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Abstract :

Fluid-structure coupling is addressed through a unified equation system for compressible Newtonian
fluid flow and elastic solid deformation. This is done introducing thermodynamics within the Cauchy’s
equation through isothermal compressibility coefficient. The vectorial resolution of the governing equa-
tion, can thus be carried out through a monolithic scheme involving no iterative coupling. For system
equation closure, mass density and pressure are both re-actualised from velocity vector divergence, when
the shear stress tensor within solid phase is re-actualised from the variation of displacement vectors.
This novel approach is first validated on a two-phase system, involving a plane fluid-solid interface,
through the two following test cases : i) steady-state compression ; ii) longitudinal and transversal elas-
tic wave propagations. Then the 3D study of a compressive fluid injection towards an elastic solid is
analysed from the initial time to the steady-state evolution.
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1 Introduction

Fluid flow and solid deformation coupling as well as wave propagations are important concerns in many
applications in aeronautics [3] and biomedicine [1, 7]. This multi-physics problem involving fluid-solid
interfaces can be simulated in a partitioned or monolithic way. In a partitioned approaches [4, 3], fluid
and structure equations are resolved sequentially which may result in numerical instabilities due to
different time integration schemes for fluid and solid solvers. For monolithic approaches [1, 7], the fluid-
solid interaction at the interface is resolved simultaneously using iterative coupling schemes leading
to numerical stability but time-consuming calculation. If algorithmic improvements are essential to
deal with complex fluid-solid problems, developments of new physical models are of great importance
as well. The main objective of this work is thus to proposed a unifying model for the fluid flow and
elastic solid deformation. This model is an extension to elastic solid phases of a previous developed
one dedicated to compressible multi-phase flows [2].

2 Unified multi-phase compressible model for isothermal conditions

Let consider a multi-phase system involving homogeneous fluids and elastic solids with no mass ex-
change through the interfaces. At constant temperature and under an applied velocity field V, time
derivatives of mass density ρ and pressure p depend on velocity divergence ∇·V. The time integration
of these derivatives, from t0 to t = t0 + dt, gives the Lagrangian form of mass density and pressure at
time t :

ρ = ρ0e−dt ∇·V p = p0 − dt
χT
∇ ·V (1)
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where ρ0 and p0 are mass density and pressure at time t0 and where χT is the isothermal compressibility
coefficient defined from T and p0. For isothermal conditions, the governing equation of the mechanical
problem is the conservation of momentum ρV defined through the Cauchy’s equation (2).

ρ
dV

dt
= ∇ · σ (2)

where V is the velocity vector and σ the stress tensor which can be split up into spherical and non-
spherical parts by introducing the pressure p, and the shear stress tensor τ : σ = −pI + τ . For the
Newtonian viscous behaviour, τ is expressed as a function of the shear strain rate tensor depending
on the first-order time derivative of the velocity vector V :

τ = 2µ

(
1

2
(∇V +∇tV)− 1

3
∇ ·V I

)
(3)

where µ is the viscosity coefficient. For isotropic elastic solids, τ is expressed as a function of the shear
strain tensor depending on the first-order time derivative of displacement vector U in the case of small
deformations. For an evolving system, the displacement U at time t can be rewritten as U = U0+Vdt,
where U0 is the displacement vector at time t0 = t− dt. Then, defining the shear stress tensor τ 0 at
time t0 as a function of the U0-field, the shear stress tensor τ at time t can be written as :

τ = τ 0 + 2µE dt

(
1

2
(∇V + ∇tV)− 1

3
∇ ·V I

)
(4)

where µE is the first Lamé coefficient.

The unified governing equation of the multi-phase system involving compressible Newtonian fluids
and isotropic elastic solids is obtained from the Cauchy’s equation (2) expressed with pressure and
shear stress tensor and within which : i) the shear stress tensor of viscous fluids Eq. (3) and elastic
solids Eq. (4) are explicited at time t through a unique formulation by introducing the coefficient µ∗
(µ∗ = µ for the viscous fluid and µ∗ = dtµE for the isotropic elastic solid), and the residual shear stress
tensor τ 0 (equals zero for viscous fluids) ; ii) the pressure at time t is predicted using the Lagrangian
formulation previously defined in Eq. (1) ; iii) only mass density ρ0 remains defined at time t0.

ρ0
dV

dt
= −∇

(
p0 − dt

χT
∇ ·V

)
+∇ · τ 0 +∇

(
µ∗
(
∇V +∇tV −

2

3
∇ ·V I

))
(5)

The unknown variables (p, ρ, τ ) are then explicitly determined from velocity vectors and divergences
using Eq. (1) and Eq. (4). The coefficients (χT , µ

∗) are re-actualized from the updating pressure p.

Up to now, velocity, pressure, mass density and shear stress tensor are solved within a Lagrangian
formulation. Subsequently, these variables are advected from the total derivatives for the Eulerian
resolution as :

∂X

∂t
=
dX

dt
−V · ∇X (6)

where X = Vi, p, ρ, τij .

3 Numerical method and discretisation

The unified governing equation (Eq. (5)) is discretized in time and space by an implicit volume
method on a staggered mesh. For 3D simulations, an iterative bi-conjugate gradient stabilized BICG-
StabII, preconditioned under a Modified and Incomplete LU method was implemented. The spatial
discretizations employed centred schemes. The elastic solid and fluid phases are numerically built
using a phase function C varying within the interval [0, 1]. The value of the phase function C is 1
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in the elastic solid and 0 in the fluid. The interface between the elastic solid and the fluid is defined
as C = 0.5. Every point of the system where C ≤ 0.5 belongs to the fluid and those where C > 0.5
belongs to the elastic solid. The phase function is built and at each time advected Eq. (6), like the
other variables, using a Volume of Fluid method [6].

4 Test cases and 3D complex simulation

Validation tests were performed by considering a cubic cavity of length side L = 1 m containing the
fluid and the elastic solid at initial pressure pi and mass density ρi. Compressions are simulated by
injecting fluid at a velocity V0 through the lower cavity surface (Fig. 1a). Velocity field is constraint to
zero value at the upper surface of the cavity, and to symmetric conditions at the four lateral surfaces.
For the simulation of simple shear deformation, it is the upper surface which is displaced with a
velocity V0 collinear to the X-axis (Fig. 1b). Velocity field is constraint to zero at the lower surface,
and periodic conditions are set at the four lateral surfaces. Geometry and boundary conditions for
the 3D simulation of fluid-elastic solid interaction is presented in Fig. 1c. Here, the fluid is flowing
through a canal to enter a larger volume containing the elastic solid. The canal is crossing an obstacle
which numerically implies a penalty of the velocity field, V = 0 within the entire one [5]. Velocity field
is constraint to zero value at the upper surface and Neumann conditions are set at the four lateral
surfaces. The canal dimension of square section is 0.2 m x 0.4 m x 0.2 m and the elastic solid thickness
is 0.4 m.

(a) (b) (c)

Figure 1 – System geometry and boundary conditions used for the compression (a), the shear defor-
mation (b) and 3D complex problem (c).

The physical characteristics of the phases condidered for both tests cases and complex 3D simu-
lation are : i) for the compressive fluid ; initial mass density ρi = 1.0 kg.m3, viscosity coefficient
µ = 2.0 10−1 Pa.s, isothermal compressibility coefficient χT = 1.0 10−5 Pa−1 and ii) for the elastic
solid ; ρi = 1.0 kg.m3, Young’s modulus E = 2.0 103 Pa, Poisson’s coefficient ν = 0.4999. These elastic
constants gives a first Lamé’s coefficient µE = 666.7 Pa, a second Lamé’s coefficient λE = 3.33 106 Pa
and an isothermal compressibility coefficient χT = 3/(2µE + 3λE) = 3.0 10−7 Pa−1.

4.1 Test case 1 : fluid-elastic solid compression

The 3D simulation of the fluid-elastic solid compression has been carried out on a 11 x 65 x 11 mesh
grid using an increment time 4t = 1 s. During compression, pressure and normalised shear stress

defined as τ̄ =
√

3
2τ : τ is verified to be uniform throughout each phase and to evolve linearly with

time. Moreover negligible interface displacement is obtained at the final compression time tf = 100 s.
In these above-mentionned conditions, pressure p and shear stress element τyy within the fluid and
elastic solid can be determined analytically and relative errors can thus determined. In Table 1 are
shown the calculated values of pressure and normalised shear stress within the two phases for the
final compression time. Exact solution is obtained in reference to the low values of relative errors.
Pressure and shear stress discontinuities observed at the interface are shown to verified with accuracy
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the interface equilibrium criterion (last column of Table 1).

p− pi
p− pth
pth − pi

τ̄ − τ̄i
τ̄ − τ̄th
τ̄th − τ̄i

τyy − τyyi τ (2)yy − (p(2) − p(1))ny
(Pa) (Pa) (Pa) (Pa)

fluid (1) 1941.763 2 10−10 0 0
1.8 10-7

elastic solid (2) 1941.245 1 10−8 0.776 2 10−8 -0.518

Table 1 – Pressure and normalised shear stress calculated at the final compression time ; corresponding
relative errors and interface quasi-equilibrium criterion.

4.2 Test case 2 : elastic wave propagation
The 3D simulations of elastic wave propagations have been carried out with a 11 x 65 x 11 mesh
grid. The propagation of a compression pulse was studied by applying an injection velocity V0 =
1.0 m/s during the first time increment only (Fig. 1). The evolution of pressure during compressive
wave propagation is presented in Fig. 2 at two points M1(Y1) and M2(Y2) along the middle Y-line
(Y1 = 0.169 m ; Y2 = 0.738 m).

(a) (b)

Figure 2 – Pressure evolutions (a) and shear stress evolutions (b) during respectively longitudinal
and transversal wave propagations at the M1- point of the fluid (blue curve) and the M2- point of the
solid (red curve).

The pressure evolution at the M1-point within the fluid (Fig. 2a) shows two peaks indicated by
numbers 1 and 1’. The time interval between these two peaks (4t1 = 2.099 10−3 s) corresponds
to the elapse time for the wave to pass at the M1-point and return to it after interface reflection,
and thus to cover the distance d1 = 0.662 m (at the interface the initial wave is split up into two
waves, one wave reflecting off the interface and the other one passing through the interface). The
pressure evolution at the M2-point within the solid shows two overlapping compressive peaks (the
initial wave passing indicated by number 2 and the first reflected one at the upper surface) followed by
two tensile overlapping peaks (major peak indicated by number 2’) corresponding to the expansion at
the interface of the previous mentioned compression waves. During the time interval between peaks 2
and 2’ (4t2 = 5.50 10−4 s), the wave covers the distance d2 = 1.0 m. From the determination of these
time intervals and distances, the simulated wave propagation velocities are calculated (see Table 2).

Then, the propagation of a shear deformation pulse was studied by displacing the upper surface of
the elastic solid at V0 = 1.0 m/s during the first time increment. In Fig. 2b is presented the evolution
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of the τxy element of the shear stress tensor at the M2-point of the solid. This evolution shows 3
peaks corresponding successively to the initial wave passing, the reversed one after the expansion at
the interface and the reflected tensile one. During the time interval between peaks 1 and 3 (4t3 =
3.95 10−2 s) the shear wave covers the distance d3 = 1.0 m allowing the calculation of the shear wave
velocity indicated in Table 2. The simulated velocities are shown to be very close to that obtained
from theoretical equations (Table 2).

CthL (m/s) CthT (m/s) CcalL (m/s) CcalT (m/s)
fluid 316.2 - 315.4 -

elastic solid 1826 25.8 1818 25.3

Table 2 – Comparison between theoretical and calculated wave propagation velocities for the two
basic cases of longitudinal and transversal wave propagations. For elastic solid, CthL =

√
(λE + 2µE)/ρ

and CthT =
√
µE/ρ ; for compressive fluid CthL =

√
1/ρ χT , CthT = 0.

4.3 3D simulation of fluid-elastic solid interaction

The system geometry and boundary conditions are presented in Fig. 1c. The simulation of the fluid
injection have been carried out with a 64 x 64 x 64 mesh grid. The injection velocity V0 = 15 m/s is
constant during the injection process. The time increment 4t = 5.0 10−4 s is sufficiently low to catch
at the beginning of the injection process the pressure fluctuations at the M2-point of the solid (Fig. 3a)
which are time-consistent with the limiting velocity of the longitudinal wave propagation in the fluid
(see paragraph 4.2). Other pressure fluctuations are present with a greater order of magnitude of time
characteristics. They also characterise the fluid/solid interface movement (Fig. 3b) and they are time
consistent with that induced by the propagation velocity of transversal waves in the elastic solid (see
paragraph 4.2). These fluctuations of pressure and interface movement reduce gradually with time
until the achievement of the steady state of the injection process.

(a) (b)

Figure 3 – (a), Evolution of pressure during fluid injection at the M2-point of the solid ; (b), evolution
of the Y-displacement of the middle point of the fluid/solid interface.

The pressure map, streamlines and interface shape during the steady state evolution are shown in
Fig. 4a. One can notice that the elastic solid is strictly unmoving as the fluid flows along the interface.
The pressure profile along the (X=0.5 ; Y ; Z=0.5)-line (Fig. 4b) exhibits the pressure discontinuity at
the interface in consistency with the interface equilibrium condition (see paragraph 4.1).
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(a) (b)

Figure 4 – (a), pressure map (red colour, p = 700 Pa ; blue colour p = 0 Pa) and streamlines during
the steady state evolution ; (b), pressure profile along the (X=0.5, Y, Z=0.5)-line.

5 Conclusion
The main contribution of this work is to have unified, through the same governing equation, the
compressible Newtonian viscous flow and the isotropic elastic behaviour. It was mainly done by intro-
ducing thermodynamics within the Cauchy’s equation, allowing to explicit the compressibility term.
Modelling of “incompressible” fluids can thus be carried out with the experimental value of the iso-
thermal compressibility coefficient, without using any additional equation. Moreover, we have to point
out that mass density is here no more calculated from the state equation but directly from the velo-
city divergence value. This unified multi-phase compressible model consequently allows a monolithic
vectorial resolution of the governing equation with no iterative coupling. This latter point makes this
approach numerically interesting as well. As regards the modelling results, consistent quasi-equilibrium
condition at the interface is obtained for the steady state evolution. Non-steady state evolutions can
also be studied with accuracy at the time scale of the wave propagation kinetics depending on fluid
compressibility and solid elastic coefficients.
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