-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by Helsingin yliopiston digitaalinen arkisto

UNIVERSITY OF HELSINKI

MASTER’S THESIS

A Pretentious Approach to Estimating
Character Sums

Supervisor:
Dr. Anne-Maria
ERNVALL-HYTONEN

Author:ﬂ )
Jesse JAASAARI

November 26, 2013


https://core.ac.uk/display/18616917?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

HELSINGIN YLIOPISTO — HELSINGFORS UNIVERSITET — UNIVERSITY OF HELSINKI

Tiedekunta/Osasto — Fakultet/Sektion — Faculty Laitos — Institution — Department

Matemaattis-luonnontieteellinen Matematiikan ja tilastotieteen laitos

Tekija — Forfattare — Author

Jesse Jadsaari

Tyén nimi — Arbetets titel — Title

A Pretentious Approach to Estimating Character Sums

Oppiaine — Léaroamne — Subject

Matematiikka

Tyon laji — Arbetets art — Level Aika — Datum — Month and year Sivumaara — Sidoantal — Number of pages
Pro gradu -tutkielma Marraskuu 2013 85 s.

Tiivistelmd — Referat — Abstract

Vuonna 1837 Peter Dirichlet todisti suuren alkulukuja koskevan tuloksen, jonka mukaan jokainen ar-
itmeettinen jono {an+d}$2 ,, missi (a,d) = 1, sisiltdd ddrettémin monta alkulukua. Todistuksessa
hin maéairitteli ns. Dirichlet’n karakterit joille 10ydettiin myohemmin paljon kiytt6d lukuteoriassa.
Dirichlet’n karakteri x (mod ¢) on jaksollinen (jakson pituutena ¢), tdysin multiplikatiivinen arit-
meettinen funktio, jolla on seuraava ominaisuus: x(n) = 0 kun (n,q) > 1ja x(n) # 0 kun (n,q) = 1.
Téassd Pro Gradu-tutkielmassa tutkitaan karakterisumman

Se(t) = x(n)

n<t

kokoa, missd t on positiivinen reaaliluku ja x (mod ¢) on ei-prinsipaali Dirichlet’'n karakteri.
Triviaalisti jaksollisuudesta seuraa, ettd |Sy(¢)] < min(¢,¢). Ensimmaéinen epétriviaali arvio on
vuodelta 1918, jolloin George Pélya ja Ivan Vinogradov todistivat, toisistaan riippumatta, etti
|Sy ()| < y/qlog ¢ uniformisti ¢:n suhteen. Témé tunnetaan Pélya—Vinogradovin epéyht&lona.
Olettamalla yleistetyn Riemannin hypoteesin, Hugh Montgomery ja Robert Vaughan todistivat,
ettd |Sy(t)| < y/qloglog g vuonna 1977. Vuonna 2005 Andrew Granville ja Kannan Soundararajan
osoittivat, ettd jos x (mod ¢) on paritonta rajoitettua kertalukua g oleva primitiivinen karakteri,
niin

18,(0)] < Vallog Q) F b, (1)

missi J, on g:std riippuva vakio ja Q on ¢ tai (log ¢)'? riippuen siiti oletetaanko yleistetty Rieman-
nin hypoteesi. Todistus perustui teknisiin aputuloksiin, jotka saatiin muotoiltua teeskentelevyys-
kisitteen avulla. Granville ja Soundararajan méérittelivit kahden multiplikatiivisen funktion, joiden

arvot ovat yksikkokiekossa, vélisen etdisyyden kaavalla

D(f,g;z) = ZM’

p<z
ja sanoivat, ettd f on g-teeskentelevd jos D(f, g;o00) on direllinen. Tallad etdisyydelld on paljon
hy6dyllisid ominaisuuksia, ja niihin perustuvia menetelmii kutsutaan teeskentelevyys-menetelmiksi.
Johdannon jélkeen luvussa 2 esitetddn médritelmid ja perustuloksia. Luvun 3 tarkoitus on johtaa
luvussa 6 tarvittavia aputuloksia. Luvussa 4 méiritelldsin teeskentelevyys, todistetaan etaisyysfunk-
tion D(f, g; x) ominaisuuksia ja esitetdén joitakin sovelluksia. Luvussa 5 johdetaan jalleen teknisié
aputuloksia, jotka seuraavat Montgomery—Vaughanin arviosta. Luvussa 6 tarkastellaan karak-
terisummia. Aloitamme todistamalla Poélya—Vinogradovin epiyhtédlon ja Montgomery—Vaughanin
vahvennoksen télle. Pidtuloksena johdamme arvion (1), jossa %59 on korvattu vakiolla §,. Tamén
todisti alunperin Leo Goldmakher. Lopuksi kiytdmme teeskentelevyys-menetelmid osoittamaan,

ettd Polya—Vinogradovin epdyhtdlod voi vahventaa jos karaktereista tehdiin erilaisia oletuksia.

Avainsanat — Nyckelord — Keywords

Dirichlet’n karakterit, Eksponenttisummat, Multiplikatiiviset funktiot, Teeskentelevyys

Sailytyspaikka — Férvaringsstille — Where deposited

Kumpulan tiedekirjasto

Muita tietoja — Ovriga uppgifter — Additional information




Contents
1 Introduction

2 Preliminaries
2.1 Notations . . . . . . . . . . . e e e e e
2.2 Dirichlet Characters . . . . . . . . . . . . i e
2.3 Dirichlet L-series . . . . . . . . . . . . e e e e
2.4 Polya’s Fourier Expansion . . . . .. ... ... L.
2.5 Results from Analytic Number Theory . . . . . . ... . ... ... ...

3 Mean Values of Multiplicative Functions
3.1 Halasz’s Theorems . . . . . . . . . . . . . .. ...
3.2 Halasz-type Results. . . . . . . . . ... ..

4 Pretentiousness
4.1 The Multiplicative Mimicry Metric . . . . .. . . .. .. ... ... ...
4.2 Simple Examples . . . . . . . ..o
4.3 An Enlightening Example . . . . . . ... ... ... ... .. .. ...,
4.4 The Size of D(x(n),&(n)ny) . o o oo
4.5 A Pretentious Proof for the Prime Number Theorem . . . .. ... ...

5 Exponential Sums with Multiplicative Coefficients
5.1 On Rational Approximations . . .. ... ... ... ... ........
5.2 The Montgomery—Vaughan Bound . . . . .. ... ... ... ......

6 Large Character Sums
6.1 The Polya—Vinogradov Inequality . . . . . ... ... ... ... .. ...
6.2 The Work of Hildebrand . . . . . .. ... ... .. ... .. .......
6.3 Improvement for the Characters of an Odd Order . . . . . . . ... ...
6.4 Character Sums to Smooth Moduli . . . . . ... ... ... ... ...

References

21
21
23

26
26
28
31
32
42

45
45
45

59
99
65
67
7

81



1 Introduction

In the late 1830s P. Dirichlet made a huge contribution to number theory by proving
that every arithmetic progression {an +d}2 , with (a,d) = 1, contains infinitely many
prime numbers. In the proof he introduced ideas that affect modern research even today.
One of his ideas was to separate different residue classes using the so-called Dirichlet
characters. In this thesis we concentrate, in particular, on their sums. A Dirichlet
character x (mod ¢) is a periodic, completely multiplicative arithmetic function that
attains the value zero at any integer not coprime to the length of the period' ¢q. As we
will see, the definition implies that characters have absolute value at most one and so it

follows that the absolute value of character sum up to t,

Si(t) = x(n),

n<t

is trivially bounded from above by min(¢, ¢). This is known as the trivial estimate.

Character sums arise naturally in many problems in analytic number theory, for ex-
ample when estimating the size of the least quadratic non-residue modulo p or bounding
L-functions. When it comes to sizes of character sums, it is conjectured that for every
non-principal Dirichlet character it holds for every € > 0 that

Sk ()] < V- . (1)

This is a consequence of the Generalised Riemann Hypothesis (the GRH) and currently
it is known to be true when ¢ >> ¢*~¢, see [3]. For now the bound (1) seems to be very far
away but much work has been done to improve the trivial estimate. The first non-trivial
result was proved in 1918 independently by G. Poélya [63] and I.M. Vinogradov. Their
result is called the Polya—Vinogradov inequality and it asserts that for any non-principal
Dirichlet character x (mod gq),

[Sx ()] < Vqlogyg,

uniformly on ¢. Polya’s key idea was to expand S, (t) as a Fourier series which is easy
to analyse. After Polya’s result became known, I. Schur gave a different proof for the
inequality [68]. Vinogradov found these two proofs independently in reverse order [78],
[79].

Apart from reducing the implicit constant in the inequality, no major developments
for the uniform bound occurred in the next several decades. Things started to move
forward in 1977 when H.L. Montgomery and R. Vaughan [56] proved that, assuming the
GRH, we have

1Sy (t)| < v/qloglogg,

for non-principal characters uniformly on ¢. This is the best possible estimate, since in
1932 Paley [62] showed that there is an infinite family of quadratic characters whose
sums are > ,/qloglogq. It should also be mentioned that Paley’s construction does not
require the assumption that the GRH holds.

There are still some difficulties with these estimates. When ¢ < /g, the trivial
bound is stronger than the bound given by the Pélya—Vinogradov inequality. In many
applications we need non-trivial estimates for small ¢, and the trivial bound is far too
loose. In 1957 D.A. Burgess [5] showed that S, (t) = o(t) for quadratic characters for all
t > ¢git°()  and later A. Hildebrand [42] proved that Burgess’s estimates hold in fact
when ¢ > ¢i=°()_ Here o(1) — 0 as ¢ — co. Burgess later refined his methods [6] — [11]
to obtain a little better estimate in that range. Still, for ¢ > q§+0(1) Burgess’s result is

IThis period ¢ is called the modulus of the character x.



weaker than the Polya—Vinogradov inequality. When ¢ < qi_o(l) there are no known
nontrivial bounds, except in a few special cases.

H. Iwaniec [48] obtained a non-trivial bound, in the range t > ¢°, ¢ > 0, for S, (¢)
when x (mod ¢) is primitive and ¢ has only “large” prime factors. This happened in 1974
and in 1990 S.W. Graham and C.J. Ringrose [20] bounded S, (t) by ¢ and ¢ producing
a new bound when ¢ has “small” prime factors. After these improvements, no major
contributions were made until the mid-1990s.

Things took an unexpected turn when A. Granville and K. Soundararajan were
able to characterise the case when S, (t) can be large [26]. Analysing Poélya’s Fourier
expansion it is evident that in order to estimate it, one needs to gain information about
the size of the exponential sum

Z Y(TL) e(na)’

n
1<[n|<N

where n € N and a € [0,1]. Montgomery and Vaughan [56] had proved earlier a
non-trivial estimate for this assuming that « lies on a minor arc (« admits a rational
approximation with a “large” denominator). Granville and Soundararajan looked at the
major arc case, and reduced the problem of estimating S, (¢) to bounding the sum

()

where b # 0 and (b,r) = 1. Their analysis showed that, for a small r, this can be large
only when there exists a special Dirichlet character ¢ for which

E:fﬂﬂwm)

nesS(y)

is large, where y is a positive integer. Intuitively this happens at least when x(a) = ¥ (a)
for small values of a. Since characters are completely multiplicative functions, we would
like to have x(p) = ¥ (p) for many small primes p. To quantify all this, Granville and
Soundararajan introduced a distance between two multiplicative functions, f and g, that
have values in the unit disc, defined as

D(f,g:7) = §:1—%%9M@»

p<z

Methods relying on the properties of D(f, g; ) are called the pretentious methods. They
are useful also in other contexts outside characters, see e.g. the work of Koukoulopoulos
[52], [53]. Besides that, Granville and Soundararajan tried to recover all the basic results
from [4] and [14] by pretentious methods. They succeeded to some extent [22].

With some work Granville and Soundararajan [26] managed to improve the Polya—
Vinogradov inequality, both conditionally and unconditionally, for primitive characters
of an odd bounded order. Most recently Soundararajan’s student L. Goldmakher [33]
has improved some of their results. He has also obtained [34] new upper bounds for
characters with a specific modulus (similar to the work done by Iwaniec, Graham and
Ringrose). Despite all these efforts, the Polya—Vinogradov inequality remains as the
strongest universal estimate for S, (¢) and the bound (1) is still out of reach.



The structure of the thesis is following. In the second chapter we define Dirichlet
characters and discuss some of their properties as well as recall some facts from analytic
number theory. The most important result found in that chapter is the deduction of
Polya’s Fourier expansion.

In Chapter 3 we study more general theory, mean values of multiplicative func-
tions with values inside the unit disc. We will obtain some important corollaries® of
Halasz’s Theorem that are a vital ingredient in the proof of the Goldmakher—Granville—
Soundararajan estimate in Chapter 6. For the sake of completeness, we also briefly
discuss some historical aspects and mean value results in general.

In Chapter 4 we study the distance D(f, g; ), prove some of its properties and show
how we can obtain nontrivial results concerning multiplicative functions with these tools.
We conclude the chapter by giving a pretentious proof for the Prime Number Theorem.
The main result of this chapter is Theorem 4.9 which gives a lower bound for the distance
D(x(n),&(n)n®;y). This is needed in Chapter 6 to finish the proof of the Goldmakher—
Granville-Soundararajan estimate.

Chapters 5 and 6 contain the most essential part of this thesis. In Chapter 5 we study
the exponential sums whose coefficients are multiplicative functions. In particular, we
provide a proof for the classical Montgomery—Vaughan bound and obtain some intriguing
corollaries that will come in handy later. In the beginning of the section there is a short
recap on rational approximations.

Chapter 6 is all about character sums. We start by proving the Pélya—Vinogradov
inequality, by adapting ideas from both Pélya [63] and Schur [68]. We also obtain a
strengthening of the Polya—Vinogradov inequality as was done in [56]. Our main goal
is to reproduce the Goldmakher-Granville-Soundararajan Estimate®: if x (mod q) is a
primitive character of an odd order g, then

|SX (1) <y Vq(log Q)1—5g+o(1)

where d, is a constant depending on g, o(1) — 0 as g — oo and Q is (log q)'? when the
GRH is assumed and otherwise it is just q.

We conclude by studying the special cases where the best known bounds for character
sums are attained. We take a look at two situations. In the first case, we look at the
situation in which the modulus ¢ is smooth, i.e., it has only ”“small” prime factors. In
the other case, we consider those characters that have a powerful modulus (the product
of all the prime factors is small).

This thesis is not self-contained so we have to assume some prerequisites from the
reader. We expect a background in both analytic and elementary number theory. Books
[1] and [50] contain all the expected material, respectively. Also a good knowledge on
Complex and Fourier analysis is highly recommended. All the required information can
be found in [73] and [74]. However, some of the most frequently used results are recalled
in Chapter 2, but its content is not sufficient alone.

The aim of this thesis is to present the pretentious methods and study their applica-
tions to character sums. Bounding the size of character sums is an interesting problem
and we hope to offer a clear presentation on the recent pretentious approach to this
subject. We will follow the literature quite closely, but various things are expanded,
reformulated and reordered.

2 Actually, the main results do not follow from Hal4sz’s Theorems, but rather the methods originated
from their proofs.
3There is no such name in the literature. This name is from the author.



2 Preliminaries

In this section we present all the basic notations needed. We also recall some tools from
analytic number theory that are required to understand the content of this thesis. A
major part is devoted to studying our main objects: Dirichlet characters.

2.1 Notations

In general we use standard notations. The most frequently used notations are listed
below in appropriate categories:

[. Abbreviations

e RH refers to the Riemann Hypothesis.

o GRH refers to the Generalised Riemann Hypothesis.
e PNT refers to the Prime Number Theorem.

II. Constants

e For a fixed integer g > 3 we define
0g=1- gsin (W)
‘ = g

1
Sy =14+ .
log x

e For a fixed x > 3 we define

[11. Estimates

e Let f and ¢ be functions. The notation f = o(g) means that for every ¢ > 0 there
exists a constant N, such that |f(n)| < elg(n)| for all n > N..

e The notation f = O(g) means that |f(z)| < C'|g(z)| for some constant C for all values
of the argument. Note that the domain of the definition of these functions can be C. If
the implicit constant depends on some parameter, say ¢, we write f = O.(g).

e In many cases we will use Vinogradov’s notation f < ¢ which is equivalent to the
previous notation. Again, if the implicit constant depends on some parameter, say €,
we write f <. g.

e The notation f =< g means that f < g and g < f simultaneously. Note that here the
implicit constants usually differ.

e The notation f ~ g means that

im 1@ _
e b



IV. Functions

e The exponential function is e(z) := e2™*.

e The distance of z € R to the nearest integer is ||z||.

e The logarithm log is always the natural (e-based) logarithm.

e The floor function |x| is the largest integer n satisfying n < .

e The fractional part is defined as {z} :=x — |z].

e (a,b) and [a,b] are the greatest common divisor and the least common multiple of
integers a, b, respectively.

e Conductor of character x is denoted by cond(x).

e The distance (up to € R,) between two multiplicative functions f and g with values
in the unit disc is defined by

D(f,g;2) = ZM

p<z p

hd M(fa €L, T) = min\ﬂgT D(fv nit; I)Z'
e p(n) = {Number of 1 < k < n for which (n, k) = 1} is Euler’s totient function.
e The number of positive divisors of a natural number n is denoted by d(n).

e The radical of a positive integer ¢ is

rad(q) = [ [ p-

rlg

e The prime counting functions are defined as 7(z) = {Number of primes p < z} and
m(x;q,a) = {Number of primes p = a (mod ¢) with p < z}.

e Von Mangoldt’s function A is defined as

Aln) = { logp  if n = p* for some prime p and integer k > 1,

0 otherwise.

e Chebyshev’s f-function is

O(z) = Z log p.

p<z

e Chebyshev’s 9-function is

P(x) =D An).

n<lx

e The indicator function of z is

! ife=y
0 (y) = { 0 otherwise,



e Mobius function p is defined as

[ (=D ifaj=1forali=1,..k,
pln) = { 0 otherwise,

where n = p{'p3? - - - pp*.

e Liouville function is
A(n) = (1),

where (n) is the number of prime factors of n counted with multiplicities.

e The Legendre symbol is

1 if n is a quadratic residue (mod p) and p 1 n,
() =< -1 if n is a quadratic non-residue (mod p) and p 1 n,
p 0 if p|n.

e The Kronecker symbol is defined as follows. Let n = up{* - - - pi* where u = +1. Then
k (e 73
(9= (911 ()
n u/ -2\ pi
where (pi) is an usual Legendre symbol for p; > 2,

a if 2|a
<7) -1 if a = £1 (mod 8)
-1 if a = +3 (mod 8)

( a ) Cland () = -1 ifa<0
[/ S A B if a>0
e For a given f:Z — C and y € R we define the y-smoothed function®* as follows

fy(n)—{ f(n) if n € S(y)

0 otherwise.

and finally

It is easy to see that if f is completely multiplicative, then f, is also.
V. Indices

e As is usual in analytic number theory, complex variables are denoted s = o +it. Here
o = Rs and t = Ss are the real and imaginary parts of s, respectively.

N
e > means that > .
n<N n=1

e When p appears as an index (for example in > or []), the sum or the product is
p<t  p<d
taken over all the primes in the given range.

e The notation }° (.4 o) means the sum over all characters modulo g.

e The sum over reduced residue classes modulo ¢ is denoted by > (mod £)°

4See y-smooth numbers below, VI. Sets.



VI. Sets

e The symbols C, R, Z and N have their usual meanings.

e The closed unit disc will be denoted by U.

e F:={f:Z — U] f(mn) = f(m)f(n) for all m,n} is the set of all completely
multiplicative functions with values in U. The set F is the same set expect instead of
complete multiplicity we only require f to be multiplicative.

e S(y) == {n € N | p < yfor every prime p | n} is the set of all natural numbers n
with no prime divisors exceeding y. Elements belonging to this set are called y-smooth

numbers.

o jup = {e (2)}i_l is the set of the £** roots of unities.



2.2 Dirichlet Characters

In this subsection we define the Dirichlet characters and study some of their basic prop-
erties. We define them at first group theoretically and then give an equivalent number
theoretic characterization. The latter one is used for the rest of the thesis. This Chapter
is mainly based on the books [1] and [14]. We only mention the basic things concerning
Dirichlet characters, more information on them can be found, for example, in [1], [14],
[30] and [75].

Definition 2.1. A Dirichlet character x (mod ¢) is a group homomorphism® x:
(Z/qz)* — C*.

The principal character modulo ¢, denoted by xo (mod g), is the trivial homomorphism
whose kernel is the entire group (Z/q¢Z)*. The induced modulus of a character is also
an important concept:

Given a character x (mod ¢), then d € N is an induced modulus for x if the projection
map

w: (Z)qZ)* — (Z/dZ)*
T+ qZ — x+ dZ

is well-defined and there exists a character x’ : (Z/dZ)* — C* for which the following
diagram commutes:

(Z\qZV‘4;4>C*

A

’

(Z\dz)*
Figure 1. Diagram for the definition of an induced modulus

Now, by the properties of homomorphism, the definitions above can be written number
theoretically.

Definition 2.2. A Dirichlet character x (mod q) is a function y : Z — C satisfying the
following properties:

1. The function y is g-periodic: x(n + ¢) = x(n) for all integers n.
2. If (n,q) > 1, then x(n) = 0. Otherwise x(n) # 0.

3. x is a completely multiplicative function: y(mn) = x(m)x(n) for all integers m
and n.

From now on we simply refer to Dirichlet characters as characters. The integer ¢ in
the first property is called the modulus of the character x; we will write x (mod ¢).
Several properties can be deduced straight from the definition. Property 3 tells that
x(1) = x(1)x(1). As we have (1,n) =1 for all n € N and by property 2 x(1) # 0, we

5Here (Z/qZ)* is the group of coprime residue classes modulo ¢ and C* = C\ {0} is the multiplicative
group of C.



conclude that x(1) = 1. We remark that sometimes it is useful to consider property 1
in the form: if a = b (mod ¢) then x(a) = x(b).

If (a,q)= 1, then by Euler’s Theorem we have a#(9 = 1 (mod ¢). Thus, by the
previously established properties, we have y(a#(®) = y(1) = 1 and on the other hand
by multiplicativity y(a¥(®) = x(a)#(@). In particular, this means that if n is relatively
prime to ¢, then x(n) is ¢(q)*" root of unity. Furthermore, |x(n)| is always either 0
or 1. It can also be shown that there are ¢(q) characters modulo ¢. For the proof see
Theorem 6.15. in [14].

Example 2.3. There are p(7) = 6 different characters modulo 7. If we denote
w = exp (%L) they are

x/n 012 3 5 6
Xo(n) |0 1]1 1 1 1 1
xi(n) [0]1]|w? |w —w | —w? | -1
xo(n) [0 1] —w ] w? Wl —w |1
xs(m) 011 | -1 |1 | -1 |-1
xa(n) [0 1 ]w? | —w | —w|w? 1
xs(n) [0 1] —w| —-w?|w? |w -1

Table 1. Characters modulo 7. Note that there are two real characters, xo and xs.

Next we discuss different types of characters. The trivial character is the unique char-
acter with period one. By definition this character attains the value one for all the
arguments and so it has modulus one. When we speak about characters, the trivial
character is excluded unless stated otherwise. A character that assumes the value one
at all arguments coprime to the modulus and zero otherwise is called the principal
character, xo (mod q).

Now we present a couple of more definitions. The concept of sign of the character is
important in Chapters 2 and 6. A character x is called even if x(—1) = 1. Similarly, x
is an odd character if x(—1) = —1. Considering characters modulo 7, Example 2.3. tells
that characters xg, x2, x4 are even and x1, x3, X5 are odd. The order of the character x
is the smallest positive integer v for which x” = x. For instance, the principal character
Xo is of order one and clearly the character x3 (mod 7) in the Example 2.3. is of order
two. A character is real if it assumes only real values. A nice example of a real character
is the Kronecker symbol. The proof for this can be found in [30].

The previous notation of an induced modulus translates as follows: Let y (mod ¢) be
a character and d any positive divisor of g. The number d is called an induced modulus
for x if x(a) = 1 whenever (a,q) = 1 and a = 1 (mod d). The smallest induced modulus
d for x is called the conductor of x. The character is primitive if its conductor is q. An
example of a primitive character modulo an odd prime is the Legendre symbol, which
is also called the quadratic character. Now we study the concept of induced modulus a
little closer.

Lemma 2.4. Let y (mod ¢) be a character and assume that d | ¢. Then d is an induced
modulus for y if and only if

x(a) = x(b), whenever (a,q) = (b,q) =1 and a = b (mod d).

Proof. “If”-part follows by choosing b = 1 and using the definition of induced modulus.
To prove the “only if”-part we choose a and b such that (a,q) = (b,q) = 1 and a = b
(mod d). By the choice of a there exists a reciprocal of a, denoted o', such that aa’ =1



(mod q). Since d divides ¢ we have aa’ =1 (mod d). Since d is an induced modulus we
have x(aa’) = 1. On the other hand, a = b (mod d) gives that aa’ = ba’ =1 (mod d)
meaning that x(aa’) = x(ba’). Thus we have

Since x(a’) # 0 we get the claim. O
The following theorem gives a useful characterization for induced modulus:

Theorem 2.5. Let x (mod ¢) be a character and assume that d | g. Then the following
statements are equivalent:

1. Number d is an induced modulus for x.

2. There is a character ¢ (mod d) such that x(n) = ¥(n)xe(n) for all n, where o is
the principal character modulo g.

Proof. Assume that 2. is true. Choose a natural number n such that (n,q) = 1 and
n =1 (mod d). Then xo(n) =¥(n) =1 as (1) = 1. Thus x(n) = 1 and hence d is an
induced modulus. So 1. follows.
Assume that 1. is true. We define the character ¢ as follows: if (n,d) > 1, set ¥(n) =
0. If (n,d) = 1 then, by Dirichlet’s Theorem on primes in arithmetic progressions
(see Theorem 2.14. below), there exists an integer m such that m = n (mod d) and
(m,q) = 1. This m is unique modulo d and we can define ¥)(n) = x(m). Next we
notice that v is a well-defined character modulo d. All the properties of Definition 2.2
are straightforwardly verified by using Lemma 2.4. Now we check that the equation
x(n) = ¥(n)xo(n) holds for all n.

If (n,q) = 1, then (n,d) = 1 so ¢¥(n) = x(m) for some m = n (mod d). Hence, by
Lemma 2.4,

x(n) = x(m) = ¢(n) = ¥(n)xo(n), (2)
since xo(n) = 1. When (n,q) > 1, we have x(n) = xo(n) = 0 and the equation (2) still
holds. This finishes the proof. O

As a consequence (for the detailed argument see [1], Theorem 8.18) we get that every
character x (mod ¢) can be expressed as a product

x(n) = ¥(n)xo(n) for all n,

where Yo is the principal character modulo g and ) is a primitive character modulo the
conductor of y.

Characters also possess the following four identities, which are known as the orthog-
onality relations:

1 ¢ 1 if x = xo (mod q),
©(q) le(a) o { 0 otherwise,
1 _J1 if a=1 (mod q),
©(q) e )X(a) o { 0 otherwise,
x (mod ¢
1 (1 ifx=uw,
©(q) Zx(a)w(a) N { 0  otherwise.



and

1 o J 1 if a =b (mod ¢) and (a,q) =1,
o(q) (Zl )X(Q)X(b) B { 0 otherwise. (3)
x (mod ¢

The proofs for all of these are straightforward manipulations. For the details, see [75].

2.3 Dirichlet [-series

L-functions associated to characters are closely connected to the theory of character
sums. Here we recall few facts about them. We start by defining the L-function:

Definition 2.6. Let x be any Dirichlet character. For any s € C with Rs > 1, the
Dirichlet L-series associated to x is

L(s,x) := Z X(?)

n

This can be extended to a meromorphic function on the whole complex plane by analytic
continuation. In this case L(s, x) is called a Dirichlet L-function. A basic fact concerning
L(s, x) is that it can be written as an Euler product

L(S7X>:H1 !

S 1=x(pp

When dealing with character sums, we will notice that several estimates can be made
much sharper by assuming the Generalised Riemann hypothesis (The GRH). The classi-
cal Riemann hypothesis (The RH) claims that all the non-trivial zeroes of the Riemann
zeta~function lie on the critical line {o = 1}. The GRH states the following:

Hypothesis 2.7. (The GRH) Let x be a Dirichlet character. Consider the L-series
L(s, x) for ®s > 1 and extend it to a meromorphic function to the whole complex plane.
Assume that L(x,s) =0 with 0 < o < 1. Then o = 3.
Note that this is more general than the RH, which is just a special case where x is the
trivial character.

How sums of characters are related to L-functions is seen in the following calculation.
Recall that the character sum up to ¢ € R is defined as

Si(t) =Y x(n).

n<t

Note that if s > 1, partial summation (Theorem 2.10.) gives

L(s,x)

I
[M]8

I
—
bog
Tl
%
o
—~
~
~—

1- ts ts+1
= Sy (t)
= 5/1 (ot dt.

Later we obtain a version of Pélya’s quantitative Fourier expansion containing an L-
function and we use this to derive a bound for S, (¢) under the GRH.

11



In his original work [17], Dirichlet proved the deep fact that the value L(1,y) is
non-zero. This plays a central part in the proof of Dirichlet’s Theorem on primes in
arithmetic progressions. However, we do not need this result in this thesis. For this
reason we leave it to the reader to check the proof from the reference mentioned above.

Finally we mention the celebrated result of J.E. Littlewood from 1918 that gives a
good estimate for an L-function at argument one under the assumption of the GRH. This
theorem will be used in Subsection 6.1 to give an improvement of the Pélya—Vinogradov
inequality under the GRH. For the proof see the original article [55].

Theorem 2.8. (Littlewood bound) Let x (mod ¢) be a character and assume that
the GRH holds. Then
L(1, x) < loglogg.

Apart from the exact value of the constant, this is the best possible result since S.D.
Chowla [12] showed in 1947 that there exist arbitrarily large numbers ¢ and characters
x (mod g) for which L(1,x) > loglogg.

2.4 Pdlya’s Fourier Expansion

Now we obtain a Fourier expansion for a primitive character modulo ¢ as Polya did in
[63]. But let us first introduce the useful concept of a Gauss sum.

The Gauss sum associated to a character y (mod ¢) is defined as
! a
00 5= Yoxtae ().
a=1 q
Let us remark that Gauss sum enjoys a nice property that it can be written as

") = { o (#)n(E)rer i (F) =1 @

otherwise,

where ¢’ (mod ¢') is a character inducing ¢ (mod ¢). This is proved in [14], p.67.

Let x (mod ¢) be primitive for a while. For every n such that (n,q) = 1, let @ be
the multiplicative inverse of n modulo ¢ i.e., integer 7 is chosen so that nm = 1 (mod
q). Then we have

Division by 7(X) is justified since for primitive x (mod ¢), we have |7(x)| = y/g. This
follows from a simple calculation: at first we note that identity (5) implies that

PR =3 3 X (H)e (”‘hq"”) .

h=1h/=1

12



Now summing over n = 1, ..., ¢, using the fact that the sum of |x(n)|? over these numbers

is p(q), and that the sum of the exponentials is 0 unless h = A’ (mod q), we get

e(@)Ir(®)I* =a>_x(h)x(h) = qp(q),
h=1

which is what we wanted.
Let us then show that equation (6) holds also when d := (n,q) > 1. In this case
x(n) = 0 and thus we need to prove that

Zq:y(h)e (hq”> 0.

Set ¢ = ¢’d. Let us consider the numbers h = ¢ - a + b, where a = 0,1,...,d — 1 and
b=0,1,...,¢4 — 1. When a and b run over all possible combinations, h runs over the set
{0,1...,¢ — 1}. Hence

’

Zq:X(h)e<hqn> = Qidl (¢da+b)e ((qla;rb)”)

h=1 0 a=0

e bn\ <2
e(q)ZX q'a+b),
a=0

*ch
I

b=0

which holds since 442

is an integer.
We are done if we show that for fixed ¢’ the identity

d—1

> X(d'a+b) =0, (7)

a=0

holds for any integer b. Considering the left-hand side of (7) as a function of b we see
that it is ¢’-periodic. This is seen as follows. When b is replaced with b + ¢/, then the
situation is the same as the range of a changes from 0 <a <d—-1to1 <a <d. But
this does not change anything, since X(b) = x(¢'d+b). Now, we choose a number ¢ such
that (¢,q) =1 and ¢ =1 (mod ¢'). Then, by using the ¢’-periodicity,

-1

d—1
qua—i-b Z (cqd'a+ cb) = Zxaq +cb) = qua—i-b (8)
a=0

a=0

In Chapter 5 of [14] it is proved that for a primitive x (mod ¢), the function x(n) is
not ¢'-periodic for any proper divisor ¢’ of ¢ whenever (n,q) > 1. This implies that
there exists integers ¢; and cg such that (c¢1,q9) = (c2,9) = 1, ¢1 = ¢ (mod ¢’) and
x(c1) # x(c2). Hence there exists an integer ¢ = ¢c; ' (mnod ¢') such that Y(c) # 1 and
that has properties ¢ = 1 (mod ¢'), (¢,q) = 1. Also, clearly Y(c) # 0. Choosing this ¢ in
the equation (8) gives the identity (7).

This shows that the equation (6) is also valid when (n,q) > 1. Equation (6) is known
as a finite Fourier expansion of the character y.

Let us then proceed to obtaining the quantitative Fourier Expansion for S, (t). Let
t be an integer such that 1 <t < g — 1. Write

30+ +oo e 0+ 0 = 32 (B o,

13



where the function ® : [0, 27] — R is defined as

1 if 20 < g < 2nt
1 o1 on 27t
q)((E): 5 lfifzj,.’l}':T
0 if0§x<2§,%<x§2ﬂ
1 o o
1
3 ° °
4 ©
0 2m 2mt 21
q q

Figure 2. Graph of the function ®(x).

Since ® can be extended to a 2m-periodic function to the whole real line by using
periodicity, it can be represented as a Fourier series

oo
ag + Z (@, cos mx + by, sinmaz).

m=1

A straightforward calculation shows that the Fourier coefficients are

t—1 sin 2t _ gip 2rm
ag = —, A = 2 form > 1
q ™m
and
cos 2EMmE _ cog 2mm
by, = — % for all m € N.

™m
Therefore, using the formulas

sin(0 + ¢) + sin(0 — ¢)

- _
sin 6 cos ¢ 5
and sin(—0) = —sin 6§, we may write ® as a Fourier series
00 i 2mmt i 2Tm 2mmt 2mm
t—1 sin & — gip <M cos & — cog I
O(z) = —+ Z ! 1 cosmaz — 2 1 sinma
q — ™ ™m
t—1 1 2 2mt
= —+ Z — (Sin (m- (a:— W)) —sin(m~ (x—w)>)
q A mm q q
t—1 1 2 1 27t
= oy r(a-E) 2 (- ), (9)
q ™ q T q

where

T(y) = Z sin ny

14



Notice that for a fixed & € N we can write the partial sum T} (y) as

koo x [k
sin ny
T = = -
& (v) Z - / (Z Cosns> ds
n=1 Y n=1
x k
Z s | ds
Y n=—=k
_ T—y B 1%/7r e:zi . efiks(e(.2k+1)is _ 1) ds
2 2 e "2 e —1
/ sin Qk"‘l
y 2smf
when y €]0,7]. Applying the Second Mean Value Theorem for Integration we find

€ € [y, ] so that
1 ¢ 2%k+1 1 T 2k+1
- sin sds + — sin sds
2sin ¥ Y 2 2sin g J¢ 2

stkHs
/7@ _
y 251n2
1 ¢ 2cos E+1)s ~2cos ((k+ 1) s
</ (( 2))+/£ ((k+3) ))’

2sin ¥ 2k + 1 2k +1
4 1
< R
= 2%k+1 2sin?
= 4 . y
(2k+1)y 2sin$
< T
ky

In the last estimate we used the well-known inequality sinw > 27“’, which holds for
w e [0, F].
Let us denote

i sin((k +m)y)
— k+m

In this notation T'(y) = Tx(y) + Ri(y) for every k € N. The above calculation shows
that, for a fixed k € N, |Rix(y)| < % for all 0 < y < 7. Furthermore, we have
Ry (0) = Rig(m) =0 and Ry (27 — y) = —Rg(y). From these properties it follows that

W) 5 () B F et

1<n<i 1<n<d

q

D

n=1

for every g > 3. From (6) we deduce that if x(—1) =1,

q . .
2
E X (J (cos T 4 isin ﬂm]) = X(m)7(x)
q q

Jj=1

= X(=m)r(0) = > x() ( 2T sin 277
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SO

4q . . q .
N . 2mm . 2mmyj _ ~ . 2mmj
> x(j)sin qj =0 and ) x(j)cos . X(m)T(x) = Y x(j) sin .
=1 j :

Similarly, if x(—1) = —1,

q } .
2 2
x() (cos T 4+ isin ﬂm]) = xX(m)T(x)
= q q
= —X(=m)7(x)
q
. 2 2my
S ROIEE )
j=1
)
2mmj 1 2mmj 1 1 2mmj
> x(j) cos =0 and Y x(j)sin = — [ X(m)r(0) = > x(j) cos
— q — q i — q
J J J
X))
)
Using these identities we get
1 1
§X(1) +x2)+ ...+ x(t—-1)+ §X(t)
1 > 2mmj 2mmj
= Z<a0+ (Z @y, COS + by sin ))X(])
j=1 m=1 q q
! = ! 2mmyj 2mmj
= aOZX(j)—i— Z (amcos +bmsin> x(7)
j=1 =1 \j=1 q q
J m J
——

=0
{ () Yooy amx(m)  if x(—1) =1
@ Z;jzl me(m) if X(—l) = -1

Combining this with (9) we deduce immediately that for every fixed k € N, the repre-
sentation

q

st = i(x<1>+x<t>>+j§_jl(ao+i(T(W)—T(W)))m

q q
= S0 +x(®) + i:l (; <a cos 2 4 .. sin 27Tm‘7> X(J))
(0 () (20
= —(x()+x@®)+7(x) g: CmX(m)
CEEEE) (e



where

o | am if x(-1)=1
™ —ib, if x(-1) = -1,

holds. The first term is < 1 and the last term is < “’qu for every natural number k
because of (10).
If x(—1) =1, then x(—m) = x(—1)x(m) = X(m) and we can calculate

k , mt) _ o (_mt) . (m _m
ro gz (0 (5) —e (o) —e(§) 1o (05)) glog
t) = 1 = 2-
S(t) > — x(m)+0 1+ L
(12)
The contribution coming from the terms e (:I:%) can be included in the error term.

The proof is omitted, since the author could not verify it. Apparently this is implicitly
contained in [63]. On the page 12 in his PhD-Thesis, Goldmakher claims that this is
done in [58]. However, the author did not find it there. So, we will take the above

fact concerning the terms e (i%) for granted. Many researchers state (see [26], [44]

and [56] for instance) that Polya derived the quantitative Fourier expansion (13) in [63],
although only the expansion (12) is obtained there.
Moving back to the proof, we can continue our calculation from (12):

sio = BEND (- () (- () ol
7(x) X(m)

mt m

S(t) = T(X')ii::j €(T>+€<_7)_€(?)_6(_?) X(m)+0(1+qlogq)

k
() o)

So we have obtained the following result:

Theorem 2.9. Let x (mod ¢) be a primitive character, 1 < ¢ < ¢ and k be a natural
number. Then

S (t) = 72(;,) mZZ @ (1 —e (—T)) +0 <1 + qlzgq) . (13)

1<|mi<k

This is known as Pdlya’s quantitative Fourier expansion.
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2.5 Results from Analytic Number Theory

Next we present some important methods and results from analytic number theory. Al-
though we expect the reader to have a strong knowledge of this field, we recall some
theory that is considered vital for the most of the proofs in this thesis. Our first result is
the partial summation formula which is one of the most fundamental tools in this field.
The proof can be found in any book dealing with basic analytic number theory, e.g. [1].

Theorem 2.10. (Partial summation) Let 0 < A} < Ap < ... be a divergent sequence
of real numbers. Let n be a natural number and =z > 1 a real number. Then for any
continuous piecewise continuously differentiable function f, and a sequence of complex
numbers {a, }°2 ; one has

x

Y anf(n) = A) f(@) — [ A(w)f'(u)du,

An<z AL

where A(z) := Y ap.

An<z

The next theorem is very well-known:

Theorem 2.11. (The Prime Number Theorem) Let 7(z) be the number of primes
p which are less or equal to x. Then

()

im
z—oo x/logx

We postpone the proof of this till the end of Chapter 4. Next we will move to theorems
concerning the distribution of primes in arithmetic progressions. For the proofs of these
classical theorems, see [14, 40].

Theorem 2.12. (Brun—-Titchmarsh) Let 7(x; ¢, a) be the number of primes p = a
(mod ¢) with p < z. Then we have

m(x;q,a) < for all ¢ < z.

¢(q) log \/§

Besides that, we will use the corollary stating that the number of primes = a (mod q)
lying on the interval [z, z + y] is

m@+yiga) —n(wiga) < ———
¢(q) log \/2

when ¢ <y
We will also need another similar theorem:
Theorem 2.13. (Siegel-Walfisz) Let us define

Y(wiga):= Y An).

n<z
n=a(mod q)

Then for any real number IV there exists a constant C'y such that

+ 0O (:E exp (fCN(log x)%)) ,

X
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when (a,q) =1 and ¢ < (logz)".

We remark that sometimes this theorem is used in the weaker form (see e.g. [49])
_r
p(x)

which holds for any ¢ > 1, (a,q) =1, z > 2 and A > 0.

Y(x;q,a) = + O(z(log z) ™),

We will also need a consequence stating that for fixed € > 0 and A > 0, and for all
x > exp(m®), we have

O(r;m,a) = > 1ogps;m<1+o<@4)>. (14)

p<w
p=a {(mod m)
This is stated in [32].
Another consequence which we will use is an analogue of Mertens’ Theorem for
primes in arithmetic progressions:

Z 1 = (1+0(1))- tp(in) loglog x. (15)

m<p<z
p=a (mod m)

This is proved in [45].
For the sake of completeness we state Dirichlet’s Theorem whose proof first intro-
duced characters in 1837.

Theorem 2.14. (Dirichlet) Let a and d be positive integers such that (a,d) = 1.
Then the arithmetic progression {an + d}$2 ; contains infinitely many prime numbers.

Dirichlet’s original proof can be found in [17]. There are also other proofs, an elementary
one by Selberg [70], and one by Serre [71] which uses density arguments.

Next we state couple of estimates which are useful in the final chapter:

Lemma 2.15. Let n be a natural number. Then

n
—— < loglogmn, 16
o0 1o
logn
log d — 1
ogd(n) < loglogn (17)

and

H (p—i—i) < (loglog(n + 2))2. (18)

p
pln

Proof. The first one is Theorem 16 in [65] and the second one is exercise 1.3.3. in [60].
The last estimate is Satz 1.5.1 in [64]. O

Finally we present the result due to Mertens, which is often used in this thesis. The
proof is short, so we will include it. We refer to this Lemma as Mertens’ Theorem.

Lemma 2.16. (Mertens) There exists a constant ¢ > 0 such that

1 1
Zzloglogw+c+(9< )
P log

p<z
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Proof. Write

1
R(z) := Z 08P _ log .

p<z

It is a well-known consequence of partial summation that R(z) < 1 (see Theorem 4.10
in [1]). Then note that the partial summation gives

1 1 log p /w 1 log p
- + dt
Zp 10ng D 2 tlogztZ p

p<z p<w pst
Tdt R T OR(t
_ / + (z) +/ (2) dt
5 tlogt = logx o tlog“t
1 * 3
= loglogxloglogQJrO( >+/ R(2) dt
log x 2 tlog™t

“ R 1
®) dt—loglog2)+(9< ),
log

tlog? ¢
as desired. O

= loglogx + (
2
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3 Mean Values of Multiplicative Functions

The aim of this thesis is to use the so-called pretentious methods to bound the sizes of
character sums. In the previous chapter we observed that characters are multiplicative
functions whose modulus is at most one. Thus they belong to a class of multiplicative
functions which take values in the unit disc U. The goal of this chapter is to obtain some
consequences of methods used to prove Halész’s Theorem and some of its strengthenings.
These consequences are vital ingredients for the proof of the Goldmakher—Granville—
Soundararajan estimate. We also briefly discuss methods which imply that it is possible
to obtain a similar estimate when we set certain requirements for our multiplicative
function. In subsection 3.1 we mainly follow Granville’s exposition [21].

We begin by recalling what is the difference between a multiplicative function and a
completely multiplicative function. An arithmetic function f is multiplicative if f(mn) =
f(m)f(n) when (m,n) = 1. Function f is completely multiplicative if the equation
f(imn) = f(m)f(n) holds for all pairs (m,n) of natural numbers and f(1) = 1.

3.1 Halasz’s Theorems

Let f be a multiplicative function with values in the unit disc U. Throughout this thesis

we write o= (1 N % n fg) + ) (1 — ;)

1-R(f(p)p~™)
—

and

In multiplicative number theory, we are often interested in mean values of multiplicative
functions

=3 s, (19)

n<x

If f is real-valued, it turns out that

éZf(n)%@(f,oo) as r — 0o

n<z

This was proved in two parts. Wintner [82] proved this in the case 6(f,00) # 0 in 1944.
The harder case 0(f,c0) = 0 was settled by Wirsing [83] in 1967. This verified an old
conjecture by Erdds and Wintner [18] that every real-valued multiplicative function f
with —1 < f(n) <1, for all n, has a mean value i.e. limit of (19) exists as x — oo. On
the other hand, this no longer holds if f is complex valued. Consider for example the
function f(n) = n' for real ¢ # 0. The mean value does not exist, since by the standard

integral comparison we find
1 ) wit
- E nzt ~ .
T 144t

n<z

We are particularly interested in when the mean value (19) exists and is non-zero, as
x — oo. First results concerning such situation are from the early 60s when H. Delange
[15, 16] showed that if (19) has a non-zero limit then the series

flp) —1
2
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is convergent. Above we concluded that the mean-value does not exist for the function
f(n) = n'. Example of a function that does have a non-zero mean value is the constant
function f(n) = 1. Apart from these, other examples of such functions are not easy to
find. It turned out that no other such functions exist. This surprising result was proved
by G. Halész in 1968:

Theorem 3.1. (Halasz’s First Theorem) Let f be a multiplicative function with

|f(n)| < 1.

(1) If
1—R(f(p)p~™)
2

diverges for all t € R, then 2 3 f(n) — 0 as z — oo.

n<zx

(2) If there exists a real number ¢ for which

231—%q@mﬁw

p

converges, then

where f)(n) = f(n)n=".

The proof of this is long and so we leave it out. The right method is to integrate along
carefully chosen contours and estimate the integrals by the Cauchy—Schwarz inequality.
For the details we refer to [37] and [38].

Halész also established how fast the mean value converges in the case (1) of Theo-
rem 3.1. This is known as Halész’s Second Theorem. The idea of the proof is a straight
modification of the proof for his first Theorem; see [37] and [39].

Theorem 3.2. (Halasz’s Second Theorem) Let f be a multiplicative function with
|f(n)] < 1. Then

1 M (f;z,log z)
22 fm) e

n<x

By Halész’s Second Theorem, we have an estimate for sums of multiplicative func-
tions with values in the unit disc. This raises the question whether something stronger
holds under tighter assumptions, i.e., when the values of the multiplicative function lie
on a certain subset of the unit disc. In 1995 R.R. Hall [41] showed that a version of
Halasz’s Second Theorem holds for multiplicative functions with values in the unit disc
and values at prime arguments on a certain fixed subset of U.

In other words, Hall’s aim was to study the validity of the estimate

Z f(n) < zexp —HZ “:W (20)

n<z p<z

under the conditions f(p) € 2 for all primes p where & is a subset of the unit disc and
K is a real constant depending on 2. He proved that if & is a closed convex subset of
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U, with 1 € 2, then (20) holds. For « € [0, 1] we define

1 2m

_ L _ -0
=5 ) %neaé(%((l 0)(a—e™*))de.

ha)

The constant k = k() is chosen to be the largest a € [0,1] such that fi(a) > 1 (this
exists since /(0) < 1). More on this matter can be found from the reference mentioned
above [41] and from Tenenbaum’s book [76]. Related to this, it should also be mentioned
that the spectrum of mean values of functions f € F is studied in [28].

By modifying Halasz’s method to prove Theorem 3.2. Montgomery [59] proved a
refinement for his result. Recently Granville and Soundararajan [24] improved Mont-
gomery’s result to

Theorem 3.3. Let f € F, 2 >3, T >1and M = M(f;2z,T). If f is completely
multiplicative, then

1 12 _ 1 loglogx
- < 2 M —
fo(n)(M-l-?)e +(9(T+ logx)

n<x

If f is multiplicative, then

<o ) (e ) valo )

n<lz

where 7 is the Euler—Mascheroni constant.

In [76] Tenenbaum slightly refined Montgomery’s method and obtained the following
corollary, which is known as the Haldsz—Montgomery—Tenenbaum Theorem:

Theorem 3.4. Let f € F,x >3,T > 1 and M(f;x,T) be as before. Then

1 1

- n) < (1+M(f;z,T))e M=) 4 =

=3 ) < (14 M(f50.7)) N

With the methods Tenenbaum used, Goldmakher proved a slightly similar estimate for a
different sum, which enabled him to refine methods presented in article [26] to obtain an
improvement, of the Polya—Vinogradov inequality for characters of an odd order. This
result is obtained in the next subsection.

n<x

3.2 Halasz-type Results

For a given f € F, let us denote

F(s):=Y fT(:)

which converges in the half plane s > 1. To prove the main results of this subsection,
we need two lemmas. The proofs of these lemmas are long and complicated, for which
reason they are omitted. The first lemma is taken from the article [57].

Lemma 3.5. For any f € F and = > 3, we have

1

1 1
Z J) < / —H(a)da,
= n log L«

1
lo
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where
F(s)
s—1

1
2\ 2
H(a):= ( E max >
ez s€EB (o)

and Bg(a) is the rectangular region of the complex plane defined as
1
By (o) == {56C|1+a§0§2and |t—k|§2}.

When estimating the quantity F'(s) we will use the following result due to Tenenbaum
[76]:
Lemma 3.6. If f € F and = > 3, we have

ogz)e MU= T)  if [t < T

, (1
F(1+a+zt)<<{ 1 if [¢| > T

uniformly for a € [L 1].

logx?
Now we are ready to obtain Goldmakher’s Haldsz-type results. The following proofs are
borrowed from [33].

Theorem 3.7. For f € F, x > 2 and T > 1 we have

f(n) —M(f;x,T) 1
— < (logx)e E) 4 —
2, < (oga) VT

Proof. Let s € Bi(«). A simple use of the Pythagorean Theorem and an easy manip-
ulation shows that |s — 1> > a® + (k — %)2 > 1(a? + k*) when k > 0 and |s — 1| >
o? + (k+ %)2 > 1(a? + k%) when k < 0. Also, |s — 1|2 > o for k = 0 (see Figure 3).
a lt+a?2

n<z

1 T T
2 Bt

~

k+

[N

N|—=
o
I

[ I

1
AL 2
P he 1

‘

& l+a 2

Figure 3. Use of the Pythagorean Theorem in cases kK > 0, k =0 and k < 0.

Therefore, by Lemma 3.6, we estimate

He) = (3 re ) vl F(s)?
@ B keZsEI%E:?a) s—1 k2 + a2 qenllS??(a) 5

Nl

kEZ
2 3
< (logz)e MizT) Z _t + 1 Z 1
k2 + a? a k2 4+ o2
|k|<T—3 |k|>T—3
2 2
1 A A 1 1 1
< ~(loga)e ™MD 4 (loga)e MU0 [ N7 ) 4= | 3T
k<T kT 1
< l(logz:)e’M(f””’T)4—71 )
a aVT
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Plugging this estimate to the one in Lemma 3.5. yields

| 1
Z f(n) < / — (e—M(f;m,t) + )dOé
n 1« log zv/T

n<z Togz

— (e—M(f;z,t) +

1
logx\/T> (logx — 1)

. 1
< (logz)e MU=T) 4

VT’
as desired. O

As an easy corollary we get a result we use in concrete estimates:

Corollary 3.8. For fe F,x>2,y>2and T > 1,

f(n) —M(f; 1

< 10 e (f’ny)_F .
2. " (logy) Nii
n<lx

nesS(y)

Proof. If x < y, the condition n € S(y) is superfluous and so Theorem 3.7. gives the
claim. Assume then that y < x holds. Since f € F we have also f, € F. Thus by
Theorem 3.7. we have

> f(nn) =Y fy7(1n) < (logz)e MUviT) 4 %

neS(y)

By Mertens’ Theorem we have

M) = win 3L RORT (IR g ]

t|<T t|<T
H<T £ P <t \ = P P

y<p<z

I
= M(f;y,T)+log <IZ§Z;> +0O(1).

Combining the above two estimates gives the desired result:

f(n) _M(f3y,T)+log( Loz 1
E 2 < (logx)e w.T)Hog(15E) 4
neS(y)
logy) M 1
— log & (fny)_Fi
(log )(1 o =
1
= (logy)e MUwT)  —_
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4 Pretentiousness

In this section we define a natural distance between two multiplicative functions, with
values in the closed unit disc U, and the concept of pretentiousness. We study their basic
properties, derive estimates for certain distances and in the end we take a look at some
applications. This section is mostly based on the works by Granville and Soundararajan
[21, 23, 25].

4.1 The Multiplicative Mimicry Metric
We begin by defining the distance between two multiplicative functions f and g that
have values in U. One obvious candidate to quantify how close f can be to g is

| (") — g(p®)|

-

pF<z b

but this is not sufficient for our purposes. The quantity that proves to be good enough
is defined as follows.

Definition 4.1. Let f and g be multiplicative functions with values in the unit disc i.e.
|f(n)] <1 and |g(n)] <1 for all natural numbers n. Then we can define their distance
up to a real number x as

D(f.giz)? = 1-R(f(p)g(r)

p<z p

This distance does not have an established name but there is many different variations
in the literature, for example the Multiplicative Mimicry Metric and the Granville-
Soundararajan Distance. However, in this thesis we just refer to it as the distance.

Although D(f, g;x) is called a metric, it is not a metric in the general case. It is
possible that the distance from function f to itself might be non-zero. This happens for
example when f(p) = 0 for some prime p < z.

We remark that if & is a multiplicative function with |h(p)| = 1 for all primes p, then
we have D(f, g;x) = D(fh,gh;z) for all f,g € F and x € Ry. This invariance property
is useful in some situations. It is also worthwhile to observe that

IR(f(0)7(p)| < VR2(f()3(p) + S2(f(P)3(p)) = |f (P)g(p)| < 1,

and so, by using Mertens’ Theorem, the estimate

0<D(f,g;2) < /Z}% = \/210glogx+c+(’) (10233) = (1+o0(1))y/2loglogx (21)
p<z

holds.

Note that this measure has the property D(f, g; ) = 0 if and only if f(p) = g(p) and
|f(p)| = 1 for all primes p < x. Moreover, it follows easily that the distance satisfies the
following inequality

Theorem 4.2. (Pretentious Triangle Inequality®): Let f,g, F and G be multi-
plicative functions with values in the unit disc. Then

D(f, g;z) +D(F,G;x) > D(fF, gG; )

6This is not a triangle inequality in the traditional meaning.
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Proof. Since

D(f, g2 =3 W -y 1-R(1 -pf(p)g(p)) — D(1, Fg; 2)?

p<z p<z

we can without loss of generality assume that f and F' are identically one. We calculate

1 —Rg(p) L= RG(p)
p p

(D(1,g;2) + D(1,G;2))> = Z(

p<z

) +2D(1, g;2)D(1, G; x)

3 1 —Rg(p) +1 - RG(p) +2¢/1 — Rg(p)/1 — RG(p)

p<x ’
) 1 —Rg(p) +1—RG(p) +S9(p)SC
g Z: 9(p) ¢ (p) + Sg(P)SG(p)
= g M =D(1,9G;)*,

as desired. The step (x) follows since

2Rg(p) + Sg(p) < 2Rg(p) + 1 — R%g(p) =2 — (Rg(p) — 1)*> < 2,

which implies that 2(1 — Rg(p)) > S%g(p). The estimate (xx) follows by writing
g(p) = a+ bi, G(p) = ¢+ di and noting that it is enough to prove that 14 ac > a + c.
This is true since it is equivalent to (1—a)(1—c¢) > 0, which in turn follows as a,¢ < 1. O

There is also another version of the distance. Indeed, let ; : UxU — R>( be a sequence
of functions satisfying the ordinary triangle inequality: 7; (21, z3) < n;(21, 22)+n;(22, 23)
for every j € N and for all 21, 29, 23 € U. Then we can define a metric in UY by setting

2

d(z,w) = [ Y mi(zwy)* |
j=1

where z = (21, 22, ...) and w = (w1, wa, ...), assuming that the sum converges. A straight-
forward use of the Cauchy-Schwarz inequality (see [29], Lemma 4.1) shows that the
triangle inequality holds:

d(z,w) < d(z,y) + d(y, w). (22)

An important class of such functions is

i (25, w;)? = a;(1 — R(zw;)), (23)

where constants a; are non-negative. With some work (see [23], Lemma 4.1.1) one can
show that these functions satisfy the ordinary triangle inequality for a fixed j. Let
p1 < p2 < ... be all the prime numbers. Choosing a; = p%. for all j such that p; <z and
0 for larger values of j, d-function gives the distance D(f, g;x) when we set z; = f(p;)
and w; = ¢g(p;). An immediate consequence from this and (22) is that the distance
satisfies also the ordinary triangle inequality: D(f, g;x) < D(f, h;x) + D(h, g; ).

We can also choose a; = 1/p®, with & > 1 in the function n above, z; = f(p,) and
w; = ¢g(p;) to obtain an a-scaled distance

Da(f,g;00)% := Zl_‘%(igv)g(p))
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Using similar arguments as in the case o = 1, it is possible to show that this distance also
satisfies the pretentious triangle inequality. Furthermore, for a fixed x € R, choosing
a=8s, =1+ @, we get that these two distances are closely related:

D(f,g;x)* = Dy, (f, g;00)% + O(1).

To see this, just consider the difference

|D(fvgax)27 Sg fag7 |<2Z

p<z

2y

p>z

51

For the boundedness of the two summands, see the proof of Lemma 3.2 in [53].
Now we can give the definition of pretentiousness. Below are two different definitions
of this concept. The second definition is not used in this thesis.

Definition 4.3. Let f and g be multiplicative functions with values in the unit disc U.
We say that function f is g-pretentious, if the distance D(f, g, 00) is finite i.e.

1L —-R(f(p)g(p))
L

<0
D

The another meaning is the following. Fixing § > 0, we say that a function f is
(g, z; 6)—pretentious if

221%%?M@»

< dloglogz,
p<z

for every = € R.

4.2 Simple Examples
We give a few examples of pretentiousness:
e It is possible that a multiplicative function f is not f-pretentious. This is seen, for

instance, by taking f to be a completely multiplicative function with f(p) = % for all
primes p. Namely,

1-— 23 1
D7, fioop = 30 0L 5 257

p

e For every function f € F with |f(p)| = 1 we evidently have D(f, f;00) = 0. Examples
of such functions include the constant function f(n) = 1 and the Liouville function A(n).

¢ To obtain examples of completely multiplicative functions that are not n**-pretentious
for any ¢ # 0 we need the following result:

Lemma 4.4. Let f € F and suppose that there exists k& > 1 such that f(p)¥ = 1 for

every prime p. Then D(f(n),n";00) = oo for every non-zero t.

Proof. Let us begin with Dirichlet series. We first prove that:

Claim. For x > 2 we have

oo | 220 ) <y S
p 1+zt -~ it o it

p<:c n>1
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Set s =1+ 10;1’ + it throughout the proof. To prove the claim, we start by recalling

that 3. . 1952 —Jog z + O(1) (see the proof of Lemma 2.16). Using this we deduce

f(p)
> 1

p>x

1 >~ 1

< — Aot 1

- Zp“rréx <</w ts= log t ) <1,
p>x

and

fp)  f(p) 1—p mous 1 log p
Z( P _p1+it) SZ < 1ng2 <L

p<z p<zx p p<zx p
These together yield
fp) f(p)
plHit Z »° +0(1). (24)
p<w P

Writing the Dirichlet series to Euler product we obtain

— f(n) fo) | f0*) |

p

[I%
—
9
02
—
—
=

|
=
I
~
S
N—

where (x) follows since f is completely multiplicative and in the step (x) we used the
Taylor series of log(1 — z).
Now, clearly the sum

B
~ = npns
converges as |f(p)| < 1 for every p. Thus (24) tells that

S s> I o)
n=1

p<z

We take the exponential from both sides to get the claim. O

Now let us move to the proof of Lemma 4.4. Suppose that the statement is false:
there exists a real ¢t # 0 such that D(f(n),n';00) < co. If & = 1 we clearly have
D(1,n% 00) = D(f(n),n;00). If k > 2, a repeated application of the pretentious
triangle inequality yields

]D)(l,nikt, o) = ]D)(f(n)k,n”“t, 00)
< D(f(n)* ! n'* D% 00) + D(f(n), n'; 00)
< D(f(n)F2, 0 * 00) + 2D(f(n), n'; 00)
< D(f(n)? n**;00) + (k = 2)D(f(n), n"; o0)
< 2D(f(n),n";00) + (k — 2)D(f(n),n"; 00)
= EkD(f(n),n';00)
< 0Q.
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Hence D(1, n?**; 00) is finite for every integer k > 1.
Let s’ =1+ @ + ikt. Then, by the claim above

1
log¢(s') =" T o(1).

p<z

This implies that

—ikt
log ()] = Rlog¢(s) = - L) o)
L ISR o
= > % —D(1,n"*;2) + O(1)
= lgglogx + O4(1).

Thus |¢(s")] > logx (x). However, by partial summation we have

((s) = LI s'/ {u} du for all Rs’ > 0,
1

s —1 us'+1

(see exercise 2.1.6 in [60]) and so

1 1 1
s = +O00+th==4+01+t|+ ——— ).
() = g O+ [t) = 1+ ogs

This contradicts with (x). The proof is completed. g

e As an immediate corollary, Mo6bius function u, character x and the function )y are
not n‘*-pretentious for any ¢ # 0.

e Finally we mention that a multiplicative function cannot pretend two characters si-
multaneously very well. We do not present the proofs for the next two theorems, since
they rely on the Polya—Vinogradov inequality which is not yet proven. Also these results
are not essential for the rest of the thesis. Detailed proofs are presented in [25].

Theorem 4.5. Let x be a primitive character mod ¢. Then there exist a constant ¢ > 0

such that ) )
clogz
D(1, y;z)? > =1 )
Lx2)” 2 5 0g< 10gq>

Moreover, if f is a multiplicative function, y and 1 are characters with conductors below
@, then for all z > @

1 1
D(f, x; x)* + D(f,; x)* > glog (;éﬁé) .

Theorem 4.6. Let x (mod ¢) be a primitive character and ¢ € R. Then there exists an
absolute constant ¢ > 0 such that for all x > ¢

it )2 > Liog [ ClogT
D(L, x(n)n"52)" = 51 g(10g<q(1+|tl>>>'
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Moreover, if f is a multiplicative function, y and v are two distinct primitive characters
with conductor below @, then for all z > ) we have

" . 1 clogz
D(f, x(n)n'; ) + D(f, ¥ (n)n™; z)? > g log (210g(Q(1 T+t — ul))) '

4.3 An Enlightening Example

In this subsection we show how the distance function d(f, g) can be used while studying
multiplicative functions. We derive some formulas for the (-function as Granville and
Soundararajan did in their paper [25].

We consider an arbitrary multiplicative function f with values in the unit disc. Let
q1 < g2 < ... be all the prime powers. Choosing a; = A(q;)/(qf log ¢;) for o > 1, in (23)
and taking g to be identically one, the d-function takes the form

A7 = 3 A ) = 3OS L S LRI

j=1 q; log q; k= p k=1
— log((0) — log|F(0)| = log gfg)',

where F(o) := Y f(n)n~®. Now it is easy to obtain the following relation for the
n=1

zeta-function:

Theorem 4.7. Let f and g be completely multiplicative functions with |f(n)| <1 and

o0
lg(n)] < 1. Let s be a complex number with Rs > 1, and set F(s) = > f(n)n~%,
n=1

18
18

G(s) = X gn)n™" FQG(s) =

1 n

(o) (o) "0
\/ 8 By \/ 8 [Go)] ~ ¢ e FRGO)

Proof. This follows directly from the pretentious triangle inequality

d(f,1) +d(g,1) = d(fg,1). O

f(n)g(n)n=*°. Then for o > 1,

n 1

By choosing f(n) = n~% and g(n) = n~®" the previous identity transforms to the form

Corollary 4.8. The following identity holds

(o) (o) ()
%Og Clo ] " %"gwwn - \/1g|<(a+t+t>|

Similar identities can be found for other functions e.g. the Dirichlet L-function. Indeed,
by taking f(n) = x(n)n~% and g(n) = ¥(n)n~ in Theorem 4.7, we obtain

(o) W@ ) (o)
\/10g Lo +it] \/l B Lo +it,0)] ~ \/1 B Lo + it + i, x0)|
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4.4 The Size of D(x(n),&(n)n';y)

The aim of this section is to prove a theorem which gives a lower bound for the distance
between a primitive character y and &(n)n', where £ is a character with a small con-
ductor. This will be useful in Chapter 6. Our proof is a combination of [26] and [33].
We remark that here the summation (mod ¢) I€ans that we sum over all the reduced
residue classes modulo .

Theorem 4.9. Let x (mod ¢) be a primitive character of odd order g. Suppose £ (mod
m) is a primitive character such that x(—1)¢(—1) = —1. If m < (logy)*, for some fixed
A > 0, then for all [t| < log?y, we have

D(x(n), &(n)n"; y)* > (1 LT+ o<1>) loglog .

Proof. Let us first consider the case t = 0. Since x has odd order we have x(—1) =1 and
thus £(—1) = —1. This in turn implies that ¢ has an even order, say ¢ > 2. Disregarding
the arithmetic properties of x and viewing it as an element of the set uy U {0} we get

D&y’ = 3 1- W);}p)é(p)) S 1- §R(>§;p)£(p)) s 1- §l“f();;p)é(p))
e =
>0
> > Z: 1—3‘?0;51))5(1)))

min
z€pgU{0}

v
SR
~—~
—
|
3
~
N
(e
/I\

~|

~—
~—
~—

Now observe that

Ze,‘fjiun{()} (1 - (ze <_%))) - re{o,rf}i?g71} 1-% (

(
= ey (1 o <2ﬁ (
(1= (5 €

®
N
Q| =
|
~|3
~__
~_
~__

= min
re{0,1,...,g—1}

<27r ng
= 1-—cos —H—H .
g e

Let us now record a simple result which is very useful:

Claim. It holds that
Y= %). (25)

a (mod m)

£(a)=e(%)

Proof. First of all, the number of elements a (mod m) is the same as the number of
elements of the set (Z/mZ)*. Since £ has order ¢, there exists b € (Z/mZ)* such that

32



the numbers 1,£(b), £(b)2, ..., £(b)“~1 are all distinct (otherwise there exists an integer
0 < k < £ for which &* gives the principal character). On the other hand, they are also
oth 1

roots of unity and therefore we find a number g € (Z/mZ)* such that £(g) = e (7).

Let H be the kernel of ¢ i.e., the set of elements a € (Z/mZ)* for which £(a) = 1.
Then from the basics of abstract algebra, H is a normal subgroup of (Z/mZ)* and
g"H = {a € (Z/mZ)*|£(a) = e (%)}. Thus (Z/mZ)* can be decomposed as a disjoint
union of the ¢ cosets g"H with 0 < n < £ —1. Since |g"H| = |H| for each n and

(Z/mZ)*| = ¢(m), the claim follows. O
Using this and the estimate (15) we obtain
1 1
DB DR D
<y a (mod m) p<y
£p)=e(%) ¢(a)=e(2 ) P=a (mod m)
> M(14—0(1))-L~1oglogy
¢ p(m)

1
= (1+ o(l))z -loglog y.

Writing ¢ = Z—,/ with (¢/,¢)=1 and observing that

w(E) - e (5)
=gt

for some integer k, we combine the above results to

—%<n§%
sin (%)
~ 1 — \9J
/' tan (ﬁ)
The last step follows from the calculation:

R PR P )

2 £ e £
—Z<ns3 —z<n=7%
27

- R e (1 — e )
1—6%




Noting that by a simple differentiation we deduce ¢ tan (ﬁ) > %, thus finishing the

case t = 0.

Assume then that t #0. If t =0 (10{;01%), the claim follows from the case t = 0:

1— R (x(p)E(p)etler)
p

D(x(n), Emnitsy)? = 3

) Z L= ()0 + O )

log p

D(x(n), w(n):y)* + 0 [ 11>
= D(x(n),(n);y)? + o(loglogy)
> (44 +0(1))loglogy.

In the second to last step of the argument we, yet again, used the fact Zp<y loep —

logy + O(1) and the assumption on the size of ¢. '

For the larger values of ¢, the idea is as follows: we partition the interval [2,y) into
subintervals of the form ]z, (1 + 6)z] with § < (logz)~2. Then for each prime in such
a interval, p* can be approximated by z**. Indeed, by using the Intermediate Value
Theorem we get

‘pit _ xz’t| _ |e—z’t logp e—it logacl
t
= 2|sin (2(logp — logx)) ‘
< |t(logp — log z)|
= |t - |log((1 4 §)x) — log x|
= [t]-[log(1+8)| < d[t].
Thus we have
1-R E(p)p 1-% E(p)zit 1
3 x@E@p™)  _ 3 (X@E@=™) D
z<p<(1+d)x p z<p<(1+d)x p z<p<(1+9)x
1-R E(p)e(b, 5% log”
_ ¥y (X@)EP)e)) ( : og y) 27)
z<p<(1+d)w P 08T
where 0, = —i log x. The last equality follows from Mertens’ Theorem and the esti-
mates [t| < log?y, log(1 +y) < y:
1 log(1+8) +1 log(1+4) _ 42log”
o|t] Z - < 8log?ylog og(1+9) +logw < dlog?y - og(1 +9) 8 Y
P log x log x log

e<p<(146)x

As before, viewing the character x as an element of the set p1, U {0}, we have that the
main term is

1-R £ —it 1—R(x(p)e(—%)e(b:)
Kp;(l:mx (x(z;} () J;dxq;(;ré)x (x(p p( 7) e(ba))
) T ()

v

Y, (-R(ee (7))

—{<n<$ z<p<(149)
E(p)=e(2)

34



We need two lemmas to estimate the sums appearing on the right-hand side. The first
one states that

Lemma 4.10. Let € > 0 be fixed, £ (mod m) be a non-principal character of order ¢
and y < (logm)4 for given A > 0. Then for 2 > exp((logy)¢) we have

1 )
> o —= (1+0(1)).
z<p<(14+6)x p glOg t
g(p)=e(%)

Proof. The idea behind the proof is to use the Siegel-Walfizs Theorem. In order to do so,
the sum must be expressed as a sum where the primes are in an arithmetic progression.

This is done easily: 1 1
SRETED VD S

z<p<(146)z p a (mod m) z<p<(1+d)x
ép)=e(%) £(p)=e( ) p=a(mod m)

Observe that from the restriction x < p < (1 + )z it follows that

zlogz (14 d)xlogx

1< =1+
plogp xlogx
and so 1
To8T _ 14 0(5)
plogp

Now, a straightforward application of the estimate (14) gives that the inner sum equals

Z I Z ( 1 zlogx logp)

zlogx plogp '

s<p<(i+d)a P z<p<(1+d)x
p=a(mod m) p=a(mod m)
1400
= ologr 28y
r<p<(1+d0)x
p=a(mod m)
1+ 0®5)
= =\ 1 . — O
L9 011+ Byasm.a) — Ofasm, )
B 1+O(5)<((1+5)—1)x+0< (1+ )z B 2 >>
~ zlogx p(m) p(m)(log(1 +0)x)*  p(m)(logx)4

- mflg”(milg)”(m)

= o (9 (i)

The last equality followed from the assumptions concerning the sizes of z and §. An
application of (25) finishes the proof. O

The following lemma provides an easy way to calculate the rest of the right-hand side:

Lemma 4.11. Given g > 3 odd, £ > 2 even, 6 €] — 1, 1], and set 0 = ﬁ. Then
1 n Sinﬂ ,
- i 1—%(- (9—7))):1—,79Ff—€0,
] [Z zeffjbn{o}( 2 i tan =, Lo (—906)
—§<n§§ gt
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where o lr) o lr)
m{x T\ . 2n{z
Fy(x) := cos N + (tan N) sin —

Figure 4. llustration of functions Fg(z) (blue), F7(x) (red), Fs(z) (green) and Fy(x)
(vellow).

Proof. We make a couple of apparent remarks of the function Fy(z). First of all it
is 1-periodic, and so we can always assume that « € [0,1[. It is also clear that it is
symmetric about the line z = 1 and concave in the interval z € [0,1[. Finally, the
average value of the function Fy(x) in the interval [0, 1] is

1 1
— 2 2 N
Fy= /0 Fy(z)dx = /0 <cos e + (tan —;\;) sin wx) dx = — tan —.

Then set d = (g,4), { = £ and g = 4. To prove the lemma we have to show that

n sin © ,
ZZ , zer;g%ﬁo} R (Z e (9 B Z)) =d tan %, Foe (=9t 0).
—g<n<s3 g

Let %y = {e(t)| - i <t< 2—19} and B, = e (%) By for m > 1. Notice that the

disjoint union of %,,, for m = 0,1,...,g — 1, forms the unit circle. For the sake of

convenience, we define #_, = %,_, for all natural numbers ¢. Thus for any n € Z
g g n

there exists a unique m,, € }—5, 5] such that e (9 - 7) € P, and by definition

e (—%) e (6 — %) € Po. Since, for all the other n on this interval, e (—%) e(0—%) ¢
Py, we obtain

e (ze(0-F)) = w (e (<) e (0- 7)) =2 (et (£2))

where the function f : Z — Z is defined to be f(n) = —(gn + ¢m,,). Hence

Y amRleC-t)-nlo ¥ () e

£
2

The next step is to express the left-hand side as a sum of a geometric series. By
elementary means we can establish
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Lemma 4.12. The following claims hold:
1. If ny = ny (mod £') then f(n1) = f(ny) (mod gf).
2. The restricted map f|[—% + 00, % + £'0[NZ is an injection into

4 4

—— —gll,= — glb| N7Z.
}2 9¢0, 5 g}ﬂ

Proof. 1. The condition implies that £|g(n; — ng). So there exists an integer m such
that
—— === . (29)

As in the previous page, we have that e (— m;”) e (0 —2+) € #y. Combining this with
(29) yields e (— m;‘l) e (0 - %) € %o which further implies that e (m7:"1> €

e (% — )%’0. Clearly e (7%) belongs also to the set e (% - ).@0. This implies

that m,, = m + m,, (mod g), from which we calculate

f(n1) = f(n2) = —(gni +fmy,) + (gn2 +my,)
= g(nQ _nl) +£(mn2 _mn1)
_ g(n1 — na)
= - 2
= 0 (mod g/).

This finishes the proof.

2. For injectivity we prove a little stronger result: n; = no (mod @l) if and only if
f(n1) = f(ng) (mod £). The proof is short: If f(ny) = f(n2) (mod ¢), then we have
g(ne —ny) = 0 (mod ¢). Dividing by (g, ¢) gives ny —ny = 0 (mod ¢'). On the other
hand, if n; = no (mod ¢') we have f(n1) — f(n2) = g(na — n1) = 0 (mod £). The last
congruence follows from the fact (g,¢) - ¢/ = £. The other direction follows from part 1.
This concludes the proof and the injectivity follows.

Now, choose an integer n € [—% + 00, % +€’9[ or equivalently § — %+ € |—1,1].
Remember that e (6 — %) € %, . Furthermore,
2m, — 1 2my, + 1

n
B I iy R e
0 E,e} + 25 + 2 ]

for some integer A. Actually, since —g—gl <my, < gT_l it follows that A — 1 <6 — 2 <
A+ % and so, in view of the choice of n, A = 0. Hence

n 2m, —1 2m, +1
o ’

0—— ¢
2g 2g

from which it is easy to verify that f(n) € ]—g — glo, g + glf]. This completes the
proof. O

The first claim tells that we actually have

3 e(ﬂm>:d~y§: e(ﬂ”» (30)

gt ”
—FIn/<%
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Noting that d|f(n) for all n and using the second claim of the Lemma 4.12. we get that
the set

g/
contains ¢ distinct multiplies of d, all contained in ] = — gtl

i —g % + 989]. On the other
hand, this set contains exactly ¢/ multiples of d. Therefore we can calculate
fn)\
> (57 - =
Ty

/
. (f(n >>
, , gt
—L+ro<n'<S+e0

_ <*> (e () —(-4))
e(m7) ¢ (~m7)

_ e (—9 + 71—2{—%’9}) sin &

20/
g : (31)
sin 77
In the step (%) we used the summation formula of the geometric progression. Collecting
(28), (30) and (31) together gives

S e w(ee(0-1)) - d.;rél4R<dm.e<—a+1‘*“—mwﬂ)>

Zengu{0}
—f<n<g T

2g0'
sin 1—2{—gl'0
R R <7f<{9}>>
sin gZ' gl
d Sy - F, 00
= d- @ gt (—gl'0).
This finishes the proof of Lemma 4.11

Using Lemmas 4.10 and 4.11, the main term can be estimated as

5 1—R(x(p)E(p)p~™)

z<p<(1+d)z p

Y

DR D DI

2 min (1—&&e(@,_ﬁ))
—{<n<$ x<p§(1+6)xp 2€py {0} l
€(p)=e(%)
5(1+0(1)) sin 7 ,
B log z L ¢ tan = For (=gt 0a) | -
gl
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Let us define a new function

sin Z tgl’
Gs)=1— 9 [ ).
() ¢ tan =, 9¢ ( 2m 8)

gl
We notice that G is minimized for those s for which Fopis maximized i.e., when % -8
is a half-integer. Thus
G 1 Sy 0
>1-— 9
() 2 V' tan Z7 e
g
where the last inequality sign is justified by a straightforward differentiation.
When this is combined with our earlier bound (27) we get
1- E(p)p~t 1+0(1))8 2 6% log?
3 Rix(Emp™) _ Jlro( ) G<—:-0m) +O( 1og y>
<Pt P ogx ogx
1+0(1))0 5% log”
= 1 +o(1)) G(logz)+ O il
log z log
(1+0(1))d
= —G(l 2
oy Gllog ), (32)

where o(1) — 0 as y — oco. The last step follows since O (%) =0 (m) =
3

o(1), which in turn follows from the fact § < (logy)—>.
Let zo = exp((log y)¢) and z, = x¢(1+0)" for » > 1. With the aid of (32) we deduce

D(x(n),{(m)n'sy)* > > 1 —R(x@)EP)p™)

zo<p<y b
1 - R(x(P)Ep)p~™)
- Y ¥ !
720 x,<p<Tr41
Tr1<Y
1 1))o
S (i’_#))g(log )
=0 0g Ty
Tr4+1<Y
G(log x,)
> (1 1)) log(1+ 4 —_— 33
> (+o<))og<+>§0 log 5. (33)
Tr41<y
The sum on the right is a left Riemann sum for the integral fll(:)gfg;o"" G(zz) dz, where m is

an integer for which x,,, <y < 2,11 and the length of the subinterval is A = log(1+4).
For all s > log xy we estimate trivially

iG(S) _ G/(s) N G(S) 'z tangg% 2 Fg@’ (0) 2 <1 (34)
ds s |~ s |~ log z¢ (log zo)? .

Now, we would like to use the error formula for the left Riemann sum, which states that
for a continuously differentiable function f it holds that

b—a
< 7. A. !
<5 A max, f(=@), (35)

/ab f(z)de — R

where R is the value of a left Riemann sum of the function f in the interval [a, b].
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We face a problem, since the formula requires @ to be continuously differentiable

which it is not (it has cusps at integer points). The problem can be avoided by choosing
d such that 1 is an integer multiple of log(1 + ) and zy such that logxz, is an integer;
see Figure 5.

R

log zg logzg +1

log zm

Figure 5. The left Riemann sum for @dz for above choices of § and xy.

log zo

From (34) and (35) we get

log(1+6) > G(logm’“)—/llogyG(S)ds < Jlog1+0) 3O GUO%W_[O“”CWC[S

r>0 IOg Ty og T S r>0 log Ty og xo s
ET+71 <y :177‘+71 <y
logy G
+ / ﬂds
log zy, S

log x,,, — log g d G(s)

< log(144¢) ————————- a S

- g( + ) 2 Se[lognmlo ,ﬁg zn]|ds s

+

5 G(s)
——=ds
/log;cm S

1
< log(1+96) -logy + —5— < —
log” y log”y

<1,

where the first estimate on the last line follows since § < (logy) ™2 and log(1 + §) < 6.
Thus the estimate (33) gives

D)5 2 (+o1) [ Eastoq),

log z¢ S
We are done if we manage to prove that
logy G
/ Gs) 4, > (65 + 0(1)) loglog y,
log z¢ s

where 6, =1 — %sing.

Setting N = g¢' and making a change of variable
to prove that

logy 1 logy  ginZ Nt
/ Sds— / —~ N ( '8) ds > (65 + o(1))loglogy.
logzo $ logzo $° 7 tan 21

Nts
2m

— s we see that it is enough
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On the other hand, we have

1 in T 1 Nt in T
ogy sin 7 Nt °8Y Fy (Tw) sin 7
o v A W ds = ﬁ.m.s'ﬂmngds

log x¢ g N logzo Nt on g N

/évilogyNt sing 27 Fy(s)
— L ds
N

Nt Jog zg 27 ?tanN "Nt s

by using the formula’

/¢<a) o= / I

with a choice ¢(s) = &% - s.

Hence it suffices to prove that

logy 1 7 logy sm jus F
/ fds - /2 . N(s)ds > (64 +0(1)) loglog y
1

og xg Nt Jog x r tan N s

which is equivalent to

= logy 1 logy | 1~%tan%
/ Evds < ([ ds- 6+ o) loglogy | - E o
N 1 -

tlog zo S ogzo S sin 7

s

( .Ez(loglogy—loglogxo) - < ?E - 1—|—o(l)> loglogy>

sin sin
g g9

—~

) (1—e+o0(1))Fnloglogy

(Fn +0(1))loglogy

where lolgolgogy < |t] < log®y and Fy is the average value of the function Fy over the
unit interval. The step () is based on the definition zy = exp((logy)®).

Now we split the consideration into two cases. For clarity, we set a(y) = % log xg
and b(y) = 12\7—7: log y.

If a(y) > 1 we have split the interval [1,z] to unit intervals, with at most one

exception, and bound the term % trivially on each of these intervals. This gives

b 1 — -
— - Fn(s)ds = Fy -log === + O(1) < (Fn +0o(1)) loglog y,
a(y) a(y)

and the claim follows.

If a(y) < 1 we can assume that b(y) > 1 by choosing implicit constant in the
estimate [t > M large enough. Now, splitting the interval into two parts [a(y), 1]
and [1,b(y)], maklng a change of variable s — <+ in the first integral and doing the same
calculation as above we deduce

b(y) 1 19 b(y) 1
/ L Fa(s)ds / fFN(s)ds—i—/ i (s)ds
1

a(y) S (y) S

a(y) 1

:/1 FN<8>ds+FN log b(y) + O(1).

S

“The formula holds for a continuously differentiable function ¢ : [a,b] — I and a continuous function
f:I — R, where I C R is an interval.
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Hence it suffices to prove that

S

1 1 —
/ FN< )dngN~logw+O(1).
1 S

But this follows from the fact that Fy (1) < Fiy for sufficiently large x (since Fy is

concave in the unit interval). Thus the proof is completed. ]

4.5 A Pretentious Proof for the Prime Number Theorem

As an application of pretentious methods we will show how the Prime Number Theo-
rem can be obtained by the pretentious triangle inequality and Haldsz—Montgomery—
Tenenbaum Theorem. The main applications of pretentious methods in this thesis are
focused on character sums and are studied in Chapter 6. The third example of the power
of these methods is the proof of the Distribution Theorem that concerns the equidis-
tribution of functions with |f(n)| = 1 on the unit circle. This is discussed in [23, 29].
Still, the most astonishing result obtained using pretentious methods is the recent proof
of the Arithmetic Quantum Unique Ergodicity Conjecture originally due to Rudnik and
Sarnak. It was proved by Soundararajan and Holowinsky. This matter is not treated
here, but we encourage the reader to take a look at the papers [46, 47, 72].

Maybe the most significant work concerning the distribution of primes was Riemann’s
memoir [66], which introduced the idea of applying complex analytic methods to study
the function 7(z). Inspired by these ideas Vallée-Poussin [77] and Hadamard [35], [36]
managed, independently, prove the PNT in 1896. The central idea in both of these
proofs was to show that the ¢-function is non-vanishing on the line {c = 1}.

Many other proofs have been found since. These include the elementary proofs of
Erdos [19] and Selberg [69] in 1946. Both of these proofs were based on the “fundamental
inequality” due to Selberg. The question whether to write a joint paper on the matter
lead to a bitter dispute between these two mathematicians, see [31]. Still, probably the
simplest proof is due to Newman [61] which dates back to 1980. The proof is based on
a clever use of contour integration.

In this section we give a pretentious proof for the PNT following the manuscript
[29]. There are also other pretentious proofs for this matter which make use of the
Brun-Titchmarsh Theorem [21]. Our starting point is that the Prime Number Theorem
is true if

> un)| = o(x)

n<zx

This implication is proved, for example, in [67] where it is Theorem 4.3.
We continue with the following result:

Lemma 4.13. Let f be a real-valued multiplicative function with —1 < f(n) < 1 and
lo| < (logz)!°, x > 1. Then we have

D(f,p"*;2) > min (;\/loglogx +0(1), %]D)(l, fix) + O(l)) .

Proof. Since D(f, p'®;x) = D(f,p~**; x) the triangle inequality gives

D(1,p**;z) = D(p'™, p~*; x) < 2D(f,p'*; z). (36)
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Notice that we have

; 1—R(p—™
D(l,pwé; $)2 _ (p )
p<z p
_ Z 1 R(p~)
p<z p p<z p

= loglogz — log

C(l—l—l—l—ia)’—i-(?(l).

log x

If 1+ < |a| < (log )% we use the fact [((s)| < log(2+s|), which holds when |s—1| > 1,

to obtain

log |¢ (1+ L + 2ia))|
loglog x

loglog(2 + |1 + loél_ + 2ia)

D(1,p**2)> > loglogz —

-loglogz + O(1)

v

loglog x — loglogx + O(1)

log log x
> (1—¢)loglogz+ O(1)

for some fixed 0 < e < 1.
This follows since

2
loglog(2 + |1 + = + 2ial) loglog (2 + \/(1 + loéx> + 4(10g93)20>
<

logz
1
loglog x - loglog = <
when z is large enough.
Now,
, 1 , 1

D(f,p'2)* > {D(1,p*%2)* > £ (1 =€) loglogz + O(1),

which gives the desired bound. On the other hand, if || < 15 we have
D(1,p**;2) = D(1,p"; 2) + O(1). (37)

This follows from the identity |S‘f|1| —Is| < [¢(s)] < 2L +|s|, which holds for s > 1, as

— [s—1]
we have®

1
10g‘((1++ia)‘—log

log

1
<<1++2m>’
log x

§(1+ o +z‘a)

= log

¢(1+ ks +ia)

|14 52— +ia 1 .
< 1 (e el 1+ gz +icf
< log —F

|14 525 +2ia| 1 X

izl 1L Togz + 200
< 1

8The last estimate is hard to obtain by a direct calculation. However, it is easily checked by using
a computer.
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Thus the triangle inequality and estimates (36), (37) give

D(f,p"*z) > D, f;z)—D(1,p";z)
> D(1, f;2) — D(1,p*z) + O(1)
> D(1, f;x) = 2D(f,p"*; ) + O(1)

from which it follows )
D(f,p"*;z) > 3D(1, fiz) +0(1),

as desired. O

Combining the previous lemma with the Haldsz—Montgomery—Tenenbaum Theorem
(Theorem 3.4 with a choice T = (log z)'°) yields

1 1 ) 1 ) 1
E;f(n) < exp (—4logloga? + (’)(1)) +D(1, f;z)° exp (—Q]D)(l,f;as) ) + oz )"
< DA, fizx)exp (=D, fiz)?) 4+ —
. <o [ —= . -
b b p 9 ) ) (log x)i_,’_o(l)
Choosing f = p in the above formula and using Mertens’ Theorem gives
2 T
Z u(n)| < z-(loglogx)exp (— log log x) + 10
ol 9 (logz)+e
x
L —— 38
(log z) & +o(1) (38)
= o(z).
This completes the proof. O

We remark that the PNT is also true if

P(x) =z + ofx).

This is proved in [73] where it is Proposition 2.1 in Chapter 7. In the view of this, if we
want a version with an error estimate, it follows from (38) that

0=+ ()

(see the remark on p. 34 in [29]).

This method yields a worse error term than the classical proofs. The best known
error term is given by

Y(x)=2+0 (mexp (—(log x)%+°(1))> .

This was obtained by Korobov [51] and Vinogradov [80] in 1958.
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5 Exponential Sums with Multiplicative Coefficients

In this chapter our goal is to prove the Montgomery—Vaughan bound which estimates
the exponential sums whose coefficients are multiplicative functions. The bound itself
is not used later in this thesis, but the corollaries are. At first we, however, recall some
things from the theory of rational approximations, which are used frequently in Chapter
6.

5.1 On Rational Approximations

At first we prove Dirichlet’s Approximation Theorem:

Theorem 5.1. For any real number o and natural number N, there exists integers b

and 7 such that 1 <r < N and
b
g
R
Proof. We consider the fractional parts {0- a}, {a},...,{N - a} which belong to the half
open interval [0, 1[. This interval can be written as a union of N subintervals

[0,1[= NJ L”\;m;l[

m=0

1

Now we have N + 1 fractional parts and N subintervals, so by the pigeonhole principle
there exists 0 < k < £ < N such that {k-«a} and {¢-a} belong to the same subinterval.
In particular, there exists an integer b such that |(¢ — k)ow — b| < 3. Choosing r = { —k
finishes the proof. O

Now we can define a classical concept related to the circle method:

Definition 5.2. Let a € [0,1]. We say that « lies on a minor arc if it has rational
approximation with a large denominator. Otherwise, if there is no such rational approxi-
mation, we say that « lies on a major arc. Here, the concepts “small” and “large” depend
on the context. These names come from the phenomenon that points lying on the ma-
jor arc contribute to the main term in the estimate and points lying on the minor arc
contribute to the error term. In this thesis the situation is roughly the following: Let M
be a fixed natural number and ¢ some positive constant. By Dirichlet’s Approximation
Theorem there exists a reduced fraction % with 1 < r < M such that

b

< 1
a— — —_.
- rM

Notice that there may be many such fractions. If there exists a reduced fraction with
r > ¢, we say that « lies on a minor arc. If we always have r < ¢, then « lies on a major
arc.
5.2 The Montgomery—Vaughan Bound
Now we will move on to studying exponential sums of the form
n
Z f(n)e(na) and Z Me(na), (39)
n
n<x n<x

where f € Fand o €R. In [56] Montgomery and Vaughan showed that there is cancel-
lation in (39) if « belongs to the minor arc. This refined an old result due to Daboussi
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[13]. In this section we are going to prove this. First we evaluate (39) at rational points.
The following proof closely follows the original proof [56].

Theorem 5.3. Suppose that ¢ < N and (a,q) = 1. Then

a 1 1
E;Vf(n)e (n q) <N <1og2N te=t

uniformly for f € F.

(%))

Since the proof is very involved, we will first lay out the structure behind it. Our outline
has 6 steps:

=]=

1. First we easily reduce the problem to bounding the exponential sum which has
coefficients of the form f(mn)A(m). Then we observe that f(mn) can be replaced with
f(m)f(n) with a suitable error.

2. Since Von Mangoldt’s function vanishes unless m is a power of a prime, it suffices
to bound the sum over all pairs (m,n) = (p¥,n) with mn < N. It is almost immediate
that those pairs with & > 2 contribute the term which is < N, and therefore it does not
give us any trouble.

3. Estimating the sum over pairs (p,n) is a more subtle problem. To do this we split
the area bordered by the coordinate axis and the curve zy = N into rectangles of the
form |P’, P"]|x|N’, N"], with the side lengths having certain properties described in the
actual proof. The reason for such division is explained in step 5.

4. However, our partition has a weakness: there exists points that do not lie on any
rectangles constructed in the previous step. Luckily, the contribution of such exceptional
points can be estimated quite easily with the Cauchy—Schwarz inequality and some well-
known sieve estimates.

5. Then we move back to the set up in step 3. The fundamental idea of the proof
is to estimate the contribution of the points lying in the rectangles one rectangle at a
time. In other words we seek a non-trivial bound for the sum

> o) fne <pn : a) log p
(pyn)EZ q

where Z is one of the rectangles we have constructed. This is done again with the help
of the Cauchy—Schwarz inequality.

6. The final step of the proof is to apply the estimate obtained in the previous step
to each rectangle constructed in step 3. Then the theorem is obtained by summing all
these bounds and the estimate for the contribution of the exceptional points derived in
the step 4.

This concludes the outline, and so we are ready to begin the proof.

Proof. Since f € F , the Cauchy—Schwarz inequality yields

S fn)e (nZ) log%<< Z (log];[)Q % S P | <.

n<N n<N n<N

Thus

n;Vf(n)e (nZ) logN < N+ |> f(n)e (”Z) log n| .

n<N
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Because of the well-known formula logn = Zd|n A(d), it is enough to show that

a Nlog N o 2N\ 2 o
mng(mn)A(m)e <mn- q) < N+ Jo@ —i—M(l g . ) log N. (40)

Next we would like to use the fact that f is multiplicative, that is f(mn) = f(m)f(n)
for all m,n € N such that (m,n) = 1. This leads us to consider the sum

= 57 A(m) |f(mn) — f(m)f(n)].

mn<N

Now, since f is multiplicative, we actually have

= > Am)fma)—fm)f) < Y Am)fmn)|+ Y A(m)|f(m)f(n)].

mn<N mn<N mn<N
(m,n)>1 (m,n)>1 (m,n)>1

=7 =:T2

Since A(m) = 0 unless m = p*, in which case it equals log p, we can write

=Y > [f*n)|logp

Pk>1n<Np~F

pln
and
o= > (logp)lf") > | Z (logp)lfF(PH) Y. 1f(0)]
p,k>1 m<Np—k k>1 eng*’H'
pit

> (ogp)l D IFE) D 10l

p,k>1 j>1 gSNp—k—j
pte

Next we estimate the sums 71 and 7 separately. For 71 we collect the terms for which
p’||p¥n, and observe that the estimate |f(n)| < 1 together with the Cauchy-Schwarz
inequality gives

o= ) (ogp)y | D @)= (ogp)Y | D If@O]If(m)]

pk>1 £21 \ n<Np~F pk>1 21 | m<Np~*
Pl P+ n
k=] o
<) Qogp) [F)| G -1 D |f(m)
P,J =2 m<Np—i
o .
< N gp|f(p)|logp=N Y jp 5 p S| f(p’)|logp

p,j=>2 p,j>2

1

2

< N Z 5%p~ 17 10g? p Z p~ ¥ |f(P])|2

[N

p.i>2 pio2

z 1

< NS gy (Zn_ilf(n)|2>-
P,j=>2 n
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The sums on the right are clearly convergent, and thus 7, < N. Similarly, for 7 we
have

o< N Y| 0N|p i sEpTi  ogp

p.J,k>1
] . ' 25 o
« N2 ('ﬂp])p*%lu|f<pk>p*%|2)pf+%1ogp
p.J,k>1
' _2k
< N Z |f(p7) logp Z S
p.j=1 =1

<

N
=
/Eﬂ_\
=
S
3
w|
=)

09
3
N———

< N.
Combining these bounds we get 7 < N. Now we have reduced our problem to bounding

the expression
Z fim)f(n)A(m)e (mn~ q) .

mn<N

The pairs (m,n) = (p*,n), k > 2, contribute a term which is

< > 1@ Nogp > 1f) <N Y f@")]pFlogp < N.

p,k>2 nng—k p,k>2

Thus, in order to prove (40), it is enough to show that

3
Nlog N 2N 2
Z fp (pn ) logp < N+ —— 8 ++/Ngq <log) log N. (41)
pn<N q V (10<Q) q

Now we start partitioning the region {(x,y) € R? | xy < N} into rectangles. For all
0 <i<logy N we define the rectangles

X; :=)0,2"] x IN271 N277].
N—_———
=4

% = min <i+1,[log2NJ i, {210&(6‘;]\[”). (42)

We are left with covering regions

We also set

. N N
- 2 i -
Dy = {(x,y)éR |xy§N,x>2,2Hr1 <y< 21,}.
This can be done in the following manner: for a fixed ¢, we place rectangles Z;;;, into
the region 2;, where j = 1,2, ..., %; and for each such j we choose those k which satisfy
2/=1 < k < 27, The rectangles ;i are defined recursively: let

3

i4i 1 —1 —1
%1'12.:|2,32:|X:|2N2 ,4N2 :| (43)

The sides of such a rectangle divide the region ; into two regions, with the same height,
which is a half of the height of 2;. Let these regions be 2! and 2/’. For both of these
regions we choose rectangles similar to (43) but heights are half of what they used to
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be. In this case they are Z;03 and Z;o4, respectively. Rectangle %03 divides the region
2! into two parts Z,* and Z,**. Similarly, rectangle Zis4 divides region 2/ into two
parts %ﬁ* and @i”** (see Figure 6.). Then we apply the same procedure until j = ;.
So, in the j* step we place the 2/~! rectangles %; ;i of the form

B = ] 2i+i 2i+j+1] y ] (k—1)N (2k—1)N ()

k"2 —1 2i+j 7 9itj+l

R

ﬂi-‘rl

Figure 6. Illustration of placement of rectangles %, to the region %;.

By the choice of %;, it is straightforward to verify that all rectangles %;;; are of the
form |p, p’|x|n, n'], where

, 2i+j+1 2i+j 2i+j 2i 2i 2i 1
o _ > _ > > > =
PoP=or—1 " %k ~ @k-Dk-2-1-26 124114
, 2k-1)N (k—-1N N N N 1
—n= — — — = — > — > > —
9i+j+1 9i+j 9i+j+1 2i+%€;+1 2Llog2 N| +1 4’
and )
W-pn -m)> 2N N SN g
P=p)\n =) Z o] 9@+l © 9261 = 64 5 = 108 ~ T
q

However, such a partition does not cover all the points (p,n) for which pn < N. Let the
set of such points be &. Let us define

;. :={(p,n) € & | ne A}
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Now we define the sets &1, &5 and &3 in the following way

&= |J #4
Ci=i+1

(5)2 = U jﬁ
€i=|logy N]—i+1

& = U .

=] 3 oma (443

Clearly & = & U & U &3.

T~

Figure 7. Nllustration of the case N = 17 and ¢ = 7. Note that in this particular case,
the set & contains only one point, namely (3,5) (marked red in the picture). Rectangles

Z; are coloured blue and rectangles Z%;;i, are coloured green”.

The next step is to estimate the contribution of the points (p,n) € & to the left-hand
side of (41). Let us make few geometric observations. For a fixed p with 2¢ < p < 2¢+1
the pairs (p,n) which belong to the set & lie in an interval of length

N 1

< oot (45)

9Note that in the case (V,q) = (17,7) the only possibly triplets (3,4, k) are (1,1,2),(2,1,2),(3,1,2)
and (4,1,2) as one can easily see from the restrictions of parameters i, j, k and the equation (42).
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Moreover, for a fixed n there exists an integer ¢ such that n € [QiJL ) %] and after that
we choose an integer ¢ such that

N¢ N NE{+1)
2%+i+1 ) 2i+1 2%i+i+1

n e +

9it1
Then all the primes p such that (p,n) € & lie on an interval of length

N 2‘&+i+1

e 46

no 26 4+2/L)4+1 (46)
Deriving the facts (45) and (46) is laborious, technical and does not require any non-
standard ideas, for which reasons we skip the details. The geometrical interpretation of
(46) is presented in Figure 8.

N

21

N 7N
5T T e T oo
N _6N

i1 + 2@ Fit1

N 5N
i+l + 2 Tit1

N 4N
T + 5@ FiFT

3N
5iF1 + 2@ Tit1

2N

N N
i1 T 3% 4T

N
2ttt 21 2i+1

Figure 8. The case where ¢; = 3. If we fix n € [ 5T + ﬂ%7 5T + W] then all
the pairs (p,n) € & lie on the horizontal line segment which is coloured red in the picture.

For & observe that for a fixed p, the number of n such that (p,n) € & is < Np~2 by
(45) as €; =i+ 1. For a fixed n, (46) tells that primes p such that (p,n) € & lie on an
interval of length < 1 and consequently their number is also < 1. These, together with
the Cauchy—Schwarz inequality, imply

Zlf n)llogp < (Zf(n)l2> (Z(logp)2>
&1 &1

2

< [ DI > Np~2(logp)?

n<N p<N
< N.

[N
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When (p,n) € & we have [log, N| < 2i and so

N N
n < < = V2N.

9% logy N| = 93 (logy N—-1)

Notice that for a fixed n, primes p such that (p,n) € &, lie on an interval of length
Nn~2 due to (46). So, by the Brun—Titchmarsh Theorem, the number of such primes p
is

Nn~—2

x4+ Nn~2%2,1) —7(x;2,1) < 7w(x +4Nn"%2,1) — 7(2;2,1) < TogANm2"
Moreover, for a fixed p the numbers n such that (p,n) € & lie in an interval of length

< N _ N
= 9€i+i+l T 9llogy N|42

<1,

due to (45). So the number of such pairs is <« 1. Then, by the Cauchy—Schwarz
inequality,

Zlf n)|logp < <Z|f(n)l2> (Z(logp)2>
&

[N

&
3 7
Nn=2
< Z \f(n)|2~17_2 ZNP (log p)*
og4Nn
n<V2N p<N
< N

If (p,n) € &3 we have

1 64N . 1 64N
{2 log, ( . )J —1<i<|logy,N|— {2108;2 (q)J + 1.

Hence,

and

For each of those primes p, (45) tells that the number of n such that (p,n) € &3 is
< +/Ngp~'. For a fixed n, all primes p lie on an interval of length < /N nil because
of (46). Thus, by the Brun—Titchmarsh Theorem, the number of such primes is

—1. 1, . V Nqn_l
JT+\/ qan 21 J}21)<<7T.1'+2\/ an 21) (x,2,1)<<W
Combining these with the Cauchy—Schwarz inequality yields
l
Z () ()] logp < (Z |f(n)] log> (Z logp>
&3
1
2
log(2Nn~1! log p
< /Ng > |f(n)|2(—7)2 >
nlog(2Ngn=2) D
nely/X VN pely/ % vNa)
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Since

log(2Nn~1) 4N
o < og | —
log(2Ngn?) 7

we can continue our calculation to obtain

/ 9N
Zlf n)|logp < quogflogq

Combining the above estimates we get

/ 2N
Zf <pn q) logp < N + quog—logN (47)

Now, let us prove a technical lemma:

Lemma 5.4. Fix a natural number K. For 1 < k < K let Z(k) = J (k) x # (k) be
a rectangle, where .# (k) :=|I(k),I'(k)] and # (k) :=]J(k),J'(k)]. For the set of such
rectangles, we assume that the following properties hold:

e Line segments .# (k) are disjoint.

e 7 (k) CJO, A] for some real A.

e I'(k) — I(k) < B for some real B, uniformly on k.

o Line segments ¢ (k) are disjoint.

e 7 (k) Cl0,C] for some real C.

e J'(k) — J(k) < D for some real D, uniformly on k.

o J'(k) < 2J(k).

Let .
7=y % f(p)f(n)e(pn-a)logp.
=1 (p,n)€Z(k) q

Then, for (a,q) =1 and ¢ < BD, we have

CABD
v(q)

Proof. We look at one rectangle at a time. Let Z = .# x _Z be one of the rectangles
2% (k). The Cauchy-Schwarz inequality gives

2BD
T < \/C'ADlog2A+ + CAB + CAgqlog (q> (48)

2

S f (pn ) logp| < | Y Ifm)
(pm)e q ne g
2

1D ) <pn )logp . (49)

ne ¢ |pes
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Let us define a new function

W (n) == max (0, 2 - W) .

Notice that —D =2J —2J - D <2n—2J - D <2(J+ D) —2J — D = D, and so we
have # (n) > 1 for all n € #. Using the fact |z|> = 2z we have that the second factor
on the right-hand side of (49) is

2

< ;W(n) > ) (pn )logp

pES

;W(n) > ) (pn ) log p Zf(p)e( pn - q) log p

peES pES
a
= > f)f@)(ogp)(logp’) ZW ((p—p’)n'>
p,p' €S q
1
< (log A)? min (D, )
m;] DI|(p - p')ag|*

The last step follows by observing that'®

Z (ma) (1 |m — L| <<i sin(Mma) 2<< 1
enme M M sin mav M]|«|?

L—M<m<L+M

and that #/(n) > 0 if and only if -2 + J <n < 2D+ J.
The previous estimate, with the Cauchy—Schwarz inequality, yields

D=

7 < (ogA) [ 3 uf éz > mm( DT 1 2>

1
k nej(k k pped(k p_p/)aq ”

2

DA 1
< (log A)\F —i— min _—
Z Z D || haqfl ||2

0<h<B p<A
p+h=p’

By a well-known result from sieve theory (see Theorem 3.11. in [40] or Exercise 9.4.6 in
[60]) the number of primes p < A, such that p + h is also a prime, is

<<AH(1+1) <<L L
(log24)* p (log24)? ¢(h)

Hence

CAD CAE
T < (log A)\/ logad T (log 247 < \/CADlog A+ CAE, (50)

h 1
E .= — min|D,———— .
OS%B o(h) < D |haq1|2>

10The first estimate is justified in the same way as the closed form representation of Fejer’s kernel is
derived. See [74].

where
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Estimate (50) implies that in order to prove (48), it is enough to show that

BD 2BD
E<<+B+Dlog23+qlog<). (51)
e(a) q

Indeed, when this is established, we can calculate

BD 2BD
7 < \/CADlogA+CA <<p(q) + B+ Dlog2B + qlog (q))

< \/ CADlog2AB + CA(B)D + CAB + CAglog (23D>
q q
wq q

which is (48). The last estimate is based on the observation B < A and so

log2AB  log2A +log B
log24 log2A

Now we proceed to proving (51). We have
h 1
o < % =,
S0
E< > E > min(D,12>.
m<B " n<Z D ||mnag=1||
Now we observe that the inner sum on the right-hand side of the previous estimate is of

the form
1
F = min ( D, —— |,
,; ( D||bm"1||>

with r = ﬁ and (b,7) = 1. It holds that!!

D
F <« min (D f, MM) . (52)
r
Using this we get
BD 1 (BD B q
E = — (== 24D
< > — > m(mq(m,q)+m+ +(m7q)>
m<B m<B
BD< 2 BD> 2L
BD BD q
€ DD gatl i a, TBTDLe2BY, > o
rlg s>E22 rlg s rlg s<Elr
Clearly this is dominated by the right-hand side of (51), and so we are done. O

The estimate (52) is taken for granted in the original paper [56]. The author could not
verify this fact, but apparently the method used in the proof of Weyl’s old estimate (see [84])

> <N Min (M, m) < (q + M+ N + %) log (%) applies with some changes. Discussion
on pp. 101 — 102 in [29] supports this intuition.
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Now we are ready to complete the proof. For each rectangle %;, apply Lemma 5.4. with
the choices K =1, A=B =2 and C =D = N27%

S f (pn q) log p

(p,n)EZ;

N2 . N2 ) 2N
< ¢/ —=log2itl + —— + N2! + Nqlog —
2 e(q) q

. N . 2N
< NV(i+1)277 + N + VN2 + [ Nqlog o (53)
(g

Now, for all pairs (4, j) with 1 < j < €; we apply Lemma 5.4. with the 2/~1 element set of
rectangles %i;i, where 2071 < k < 27. Thus, by (44), we can take K = 2771 C' = N277,
A =2 B =2"0%! and D = 32N27""J. With these choices the conditions for (48)
are satisfied, and hence we have

> > f)fn)e <pn q) log p

21-1< k<27 (p,n)ER;jk

. . 128N22-27 o AN2—25+1
< \/64N221J log 2i+2 + 8(7) + N2i—3+2 4 9N qlog <6 >
g q

N2- /
<N (i+1)2’3+m+\/ 2i-J 4 quog—
(g

By the choice of €; we have ¢; < log(2N/q). By summing over all j such that 1 < j <
©;, we get

S O% X swime (e 2 )oe

1<j<C; 20— 1<k<27 (p,n)ER;jk
3
2N\ 2
()+v N2t 4+ /N <log> .
4V}

Applying (53) over all ¢ such that 0 < i < log, N we obtain

< NV(G+1)27 +

3
N 2N\ 2
flp <pn ) logp < N+ —=1log N + v/ Ngq <log> log N.
2 q Vela) q

pn<N
(p,n)g&E

This combined with (47) gives (41), which consequently completes the proof. |
As a consequence we obtain the minor arc estimate used in applications.

< 4 with (a,q) = 1. Then for every

Corollary 5.5. Assume that f € ]-" ‘a — 5 7

R e [2,r] and N > Rr we have

S fn)e(na) < % \j%(logR)%

n<N

Moreover, under the same assumptions

o 3
Z f (na) < loglog N + ~——— ( Wk log N.

0og
Rr<n<N \/7
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Proof. Let g be a reduced fraction with » < N. We start by noting that partial

summation gives
c (( i) ) Z ( b)
n<N

ﬁ:lf(n)e na)
omi (a— ff) /IN S fn)e (n i) ¢ <(a— fﬁ) u) du.

n<u

Then, by using the trivial bound |f(n)| <1 when u < r and the Montgomery—Vaughan
bound for u > r, we have by a simple integration

N

S fme(na) < —= +F(1ogN)

ot log2N Vo
b| [T b| [N 2u\ *
a—f/udu+ oz—f/ u+u+\/ﬂ(logu> du
rlJ1 |/, log 2u o(r) r
b
>. (54)

< <1ongN F+F<logN)g><HNa

,
If ¢ > /N, the corollary follows by choosing b = a and = ¢ in (54) using the assumption
‘a — 9‘ < 4. Suppose that ¢ < v/N. Then, by Dirichlet’s Approximation Theorem,

3
2

_|_

a| = 4
there exists b, r such that (b,r) =1, r < 2N and |a — 2| < 3% . Thus either r = g or

b a <q2+r<1+
a——|—la—— — < = .
T q)| " 2N q~ 2 ¢

So in any case r > %q, meaning that |a — %| < % Thus (54) gives

=3

1 < |ar —bg| = rq

N

N
Z f(n) (’I’LO&) < W + N\f(log q)%
n=1
as desired. The second statement follows from the first by partial summation. O

Goldmakher [33] derived an estimate for y-smooth integers from the previous corollary.

Corollary 5.6. Let f € F a # 0 and b, r positive integers with (b,r) = 1 such that
|a b}< . Then for x > 2 and y > 16 we have

1+ (logr)?
Z f e(na) < logr —I——F(\fgr)zlogy—kloglogy.

n<zx
neS(y)

Proof. If x < r? the claim is trivial by the estimate |f(n)| < 1. Hence we assume that
x> 12 If z < 9'°87 the claim follows from Corollary 5.5:

Z %n)e(noz) = Z@e(na): Z#e(na}+ Z @e(

n<z n<x n<r? r2<n<z

neS(y)
(logr)3/? (log r)®/?
v v

< logr+ log x + loglog x < logr + logy + loglog vy,

57



as desired. Therefore it is enough to bound

Z f(n) e(na).

n

ylog 7‘<n§ac
nesS(y)

When n > 48" we have n > r - n'~ v . Thus
3 F(n) 1 3 1 1 1\
n

T Togy logy
yleET<n<a Y8 <n<az n Py
neS(y) neS(y)

Furthermore, we have

-1
1 1 *
log H (1 - 11) = Z -+ O(1) © loglogy + O(1).
p

Togy logy
p<y p<y P

Using this in (55) yields

> @e(na) < %log v,

ylog T<n§x
nesS(y)

and so we are done.
In the step (*) we used the fact that for y > 10, n > 2,

logy
1 exp (10 N)
Z — =loglogy + O — %/

o log y
p<y p log ¥ 1 + log N

(56)

The proof of this is straightforward, but very messy. The reader may consult the details
from [32] where it is presented as Lemma 2.6. O
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6 Large Character Sums

Now we turn our attention to estimating character sums

Sy(t) =Y x(n), (57)

n<t

for a non-principal Dirichlet character y modulo ¢. In this chapter we prove classical
upper bounds for this sum. After that we discuss the recent application of pretentious
methods to studying S, (t), obtaining improvements to the old results in some situations.

6.1 The Pé6lya—Vinogradov Inequality

From the periodicity of the characters we know that the sum (57) is < ¢q. However, this
can be sharpened significantly as was proven independently by Pélya and Vinogradov
in 1918. This result is called the Pdlya—Vinogradov inequality which we are going to
prove next.

Theorem 6.1. (Pdélya—Vinogradov Inequality) Let x be a non-principal character
mod ¢q. Then

ISy ()] < /qlogg.

In his original work, Pdlya deduced Theorem 6.1 for primitive characters straight from
his Fourier expansion. Indeed, inequalities (10), (11), the triangle inequality and the

fact that |7(x)| = \/q imply

n

2 2 qloggq 2 2 qloggq
Sy (t 1 — —- 14+ — 1+1 —-
Sy (8)] < +\/6<Z >+ = <14 Vg (1+logn) + — :

™m ™ n
m=1

for all natural numbers n. In particular, choosing n = Lq%“J, with € > 0, yields Theo-
rem 6.1. in this particular case. Now, we present another proof due to I. Schur [14], [68].

Proof. Let us first assume that x is a primitive character. In Chapter 2 we saw that it
can be represented in the form

since x(¢) = 0. Taking absolute values, multiplying by /g and using the fact |7(x)| = /¢
yields

Vi IS0 < 3|3 (%)} (58)

h=1 |n<t q

Let us denote



Notice that also
_ nla=h)\ N~ (ChY oy 7
f(q_h)_nzgf( ~) -> (-") = s-m =70
and consequently |f(q — h)| = |f(h)| = |f(h)|. Hence (58) can be written as
vi-ls, ol <2 3 lsm+ EE L (9). (59)

h<q/2

Evidently f(h) is a geometric sum

Thus

w|t|h
q

mh
q

o (LnY _ o (Lt
s | () L)

Now, by using the inequality sint > 2t (which holds for all ¢ € [0,7/2]) for ¢t = %h, we
obtain

~ sin ZL
q

q
h)| < —.
7l <
when h < 1. If ¢ is odd, (59) gives
1
VA ISl <g ) — <qlogg.
m<%

If ¢ is even, |f(q/2)| < 1 and so (59) gives

1 1
V718 ()] < q }; 7 +6 < qloggq.
i

In both cases
ISx ()] < Vqlogg,

as desired. Now assume that x is a non-primitive character modulo ¢ and let ¢ denote
its conductor. From Chapter 2 we know that if ¢ | ¢, ¢ < ¢, then

x(m) = ¢ (m)xo(m),

where g is the principal character modulo ¢ and v is a primitive character modulo c.
Using this we can calculate

Sty = Y w)=) W) Y pd) =) uld(n)

n<t n<t d|(n,q) n<t dlq

(n,q)=1 dln

= > uld)d dlgd) =Y pld)d(d) Y ().
dlq <y dlq <
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Since the Polya—Vinogradov inequality holds for a primitive ¢ (mod c¢), we have

S ()] < Y luld)p(d)] | Y ()| < Veloge| Y u(d)yi(d)] - (60)

dlq z<t dlq

Next, we observe that |u(d)y(d)| is either 0 or 1. It equals one if and only if u(d) =1
and |[¢(d)| = 1. That is exactly when d is squarefree, say d = p1ps---p; and (d,c¢) = 1.
This implies that no prime factor p; divides c¢. Hence each p; divides ¢ and thus d

divides 2. Therefore

S @t < Y 1=d(?) < (1),
e

dlg

for every 6 > 0. In the last estimate we used the well-known fact that d(n) < n® for
every € > 0. For the proof, see Theorem 13.12 in [1].
In particular d (2) < /%, and so (60) implies that

|Sy (t)] < \/z Vecloge < \/qlog e < \/qlogg,
as desired. O

This is quite close to being sharp. Applying partial summation to the Gauss sum 7(x)
for primitive y (mod ¢), we deduce

2 q
Va=lrl <1+ / [S(0)ldt < 1+ 27 max |8, (1)
1 >q

which gives max;<, |Sy(t)] > /q.

Next we prove an improvement for the Polya—Vinogradov inequality by assuming
that the GRH is true. This result was proved by Montgomery and Vaughan [56] as an
application of the Montgomery—Vaughan bound which we produced in Chapter 5. Our
proof is in line with their original paper.

Theorem 6.2. Assume the GRH. Then for any non-principal character x (mod q)

Sy ()] < y/qloglogg.

Let ¢ (mod r) be a primitive character which induces character x. Then r|g and as

before
Sam) = S v =3 e Y vim).
n<t n<t d| m<%
(n,%):l
Hence,

> xm)| <22 max| > v(n)|.

n<t n<t

As we clearly have'? 2(1) « V/Z, it suffices to prove Theorem 6.2. only for primitive
characters. For the proof we need the following lemma, whose proof can be found in [56].

2Here w(n) is the number of distinct prime divisors of n.
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Lemma 6.3. Let y be a non-principal character modulo ¢, and suppose that L(s, x) # 0
for s > 1/2. Suppose also that (logq)* <y < g and # < q. Then

Y oxm)= > x(n)+ O(ay > (logq)"),

n<z n<z,
nesS(y)

We observe that for primitive x (mod ¢) the trivial bound |S, (t)| < ¢ gives

(%) X _ Ty X
211 1<|zn|:<k n 271 Z::
- %(1—><<—1)>L(1,x>—¥ )y X

n=~k

<« W X(—1)L(1,x) + O <\/§- %)

211

for every natural number k. Choosing k¥ = ¢ and combining this bound with Pélya’s
Fourier expansion gives

S:(t) < %u—xel))m,x)

(ZX ( “t> zi:x ("t>>+(9(1+\f+logQ)

Notice that the error term is < ,/qloglogq. Taking into account Littlewood’s estimate
under the GRH, L(1,x) < loglogq (Theorem 2.8) and the fact |7(x)| = /¢, we note
that in order to deduce Theorem 6.2 it is enough to show the following:

Lemma 6.4. Assume the GRH. Let x be a primitive character modulo ¢ > 1. Then
we have

q

Z x(®) (na) < loglog g,
n

n=1

uniformly in a.

Prior proving this we present a result which is used repeatedly throughout rest of this
thesis:

Lemma 6.5. (The Granville—-Soundararajan Identity) Let y (mod ¢) be a primi-
tive character. Assume that we are given integers b and r such that (b,r) =1 with b # 0
and r > 1. Then for all N > 2 and y > 2 we have

xXm) (. b _ X 1 T (x¥)(m)
> We(nt)- x X T, o e X

n<N mod %) m<Z
nesS(y) deS(y) meS(y)

Proof. Summing over all the greatest possible common divisors of n and r we find

(-2 s () e
nesS(y) deS(y) (m r):1

meS(y)
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On the other hand, we have
mb k
€ (r) = Z € (r) 5mb+§Z(k)-
d 0<k<Z d

Using the orthogonality relation (3) we can write

1 _
dmp (k) = o) Z Y(k)p(mb)
Py (mod 1)
Putting these to (61) and switching the order of summation gives the claim. (]

Now we are ready to prove Lemma 6.4:

Proof of Lemma 6.4. Suppose that ¢ is large and let ¢ be an integer such that 1 <t < q.
If t <100, we trivially have

S x(me(na) < (62)

n<t th

If t > 100, we have t(logt)~® > 1, and then by Dirichlet’s Approximation Theorem
there exists b, r € Z such that (b,r) =1, r < t(logt)~3 and

3
‘a—b < 7(10gt) .
r| rt

Let y := (log ¢)?°. We have two cases to consider:

1) Assume that r > (logt)®. Then, by Corollary 5.5, the formula (62) still holds:

t t t
n)e(na) K + lo
3 x(m)e(ne) < o+ s - logt)? <

n<t

ol

2) Assume that 1 < r < (logt)3. Then, for all 7 < y, we use the same argument as in
the proof of Lemma 6.5 to obtain

> e (Fon) =X XS X wor@ X vam. @)
r dlr ¥ d)

n<t P (mod %) m<%
ngS(y) m¢S(y)

The character ¢ is a non-principal character modulo 4, where > d, and since ¢ is
large, the parameter y satisfies the inequality

(16 (7)) << G-

Thus we can use (63) and apply Lemma 6.3 to deduce

é.n X(d) Ti'z‘ # 0, g‘l
> e (3r) < X 8 v0r®- g (57)

¥ (mod %)

< ZX o (5) 55 oga)

l
d

r _ _
< Z\[d'd(logq) < t(logq) ™™
d|r
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Using this we get

x(n)e(na) < t(logq)™* <1 +t

b < t
o — - —
r logt

n<t
ngS(y)
Altogether
t
S x(netna) = Y- xlena) +0 ().
n<t n<t 8
nesS(y)

Therefore, by (62), we always have

S x(n)e(na) < m%* 3o

n<t n<t
nesS(y)

Using partial summation to the previous estimated yields

n 9 dt 1
ZX;)e(na) < /e tlogt+ Z n

n=1 nesS(y)
!
= loglogq + <1 — )
1=
p<y
< loglogyq,
which completes the proof. O

The upper bound in Theorem 6.2 is known as the Montgomery—Vaughan Estimate, as
opposed to the Montgomery—Vaughan Bound which was proved in Chapter 5.

This is essentially the best possible bound, since Paley showed in [62] that the bound
is optimal for a certain infinite class of quadratic characters. More precisely, he used
the Chinese Remainder Theorem and the Quadratic Reciprocity Law to construct an
infinite family A of characters such that for every character x (mod ¢) in A there exists
a natural number N, for which!'?

e x(p) = x-a(p) for all p < N,

eg<1+4 [[ p
PSNX

While not vital, it is interesting to know how large the implicit constant is in the
Polya—Vinogradov inequality. Hildebrand [43] has studied this in the 1980s, and he was
able to obtain improvements to the trivial bounds for primitive characters

[Sx (] _ 5o to(1) 2 0.11254 +0(1)  if x(-1) =1

qlogg ~ | 5= +o(1) ~ 0.15915 + o(1) if x(—1) = -1
given by Landau in [54]. Hildebrand’s result was that for any non-principal character x
(mod q)

-2y +o(1) 2 0.11030 + o(1)  if x(~1) =1

5 e (1) 2017327 4 o(1) i x(~1) = —1

»é‘u;

qlogq —

S _ {

13Here x_4 is the non-trivial character modulo 4.

64



If x is primitive, then the multiplication with the factor % is unnecessary. In the same

year, Hildebrand made a further reduction of the constants, see [44] Corollary 4. If we
assume that x (mod g¢) is primitive, it is possible to show that [26]

Syl _ [ % (1) =1
qloggqg —

where ¢ = % if ¢ is cubefree and ¢ = % otherwise.

The next question to ask is whether we can improve Theorems 6.1 and 6.2. It turns
out that with certain assumptions this is possible. This is what we are trying to achieve
in the following sections.

Until the year 2005 there were no significant improvements to the Polya—Vinogradov
inequality in the unconditional case for over ninety years. Things took a turn when
Granville and Soundararajan came up with an improvement for characters of an odd
order under some additional assumptions [26]. In the next three sections we will dis-
cuss the pretentious methods used in work of Goldmakher which, on the other hand,
was built upon [26]. In section 6.2. we examine Hildebrand’s paper [44]. The paper
does not contain any pretentious methods, but it is still an important piece of work.
Actually, Theorem 6.7. realizes the possibility that the Pélya—Vinogradov inequality,
for the character x (mod ¢), can be improved if there exists a primitive character of a
small conductor having certain additional properties. The proof also shows that possible
improvements are closely connected to the rational approximation properties of é.

6.2 The Work of Hildebrand

As said before, the work presented in this subsection had a huge influence on the works
of Granville and Soundararajan. Next we are going to examine Hildebrand’s main
theorem and then discuss the main implications of it. Our treatise follows the original
paper [44]. Before stating the theorem, some new definitions are needed. Let yx (mod
q) be a primitive character. At first we define the refined character sums

Tty = 3 X

n<t

and
S (t) = Sy (t) — ML(LX),

Yy

where 7(x) is a Gauss sum associated with character x and e(x) is defined as

1 ifx(-1) =1
=00 { 0 ifi(—l) =1

Let tho (mod ko) be a primitive character with 1 < ko < (log¢)s such that
sup | Ty, (£)] = maxsup [Ty (t)]
t>1 Po>1

where the maximum on the right-hand side is taken over all primitive characters ¢ (mod
k) for which 1 < k < (log q)é. For a given t > 1, the Dirichlet’s Approximation Theorem
tells that there exists integers 7 > 0 and s > 1 such that

t 1
Sl ha, (rns)=1, 1<5< (logg)® and |a| < (64)
S

q

ool=

s(logq)
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Denote

Finally we define a function g as

1
¢ = min <,q> .
o
n

9(n) = (X i) (m) = DXy () o () -
din

An interested reader may consult the original paper [44] for the proof of the following
lemma.

Lemma 6.6. Let f € F and x > 1. Then for any positive integer k we have

pOREALE (1 _ f;m) > 1 4 o((toglos(k +2)7).

n<zx plk
(n,k)=1

n<x

where the constant is absolute. This lemma appeared in Hildebrand’s paper [44] and
played a role in the proof of Theorem 6.7. We state it here, since we are going to use it
later in a different purpose.

Hildebrand’s main result in [44] states that

Theorem 6.7. If k; | s we have

—1 ()T (Wo)bo(-1)g (%)
Tip(s)

S, = =000 T(x0, 0) + O (Vallog )% )

If ko t s we simply have
Si(t) < q(logq) .
Theorem 6.7. clearly shows that S, (¢) depends strongly on the Diophantine approxima-

tion properties of é. It is also evident how the existence of a character vy matters. In
fact, the following consequence is true:

Corollary 6.8. Under the same notations as in Theorem 6.7. we have

loglog(s+2) logt
Vs log ¢

Proof. If ko t s, the statement is clear. If kg|s, we use the following two easy estimates

1SL(6)] < mogq< +<1ogq);o).

1
T (O] < Z - < log ¢

n<t

and

IT(%o)| - ‘g (,72)’ - Z(E(; H 5o Vs loglog(s+2)

(s) o5 ST

where the last estimate follows from Lemma 2.15.
Plugging these into the estimate in Theorem 6.7 gives
loglog(s + 2)
Vs

loglog(s+2) logt _a
= 1 . 1
\/aOgQ< \/g logq+(0gq) 200,
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as desired. O

So, we have an improvement for the Pélya—Vinogradov inequality when s is sufficiently
large. Another interesting corollary (see [44], Corollary 2) shows that the Poélya—
Vinogradov bound for S; (¢) is attained very rarely:

Corollary 6.9. Let y (mod ¢) be a primitive character and let (logg)~ 2 < e < 1.
Then the set of real numbers « € [0, 1], for which

Sy (aq)| > e4/q(log q)

holds, has Lebesgue measure < ¢~°¢ for some constant c.

6.3 Improvement for the Characters of an Odd Order

In this subsection we adapt the following convention concerning whether the GRH is

assumed:
unconditionally

_ q
Q= { (log q)'2 conditionally under the GRH

The goal of this section is to obtain the following improvement to the Pélya—Vinogradov
inequality for primitive characters of an odd order.

Goldmakher—Granville-Soundararajan Estimate: Let y (mod ¢) be a primitive
character of an odd order g. Then

Sy ()] <4 Va(log Q)10+,

us

where §; =1 — Zsin
™ g

This was conjectured for the first time by Granville and Soundararajan in [26]. Actually,
in that paper they showed that a weaker bound, d, replaced with %9, holds. This was
achieved by the following theorem, which characterize when S, (t) can be large.

Theorem 6.10. Let x be a character mod ¢. Let ¢ (mod m) be the primitive character
among those with conductor below (log q)% for which the distance D(y, ¥; ¢) is minimal
(of course, if there are many of those, pick any one of them). Then we have the following
estimate

Jam
p(m)
Basically this says that max, |S,(t)| is small, that is < (log q)7, unless there exists a
primitive character ¢ (mod m) with opposite parity and whose distance to x is small:
D(x, %3 ¢)* < %loglogg.

For the sake of completeness, we record another theorem from that article, which
gives a characterization for large character sums:

i |$,0)] < (1= X(-1p(-1) Y log Qe (1Dl ws0)?) + Vallow @)

Theorem 6.11. Let ¢ (mod m) be a primitive character opposite parity than y. Then
we have

\V4m Vv qm
p(m) p(m)
Proofs of these result require several technical lemmas and are thus omitted. They are
found in [26] as Theorems 2.1, 2.2 in the unconditional case, respectively, and Theorems
2.4, 2.5 in the conditional case, respectively.

log Q exp(—D(x, 1 q)?).

loglog Q >

max |8, (1) +
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Now the weaker for of the Goldmakher—Granville-Soundararajan estimate follows easily.
Indeed, suppose that x (mod ¢) has an odd order g and let 1) be the character with con-
ductor below (log )3 such that the distance ID)(X, ¥;q) is minimal. If x(—1)y(-1) =1
then Theorem 6.10. implies S, () < /q(log Q)*? and Theorem follows at once as we have

% < % + % - sin ( ) for every integer g > 3. On the other hand, if x(—1)¥(—1) = —1,

we use Theorem 4.9, which says that D(x,1;Q)? > (6, + o(1)) loglog @, and Theorem
6.10 to get the desired result:

p(m)

Vam 1—18,40(1)
« Y (log @) 3o 1 (o

< (logQ)'~2% o) 4 /a(log Q)7
< VallogQ)' T tel,

Now we move back to the Goldmakher—Granville-Soundararajan estimate. Goldmakher
settled the unconditional case in his Ph.D.-thesis [32]. Later he improved his methods
to also obtaining the conditional case in [33] which we will follow closely throughout this
subsection.

As mentioned earlier, Goldmakher’s proof of this theorem refines ideas used by
Granville and Soundararajan in their work and then introduces a new idea of using
methods following Haldsz’s Theorems. First we state the result which shows that re-
stricting to ()-smooth numbers does not cause problems when the GRH is assumed:

ISy ()] < vam log @ - exp <<—;5g + 0(1)) log log Q)
Q)7

Theorem 6.12. Let x (mod ¢) be primitive, a be a real number, y > 1, and assume
that the GRH holds. Then

Z&n) Z xn) e(na +0((10gq)'1°g93)

n<lz n<zx Y
nesS(y)

ol

for 1 <z < q%.
Proof is omitted due to its complexity, see [26]. We remark that this tells that under
the GRH,

YEI”) X1 0y + O(1), (65)

1<|n|<q 1<\g(lc<2§1
ne

when we choose x = ¢ and y = Q.

Let us discuss the main ideas behind the proof of the Goldmakher—Granville-Soundararajan
Estimate. Choosing k = ¢ in Polya’s Fourier expansion we see that we must bound

x(n)

1<|n|<q

with @ = 0 or @ = —f. We have already seen in (65) that it is possible to restrict

ourselves to @-smooth number with a small error. So, in fact, we are studying the sum

x(n)

1<|n|<q
nes(Q)
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As usual, let % be the rational approximation of o with 1 <r < M and |a — g < ﬁ
Here M is a positive number which is specified later. For those a lying on the minor
arc', r > log Q, we may use Corollary 5.6. of the Montgomery-Vaughan bound to get
the desired result. The major arc case is the one requiring much work. We will prove
in Lemma 6.13. that o can be replaced with its rational approximation such that a
possible shortening of the summing range is negligible. If o belongs to the major arc, r
will be small and thus only the innermost sum on the right-hand side of the Granville—
Soundararajan identity can make a significant contribution. In order to understand this
kind of a sum, we study the size of a more general sum

ZM

n<x
nesS(y)

with g € F. To estimate this, Goldmakher introduced a new idea of applying methods
originated from the proofs of strengthenings for Halasz’s Theorems. The main point
was to obtain Corollary 3.8. Now we are ready to handle those « lying on a major arc.
It is proved in [2] that the multiplicative function f € F cannot mimic two different
characters simultaneously very well. Thus if we can identify an “exceptional character”
¢ (mod m) for which f most nearly mimics, then f is far from mimicking other primitive
characters.

If we plug the estimate of Corollary 3.8. to the Granville-Soundararajan identity, we
get the upper bound in terms of quantities M (f, %,T), where T is some parameter
and ¢ is a character of modulus dividing r. If m does not divide r then none of the
characters 1 are induced by the exceptional character ¢. The repulsion principles [2]
tell that all M (f; v, log? y) are bounded from below and hence the contribution coming
from characters v is not very large.

On the other hand, if m divides r, it is possible that some of the characters ¢ are
induced by the exceptional character £&. These characters will contribute the main term.
The estimates, however, are fairly standard. As before, the characters not induced by
1 do not give a major contribution. Putting our estimates to Pélya’s Fourier expansion
and using Theorem 4.9 finishes the proof.

Now, let us make the above rigorous. As mentioned above, the minor arcs are easy
to deal with. Let us choose

B loglog @
M =exp (exp <log og logQ)) . (66)

If r > log @ we have by Corollary 5.6. that

— 140 5

Z x(n) e(na) < logr+ L+ (logr)® -log @ + loglog Q
n VT

n<t

nes(Q)
log log Q eXp(%loglogQ)
oglog log log log @
1 log 1
< (logloglogQ) " Viog @ 8@t loglog @
< (logQ)z+o. (67)

Notice that since x has an odd order, we must have x(—1) = 1 and hence

> e T e ¥ S

1<|n|<q 1<n<q 1<n<gq

141 his PhD.-thesis, Goldmakher set that « lies on a minor arc if 7 > (log ¢)2%.
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Putting this and (67) to Polya’s Fourier expansion and using Theorem 6.12 yields the
desired result:

18, (1) < V- (1og Q)70 41 +logq < /g - (log @)%t

Now we move to the major arc case. We continue by reducing the problem to the case
where « is a rational number by proving a slightly more general result.

Theorem 6.13. Let f € F, aa € R, z > 16, y > 16 and M > 2. By Dirichlet’s
Approximation Theorem, there exists a reduced fraction g with 7 < M such that

<. (68)

Set N = min{ } Then for all R € [2, 5],

’ha b|

3 @ Z ( >+(’)<logR+ a()gg(logy)2+loglogy>-
n<x n<N

neS(y) neS(y)

If M > (logy)*loglogy, then the error term is actually O(loglogy).

Proof. If N = x, then |a— 9| < .- and so

f(n) b 1 b
— - - — - - 1 69
; e e(na) —e Sn)) < 7; —onja— o <, (69)
neS(y) nesS(y)
which furnishes this case. Hence we assume that N = |m B < z. It is evident that

N > M (this being equivalent to (68)) and that

71
- rN’

‘ b

r

By Dirichlet’s Approximation Theorem, there exists a reduced fraction % with 7’ < 2N
for which

b/
a7

1
~ 2Ny

We observe that & # bf, holds. If this is not the case, then r = 7’ (as & and f—j are
reduced fractions) and then

1 b v 1 1 1
rN:’a_r :‘ 7S 2N S PN TN
which is a contradiction.
Therefore
1 b v 1 1
S r TSNy TN

This rearranges to v’ > N — 5. Moreover, since r < M < N, we have 5 < r’
Let us then split the summlng range into four parts: 1 < n < N, N < n ,
Rr' <n < e(logy)” , e(logy)* < n < z, where we yet again sum only over the y-smooth
integers. We bound these sums separately.
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First of all, we trivially have

R /
Z Ln)e(noz) < log - log R+ O(1).
,n N
N<n<Rr
nesS(y)

By applying Corollary 5.6. to the y-smoothed function f, we deduce

> LEln)e(noz) = > @e(na)
Rr/<n§e(1°gy)2 Rr/<n§e(10gy)2

(logR)? 2
< loglogy + 2"~ (1og )2,
glogy TR (logy)

We also have

Zﬁ%l

n logy
)

Z f(nn)e(na) < Z % < i

e(log y)? <n<z e(logy)2<n§$ nes(y
neS(y) neS(y)

The estimate () follows as in the proof of Corollary 5.6.
Putting these bounds together yields

> @e(na) = > @e(na) +0 (1 +log R+ (l()g\/%)Q(logz/)2 + 10g10gy> :
n<z n<N

neS(y) neS(y)

Combining this with the estimate (69) finishes the proof. If M > 2(logy)*loglogy, we
take R = (logy)*loglogy to get the desired result. O

Now observe that M chosen in (66) is > 2(log Q)*loglog @ for Q > 16. So Theorem
6.13 says that there exists N € [M, ¢| for which

S W= 3 W (20) s oosiose)

n
1<|n|<q 1<In|<N

nes(Q) nes(Q)
The main term on the right-hand side can be written as
Xm) (b _ X(n) (b - X(m) (_b
Z ne(r-n>— Z el —x(=1) Z el
1<|n|<N n<N n<N

nes(Q) nes(Q) nes(Q)

By using the Granville-Soundararajan identity separately to two sums appearing on the
right-hand side we find that

x(m) (b N _ X 1 70
P (F) e (70
nes(Q) des(Q)

We will prove the following:
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Theorem 6.14. Let N > 2, Q > 16, x be a character, and % be a reduced fraction'®
with 1 <7 <log Q. Assume that as 1 ranges over all primitive characters of conductor
less than r, M (x1; Q,log? Q) is minimized when 1 = ¢ (mod m). Then

Z X(n>e (b . n) < i(log Q)%"ro(l) + \/,Feo(\/l‘)g log Q)
n r N

1<|n|<N

nes(Q)

. {<1—x<—1>§<—1>>£<1og@>e-M<><w71°g2Q> if mjr

0 otherwise

Proof. Assume first that b # 0. We consider the set of all primitive characters with
conductor below or equal to r. Here we also consider the constant function 1 as a
primitive character modulo 1. Let us enumerate these characters as 1, (mod my) such
that

M (x¥1; Q,log” Q) < M(xthz; Q,1log” Q) < ---

First we consider the inner sum on the right-hand side of (70), that is

(x¥)(n)

n

)= —— 3 (1= D)) Y
(@) y moa 1) ned
nes(Q)

Since the behaviour of characters ¢ (mod %) is determined by the primitive characters
inducing them, we will define a set g4 as

Kqg= {k : mk%}

By the consequence of Theorem 2.5 (see Chapter 2.) we can write X'(d) in terms of
as

()=~ 37 (1= XD D)) Trhno) | Y0 Xl
4 (d) keKq ng% n
nes(Q)

Here xq is the principal character modulo the conductor of 1.
Furthermore, with the help of equation (4) this can be written as

x(d) = ;0((3 > (e ) v () (72)

keq
(1~ x(- D))t Y )
(n3)=1

I51f b = 0 we will require that r =1
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Applying Lemma 6.6. with Q-smoothed version (x1)g of the function ) in place of f
and noting that d < r < @, we obtain

Z (x¥)(n) _ Z (Xq/})nﬂ-k(’)(logd)

n<% n<N
nes(Q) (n.g)=1
(n.)=1 B -
- 11 (1_ (x LQ(p)) 3 (xwle(n) + Oflog )
plE n<N
- 11 (1_ (xd;)(p)) T (Xd;i(n) + O(logr).
plL n<N
n€s(Q)

Thus, by substituting this back to (72), we see that the main term of X(d) will be

8 5 ) ()l (- 22)

kEKa pl5 n<N

and the error term is of the size

< XO(;; S (

keKq

Z vmyglogr < \/Zlogr

5) keq

) e ( ) (0 Be(8) log 7

1
< (
by using the fact that |7(¢x)| = \/mx, that characters have absolute value at most one,

|Kal = ¢ (4) and m|5. The total contribution of such error terms to the left-hand side
of (71) equals

xX(d
> W<y ] \[10gv°<<flogr<<f10g1°g@7

d|r d|r

because r < log ). This is negligible compared to the bounds claimed in the statement
of the theorem. Now we move back to the main term. We will estimate the contribution
of characters ¥y, k > 2. By using Corollary 3.8 it can be estimated upwards as

2 (1) (mor e ly) o

ﬁ
d keICd pl%

simply from the fact that |x(n)| < 1 for every character and |7(¢)| = \/mx. Recall
from Chapter 4 that we have, from the estimate (21), that for all ¢ € F and T > 0 and
0 < M(g;y,T) <2loglogy + O(1). Therefore

1 M(x%:Q,log? Q) .
(log Q)e™ > g0

Note that we also have my < % for all k € Kgq and from (18) it follows

H (1+;> < loglog (g +2).

ply
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Using these facts we can continue our calculation from (73) to obtain that the total
contribution of characters ¥, (mod my) with k& > 2 is

90(1)\/2 <log log (2 + 2)) (log Q) Z e~ MOcPriQlog” Q)

r
d keKq
k>2

<

To make progress we must estimate the quantity M (x¢k, Q,log2 Q) from below. For
this we use the following results from [2]. Lemma 3.3 from that source states that if
k > 2 then

—_— 1
M Qulog? @) 2 (5 +01)) g @ (79
From Lemma 3.1 of [2] we deduce that if k > 1/loglog @ we have a sharper estimate
M(x¥w;Q,log” Q) = min D(X,vu(n)n; Q)*
[t|<log? Q

>

1
(1 - W) loglog @ + O(+/loglog Q)
= loglog@ + O(y/loglog Q).

These imply that the contribution of all characters ¢y, k > 2, k € K4 to X(d) is

< g}(lr)\/z (log log (2 + 2)) (log Q) ((log Q)3 37o(1) 4 (O(VIoglogQ) long)
d

< "o (1r) \/z (log log (2 + 2)) (log Q)3 +o() 4 \/E (log log (g + 2)) eOWVioglog Q)
d

Now the total contribution of such characters to the left-hand side of (71) can be esti-
mated as follows

< Zd( T \/>(loglog(d+2)>(10gQ) 2 1o(1) \/Z<10glog (;Jrz))eowm))

d|r d

< ﬁ(logIOg(r+2))Z(jl>2 (w(17)(10gQ) stoll) 4 @ VW))
d|r d

1 2o Y 42
< T(loglog(r +2))(log Q)3 " dzlg @

r(loglog(r + 2))60(V log log Q),

where we made a change of variable d ~— % on the third line. Using the estimates

(16) and d(r) < (logQ)°™") (this follows from (17) as 7 < log @), we obtain that the
contribution of all such a terms to the right-hand side of the Granville-Soundararajan
identity is

3
r2

1
< oglog(r +2))(log Q)+ Vd(r) s + Viloglog(r +2))eCVIFTED
< %uog log(r + 2))(log )3 () - loglog 7 - (10g Q)°") + /7 (log log(r + 2))eOVIE 12 )

< —(log Q)%-&-O(l) + \ﬁeo(\/loglog Q).

< -

The last estimate follows from the assumption r < log Q).
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Now we turn to the character ¥; (mod mq). Note that the exceptional character -
(mod my) appears in the sum X'(d) only when 1 € Kg4, i.e. when it induces a character
modulo 4. There are two cases to consider. If my {7, then 1 ¢ K4 for any d, and so the
exceptional character does not contribute anything. Hence, the theorem is proved in this
case. The situation is much more interesting when mq|r. Then the total contribution
of this character is

> S e () o () - -n)

r
d

o) | T (1- 22y ) 5o bt

n
p|ﬁ p n<N
! nes(Q)
T
dmq

By making a change of variables d — we see that this can be written in the form

R GV RUATAON I DIl D Db CR ETU N

dm1
n<N d| -~

my

nes(Q)

where

o (d) = (p(jmu(d)%(d) g (1 - W) _

Since «7(d) = 0 when u(d) = 0 or ¢ (d) = 0, it is enough to consider those numbers d
which are squarefree and satisfy (d,m;) # 1. We can calculate

B 1 X(p) —¥1(p) -p
7@ = so<m1>££< )
1 p+1
b @<ml>g<p-1>
@ sloglogd+2))".

In the step (x) we used Lemma 2.15. When this is combined with (75) and Corollary
3.8. we get that the total contribution of the character v is

=D (=) ™ () D 0e O)-MGQI0g?@) 4 _ 1 oz lo 2
€ (= D0 (w0 (0pQ) +10gQ>d§n;: o (loglog(d +2)
< (1= XDH 1) i (log @) MOFRIE @) L L

r p(m1) my
< (1= X (1) Y (10g )M TR ) (76)

p(mq)

This concludes the case b # 0. The remaining case b = 0 is easy to handle. If v is the
trivial character, then m; = 1 and the theorem follows from Corollary 3.8:

Xbi(n I
> o (1 (D) og Qe TR
1<|n|<N
neS(Q)

= (XD 1) Y log @) M TR D),
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as wanted.
If it is not, then we are done by applying Corollary 3.8 and using (74):

XU; (0] 2 — 5 TO0 o
> W < (log Q)e MO QLe"Q) < (log Q) (log Q)5 T = \[(logQ) g,
1<|n|<N

nes(Q)

as desired. The last equality is true from our convention that » = 1 when b = 0. So we
get the bounds claimed in the theorem also in this case. Proof is completed. (]

Now we are in the position to prove Goldmakher—Granville-Soundararajan Estimate.
Combinig Theorems 6.12, 6.13 (with f =Y and y = @, of course) and 6.14 we immedi-
ately deduce that

Theorem 6.15. Let x (mod g) be a primitive character and suppose that as 1 ranges
over all primitive characters of conductor less than log Q, M (x, Q, log” Q) is minimized
when ¢ = £ (mod m). Then

X ) < (1= xX(~D)E(~1)) 22 (10g Qe MO Q16 @) 4 (g Q)40
1<|n|< p(m)
<In|<q
for a # 0.
Combining this with the Poélya’s Fourier expansion yields in the case a # 0 that

vm
¢(m)
Using Theorem 4.9 gives the Goldmakher—Granville-Soundararajan estimate

Sy (0] < Va(log Q) exp (—(3y + o(1)) loglog Q) + /a(log Q)5+
< Vi(logQ) - (log @)%+
= Jq(log Q)L 0o,

We deal the case o = 0 separately. We have two cases to consider: 1 is either the trivial
character or it is not. The arguments are practically the same as in the case b = 0 of
Theorem 6.14.

Assume first that £ is trivial. If necessary, we use Theorem 6.12. to restrict the sum

> Wy

1<|n|<q n<q

Sy ()] < (1= x(=1)&(-1)) Va(log Qe MOER1E D 4 /(log Q)5 o).

to @-smooth arguments. Since ¢ is trivial we especially have £(—1) = 1 and so we can
calculate

=|
2

xé(n
a-x-) Y M gy neey) W
n<q n<q
nes(Q) nes(Q)
vm —M (x&;Q,log”
= (1—x(-1)¢(-1)Y—e x§;Q;log” Q)
(1= X(-DE(-1) 2
using Corollary 3.8.
On the other hand, if £ is not trivial, we have by Corollary 3.8 and (74),

(1—x(— ) > M) (log Q)3+

n<q
nesS(Q)
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Similarly as before, putting these bounds to Polya’s Fourier expansion and using Theo-
rem 4.9 gives the desired result. So the Goldmakher—Granville-Soundararajan estimate
holds also when o = 0. This concludes the proof. O

Goldmakher [33] also showed, using the construction inspired by Paley’s work [62], that
the estimate under the GRH is the best possible. Instead of Quadratic Reciprocity Law,
he used a more general version of this due to Vostokov and Orlova [81].

6.4 Character Sums to Smooth Moduli

There are much better estimates for certain special characters that the Pélya—Vinogradov
inequality produces. In this chapter we examine a few such cases.

Recall that a positive integer y is called smooth if its prime factors are small related
to y. If the product of all prime factors of y is small, then y is called powerful. We define

the radical of ¢ to be
rad(q) = Hp.

plg

In this section we show how the results of Granville and Soundararajan can be applied
to give bounds for sums of characters whose modulus is either smooth or powerful. Our
main reference of this section is [34] and other sources are mentioned when needed. In
order to keep this thesis relatively short, we will skip all the proofs of all the results
related to L-functions.

For characters with smooth conductors, Goldmakher proved the following improve-
ment for the Polya—Vinogradov inequality

Theorem 6.16. Let x (mod ¢) be a primitive character with ¢ squarefree. Then

[Sx ()] < vglogg <<logloglogq>é N ((loglog log q)QIOg(p(q)d(q))>> : |

loglog q log ¢

where d(q) is the number of divisor of ¢ and p(q) is its largest prime factor.

The key idea is to apply Theorem 6.10. due to Granville and Soundararajan. In order
to do so, we must gain understanding of the size of D(x, v; q). However, it is easy to see
that this actually equals D(x%, 1;¢). and so we are left to study the quantity D(x, 1; q).
In [34] Goldmakher showed!¢ that this distance is closely connected to the value of the
L-function at slightly right on the line o = 1:

D(x, 1;y)* = log

log y ’
_%8Y_| o).
(s, | TOW

Combining this to Theorem 6.10. yields

Theorem 6.17. Let x (mod ¢) be a primitive character and ¢ (mod m) be as in
Theorem 6.10. Then

. log q o oo )
ISy (] < Vqlogg ( L(sq7xw)|> + V4(logq)

= Vay/(log g)| L(sq, x| + va(log ).

16 ,emma 3 there
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Thus we have to bound L(s,, x¢) non-trivially. Lemma 4 in [34] tells that

Lemma 6.18. Given a primitive character x (mod ¢), let r be any positive number
such that for all p > r, ord,q < 1. Here ord,q is the largest non-negative integer ¢ such

that p|q. Also let
/I ord,q
q = | Ip e

p<r
Then for all y > 3 it holds that

Loy 0] < log + 2L 4/ (log ) o (p(@)d(a)

We wish to apply this lemma to prove Theorem 6.16. We face a problem, since x
might not be primitive. Instead we will apply it to the primitive character which in-
duces x®. Thus we need to understand the conductor of y¢. We start by quoting the
well-known result that for any non-principal characters x; (mod ¢1) and y2 (mod g2),
cond(x1x2)|[cond(x1),cond(x2)]. For the proof we refer to [34], Lemma 5.1.

Let x (mod ¢) and ¢ (mod m) be primitive characters as before. Denote the primitive
character which induces x) by ¢ (mod r). Then, choosing x; = x and 2 = % in the
well-known fact mentioned above gives r|[g,m], so r < gm. On the other hand, by
choosing 1 = x% and 2 = 1 we get ¢|[r,m], which implies ¢ < rm. These together
imply that .

<r < gm. (77)
m

We also need the following result which connects the L-functions related to v and &.

Lemma 6.19. Let x (mod ¢), ¥ (mod m) and £ (mod r) be as before. Then, for all
s € C with Rs > 1,

L(S,x%/f)‘
— =l <« 1+ loglog m.
‘ L(s,€) B8

The proof is omitted, but it can be found from [34] where it is recorded as Lemma 5.2.
Now we are ready to prove Theorem 6.16.

Proof of Theorem 6.16. The immediate consequence of the previous lemma and the
assumption that the conductor of 1) (mod m) is less than (log q)%, is that

|L(sq,X¥)| < | L(s4,8)| logloglog g. (78)
We also have that r|[g, m] and so for all primes p > m we have
ord,r < max(ord,q, ord,m) = ordyq < 1,

since ¢ is squarefree. Now we can apply Lemma 6.18. to the character £ with choices

y = q and
q/ _ H pordpr
p<m
to give
IL(50.€)] < logd' + —22" 1 \/(logr) log(P(r)d(r)). (79)
@ loglogr
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The remaining thing is to bound the right-hand side in terms of ¢. For the first term

logq = Z (ord,q)logp
p<m
< Z (ordpq) log p + Z (ord,m)logp
p<m p<m

< O(m) +logm < (log q)%,

since the conductor of ¢/ (mod m) is below (log¢)3. The second term can be estimated
with (77) as follows
log r log q

loglogr — loglogq’

For the final term we have

d(r) < d(gm) < d(q)d(m) < d(q)(logq)*

ol

and
P(r) < max(P(q), P(m)) < P(q)P(m) < P(q)(log q)3.

Combining these, and taking the clear estimate log r < log ¢ into account, estimate (79)
yields

L(s5,€)] < (logq)? + 101;1% + \/(log q)1og (P(q)d(q)(10g 0)? )

+1/(log q) log(P(q)d(q)),

log q
loglog q

where the last estimate follows since (log Q)i < logjlgo'éq and (logq) log((logq)g) <

(log q)? < (log q)(log p(¢)d(q)). Combining this with (78) and Theorem 6.17 completes
the proof. 0O

As a consequence we also have the following estimate

Corollary 6.20. If x (mod q) is primitive with ¢ squarefree, then

(logloglogq)? . (logloglog q)2log p(q)\ *
log log ¢ logq .

1S,(t)] < Vlogq (

This follows at once from Theorem 6.16 as log d(q) < log’i’éq (see Lemma 2.15).

For primitive characters with powerful conductors, we have another estimate under
some extra conditions.

Theorem 6.21. Let x (mod ¢) be a primitive character with ¢ large and

rad(q) < (exp(logq) 7). (80)

Then i
ISy (1) << v/q(logq)=+*

For the proof we need the following lemma:

Lemma 6.22. Let y (mod ¢) be a primitive character with ¢ large and

rad(q) < exp(2(log ¢)1).
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Then for all y > 3 we have X
|L(sy, x)| <e (log g)17e.

For the proof we refer to [34], Theorem 2. Now it is easy to complete the proof of
Theorem 6.21:

Proof of Theorem 6.21. We maintain the notations of this section. We start by noting
that rad(m) = ][, » < [I,<,, » = exp(6(m)). Therefore the PNT, fact that conductor

of 1 (mod m) is less than (logq)3, and the assumption (80) assert that

rad(r) < rad(g)rad(m)

< exp | (logg)® + logp
pl

N[

IN

exp((log ) + Clioga)¥) < exp (5 1oza)? ) )

for a sufficiently large q. Here C was just an absolute constant. The estimate (77) tells
that for a large enough gq,

i N i
logr * < log -~ S 1710glogq >g.
log q ~ \ logq - log q -3
Combining this with (81) implies that rad(r) < exp(2(logr)?). This with Lemma 6.22.
and (78) produces

|L(sq:x¥)| < (logloglogq)|L(sg, &)
<. (logloglogq)(logr)is
< (logloglogq)(log gm) i+
<. (logq)i*e.

Plugging this into Theorem 6.17. gives the desired result:

Sy (1) <. Vallogq)F** + /q(logq)?
< q(logq)sTe.

ool ool~1
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