and digraph
decompositions

The proofs below will rely on the correspondence we establish here be-
tween terms of the characteristic polynomials of matrices in a SMS ¥ and
k-decompositions of its associated graph. Given the graph G on n nodes
corresponding to X, we define its symbolic adjacency matrix A to be the
n X n matrix with entries a;; in position 4, j if (v;,v;) € E, and zero other-
wise, where the symbols a;; are formal variables. The matrix A is thought
of as a generic matrix in the associated SMS 3. Let pa(s) = det(Is — A) =
5"+ p1s" 4+ ...+ p, be the characteristic polynomial of A. The coefficients
pi are polynomials in the a;; variables.

We denote by Z an arbitrary subset of {1,2,...,n} and write |Z| for its
cardinality. We denote by Az the principal submatrix of A containing the

rows and columns of A indexed by Z. It is well-known [15] that the coefficients
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of pa(s) are given by

pP1=— zn:am
pr=(=1)" Y det(Az), (3.2)

T =k

where the sums Zm:k are taken over the (Z) k-subsets of {1,2,...,n}. Thus,

from the previous chapter and the expansion of the determinant as

det(A7) = > (=) [ [ aton). (3.3)

gESy leT

where (—1)7 is the sign of the permutation o [9], we conclude that we can
assign to each term in p a k-decomposition of G. For example, for the graph
G depicted in Figure 2.1, it is easy to see that p; = —aq; — a44. Because this
graph contains five 2-decompositions, namely (12),(23), (34), (45), (15) and
(1)(4), we have that ps is the sum of five terms of degree 2: ajsa91, aszass, . . .,
a11a44. As a further example, the term corresponding to the 4-decomposition
(1)(345) is ajjasqaqsas3 and appears in pg. We record here a few simple facts

about the polynomials p; (seen as polynomials in the free variables):

1. The p’s are homogeneous polynomials.
2. The py’s are linear in each of their variables (the entries a;; of A).

3. The pi’s have coefficients only +1.

We now show that the polynomials satisfying the two items above enjoy
the property that they have unique factorization over the reals and that there
is no term cancellation when expanding the product of factors. We make this
precise as follows: given p a polynomial in the variables aq, ..., a,, we denote
by #p the number of terms with non-zero coefficients in p. We have the

following result:

Lemma 3.2. Let p be a polynomial in the variables ay, . . ., a, which satisfies

properties 1 and 2 above. Then p can be factorized uniquely (up to constant

13



factors) into a product of real homogeneous irreducible polynomials q;, each

of which is linear in the variables a;. Furthermore,
#p =] #a (3.4)
!

Proof. The ring R = R]ay,...,a,| of all polynomials in the variables a; is
a unique factorization domain, and moreover, the irreducible factors of any
homogeneous element p of R are themselves homogeneous, of degrees whose
sum is degp [14].

We prove the remaining claims by induction on the number m < n of
variables a; on which p depends non-trivially. For the case m = 1, p is a
linear function which can not be factorized further and in this case Eq. (3.4)
holds trivially.

Assume that Eq. (3.4) holds for polynomials satisfying property 2 above
and depending non-trivially on at most m — 1 variables a;. We show that

it holds for polynomials p with m terms. Let ¢;, [ = 1,...,k be factors of p

with
k
= H qi
=1

We can assume, perhaps after reordering the a;, that p does not depend
trivially on ay. Indeed, if p were to depend trivially on every variable a;,
then p = 0 and there is nothing to prove. We can express every factor ¢; as
q = ay'q + ri, where for every | we have n; > 0, a; does not divide ¢, and r,

is not divisible by a]' unless it is zero. We thus obtain for p:
k
p= H alg + 1) = a="g+r, (3.5)
1=1

where ¢ = [[, ¢ and r is not divisible by alZ " unless it is zero.
We conclude that, because p is linear in aj, > n; = 1. Assume without
loss of generality that ny =1, ny = 0 for [ # 1 and r; = 0 for [ # 1. Thus,

we have

p=(a1qy + 7"1)(1_[ q)- (3.6)

where we recall that the ¢;’s and r; are not divisible by a;. Since the variable

a; was randomly chosen (and relabeled), the same arguments apply to any
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other variable on which p does not trivially depend. This implies that all
polynomials ¢;, as well as ¢; and ry are linear in the variables ay, as, ..., a,.

For the last statement, we notice that from Eq. (3.6) we can conclude that

k

#p=#]Ja) +#rn ][ (3.7)

=2

Furthermore, the numbers of variables a; on which Hle q and 7 Hf:z qQ
depend non-trivially are both less than m. We use the induction hypothesis

to obtain
#([[a) = [[#@) and #(r [ [ @) = #00) [ [ #(@) (3.8)

Putting Eq. (3.7) and Eq. (3.8) together, we conclude that cancellations in
the expansion of the product indeed do not occur. This also implies that all
resulting monomials in the expansion have the same degree, which is possible

only if the factors ¢; of p are homogeneous. [ ]

Finally, we recall a result relating complete decompositions to sparse ma-

trix spaces:

Lemma 3.3 ([9]). The sparse matriz space ¥ associated to a graph admitting

a n-decomposition contains matrices that are generically non-singular.

We recall that by generic is meant everywhere except possibly on a subset

of codimension at least one.
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CHAPTER 4

STABILITY OF SPARSE MATRIX SPACES

In this chapter we will examine under what conditions Sparse Matrix Spaces
contain Hurwitz matrices. We will call such SMS ”stable”. We will also
estimate the proportion of stable SMS when the free variables are randomly

chosen.

Definition 4.1. A Sparse Matriz Space is called “stable” if it contains a

Hurwitz matriz. A graph corresponding to a stable SMS is called Hurwitz.

4.1 Main Stability Conditions

A natural question to ask is how to determine whether given SMS ¥ is stable
or not. Some necessary and sufficient conditions for stability are given in [9]

and presented below:

Theorem 4.1. A Sparse Matrix Space 3 € R™™ with corresponding directed
graph G is stable:

(a) if and only if each of the (strongly) connected components of G is stable;
(b) only if for every k € {1,2,...,n} there exists a k-decomposition of G.

(¢) if G has a sequence of nested k-decompositions Gy C Gy C ... C Gy,
k=1,2,...,n;

4.2  Symmetric Sparse Matrix Spaces

In this section we briefly review some results on Symmetric Sparse Matrix
Spaces, that is SMS for which the locations of the free variables are symmetric

with respect to the main diagonal.
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Definition 4.2. A Sparse Matriz Space X is called "symmetric”, if the ele-
ment a;; is a free variable if and only if the element aj; is a free variable, for

every 1 <14,7 <n.

We note that in the case of symmetric SMS, for every edge (u,v) in its
corresponding graph G, the graph G also contains the opposite edge (v, u).
Therefore, to every symmetric SMS, we can attach an undirected graph, pos-
sibly containing self-loops. The notions of k-decomposition and Hamiltonian
decomposition are naturally carried over to undirected graphs.

Using Theorem 4.1, we can completely classify stability of Symmetric SMS

based on their graph structure.

Theorem 4.2 ([10], Theorem 6). Let G be a graph corresponding to a sym-

metric sparse matriz space. Then G is stable if and only if:
1. Every node in G is connected to a self-loop.
2. The graph G contains a Hamiltonian decomposition.

In the case of symmetric Sparse Matrix Spaces, we are also able to estimate
the proportion of stable spaces when the locations of the free variables are

randomly chosen.

4.3 Random Symmetric Sparse Matrix Spaces

Let p and ¢ be real numbers in the interval [0, 1].

Definition 4.3. A random symmetric SMS M is a random variable which
takes values in the set of symmetric SMS of size n, such that every element on
the main diagonal of the SMS is a free variable with probability q, and every

element strictly below the main diagonal is a free variable with probability p.

Definition 4.4. A random undirected graph g;;q 1s a random variable which
takes values in the set of undirected graphs on vertices V.= {1,2,...,n}, such
that for every u,v € V,u > v, the edge (u,v) belongs to E with probability p,
and for every u € V, the self-loop (u,wu) belongs to E with probability q.

Similarly to sparse matrix spaces and graphs, we have a natural correspon-

dence between random SMS and random graphs.
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Definition 4.5. A property H of an undirected graph G is called monotone,
if adding new edges to the graph preserves the property.

Connectivity and existence of perfect matching are examples of monotone
properties of graphs. Being a tree is an example of a non-monotone property.

As usual, with P(F") we will denote the probability of an event F'.
Definition 4.6. Let X = {X"}32, be a sequence of random variables. We

say that almost every X" exhibits a property H if and only if

lim P(X™ exhibits H) = 1.

n—oo

The following theorem is a trivial generalization of [16], Theorem 2.1.

Theorem 4.3. If H is a monotone property of a random graph G;, and
0<p1 <p2<1,0<q <q <1, then

P(Gp, g exhibits H) < P(G,, ., ewhibits I).

We will be interested in the asymptotic properties of M7 ~when the size

n grows to infinity.

Definition 4.7. By S; . H} , L, , we denote the following events:

n

g s stable;

qu a random symmetric sparse matrixz space M
Hp, a random graph GJ . contains a Hamiltonian decomposition;

Ly, arandom graph GJ , contains a self-loop.

By S* . H"

vqr Hyqs Ly, we denote the complements of these events.

Clearly, the properties corresponding to the events S . H”

n
21 R U Lp:q are mono

tone.

4.4 Stability of Random Symmetric Sparse Matrix
Spaces

In this section, we will estimate the magnitudes of p and ¢ for which most

random symmetric SMS M7 ~are stable. Let

pzp(n)zln(n)%, QZQ(H)Z?
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where w; and wy are functions of n. We will assume that ¢ is bounded away
from 1, i.e. ¢ <1 — ¢ for some € > 0.

The following Lemma is a direct corollary of Hall’s Marriage Theorem
(Theorem 2.3).

Lemma 4.1. Let GG be an undirected graph without self-loops. Then G does
not contain a Hamiltonian decomposition if and only if it contains an inde-
pendent set I = {uy,us,...,u}, I CV, such that |N(I)| = k — 1 for some
k.

Proof. Along with the graph G = (V, E),V = {1,2,...,n}, we consider the
corresponding bipartite graph B = (V/, V" E*), where V' = {1',2/,....,n'},
V" ={1",2",..,n"}, and (i,j) € E if and only if (¢, ') € E*.

First, assume that there exists an independent set I = {uy, us, ...,ux} C G
such that |N(I)] < k. Then the same is true for the corresponding set
I' = {u},uly,...;ul.} C Vi in the bipirtatite graph. Therefore, applying Hall’s
Theorem, we conclude that B does not contain a perfect matching, and
therefore G does not contain a Hamiltonian decomposition.

Now assume that G' does not contain a Hamiltonian decomposition, and
thus B does not contain a perfect matching. Applying Hall’s Theorem again,
we conclude that there exists a subset I' = {u},u),...,u}.} C Vi, such that
N(I') <k.Let I' = [[UI, ;NI = 0, where I} = {u] € I'lu] € N(I")}, I} =
{ul € I'|u! ¢ N(I')}. The set I} is non-empty, because otherwise N(I') > k,
which is a contradiction. Since N(I5)NI = 0, where I = {u! € V"|u} € I},

we have

INU) <IN =[] < k= [I1] = [13].

Therefore the corresponding set I» € V' is independent and satisfies [N (I5)| <
| L.

Now, choose the smallest independent set I, such that |N(I)| < [I|. If
|IN(I)| < |I| — 1, then we can remove any vertex v from I and get an inde-
pendent set J = I \ v for which |N(J)| < |J|. This is a contradiction, and
therefore |[N(I)| = || — 1. |

The following theorem is given as Exercise 3.2 in [16].

Theorem 4.4 (Bollobds). Let wy = ¢+ o(1). Then the probability that the
“+o(1).

graph GJ'y contains an isolated verter is equal to 1 — e~
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The proof of the next proposition follows ideas from [17].

Proposition 4.1. Let wy = c+o(1). Then the probability that G, does not

contain a Hamiltonian decomposition is equal to 1 —e™° * + o(1).

Proof. According to Lemma 4.1, G, does not contain a Hamiltonian decom-
position if and only if it does not contain an independent set of size k£ > 1
which is incident with exactly & — 1 vertices.

Let F}, be the event that there exists an independent set I with k vertices,
such that |[N(I)| = k—1, and for every independent set J with [ < k vertices,
IN(J)| # 1. We have that H? = U%ZTI)MFR. Then, the probability that

G, , does not contain a Hamiltonian decomposition is equal to

B [(n+1)/2] [(n+1)/2]
P, = > PF)=P(F)+ Y  P(F).
k=1 k=2

Theorem 4.4 gives P(F}) = 1 — e + o(1), so it remains to prove that
SIS VEP(R) = o(1).

Now we evaluate Fj,. We can choose the k vertices of the independent set
I CVin (Z) ways. Then, we can choose their k£ — 1 neighbors in (2:’;)
ways. If any vertex v € N(I) is adjacent with only one vertex u € I, then
J = I\ v will be such that |J| = k — 1 and |[N(J)| = k — 2, which is a
contradiction. Therefore every vertex v € N(I) is adjacent to at least two

vertices uy,uy € I. We have

ey < (1) a-n® (1) pemen ()

First, we consider the terms Fj for which n # 2k — 1. Using Stirling’s

approximation, we get

n! (n —k)! Rtk — 1Rt 50 _
P(F.) < (k=1)({ _ ,)(n—1.5k+0.5)k
(Fi) < El(n — k) (k —1)!(n — 2k + 1)! 2k—1 p (1=p)
n+0.57.k—1 k—1
< n" R (k- 1) p2(kz—1)(1 _ p)(n—1.5k+0.5)kz'

kk+0.5(k _ 1)]’»‘*0.5(” — 2k + 1)n72k+1.52k71
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Therefore,

0.5 C*(In )21

_ L\ (n—1.5k4+0.5)k
k2(n — 2k + 1)n-2ht152h—1  p2(k-1) (1-p)

P(Fy) <

n—2k+1.5 k 2(k—1
<1+ 2k —1 C*n(In ”z ( )( ) (13RO}
n—2k+1 k22k—1
op 1\ Mgk k
i 2k—1 1
) Cnt(Inn)2(1 — p)r—1-56+05
<<<(+—n_%+1) wk(inm) (1) ,

1 k
< <CTLE(IH n)2(1 —p)n—1.5k+0.5> ’

where with C' we denote any constant which depends only on ¢. The last
inequality follows from the fact that the function f(z) = (1+1)” takes values
between 1 and e.

Expanding In(1 — p) in Taylor series, we get

In(n)(1 +o<1))) — B @)

1 —p=-exp(ln(l — p)) = exp (— - ™

Therefore, for 2 < k < 5 we have

(1-— p)(n—1.5k+0.5) _ n—(l_L;o.s)(Ho(l)) _ - Lbo()

)

and thus
i)\ (Inn)2\*
P(Fk) < (Cw> <K (Cw> . (42)

For k > 5, (4.1) implies

(1— p)(n71.5k+0,5) _ (1= L3205 (1 o(1)) < p~025+o(1)

and once again
ns(Inn)? ’ (Inn)? g
P(Fk) < (CW> < <Cw> . (43)

Finally, we consider F}, such that n is odd and n = 2k — 1. If n is a
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sufficiently large, we have

n—1
n! (many/2y (BN T2
P(F}) < #(1_?7)( 2 >( 2 ) pt
() (=5)! 2
n 1 n
<< n +2 ning»;l(l‘ko(l)) CQ 1nn
(n2 —1)z(n+1)2" n
L\ ntl
1 TheT\
< [ nrrp- =)o) (C2Inn
n
(Inn)% \* (Inn)? g
< (Cn0.25+0(1) <|C 1,0-01 ’ (4.4)
where C' = (1 + %)2
Combining (4.2), (4.3), and (4.4), we see that STV P(R) = o(1),
which concludes the proof. |

Corollary 4.1. Almost every G, contains a Hamiltonian decomposition if
and only if wy — oo. Almost every G, contains a self-loop if and only if

Wy — 00.

Proof. Notice that if wy = ¢+ o(1), then the probability that Gg, does not

contain a self-loop is equal to

P(Lz,) = lim (1 ot 0(1))”

n—oo n

1
= lim exp <n1n <1 — c+of ))>
n—00 n

= lim exp(—c+ o(1))

n—oo

— e+ o(l). (4.5)

Now the corollary follows from Proposition 4.1, (4.5), and from the fact
that existence of a Hamiltonian decomposition, resp. of self-loops, are mono-

tone graph properties. [ |

The next Theorem gives a sharp threshold for p and ¢ at which almost

every random symmetric sparse matrix space M7  is stable.

Theorem 4.5. Almost every My is stable if and only if wi,wy — 0o.
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Proof. 1f ws does not tend to infinity, then Corollary 4.1 implies that there
exists P > 0, such that for infinitely many n, P(Sp, ) > P(Lp ) > P.

Let F} be the event that Qg , contains an isolated vertex. If w; does not
tend to infinity, then Theorem 7.3 in [16] states that there exists P > 0, such
that for infinitely many n, P(F}) > P. Therefore, for infinitely many n,

P(S7,) > P(Fy)(1 —q) > <P,

If wy,wy — 00, then from Corollary 4.1 follows that a.e. GJ, contains a
Hamiltonian decomposition and a self-loop. Furthermore, from Theorem 7.3
in [16] follows that a.e. G is connected. Therefore, using Theorem 4.2, we
conclude that a.e. M is stable. |
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CHAPTER 5

SPARSE MATRIX SPACE EXTENSIONS

In this chapter, we will examine extensions of stable SMS, and determine

under what conditions they are stable.

Definition 5.1. Let G and G’ are directed graphs, such that G C G'. We
call G’ a k-extension of G if |G| = ||G]| + k.

We will be interested in determining whether given k-extension of a stable
graph is also stable. This question is a natural generalization of the problem
of determining stability of arbitrary graphs and therefore is hard to solve
completely. However, the 1- and 2-extension cases are manageable and here

we give an almost complete analysis of them.

5.1 1-node Extensions

Proposition 5.1. Let G and G’ be graphs with n and n + 1 vertices respec-
tively, such that G is stable and G' is 1-extension of G. Then G’ is stable if

and only if it contains an n + 1-decomposition.

Proof. The necessity follows directly from Theorem 4.1 (b). The sufficiency
can be deduced using the inductive step in Theorem 4.1 (c). |

Now we can use Proposition 5.1 to create larger stable graphs from given

smaller ones.

Corollary 5.1. Let G = (V, E) be a stable graph with n vertices. If the
edge (v1,v9) € E belongs to some n-decomposition of G, then the 1-extension

G = (VU{v}, EU{(v,v)} U{(v,v2)}) is also stable.

Proof. Let the edge (vq,vy) belongs to the n-decomposition I' of G. Then
[\ {(v1,v2)} U{(v1,v)} U{(v,v9)} is an n + 1-decomposition of G'. |
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5.2 2-node Extensions

77777777777 G2
G e |
C 0 F D—@.
AT
@) ) Q—=
G Gy

Figure 5.1: The graph G| (resp. GY%) is a Hurwitz two-node extension of the
graph G (resp. G9). This cannot be deduced from Theorem 4.2.

We now address the design of Hurwitz graphs with n + 2 nodes given a
Hurwtiz graph with n nodes. One could of course use Proposition 5.1 twice
for this task, but the resulting graph will necessarily contain a Hurwitz n+ 1
subgraph. As we will see in the following section, not all Hurwitz graphs can
be obtained in this fashion. Hence, the method we provide adds two nodes
in a way that does not necessarily reduce to repeated uses of Proposition 5.1.

Let us fix an SMS ¥ C R™"™ with corresponding graph G = (V, E). Let
> be an SMS such that ¥ C ¥/ C R®2x("+2) with corresponding graph
G' = (VU{vns1,0n40}, EUE'), where the edges E’ are incident to either, or

both of v,,1 and v, 2. A generic matrix in ¥/ is of the form

/ /
A1 pt1 A1 pt2

.. r /A
a,,LJ Ay 9 n110n—2n12
al a

n/—l,n+1 n/—17n+2 (51)
an,n—i—l an,n—|—2

A/

/ ! ! /
a’n+1,1 T anJrl,n an+1,n+1an+l,n+2

/ / / !
Apioq """ Qpiog Ap+2n+10n+2 n+2

where the a;;’s represent the newly added variables, which are either free or
zeros. Recall that the characteristic polynomial of a matrix A" as above can
be written as 5”2 4 ps"t + ... 4 pnio, Where p, o is the determinant of
A" (up to a sign). The polynomial p,5 is the sum of terms of degree n + 2,
each of which corresponds to a n + 2-decomposition of G’ by Section 3.2.

Similarly, p,41 is a polynomial in the variables a;j, aj,;, in which each term
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corresponds to a n 4+ 1-decomposition of G'.
We can naturally decompose p,,11 into the sum of two terms by noticing
that n+ 1-decompositions of G’ need to cover at least one of the newly added

nodes, v,+1 and v,2. Hence we write

Pnt1 = Pug1 + Py (5.2)
where

o pl .1 contains the terms corresponding to an (n+1)-decomposition that

only cover v, 11 or v,19, but not both.

e p2., contains the terms corresponding to (n + 1)-decompositions in G’

that cover both the nodes v,;1 and v, o.
We have the following result:

Proposition 5.2. Let G' be a two-node extension of the Hurwitz graph G
which satisfies the necessary condition for stability (see Theorem 4.1). If py, .,

as defined above is not the zero polynomial, then G’ is Hurwitz.

Proof. As usual, we denote by ¥ and >’ the SMS associated to G and G’
respectively. If p;, is non-zero, there are (n + 1)-decompositions in ¥’
that contain only v,,1 or v,12. We show that in that case, we can use
Proposition 5.1 twice to prove the stability of ¥'. To wit, if there is an (n+1)-
decomposition that only uses say node v,.1, then the graph G; obtained
by adding node v,;; (and incident edges) to G satisfies the conditions of
Theorem 4.2 and is thus Hurwitz. Now adding v, 12 to G to obtain G’, we

see that GG’ satisfies the conditions of Theorem 4.2 and is thus Hurwitz. W

We show in Prop. 6.1 below that we can check whether p;, . ; #0 in polyno-
mial time. We thus focus on the case pl,,, = 0, which implies that p2 ., # 0,
since otherwise the extension fails to meet the necessary condition for stabil-
ity. We cannot hope for a result akin to Theorem 4.2 in this case, as such
a result would imply that conditioned on G being Hurwitz, any 2-node ex-
tensions GG’ that satisfies the necessary conditions is Hurwitz—a statement
to which there are counter-examples. Therefore we need to make sure that
the newly added edges are distributed in a way that allows us to have suffi-

cient control over the roots of the characteristic polynomials of the matrices
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in the corresponding GG'. We introduce here a simple test to check that the
edges are well-distributed (see Egs. (5.1) and (5.2) for Definitions of a;; and

Prt1, Pnt2)

Definition 5.2 (Edge distribution test). We say that a 2-node extension G’
of a graph G passes the edge distribution test if ppi1 Z 0,ppio Z 0 and the
rational function ppy1/pp+2 s not a function of the a;j only (that is, not all

the aj, variables simplify in the ratio).
We can now state the main result of this section:

Theorem 5.1. If a 2-node extension G' of a Hurwitz graph G passes the

edge distribution test, then G’ is Hurwitz.

We show in the second part of the thesis that we can check in polynomial
time whether a two-node extension passes the edge-distribution test.

The following Lemma will be needed in the proof of Theorem 5.1.

Lemma 5.1. Let G' be a 2-extension, passing the edge distribution test, of
a Hurwitz graph G. With the notation of Definition 5.2, the ratio p,i1/pnie

is not a polynomial in the a},; variables.

The above Lemma says that if a 2-extension passes the edge distribution
test, the ratio pny1/pni2 is a rational function of the variables a), with coef-

ficients in the field R({a;;}; <) and a non-constant denominator.

Proof. We denote by a’ (resp. a) the vector containing all a}, variables (resp.
a;; variables). Assume, by contradiction, that p,i1/pn42 is a polynomial in

the aj, variables, that is there exist polynomials s(a,a’) and r(a) such that

pn+1/pn+2 - S<C_La EL/)/T(C_L)'

In general, we can thus write p,2 = ¢(a,a’)r(a) and p,+1 = ¢(a,a’)s(a,a’),
where ¢ is a polynomial in @ and a’ with coefficients in R. By the correspon-
dence between determinants and k-decompositions, every n+2-decomposition
of G’ is obtained by multiplying a term of ¢ with a term of . Similarly, every
n + 1-decomposition is obtained by multiplying a term of ¢ with a term of
s. Notice that the aj; variables correspond to edges incident to either node
Upt1 O Upio. Furthermore, in any k-decomposition covering v,; and v,

both of these nodes are incident to 2 edges each - one incoming and one
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outgoing. Let us choose an arbitrary n + 2-decomposition D; of G’ and let
ay, be the edge-variables used in the decomposition. Because of the remark
above, all of these variables appear in one of the terms of ¢—-call it a.. If we
assume that s does not have a trivial dependence on @', then it contains a
term which depends on some aj;’s. Call that term 3. Now we consider the
edge-product o and notice that it corresponds to a n + 1-decomposition D,
of G'. By construction, Dy uses all edges in D; incident to the nodes v, 1
and v, 2 and at least one additional edge also incident to v, 1 or v,4o. This
implies that either node v,,; or v,,s has degree more than 2, which is a

contradiction. [ ]
We now give the proof of the main theorem of this section.

Proof. (Theorem 5.1) For the sake of convenience, we shall consider the
equivalent problem of proving that in the SMS corresponding to G’, there
exist matrices, all of whose eigenvalues have positive real parts (the negative
of every such matrix is a stable matrix). Because of Proposition 5.2, it is suf-
ficient to only consider the case py,,; = 0. Because G’ satisfies the necessary
condition for stability, we can conclude that p,1 = p2 4 # 0.

Let —A € ¥ be a Hurwitz matrix and define the matrix

i .
A 0 0

AL = 88 . (5.3)
0O ---0 0 0
0 ---0 00 O

We will show that there exists A* in ¥/ with n eigenvalues close to the
eigenvalues of A, and hence with positive real parts, and such that the two
other eigenvalues have positive real parts as well. The eigenvalues of A, are
ALy Ans Ana1s Apge Where \;; 1 < ¢ < n are the eigenvalues of A, and

A1 = Any2 = 0. We use the notation

STv=3 11
j=1 J=1i=1,i#j

In particular, p,.1 = > f[Ai(A’) for A" e 3.

28



Because the eigenvalues \; of a matrix depend continuously on its entries,
there exists € > 0 such that for all A" in an e-neighborhood of Af in ¥’ (for,

say, the co-norm), the following three items hold:
1. mingicn (4] > mas([ A (4], [Ansa(A7)]).
2. [T, Xi(4) is bounded away from zero.
3. " TIAi(4) is bounded.

Indeed, property 1 follows from A,41(Ap) = Ani2(A4f) = 0, A;(A4f) > 0 for
i =1,...,n and continuity of the \;. Property 2 follows from []"_, A;(Aj) # 0
and Property 3 from the fact that Y, f[)\i(Ag) is bounded. Let A’ be
a matrix in the e-neighborhood of Aj. Recall that the coefficients of the
characteristic polynomial det(Is — A’) of A" are given by formula 3.2. Since
the roots of the characteristic polynomial are \;, we also have det(/s — A") =

H:.L:lz(s — \;). Equating the coefficients of the terms in s” and s!, we obtain

det<A/) = Pn+2 = )\n+1)\n+2 H Ai
=1

n+2

Z det( /[i,i}) = Pn+1 = ()‘nJrl + )‘n+2) H Ai + Anp1Ango Z HAl
i=1 =1

where det(AEi’ Z.]) is the principal minor obtained by removing the i-th row and
the i-th column from A’. Since p;,,, = 0, there are no n + 1-decompositions
in G’ that contain only one of the nodes n + 1 and n + 2. From the relation
between k-decompositions and principal minors from Section 3.2, we know
that these n + 1-decompositions correspond to principal minors of entries
(n+1,n+1)and (n+2,n+2). Thus

n+2

Z det( /[zz]> = Z det( /[m})
i=1 i=1

From the above two relations, we obtain

A1 A2 = det(Al)/ H?:l Ai
)\ )\ . det(A’) Z?:l det(AEi,i]) Z ﬂ)\i (54>
n+1 + n+2 — H?:l i det (A’ - 1)
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We first show that the eigenvalues A, 11, A2 of A" are either real or com-
plex conjugate. Because conjugate numbers have the same norm, \,;; and
Anio cannot be complex conjugates of \;; 2 = 1...n by item 1. This implies,
in turn, that det(A")/ [, A\i(A") = A\p1Anqo is real, and the same is true
for A1 + Ao

From here on, we focus on showing that there exists A* in the e-neighborhood
of Aj such that A\, 11 A,42 and (A1 + Api2) are both strictly positive, and

hence so are the real parts of A\,,.; and \,;5. We will do so by showing that

> det(A’[i’i])

Jot(A7) arbitrarily large

a) we can make the term

Z?:l det(AEiyi] )

b) we can control the sign of det(A")/ [, A; without affecting T

The above two requirements, in view of (5.4) and properties 2 and 3 above,
allow us to control the signs of A,;; and A, 2. We first focus on a). We
will make the ratio arbitrarily large by making its denominator arbitrarily
close to zero and controlling the numerator. Because G’ passes the edge-
distribution test by Lemma 5.1, there is an edge e* € E’, with corresponding
Z?:l det(AEZ’Z]) . . .
—dman) s a non-constant rational function of

ay,. Without loss of generality, we can assume that aj; is in one of the last

entry aj, in A’, such that

two rows of A’. We expand det(A’) along the row containing a}, to obtain

the relation
det(A") = apq(A’) +r(A"),

where g(A’) and r(A’) are polynomials in the other free variables (viz, besides
ay;) of degrees n 4+ 1 and n + 2 respectively. Note that the root of det(A’),
seen as a linear function of aj,, is at —%. Similarly, 3777, det(Aj ;) can be
expressed as

Z det(Al[i,i]) = apq(A’) +7(A")
i=1

for appropriately defined polynomials ¢ and 7. We claim that the following
holds )
r
q(A’
( )Q(A’)
Indeed, assuming by contradiction that the previous relation is an identity,
then

Z7(A'). (5.5)

det(A")/ Z det(A}; ) = q(4)/q(A")
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does not depend on aj;,—a contradiction with the definition of aj;.
Now choose A} in the ¢ neighborhood of Aj such that q_(A’l)% # 7(A})
and p > 0 small enough so that

<e (5.6)

holds. Furthermore, set A, = A{I, where I, is the identity matrix with its
last entry replaced by u:

1 0 0

; 0 1 0
" 0 :
0 L

() (A S det([Ay)q)
oAy — e det(A)

made arbitrarily large. We thus fix aj; so that the previous ratio is larger
than sup ZHT/{)‘, which is bounded by item 2 and 3. We denote by Aj the
matrix obtained for that choice of aj;.

For b) observe that on the one hand,

By choosing aj; close to — the ratio can be

n n

det(A51_1)/ [T M(ASI-1) = — det(A%)/ T Ai(A%)

i=1 i=1

since the numerator changes its sign if we invert the sign of the last row of
A, but the product [[I_, A\;(A%) does not as a consequence of item 2. On
the other hand, we have that

2oima det((Apl 1)) _ oiny det([As]ia)
det(A571_) det(Aj)

because every minor in the summation depends on the last row of A51 ;.
This ends the proof of points a) and b). Putting the above together, we take
A* to be Ajls where 6 = 1 if det(A51_1)/ [T;-, Xi(A41_1) is positive and —1

otherwise. This concludes the proof. [

We summarize the steps of the proof as it provides a method to obtain a

Hurwitz matrix in the 2-extension X'

1. Pick a Hurwitz matrix A € ¥ and create A as in (5.3).
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2. Set £ > 0 such that items 1, 2 and 3 above hold.

3. Find an edge in G’ (with corresponding variable a},) which meets meets
Definition 5.2.

4. Find A} in the € neighborhood of Aj, such that (5.5) holds (the relation

holds for almost all matrices A" in the neighborhood).
5. Choose p small enough so that (5.6) holds and set A, = A{1,.

6. Obtain A% by updating the entry of A} corresponding to the edge aj,

to a value close enough to ;Ef‘%; so that
2

S det((Ailia) _ S TI(Ay)
det(45) TNy

7. Set A* to be Ayl where 6 = 1 if det(A51_1)/ i, Ni(A51-1) is positive

and —1 otherwise.

5.3 Higher k-extensions

We have demonstrated in the previous sections that one can obtain simple
conditions which guarantee that 1- and 2-node extensions of Hurwitz graphs
are Hurwitz. This begs the question of whether there exists a finite set
of extension rules that would allow to create all Hurwitz graphs via node
extensions. We show here that such hope is unfortunately vain. To wit, if
the above conjecture was true, there would exists a finite £* such that every
Hurwitz graph on n > k* nodes admits a Hurwitz subgraph on n — [ nodes
for some 0 < [ < k*. We show in this section that, on the contrary, there
exist Hurwitz graphs of arbitrary cardinality whose sole Hurwitz subgraph
is the trivial Hurwitz graph (that is, the graph on one node with one self-
loop). In order to characterize these graphs, we require a sufficient condition
for a graph to be Hurwitz that does not follow from the conditions given in

Th. 4.1. We give it in the next Proposition.

Proposition 5.3. Let G be a digraph with n nodes. If there exists a sequence

€1, ... e, of edges, and a permutation (o(1),0(2),...,0(n)) of {1,2,...,n}
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such that the edge e; appears in at least one o(i)-decomposition of G but not

in any o(l)-decompositions, 1 <1 < i, then G is Hurwitz.

Proof. Let X be the SMS associated to G, let A € ¥ and denote by e; the
entry in A corresponding to the edge e;, 1 <i<n,and a;, 1 <j<n*-—n
the other entries. Let s™ 4+ p1s" ' 4 ... + po_15 + p, be the characteristic
polynomial of A. We think of p; as polynomials in e;, a;. We show that for
arbitrary real numbers by, b, ..., b, and € > 0, we can find values for the e;’s
and the a;’s such that |p; — b;| < €, ¢ = 1,...,n. This previous statement
clearly implies the claim of the proposition.

Weset e; = (e1,...,€), Poti) = (Po(1)s - - -+ Poi)) and @ = (a1, Gz, ..., Gp(n—1))-

Start with the first edge in the sequence: we know that the edge e; appears
in at least one o(1)-decomposition and no o(1)-decomposition contains e; for
j > 1. Therefore, by (3.2) we can write py(1y = e1¢i1(a) +r1(a), where ¢; # 0
and 7 are polynomials in the variables a;. Next, we consider e; for ¢ = 2. By
the same argument, we see that p,@) = eaga(e1,a) + 72(eq,a), where g2 # 0

and 7o are polynomials in a; and e;. In general, we have
Po(i) = €iqi(€i—1,a) + 1ri(e;_1,a).

Since the polynomials g; are not zero, we can express e; in terms of p,(;), g;

and r; as
Po(i) — 7“1'(82‘71, a)
Qi(ei—la a)

On the set where all g;(e;_1,a) are non-zero, we can regard p,(;),1 < i < n,

€; —

and az, 1 < k < n?—n, as independent variables. We replace ey, ...,e;_; by
their expressions in the equation of e;.

We first see that we can express

Po(1y — 11(a) . f1(Psq1), @)
¢1(a) 91(Po(1), @)

€1 (po(l) ) a) =

for some relatively prime polynomials fi(z,y) and g1(z,y). We plug that
expression into the one for e; to get
Po(2) — 7’2(61(pa(1),a)7a) . fz(Pa(2)>a)

(& pO' ,a) = = '
2(Po(2), 2) ¢2(e1(Po), @), 2) 92(Po2), )
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In general, we have

_ Poi) — Ti(ei—h a) . fi(pa(i)a a)

Qi(eifly a) ' g’i<pa(i)7 a) .

ei(pa(i) ) a)

Going step by step over the process of substitution, we can see that all e; are
well-defined, i.e. the polynomials g;(z,y) are non-zero for all i.

Recall that our objective is to find values for e; and a; such that p; are
close to given numbers b;. In order to do this, we will find appropriate values
for ay and p; =~ b;, such that after making a substitution in the equations
above, we will get proper (finite) values for e;. Then the chosen a; and the
found e; when plugged in the initial equations for p,; will give p; =~ b;,
which will solve the problem.

To find suitable ay, first we consider the polynomials g;(z,y). Since none
of them is identically zero, we can find some value o = (aq, o, ..., ¥p2_y,)
for the vector variable y, such that g;(x,a) # 0 for i = 1,...n. De-
note g;(z) = gi(z,a) and consider the zero set of [[g;(x). It is of codi-
mension at least one, so we conclude that there exist values 3; such that

b; — B;] < € and gi(Bo(1)s .-, Boi)) # O for all i. Thus we find a, = a; and
 JilBo(1) e Bo (i) 015502 )
T 9i(Bo(1) e Bo (5) 01552 )
ues satisfy the conditions and if we plug them in equations for p,(;), we will

€; , where all e; are well defined. Clearly, these val-

get p; = B;. This concludes the proof. [ ]

We now show how to construct graphs which satisfy the conditions of
Prop. 5.3 but so that none of their subgraphs satisfy the necessary conditions
from Th. 4.1.

Theorem 5.2. For any n > 3, there exists a Hurwitz graph G, on n nodes

such that all subgraphs of G,, with k nodes, 1 < k < n, are not Hurwitz.
Proof. We define the following sequence of graphs: G, is a graph on n nodes,
labeled 1,2,...,n, with edges

1. (1,k) for k < n,

2. (k,k+1) for k <n,

3. (3,2) and (n,1).
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Figure 5.2: A Hurwitz graph on n = 8 nodes with the property that none of
its subgraphs are Hurwitz, save for the trivial graph.

We depict Gy in Fig. 5.2. Let n be fixed and consider the following sequence
of edges in G,

er=(1),ea =(2,3),e3=(1,n—1),e4 = (1,n—2),...,e,-1 = (1,3),e, = (1,2).

We claim that edge e; appears in at least one i-decomposition of G,,, but not
in any [-decompositions for [ < i and thus G,, is Hurwitz by Prop. 5.3. To see
that the claim holds, it is easier to start with edge e,, which connects node
1 to node 2. From node 2, the only accessible node is 3, and from node 3
we can go to 4 or back to 2. The latter option yields the sequence (1,2, 3,2)
which can not be a part of a cycle. The former option yields (1,2, 3,4). From
any node i > 3, the only accessible node is 1 + (¢ mod n). Hence the only
cycle to which e, belongs is (123 ---n) — an n-decomposition. We now take
en—1 = (1,3). Using the same reasoning as above, the only cycle to which
en—1 belongs is (1345 - - - n). The situation for e,_;, n—1 > j > 2 is simpler to
handle as the only cycle to which this edge belongs is (1,7 + 1,7 +2,--- ,n)
(this is again a consequence of the fact that from node ¢ > 3, the only
accessible node is i +1). Hence the only decompositions to which e; belongs
are (1(j+1)---n) and (23)(1(j +1)---n). Finally, es = (2,3) clearly can
not belong a 1-decomposition (self-loop), which proves the claim.

We now show that every Hurwitz subgraph of G,, has either 1 or n nodes.
To prove the claim, assume that Gy is a subgraph of G, with 1 < k < n
nodes and that Gy is Hurwitz. From the necessary conditions of Th. 4.1, we
know that, first, there is an [-decomposition in Gy, for 1 <[ < k and, second,
every node in Gy, is strongly connected to node 1 (the only node with a self-
loop). Notice that there is a unique 1-decompostion—the self-loop (1)—and

a unique 2-decomposition— the cycle (23). Therefore, any Hurwitz subgraph
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with £ > 2 nodes must contain nodes 1, 2 and 3 by the first point above.
Now observe that the only path from 3 to 1 is 345---n. Hence, if any of
the nodes 4,5, - ,n is missing, 3 is not connected to 1. Thus we cannot
spare any nodes in GG,, and still satisfy the necessary conditions for stability

as claimed. [ |
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CHAPTER 6

POLYNOMIAL TIME ALGORITHMS FOR
NODE-EXTENSIONS

In this final chapter, we show that there exist deterministic, polynomial-time
algorithms to verify whether the extensions of Hurwitz graphs discussed in
the first part are Hurwitz. The main results are the following two Theorems,

dealing with one-extensions and two-extensions respectively:

Theorem 6.1. Let G' be a 1-node extension of a Hurwitz graph G. There is

a polynomial time algorithm to decide whether G’ is Hurwitz.
and

Theorem 6.2. Let G’ be a 2-node extension of a Hurwitz graph G. There is
a polynomial time algorithm to check whether G' passes the edge-distribution

test and hence is Hurwitz.

The remaining sections are devoted to proving Theorem 6.1 and Theo-
rem 6.2. A basic tool is the relationship between n-decompositions of graphs
and perfect matchings in an associated bipartite graph, which we present

next.

6.1 Hamiltonian decompositions and bipartite
matchings

Given a digraph G = (V, F), we introduce the bipartite graph G* = (V?2, E?)
with V2 and E? defined as follows: if V = {1,2,...,n}, we set

Vi={1,2,....n,1',2 ...} (6.1)

and
E? ={(i,5') for (i,5) € E}. (6.2)
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It is clear from its definition that the graph G? is a bipartite graph, with
edges going from V' = {ovy,...,v,} to V' = {vy,...,uy}. We have the

following correspondence:

Lemma 6.1. Hamiltonian decompositions of the directed graph G = (V, E)

are in one-to-one correspondence with perfect bipartite matchings of G®.

Proof. We first show that to a Hamiltonian decomposition of G corresponds
a perfect matching in G?. Denote by C4, ..., C; disjoint cycles whose union
covers V. Consider the list (a;,b;) of edges that appear in the cycles C;.
There are exactly n such edges and every node in G appears exactly twice
in the list: once as the origin node of an edge (viz as a a;) and once as the
destination node of an edge (viz as a b;). By definition of G, the edge (a;, b;)
corresponds to the edge (a;,b}) of E? let M = {(a;,V})}. By construction,
every node in V' and every node in V' is incident to exactly one edge of M
and thus M is a perfect matching of G2.

Now assume that M = {(a;,b})} is a complete matching of G*. Consider
the set of edges M’ = {(a;,b;) | (a;,b;) € M} C E. We claim that edges
in M’ yield a Hamiltonian decomposition of G. To see this, observe that
because M is a complete matching, every node in G is the origin node of
exactly one edge of M’ and the destination node of exactly one edge of M.
Hence one can uniquely assign every node of GG to a path made of edges
in M'—namely the path obtained by following the unique edge leaving the
node and iterating. Because every node has an incoming and outgoing edge,
this path does not have any terminal or starting node and is thus a cycle. In
addition, the fact every node has a unique incoming edge ensures the fact that
every node is visited exactly once by a cycle. Hence M’ yields disjoint cycles
that visit every node of G exactly once, that is a Hamiltonian decomposition
of G. [

It has been known, at least since the time of Jacobi, that maximum match-
ings can be found in polynomial time, a common algorithm for this task being
the Hopcroft-Karp algorithm [18]. Putting these facts together, we obtain
the following algorithm:

Algorithm 1: finding an n-decomposition containing a specified
edge.
Input: a digraph G = (V, F) and an edge e* € F.
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Figure 6.1: The bipartite graph to the right has two nodes for each node ¢
of the graph on the left, labelled 7 and . A directed edge (k,1) of G
correspond to an edge (k,!") in G*. The plain edges show a 4-decomposition
of G and the corresponding perfect matching of G2.

Output: an n-decomposition of G containing the edge e if one exists, the

empty set otherwise.

1. Construct the bipartite graph G? as described in Eq. (6.1) and (6.2).
Set b* € E? to be the edge corresponding to e.

2. Discard all edges in G? adjacent to b* and call the new graph G*(b*).

3. Check whether the graph G?(b*) contains a perfect matching using the
Hopcroft-Karp algorithm. If it does not, then output the empty set. If
G? contains a perfect matching, return the edges of E corresponding
to it.

We prove the correctness of the above algorithm in the proposition below:

Proposition 6.1 (Polynomial-time algorithm for finding Hamiltonian de-

compositions).

1. Algorithm 1 determines in polynomaial time whether a digraph G with

n nodes contains an n-decomposition containing a specified edge e.

2. There is a polynomial time algorithm to decide whether a directed graph

admits an n-decomposition.

3. There is a polynomial time algorithm to decide whether a directed graph

admits an n — 1-decomposition that contains a specified edge.

Proof. Let G = (V, E) be a directed graph with n nodes. For the first part,
we first construct the bipartite graph G? = ((V,V’), E?) as described in (6.1)
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and (6.2)—this can be done in polynomial time. We call b* the edge in
G? corresponding to e* and set G*(b*) be the subgraph of G? induced by all
edges of G? that are not adjacent to b*. We then run the maximum matching
algorithm on G?(b*) and denote its output by M. If M contains n edges, it
is a perfect matching. Moreover, from Lemma 6.1 and the fact that b* is the
only edge in G?(b*) incident with its vertices, it follows that M produces an
n-decomposition containing the edge e. Reciprocally, if the graph G admits
an n-decomposition containing e, then we can easily see that all of its edges
have corresponding ones in the graph G? which form a perfect matching.

The second part can be proved by directly applying the Hopcroft-Karp
algorithm to G*.

Finally, for the last part, it suffices to run Algorithm 1 on all graphs

obtained from G by removing a node which is not incident with e*. [

6.2 Signatures and factorization

Verifying whether a 2-extension passes the edge distribution test requires
to check whether two multi-variable polynomials have factors in common.
It is a well-known fact that such problems are hard to solve (in fact, of
exponential complexity in the general case) and mostly intractable when the
number of variables is large. Since a Hurwitz graph on n nodes has at least n
edges [9], off-the-shelf methods of computational algebra [19] are unlikely to
yield tractable algorithms. We show in this section that the relation between
coefficients of the characteristic polynomials and k-decompositions can be
brought to yield a polynomial-time algorithm.

Recall that we refer to a;j, the ¢jth entry of a matrix A € ¥, which
corresponds to the edge (i, 7) of the graph G, as an edge-variable and that we
call an edge-product a monomial in the edge-variables, that is an expression
of the form o = [] a;;; we also treat a as a set of edges, and thus we can take
intersections and unions of edge-products.

The in-degree of node v; with respect to an edge-product « is the
number of edges in « entering node vy, i.e. it is the number of edge-variables
a.; in . We define the out-degree similarly as the number edge-variables q;. €
a. We denote in- and out-degree by deg™ (v;, ) and deg™ (v, o) respectively.

For example, the out-degree of node v; with respect to the edge-product
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a12a23a13 is two and the in-degree of node two is one.
We collect the in- and out-degrees of every node with respect to a given
edge-product « in the vector S(«), which we call the signature of o and

explicitly define as

(deg™ (vy, ), deg™ (vy, @) Si(a)
deg™ (v, ), deg™ (vs, So(a

oy oz | o D)) || S |
(deg™ (vn, @), deg™ (v,, @) Sp(@)

Note that the map o« — S(a) is many-to-one in general. We can partially
order signatures via component-wise comparisons: we say that S < T if
Si; <Thjfor 1 <i<mnand1<j <2 The following property of signatures

is easily verified: for a and S edge-products we have
S(aB) = S(a) + S(B). (6.4)

Lemma 6.2 (Signatures of k-decompositions). Let G be a digraph and o an
edge-product in G. Then « is a k-decomposition in G if and only if S(«)

contains exactly k rows equal to (1,1) and n — k rows equal to (0,0).

Proof. The result is a consequence of the fact that every node in a k-decompo-

sition has in- and out-degree one. |

In the next results, we relate signatures and factorization of the coefficients

of the characteristic polynomial of a SMS.

Lemma 6.3. Suppose that a polynomial q divides p, = (—1)"det(A), and let
q =] ay...E+ap be the expansion of q into a sum of edge-product. Then

all edge-products c; have the same signature.
We illustrate this fact below in Fig. 6.2.

Proof. The polynomial p, = > +~; is a signed sum of edge-products ~; of
degree n, each corresponding to an n-decomposition. Since every node is
visited exactly once in a Hamiltonian decomposition, all edge-products ~;
have a signature with all entries one.

Let ¢ = a1 £ as...+a, and r = 1 £ ... + £, be such that p, = gr.

Because p,, is homogeneous, so is ¢ (resp. r) and thus all the a; (resp. f;)
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Figure 6.2: For the graph G above, we can factor ps as

Ps = (—a11as52 + as1a12).(a23a34045 + asaa3sas3). The edge products aiqass
and asjaqo in the first factor have the same signature, and so do the
edge-products aszassass and asysayzass appearing in the second factor.

have the same degree as polynomials. After expanding the product gr, we
get edge-products of the type a;3; that have to correspond to Hamiltonian
decompositions. We thus obtain using (6.4) and the fact that Hamiltonian

decompositions have associated signatures of all ones, that
S(eifj) = S(ow) +5(8;) = 1

for all pairsi=1,...,k,7=1,...,l. We conclude that S(«;) is the same for
all o. [

From Lemma 6.3, we conclude that we can associate a signature to a factor
q of pn. In other words, the Lemma shows that we can make the following

definition:

S(q) := S(«) for a any term in the factor ¢ of p,.

Definition 6.1 (Signatures of the determinant p,.). We call a signature
of p, any n-dimensional Q@ = (Q1,Q2, ..., Q,) such that there exists an ir-
reducible factor of p, with Q as signature. We denote by S(p,), the set of

signatures of p,.

We also refer to signatures of p,, as signatures of the graph. The following
result relates common factors of the polynomials p,. We let (—1)” denote

the sign of a permutation ~.

Proposition 6.2. Let G be a digraph and Q) a given integer vector. Denote
by pr the kth coefficient of the characteristic polynomial of G . The following

statements are equivalent:
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1. All k-decompositions of G contain a subgraph with corresponding sig-

nature Q).
2. We can factor py as py = qr with S(q) = Q.

3. We can factor py as pr = qr with q = ZQ:S(Q)ZQ(—l)S(a)a,
The function s(a) € {0,1} and depends on neither k nor Q.

Proof. We prove that 1 = 3 = 2 = 1. That 3 = 2 follows trivially from the
definition of S(¢). To prove that 2 = 1, we recall that every k-decomposition
corresponds to a term in pg. Since we assumed that p, = ¢r with S(q) = @,
all terms of py can be obtained by multiplying a term in ¢ with corresponding
signature () with a term in r; this proves the statement.

We now show that 1 = 3. Consider a term ~; of py. By assumption, we
have ;3 = 10, for some edge-products d; and «; where S(a;) = Q. We
claim that if as is another edge-product of G with signature (), then the
product y2 := g0, is again a term of p,. To see this, note that S(v,) =
S(ag) + S(d1) = S(11) and 79 is a term of py by Lemma 6.2. We can thus

write
pe=y_ Y, (5 (6.5)
i a;:8(a;)=Q
where s(0;, ;) € {0, 1} are functions indicating the sign with which the term
;0 appears in py.
Finally, we show that there exists functions s1(d), se(«), both with values
in {0, 1}, such that the following holds:

(_1)5(5i,aj) —_ (_1)51(5i)+52(aj). (66)

Note that it is sufficient to show that (—1)3(0»e1)=s(%22) only depends on
a1 and ag; i.e. whether the signs of §;a; and d;as in pg are the same only
depends on a7 and as. In order to see this, recall that a term in p, defines a
permutation on k£ nodes of G—the nodes incident to the edges in the term.
This permutation can be naturally extended to a permutation on {1,2,...,n}
by mapping the non-incident nodes to themselves via the identity. Moreover,
the sign of a term in p; is given by the sign of the permutation it defines,
see Eq. (3.3). Therefore, two terms in the expansion of pj, thinking of these

terms as permutations, have the same sign if and only if they are related by
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an even permutation. Since whether the parities of the permutations «d;
and «gd; are the same or not can be deduced by only examining oy and as,
Eq. (6.6) is proven.

Putting Eqgs. (6.5) and (6.6) together, we obtain that py can be factorized

as

e DR [Z(—m“i)ai],

a;:S(0)=Q i

which concludes the proof. |

Corollary 6.1. Let G be a digraph with determinant p,. Let q be a factor
of pn with signature S(q). If every n — 1-decomposition contains a subgraph

with signature equal to S(q), then q is also a factor of p,_1.

Proof. Notice that since ¢ is a factor of p,, every n-decomposition of G
contains a subgraph with corresponding signature equal to ). Applying

Prop. 6.2, we can write that

and p, = (ZQ;S(Q):Q(_US(&)> ro for some edge-products r; and ry. Thus
qg==+ ZQ:S(Q)ZQ(—l)S(Q) is a factor of p,_; as well. |

The previous Proposition and its Corollary show that signatures can be
used to determine whether p,_; and p,, have factors in common. The follow-
ing result shows that by looking at a single n-decomposition of G, we have
access to all the signatures of p,. Recall that S(p,) is the set of all signatures

corresponding to factors of the determinant p,, of a graph G.

Proposition 6.3. Let G be a digraph on n nodes which has at least one n-
decomposition. Let Ej;, be the set of edges of an arbitrary n-decomposition of
G. Let a;; € Ey, and S(aij) be its corresponding signature. Then there exists
a unique signature S(a;;) € S(pn) satisfying S(ai;) = S(aij). Moreover, the
map

S Ep — S(pn) : ai; — S(ay;)

1S surjective.
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Proof. First, recall that to each irreducible factor of p, corresponds a signa-
ture. In fact, these irreducible factors are the sum of edge-products that each
have the same signature by Lemma 6.3. Second, recall that p, can be seen
as a signed sum of n-decompositions. Now if we are given an arbitrary n-
decomposition of G, with edge set Fj, putting the above two points together,
we conclude that every edge-variable in Fj, can be assigned to a unique sig-
nature, the one of the factor in which it appears. We now show that S is
surjective. Choose an arbitrary signature Q € S(p,) and denote by ¢ its
corresponding factor. We claim that there is an edge-variable a;; € Ej such
that S (a;j) = Q. To see this, note that all n-decompositions of G' are ob-
tained by expanding the factorization of p,,. Therefore, any n-decomposition,
incluing E}, contains at least one edge-variable of ¢. By the first part of the

Proposition, S(a;;) = @Q, which shows that the map is surjective. [ |

By the above proposition, we can assign to each edge of Ej a unique
signature (and hence factor of p,) and, moreover, every signature of p, will
appear in this assignment. Thus we can obtain from the edges of an arbitrary
n-decomposition of G all signatures of p,. This fact is very important in
this context, as it is well-known that enumerating, let alone exhibiting, all
possible n-decompositions of a graph is a hard problem, related to permanent

computations [20].

6.3 Polynomial time algorithm for the signatures of
the determinant of G

The main ingredient of our method to check whether a 2-extension is stable
is the following algorithm, which computes in polynomial time the signatures
of all the factors of p,. As mentioned earlier, factorizing p, is in general
hard, and we cannot deduce a factor from its signature. But since we only
care about common factors of p, and p,_1, regardless of the actual value of
these factors, knowing the signature of factors is sufficient for our purpose.

We now state the algorithm:
Algorithm 2: finding signatures of p,

Input: a digraph G' on n nodes with at least one n-decomposition.
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Output: the signatures of p,.

1. Pick an arbitrary n-decomposition using Proposition 6.1. Denote by

E), its set of edges. Proceed to step 2.

2. If Ej, is empty: terminate the algorithm—all signatures of G have been
found.
Otherwise: pick an edge (i,7) € Ej. Set Q := (Q1,Qa, ..., @n) = S(aij)
as defined in (6.3). Proceed to step 3.

3. For every edge (k,[) in the graph such that

Qk = (70) and Ql = (17 ) or Qk = ('7 1) and Ql = (07 ')7

where the - denotes an arbitrary value, check if there exists a n-decompo-

sition containing that edge using Proposition 6.1.

(a) If such decomposition exists, then @ is not a signature and we

update it as follows:

i Qk<_Qk+(170) if Qk:("o)’Ql:(lv')'
L QZ%QZ—'—(Oal) lka:<>1)7Ql:(O’)
Repeat step 3.

(b) If such decomposition does not exist, then @ is a signature. Pro-

ceed to step 4.

4. Find the set « of edges in Ej, for which S(a) = Q. The set o can be
found by running through all edges in E}. Set E, = E}), — «a and go to
step 2.

Proposition 6.4. Algorithm 2 computes all the signatures of p, in polyno-

maal time.

Proof. We first address the complexity of the algorithm. The first step is of
polynomial complexity as shown in Proposition 6.1. Next, a single run of
step 3 requires going through edges of the graph (at most n?) and checking
whether any of them satisfies the conditions listed. Since every iteration
increases the number of non-zero entries of () by 1, and this can be done at

most 2n times for G, the number of such iterations is in O(n). Therefore,
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the complexity of finding a signature Q of p,, using step 3 is O(n?). The next
step, namely finding all edges corresponding to () as in step 4 has complexity
O(n?). The number of signatures of p, is at most n?, so the algorithm runs
step 2 at most this many times. Collecting all these observations, we see that
the algorithm terminates after O(n®) time steps.

We now show that Algorithm 2 indeed produces all signatures of p,, that
is all elements of the set S(p,). Let Ej be the edge set of an arbitrary n-
decomposition of G and a;; € Ej. Let S (a;;) be the signature corresponding
to a;; as in Prop. 6.3. Starting with S(a;;), the algorithm uses a greedy
approach to build a sequence of increasing signatures, the variable () in the
algorithm, which upon completion of step 3, will hold the value of S (a;j), as
will be shown below.

We denote by Q(m) the value of @ at the mth update of this variable
in step 3. The variable Q(0) is initialized at S(a;;). We first observe that
according to the update rule of step 3, Q(m + 1) = Q(m).

Next, we show that if Q(m) < S(a;;) and the algorithm does not proceed
to step 4, then Q(m + 1) < S(a;;). To see this, denote by ¢ the irreducible
factor of p,, in which a;; appears and let (k,[) be the edge selected in the
m+1 iteration of step 3. If ay and a;; appear in different irreducible factors
of pn, then there is an edge-product o = gayr in p,. From Eq. (6.4), we
obtain S(a) = S(q) + S(aw) + S(r) and, because S(q) = S(a;;), it follows
that S(«) either has kth coordinate equal to (-,2) or lth coordinate equal
to (2,-). This implies that «a can not correspond to a n-decomposition and
we get a contradiction. Therefore the variable ay; has to appear in the same
term as a;;. We conclude that the signature Q(m + 1) = Q(m) + S(ax)
satisfies the inequalities S(a;;) < Q(m) < Q(m + 1) = S(a;). Since the
sequence (Q(m) increases with every iteration of step 3, the argument above
also show that if Q(m) becomes equal to S(a,;), then the algorithm proceeds
to step 4.

Finally, we prove that if Q)(m) is such that the condition of step 3b holds,
then Q(m) = S(a;;). To see this, assume that there are no edges satisfying

either

Qr(m) = (-, 0) and @i(m) = (1,-) or Qx(m) = (-, 1) and Qi(m) = (0, -)

and which are contained in a n-decomposition. Note that this statement is
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equivalent to saying that every n-decomposition contains a set of edges with
a corresponding signature equal to Q(m). Applying Proposition 6.2, we see
that p, = qr, where ¢ = Za:S(a):Q(m) +a. Since ¢ is a factor of p, and
contains a;j, its corresponding signature )(m) satisfies Q(m) > S(a;;). By
virtue of the inequality Q(m) < S(a;;) established in the previous paragraph,

this shows that Q(m + 1) = S(ai;).

Once we have S(a;;), we can find the subset of edges a in Ej, which

contains a;; and has signature S(a;;) — these are the edges ay; for which
S(ai;)n = 1 and S(a;j)ge = 1. We then update Ej, < Ej —« and iterate. By
Prop. 6.3, we obtain all signatures of p,,. [

6.3.1 Polynomial time algorithm for checking common factors
of Pn+2 and Pn+1

Now we consider a 2-node extension G’ of the graph G which contains

both n + 2 and n + 1-decompositions. The last step of the proof of The-

orem 6.2 is the following algorithm, which verifies whether G’ passes the

edge-distribution test.
Algorithm 3: checking common factors of p,.> and p,,

Input: a digraph G on n nodes; a 2-extension G’ of G with at least one

n + 2-decomposition and one n + 1-decomposition; the set of signatures of
G
Output: True if G' passes the edge-distribution test, False otherwise.

1. Denote by FE.,; the set of edges in G’ appearing in at least one n + 2-

decomposition and incident with node v, or v,42.

2. If B, is empty: terminate the algorithm and return False. Otherwise:
pick an edge (i,7) € Feu, find the signature S(a;;) in G’ and denote

by q the factor in p, o corresponding to it.

3. For every edge kl in the graph such that

S(aij)x = (+,0) and S(a;;); = (1,-) or S(a;j)x = (-, 1) and S(a;;); = (0, -),

where the - denotes an arbitrary value, check if there exists an n + 1-

decomposition containing that edge using Theorem 6.1.

48



(a) If such decompositions exist for all considered edges (k, (), then ¢

is not a factor of p,, 1. Terminate the algorithm and return True.

(b) If such decomposition does not exist for at least one considered

edge (k,l), proceed to step 4.

4. Find the set « of edges (k, 1) in E,; for which S(kl) < S(a;;). The set a
can be found by running through all edges in E ;. Set Fepy = Fepr —
and go to step 2.

Proposition 6.5. Algorithm 3 checks whether a 2-extension G’ of a digraph

G passes the edge-distribution test in polynomial time.

Proof. The proof is similar to the one of Proposition 6.4, so we just provide a
sketch. First, it follows from the fact that the number of edges in G’ is O(n?)
and from Proposition 6.1 that the complexity of Algorithm 3 is polynomial.
Second, we prove correctness of the algorithm. Assume that the algorithm
returns False for a given extension G’ of G. We claim that every factor of
Pnio containing an edge of E’ is a factor of p,.1. To see this, let ¢ be a factor
of p,y2 containing an edge-variable that is in E,.;.

Let a;; be an edge-variable appearing in ¢ as selected in step 2. Because
the algorithm returned False, by step 3 all n+ 1-decompositions contain sub-
graphs with corresponding signatures equal to S(q). Using Proposition 6.2
we see p,+1 = qr for some r.

Reciprocally, assume that the extension does not pass the edge distribu-
tion test. This means that every factor of p,,o containing an edge-variable
corresponding to an element of E.,; also appears in the factorization of p, 1.
Choose an arbitrary edge (i, j) € Ee.t and let p,4o = gr, with a;; appearing in
q. We apply again Proposition 6.2 with Q = S(a;;) = S(q) and conclude that
every n + 1-decomposition contains a subgraph with corresponding signature
(). This implies that for every iteration of the algorithm through step 3, the
outcome is (b). Thus the number of edges in F.,; decreases monotonically

until it reaches zero and the algorithm then returns False. [

6.4 Proofs of Theorem 6.1 and Theorem 6.2

We now have all the ingredients necessary to prove Theorems 6.1 and 6.2.
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Proof of Th. 6.1. Knowing that G is Hurwitz, Proposition 4.2 states that
in order to determine whether G’ is Hurwitz or not, we have to check only
whether the latter contains a Hamiltonian decomposition. Proposition 6.1

offers a polynomial time algorithm to do this, which completes the proof. W

Proof of Th. 6.2. First, using Theorem 6.1, we can check in polynomial time
whether G' has n + 2 and n + 1 decompositions. If it is the case, then both
DPni1 and p,yo are non-zero polynomials. Applying Algorithm 2 we can find
all signatures of p, 5. Then using Algorithm 3 we can check whether the

extension passes the edge-distribution test. [ ]

50



PART 11

ACTUATOR DESIGN
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CHAPTER 7

INTRODUCTION

In recent years there has been a resurgence of interest in the design of optimal
actuators and sensors for linear systems. Driven by the rise of distributed
control systems as models for large scale social or biological networks, or
novel manufacturing and sensing methods that allow for more flexibility in
the design/choice of actuators/sensors, there is an increased need for a better
understanding of the way in which the performance of a system depends on
the placement of its actuators.

Amongst the relevant recent work in the area, we mention [21], where it is
shown that the optimal actuator/sensor design problem admits an essentially
(up to symmetries) unique optimum when the magnitude of the actuator is
small to moderate, and a provably convergent algorithm to find the optimal
actuator is proposed. For related work when dealing only with control en-
ergy [22] (in contrast to linear-quadratic cost), we refer to [23]. In this case,
the set of allowed actuators is a continuous set, corresponding physically to
the placement of an actuator or sensor in the system (e.g., the placement of
a camera in physical space). In this regard, we also mention [24, 25, 26].
Other types of problems require choosing a set of sensors ¢; out of a finite
family of available sensors. These have been investigated in various forms
by several authors. In [27], the authors assign a cost to each sensor and
show that optimally choosing a subset of sensors meeting cost constraints is
an NP-hard problem, and furthermore exhibit a class of dynamics for which
greedy algorithms yield a provably good approximation to the optimal selec-
tion. In [28], the authors look at a “relaxed” selection problem, where sensors
are selected with a weight w; to be optimized and propose a convex optimiza-
tion algorithm. A different type of methods, based on L; optimization as a
proxy for sensor selection has been investigated in [29]. Similar scenarios
have also been investigated in the statistics literature in the field of exper-

iment design, see [30] for a start to the relevant literature. Methods based
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on greedy selection are also popular in the area, see [31] for an evaluation of
the performance of such methods, and for an algorithmic approach to sen-
sor/actuator selection in the structural setting (i.e., to guarantee structural
controllability /observability).

In this part of the thesis we address two separate problems of optimal
actuator design. Their solutions are obtained using the techniques employed
in [21], which involve the minimization of a certain non-convex function on
a compact manifold.

In Chapter 8 we examine the problem of designing a (dynamic) actua-
tor/controller that minimizes a combination of linear-quadratic cost and the
variations in the applied controls, as well.

Specifically, consider the linear time-invariant system
&= Ax + Bu, x(0) = x, (7.1)

with the quadratic cost function
C :/ (z(t) " Qx(t) + u(t) "u(t)) dt. (7.2)
0

It is well-known that the optimal control (i.e. the one minimizing the above
cost) uopt can be expressed in a feedback form [32]. The optimal actuator
design problem is to design the system’s actuator B to minimize the optimal
cost.

In many practical situations, however, the physical actuators driven by u(t)
cannot vary their effort very fast (a DC motor, for example, may not be able
to change its rotations per minute very fast due to physical constraints), or a
sensor that cannot update its reading very quickly. To address this concern,
we add the assumption that u is continuously differentiable and introduce
the extra term 1 (¢) " 4(t) in the integrand of the cost function (7.2). We allow
the use of dynamic controls, i.e. u(t) is a function of u(t) and x(t).

We consider actuators B which satisfy BT B = 421, where v # 0 and [ is

the identity matrix, and seek to find the ones that minimize the cost

min/ (2"Qx + cu'u + 0" 0)dt, (7.3)
0

u

which depends implicitly on B. Note that bounding the norm of B is neces-
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sary as otherwise one can exchange control effort (measured as the magnitude
of u) for actuator gain (measured as the norm of B), and artificially decrease
the value of the cost. We show that generically for A, @), and xq, when B is
small, there exists an essentially (up to symmetries) unique actuator which
is locally optimal, and it is also globally optimal. Furthermore, this actua-
tor can be found using a gradient algorithm over a suitable manifold. We
illustrate the performance of the design in the last section of Chapter 8.

In Chapter 9, we focus on linear stochastic systems. Such models are
widely used in engineering, biology and physics, due to the breadth of the
situations they can describe [33, 34]. The most commonly used among them
is the linear dynamics with additive Gaussian noise model, which can be
described by the stochastic differential equation (SDE)

dxt = Al‘tdt + budt + det7

where z € R", A € R™*" b € R™™ and G € R"*? and wy is a standard vector-

valued Wiener process [35]. It is well known that the control minimizing the

T
lim E (%/0 (" Qx +uTu)dt)

T—o00

expected cost

is of feedback type, and its explicit form is known. Now it is clear that
the value of the optimal (with respect to u) cost will be dependent on the
actuator b. The problem of finding the b that minimizes this cost is called the
optimal actuator placement. This problem is in general difficult, and easily
seen to be non-convex. We provide in this paper a solution to the related
problem of optimal actuator placement problem for dynamics corrupted with

multiplicative noise
dxy = Az, dt + budt + Gz dwy, (7.4)

where G; € R™™ and w; is a Wiener process.
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CHAPTER 8

ON THE OPTIMAL DESICN OF LOW
FREQUENCY ACTUATORS

8.1 Preliminaries

We now state the problem we are addressing precisely. Consider the control
system
&= Ax +~vyBu, z(0)=u1z, u(0)=0, (8.1)

where A € R™" B € R™™ is such that B' B = I,,,, and v > 0. We consider

also the associated cost functional
Vi) = / (27 Q + cuTu+ aT@)dt,
0

where ) € R™ " is a symmetric positive definite (spd) matrix and ¢ is a

positive constant. We denote by
B={BecR™™|B'B=1,},

where I, is the identity (m x m)-matrix, be the Stiefel manifold of orthonor-
mal m-frames in R". Roughly speaking, our goal is to find the actuator
B € B which minimizes the cost functional V', for either a specific zy or in
average (over zp). To make this more precise, we first rewrite the problem

by introducing the extended variable

for which we can write
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V(zy) = /Ooo(a‘:TT:z +olo)dt, T = (%2 2_) : (8.3)

where v = 4 is a continuous control. The optimal control v,y which mini-
mizes the cost V in the LQR problem (8.2), (8.3) is given by

Vopt = — B Py, (8.4)

where P is the unique positive definite solution of the Riccati equation
M"P+PM—PEP+T =0, (8.5)

with E = BBT (see Theorem 8.1 below), and Z,,; is the solution to the

system

Fopt = (M — EP)Topy,  Tope(0) = <“60> (8.6)

The corresponding minimum cost is equal to

Vmin(-rO) = tI‘(PL),

-

- xory 0O L 0

L = %7, = =: 8.7
. (O 0) (0 O) 87

is a positive semi-definite matrix.

where

If we write the matrix P in the form

p_ P P |
P P

we can represent the system using Figure 8.1.

Our goal is the following: solve the minimization problem
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I
e

Figure 8.1: In this problem, the matrix A is fixed, and we design the blocks
B, Py and P, so as to minimize the cost (8.3).

I
2

B* = arg min tr(LP),

where L and P are as defined above. It is well-known that if z is sampled
from an isotropic distribution centered at zero, then E, V' (zy) o tr P [21].
Hence taking L = I,, provides the minimum in the average sense discussed
above. In words, we find the actuator that minimizes the control effort V
when paired with an optimal control.

For fixed A, @, ¢, g, the value of the optimal cost as a function of B will
be denoted by F.(B), i.e.,

It is useful to work in the space of matrices BB', as B enters in the
definition of P in this form through the Riccati equation (8.5). Hence, we

introduce the set
G={GeR""| G? :G:GT,rkG:m},

and the map
H:B—G:Bw~— BB'.

Each G € G is a positive semi-definite matrix, representing the orthogonal
projection operator onto the m-dimensional subspace of R” spanned by the
columns of G. The set G is an analytic submanifold of R"*" ([36], p. 275).
Moreover, the analytic map H is surjective and its level sets are precisely
the orbits of the action of the orthogonal group O(m) = {© € R™™ |
©'O = I, } in B given by (B,0) — BO for B € B, © € O(m). Thus, H
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induces an analytic diffeomorphism of the Grassmann manifold B/O(m) of
all m-dimensional subspaces of R™ onto G.

In Section 8.2, it is shown that there exists a unique analytic function
J : G xR — R, such that J(H(B),vy) = F,(B) for all B € B. For fixed
v € R, we also use the notation J,: G - R: G +— J(G,7).

The main result of this chapter is the following theorem.

Theorem 8.1. For A Hurwitz, and generically for Q) positive definite, for
v > 0 small enough, the function J, : G — R has (:l) critical points, exactly

one of which is a local minimum.
As a consequence of the Theorem, we have

Corollary 8.1. Under the assumptions of Theorem 8.1, the gradient flow
of F\(B) converges from a generic initial condition By € B to an optimal

actuator B* € B.

We provide the gradient flow and illustrate its performance in simulations.

8.2 Gradient of the function £,

We are to optimize the function F, (or, equivalently, .J,) over the manifolds
B (resp. G) using a gradient flow. To this end, we need to characterize the
tangent spaces of said manifolds and introduce inner products. We do so in

the next few paragraphs.

Tangent space and inner product Recall that so(n) = {Q € R™" |
Q = —Q"} is the vector space of skew-symmetric matrices. We introduce

the following operators:

Definition 8.1. The linear operators pp : so(n) — R™*™ and adg : so(n) —
R™ ™ are defined for every B € B and G € G as:

adG(Q> = [G,Q],

where [G, Q)] :== GQ — QG. The operator ) (V) = 5(V — V) denotes the

projection of the matriz V€ R™ ™ onto so(n).
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It is well-known that the tangent spaces of B and G at B and G respectively
are given by [37]

TpB = {pp(Q) | Q € so(n)},
TG = {ada(Q) | Q € so(n)}.

In order to compute the gradient of F, over B, we will use the inner product
7(+,+) : TgB x TgBB — R which is defined as follows. Let

p:ker (pp)t — TpB

where ker (pg)* is the orthogonal complement of ker (pp) inside so(n) taken
with respect to the Frobenius inner product (€,$) := —tr(2:€s). Now
for B; := pp(€;), 1 = 1,2, tangent vectors, the inner product T(BI,BQ) is
defined as:

7(B1, By) = — t2(p' (B1) 5" (B)).

On the manifold G, we will use the metric (-, -) which is defined similarly.
Let

adg : ker (adg)™ — TaG,

where ker (adg)® is the orthogonal complement of ker (adg) inside so(n)
taken with respect to the Frobenius inner product. The inner product s is

defined for GZ = adg ; as:
K(Gl, GQ) = —tr(aaal(Gl)aaal(GQ)),

The inner products 7 and « have often been used in optimization on manifold
problems [38, 39].
We will need the following definition:

Definition 8.2 (First variation). Let P : B — R™ " be differentiable and
B e TgB. We call the first variation of P at B the map

. : P(B+eB)— P(B
Py TuB = R™™ B = lim (B +eB) - P(B)
e— £
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Note that the first variation of a real-valued function is exactly the differen-
tial of this function. Finally, we recall that the gradient grad F' of a function

F on B with inner product 7(-,-) is defined as the unique solution of

7(grad F(B), B) = Fi3(B), for all B € TsB,
where F is the first variation of F.
On the generalized Riccati equation The following result, which says

that the cost function I’ depends nicely on B, is needed to obtain the gradient
of F'.

Proposition 8.1. The Riccati equation (8.5) has a unique positive definite
solution P for every B € B, v € R and A Hurwitz. Furthermore, the solution
P(B,7) : B xR — R"™™" is analytic, and, for fized v € R its first variation

P at B is given by the convergent integral

Py(B) = / eM-EP)YNT P 4 pPN)eM-EP)q¢, (8.8)
0

B
vV 7B
0 0

Proof. The statement is standard, we thus only sketch the proof. Since A

where

is Hurwitz, the uncontrollable modes of the pair (M, E) are stable and thus
(M, E) is stabilizable for all B € B, v € R. Since @ is positive definite and
¢ > 0, the pair (M, T) is similarly shown to be detectable. Hence, (8.5) has
a unique positive definite solution P and moreover the matrix M — EP is
Hurwitz ([32], Theorem 3.7). Furthermore, this solution depends analytically
on (B,v) € B x R ([40], Lemma 1.1).

For the second part, we compute the first variation of Eq. (8.5) in an
arbitrary direction B and get (we omit writing B as an argument of P, M

for clarity)

M"P+ PM+ PM — PEP — PEP =0,
& (M —-EP)"P+P(M—EP)+N'"P+ PN =0.
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This is a Lyapunov equation with unknown P, so its solution can be written

in the form (8.8). |

Using the above Proposition, we can evaluate the differential of ' at B as

follows:

Proposition 8.2. The differential of F., acts on a tangent vector B =QB

in TgB according to

(£,)5(B) = 2 te(K PN),

where the matriz K is the unique positive semi-definite solution of the Lya-

punov equation
(M — EP)K + K(M — EP)" + L = 0. (8.9)

Proof. We compute the directional derivative of F,(B) for fixed v with re-
spect to B = QB. Multiplying both sides of (8.8) by L and applying the

trace operator on both sides, we get

E, =tr (/ eM-ER)TU NTPp 4 PN)e(MEP)tLdt> :
0

Using the relations tr(X) = tr(X ") and tr(Y Z) = tr(ZY), we get

E, =2tr(KPN),
where
K — /oo e(MfEP)tEe(MfEP)Ttdt_
0

The next two results show that we can set-up the optimization problem
on the manifold G as well, the advantage of that formulation being that
the critical points of the corresponding function on G (defined below) are
isolated—in contrast, since F,(B) = F,(OB) for any matrix © such that
©O7 = I, the critical points of F' are not isolated.
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Lemma 8.1. There exists a unique analytic function J : G x R — R, such
that J(BB',~) = F,(B) for every B € B, v € R.

Proof. We construct the function J explicitly. Suppose that © € O(m),
and set © = (% 3) € O(n + m), where I, the n x n identity matrix. The

substitution B ~» BO transforms (8.5) into the equation
(6TMO)'P+ P(O"'MO)—~ PEP+T =0. (8.10)

Since ©TEO = E and ©'TO = T, it follows that the solutions P(B,~) of
(8.5) and P(BO,~) of (8.10) satisfy the relation

P(BO,v) =6'P(B,7)6.

Note that we have ©TLO = L. Hence, tr(P(BO,v)L) = tr(P(B,~)L), and
thus, the function F : BXxR — R, defined as F(B,v) = F,(B) = tr(P(B,v)L)
is invariant under the right action of the group O(m) on B x R given by
(B,7)-© = (BO,v) for Be€ B,v€R,0 € O(m). Since F is constant on the
level sets of the surjective map G : BXR — GxR, where G(B,~) = (H(B),~),
it induces a well defined function J : G x R — R such that J oG = F. The
analyticity of J follows from the facts that F', as well as the action of O(m)
on B x R, are analytic, and that G induces an analytic diffeomorphism of the

orbit manifold (B x R)/O(m) onto G x R ([41], (16.10.4)). |

Next, we will compute the gradients of I, and J, over B and G with respect

to the natural inner products on these manifolds introduced above. We set

PP K, K,
pP= . K= :
Pl P K] K;

and get, from Prop. 8.2,

E,(B) = 2vtr((Ky P, + K3P) ) B), (8.11)

where B = QB, Q € so(n).

The following lemma relates the gradients of a function f : G — R to the
gradient of the function foH : B — R
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Lemma 8.2. Let f : G — R be differentiable and B € B. Let f : B — R :
B — f(H(B)). If Q" € so(n) is such that

grad f(B) = Q*B,

then
grad [(H(B)) = ~[H(B), "]

Proof. We show that the differential dH : TgB — Ty ()G sends the gradient
grad(f o H) of f o H to the gradient (grad f) of f.

Given B € B, let Hg = {B € TgB | B' € ker (TgH) = 7(B,B) = 1}
be the horizontal subspace of TgB with respect to H. One can verify that
for each B € Hp, we have 7(B, B) = k(dH(B),dH(B)), i.e. that H is a
Riemannian submersion. Hence, grad(f o H) is a horizontal lifting of grad f,
i.e. grad(fo H)p € Hg and dH (grad(f o H)(B)) = (grad f)(H(B)) for all
B € B, ([42], § 4). The second claim follows from the relation dH(2B) =
2, H(B)] for Q € so(n). |

We now evaluate the gradient of F.:

Proposition 8.3. The gradient of the function F., over B with respect to the

metric T is given by
grad F,(B) = =2l (B(K, P + K3P,) ))B,

where K is given in Eq. (8.9), and P is given in Eq. (8.5).

Proof. For every B € B and 2 € so(n), we have

7(grad F,, QB) = — tr(pg' (grad F,)p ' (Q2B))
= —tr(pp (grad F,)Q)
= 2vtr((Ky Py + K3P,) )QB),

where the last row comes from the definition of the gradient and Eq. (8.11).
Since the equality above holds true for arbitrary skew symmetric matrices €2,

we conclude that
pp(grad F)) = —29Ilso(n) (B(K, Pr + K3P)')).
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Applying pg on both sides, we obtain
grad F, = =291l (B(K, P, + K3P, ))B

as announced. [ ]
Using Lemma 8.2, we obtain the gradient of J:

Proposition 8.4. The gradient of the function J, over G with respect to the

metric Kk 18 given by
grad J,Y(G) — 2'7[G7 Hﬁo(n)<B(K2TP1 + K3P2T))]7

where B € B is any matriz for which G = BB'.

8.3 Analysis of J,.

In the case of a general «y, the analysis of the critical point of .J, is difficult, and
simulations show that the function can have many local minima. However,
for v small, the function is quite well-behaved, and we analyze it here. We
quantify in the last section how small v needs to be for the analysis to go
through in practice.

When « is small, the gradient of J, can be well-approximated by a well-
behaved vector field (see Theorem 8.2 below), and the critical points of the
original gradient and its approximation can be shown to be the same (we do
so below). In order to obtain this approximation, we start with computing
the first order expansion of the matrices M, P and K with respect to ~.
First, we have

M=M9 4+ ’YM(l)>

0 0 0 0

where
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Lemma 8.3. The matrix P in a neighborhood of v = 0 satisfies:

[ X S 9
P = <75T \/EI> + O(y7), (8.12)

where X is the unique positive definite solution of the Lyapunov equation
ATX+XA+Q=0 (8.13)

and

S=—(AT —\/c)'XB. (8.14)
Proof. Let P = PO 4+ 4P + O(4?), where PO is a positive definite matrix

and P is a symmetric matrix.
First, we substitute the expansion of P in equation (8.5), and after group-

ing together the terms of degrees zero and one in v, we get, respectively,
MO PO 4 p@p©) _ pOpp© 7 =, (8.15)
and

MO PO 4 pO ) @7 p) 4 p() 0
— POEPO _ pOEpL = (8.16)

P(o): Xl X2
X X5)’

and plugging it in equation (8.15), we get the system of equations

Now we write

0=A"X, + X;4A - XX, +Q,
0=A"X, — XuoXj,
0=—X;3+cl.

Since P is positive definite, X3 = y/cI. Then, (AT — \/eI) X, = 0, and
since A — y/cI has full rank, we get Xy = 0. Finally, we conclude that X; is

the unique positive definite solution of the Lyapunov equaion
ATX + X1A+Q=0.
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We thus have
PO _ X, 0 |
0 el

we plug it in equation (8.16) and get:

WT LW+ MO p) 4 p) )
_ \/Ep(l)E _ \/EEP(l) =0,

0 X,B
W = =
0 0

Similarly to the computation for P(©) above, we find that

0o S
P — 7

S=—(AT —\ec)'X,B.

where

where

We conclude that P + ~P® is given by the matrix in the right hand side
of (8.12), with X = X,.
|

We can similarly obtain the expansion of K in a neighborhood of v = 0:

Lemma 8.4. The matrix K in a neighborhood of v = 0 satisfies:

. Y U 2
K= (WT . > +O(y?), (8.17)
where
U=—(A—el)'Y(A" —ecI)'XB, (8.18)

X is defined by (8.13), and Y is the unique positive semi-definite solution of

the Lyapunov equation

AY +YAT +L =0 (8.19)
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Proof. Now we perform similar computations for the matrix K. Let
K =K% +4KW 4+ 0(y%),

where K©) is a positive semi-definite matrix, and () is a symmetric matrix.

Using Lemma 8.3 and equation (8.9)
(M — EP)K + K(M — EP)" + L =0,
we get:

(MO — eE)K© + KOM© — /eE)T + L =0,
(MO — eBE)KD + KO(M© — /eB)T

-ST 0 BT 0 ’

where S is given by (8.14).
o (VY
Y,) Vs

We set
and plug it in the first equation to get the following system of equations:

A1 + V1 AT + L =0,
—2y/cY; = 0.

K(O):Y10
0 0/’

where Y] is the unique positive semi-definite solution of the Lyapunov equa-

Therefore,

tions

A1+ YViAT+L=0.
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Subsequently, we find

K _ 0 (A—/el)"'\1 S
STY (AT — \Jel)™! 0 '

Finally, we conclude that K© + ~K® is given by the matrix in the right
hand side of (8.17), with Y = Y]. |

Now, for v # 0 let us define the function

7(G) = %WG) —I(@)),
and

J2(G) = lim J*(G).

v—0 v
From Lemma. 8.1, J¥(G) is analytic. Since F,(B) = F,(=B) for v €
R, B € B, the function J,(G)—Jo(G) is even, analytic, and vanishes at v = 0.
Therefore, it can be written as the product of 42 and an analytic function.
Furthermore, since Jy : G — R is constant, we have grad J3 = 712 grad J7, and

therefore, for v # 0, the functions .J, and J have the same critical points in

g.

Theorem 8.2. In a neighborhood of v = 0 we have
grad J,(G) = 1[G, [G, Z]| + O(7?), (8.20)
where
7 =—X(A—e)'Y(AT - Vel)T'X, (8.21)

and X and Y are defined by (8.13) and (8.19), respectively.

Proof. Using Lemma 8.3 and Lemma 8.4, we find

tr(KPN) =~*tr(UT X B) + O(»°)
= 2 tr(—BTX (A — )WY (AT — e) L X B) + 0(4*)
=2 tr(GZQ) + O(v*), (8.22)

where G = BB' and Z is given by (8.21). Similarly to the computations
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we made in Section 8.2, we find that the gradient of J, with respect to the

metric K on G satisfies
grad J,(G) = 292G, Tauiuy (GZ)] + O(11). (8.23)
Since G and Z are symmetric matrices, we have
1
Heon)(GZ) = §[G, Z),

which concludes the proof. [ |
We can now characterize the critical points of J as follows:

Corollary 8.2. The critical points of J; satisfy the equation
G, Z] = 0.

Proof. Using Theorem 8.2, we see that the critical points of Jj satisfy the
equation [G, [G, Z]] = 0. Let G = OGO, where G = diag(dy, ds, ..., d,) is a
diagonal matrix. If Z = ©Z0T, where Z = (z;;) is a symmetric matrix, we
get [G, |G, Z]] = 0. After expanding the commutators, we see that the entry
of the matrix |G, Z] at position (i, j) is equal to (d; — d;)z; ;, and the entry
of the matrix [G, [G, Z]] at position (i, j) is equal to (d; — d;)?z; ;. Therefore,
[G,[G, Z]] = 0 implies that [G, Z] = 0, which is equivalent to [G, Z] =0. R

8.4 Signature of the critical points of J;

Recall that the signature of a symmetric bilinear form represented as a matrix
@ is the triple (py,p_,po), where py (resp. p_, resp. pg) is the number of
positive (resp. negative, resp. zero) eigenvalues of ). We evaluate in this
section the signature of the Hessian of J at its critical points. From this
information, we can derive the number of local minima of .J, since a local
minima has signature (n,0,0).

We first determine the number of critical points for J. Since symmetric
matrices commute if and only if they have the same eigenspaces, Corollary 8.2
implies that the critical points G of J; have the same eigenspace as the matrix
Z.
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Proposition 8.5. Generically for A,Q, the matrix Z of Eq. (8.21) has n

distinct eigenvectors.

Proof. Let Sym,, denote the vector space of all symmetric matrices in R™*"
and Pos,, denote its open subset consisting of all positive definite matrices.
Given a matrix G € R™", let L5 : Sym, — Sym,, denote the Lyapunov
operator, defined as L5(X) = G' X+ XG for X € Sym,,. Consider the poly-
nomial map Z : Pos, x R" — Sym,,, defined as Z(Q,z) = —XV X, where
X =-L3Q),V = (A= el,)'Y(AT — \el,)™, and Y = —L 7 (zz7)
(cf. (8.7), (8.13), (8.19) and (8.21)). If 25 € R™ is such that the pair (A, zo)
is controllable, then Yy = —L 7 (zoz{) is a positive definite matrix ([43],
Theorem 4), whence Vy = (A — /el,)"YYo(AT — y/cl,,)~t is positive defi-
nite, as well. Then, for the partial differential of Z with respect to @) at
point of the form (Qq,zo), where (g is any positive definite matrix, we
have dZ(gy.20)(Q,0) = —XVpXo — XoVoX = L_yyx,(X), where Q € Sym,,
Xo=—L;(Qo), and X = —£;1(Q). Since the matrix R = VO%XOVO% is pos-
itive definite, the matrix —Vp X, = VO%(—R)V(;% is Hurwitz, and hence the
linear operator Q +— dZ(gy.0)(Q,0) = L_vyx,(—£3"(Q)) is an isomorphism
of Sym,, onto itself. Now, a corollary of the inverse function theorem implies
that there exists a neighborhood & of (Q, 7o) in Pos, x R", such that Z({l)
is open in Sym,,. Hence, there exists (Q1,21) € 4, such that Z(Q,z;) has
distinct eigenvalues. Therefore, the discriminant of the characteristic poly-
nomial of the matrix Z(Q), x) is a non-zero polynomial function on Pos,, x R",
whence we conclude that the set of all (Q, z), for which Z(Q, x) has distinct
eigenvalues, i.e. the set where this function does not vanish, is open and
dense in Pos, x R", and its complement has Lebesgue measure 0. Similarly,
the set of all Hurwitz matrices A, for which there exists xy € R™ such that
the pair (A, zo) is controllable, i.e. det(wg, Axg,..., A" 1zg) # 0, is open
and dense in the set of all Hurwitz matrices in R™*™ and its complement has

Lebesgue measure 0. |

Theorem 8.3. Generically for A, Q, the function J; has (:1) critical points.
Proof. Proposition 8.5 states that generically Z has n different eigenvectors.
Since Z and G commute, they must have the same eigenspaces. There are
exactly (:1) matrices G on the Grassmannian G which satisfy this property.

If © € O(n) is such that Z = ©Z0O" for some diagonal matrix Z, they have
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the form G; = ©G;07, where G; is any diagonal matrix, m of whose diagonal

entries are equal to 1, the remaining diagonal entries being equal to 0. W

The Hessian HJ of Jj is the bilinear form
HJj(X,Y) = X(Y(J])) —dJ;(VxY), (8.24)

where X, Y are arbitrary vector fields [44].

Let Qx and Qy be fixed matrices in so(n), and consider the vector fields
X and Y on G, defined as X¢ = [G, Qx| and Y = [G, Qy] for G € G. From
(8.22) we obtain

Yo (J5) = tr(GZQy),
and therefore,
Xa(Y(J5)) = tr([G, Qx] Z82y). (8.25)

At the critical points G of J§, the second term in equation (8.24) vanishes,
and we have

(HJg)e(Xa, Ya) = Xa(Y(Jg)).

Now suppose that the matrices A, Q and L are such that the matrix Z,
defined in (8.21), has distinct eigenvalues (Proposition 8.5), and let G be a
critical point of Ji. Since G and Z are symmetric matrices, with G* = G
and [G,Z] = 0 (Corollary 8.2), there exists a matrix © € O(n) such that
G=0GO" and Z=07Z0T, where

G = diag(dy,dy, ..., d,), Z=diag(z,2,...,2),

so that d; € {0,1} fori=1,...,n,and z; > 25 > -+ > z,.

Theorem 8.4. Suppose that the matriz Z of Eq. (8.21) has distinct eigen-
values, and let G be a critical point of Ji. Let o = > id;, where G =
diag(dy,...,d,) is the diagonal matriz defined in the preceding paragraph.
Then the signature of the Hessian of J§ at G is (p+,p—,0), where

py =a—sm(m+1), (8.26)

p- =nm—sm(m—1) — o (8.27)
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In particular, J; has a unique local minimum, attained at the matrixz for

which d; = 1 if and only if i > n —m.

Proof. Let © € O(n) and Z be defined as in the preceding paragraph. For
Qx,Qy € so(n), and the vector fields X, Y, defined as above, we can rewrite
(8.25) as:

Xa(Y(Jy)) = tr([6GO ", Q%1026 "Qy)
= tr(|G, 07 0x0] 207y 0).

Let E; ; = (€x1)ki<n, ! 7# j, where e; ; = 1,e;; = —1, and e;; = 0 otherwise.
Also, let II = II(G) be the set of all pairs of indices (7, 7) such that d; = 1
and d; = 0. The matrices [G,OF; ;0"], for which (i, ) € II form a basis for
TG, ([21], Lemma 3.3). If we choose Qx = OF,; ;0" and Qy = OF;,07,
where (7,7), (k,l) € II, simple calculations show that the Hessian of J; at

the critical point G satisfies
(HJS)G(Xg, Y(;) = tr([G_’, Em']ZEk,l) = (Zk — Zl)(si,k(sj,ly

where §; ; is the Kronecker symbol. Thus, we see that the Hessian (HJj)q
is in diagonal form with respect to that basis. In particular, (HJ})¢ is non-
degenerate. The same argument as in the proof of Lemma 3.12 in [21] shows
that its signature is given by (8.26) and (8.27). |

Combining Theorems 8.3 and 8.4 with the results from Sections 8.2 and

8.3, next we prove Theorem 8.1.

Proof of Theorem 8.1. Suppose the matrices A, @), and L are such that the
matrix Z has distinct eigenvalues. This is satisfied generically, as per Propo-
sition 8.5. Then, according to Theorem 8.3, the function Jj has (::L) critical
points. Furthermore, Theorem 8.4 states that all the critical points are non-
degenerate, and exactly one of them is a local minimum. Since the manifold
G is compact, and the function J3 is analytic on G x R, there exists € > 0,
such that if |y < e, then J also has () critical points which have the same
signatures as the critical points of J3. Finally, since the functions .J, and J3

have identical critical points, the statement of the theorem follows. [
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Figure 8.2: Empirical proportion of systems for which there is a unique
optimal actuator as a function of ~.

8.5 Simulations and discussion

We implemented in Matlab the gradient flow of Prop. 8.3 to verify its con-
vergence. For the simulation results presented here, we set n = 4 and m = 1.
We choose @ = I,/V/4, ¢ = 1, and sample random Hurwitz matrices (via
rejection sampling) A € R**. For each A, we run the gradient flow several
(100) times from randomly chosen initial states and verify whether the flow
converges to the same actuator, thus verifying empirically that F, has an
essentially unique local minimum. We plot in Fig 8.2, as a function of v, the
percentage of systems (i.e., matrices A) for which there is a unique locally
optimal actuator. Of course, when F’, has more than one local minimum, the
gradient will still converge to a local minimum, but it may not be the global
minimum.

We conjecture that the number of local minima is always upper bounded
by n, irrespective of the parameter . Another open problem of interest is

to study the large v asymptotic, i.e. systems with very high gain actuators.
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CHAPTER 9

OPTIMAL ACTUATOR DESIGN FOR
LINEAR SYSTEMS WITH
MULTIPLICATIVE NOISE.

9.1 Preliminaries

9.1.1 Terminology and notation

First we will recall some basic definitions and results that are needed in the
paper. A matrix M is called Hurwitz, if all of its eigenvalues have negative
real parts. It is not hard to see that a matrix M is Hurwitz if and only
if exp(Mt) approaches 0 as t approaches infinity. Hence Hurwitz matrices
describe stable linear dynamics in continuous time. We denote by [A, B] :=
AB — BA the commutator of matrices A and B. We also write

[B,Q] = adz Q = BQ — QB.

We let Sym,, the set of real symmetric n x n matrices. For A, G € R"*", we

set
Ly Sym, — Sym,, : X — ATX + XA+ GTXG.

9.1.2 Problem statement and background

Background and preliminary results. We consider the LTI control system
T = Az + bu, (9.1)
where A € R"*" b € R"™_ and introduce the quadratic cost
C(u, ) = /OO(:UT(t)Qx(t) +ul (t,z)u(t, ))dt, (9.2)
0
where @) > 0 is given positive definite matrix. We recall that the pair (A, b)
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is called stabilizable if the uncontrollable modes of (A,b) are stable. It is
known that if (A,b) is stabilizable [45], then the control u that minimizes
the above cost, which we denote as Umin (o), is given by upi,(x) = —b' Pz,
where the matrix P is the unique positive-definite solution of the algebraic

Riccati equation

A"P+PA—-PbH'P+Q=0.

Furthermore, we can show that C(upin(70),79) = tr(PL) with L = zox .

We care in this paper about actuator design, and hence b is considered
to be a free parameter. Note that if the matrix A is stable, then for any
b € R™™ the pair (A,b) is stabilizable, and hence the optimal cost is well-
defined over R™*™. Thus, for a stable matrix A, a positive-definite matrix
(), and an initial state xy given, we can ask the question:

How should we design the matriz b, such that the optimal cost C(umin (o), xo)
is as small as possible?

First, we must place restriction on the matrices b. Indeed, it is not too
difficult to see intuitively that if ||b]| increases, all other things equal, then
C'(Umin (o), o) decreases. A proof of this fact is essentially reduced to results
about the monotonicity of the Ricatti equation such as the ones in [46]. We

thus constraint the norm of b by considering the set so that
b'b =21

This also adds the requirement that the actuators are orthogonal to each
other, an assumption we will discuss below. Now noting that the cost C'
depends on the product bb', we can rephrase the problem as follows. Let v
be a real parameter, and A, (Q, L be such that A is Hurwitz, and @, L are
positive-definite. Minimize the function J,(B) = tr(LP), where P = P(B)
is the solution of

AP+ PA—~*PBP+Q =0,

over the set

:={B=b"|b"b=1}. (9.3)

We can furthermore remove the dependence of the optimal design from
the initial state xy by averaging over an “isotropic“ initial state as follows:

assuming the initial state is distributed according to a rotationally invariant
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distribution (about the origin), such as a multivariate normal distribution

center at the origin, then
EC (tumin(0)z0)) = ktr P,

for some positive constant k and where E is the expectation operator. This

is the deterministic actuator placement problem.

9.1.3 Statement of the results

We explore in this paper the actuator placement problem for control sys-
tems which are corrupted by additive and multiplicative noise. To be more
precise, consider the control system described by the stochastic differential

equation (7.4). We introduce the cost

C=limE (l /T(xTQ:U + uTu)dt) , (9.4)
T—o0 T J

where () > 0 is given positive-definite matrix. It can be shown that when

G5 = 0, the optimal control u,,;, in steady state is given again by the equa-

tions (9.2). Hence the addition of additive noise does not change the methods

to solve the problem, nor the properties of the solution set in a meaningful

way.

We will hence focus on the multiplicative noise case
dx = Az dt + budt + Gz dw, (9.5)

with associated cost as in Eq. (9.4).
Throughout the paper, we will assume that the matrices A and G satisfy

the following technical condition:

<1. (9.6)

/OO AT GTGetAdt
0

Equivalently, we require that the unique positive semi-definite solution X of
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the Lyapunov equation
ATX+XA+G'G=0

is a convergent matrix, i.e. all of its eigenvalues have norm less than 1. Under
these assumptions, the control minimizing the cost in this case can be seen

to be Uiy = —b' Pz, where P is the unique positive-definite solution [47] of
ATP+PA+Q+G'"PG— PBP =0. (9.7)
The minimum expected cost is equal to Cin = tr(PL), L = xoxDT. Thus, the

problem we will be solving is:

Problem 9.1. Let v € R and A,Q,L be given matrices, such that A is
Hurwitz, and Q) is positive-definite, and L is positive semi-definite of rank 1.
Minimize the function J,(B) = tr(LP), where P(B) is the solution of

A"P+PA+Q+G"PG—~*Pbb"P =0,

over the set ' = {B =0bb"|b"b = I}.
We prove the following result:

Theorem 9.1. Generically for A, G, Q, for v > 0 small enough, the function
J(B) has ( ) critical points over the manifold I', exactly one of which is local

n
m

minimum. Furthermore, the differential equation
B=—y’[B,[B,M]], B(0)=ByeTl
where M := PRP, and P, R satisfy

A"P+PA+Q+G'PG—~*PBP =0,
(A—~yBP)R+ R(A—~BP)" + GRG" — L =0.

converges to the global minimizer of J,(B) from almost all initial state By.

This result in essence extends the results of [21] to the case of multiplicative
noise, and show that one can also obtain an optimal design in this case, since
the gradient flow of J, derived in this paper, will converge to the optimal

design from a generic initial state.
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We briefly sketch the proof. First, we will compute the gradient V.J,, of the
function J,, with respect to an appropriately defined metric on the space I'.
Then we will show that as v approaches 0, after well-chosen normalization,
the function J, has a proper limit Jj. We will find the points at which VJ;
vanishes, will show that their number is (7’;), and that all of them are non-
degenerate. We will compute the Hessian of J; and thus find the signatures
of the critical points. Since the number of critical points and their signatures

are constant in the vicinity of 0, the theorem will follow.

9.2 Proof of the main result

9.2.1 Preliminary results

We now derive some preliminary results which may be of independent inter-
est, and will be needed to prove the main result. They pertain to positive
definite solutions of Lyapunov equations and the dependence of the Riccati
equation with respect to its defining parameters.

The first result deals with the “generalized” Lyapunov equation
AX + XAT+G'XG+Q =0,

which is a mix of the “discrete-time” Lyapunov equation AXAT — X 4+Q =0
and “continuous-time” Lyapunov equation AX + XAT + Q = 0. It is also
referred to as a Lyapunov Equation of mixed type [48]. In [48], [47], the

following lemma is proved:

Lemma 9.1. Let A € R, G € R™", where A is a Hurwitz matriz. We
consider the generalized Lyapunov equation
ATX + XA+G'XG+Q=0. (9.8)

The following statements are equivalent:

e FEquation (9.8) has a positive semi-definite solution X > 0 for some
positive definite matriz () € R™".

78



o The eigen-values of La ¢ have negative real parts.

If any of the statements above are satisfied, equation (9.8) has has a unique
symmetric (positive definite) solution X for any symmetric (positive definite)
matriz (). In this case, the solution X can be represented as the converging

sum

X=>"T ( /0 eA”QeAtdt) ,
=0

where

T(X) = / AGT X GeMdt.

0

The second preliminary result is to show that the positive definite solution
of the Riccati equation (9.7) depends analytically on its parameters (under
some assumptions to be listed). This result is an extension of [49], and the

proof follows the same lines. We thus only sketch it.

Lemma 9.2. Let A,G,Q € R™™ be so that A is Hurwitz, Q) is positive
definite, and inequality (9.6) is satisfied. We introduce the function

X:I'xR—=R"":(B,y) — X(B,7)
where X (B, ) is the unique positive definite solution of the Riccati equation
ATX + XA+Q+G"XG ~~+*XBX =0. (9.9)

Then the map X 1is analytic.

Proof. As already mentioned, the proof follows Delchamps’ approach and
consists of using the inverse function theorem on an appropriately defined

map. Namely, consider the map
H(B,7,X)=ATX+XA+Q+G"XG —+*XBX.
Its differential with respect to X is given by

dp = dX (A —*BX) + (A" —+*XB)dX + G"dXG.

79



Introduce the map M : Sym, — Sym,, defined as
Mpq : T —=T(A-vBX)+ (AT —=*XB)T + G'TG.

Note that equation (9.9) can be rewritten, adding and subtracting v X BX,

as

X(A—=~’BX)+ (AT —*XB)X +G'XG
+(Q +7*XBX) =0.

Therefore, X (v, B)—defined as the unique psd solution of Eq. (9.9)—is also

a solution of the equation
M) (T) 4+ (Q +v*XBX) =0,

i.e., setting T' = X solves the above equation. Thus, we can apply Lemma 9.1
and conclude that there exists a unique symmetric solution 7" to the equa-
tion M(p)(T') = S for symmetric S. We conclude that Mg (T) : Sym,, —
Sym,, is surjective. Now, from the implicit function theorem applied to
#(B,v,X), we conclude that every solution X of (9.9) for a given (B,~)
can be extended uniquely in a small enough neighborhood of (B, 7). Since
the Riccati equation has a unique positive definite solution [50] for every
v € R, B € %, the claim of the lemma follows. ]

9.2.2  Gradient of J, and its critical points

We now evaluate the gradient of the function J, defined over I'. Recall that
on a Riemannian manifold, the gradient V. is defined with respect to an
inner product (-, -) on I'—we will introduce an inner product below—as the

unique solution of

1
DaJ :=lim =J(B +eA) = (V.J,A),VA € TyT, (9.10)

e—0 &

where we also introduce the notation DaJ for the directional derivative of
J along A. In words, the variation of the function along the direction A is
equal to the inner product of the gradient V.J with A. Because J is defined

on I', we need to first find the set of allowed variations around B, or the
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tangent space of [' at B. We note that every B € I' is so that rank B = m and
B? = B, and thus is an orthogonal projection to the subspace spanned by the
columns of b € R™*™ where bb" = B. Reciprocally, to each m-dimensional
subspace of R™, we can assign a unique orthogonal projection matrix B onto
that subspace. Hence elements in I' are in one-to-one correspondence with
m-dimensional subspaces of R™, i.e. with elements of the Grassmanian [51]
of m-planes in R™. It is furthermore well-known that I' is a differentiable
manifold, and admits a well-defined tangent space at any B € I denoted by
TpI'. It is given by

Tl = {[B, Q]| € skew(n)}, (9.11)

where we recall that [A, B] := AB — BA is the commutator or Lie bracket
of A and B, and skew(n) C R™" is the set of skew-symmetric matrices, i.e.
A € skew(n) if A=—AT.
An inner product on TgI": We now introduce the inner product on 7T
we will work with. We keep the introduction short, since the same inner
product was used in [52, 39, 53]. We emphasize that the choice of inner
product does not change the main results, but makes the analysis simpler.
Since every tangent vector A € TgI' is of the form A = [B, ] for some
Q) € skew(n), a seemingly good choice (-, -) would be

<A1, A2>B = — tr(a,dgl (Al) adBI(A2>> = — tI'(QlQQ),

where Al = [B, Ql} and AQ = [B, QQ]
However, the choice of €); and (), is not unique, i.e., adp : skew,, — TgI’

is not invertible. We thus define adp(-) as:
adp : skew(n)/ker (adp) — Tpl,

where we regard skew(n)/ker (adp) as the orthogonal of ker adg in skew(n)
for the well-defined inner product in skew(n) given by tr(£,Q4). Now adp

is invertible for every B by construction, and we can define the operator
(A1, Ao)p = —tr(adp (Ar)adg  (A)). (9.12)

One can show that it is a well-defined inner product on I'.
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We now evaluate the left-hand side of Eq. (9.10), i.e. we compute the
derivative of J,(B), denoted by DaJ in the direction A. This derivative
is well-defined from Lemma 9.2. From Eq. (9.11), it suffices to consider
A = [B,Q] for Q € skew(n). We sometimes write DoJ for Digg)J. Now
assume ) fixed and note that from that because the Riccati equation has
a unique positive definite solution for all B € I', the function P(B) is well-
defined as the solution of (9.7).

We introduce the short-hand notation B := [B,Q] and P := DAP, for P
defined as the positive definite of (9.7), and for A = [B,Q]. Differentiat-
ing (9.7) in the direction A, we obtain

ATP+PA+G"PG —~*PBP —+?*PBP —~*PBP = 0.
Gathering the terms multiplying P and B, we obtain
(A—~*BP)"P + P(A—+?BP) +G"PG —~+*PBP =0

We can regard the equality above as a generalized Lyapunov equation in P,

similar to the one studied in Lemma 9.1.

Lemma 9.3. Under the assumptions of Lemma 9.1, the derivative of J in
the direction A = [B,Q] is given by

Dq(J) = —v*tr([M, B]Q)

where M := PR;P and

R; = /00 . /oo (A=72BP) Tty T (A=y*BP) Ttz (2T
0 0

L eATPBR L L (AP BR)  Ge(A=BR gy gy,

with P the positive definite solution of Eq. (9.7).

Proof. Applying Lemma (9.1) and the fact that tr([A, B]) = 0, we get:
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P _ _72 /OO e(A—72BP)t1 KBPS(A—WQBP)TtldtI
0
i 72 /OO /oo e(Af'yzBP)tg Ge(Aﬂ?BP)tl PB
0 0

PeA=7BP) 1 T (A=y*BP) Ty gy

Using the above, we obtain
Dq(J) = tr(LP)
= —92 tr(/oo PeA=7*BP) 'ty Le(A_72BP)t1PdtlB)
0
. 72 tr(/oo /Oo Pe(A—nyBL)Ttl GTe(A—'yQBP)TtgL
e(A_'YQBP)tO?Ge(z_72Bp)tldt1dth) — ...

= —* tr([z M;, BIQ),

where M; := PR;P and we set R; as in the statement of the Lemma. Note

that ), M; converges since it is a linear transformation of a convergent series.

Hence Dgq(J) is well-defined. |
Next, we compute the gradient V.J, of the function J,(B).

Theorem 9.2. The gradient VJ, of the function J, with respect to the metric
(-,+) defined above is

where M := PRP, and P, R satisfy

A"P+PA+Q+G'PG—~*PBP =0,
(A—~*BP)R+ R(A—~*BP)" + GRG" + L =0.

Proof. The gradient V.J, of J, satisfies
(VJ,,A) = D(J,)
for all vector fields A € TT, A = [B,Q],Q € skew(n). Using the definition
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of the inner product given in Eq. (9.12), we obtain
tr(ads (VJ4(B))Q) = 7> tx([M, B)(2 + ©)),

where © € ker adp is arbitrary and M is as defined in the statement of the

Theorem. Using the easily verified relation
tr([4, BIC) = tr(A[B, C),
we get tr([M, B]©) = tr(M[B, ©]). Since O € ker adp,
tr([M, B](Q2 + ©)) = tr([M, B]Q?) + tr(M[B,0]) = 0,
and therefore
tr(adg (VJ,(B))Q) = —+2 tr([M, B])

for all © € skew(n). Since — tr(£2;£22) is a non-degenerate inner-product on
skew(n), this implies adg ™ (V.J,(B)) = 12 adz(M) and

V(J,(B)) =~*adgadg M = +*[B, B, M]].

as announced. [ |
We record the immediate Corollary

Corollary 9.1. The critical points of the function J.,(B) satisfy the equality
[B,M] =0,

where M s as defined in Theorem 9.2 .

Proof. The critical points of a function are exactly the points where its
gradient vanishes. Since B is symmetric and [B, M| is skew symmetric,
v?[B, [B, M]] = 0 implies

(B, M] = 0.

as announced. [ ]
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9.3 Convergence of gradient descent

We aim to find an optimal actuator via a gradient descent
B = (B, [B, M] (9.13)

with M defined in Theorem 9.2. It is not too difficult to see that the function
J(B) is not convex, and hence we need to argue for the convergence of the
method. We do so by showing that .J, generically for the parameters A, G, Q
has a wnique minimum, and hence gradient descent will converge to that
minimum from almost all initial value B(0).
To this end, define the function

JI = i(J — Jo), with Jy := tr(LF)

7T R ; )

where P, is the positive definite solution of the equation
ATPy+ PhA+Q + G PG = 0.

Furthermore, set

= %13(1) J3.

We know from Lemma 9.2 that J7(B) is analytic in both v and B and it
clearly has the same critical points as J,(B) for fixed v # 0, since the two
functions differ by a constant. Therefore, if we show that the critical points
of the function J; are non-degenerate, then it will follow that J, has the
same number of critical points and the same corresponding signatures as J;
for small v # 0.

In order to do this, first we first establish the following result

Proposition 9.1. Let A and G be so that the assumption (9.6) is satisfied.
Suppose also that there exists x € R", such that the pair (A, ) is controllable.
Then, generically for all positive definite (), and positive semi-definite L of

rank 1, the function J§ has (:;) critical points.

The derivation uses Theorem 3.6.1 in [47] and follows strictly the proof of
Proposition 1 in [21], and we thus omit it here. We now evaluate the Hessian
of J;, that is the derivative of the gradient of Jj, to check that it is indeed
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non-degenerate. Recall that the Hessian is a symmetric bilinear form taking

its argument in Tgl". We have the following result:

Proposition 9.2. The Hessian Hj: of the function J satisfies the equality
Hys (A1, Ag) = tr([Mo, $4][B, Q2s])

at critical points B of J, where Ay = [B,4] and Ay = [B, Q] for Q; €
skew(n) and the matriz My := PyRoPy where Py positive definite solution of

A"Py+ PPA+Q+G'P,G =0,
and Ry the positive definite solution of
ARy + RyA" + GTR,G + L = 0.

Proof. Let F': T' — R be a twice differentiable function. We have the general
formula for the Hessian [44] Hp of F' evaluated in the directions Ay, A:

HF(Al,AQ) = Al 'AQ 'F+DA1A2 'F,

where A and A, are arbitrary vector fields on 7T and Da, A, is the covariant
derivative of Ay along A;. It is easy to see that second term on the right side
of the formula above vanishes at the critical points of F', since Da,Ag - F' =
(VF,Da,As) =0 when VF = 0. Hence we just need to evaluate

Hyo (A, Ag) = Ay Ay - T

To proceed, we note that from Theorem 9.2 and the definition of J§ (recall
that Jy is constant) we get V.J; = [B,|[B, My| where M, := PyRyF, and
Py, Ry are as in the statement of the Proposition.

From the definition of the gradient and the inner product used, we have
AQ : Jg = <VJS<, A2> = tI‘(QQ[B, Mo])

Next we evaluate D; - Dy - Jy, which is the derivative of tr(€s[B, M) in the
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direction D;. This is easily seen to be :

Dy - Dy - Jy = tr([Mp, [B, ]]Q0)
= tr([Mo, ][B, Q).

This concludes the proof of the proposition. [ |

Recall that the signature of a bilinear form is a triplet of integers (n,,n_,ng)
with entries the number of positive, negative and zero eigenvalues of the
bilinear form. The bilinear form is non-degenerate if ny = 0. The next
step is to compute the signature of the bilinear form H* : (Qy,Qy) —
tr([M,Q][B, s]), which gives us the sign of the eigenvalues of the Hes-
sian of J{ at the critical points. We need to introduce the number of distinct
partitions of an integer bounded by an integer: to this end, let n, k and [ be
positive integers. We call a partition of [ into k parts a set of k (strictly)
positive integers whose sum is [. We call the partition distinct if no integer
in the sum is repeated. Finally, we say that the partition is bounded by n if
not number in the sum is larger than n. We denote by @, (k, ) the number of
distinct partitions of & into [ parts, bounded by n. For example Q4(9,3) = 3,
since we have 9 =3 +3+3=4+4+1=4+ 3+ 2. We have the following

result:

Proposition 9.3. The function J§ has Q,(m,n, + M) critical points
with signatures (ny,n_,0), where (ny,n_) are all pairs for which ny +n_ =
d, and Q,(k,l) is the number of ways to partition | into k parts no larger
than n. Furthermore, exactly one of these critical points is a minimum.

Furthermore, no critical points is degenerate generically for the parameters

A,G.Q.

The proof of Proposition 9.3 follows the lines of the proof of Theorem 3 in
[21]. This proposition proves Theorem 9.1
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