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ABSTRACT

The work reported in this thesis can conveniently be divided
into two parts,

The first deals with the design, operating procedure and major
inherent errors of an equipment intended for indoor measurements of the
near scattering or diffracting properties of cyliinarical obstacles with
lateral dimensions coméarable with the wavelength, The equipment consists
of a parallel-plate region, suitably terminated so as to effectively
simlate a region infinite in the plane of the plates. It has been
‘designed to measure amplitude and phase, both in the shadow and on the
illuminated side of the cylinders, in the 3 om, wavelength band.

The usefulness of the instrument has been assessed by meking
measurements on metal, circular cylinders, whose scattering properties
have been well established, |

In the second part of the thesis the equipment has heen applied
to measurements on cylinders of circaular, rectangular and square cross-
section, the last two for both metal and polystyrene and for two differ—
ent orientations. Structures consisting of two coaxial cylinders have
also been treated,

Calculations have been made for comparison in some of the cases.
The c:%.rcular cylinder has been treated in detail, with respect to the
diffraction resonances that occur because of the field's penetration
of the cylinder material,

The far fields of the polystyrene, circular cylinder have been

discussed for both plane wave and cylindrical wave incidence, and some



of the calculations repeated for comparison purposes for a material

with a relative permittivity of 4.

Measurements bave been made on several dielectrics, to deter—
mine the effect on the scattering of the change in the eiectrical prop-

erties of the material,



Acknowl edzements.

The general guidance of Prof, Willis Jackson, F.R.S5, and
of Mr, J. Brown is gratefully acknowledged, as is the financial
assistance of the Dept. of Scientific and Industrial Reseaxrch,.

Thanks are extended to the University of New Brunswick for
the award of an Overseas Beaverbrook Scholarship and its extension
and to the Canadian Defence Research Board for a subsequent study
grant,

The Weissfloch test on the phase shifter was made by Dr,
R. E, Collin and the 1.25 cm, spectrometer measurements by Mr, P,

Sollom.



Abstract

CONTENTS.,

Acknowledgements

Chapter 1l ~ Introduction

Chapter 2
2.1
2.2
2.3
2.4
2.5
2.6
2.7
2,8
2,9
2,10
2.1
2,12
2.13
2.14

Chapter 3
3.1

3.2

Measuring Equipment and Teclmique
Introduction

Feed System

The Parallel-plate Region

Signal Source and Auxiliary Equipment |
Probe Assembly

Phese Shifter

Rotary Attemator

Obstacle Holders

Line Field Distritution

Line Wavelength

Probe~Position Calibration

Effect of Variation in Line Spacing
Phage Measurements

Amplitude Neasurements

Scattering of a Plane Vave by é Hetal Cylinder
Theoretical Solntion

The Scattered Field

12
14
14
15
16

20

20.

22
26
29
29
34



363
3.4
3¢5

‘Chapter 4

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8

Chapter 5

5.1
5.2
53
5.4

Chapter 6
6.1
6.2

6.3

Auxiliary angles

Distant Shadow Phase

Experimental Resnlts

Diffraction of a Plane Wave by a Dielecitric

Cylinder

Theoretical Solution

Near Pields

Auxiliary Angles

Scatiering Resonances

Far Fields

Scattering Cross~section

Angular Distribution of the Far-scattered Field

Experiments on Misceilangous Materials

Diffraction of a Cylindricel Wave by a Dielectric
Cylinder

Introduction

Theoretical Solution

Curvature Effects

Analysis of the Curvature Factor

Internal Field of a Dielectric Cylinder
Introduction
The Form of the Field

Resonances of the Internal Field

37
39
4

42

42
44
48
50
52

56
60
61

65

65
65
67
68

71
71
71
76



Chapter 7
7.1 -
7.2 -
Te3 -
7.4 -
7.5 -

Chapter 8

8.1 -
8,2 -
8.3 -
8.4 =~

8.5 -

¢

Conclusions
Appendix I

Appendix II

Diffraction by a Coaxizl Cylinder

Theoretical Solution

Thin-sleeve Approximation

Calculations and Experimental Results

Correction for a Curved Incident Wave Front

Line Source on the Cylinder Axis

Diffraction by Cylinders of Sgquare and
Rectangular Cross-section

Introduction

Metal Squares

PonstyIjene Squares

Metal Rectangles

Polystyrene Rectangles

Table of the Scattering Function C,

Teble of the Scattering Function D

Appendix III The Cross—-section Theorem

‘Bibliography

81
81
84
85
86
87

90

90
90
92
93
97

98
A-1
A-5

£-9



CHAPTER I,

INTRODUCTION,

The d:.ffracting properties of cylinders have not received the
attentlon given to those of spheres. One Teason may have beon the diffic-
ulty of performing experiments on c¢ylinders in free space whlch was, until
recently, fhe only technique available. Because of the experimental 1imit-
ations, the work done has been confined almost exclusively fo cylinders of
circular cross-section, and the near fields, which would be expected to be
the more complex, have been almost completely neglected. The development
of micfowave techniques has noﬁ made it possible to perform experiments on
obstacles whose dimensions place them in the ;Luteresting transition region
‘between those of optics and queasi-statics, _ |

Interest in the scattering properties of s cylinder has two main
’practical baées. The far-scattered field gives the usual indication of
its interfering or obstructing effect., The near field is of ‘importahce in
determining the dlelectric propertles of an array of cylmders, since it

sy Lindenrs
determines the nature of. theA coupling bei;ween the elements. The dispersive
properties of an array would be expected to ’deai' sbme relation to those of
the individual elements,

An historical introdﬁction will now be given to indicate the scope
- of the pi'evious work, as far as‘, it is kuown to the writer, -

A formal solution of the problem of the diffraction of a plane
‘wave. by & dielectric cylinder, coﬁ_sidered t0 be infinitely long a.ﬁd of

ecireular cross-section, seems t0 have been first given Wy Reyleigh, He



oxpanded the incident, extemally—scatﬁered and internsl fields in & ser-
ies of Bessel functions and solved for the amplitude coefficients of the
temé of the series by matching the tangential electric and megnetic fields
across the boundary of the cylinder, He dealt with both pa;'allel and
perpendicular polarigzations, In a later paper he made some numerical
calculations, baéed on the previous solution, for the following cases-
(2) ka in the range 0,4-2,4, where ka= 27 x radius/wavelength,
(v) smell cylinders for which the first few temms of the series
expansions of the Bessel functions sufficed,
(¢) large cylinders whose index of refraction differed so
little from that of the external medium that the internal field could
be approximafea by the incident field. | |

The solution for the metal cylinder was given by Thomson, tut
he did not give the chplete Bessel function expansion for the incident
field,

Seitz derived Rayleigh's solution and made some near-field calc-
uniations for small cylinders 6f copper, pletimm and steel, He, also,
considered both polarizationms,

Ignatowski obtained the golution for dielectric, metal and imp-
erfect metal cylinders, but gave no calculations,

Schaefer and Grossman used. the solution for a dielectric cylind-
er ‘to meke calculations for a water cylinder in a glass tube ( neglect-
ing the loss of the water and the effect of the glass). Using demped

waves of 24-58 ecms, wavelength and a cylinder small with respect to the



wévelength they gave experimental results and calemlations for tlie‘
near, shadow fields and tried 0 explain them on the basis of the
natural oscillatioﬁs of the cylinder, |

Zavigka treated multiple scattering by arrays of metal.éna
dielectric cylinders, while attributing the solution in series form
to Seitz and Ignatowski. In his finsl ‘an,alysis he dealt with only
far fields and small cylinders, '

_ Kobayashi—lwao gave a solufion for the scattering -of a
damped wave by a dieiectric cylinder and compared the calculations
‘with the experimental results of Schaefer and Grossman,

None of the continental papers refefred t0 the work of
Rayleigh,. a circumstance notéd by him in his 1918 paper.

Thilo discussed the radiation pressure on a dielectric
cylinder,

Lax and Feshbach gavé tables of scattering and abéorption
coefficients,

Temarkin gave experimental results, taken along & line transe
verse to the direction of incidence, for far field scattering of an
acoustic wave behind a liguid-filled cylinder of polystyrene in water,
The cylinder was about 5 external wavelengths in radiunas.

Papas, using the variationai principle of Levine end Schwinger,
derived an expression for the scattering cross-section of & metal
¢ylinder of any radius, o

1 Kodis made calculations and measuremen;bs on the near field

scattering of a cylindrical wave by 2 metal cylinder of radius comparable



with the wavelength(1,25 6m3.).‘Scme measurements wers also made on poly-
styrene cylinders, All the measurements were made traﬁsverse to the dir-
eetiqn of incidence and at several distances behind the cylinder.

Montroll and Hart gave an approximate solution for scattering by
a dielectric cylinder which subjects the incident field to only a small
phase shift.

Fraﬁz and Depperman explained the fluctuations in the angular dis-
‘ trivution of the field scattered by a metal_cylinder as due to the inter-
ference between the geometrically reflected wave and a surface wave
creeping around the cylinder,

Faran made calculations and measurements on the angular distrib-
ution of the field scattered by metal cylinders of radii up to approx-
imately a wavelength, The results were discussed in relation to the natur-
al acouétical vibrations of the cylinder, In a latexr paper hg treated the
influence of the curvature of the incident wave front on the far field
scattered by a metal cylinder,

Miles discussed the fieid scattered by a small cylinder,

Bézuezka made calculations to check the experimentel resulis of
| Tamarkin,

Underhill, using free-space methods ét 3 cms., made measurements
and calculations of the far shadow field of metal cylinders over a range
of diameters extending from 1 inch to 3 feet,

Carter presented calculations for the scattering of plane and
dipole fields by various configurations of cylinders,

Sinclair discussed the field of a dipole in the presence of 2



conducting, eiliptic cylinder,

Moullin gave the results of some calculations on scattering by a
metal cylinder,

Row treated theoretically and experimentelly the scattering of a
3 cm. cylindrical wave by two conducting cylinders, with the cylinder
spacing and radius coﬁ:pamble with the wavelength,

" Wiles and Mclay did measurements and cz_ilculations similar to those
of Kodis, tut in free space and at a vavelength of 3 ctﬁs.

On the basis of the above referenées it would appear that the
only previous attempt made to compare theory with experiment for the near
field of a dielectric cylinder, under approximately equivalent conditions
of calculation and measurement, was that of Schaefer and Grossman and
Kobzyaghi-Iwao, They used damped waves, small cylinders and neglected the
water loss.

No work appears to have been done on determininé the properties of
an array of dielectric‘ ¢ylinders of any cross-~section or of metsl cylinders
for other than circular, Neither have the scattering properties of the
individual cylinders of square and rectangular cross-section been measured
or calculeted,

_ The work to be described in thies thesis was therefore planned to
be in the following directions-

(a) to construct equipment for use in the laboratory in studying
the near fields of cylindrical obstacles, Interest would be primarily in
the shadow fields, and of obstacles with lateral dimensions comparable with

the wavelength, The usefulness of the equipment was to be assessed by



studying the fields for the conducting cylinder, since its scattering
properties have been well established,

(b) to make calculations and measurements of the near scatter-
ing by a polystyrene cylinder; since the material would be fairly easily
obtainable, would machine well and have a loss small enough to be neg-
lected in the calculations, Calculations were to be made for the far
fields, for comparison, and for a curved wave front as well as a plane
to show the conditions under which the plene wave incidence assumption
is valid,

(¢) to meke measurements on other materials, with the view of
observing the effect of the constants of the 'materia.l on the scattering
properties. The corresponding calculations would not be possible,
because of the lack of tables of Bessel functions of complex argument,

' (d) to make calculatioms and measurements on scattering from
coaxial cylinders,
| (e) to measure and, where possible, calculate the scattering
from metal and dielectric cylinders of‘; -square and rectangular cross-
section, both because of their being an example of sharp-edge diff-
Taction and because of their possiblve practical use as elements in an

arraye



CHAPTER 2,

MFASURING EQUIPMENT AND TECHNIQUE

2.1, Introduction,

The scope of diffraction measurements hag long been limited by
the necessity of peﬁoi;aing them under free space conditions, either in
a large, open space or in an enclosed space where unwanted reflectioms
are eliminated as mmch as poasibie by careful positioning of apparatus
and the use of absorbing materials on the walls, etc, |

In addition the calcuiations, in the case of obstacles with
cylindricael symmetry, are based on the assumption that the obstacles
are infinitely long, Since, in practice, they are always finite, they
must be many wavelengths long if the assumption is to be reasonably
valid, The cost of such obstacles, and the difficulty of dimensioning
them to the required tolerances, limits one's choice of materials and
obstacle cross-section,

As a first attenmpt tqward ‘improvement over the freé space
methods, Kodis used a single, image plane in his study of scatbering
by cjlinders. Then independently at this Laboratory( 'bf Lidnamdly) and
at Cruft Laboratory( by Row) the parallel-plate technigque was developed
to make s two-dimensional treatment of the cylindrical-symmetry problems
possible, The equipment to be described in detail later was based on
the general design outlined ix‘lﬂK;amdly'a work, wﬁich describes a system’

‘used to study the properties of artificial dielectrics in the 10 cm.



region by, in the main, amplitude measurements only.

The method involves confining the field from fthe source between
two parallel, metal plates, so that the éource aﬁd obstacle can be con—
pidered infinite in a direction normal to the plates, The electric field
is everywhere normal, also, The plate Spacinéjkept 1es’s than a halfwave-
length, so that oz}ly a TE%E/:\:‘;.‘E;re can p:_ropagate between the plates, A reg-
jon infinite in extent in the plane of the plates is simlated by match-

' :_ng the edge of the finite region to the ‘external space t0 prevent the
presence of standing waves between the plates,

Space requirements are mach reduced by the method, interference
of the auxilisry apparatus and the operator with the fiéld region is
elimingted and the length of obstacle required is only that of thé plate
spacing, A more systematic méésuring programme can be carried out, ‘comp—
ared with the usual practice with out-of-doors equipment, where weather
conditions usually detemmine to a great extent the possible working
schedule,

The arrangement of the parallel-plate region and the‘ auxiliary
equipment,-the method of mounting the obstecles in the line, the meas-

uring procedure and the major sources of error are discussed in the foll-

owing sections,

2.2, Feed System,

Since it was impossible to provide a plane~wave source for the

parallel-plate region, two alternatives were available, One was to use a



line source, such as a _small horn, and meke all the subséquent cale-
ulations on the basis of a.‘cylindricai incident wave, The other was to
provide a wave front plane over as widé a region as possiblé and to
llmit “the. lateral dimensions of the obstacle to that region, such as
by & wide, lens-corrected horn, The fomer method was adoPted at Cruft
Lavoratory, the la_tter here,

The primary feed comprised a wave gu'ide section of 1/ 2" x 1"
. I.D, temminating at the throat of an B-plane sectorzl horn, The latter
flared to an aperture of 23 1/2", with an aperture-throat length of
25", The aperture distribution was phase-corrected ‘by a plano-convex
lens of polysﬁyrene, of focal length 25" and maximum thickness 4.5",

AThe top and ‘thtqm plates of the horn were of_1/16" ‘brass and
screwed to side spacers of ]1/4"-: I/2" brass, giving a plate; spacing
of 1/ 2", The eperture and throat ends of the horn were provided with
9¢degree engles for fastening to the transmission line and feed wave
‘_guide respectively, The side walls of the htter were tapered to an
edge where they entered the horn throat, to providé e .b.etter traxisition,

‘andeere soldered to the side spacers of the horn,

2,3, The parallel-plate region,

The overall length of the transmission line, from the h_orn to
the far termination, was approximately 16 ft, The width waé 30".. The
éeneml features are shownr in Plates I and II and in Fig, 2.1,

The line plates were of two general types-

(2) sections of 3/8" x 30" bakelite covered with a



PLATE I, General view of the parallel-plate equipment,
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Fig. 2.1, Top view of the parsllel-plate region and the feed systenm,
(a) Top plate on. (b) Top plate removed.



PLATE II., View of the measuring end of the parallel-plate equipment, with the hinged
and detector plates removed to show the arrangemént of the wedges, the

obstacle mount and the section angles,
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0,001" layer of tinfoill, There were 3- 40" sections and 2- 9 1/2", Each
was provided with transverse 1" x 1" angles for fastening together and ,
in addition, each 40" section was ribtbed with 2- 1" x 1 1/4" charmel
pieces to give them extra rigidity. The jbinfoil wag applied by first
coating the cleaned bakelite with a thin film of a hot solution of
vaseline in carbontetrachloride, allowing the latter about a half-hour
to evaporate, and then pressing on the foil, The ends of the foil were
extended over the edge of the angles and were clamped between the
sectiong. |
Thé‘ends of each section were machined parallel to each other
after the angles had been screwed on, |
(b) three brass sections, with angles as for the
bakelite. Two were 1/4" x 30" x 11 3/4" long vwhile the third, which was
to serve as a combined detec}tor and obstacle section, was of 3/8" brass
and 30" square. The plates of the third secti_on had angles on all four
sides and the bottom plate had extra ribbing of the Asame angle meterial, -
The top plate was slotted 1/ 16" x 21" along a center line and was backed
by a ribbing of 2" x 1" chamnnel, The inside surfaces of the detector
section and the top surface adjacent to the slot were machined flat,
All the brass sections were fitted with lifting handles.
| The top aﬁd bottom plates were separated, and the parallel-
plate region terminated, by wooden wedges coated on their top and bottom
surfaces with Aquadag(colloidal carbon), The side wedges were of oak,

nominally 1/ 2" thick, and in pieces 7" wide, They were cut with a flat



1.

top of 1 1/2" and a taper’of 4" and gave a VSWR of less then 1.03, The
end wedge was of teak, flat for 2" and tapered for 5", Its VSWR waé less
than 1,02,

TE AND ,

To confine the propageting mode to the iemssis—e=r TEM, the
plate spacing was kept less than & half wavelength, Some drying-out of
the wedges took place after the liné was assembled, & later check show-
ing a spacing of 0.480" plus or minus C,010", 2%t this spacing end a
source wavelength of 3,275 cms,, the atftenuation constant for the next-
highest mode was 48,9 db, per wavelength, or a reduction by a factor of
about 280 per wagvelength,

The choice of the width of the plates had to be governed by
economy as well as by the signal evailable, A wider aperture would have
resulted in a higher signal level at the center of the line, but necess-
itated an increase in the length, as will be seen,

The length had to be mede sufficient to ensure a reasonable
behaviour of the axial distribution of the electric field, 4t short dis-
tances from the aperture the field amplitude oscillates with distance
along the central normal, the oscillations tending to disappear as the
Fresnel region is iraversed, i,e., &8 the number of Fresnel zones, es
seen at the field point and covered by the'aperture, decreases, The

behaviour can be illustrated by the following spiral diagram(Fig., 2,2)-

Fig, 2.2 AP v
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Near the ape;;‘t:ure the téminal of the total-field vector V lies on
~ an inner curl of the spiral. As the observation point is moved away from
the aperture, P moves out along the spiral and T downward to thev right.
The last miniinum has been passed when the aperture covers only one
Fresnel zone at the field point, i.e., when the contribution from the
aperture edge lags that from the center by 180 degrees,
| In the present case it was anticipated that a length of line
sufficient to prﬁduce an angle of approximately 120 degrees(point P')
would serve as a starting point in the désign. For the épermfe in
.question this gave a line length( to the obstacle and measuring region)
of approximately 13 1/2 feet,

This aperture-distance relationship corresponded to that for
the lequipment used by Sterns and Hamren, For their case a 30" para-—
boloid at a wavelength of 3,20 cms, gave an almost-flat amplitude

distribution in the region of 120-180 wavelengths,

2.4, Signal gource and auxiliary equipment,

The general layout of the circuit is shown in Fig, 2.3, The
signal source was a (V-129 re_flex klystron, operating af a wavelength
of 3,275 cms,, with an output of approximately 100 mw, It was supplied
with power from a BTH Type 698 electronically-stebilized unit, with
square-wave modulation availeble at 2500 cps., The ﬁnit itself was fed
by way of a constant-voltage transformer which gave an additional

correction to the supply-voltage fluctuations of approximately 40:1,



LEGEND FCR FIG, 2.3, OPPOSITE,
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Fig., 2,3, Schematic layout of the parallel-plate region and associated equipment, The
legend is given on the opposite page. ,
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A small blower provided cocling for the klystron,

The signal was carried by standard 1" x 1/2" I,D, X-band
wave guide to a directional coupler based on the cruciform design by
Brewitt-Taylor and with an attenuatvion of 21 db, The main signal wag
then led by way of a padding ‘attermatoi' and s scréw—-type tuning section
to the sectoral homrn.

The =21 db signal from the directional coupler- t0 be used as

- a reference signal for the phase measurements— was fed by wave guide to

the far, or operating end of the line, It passed th:fough a flap atten-
uator, a rotary attenuator, a phase shifter and fin)ally another screw-
tuner section to the H-arm of a Magic T, The E-am of the T was temin-
ated in a commercial wave guide to coaxial line transformer with tuning
screws, ‘j:‘he two side arus of the T were terminated in a matched load

and a tunable crystal holder respectively. The .output of the crystal;

a BTH coaxial Type CV-2226, fed an amplifier-detector tuned to the

2500 c¢ps modulation frequency. The amplifier, with its :-;elf—contained, |

electronically-stabilized power supply, had & gain of 140 db and was

- fed, as was the klystron supply, through a constant-voltage transformer,

One end of a 41" length of coaxial cable terminated at the E-am of the

T, the other at a modified BIH 3 cm. probe assembly situated at the

8lot of the line detector section,
Frequency was monitored by a BTH Type No; 2 cavity wavemeter
and pover by a -21 db signal teken off the main wave guide Tun by a

directional coupler similar to the one already described.
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2.5. Probe assembly.

_The probe assembly was based on a BTH design. It incorporated a
probe-depth adjustment and a short-circuit plunger, .The termination wase
modified to take either (a) a BTH Type 2226 coaxial crystal and a Belling
Lee temminal or (b) a microwave temminsl on the coaxial line leading from
the E-arm of the Magic T, |

The assembly was mounted on & 3" x 5" x 11/16" caéf iron base
block with a 1/16" x 3/8" x 2" tongue penetrating into the detector
plate slot, The probe, of 0.007" copper, peneirated the tongue through a
0.013" hole in a poliystyrene insulating sleeve pressed iﬂto a 0,055"
hole in the tongue, A& probe-depth range of approximately 3/16" was availe

able, Felt wipers on each end of the base block served to protect the

sliding surfaces,

2,6, Phase shifter,

The phase shifter was of the trombone type(Plate III) and was
based on the circumstance that one type of X-band wave guide(0.4" x 0,97
I,D,) can, with very little manipulation of the surfaces, be made to slide
smoothly in the other type(0.5" x 1.0" I,D.). The slide portion was in
three parts, Two were 4" long pieces of the smaller wave guide with mount-
ing brackets fitted to one end, The thii’d wag 8 U-sloped section of dural-
umin, It comprised two pieces, each milled with & semi-circular slot 0.4"
x 0,45" with a radius of approximately 3 inches. When screwed together

. the two pieces formed a semi-circular piece of 0,4" x 0,9" wave guide, to



PLATE 11I. The phase shifter with the slide extended to show the matching steps

between the two wave guide sizes,
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which the 4" sections were screwed,

To match the wave guide sizés, quarter-wave steps were cut in the
free end of the 4" sections of smaller guide,

The movémen‘b was controllled by & screw mechanism with a pitch of
1A mm,, and the slide positibn indicated on & dial gauge gmduated-in‘0.0l mm,

A thin film of vaseline on the sliding surfaces made the movement
lighter and a Perspex(Iucite) housing protected them from dust and tims
abrasion, |

This type of phase shifter has the advantage that the total phase

shift is double that corresponding to the slide movement,

2.7. Rotary ettemiator,

A major problem in phase measurements is that of controlling the
amplitude of the reference signal without at the same time changing its
phase, The piston attenuator is sometimes used, but involves a large
insertion loss- usually of the order of 25 db- if it is to operate“in its
constant-phese range, The phase shifter and atbtermator combination uging
& travelling probe in a matched wave gnide section, and a resonant wave
guide section, respectively, is perhaps the least expensive, but involves
a high loss due to the extra cables and connections required,

For this work the rotary attemator was used(Elliott, Type B-204).
The theory of its operation is given by Southworth and by Hand, It bad an -
insertion loss of less than 1 db, & theoretically~constant phasé shift |

with setting and & VSWR of less than 1,063,
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2.8. Obstacle holders,

For all the shadow-field measurements the obstacles were insért—
ed into the lins frqm above, The two line sections preceding the detect-
or section were of brass, The top plate of the section adjacent to the
latter was hinged to its bottom partner at one end, It is shown un-
hinged in Plate II, and moved from its normally-closed position, to

show the details of the line interior. The angle holes for comecting

it to its neighbours were reamed and fitted with machined pins, rather

than with ordinary screws, so that when closed its inner surface pres-
ented a minimum discontimuity with that of the adjacent plates, The
bottom plate of the hinged section -had‘been previously fastenéd to the
corresponding plate of the detector section and a slot 3/32" deep x
5/8" wide x 12" long milled in the combination, extending for 5" into
the detector section, This slot was then fitted with milled brass strips.
On each obstacle a short projection was machineé.(Plate V) to
permit locating and'orientatioﬁ in the line, For the cireular cylinder
it was 3/16" in diameter and, for the squares and rectangles, 0.200"
squaxre, There was a corresponding strip to be used for each measure-
menf( as shown in the same Plate IV) so that, in the case of the squares
and rectangles, either normal or diagonal incidence could‘ be employed.
Inserting an obstacle then involved unpinning and raising thé
top hinged plate, placing the obstacle on the appropriate strip, which
was ‘then‘placed in the slot, sliding the combination into the detector

section and finally, filling the remainder of the slot with the strips,
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The hinged plate was then closed,

The obstacle was aiways located abbut 4" inside the detector
section and was‘machined slightiy long so that a positive contact would
be produced between the cylinder and the plates,

The position of the locating recesses in the strips, relative
to the far end.of the line, was known to 0.001;'.

Towerd the end of the programme the modification shown in Plate
V was made to the bottom detector plate to enzble measurements to be
repeated for some of the obstacles in theirvstamding-wave region, 4
6" diameter hole was cut in the plate and a covex«-plate prov1ded, with
3/ 8¢ ghoulders on the cover-plate and on the rim of the hole to ensure
the cover's fitting flush with the immer surfece of the main plate, The
relative depths of the two rims were adjusted so as t0 protect the
sharp edge of the cover-plate's upper surface when inserting :‘Lt in the
hole, Three wing clamps with thumb screws kept fhe plate in position
during a medsurement., To enable the cover-plate to be inserted émoathly,'
a gap of approximately 0,002" was left between it and the rim, |

A shallow 3/16" hole was drilled in the center of the upper
surface of the cover-plete to permit the circular cylinders to be
located(these were the; only ones measured), The method of inserting the
cylinders in the line is obvious in this case,

The two strips seen fastened to the rim, and placed at 90
dégrees relative to each other, were provided to avoid the inconveniehce

of removing the plate again if it had been found possible at a later



PLATE IV. Obstacles typical of the three cross-sections studied. The corresponding

recessed strips for locating and oriemting the obstacles are also shown.
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date to repeat some of the rectangle measurements., The corresponding
strip on the cover-plate permitted repeating some of the circular
cylinder measurements for two mutually-normal orientations of the cover-

plate, to determine the effect of the discontimity of the inner surface,

2.9, Line field distribution,

The transverse field distribution for the empty line in the
measuring region is given in Fig. 2.4. While it is far from plane, it
is flatter in phase than would hsve obtained with a 1ine'source. One
was still safe in the assumption of plane wave excitation for the
obstacle, however, since, for the largest measured, the maximum phase
deviation was less tﬁan 1 degree and the amplitude variation less than
1 percent,.

The transverse field was measursd by turning the detector section
80 that the slot was normal to the line axis, Hence the reason fo? the
square section and the angles on all four sides, A centimeter scale and
associated vernier of 0,1 mm, were used to locate the position of the
probe carriage, To avoid élot radiation during the measurement, brass
strips were méchined to fit into the slot flush with the under side and to
extend under the detector base plate to the end of the tongue, They weré
cut to various lengths so thmt, as the probe carriage waé moved across the
line, they could be transferred from one side to the other and so keep the
slot filled,

The mean value of the axial field distribution was constant to

within plus or mimus 1/2 percent over the obstacle and measuring region,



PLATE V. Arrangement of the hole and cover-plate in the detector section for

standing-wave measurementa,
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with the exception of a 4 cm. region at one end of the slot, where there
was an increase of approximately 5 percent, The increase appeared t0 be
too abrupt t0 be a Fresnel phenomenon, so it waé considered to be due to
either a resonance condition between the carriage tongue and the end of
the slot or to a variation in the penetration of the probe, Closing a
short section of the slot with a metal strip did not cause the field
patternvto move down the slot a corresponding amouni, so the first sugg-
estion was maled out, With respect to the other possible cause, on the
basis of the crystal's current being proportional to the square of the
probe penetration(Barlow and Cullen, p, 139) the increase in current
could be accounted for by an increase in penetration of the order of 0,0037
If such a change in penetration were responsible, it could be allowed
for in the measurements by normalizing, at each probe position, the total
field with an obstacle in the line to the incident fielé. This was done
in the initial measurements on the metal cylinders and the difference
between the measured'and calculated fields appeared to justify it., Later
it was found possible to measure the thickness of the éetector plate
along the slotted region and a decrease of the assumed welue wes found
in the region in question. That nommslizing procedure was therefore foll-
owe& in all the measurements, since the small fluctﬁation in the field
along the remainder of the measuring region could have been accounted for

by variations in the plate thickness well within the tolerance possible

in machining such a large surface on both sides,

Reflections from the terminating wedge produced e small standing-
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wave on the main distribution. This was equivalent to a VSVR of less than

1,02 and had to be absorbed in the normalizing,

2,10, Line’ wavelength,

A short-circuit method was used to detemine the line wavelength,
To achieve greater accuracy a 0,01 mm, dial gauge as indicator was fitted
to the probe carriage, The distance between adjacent xﬁinima was éefemined
along the mejor part of the slot length and the aversge taken, The result
was a value of 3..280 em,, With a scatternof approximately plus or minus
1/6 percent, Later the value wes again found by using the phase shifter
and the matched termination., The probe was moved a definite disténce along
the slot and the phase shiff between the points determined. Again the
result was 3,280 cm., with & scatter of plus or minus 1/4 percent, The
absénce of a systematic vgriation in the wavel.ength along the slot was
evidenced by the results of repeating the measuremént se.veral tires in
both cases, |

The low level of attenuation due to the finite conductivity of
the plates and the $infoil was shown during the above measurement by the
absence of a tendency for the amplitude of the field at the minims pos-
itions(iﬁ this case not detectable) to rise as the probe was moved down

the Aslot toward the short-circuiting plate,

2,11, Probe position calibration,

The probe position(for the vernier at zero on the accompanying

scale) with respect to the obstacle mount wés then detemine‘d by the
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standard short-circuit procedure used in wave guide measurements(Barlow
a2nd Cullen, p. 125), The accuracy with which this could ve found depend-
ed, of course, on the previous determination of the line wavelength,

Again the initial obstacle measurements were dependea on to reveal a

possivle discrepency. The later measurements in the standing-wave region

would have been more sensitive to an error in the wavelength than would
those in the shadow, beceuse of the more-rapid changes in the field
amplitude, The results indicated that the value previously used could

not have been much in exrror,

2.12, Effect of variation in line spacing,

Aps stated before the spacing was kept less than g half wave-
length, to preven£ modes other than the Tﬂﬁ&j’f:ﬁm propagating, A variat-
ion in the spacing cen have the effect, however, of chenging the propag-
ating wavelength, but it wes considered that the magnitude- small with
respect to the wavelength- and the spacing- large with respect to the
wevelength~ of the variations would mske the change negligible(Rice).

Another effect of the variation in the spacing is the excit-
ation of transverse and longitudinam componenta of field. Again, as a
short calculation by Row has shown, the rate and the megnitude of the
variation occuring here was not sufficient to produce a téroublesome'
effect, Because of the attenuation of higher-mo.de -fields, components
excited bjr variations would not propagate to an appreciable distance,

although their excitation could affect the phese distribution of the

incident field,
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2.13, Phase measurements,

(a) Procedure. Phase was measured by the standard interference
method, This involved mixing the signal from the probe- which fed the
E-arm of the Magic T- with the referencé signal, which fed the B-am
‘through the rotary attermator and the phase shifter, The resultant was
then fed from a side arm of the T to a BTH Type 2226 crystal rectifier
and thence to the amplifier-detector and the output indicator, the last
being a 0-1 ma, meter built in the amplifier, The phase shifter and the
attemator were first adjusted to give a minimum signal and the phase
shifter then adjusted to bridge this‘ position and give two egual indic-
ations on the meter, The minimum position could then be determined more
accurately as the average of the two positions(Montgomery, p. 593). The
pbase shift between different positions of‘ the field probe could thén k:be
calculated from the constant of the phase shifter, |
From the phase shifter readings with no cylinder in the line and
those with it in, the phase shift due {o the cylinder could be determined.
ninimm signal and the frequency then changed, the bridge 'has to be re~
balanced, since the propagation constants of the several system compon-
ents are not, in genei‘al, identical. To minimize this tendency for the
phase to drift during measurements as the freguency inevitably fluctuates,
the relative lengths of the two lines feeding the bridge can be adjusted .
'@;o make the drifﬁ a second-ordezj effect, The procedure(Montgomem, P.917)

is to write an expression for the difference between the two electrical
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lengths, taking into consideration the different propagation constants of
the various components, One ‘bhen equates to zero. the first derivative of
this difference with respect' to the free space wavelength, and obtains

a relation involving the relative lengths of the various components.

Most of these lengths will be fixed by the nzture of the equipment, A
conveniently-adjustable one is chosen from among the remainder and values
assigned to the lengths of all the other components in the system, The
length of the one in question is then detemmined to satisfy the_condition
previously obtained, In the present case the length of the coaxial cable
feeding the signal to the E-amm of bhe Magic T was adjusted to be 41",
The fmnsmission line length was takez;x with respedt to the mid-point of
the probe travel, as a compromise, |

(c) Major sources of error (1) One source of error has just

ot — o s a2,

been referred to- that of frequency drift. With the lines equalized the

drift in phase due to the maximum frequency drifi experienced was less

‘than 1/2 degree,

(2) The constant of the phase shifter is determined by
the value of the free space wavelength._ In this work it was considered
to be known to 0,001 cm., This corresponded ‘to an error in the phase
constant of approximately 0,05 percent,Awhich was negligible even for the
largest angles measured,
The tolerance on the largezf dimension of the wave
guide also enters into the calculation of the constant, This, also, would

lead to = negligible error,
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(3) Sharp bends introduced into cosxial cableé can cause

large phase errors at microwave frequencies, In this work the cable lead-
ing from the probe to the T v'ras the only one inirolved. It was found

| possible to support it in such a position that the general curvature

remsined ﬁnaltered during a measurement, Deliberately distorting to the

degree met in practice did not produce zny detectable phé.se change, In

this comnection it may be noted that the errors due to bends in the

cable are related to the standing-wave conditions on it, The :importanc,é

of having thév cable correctly terminated is therefore obvious,

(4) It bas been stated that the attemuator used was
chosen t0 eliminate as much as possible the phase errors due to a change
of phase shift through the attenuator with setting, Neo élmnge of phsase
could be detected over the range used :|.n the measurements,

(5) It is very important to isolate the reference line
from the signal line- with the exception of the necessity of extracting
the reference signal, In this equipment the extraction of the signal
through 2 directional coupler and the subsequent mixing in a well-matched
Magic T effectively decoupled the two lines,

(6) The probe could be located to within 0,01 cm, by the
scale and vernier, This corresponded to a phase uxicertainty of approximately
1 degree, There was also a possible errvor in estimating the distance of
the obstacle from the pro'ﬁe.

(7) The constant of theé phase shifter was calculated on

the basis that there was a pure travelling wave in the reference line,
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Actually there was a small standing wave due to reflections from the
Magic T and from the discontinuity between the two wave guide sigzes,

The former was eliminated as much as possible by placing matching screws

" between the phase shifter and the Nagic T, These were adjusted, as

were all the tuning sections, by placing the section to be matched in a
wave guide bench behind a directional coupler and a standing-wave
indicator, The reflected wave was then passed to a crystal rectifier and
the output to an amplifiex. The matching section was then adjusted for
& minimm reflected power, At best this would indicate a metch equiv-
alent to the metching of the load on the dead arm of the directional
coupler, which in the present case had a VSWR of approximately 1,01,

A previous Weissfloch test(Marcuvitz, p. 132) on
the phase ghifter indicated a deviation from linearity of phase with
movement of approximately plus or minus 0,65 degrees, over a movement
of 2,0 cm, The reflection indicated a VSWR of about 1,01 for each step,
| A rigorous znalysis of the error due to these refl-
ections would be complex, but one can obtain some estimation of its
magnitude by assuming a worst condition of all the ‘reflections adding in
the reference line, The phase error would then be approximately equal -to
the reflection coefficient(Barlow and Cullen, p, 24), With a total VSWR
of 1,03 the maximm error would be approximately 0,9 degrees.

From the sources of error discussed one would be

led to an estimation of a probable error of the order of 2 degrees,
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2.14, Anmplitude measurements,

(a) Procedure, Since the bridging method wee used for the phase
measurements, it was not convenient to measure the amplitude and phase
simultaneously, &s is sometimes done when the mull method is used. Since
& sensitive crystal rectifier and galvanometer were available and -the
former was found to have & law with no detectable departure from square,‘
the crystal was used directly at the probe of the line and its output
fed to the galvanometer. To change from a phase measurement t0 an
amplitude, therefore, required only the disconnecting of the coaxial cable
microwave teminal from the probe assembly and its replacement by tﬁe
crystal and the output cable, 'l‘hé law of the crystal was checked, in the
same circuit in which it was subsequently used, by short-circuiting the
line, It was periodically checked, with no detectable change,

The amplitude for each probe position was normalized 4o the
value with no cylinder in the line,

(v) Sources of error, (1) The crystal was checked as discussed
above,

(2) For the shadow measurements the error due 4o the
uncertainty of the probe location was not as serioué as in the case of the
phase measurements, because of the normally-slow variation of the field,
In the later standing-wave measurements this was not so, however,

(3) Reading error would depend on the field level being
dealt with, It was not serious in the present measurements, It was minimized

in the few cases of low-level fields met with by doing the run in two parts,

for two probe settings, and matching the results, in 2 manner similar to that



used in phase measuremeﬁ’cs when using a variable-phase a’ctenua’cor. For
contimously low level work the amplifier would be used, with the att~
endant more-frequent and longer calibration checks,

(4) For some of the shadow measurements- involving the
larger obstacles- and for all the standing-wave measurements, the obst-
acle was partially in the slotted region of the line, No detectable error
resulted, however, as was shown by compai'ing results taken.with and with-
out metal inserts in the slot over the obstacle surface, The slot in
this case was narrow, and deeper than nommally found in wave guide pract-
ice at this wavelength,

(5) Coupling between the obstacle and the source was’
negligible,- because of the distance involved and the padding atten—
nator in the feed guide, Reflections from the lens could be neglected,
both because of the low level of the scattered field reaching it( a dis-
tant obstacle radiafing an essentislly cylindrical wave) and becans;e |
of the matching of the feed system,

Two other sources of error common, with the last two,
to both the amplitude and the phase measurements, were the effect of
mncertainty in the lateral dimensions of the obstacles and that of the
presence 0f the recesses in the strips and the corresponding projectioms
on the obstacles, In the case of the former, the obstacles could be
machined very ac@ately and, in the case of the Jatter, tﬁe absence
of a disturbing effect was shown by checking the field distribution in

the empty line with the recessed strip in various positions in the slot,



8.

while the field with the obstacle in the line was checkeﬁ for several
lengths of the projection, For the metal obstacles one would not expecﬁ
the recess and projecfion to affect the resulis, beﬁaﬁée of the boundary
conditions involied.

On the basis of the errors considered, a total probable
error of .2 or 3 percent in the amplitude messurements seems to be a

reasonable estimation,

In the next chapter the initial measurements on the equipment

are discussed,



CHAPTER 3, 1

DIFFRACTION OF A PLANE WAVE BY A METAL CYLINIER,

3.1, To assess the overall usefulness of the diffraction equipment
described in the last chapter, it was decided to study the problem of the
scattering of a plane wave by a metal cylinder, the solution of which has
been sufficiently well established to walidate its uée for equipment
calibration purposes,

The problem can be fornmlated with reference to .Fig.. Fele
» Plr.d)

A plane wave, with the electric vector polarized parallﬁel to the cylindex
axis, is incident oﬁ the cylinder in the direction P=0. Since the cylinder
is considered to be infinitely long, there will be no field variations in
the axial direction and the problem becomes a scalar one, with only an
axial component of electric field, Rationalized units will be used and the
time factor exp(-iﬁ't) omitted, |

If the amplitude of the incident field is taken as unity, for

convenience, then-

By no(1,8) = exp(ikr cosf) G
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where k= 21/wavelength,
By the use of the well-known relation for Bessel functions

(McLachlan, p.43), (3.1) can be written as-
oo

Binc(sf) = ) Ea(8)y(k) con 2 (5.2)

Q

where &,=1; £, =2, n 2 1, and Jp is the Bessel function of the lst kind,
The scattered field must be of the fomm of an outgoing wave at

large distances from the cylinder and so can be written as-

.o
B (=) = > 3 E () cos np (3.5)
where the Bn,arg to be determined by the boundary conditions at the
cylinder surface and the Hl(ll) indicate the Bessel function of the third
kind or the 13}: Hankel function. .
The corresponding magnetic fields in the incident and scatter—

ed fields can he found from the Maxwell equations-

i » . )
Hf(y;¢)=:’-;-"' E(‘G¢) ’ HY‘(T'¢J = w/u E(Y:¢)

or v o (3.4)

where w is the angular frequency aﬁd M the permeability of the external
medium, But we will not be interested in these fields, so will not
consider them further,

| The boundary condition that the tangential electric field(here
the total electric field) shall disappear at the cylinder surface, »=a,

yields the relatiom-

Ero(2,8) = Egol2,8) + Eypo(a,0) = 0 (3.5)
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By substitution in (3.5) from (3.2) and (3.3) there is obtained for each

termn of the expansion (3.3)-

B = =(1)7 7 (ka)/B(1)(kn) (3.6)
n n n

The scattered field then becomes, from (3.6) and (3.3)-

= In(ka) (1)
Bgo(T,P) =-Za,v(i>n s (k)eos o (3.7)

and the total field, as the sum of (3.2) and (3.7)-

= . Jplka)
E, o (T8) = Zaw(i) é’ﬂ(kr)- ..BH.)___. H&”(kr)) cos nf (3.8)
HE " (ka)

n

From (3,7) calculations have been made of the near scattered
fields in the forward, backward and side directions for cylinders of
ka= 2, 3, 4, 5.97 and 8, corresponding to a radius of 0,319, 0,478,
0.638, 0,950 and 1,274 wavelengths respectively, From (3.8) the corresp-
onding total shadow field hé.s been caleulated, while the total field in
the illuminated or standing-wave region has been'calculated for the first
three cylinders, The radins of cylinder that could be treated was limited
by (a) the extent of the plane-wave portion of the incident wave front,
(v) ﬁy difficulties of accurately mechining large cylinders and (¢) by the
munber of terms required in the calculations from the series solution (3.8).
The first would, of coursé, only involve the experimental results., With

respect to the second, it was found possible to turn the cylinders to a
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tolerance of pIus or mimus 0,002" on the diameter, In the case of (c) the
number of termms required is of the same order as ka, The following table

indicates the mimber of temms used in the present calculations-

ka 2 3 4 597 8
Terms 6 7 8 11 14

The computations were done on a desk machine, with the help of
the Bessel function Tables contained in (a) Vol., VI and X of the Brit-
ish Association Mathematical Tables and (b) the Tables from the Comp-
utation Laberatory of Harvard University, The Bessel function recurr-
“ence relétions and the suxiliary functions from (a) were used in the
case of the Y, for the higher orders and arguments,

The total shadow field for the first 4 cylinders and the corresp-
onding standing-ﬁave fields for the first 3, shown in Fig, ‘3.2-'-3.11,
give the amplitude and phase, for each value of kr, relative to those at
the same point with no scattering cylinder present., They illustrate the
deep shadow effect behind a metal cylinder, the shadow deepening with
increase of the cylinder radius, The standing wave in front of the cyl-
inder is due to the interference between the incident field and the
field scattered back toward the source, The amplitude of the fluctuat-
ions decreases with distance from the cylinder, since the incident field
is of constant amplitude while the‘ scattered field decreasses in amplit-
ude with distance, No such fluctuations appear in the shadow region,
howevér, where the incident and scattered fields(or rather, waves)

travel in the same direction, with a phase difference that decreases
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monotonically with distance from the cylinder,

The shadow data presented by these curves is perhaps best inter-
preted by reference to ‘the vector diagrams of Fig. 5,12 which illustrate
the shadow-fiéld conditions for ks-=2 and ka=8, The vector Ei.nc represents
the incident field., The other vectors represent the total field at the
points corresponding 4o the kr values indicated, The scattered field at each
point is theﬁ represented by the third side of the vector triangle, To
avoid overloading the diagram the scattered-field vectors are not showm,

At the metal surface(point A) the total field is zero and the
incident and scattered field vectors coincide tut are ;'eversed with respect
to each other. At a large distance from the cylinder the scattered field
tends to zero and the incident and scattered field vectors fend t0 coincide,
as at point B, & curve joining A and B and passing through the ends of the
total-field vectors then constitutes the scattering éurve of the cylinder,

As the cylinder radius increases the curves tend to curl arocund the
origin{point A), a8 may be seen.from the diagram for ka=8, As the field
point moves in toward the cylinder surface, the scattered field amplitude
tends to oscillate about the incident field value and the phase about an
angle of 180 degrees with the incident field, in a Cormu-spiral mamner,

The angle at which the curves approach point B is governed by the
discussion relating to Fig. 3.19., In Fig. 3,12, for ka=2, it appears that
the scattered field has an almost-constent phase for kr valﬁes greater'tfn&n
about 50, As the cylinder radius increases, the field point must be moved
further from the cylinder to reach this constani-phase region, as the ka=8

diagram shows,
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The field condition!s on the illuminated side of the cylinder are
illustrated by Fig, 3.13, The numbers at the vector terminals again zefer
to the kr values of the field poixits. Here the incident and scaftered
waves are travelling in 0pp§site directions, resulting in the "crank"
or standing-wave type of diagram, The points A and B have the same sig-

nificance as before, In this case, however, the total-field vector ter-

minal traces a spirai' type of curve with increasing kr, and oscillates
about the direction of the incident~field vector, The field fluctuation
is identical with that which obtains in the case of the Sommerfeld diff-
raction problem, as one emerges from behind the half-plane into the
interference region, The resultant maxims and minims of the total field
will not be separated by a half wavelength, however, as long as the
scattered field is changing in velocity., The scattered wave 1~relocii:y is
less than that of the incident field, so the separation will exceed a

half wavelength,

3,2, The scattered field, _ . : i
The curves of Fig. 3.14 and 3.15 illustrate the behaviour of
the near forward and back scattered field for several va'lu_es of ka, Itv
is apparent that this is more complex in the shadow than on the incid-
ent side of the c¢ylinder. In the latter case the amplltude does not -
exceed that of the incident field end, for a fixed value of kr, incre-
ages with the c;ylinder radiuns, It equals that of the incident field
at the su:g'face and decreases with distance from the cylinder, In the

shadow, however,.beca.use of the spiralling discussed previously, the
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4

3}

[

"ie 3413, Bock-scattering vector diagram for a ka = 3
conducting cylinder at the points corresponding
to the Ir values indicated,

C

I = Incident {ield.
S = Secattered {ield.
T = Total field,

scattered Tield sometimes exceeds the incident amplitude and oscillates
about that value, These calculations woulé seem to indicate that, contrary
to what is often assumed, the scattered field in the shadow does not always
have the property of a divergent wave in the near region and that the
departure from this property extends further from the cylinder as the
radidis increases, i.e., as the total field vector spirals more often around

the origin, As the distance from the cylinder increases, however, the
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scattered field settles down to a pattem simiiar to that obtaining on

the illuminated side, The amplitude decreases monotonically with diste

ance and, except for small cylinders, is linear with respect to ka, for
a fixed kr, Moullin(p. 247) shows a plot of the far~-field amplitude vs

ka, with a slope of 1,03,

Farther calculations of the angular distribution of the scatt-
ered field would reveal how far around the cylinder this excess of the
scattered field over the incident field prevails, and how it varies in
distance with angle and cylinder resdius, |

| Altematively, the probiem can be stated as follows, with refer-
ence to Fig, 3,12 and 3,13~ |

On the illuminated side_of the sylinder the total-

field vector spirals aroun& point B, On the shadow side the spiralling
is around point A, It would be of academic interest, if of no other, to
trace the transition from the one condition to the other, by calculating
the field as a function of kr for various values of § between O and 180
degrees,

This transition can be regarded from another point of view, On
the illuminated side of the sylinder the standing wave repeats itself at
intervals of approximately half the inciden£ wavelength and the total-
field curve crosses the incident value for the first time close to the
cylinder surface, As one moves down along the face of the cylinder, the
rate of phase shift of the incident field, along a radial direction,

decreases, while that of the scattered field remains practically const-
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ant, Thas the rate of rotation of the scattered field vector about point B
decreases and, as a result, the period of the standing wave of total field
increases, as does the disténce out to the first cross-over point, Thus,

in the side direction, there is no t{ariation of incident field phase and the
period is close to that of the incident field. Finally, in the shadow dir-
ection, one can say that the periodicity of the totai field has disappeared
and the first cross-over point receded to infinity, Calculations would

show the menner in which the period and the distaﬁce to the first eross-
over point change with angle and rédius of cylinder,

‘ Curves of the side—écattered field are given in Fig, 3,16, They
show that, as f increases to 7T/2, the scattered~field pattern hes already
cha.nged t0 the relatively-simple form seen previously for the illuminated
side, |

As the cylinder radius decreases the amgular fluctuation of the
scattered »field gradually disappears, corresponding to the excitation of
only the first scattering mode,‘ i,e., only the first term of the series
(3.7) contributes, The second mode, involving cos §, is but weakly excited
compared with the first, for ks= 0,1, For ka= 0,3 the first three modes
are excited,v giving the scattering pattern shown in Fig. 3417. The scattered
fieid is greatest in the shadow direction, a usual feature of scattering

by & cylinder,

3.3, Luxiliary angles,

The concept of auxiliary angles, or phase-shift analysis, was
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introduced from the field of particle scattering, into the problem of
scattering of light waves by a sphere, by Van de Hulst,and by Lax and
Feshbach into the problem of scattering by cylinders and spheres.

The method, as stated by Van de Hulst, and when applied to
cylinders, is as follows-

From (3.7) the scattering amplitudes are of the form-

(1)

ey = By/(3)” = T (m)/EY (ka) - -

1 + i Yu(ka)/Jn(ka)

(3.9)
from the fom of the Hankel function,
Now make the tremsformation-
tan €/2 = Jp(ka)/Yp,(ka) -~ (3.10)
and (3.,9) becomes—
ap = %(1 - exp i8y) (3,11)

i.e., all the vectors a, teminate on a circle, in the complex plane,
of radius 4 and center at the point (%,0), That essumes, of course,
that ka is real. This circle property, and the fairly regular bei:aviourv
of the angles as compared with the irregular behaviour of the Bessel
coefficients, were utilized by Van de Hulst, and also in the present
calculations, as a help in detecting errors,

In the notation of Lax and Feshbach the angles can be repres-

ented by the following relation-

2y = 3( 1 - exp ~i2y) | (3.12)
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from their Eq, 12, That is, 6, and 7  are related by §, =-27 .
The behaviour of thed, , as a function of ka, is shown in Fig,
%3.18 for n = O=4. A8 ka increases the curves tend to become linear with a

slope of -2(for the angle in radi=ns), This can be seen from (3.9)., For

large ka>n,
a, ~ cos }ﬁ/exp(.{, 3,.) = /(12 + 1 Tan ;M) (3.13)
where : ‘
$ =ka - (2n+1)7/4 o (3.14)
But @, =1/(1 + 1 cot %/2), fram (3.9) and (3.10). Ts

cot 6,/2 = tan ;% y OT §w+ DT =T/2 - «9,,,/‘2
Then, from (3,14),

g,=(n-2m+ 3/2)T - 2ka (3.15)
or af#,/d xa = -2,

The applicatvion of this useful "circle" concept to the equations
of scattering by any lossless cylinder(circular, at least), whether metal,
dielectric or coaxial, arises from the fact that, in all these cases, just
as for the metal and dielectric spheres, the scattering amplitudes are of
guch a form that the numerator is identical with the real part of the den-
ominator. However, while the curves for the suxiliary engles for the metal
cylinders are smooth, those for the dielectrics tend to be more irregular,
especially for the higher orders, because of the resonandes that occur in

the scattering amplitudes of the dielectric scatterers,

%2.4. The distant shadow phase,

Now turn to the bebaviour of the distant, shadow phase, This can
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be determined from (3,7). When kr is large-

ka
B (r,8) = - (2fke)¥ exp( ikr - 17/4) E n-n(-_ 2) sos np  (3.16)
1)(ka)
In the shadow, where f = O, the phase difference ©, between the scati~

‘ered field and the incident, is therefore given by-

-

6 - Arg[-ZzﬂJnma)/ Hg)(ka)} - T/a (3.17)

o

Fig., 19 has been calculated from (3,17), for ka = 0,1-8,0, For very
small ka only the n=0 term in the series of (3.17) need be used, Since

Yo is negative and Jo positive, while IY0I77JQ, (3.17) becomes-

® = Arg I:-i 3o /I Yoﬂ -4 = ~37/4,

The limiting value of © for large ka can be found from the paper of
Papas, It can be shown froﬁz his results for large ka that the scatt-
ered field leads the incident by 3/4 redians.

Thus © traverses the range 225-135 degrees as ka increases from
a very small value, The antiphase, or 180 degrees, value, occurs at
approximately ka= 0,3, Calculations show a departure from antiphase of
less than 1 degree for kf in the range 0,3-50, the departure being zero
at kr = 0,3,

In the near region, however, as for the amplitude one finds .
départures in the phase from the smooth behaviour shown in Fig, 3.19.
This is illustrated by the caloulated curves of Fig, 3.20. At kr-15, for

example, the order of the curves has been reversed, the phase in this
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region increasing with radius, For the ka values shown, the cross-over
begins at about kr=20, Foxr the lax_’ger values-of ka, the spiralling effect
is again in evidence by the excess of the phase over 180 degrees,

The main interest in thg metal cylinder scettering was in the
information that the total-field measurements would provide about the
accuraey to be expected from the equipment. Howéver, the digression to
discuss the scattered fields was made to observe some of the coupling
effects that might be expected for closely-spaced cylinders and to
indicate one or two points in the calenlation procedure,

3.5, The experimental results,

Only the shadow results were availablé for the initisl assess-
ment of the usefulness of the Iine, the others having been obtained to-
ward the end of the measﬁring programme,

The former seemed to indicate, as later did the latter, that the
equipment could be expected to provide results within 3 percent in ampl-
itude and 3 degrees in phase, V

It wae considered justifiable, therefore, to proceed to the
measurenents on cylinders of other materials and cross-sections, for
some of which calculations of the scattering would be available and for
others of which the experimental results would have to be accepted on

their own, within the limits of the accuracy of the equipment,



CHAPTER 4,

DIFFRACTION OF A PLANE WAVE BY A DIELECTRIC CYLINDER,

4.1, Theoretical solution,

In this Chapter the metal cylindexr of Chapter 3 is replaced by

one of permittivity 22 » Permeability Mo 9 conductivity v; and wave number

k, = 27 /(wavelength in the cylinder material) = \/ q.;’}uzez-m;wv;ﬂf kg

where k 1*= 27 /(external wavelength) and k,is the index of refraction of
the cylinder material, The same functions as before may be employed for
the incident and scattered field, but one must, in addition, seek a sol-
ution of the wave equation inside the cylinder which is finite on the

cylinder axis, This is taken to be-

o0

By(r,0) = ZgﬂAan(er) cos np | (4,1)

o
where the notation ie as in Chapter 3 and Fig., 4.1.

P(v,¢)

Y

The A mast be determined from the boundary conditions at the cylinder

surface, The magnetic fields appropriate to each region are given by -

¥
The subscript "1" usually dropped on the graphical data,
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Hylnd)= G s £ r0) 5 Ky () = e L E() (42)

Thus, by the use of (4.1), (4.2), (3.2), (3.3) and (3.4) and by
equating the sum of the incident and scattered fields to the internal

field, at r = a, there is obtained-

In(,8) , T (48)

8, = ()" %‘7;'%4])/% I, 02) (4.3)
4

el 5 Ha
R A u, w077
7 LT te), 2 Ay 044
A

b
1

(4.4)

where (1)
TL(K 40 H e

>
u

(4.5)
K- I / . *
L T oner, Koy a)
My M ™
Since, in the subsequent mumerical work in this Chapter on the
external field, only the case where Ho= M, will be considered, the nmumer-

ator of (4.%) will not be expanded further in its present fomm,

With g, = M,y (4.3) becomes-

C

T T 4 “»L
B”l = —(x) .+~ D (4.6)
where Cp = In(koa)dp,1(kya) ~ kpJyp,q (koa)dp(ikya) (4.7a)

Dy = Jn(kpa)Tpy3(kga) = kxdp, (kpa)in(ke) (4.70)
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By expanding (4.4) the amplitude of the internal field is obtained

ag~ «
A, = (A = =
~ My 2% (4.8)
where- X,.= 7 AT w{w,o.J - I Ko Hm(K o) (4.9a)'
—Z = --{—-Tcx )H 6{«»}-——? (K,_a)H (x,a)}
(4.91)

J’(anH o{,a)-%. J‘ (K,_)H((K"‘)}

(4.8) can be transformed by the Bessel function Wronskian relation

(McLachlen, p. 156) to-

-l : !
SIONCZ [0~ f2) 2ot b fTonmt e~ T, a0
H"%x,n)}]

where M, = Hzllu' Ifﬂ,y,_ 1, the internal field associated with (4.6) is-

(4.10)

A= (1) ( zﬁ*‘.a)/@m +4 Dy,) | (4.11)

4.2, Near fields,

Based on (3.1}, (3.3) and (4.6) calculations have been made for the
case of a polystyrene cylinder of ky = 1.60, for values of kja up to 10.0
for the far fields and for a2 smaller range for the near fields,

(2) The caleulated total field in the cylinder shadow- This is
shown by Figs., 4,2 - 4,12, with the corresponding measured values, The
amplitude and phase references are as for the metal cylinder, |

The results indicate that, just as for t"m metal case, a deep

shadow can be produced behind a polystyrene cylinder., Put whereas, in the
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metal case, the shadow deepened with the increased cylinder radius, the
po]i&styrene cylinder shadow increases with kla up to approximately 4,55,
when it again decreases. At the same time the phase curves show a change
of form at the same kyja value, With the initial increaée of kya the phase
increases until approximately kja = 3.75. Beyond that value the phase
increases for the nearer fields, but decreases for the more remote, Fin-
ally, an apparentldiscontinuity of 360 degrees occurs at the latter field
points,

The trends indicated by these curves can best be illustrated
by combining, for each cylinder, the amplitude and phase into a vector
diagram, This has been done for several values of kya and is shown in Fig,
4,13, The family of curves tends to spiral about the point B, with the
kla = 6 cylinder practically cdmpleting the first turn, The shadow deep-
ens until that value of kja is reached for which the curve passes through
the origin, after which the shadow deéreases. For that value of kia and
klr the phaseb. is indeterminate, The zero-field region is very localized
with respect to both kja and kyr, the field rising sharply for kjr values
on either side of approximately 23, For kla. values less than the critical,
the phase decreases monotonically on moving the field point away from the
c¢ylinder, For greater values the phase first decreases and then increases,
tending toward 360 degrees rather than O, This behaviour was predicted by
Kodis in his experiments on poiysfyrene cylinders:? ag was that of the
scattered amplitude's sometimes exceeding the incident value, This latter

is illustrated in the calculated curves, In the case of the scattered
#o\iﬂ/v#wﬁk he dad al -w{?a.c,l{ T thodsurs To be &JM'aW' WTL\ fanimit
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field, ka = 6 differs from the others shown in that the field does not
decrease monotonically with increasing k;r but has a rise for kyT between
17 and 50, The angles at which the curves approach point B are discussed
later in Vtrerating the far fields,
} The curves all show a rapid rise above the incident' amplitude
near the cyiinde'r, with the surface value tending to increase with ka
in an oscillating manner,

Just bas there is a combinztion of kja and kmr on the first spiral
turn giving avzero total field, there well might bé anéther for kja values
just above 6 giving zero scattered field, for which the curve would pésé

through point B,

(b) Field on the illuminated sidey The calculated and experimental
results for the total field on the incidence side of several polystyrene
cylinders are given in Figs. (4.14)-(4.19). They have not been carried out
to as large distances fram the cylinder as was done for the shadow fields,
since the calculations require more field points andAalso because no special
features appear to be introduced at the larger distances, In the main the
curves follow the pattern already seen for the metal cylinders, with the
interference between the incident and scattered fields producing a standing-
wave distribution of field, As will be seen shortly, however, the scattered
field in fhis region for a dielectric cylinder does not .always drop off
monotonically with distance fram the cylinder. Thevampiitude of the standi_ﬁg
wave does not therefore always decrease with increasing kyr, This can be

seen from Fig, 4.15 for kya = 3, and Fig., 4.16 for kya = 4, where the

amplitude actually rises for some distance, before finally decreasing. The
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phase curves Figs, 4.18 and 4,19 show the same feature, In the case of
ka ; 4 there is a tendency for the curves t¢ flatien for small values of
k)T - Figs. 4.16 and 4.19. This flattening of the field is continued for
gsome distance inside the cylinder(F¥ig, 6.6b).

(c) Scattered fields- Some of the scattered fields calculated
from (4.6) have been plotted in Figs, 4,20 and 4.21i"%5252f'in the case
of the metal cylinder, it was found that the complexities of the near
scattered field occurred in the shadow, here they appear on the illumine
ated side of the dielectric cylinder, Starting out smoothly for ka =1,
they develop a depression that méves out from the cylinder with increas-~
ing kla. The field first drops sharplyrwith increasing kr, then rises
sharply to a2 maximm before finelly falling off with distance, The dep-
ression becomes broader with increasing kla. Fin=lly, after about k1I232
has been passed, the curves seem to have settled down 0 a definite, rel-
ative position, |

In the shadow the scattered fields are more orderly. An increase
takes place up to kla = 4, for the curves drawn, then a decrease. The
slight makimum in the kla = 6 curve, previously referred to, is seen at
approximately'klr = 28, A definite order has been reached for kr = 9,

The general trend of Fig., 4.20 cen be read from Fig, 4,13 where %he inc-
rease in the scattered field occurs as the curves move to the left from
the scattered—fiéld origin, B, then.the decrease as the curves move around
the turm toward the right,

One obéerves the large values of the scattered field amplitude

near the cylinder surface in Fig. 4,20, as well as the large vack~to-
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Forward~scattered field of polystyrene cylinders of the ka values indicated.

The short, vertical lines represent the cylinder surface.
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Back=-scattered field of polystyrene cylinders of the ka values indicated.
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front ratio on comparison of a pair of curves of Fig, 4.20 and 4.21.

The latter feature bas been noted by several workers in the case of
scattering by a dielectric sphere, and is attributed to the comstruct-
ive interference in the forward direction, and vice versas, of the fields
due to the elementary polarization currents produced in the dielectric .

material,

4.3, Auxiliary angles,

From the form of (4.,3) for the scattered amplitude it is seen
that the suxiliary angle concept, discussed in Sec, 3.3 for the case of

a metal ¢ylinder, is applicable here also, Thus-

- B /()" ¢,/ (¢ iD)
and - tan 0 /2 = €,/ Dy, (4.12)

where C, and D, are given by (4.7) when =, A

While the curves of the auxiliary angles are here not as simple
as for the metal cylinder, they are sufficiently regular to permit thelr
use as an aid in detecting errors in computation, Fig., 4.23 illustrates
their general behaviour, They have been drawn for onlyne Oand n=1,
since the higher orders would overlay these and mske difficult an observ—
ation of their properties, They Occur in pairs, interleaving with each
other, because of the relation connecting a Bessel function of one order
with the corresponding function of the next higher order, The locations
of the rapid rises and the flat parts of the curves are associated with

the behaviour of the functions C, and Dof (4.7).
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These functions‘ have been plotted in Figs. 4.,24~4.27 for the
first four orders. They, {00, have been pletted in pairs, for the same
reason‘as before, Two pairs have been plotted for each function, instead
of one, for a reason to be discussed later in connection with the resbn—-
ance conditions for scattering by a dielectric cylinder, The C, begin at
the origin, the Dn at a large negative value, and both then oscillate
about the kla axis, Because of the aveilebility of polystyrene as a scatt-~
ering material and because a large proportion of the compﬁtation time is
spent in evaluating these functions, it was considered justifiable to tab-
ulate their value.s in Appendices I and II, They were evalusted on a desk
machine with the use of S5-place Tables,

If, for checking purposes, one attempts to predict the positions,
along the kla axis, of the steep and flat parts of the curves, he is
merely led back to conditions that involve the curves of Fig., 4,2y-4,27.
However, it is more profitable to attempt to predict the c'ross-.over

points of a pair of curves such as those of Fig, 4.23, For this condition,

G/ Dy=6C /Dy (4.13)
from the definition of QA . From (4,7) it can be seen that -
€,/ Dg=C /D = I (kq8)/ ¥, (ky2) ’ if Jy(kya) = O

=2k, /ka s if T (kpa) = O,

The roots of these two functions and the corresponding cross-over values

of kia are listed below(kya = 1,60k a)-
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TABLE I  Roots of J (k.a) = 0 TAELE II ~ Roots of Jy(kya) = O
k8 k a k,a | k,a
2,40 1.50 | | 3.83 2,40
5452 3045 7.02 4.9
8,65 5.41 10,17 6.35
11,79 7.36 13.32 s‘.32
14.93 9.33

The kya values agree with those teken from Fig, 4.23. In general, for a

pair of curves of 9-»1, and Q" o ? the cross-over values of kla are given ty

the roots of J (kya) = 0 and J 1(ko8) = O, Thus the kya interval between
- croas-over points tends toward the valu_e 'Tr/z_xr for the higher 100ts,

The above curves of auxiliary angles and the functions Gn and D,
have been repeated for the case of a material of k., =2 and are shown in
Figs, 4.28-4,30, The kla intervals between the cross-over points are seen’
to be smaller than for Fig, 4.23, in accordance with the observation in the

previous paragraph,

4.4. Scattering resonances for the dielectric cylinder.

From the form of (4.6) it is apparent that the amplitude of the
scattering by a dielectric cylinder is governed by the relative values of
the functions C, and D, . Thus -B_ /(1) ocan fluctuate between & maximm
amplitude of unity, when D, = O, and zero, when G, = O, The condition
Cn = Dn = 0 gimltaneously will not occur, because of the Besse_l function

Wronskian condition,



51.

The scaftering resonsnce condition can be derived by considering
the fields inside and outside the cylinder under the condition that the ine-
ident field has been removed, from the continuity relations across the cyle
' inder boundary. Postulating the same series ag before for the scattered

and internal fields, the boundary conditions yielﬂ at the cylinder sur-

face~
3, 7, 0,2) = B, B () (414)
o [y, A Tal8) = g fu B B (ye) (4.15)

The resonance condition is obtained by dividing (4.15) vy (4.14)-

ey ) li) /3 0p0) =G/ B ey )/ (i) (4.16)

This is identical with the vanishing of the expression for A in (4.5),
which has been shown to be impossible, at least for real values of the
arguments, There can tlms be no undamped oscillatioms of the c¢cylinder
for, even if the external and internal medias were lossless, there would
still be rediation damping.

The resonance problem has been discussed by Schaefer and 5y
Thilo, The latter arrives at a resonance condition corresponding to the
observation previously made— fhat the resonances(or peeks in the ampl-
itude of scattering) are related to the vanishing of the Dn - by suppos-
ing that the lossless cylinder is surrounded by a metal sleeve at a
iarge distance froﬁ the axis to eliminate the radiation damping. The
functions for the scattered field are then the standing-wave Yn instead

(1)

of the travellingewave H"' end (4.16) bvecomes equivalent to D, = O.
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Return is now made to Figs. 4.24-4.27, All four orders show a
tendency for Qn to be large numerically for small kla, then decreasing to
Zero for'klg néar 3, then increasing agaiﬁ t0 a pesk in the region 4-6€,

The C, show the opposite variation, with high values in the neighbourhood
of kya = 3 and falling to zero for kya = 5-6, These variations are in
agreement with the observations made before with regard to the calculations
of scattered fields in the shadow. The process is-nét simply additive,
however, for the different orders, vecause of the presence of the (i)n in
(4.6) for the scattered amplitude, but the trend is apparent, When the far
fields are discussed, the (i)® will disappear and the situation become a
littie more straightforward, |

An estimation of the behaviour of the scattered field with kla for
the k., = 2 material can be read from Figs. 4.29 and 4.30. Because of the
higher refractive index the kla disténce between zeros on any one curve is
smaller than for polystyrene, One would expect the first peak in.the scatt—
ering to occur near kla = 1.7, wﬁere the C, ere large and the Qn smell, The
first mininmum would occur near kla = 3, followed by another peek near klg =5,

and s0 on,

4.5, Far fields,
If the field point in question is considered far enough from the
cylinder that the Hankel funetions can be replaced by the first temm of .

their asymptotic expansions, the scattered field becomes-

o0 . '
2 i Ay -7y
ESC(V."”}: (m) 264( Y .‘JZE«,B-W Cos m;‘ (4.17)
, [°)
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where the Bn are given by (4,3) or (4.6) with the omission bf the (i)%,
It may be noted that the far-field scattering amplitudes have been obt-
ained in an alternative way using the variational method of Levine and
Schwinger and integral transformations given by Sclwinger, By this method
| the solution of the wave equation is obtained in the form of an integral
equation by either (a) an application of Green's 2nd Theorem or (b) by
a consideration of the polarization currents which produce the scatter-
ed field, and their relation to the intermal field. The integral equation

is of the fomm-

B (r,0) = By (z,8) + 1 (5, 1) [ B(z) &(z, ') as'  (4.18)
S

where £, is the relative permittivity of the cylinder, 5 is its cross
section and ¢(r, r’') = (i/4) Hgl)(kllr—-_;") is the Green\'s function
for a line current in Schwinger's notation., The subsequent procedure,
which is not given, follows the patterm given by Papas in his treatment .
of the metal cylinder,
In wvhat follows when the "amplitude" of the far, scattered field
is referred to, it will be considered to be of the form-
oo
Amplitude = (ﬁklr/2)% E= exp i(kyr -T/4) £B, cos nd (4.19)

o

" Tims the far field results will differ in interpretatidn from the near
fields in the respect that the amplitude will depend on the freguency.

Thus, when the abscissa of a curve is given as kla( or ka), the variable
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will be considered to be "a", On .the other hand, in the case of the near
fields the variable could be eithervthe wavelength or the réd:'ms.

Calculations have been made from (4.19) of the amplitude of the
field scattered forward, back and to the side by a polystyrene cylinder,
These are given in Fig, 4~ 3/, One significant feature of these curves— as
well as of the other far-field eurves plotted as a function of kla,- is the
presence of well~defined 'ripples. Curves of the scattering cross-section
for spheres~ and those of Montroll and Hart for cylinders- have usually
been drawn as smooth curves, Since, as will be shown later, there is a
simple relation between the cross-section for scattering and the amplitude
of the forward-scattered field, it is assumed that the latter would appear
in the same form, Some departures from the smooth curve are given by Van
de Hulst( 1949, p.2l), but only for the initisl rising part of the curves,
Thege he attributes to resonance effect's in the sphere, An attempt will be
made t0 examine this point in a little more detail latér on,

The forward-scattered field has a large amplitude of flucmation,
while that scattered back is more nearly constant in meaix value, The front-
to-back ratio thus has correspondingly large fluctuations, Thg first peak
in the forward scattering occurs in the region of kla = 3-4 and the first
minimm for the region 5-6, as for the near fields,

The side-scatiered field, while fluctuating widely, does not
appear to have a regular ripple frequency, as do the other two curves, It
ﬁxay we}l be that ite ripple pattern would be change‘d gomewhat if the kla
interval in the computations were taken smeller,

The curves of Fig, 4,33 of the correSpondiﬁg scattered fields for
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the k, = 2 cylinder show simila_r characteristics, with the addition that
the mein fluctuations in the forward scattering are more frequent, as was
found for the C a and 'Dn for this case,

The phase of the far, forward scattered field relative to that
of the incident field has been plo;bted' in Fig, 4.32, For low valv;es of
kla, 9 tends to 45 deg. and then appears to oscillate about a value ‘o:t‘
approximately 135 deg, It, too, shows the teﬁdency to rippiing. The
value for small kLa can be shown as follows-

For small kla only the first temm of the series 4.19

will be needed, The amplitude is then given by-

Amplitude = - exp i(kyr - 7/4) ¢_/(C, + 1 D) -
& - exp i(kyT - 77/4) €, /i D, (4.20)

since !Dol»lcb" Both C, and D, are negative, so that the phase is
exp i(klr +7/4), i.e,, differs from the incident field exp i kT by
45 deg. 4

- The phase curve for the kr = 2 material, given in Fig, 4.34,
is simila:f to that of polystyrene in its limit for low kla, its rippling
and its oscillation sbout a mean value of approximately 135 deg. The
last bhas the typical higher frequency.

From Fig. 4.32 one can determine the angle at which the curves
of Fig. 4.13 approach point B, Since, for the kla values shown, ﬁiydoes
not appear to exceed 180 degrees, the curves for kla exceeding 6 would
be expected to travel over the same general route as that for 6, créss#nﬁ

$he horizontal axis downward t0 the right of B and upward to the left,
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4.6, Scattering crogs-section,

The scattering cross-section of an obstacle is defined as the
ratio of the power scattered‘by_ it to the incident powér density, For a
Cylindér it is taken as the ratico of the power scattered per unit length
of cylinder to the incident power density, |
The scattered power density is given by =

Taék(%cX%:) | M&U

where H = = b E and * refers to the complex conjugate,
5¢” “/‘t

Substltutmg in (4.21) from (4,17) there results—

S T

where E refers to the series of (4,17). Because of the orthogonality
property of the cos nf of (4.17), {4+22) becomes=

o0
N ,
m / £"‘R B nnnz n‘ﬁ - (4 23)
'ﬁw/u,r { n o n
[2)

The total scattered power is obtained as -

{” .
XE"Bn B: eoszngﬁ r df
S n

o

sSC _ﬁw/‘l’y
O .
= Zg B* (4.24)
“’/“1 " I 11 )
The incident power density is given by~ '
.= /2w, (4.25)

Thus the scattering cross-section is, by definition-
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1

o0
*
U =P/ By = (4/Kp) E &2 B
%
) 2
= (4/xy) E e (4.26)
o ]
which may be written more conveniently as-

f-& - (z/kla)zsm‘Bnlz | (4.27)

This may also be expressed in terms of the auxiliary angles as-

| % - (l/kla)Z £ (L -conb) (4.28)
o

by use of the cirecle relation B, = - $(1 - exp ien)9 as has been done
by Ven de Hulst for the sphere(1946, p.10),

Using as a basis the zero power flow across a lossless cylinder
surface, one can obtain another expression for the scattering cross-

section(4ppendix III)-

o0
T =-(2 L £ .
< (2/ kya) Re Z B . (4,29)

which cen easily be shom to be equivalent to (4,27), and which gives a
simple relation between the scattering cross-section and the amplitude
scattered forward, As is shown in the Appendix, if the eylinder is
lossy £ in (4.29) represents the sum of the scattering and ebsorption
cross-sections,

Computations, based on (4.,29), have been made for cylinders of
polystyrene and for others of kr = 2, Thé former curve is given in Fig,
4435 and the latter in Fig. 4.36. They are similar in that each oscill-

ates about a value of 2, and has the characteristic ripples found on
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all the previous far-field curves., The positions of the maxima and the
minima correspond closely to those of the far, forward-scattered field of
Figs, 4.3/ and 4.33 i'espectively, indicating the close relation between the
real part of the scattered field and the total, F:fom the fom of the Bn all
the real parts add while the imaginary parts tend to change sign with n, The
maxima and minimagbviously correspond to the maxima of‘ Gn and Dn respect-
ively, _

The ripples on the curves still require explanation, Recently the
results of a programme of computation of the scattering cross-s'ect;i.on for
dielectric spheres was published by Goldbex'g. These showed the appearance of
a systematic ripple on the curves, They had been camputed at kla intervals
of 0,1 and the ripple was attributed to this small interval, Another way of
steting it would be that the ripple is due to the ﬁxanﬁer in which the various
orders of the function Bn make their contribution to the totél scatiering
crogss—-section, This is equivaient to the resonance explanation of Van de
Halst(p.54) since, in addition to the main fluctuations in the cﬁss-section
curve, there can be minor resonances corresponding to the Mividual behav-
iour of the various terms of the series,

| From the definition of Bn -
2
n

: . 2 ,, 2
~Re B = Re C /(C,+iD, )=cC,/(Cy,+D

(4.30)

This function has been drawn in Fig. 4.37 for polysiyrene for the first
four temms of the series and in Fig. 4.3 8 for kr =2, for the values of.kla

which involve the first main pesk in Figs, 4,35 and 4,30 respectively,
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One notes from the definition of the scattering cross-section (4,29) that
an increase in the contribution of a series temm with increasing laa 1s

partly neutralized by the 1/1:15 factor, while a decrease is accentuated
for the same reason, Also, the contributions for n >0 have to be doubled
because of the £ . Then Figs. 4.35 and 4.37 are compared and the follow-

ing points éeen to obtain-

Fig. 4.35. Fig. 4.37.

1., Flat between 34:.5 and 'Z:.?. Small increase in n=2 and n=3 comp-
ensated for by an increase in kla.

2, Rise between 2,7 and 3.0.  Large incresse in n-3 and 2 emall
decrease in ﬁ=0.

3, Fall between 3,0 and %.5. Slight increase in n=4(which begins
at kla = 3,0) not compensating for
the decrease in n=1 and n=3,

4, TFlat between 3,5 and 3.75. Rise in n=4(max, at kla = 3,75)
compensated for by fall in n=1.

5. Fall between 3,75 and 4,0, ‘n=3 flat, 411 the others falling,

On meking the corresponding comparison between Figs, 4,36 and
4.%8 one obtaine-

Fig. 4.36. | Fig. 4.38.

1. Fall between 1.8 and 2.25. Fall in n-0 and n=2 not neutralized
by increase in n=3,
2. Recovery between 2.25 and 2,5, Large increase in n=3 and small dec~’

rease in n=0 and n=1.
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Figo 4-3'60 Fig- 40330
%3, Fall between 2,5 and 2,75. " Fall in n=1 and n=3,
4, Rise between 2,75 and 3.0, Rise in n=4, which has a maximum at 3,1,

For the two cases considered, therefore, there would seem to be some -

justification for the explanation offered,

4.,7. tngular distridvution of the far scatiered field,

From (4.17) computations have mede of the angular distribution of

| the far scattered field of seveﬁal polystyrene cylinders. The amplitudes

| are shovn in Figs. 4.39-4.42, drawn to the same scale, The complex lobe

stmoture for the la'rger cylinders is understandable from the presence of

the factor cos njﬁ in the gsolution, each temmn 'being able to give rise to. 2

pair of lobes, The number of lobes on each half of the pattern thms tends to

equal the lcla value of the cylinder, The high concentration of the scattered

field in the forward direction is apparent for all the cylinders., Even the

smallest, kla =1, shows some dissymmetry, Very weak scattering is seen for

some angles for the 1arger cylindgrs, mainly near fhe' ;i) = 90 deg. direction,
Tile phase distributions are given in Fig. 4.43, with reference to

exp.i( kT ~77/4) of (4.17). The rapid changes of phase associated with the

amplitude depressions are apparent, being greatest near 90 deg, for the

largest cylinders, as observed before, The curves for kla-_- 4 and kla =5

tend to develop a new phase pattern for angles in the region of 120-170

and 130-170 degrees respectively, This pattern can be explained by reference

to Figs, 4.44-and 4,45, where the scattering distributions for kja = 3 and
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kla = 4 respectively have been drawn in the complex plane, The fonmer; in,
which the curve encircles the origin, is associated with the fairly-
smooth curve for kla =3 of Fig. 4.43. The latter shows‘that the phase
depression for kla = 4 in Fig., 4,43 is associated with the loop of the
curve which does not encircle the origin,

Xo experimental»check of these apgular results could be made on
the present equipment, tut the general loﬁe struoture, in the case of
kya =3 and 5, was estabished in the course of some preliminary devel-
opment work on a parallel-plate spectrometer operating at & wavelehgth
of 1,25 coms, The incident beam was broad enough for the cylinder to be
considered illuminated by a plane wave, but narrow enough to pemmit
traversing all the side lobes without the receiving horm's picking up the
directlybtransmitted'wave. The cylinder#receiver separation, of approx-
imately 50 wavelengths, was sufficient to validate the far-field assump-
tion.

The corresponding near-field calculations were not attempted,
because of computationasl difficulties, It would not be sufficient to do
them fbrrpnly one vélue of klr, since it has been seen that the scattered
field can vary rapidly with‘distance from the cylinder, But the inform~
“ation would Se valuable in enabling one to predict the interaction bet-

ween polystyrene cylinders closely-spaced in an array- at least with

respect to their first-order or primsry scattering,

4.8, Experiments on miscellaneous materials,

The shadow measurements were repeated for families of cylinders of
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several other readily-availéble vmaterials, to determine the effect on the
scattering of the change of permittivity and the presence of apprecisble loss,
The corresponding calculations were not done, however, because of the lack of
tables of Bessel functions with complex argument, The results have been pre‘s-
ented in polar form, rather than in field-point detail, in Figs, 4.46-4.49,
for the following materials respec;bively— polythene, graphite, and two resine
base plastics.

Fig, 4.46 gives the results for polythene, It has been observéd
previously, in discussing Fig. 4.13, the corresponding diagram for polysty-
" rene, that the minima in the scattered field, as a function of kla, correspond
to the curves which lie toward point B in the spiral group, In comparing the
results for polystyrene with those for the material of kr = 2, it was also
found that the spiral turns were completed for smaller kla, in the latter case,
Thms, since the relative permittivity of polythene is smaller than that of
polystyrene, one would expect the curves for polythene to lie at sméller
angles in the complex plane than the corresponding curves for polysiyrene,
This is seen to be the cése. It is more difficult to compare the aﬁplitudes,
on the basis of pemittivity., One would »expect the scattered amplitude to
approach zero in the limit of vanishing difference between the pemitfivities
of ths‘ scatterer and the surrounding medium, This could also be inferred from
Fig. 4.32, on the basis of the first peak's moving to the right for smaller
permittivities, Fig. 4.46 does show a lower scatitered amplitude for polythene
than is indicated by Fig. 4.13 for polystyrene, On the other hand a previous

comparison of Figs, 4.32 and 4,34 has shown a higher level of forward-scattered
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field for polystyrene than for the kr = 2 material,

The results for the graphite cylinders are given in Fig, 4.47.
This shows the similarity between the graphite and metal cylinders for
écattering. The scattered field increases with cylinder radius and the
left-hand terminal of the curve tends toward the origin, One is led to
speculate on the probvable type of transition between the arrangement of
the curves in 'Fig. 4.47 and, for example, thoss of Fig. 4.13 for e diel-
ectric of relativelj—low permittivity, For some complex value of perm-
ittivity there would be & transition from the case of Fig. 4.13, in which
one crosses curves of decreasing kla on following upward a nomal to the
reference axis, to the latter, where the opposite obtains, For that per—
mittivity there would perhaps be but a very small shange in the scattering
over a considerable range of k.la. One might also infer fhat condition
from the observation previocusly made~ that the curves tend o move more
closely together for an increase in permittivity.

The effect on the scattering of increasing both the permittivity
and the loss is indicated by Fig, 4.48, The curve passing through the
origin corresponds to a lower value o.f kla than for polystyrene, because’
of the former, The latter, since it decreases the scattered field, has had
the result of moving 'the pattern to the right- ‘toward point B,

The effect of still-higher material constants is given in Fig,
4.49. _Some of the curves are not shown, to avoid overcrowding the diag-
ram, But sufficient are given to show the general features and the start
of the second turn in 'thé patterm, the curve for lsla = 5,5 lying below

end to the left of that for kqa = 5. There was specuiation, previously,
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in discussing Fig. 4.13%, as to the probable manner in which the second-
turn curves would approach point B, i,e,, the far-field phase shifts for
the larger cylinders, It would appear that the curves for kla =4and 5§

in the present figure approach in the same manner as on the first turn.

NOTE

The additional data for k.la = 3,75, in Fig, 4.7, were taken in an
attempt to determine the effect on the scattering of the cylinder's not
fitting tightly betweén the two parallel plates, It appears that the initial
small gap exerts a greater influence than the subsequent larger one, as far
a8 the amplitude is concerned, The near field phase seems to be affected by
the gap more than does the fer, One might have suspected that the nature
of vthe contact between the bottom plate and the cylinder would be inconsist—
ent once the initial gap had been made, because then only the weight of the
cylinder would be tending to force it into contact with the plate, However
the results were found to be reproducible within the normsl experimental
error, as they were when the bottom cylinder surface was coated with a
0.061" layer of tinfoil, But in the latter case the results weré slways

about 3 percent lower than before( in amplitude),



CHAPTER 5,

DIFFRACTION OF A CYLINDRICAL WAVE BY A DIELECTRIC CYLINDER,

Bele The problem of the effect of the curvature of the incident wave
front on the scatte;-:tng properties of an obstacle arises whenever one
employs an equipment involving a restriction on the maximm separation
possible between source and obstacle. It also arises in the study of
acaftering by arrays of obstacles, since eacﬁ obstacle is excited by
waves originating at its neighbours,

One is interested not only in the conaitions uﬁder which plane-
wave excitation of the obstacle can be assumed, but also ths extent to
which the curvature of the wave front adds to the complexity of the

scattering calculatioms,

S5e2a Theoretical solution,

A line source, of as yet unspecified strength, is situated par-

’ gllel to the axis of a dielectric cylinde.f and a2t a distance b from it, As
before the extermal wave mumber is ky, the intemal one k,, where

ks = \/“E k) » My i8 the relative pemmeability of the cylinder and &, is
its relative pemmittivity. Many of the details will be omitted, since the

method is idemtical with that used in the plane-wave case,
P, @)
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The fields can be written as-

5, (r,f) = 4 BV 3) - Zz(-l)n 81 (c,0)7 (k%) cos 29 (5.1a)

(r<d)
= AZ&( -i)B H(l)(klr)J (k‘.l.b) cos ng (5. 1'b)
(r> D)
from Stratton, p.374.
_Esc(r,ﬁ) = i E”Bnﬁz(ll)klr) cos nf (5.2)
Ejnt(7,0) =Z €,2,0n(kor) cos n f (5.3)

The constants A, and B, are determined from the usual boundary

conditions at r=a, The scattering amplitudes are then given by-
I,,,(Kzai ? (’i)% J'%(K, l

:?ﬂ“#) —;‘_iJ o (Ka2), (4 A{%_T«(’ﬂt) —lg.l Tt I(Kla:)]

VB = A H ke
(o " T¢e) , _ Hm(“ ) (5.4)

w J' (x 0-)— 2 ,n"(‘(ga) [w H (K 0) - |H:3l(,‘lq:)]

This expression differs from the corresponding (4-3) for the plane—ivave

case onlly through the factor-

R=4a (i)° Hx(ll)(klb) (5.5)

which will be called the "curvature" factor,
Since the effect of wave-front curvature, rather than amplitude,
is being studied, it is now specified in (5.1a) that, in the absence of

the cylinder, the incident amplitude always be unity at the position of
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the cylinder axis, The factor A then becomes l/Hgl)(k (b) and the "curvature"

factor in (5.5)-
R = (0% aeo)/a g w) - (5.6)

If b becomes very large in (5,4), one obtains (4.3) of the plane-wave
case, | .

?rom1(5.4) and (5.6) one sees that, if the plane wave calculations
have been made, the scattering of a cylindrical wave can be determined by
applying the "curvature" factor (5.6).

If one is interested in only the scattered field, (5.4) holds for
all values of r. If the total field is required, the appropriste expression

in (5.1) must be added.

5¢3. Curvature effects,

The factor (5.6) has been applied to the case of the far-field
scattering by a polystyrene cylinder of ka= 3, already computed for plane-
wave incidence, for kb= 6 and 15, The resulting angular scattering distrib-
utions are compared with the plane-wave pattern to observe the curvature
effect, The amplitudes are given in Fig. 5.2 and the phéses in Fig. 5.3

One can note the following effects-

(a) fo; certain angles the curvature seems to have little
effect,
(b) the direction of convergence to the plane-wave case, in

the case of the amplitude, is not always monotonic.

(c) rapid rates of change in amplitude are accompanied by
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cérresponding rapid phase changés, as in the plane-~wave éase.
(d) the forward-scattered field :increéses with the curvature,
while the opposite holds for the back-scatbered field, |
(e) there is some shift in the poutions of the side 1obes,
‘but it is not always in the same dlrection.
Calculations have also been made of the effect on the near fields,
Fig8. 5¢4y 5.5, 5.6 show the results kfor forward, 'back and side-saatteﬁ.ng,
respectively, The curveture effect seems to be most marke& m the case
of back scattering- Fig. 5.5- where the form of the field, withiﬁ a half
wavelength of the cylinder surfé.ce, is changed for the highest curvatures, |
The forward scattered field is least affected, The phase cbnditions coTT-
esponding to Fig. 5.5 are given :'zz-Fig. 5.7« As for the amplitude, thei‘e
is a marked curvature effect near the cylinder, Further away the phase
curves tend to be parallel, with a phese constant of approximately 56.4

degrees per unit kr- slightly slower than for a plane wave in free space,

5.4. Analysis of the "eurvature" factor,

An analysis of the "éurvamre" factor R in (5.6) is necessary
for a prediction of the effect of the curvature on the scét’éering. The
effect disappears when the factor converges to 1 + i O, for ell the n
used, and for increasing b, The followmg Table lists the value of the
factor for some of the terms comsidered in 'the above case, The values
of kb are 6, 15, 25, 18Tl,

From this particular case, therefore, it would appear that, to
reduce the curvature effect to a negligible value, a b/a ratio of the

order of 25 would be reguired, The maximum value of n required is not
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TABLE~ The effect of the value of kb on the curvature factor R,

R

n kb = 6 15 25 I8 17

0| 1,000 + 0,000 | 1,000 + i0.000 | 1,000 + 10,000 | 1.000 + i0.600
1 | 1,006 + 10,081 | 1,001 + 10,033 | 1.000 + 10,020 | 1,000 + 10,013
2| 0,972 + 104354 | 0,996 + 10,153 | 0,998 + 10080 | 1.000 + 10,040
3| 0,780 + 10,731 | 0,965 + 10,299 | 0.987 + 10,180 | 0,997 + 10,084

4 | 0.241 + 41,115 | 0,876 + 10.520 | 0,955 + 10,317 | 0,991 + 10,146

highly-sensitive to the value of the constants of the cylinder material,
since the convergence of the determinant in (5,4) depends mainly on the
Hankel functions, whose argument is independent of those constants,

As an example of the incident phase lag across the ka=3 cylinder
due to the wave front curvature, the incident field at the extremity of a
diameter nomal to a line through the source and the cylinder'axis lags
that at the axis by approximately 20 degrees for kb=1l5 and 40 degrees for
kb=6,

Two observations on the R factor can be made on the basis of the
Reciprocity Theorem~-

(2) if one has calculated the field at the point {b,7) for
plane wave incidence in the direction = O, then there has also been
calculated the far field in the direction f=11 for excitation from a line
source at (b,7),

Since the former shows fluctustions about the unobastrueted
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value as b is changed- the amplitude of the fluctuationé'decreasing with
increasing b~ then the far field of a line source in front of the cyl-
inder will show the same characteristics,

(b) if one has calculated the field at the point (b,0) for a
plane wave incident in the direction $=0, then there has also been cale-
ulated the far field in the direction f=17 for = line source at (b,0).

The former has been shown to reveal a zero field for cer-
tein combinations of b and kys,snd tlus the far field is zero for that
cylinder and the line source at that value of b, This zero condition does

not seem to occur for metal cylinders(except for the obvicus case bea),

NOTE

After this work bad been completed, a letter by Faran(1953), who
treated the far fields of the acoustic case with boundary conditions
corresponding to a metal cylinder in eleciromagnetics, indicated that
the normelizing procedure given above in 5.2 had been discussed by
Morse, Lowan, Feshbach and Lax(see Morse), Faran's numericsl results

indicated the same trends as given here,



CHAPTER 6,

INTERNAL FIELD OF A DIELECTRIC CYLINDER,

6.1, If one knew the field distriﬁution over the cross-section of a
diffracting cylinder, he could write an axpression for the external
_field, even though he might not be adble to evaluate the resulting exp--
ression, The field inside & scattering, dielectric cylinder is often
not even discussed in papers on that subject, since it camot be measured.
However, it has been seen that Rayleigh's(1918) method of treating scatt~
ering by large cylinders is based on an assxziaption abcmt the fom of the
intermal field, That assumption- that the internmal field is the same a8
. existed there with the cylinder absent- would not be valid in the cages
being considered in this study, and one might be led to inguire as to the
complexity, in amplitude and phase, of the internal field in some typical

cases,

- 6.2, The form of the field,
| From Eqs. 4.8 and 4.9 the internal field of a cylinder of radius

a, pemeability Mot permittivity iz and wave rmmber kz =, /u/ rfrk" where

E ,U = £ 2 and the subscripts 1 and 2 refer to the extermal and

£,
:.nternal regions, respectively, is given by~

E (r,0) = Z EphpIn(kor) cos np | (6.1)

whers

- (@)" K,B /["‘- > +Q-,\,_] (6.28)
By = Jn(kla)%l(kla) - Tpp1(kya)By 0 (klé\) (6,20)
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= ‘-“ n(kga)ngl)(kla) - —’— n(-kza)Hx(ll)(kla) (6.2¢)
U = ,u- Jn(kza)Hx(H}_ (kya) - Zz Jml(kza)ﬂ,(l )(kla) (6,24)
2 :

By expanding the B, and appliying the Bessel function Wronskian

relationship (Mc,Lechlan, p.156) one obtains for the intemal field-

A, = ()P (/imga)/ [Z R, + a,] (6.3)
My

If m,=1, the expression (6,3) simplifies to-

‘ 1 1
Ap = (i)n‘ (2/ivkya)/ [Jn(k23)51(1+3.(k;a) - krjn+l(k2a)3:§1 )(klaj]
(6.4)
where kp= ky/ky = ‘fg:.

If only the field on the cylinder axis is being considered, then -

only the first temm of (6.3) is needed, because of the presence of the

expression Jy, (kor) in (6,1). Then-

E (0) = L (2/imkqa)/ ETo(kza)H%_(kla)- Ele(kza.)H%(kla)]
. L
(6.5)
For small cylinders one can use the sméll—argzment 2pproximate

jons for the Bessel functions to obtain from (6,5)-

E (0) -2 (6.6)
kpa small ™ T‘K‘a?'(! 4.2( - _1__,5.,,;,__
.,

where Y is Euler's constant, For vanlsh:.ngly-small koa this becomes

unity, the incident amplitude.
For large cylinders the large—argument approximations can be

applied to obtain, after using the exponential form of the cosine functions-
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v koa large 64,',(, w, e - W, 0B
2,y € 4w eh (6.7)
- 6"""' w,z-&-a'z/g_ w;:-e«::-,s .
where- oz Ko - T/, ; W= M, e,
B= Mo =Ty ; W, = M-, | (6.8)
' . -7\ . 7
Now make the transformation- &6 = —E:( K, ’/4_> = Ko Z"“v
(6.9)
and (6.7) becomes-
X AP ei{é‘—ﬂ) Fapa, ea.'[[-;-/g)
A
E (O)l koa large™ l/;:-@ o i (6.10)

w,"e,iz(‘r'ﬁ) - w?ev( Stp)

where 7= (k- 1 Vkr o

But the bracketed expression in (6,10) is identical with that for
the center field of a parallel-sided slab of the same materiga.l as the
cylinder, centered on the origin and of half-thickness, d, given by~

d=a=-T/fky ,ie., kyi=kya -4
from (6,8) and (6,9) (Stratton, p.511), and on which & plane wave of unit
amplitude is incident normally from medium k;, The amplitude of E (0) has,
however, been increased bty a factor of \[;'{:,z(/ag,ir)g.nd there is an increase
of phase given by exp iT (kyp - 1 )/dky . |

Fig, 6.1 has been plotted from (6,5) for polystyrene m,*/, W, =/ 6.
Included are the corresponding calculations for a polystyrene slab of half-

thickness, a, The amplitude has been nommzlized to an incident amplitude of
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unity and the phase refers to the incident phase at the cylinder axis
or the slab center.

From (6,10) the ratio of the amplitudes should be /;:= /1.6
- 1.264, and the lead in phase of the cylinder curve should be m(k, - 1)
= 16,9 degrees, The displacement of the cylindew pattern along Ay
the kj& axis should be, from (6,9)-

A ke = T/ gky = 0,491
The peaks in each pattern should repeat at intervals of /1,6 = 1,96,

All these characteristics appear in the curves, even for the
small velues of kja used, One notices also, that, whereas the slab-
field amplitude never exceeds the free-space value, the cylinder field
oscillates about it between the limits k, and 1/k.,

One might anticipate that this relationship between the fields
in the cylinder and slab would hold even when the field point was not
on the axis, It holds as long as the distance from the axis is small
enough that only the low-order J,(kpr) in (6,1) have appreciable value,
Then the denominator of (6.3) and (6.4) can be approximated as before,
In this case, however, the solution appears in two parts, for n odd
and for n even, But by use of the two Bessel functin relationships
(McLachlan, p. 160)-

_ :EE: (i)ngﬁJn(k2r) cos nf = cos(kor cosP) ( n even)
= i sin(k,r cosf) ( n odd)
the szme result as before can be obtained,

Some additional calculations for a polystyreme cylinder, for

several values of kja, are shown in Figs, (6.2)=(6.9). The fields are
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teken along two mutually-perpendicular diameters~(e) normal to the direct-
ion of incidence and (b) along the direction of incidence, The amplitude
end phase references are as before,

The reason for caldulating this series of curves was twofold-

(1) to trace the variation in the internsl field pattern
through the equivalent of a period in the thickness of the parzllel-sided
siab. |

(2) to see if any correlation could be observed between the
variation of the form of the intemal field and those found externally,
particularly for the radii giving the deep shadow effect,

In the first respect one can see the tendency for the field pattemm
along the nommal diameter %0 be repeated for the cylinder pairs having the
kya velues (2) 1.75 and 5.0 and (b) 1.5 and 4.5, which pairs correspond
roughly to increments of 1,5 wavelengths in polystyrene,

In the sécond respect, in the kyja range 4~-5 there does not seem to
be any marked change in the field pattern, at least along the two diameters
selected, But the correlation with the extermsl field variation must
obviously be there, when the complete cross-section is considered, There is
a tendency for the field to flatten off just inside the illuminsted
surface of kja=4 (fig. 6.6b), métching that already found for the externsl
field (fig,4./6). A sbarp dip in amplitude occurs just inside the illdminated
surface of kja- 4.5(Fig., 6.7b), There are no marked phase variations corresp-
onding to those found for the extermal field, |

The curves show, in addition, (&) the standing-wave of amplitude
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TABLE 1 Root No, ksa Root No, koa
1 2,40 5 14.93
2 5.52 6 1.8.07
3 8,65 7 21,21
4 11.79 8 24.35

along the incidence diameter- the repetitions increasing in rmmber with
the radius- and (b) the tendency for the field to be concentrated on the
shadow side of the cross-section, with a large peak just inside the

shadow surface, The field distribution is, in general, complex, and not
obviously amenable to the use of simple trial functions for the internal

field in approximate methods for the solution of the scattering problem,

6.3, Resonances of the internal field.,

It has been shown in Sec, 4.4 that the scattering from a diel-~

ectric cylinder is governed by the resonance equation-

Ia(koa) = JYI:(kla) (6.11)
To(koa) VEr ¥ (ka)
For small cylinders, for which only the lowest, or zero-order
mode is excited, this relation becomes- '
J1(koa) .__‘/"E'Yl(kla) (6.12)
Tolkpa) e Y (kqa) )
For small cylinders and /uv»fr s this condition corresponds to
the zeros of J,(koa), since the right-hand side is large because of
(a)eﬁr >>/s (b) Y3(kqa) > Y,(kja). In Table I are given the first few

1 4

roots of Jy(ko8) = 0 =
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For the second case, %r_ ,, the identification of the resomances
is not as simple, because nowY/E; and _Yl(kla)/Yo(kla)'can tend to balance
each other, However, for very smag.l velues of the former and values of kja
such that the latter is not large, l.e., 0.1 <kja ¢ 0.7, the resonance

condition corresponds fo the zeros of J 1(k2a). The first few roots of

Jy(ks8) = 0 are given .in Table II-

TABLE II Root No, kpa Root No. koa
1 %2.83 5 16.47
2 7,02 6 19.62
3 10.17 7 22,76
4 13,32 8 25,90

To illustrate the first case, '_‘é{_»;, | » Fig, 6,10 has been drawn from
caleulations made from (6,5), for the a;ial field of a small cylinder for
several values of the ratio "_é‘_z « If the relation koa =‘/;‘:£; kia is applied
to Table I, the kla values ob*l:ained are found to agree with those corresp-
onding to the field peaks of Fig, 6.10, particularly for the higher perm-
eability material,

Fig. 6,11 illustrates the second case, Mr.,, with the resonance
values of kja being closely predicted by the roo::s of Table II, especially
for the higher permittivity material,

One would expect a certain agreement between the resonance conditions

in the cylinder and those in the scattered field, Not only does the same

resonance equation apply but also the scattered field is produced by the



78

internal polarization currents which are themselves proportional fto the
internal field,

In both Figs. 6.10 and 6,11 the spacing between peaks tends
towards ﬁ/kr =7/ ik, s 8 for the slab case, The corre;bonding phase
curves of Figs, 6,12 and 6,13 show the typical rapid increases corresp-
onding to the smplitude peaks, |

An interpretation of the mean slope of the phase curves( and
that of Fig, 6.1b) camot be made easily from (6,5), but some estim-

ation of it can be made from (6,10). Rewriting the bracketed part as -

_i(8-8) A + 8%
¢ C + De %8 (6.13)

one sees that the repetition interval for amplitude is, as before,

' T
82B:27 which gives, from (6.8), AHG& =J—.-_~. The phase change,46,
rer
in a period of the curves, is thus, from (6.13)-

806« 8B-88 = T-aKa from (6.9)-
= ﬂ[l - I/J/T'_‘c‘;] (6.14)
and 48/8Ka = Jue, -/ . (6.15)

The following slopes are then found-

TABLE IT V6, 88/ane
20 1090 deg.
10 516 *
1.6 3444 "
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which agree substantially with those of the phase curvés of Figs. 6.1,
6,12 and 6,13, ;

From Figs., 6,10 and 6,11 one sees that the amplitude fluctuates
about the value fu,.. Tius in Fig. 6,10 there is a different level for
each ourve, while in Fig, 6.11 there is the same level for both curves,

For each curve in Fig. 6.11 there i; seen to be a resonance that
is not included in Ta'éle II- the lowest one., This is due to the circum-
stence noted previously in discussing this case, that both sides of (6,12)
could tend to equalit& at a finite value. That value, with the corresp~

onding values of £ and kja, are shown in the following Table IV

TABLE IV £, ¥; (kg a)/T,(k &) kia
.
80 approx. 1 approx, 0,08
20 n 3/ 2 1" o, 17

the values of kya agreeing favourably with those read from Fig, 6.11,

One must not assume that, because the field amplitude is large on
the axis of these small, "resonant" cylinders, it is large over the whole
cross-section. Although kja may be small, k,a is not, In fact, for the
first resonance for u = 80 in Fig. 6.10, k,a is 2.4 or the diameter is
approximatelyﬁz/ 3 wavelength in the cylinder meterial,

The results of Figs, 6,10 and 6,11 can be compared with thosé for
the other polarization, studied by Page, of the magnetic field parallel to
the cylinder axis, There it was found that a plot of the total flux through

a cross-section showed a peak for one value of the variable, k;a, (except
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in the case of M, of the order of 100, when some smll, secondary ripples
appeared). The curves were for ¢ =9, /.(,.:Ln the range 9-100 and kyja up to
approximately 1,0, Page was interested in the efficiency of the rods as
cores for loop receiving antennas, The analogous application here would
be that of a very thin, receiving wire antenna, coated with a layer of
high-/Ar material o£ such a thiclcﬁess as to produce & resonance on the
axis, i.e,, at the wire., The highest possible permeability would be des-
irable, since 2 thin coating would then provide the resonant diameter.
Whether the vlos‘ses in such materials would nullify the resonant effect
would be another matter, Of course, because of the periodicity of the
Bessel functions it is not obwious how the resomant amplitudes would

&

vary with increase in the permeability,



CHAPTER 7.

DIFFRACTION BY A COAXIAL CYLINDER,

T.l. Theoretical solution,

If the cylinder obstructing the incident wave compriges several
structures érranged coaxially with respect to each other, the analysis
becomes more complicated, because of the increase in the nmumber of regions
to be considered, Thilo gave the solution in terms of Bessel functions
for a cylinder formed of two structures- a central core and an enclosing
sleeve, The present discussion will be confiined to that case,

The notation and the arrangement of thé cylinder are given in

Fig- 701t P(V‘,¢)

Thé j th region is characterized by the properties-~ welaidiwe permmittivity
Ej, relativwe permeability /l.l'j and .wave number kj’ each of which may be
complex, As before t_he cylinder axis and the incident electric vector are

parallel and the incident field has an amplitude of unity and propagates

in the ¢= 0 direction, With the sszme field notation as for the previocus
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cylinder forms, the field in the three regions are given by-

Region 1

v : .o
,Einc(r,b) = exp(i kyr cos B) = zg:?“ﬂi)an(klr)cos nd
co ) (7.1)
(1)
Ego(msf) = > € By B '(kr)cos nf (7.2)
2
Region 2 o
o (ro)m =2£NE)an(k2r) + CnYn(kzlil cos nf (7.3)
o . .
Regiou 3 0
By (1,f) = X £,AnTn(ksr) cos nd (7.4)

Application of the usual houndary conditions at the interfaces
between the several regions gives the following expression for the scatt=

ered amplitudes in (7,2)-

- (4}““' ];(P) 1 ~J;L(5) , - Y%(S) 3 o
A LY K / vy /
A0 LGP, gL, Y e, 0

o y Tw) Y ew =T (D
Ky T/ K ! et
o } ;“}23_ %(‘VK} P ﬂ—*%z Ym. () ) Ma J;\(ej »
B = = (7.5)

where 1 = kza, m = kpg, 8 = kyb, p = Iyb, A is obteined from the mm-

erator of (7.5) by the following changes in the first column-

- ()% () —> EH ()

- (70— H.il)zp)

(7.6)
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The corresponding expressions for the amplitudes in the other regions are
obtained in the same way,

The total external field is then obtained by substituting from
(7.5) and (7. 6) (7.2) and adding to (7,1),

If a=b, k, = ky, py = u, in (7.5) and (7.6), one obtains the
expresaions previously given for the solid dielecitric cylinder,

The general case given by (7.5) and (7.6) is rather complicated to
treat numerically, so it was decided instead to consider the slightly
simpler case in which the central core ig a conducting cylinder. From
(7.1), (7.2) and (7.3) and the boundary conditions of tangential field

contimity at the interface 1,2 and zero field at r=a, there is obtained-

-ayt I op) o, ~J (s, - Y, (s)

0 2 'Tw(w] ! YM("M']
——l‘f—‘@) (/a) - J,n'(s) , - yﬂ’ (s)
B = - (7.7)
where
H% ) =T , =Y
T = |o , Lomy Y ) (7.8)
K, Mz 17! 1 Y
e, ~T e, -7
D, = PY (m)/T (1.9 Cp=-PJIm)/+ (7.10)
. H:"(p) , LR - ,
P = (1) M| ) SR, p, (7.11)
K H h, T Th ok, ;4

from the Bessel function Wronskian relation(McLachlan, p.156), Substituting
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from (7.7) and (7.8) in (7.2) and adding to (7,1) gives the total external
field, and from (7.9)=(7.11) in (7.3) gives the field in the dielectric
sleave,

A further expansion of the determinant of (7.7) and (7.8) gives~

Tuth) F + £ T k). G

Bp= —('l.)“ ) 7 (7.12)
Hithr F + & H . G
where Tom) ,  Yow STs) , ~Yds)
Fe | T (113) G = | " (7.14)
LTSy, - Yl T m) 5 Y )
. M
£ 7z | (7.15)

i A7
Thus (7.12) is of the form B, = -(i) a,/(a,+1ib,)
as was found for the cohducting and dielectric cylinders, The discussion
given there regarding auxiliary angles therefore applies to this case

also, as it does to (7.5).

T.2. Thin~gleeve approximation,

(a) Condu;ting core- If the sleeve is thin, i.e., t = b~a<¢ a,
one can simplify (7,12) furtber. From the Taylor expansion for the Bessel
function expressions-—

T (kpb) = T (kpa) + kot Y (kpa) (7.16b)

and the Wronskien formula, one can write (7,13) and (7.14) as -
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b(b - 22 )(n + 1) + 82
7 mab

Fe? (7.17)

¢ = 2t/7a ‘ ' (7.18)

(b) Dielectric core- By the same method as for (a) it is found,

from (7,5) and (7.6), that—

B, = A/B . (7.19)

where A= -(4)" J;(/U I:(;&)’L{zf[b(m",m”) - m'tj In(f)
i

Taw?ra b

+Z{z[b(b-2a.)(-n+|) mw,_‘]}yn’a)]

T a b (7.20)
K omvrr [,
) 7;(/’)&; CAMGRER g)\ﬁb]
. K, W | (7.21)
Z = 3//“‘ar./“".e. -

and B can be obtained from A by mzking the changes indicated in (7.6).

T+3. Calculations and experimental results,

Calculations were made of the intermal and extermal fields for
¢ = 0 for the case of a metal core and a polystyrene sleeve, For the
internal field (7.3), (7.9), (7.10) and (7.11) were used, For the externsl
field (7.1), (7.2), (7.12)-(7.15) were used, The parameters Wwere-
m = koa = 2,0 s P=Kkb=25, 3.0 and 4,0,
8 =kyp /iy = 1.6p = 4.0, 4.8, 6.4,
where k, /k; = k. = 1.6 is the index of refraction of polystyrene. The
experiments were limited in scope by the difficulty of machining the

cylinders so that uniform contact with the line plates was made by both
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the metal and polystyrene areas,

The external field calculations are given in Figs, (7.2) and
(7.3), with the experimental points, The internal field calculations
are given in Fig, (7.4). Three points in particular are to be noted
from the results-

(a) for the smallest cylinder there is an almosi-complete

| matching of the shajow-field amplitude. Reference to Fig, 4:4 for lga=2,5

shows that, if fhe metal core were replaced by polystyrene, the field
would rise sharply on approaching the cylinder, If the polystyrene
sleeve were removed, or replaced by metal, the shadow would extend to
a considerable distance from the cylinder.

The phase conditions are different, however, While the phase

shift is less than for the polystyrene case, it is greater than for

the metal case of kja = kya /1.6 = 1,25, although less near the cyl-

‘inder than for a Inb = 2,5 metal cylinder,

(b) the change in the fdrm of the phase curves for a polystyrene
cylinder, which appears at kja = 4 (Fig.4.8 ),‘ is absent from Fig.(7.2¢),
which has the smooth form typical of the metal cylinder curves,

(¢) thke internsl fields do not exhibit the rapid fluctuations
cheracteristic of those for polystyrené(Figs. (6.2)~(6,9)), but rather
resemble the external metal cyli:ider curves(except for the fact that

they rise above the incident~field value).

T.4. Correction for a curved incident wave front,

If the incident wave is not plane, but propagates from a line
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gource at a finite distance from the cylinder, a correction factor,
identical with that discussed in the case of the homogeneous cylinder,
must be applied to the plane~wave scattering results to account for the

incident wave front curvature,

7.5. Line source on the cylinder axis.

If a line source is situated on the cylinder axis, the field
expressions are comparatively simple, because no series are involved and
there is no angular dependence, The outgoing, or transmitted waves are

(1)

represented by the H  °, or first Hankel functions, and the incoming, or
reflected waves by the ng), or second Hankel functions, The problem is
analogous fo that of a point source at the center of a spherical shell, as
discusseq by Keller,

Let the source strength be I, Then the radiated field is given by
~(wpmy I/4) Hgl?(ksr) (8tratton, p. 595). The fields in the three dielectric

regions are then -~

B (r) =4 Hgl’)(l:lr) (7.22)
n(x) =3 Hgl)(kzr) + C ng)(kzr) (7.23)
B (x) = ~(ops/8) B (i57) + D B (5) (7.24)

The transmitted and reflected amplitudes A and D, respectively,

are detemmined in the usual way and are-
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2) (lJ _ oyt
He |, - H, Hy tm7 , wiy I (0%,
(177 2]
-K/ﬁia HO‘)(‘E) ’ 51:_ Ho 7 at Ho 2 tu,u; Haa)

o , Vs, HPes 0

K’_ (’)’s .K_—,_ Cz) s o
A= '_C » He® @ B (7.25)
v

WISy - Htm  H e O

w T &, (1, - Ka (l)( - 72, o
aT a0y, 2 | e W
O

~

1)/ K 2)? _W, o’
D= '— :‘—:-zuicsu g He ), e P | (1.26)

and V can be obtained by making the following changes in the numerator

2
w/u3 (l)——a- H (l) (7.212)
u/t: T Ks H( )(1‘} KB H(z_)zz  (7.270)

If a =", k, = ka s My =,y ONE has the case of 2 line source

on the axis of a cylinder of radius, b, and constants kz, 22,}42. The

transmitted and reflected amplitudes of (7.25) and (7.26) then reduce

t0o~
‘ (s) -H(tﬁ)
Hoafs) , H:U(SJ ’
y ”
@) (1)1 % W, - /.{"(p;
;Ho (S) » ‘L/o (S) M:'

_4(3 (7.28) D=wWHT ——"\'/—v——(7.29)
4 My w .l |
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where szfs ) .- H:J(P)
2 /% W, 0 . o {7.30)
ZEFL b ‘
Two limiting cases that can arise ere-

(a) if b becomes very large, while r-b remeins finite, the

Hankel functions cen be replaced by their exponential asymptotic expans-
From (7.28) and (= 2¢)

ions %o yiel@athe erpressions for propagation across a plane interface
between two different media, with the directiom of incidence nommel to
the interface(the incident wave approaching a2 limiting form of & plane
wave),

(b) if a becomes very large, but b-a and r-b remain finite,

(7.24) and (+.206)

the field expressionsAreduce to those for the transmission and reflection
coefficients of a parallel slab of dieléctric for a plane wave incident
normally,

The procedure merely involves algebraic detail which will be

omitted,



CHAPTER 8,

DIFFRACTION BY CYLINDERS OF SQUARE AND RECTANGULAR CROSS-SECTION.

8.1, The oniy previous results that appear to be availabie on diffraction
by a cylindrical obstacle of square or rectangular cross-section are those
theoretical ones by Jones for the diffraction of a plane wave by a thick,
metal plate of finite length., They do not strictly apply, however, to the
case of interest in this study, i.e., obstacles whose dimensions are comp-
arable with the wavelength and of dielectric as well as of metal,
It was decided, therefore, to investigate experimentally the
shadow field for several cases, Those considered were-
(2) metal and polystyrene sguares for the two cases of
incidence along a noml to the sides and along a diagonal. |
(b) metal end polystyrene rectengles for incidence along
a normal to each of the two dimensions,
For the case of one of the orientations of the rectangles(metal)
a8 very rough approximation regarding the surface currents was used to make

calculations for comparison with the experimental results,

8.2, Metal squares.

The measﬁrements were made on a family of seven metal squares in
the range of kla = 1,45-5,07, where klZ 7;::.s the half-side in wavelength units,
The results were not plotted in detail for presentation for each obstacle,

since the effect of the dimensions on the scattering could best be observed

by plotting the field values as a function of kla. Tims the results wére
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first plotted in detail and then a cross-section tzken through the family
of curves for several values of klr, to indicate the manner in which the
variation with kla changed with increasing distance from the obstacles,

Fig, 8.1 gives the results for nommal incidence and Fig., 8,2
for diagonal incidence, The behaviour with respect to kla is similar to
that for the metal, circular cylinders- a deepening of the shadow and
an increase in phase as the dimension is increased and an increase in
amplitude and decrease in phase as the dista;nce from the obsgtacle is
increased,

An additional feature of the former case, however, is.the tend-
ency for both the zmplitude and phase curves to flatten for kla values
between 3 and 4, the tendency increasing with l:lr. A polar plot of the
results showed that, for diagonal incidence, a sharp bend in the curves
occurred for kla values of 1,6 and 3.3., which correspond to sides of A
approximately l/ 2 and 1 exteinal wavelength respectively, The bends be-
came more pronounced with increasing klr. Only one bend occurred in f.he
curves for normal incidence, between kla values of .2.3 and 3.4, corresp-
onding to a side of the order of an external wavelength. I%, too, was
more pronounced for increasing klr.

Comparison of these results with those of the circular cylinder
suggests itself, from the point of view of determining the radius of the
equivalent circular cylinder, The circular cylinder curves are smooth as
a function of kla, while the curves for the squares are oscillating
functions of the half-side, The following points are observed on meking

the comparison-
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(a) The amplitude curves oscillate below those of the circular cylinder,
For diagonal incidence the oscillations are about & curve which corresponds
t0 a circular cylinder for which the ratio radius/half-side = 1.06, For
nomal incidence the ratio is 1,12,

(b) The phase curves oscillate above the circular cylinder curves, The
ratios corresponding to those in (a) are 1,27 and 1.15 respectively.

The product of the ratios tlms tends to be the same for both
orientations, with the normal amplitudes and phases both being less than
the corresponding diagonal ones,

One associates this circumstance that, if one shape of metal '
cylindexr has the greater phase it has the lesser amplitude, with the
opposite behaviour of the two features with respect to increasing ky 8-

the amplitude decreasing and the phase increasing,

8.3, Polystyrene squares,

The corresponding curves for the polystyrene squares are giVep
in Figs, 8,3 and 8,4, They were obtained from measurements on 10 squares
in the k.la range 2,18~6,43, |

For both orientations there is a tendency- observed in the case
of the circular cylinder~ for the amplitude to have a zero value and the
phase a change of_ form for a particular combination of kla and klr. The
field complexity that can be encountered in the near region is well illus-
trated by Fig. 8.3 for klr = 20,

For nomal incidence the detailed curves indicated that the
critical radiug-distance combinztion would be in the region of 4.2-4.3

and 50-60 respectively, and Fig, 8.3 indicated this tendency, The kyr
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value is thus much larger than for the circular cylinder, while the kia
is a little smaller, the latter tendency indicating a higher effective
permittivity.

For diagonal incidence the corresponding values are kia and kK
in the region of 3.7 and 23 respectively. V

Thas, just as for the metal squares, the polystyrene square with
diagonal incidence seems to compare more closely with the circular cyl-
inder than does that for noxmal incidence, This is perhaps understand-
able on the basis that the latter orientetion presents & more abrupt
discontimity to the advancing wave,

The angles of Fig., 8.4 for the larger klr values were drawn in
a different manner from that for the smaller, because of the large rise

in phase after passing the critical klr value,

8.4, Metal rectangles,

Case A, For this case measurements were made on a family of
11 ;ectangles of dimensions 2a x 2b, with klb = 2,41 and kla in the
range of 1,6%-6,42, The two orientations of incidence normal 4o each of
a pair of adjacent sides were considered, The results for the orient-
ation in which the dimension along the direction of incidence was varied
are given in Fig, 8,5, As in Fig, 8.1 for the metal sguares, the effect
of the interaction between the front and back faces is apparent, with a
sharp bend appearing in the poler diagram for kya in the region 3.0-4.0.
Figs, 8.6 and 8,7 show the results for the amplitude and phase respect-

ively for the other orientation, The effect of leaving constant the dime
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ension in the direction of incidence is shown by the absence of {luctuations,
The results are again typical of metal obstacles,

For tfxe latter orientation an attempt was made to obtain calculated
results, A rigorous solution for this problem would undoubtedly be complex,
but a rough approximétion was made for the current distribution on the
obstacle and used as a basis for the detemmination of the shadow field,

The approximation corresponds to that used by O'Neil and by
Muwller in studies of the acoustic pressure on and near metal obstacles, It
involves replacing the obstacle by & current sheet in the plane occupied
by the front face, with the current density the seme as for an obstacle
infinite in extent in the transverse direction, In the present case the
induced current density is given by-

J=2 Htangen‘l::'La.l =2 Hinc (8.1)

The scattered field resulting from this current distribution

is determined with reference to Fig. 8.8~

e/ DEANC E
JE— .

S

R\
P(v, o)

6| a

FE‘ L] 8. 8

Since the electric field, parallel to the obstacle axis and of

amplitude unity, is given by~

. " .
By (r,0) = exp i KyT Hinc(r,o) = o4 exp i kT (8.2)

then, from (8.1), J = 2% exp i kT

= 2K exp -ikb (8.3)
! i
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The total scattered field then becomes(Stratton, p.595)-

G
(] -ll‘f,b
boe(r0)= = 2 [ Hinmy &7 ax (8.4)

- & uUse of the
If now it is assumed that R is large enough for the, first term

of the asymptotic expansion of the Hankel function to be valid, the
integral can be put into a standard Fresnel form, 'As a result one obtains,

omitting the details~"

BgolT) = -fz' exp i(kyr - 7/4) [:C(t) + i S(tﬂ (8.5)
where o(x) + i S(x) = fe”"”t;/z Lt (8.6)
° .
t = kla (m) 2 (807) s

Fromw (8,5) calculations were made for kyb = 2,41 and the res~
ults added to the incident field exp i klr to give the calculated curves
of Figs. 8,6 and 8,7.

While the general form of the curves is in agreement with the
experimental, the quantitative agréement is poor, particularly for the
amplitude, although there is some improvement with increzsing ki,

In order to assess the effect of the ends of the obstacle on
the experimental results, the measurements and calculations were repeat-
ed for another family of obstacles, with a different value of klb.

Case B, The klb dimengion wasg reduced t0 1.20 and the result-
ing experimental and calculated fields plotted in Figs, 8.9~ 8,11 for a

family of 11 obstacles in the kia range 1.44-6.66,



WIGHTMAN MOUNTAINLTD,,
ARTILLERY Housg, ARTILLERY ROw, WESTMINSTER, S.W.1

105 Divisions x 45 Divisions

Data Sueer No. 2.

Shadow field of metal rectsngles., kb= 1,20.

B.9.

Fig.

Phase (degrees)

20

S R

|

i
i

1
+

1

e

i

b
I
i

1‘
/

e b
i

[

CRRS .

bt
i
i

(1
N

]

4 #txr.l -

B o T o S e

(.n; .H
i ™~ i : ¢
At O S s S
B3 T
M ]
R L

!

d

|
[
' [
I3
e et i

[

[ 8 IS




Wianrdan MouNtaiN Lo,
ARTILL:RY FLOUSE, ARTILLERY Row, WESTMINSTER, S.W. L

105 Divisions < 45 Dovisions

2

Data S:ren Noy

i
i
i
{

Shadow field smplitude of metal rectangles. kb= 1.20,

itude

S

Ampl

44{4

bi
L
P B SR

s

i

gt e e

.
|

.

P

it
N S

Lo b

TR

TSR B

o

1

1

OB ST S

|
i
'

N ; f
S S S

R

J SUSPP O U S SV S

Ll

(R SS S PUEDEN N,

i

|
e

v
i3

f S5 S S S NIV

i

i

S SN ThEUvR SR,

i}
.

S

P

i I,A.‘ ——

J

B e e e

s S Y

Fos

i

S S S N

PR A AP R T POUDNED 3

T

o s .
T b SHPIN S R AU N

PR

. ey

e

Ao

rege s

P

.
P
'

+

i bt
: I——+~r»3—f s et e et

P

-4

P

R S S
1

et

g el

RERENH

et

.wlgxy.l e




S OUN AN
ArrniLLrry TToUsE, ARTILLIRY Row, WESTMINSTER, S.W.1

HIN A,

Shadow field phase of metal rectangles, kb= 1,20.

105 Drivisions X 45 Divistons

Data SHEET No. 2,

8.11.

Pig.

It
v

T N S
!

{
!
+

¥

g TR
bty
ﬂf"*---

[>2
1423
ﬁﬂ
\\
1
I
!
il
T
14
R
e
g

a1
gt

(>

by

|

i
»

]
AN

|

4 T 1
100 I IS Al 0 O
S N i . S VO N X 4
cdtdo S R G .Lvoﬁ;., S
T 1 i . ] SO -
- - i | g _

Phase (degrees)
i
.
i
1
i
|

|
Y
A
|
i
i
;
;
+
A\
A\
d
1
b
RERE

30

L
!

doe ey

—d ol .
|

—+ 4




96.

Fig., 8.9 shows the results when the dimension along the direction
of incidence wae varied. The back-front interaction ic again apparént,
with an additional cycle appearing in the curves, compared with those of
Fig. 8.5, The polar curves again showed the cusps characteristic of a
constant amplitude and an oscillating phase, for kla near 4 and 6,3, The
phase results were getting a little less reliable here, beeause of the
amplitude of the oscillations being of the order of the experimentali error,
but a repetition of the measurement on several of the obstacles showed no
departure of the form of the curves from that shown.

Figs. 8,10 and 8.11 show the results for the other orientatim,
The agreement between measurement and calculation is seen to be much
better. The difference in amplitude has decreased to about 7 percent at
klr = 60, while for the phase the difference is well within experimental
error by kr= 40 for the largest kla considered, The amplitude agreemeqt
is vetter for the larger values of kja, as might be anticipated from the
nature of the current assumption, which corresponds to the Kirchhoff
approximation,

The experience of this case has been,therefore, that the calonl-
ations based on the rough assumptian used can serve as a basis for predict-
ing the form of the shadow field of metal rectangles, provided tﬁe transverse
dimension is of the order of a wavelength, the other dimension less than |
about 1/2 wavelength, and the minimum field dis.tance of the order of 10
wavelengths, |

There was obviously little use in making the calculations for the
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other rectangle orientation, or for the metal squares.

8.5, Polystyrene rectangles,

These measurements were made on a family of 11 rectangles for
klb = 2,37 and in the kla range 1.52-6.44. The results are given in Figs.
8.12 and 8.13. |

The results for a constant dimension in the direction of incid-
ence are again fairly smooth, although less so than for the metel rect-
angles, One would expect the curves of both amplitude and phase to bend
downward for the larger kla values, since, in the limit of very large
k,a, the shadow field would approach the transmission coefficient for a
polystyrene slab,

For the other orientation the trend of the curves is again sim-
ilar to that for the circular cylinder and the square, From the detailed
curves the critical combination of kla énd klr appeared t0 be approxim-
ately 4.25 and 18 respectively., Thus, as for the polystyrene squares a
higher value of effective permittivity is indicated than for the circ-
wlar cylinder,

The subject of Fresnel zones has not been discussed 'previousv'ly
as a possible factor in the results obtained since, for the largest trans-
verse dimension considered, the field points were always in the first

Fresnel zone,
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CONCLUS IONS,

A paraliel—plate egquipment has been described which has permitted
measurements to be made, in the 3 cm, band, of the amplitude and phase of
the near forward and back scattering by metal and dielectric cylinders of
several cross-section forms end with lateral dimensions up to approximately
two wavelengths, The accuracy achieved has been within 3 percent for ampl-
itude and 3 degrees for phase, |

The calculations and measurements on the dielectric, circular
cylinders have shown them to be'reSOnant structures, their scattering PYOp~
efties varying widely with the cylinder radius and meterial, This is in
contrast with the scattering behaviour of metal obstacles, which is comp-—
aratively smooth, It has been found thaet the near fields are more complex
than the far and that there may sometimes be very little similarity between
their respective behaviours as a function of a parsmeter of the system, The
main features of the near total shadow field, for the méterials considered,
have been the rapid rise in amplitude and phase on approaching the cylinder
and the tendency for the amplitude to go to zero for some particular comb-
ination of cylinder radius and field distence, The sczttering is sho&n to
be predominantly forward, The effect of absorption on the results for lossy
cylinders has been as might be anticipated from physical considerations,

The measurements on the cylinders of square cross-section have
given results similar to those for the corresponding circular cylinder, as
was also the case for the rectangles for the orientation for which the dim-

ension in the direction of incidence was varied, For the other orientation
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calculations based on a "Kirchhoff" type of approximation for the surface
current density on the metal cylinder predicted the form of the shadow
field, although the quantitative agreement was better, as might be expect~
ed, for the rectangles with i;he larger transverse dimensions and the
smaller dimensions in the direction of incidence,

The main difficulty, in the case of the éalculations, has been
the necessity to use a larger rmmber of terms of the series solution as
the cylinder radius was increased. Montroll has given & closed-form sol-
vtion in the case of the circular cyiinder, but it applies only to mater-
ials of low index of refraction,

There is much scope fbr theoretical and experimental work on
cylinders of dimensions comparable with the wavelength, with the par-
allel-plate equipment lending itself well to experimental work at micro-
waves, where structures are comparatively small and easy to form, No
lossy structures of square or rectangular cross-section have yet been
studied., Measurements and calculations on metal cylinders coated with
dielectric might indicate the possibility of minimizing the shadow effect,
as has been shown by the present measurements on coaxial cylinders, No
measurements have been reported on arrays of dielectric cylinders of any
cross—-section, and the only ones for métal ¢ylinders bave beén the recent
ones by Row(1953) for two metal circular cylinders, The properties of cyl-

inders periodic in the axial direction have not been investigated.



TABLE OF VALUES OF THE FUNCTION-

Cn = In(kpa)ip,n(ka) = 1.6 Ju,q (kpa)in(ka)




Iga n=0 n=1 n=2 n=3 n=4
0.00 0 0 0 0 0
0.50  -0.34880  ~0.01810  -0.00031

1.00 -0.49734 -0.11545 ~0,00830 -0.00029

1.50  -0.42460  -0.26401  =0,04730  -0.00394  -0,00019
1.75  -0,34926  -0.32297  -0.0844C  -0,00998  -0,00067
2,00 =-0,27828  -0,35398  -0,13132  -0,02129  -0,00194
2.25  -0.22748  -0.35164  -0,18210  -0.0%962  =0.00473
2.50 | -0.20255  -0,31907  -0,22814  -0,06569  -0,01011
2.75 -0.19905 -0, 26656 -0, 26030 -0,09854 -0,01929
3,00 -0,20572 -0, 20806 -0,2715C  -0.,13472 -0,03333
3,25  -0,20932, ~-0.15675  -0,25898  =0.16930  -0,05266
3.50 -0.19963 -0,12115 -0,22524 -0.19596 -0, 07669
3,75  ~0,17269  -0.10305  -0,17748  -0.20892  =0,10378
4,00  -0,13149  -0.09785  -0,12564  -0,20438  -0.12936
4.25 -0,08412 -0.09703 -0.07946 -0.18184 -0,15027
4,50  =0.040%2  =0,09167  -0.04576  -0.14453  -0.16163
4.75  =0,00777  -0.0758C  -0,02667  -0.09876  -0.15997
5.00 0.01045  -0.04829  -0.,01953  -0,05240  -0.14480
5.25 0.01647  -0,01296  -0,01823  ~0,01284  ~0,11430
5.50 0.01628 0.02324  -0,01568 0.01498  -0,07532
5.75 0.0L705 0.0535  ~0,00639 0.02976  -0.03269
6. 0O 0.02419 0.07149 0.01164 0.03391 0.00713
6.25 0.03946 0.07759 €. 03647 0,03251 0,03860
6,50 0.06052 0.074%3 0.06308 0.03141 0.05848
6.75 0.08216 0.06727 0.08546 0.03526 0,06651



' kja n=0 n=1 n=2 n=3 n=4
7.00 0,09849 0.06216 0.09877 0.04595 0,06539
7425 0.10533 0.06284 0,10105 0,06217 0.05973
7.50 0,10167 0.06983 0.09381 0.08000 .05453
7.75 0.08994 0.08042 0.08124 0.09446 0.05363
8.00 0.07488 0.08997 0.06850 0.10132 0.05849
8,25 0.06155 0.09586 0.05987 0.09863 0.06790
8.50 0.05343 0.08936 0.05713 0.08729 0.07849
8.75 0.05125 0.07661 0.05919 0.07070 0.08608
9.00 0.05286 0.05851 0.06271 0.05344 0.08710
9.25 0.05439 0.03952 0. 06350 0,03959 0.07992
9.50 0.05190 0.02388 0,05837 0.03138 0.06539
9.75 0.04303 0.01409 0.04627 0.02853 0.04647

10, 00 0,02797 0,01007 - 0,02873 0,02856 0,02724
ka n=5 n=6 n=7 n=8 n=9
2.00  -0,00011
2,25  -0,00036
2,56  -0.00097  -0,00006
2,75  -0.00233  -0,00019
3,00 -0,00498  -0.00050
3,25  =0,00964  -0.00117  -0,00010
3,50 -0,01714  =-0,00250  -0.00026
3,75  ~0.02814  -0,00491  —-0.00060
4,00 -0,04292 -0,00892 -0, 00129 -0, 00013



l kla

n=5 n=6 n="7 n=8 n=9 n=10
4,25  -0,06105 ~0,01507 -0,00254 -0.00030
4,50  -0.08106 -0.02383 ~0,00469 -0, 00067
4.75  -0.10067m -0,03533 -0,00811 -0,00133 -0,00016
5,00 -0,11670 -0,04920 =-0,0131e -0,00249 -0.00035
5,25  -0.12574 -0,06444 -0,02021 -0,00437 -0.0007C
5.50 -0.12485 =0,07930 =-0,02925 -0,00728 ~0.00133 -0.00018
5,75  =0,11236 -0.09143 -0,04001 -0,01148 -0,00237 -0.00038
6,00 -0,08849 -0,09822 -0,05169 =-0,01715 -0,00403 -0.00071
6.25  -0.05554 -0.09727 -0,06296 -0.02431 -0,00650 -0,00129
6.50 -0,01775 =0.08702 =-0,07205 -0.03271 -0.00996 -0.00223
6.75 0.01964 ~0.06723 -0,07691 -0,04169 -0,01456 -0.00366
7.00 0.05143 -0.03934 -0,07562 =0.,05025 -0,02026 =-0,00574
7.25 0.07363 -0,00639 ~0,06682 -0,05698 -0,02584 ~0.00861
7.50 0.08452  0,02746 -0,05012 -0,06028 -0.03377 =-0,01234
T.75 0.08492 0.05762 -0,02641 -0.05863 -0.04024 ~-0.01690
8.00 0.07788  0,08013  0.,00211 -0,05086 -0.04513 -0.02205
8.25 0.06775  0.09252  0,03210 -0,03656 =-0,04722 ~0.02740
8.50 0.05885  0.09436  0.05970 =0.,01629 -0.04525 -0.03226
8.75 0.05419  0.08737  0.08122  0,00828 -0,03828 =-0.03578
9.00 0.05474 0.07492 0.09394 0.0%3451 -0,02592 -0.03693
9.25 0.05913  0,06106  0,09671  0,05916 -0.00854 =0.03473
9.50 0.06431  0.04949  0,09026  0,07894  0,01257 -0.02843
9.75 0.06666  0,04247  0.,07700  ©,09118  C.03531 -0,01767
10,00 0,06327  0.04035  0.06044  0,09434  0,05697 ~0.00274

A3



k,a n=11 n=12 n=13 n=14 n=15 n=16
6.25 -0, 00020

6.50  =0,00039

6.75  -0.00071

7.00 -0,00123 -0,00021

T+25 -0,00205 ~0,00040

T-50 -0.00%330 -0, 00069

7.75  -0,00506 -0,00115 =-0,00022

8,00 -0.0074%3 -0.,0089 ~0,00038

8.25 -0,01046 -0,00295 -0,00065

8.50 -0,01408 ~0.00443 -0,00108 ~0,00021

8.75 -0.,01814 -0,00640 -0.00L71 -0,00037

9.00 -0,02225 ~0,00885 ~0,00262 -0,00062

9.25 -0,02588 ~0,01175 -0,C0387 -0.00100 -0.00020

9.50 -0. 02833 -0, 01493 -0.00549 ~0,00155 -0.00035

9.75 -0,02878 -0,01808 =0,00748 -0,00232 =-0.00057
1¢,00 -0.02646 =0.02075 =0,00980 -0,00336 =-0.00030 ~0,00020




APPENDIX IT,

TABLE OF VALUES OF THE FUNCTION-

Dy = Jn(kpe)¥n,1(kye) - 1.6 Jp,1(kpa)Y,(kga)




kK a n=0 n=1 n=2 n=3 n=4
0.00

0.50  -0.98296  ~1,82848  =3.099T1

1.00  -0.43624  -0.61952  -1,30443  -2,27363

1.50 ~0.31934 -0, 20060 -0,59616 -1,24511 ~2.,20045
1.75  -0,25816  -0,11553  -0,37410  =0,92007  =1.71731
2.00  -0.17914  -0.07855  -0,20642  -0,66070  -1.33810
2.25 -0.69009 -0,06669  -0,08784  =0,44902  -1.03%005
2,50  -0.00532  -0.05983  -0,01283  -0,27644 ~0.77389
2.75 0.06137 -0.04374 0, 02599 -0,13942 -0,55812
3,00  0,10192  -0.01240  0.03893  —=0.03661  =0.37609
3425 0.11642 0.03193 0.03822 0.03335 -0,22447
3,50 0.11217 0.08090 0, 03577 '0.07350 -0,10185
3,75 010039 0.12382 C. 04056 6.08934 -0,00782
4,00 0.09190 0,15183% 0. 05666 0.08867 0.05824
4,25 0.09342 0.16086 0.08269 0. 08042 0.09809
4.50 0.10575 0.15269 0.11282 0.07297 0.11528
4.75 0.12423 0.13387 0.13920 0,07227 0.11529
5.00 0.14121 0.11300 0.15473 0,08060 0.10491
5.25 0.14933 0.09749 0.15554 0.09625 0,09131
5.50 0.14436 0.09113 0,14215 0.11442 0,08058
5,75 0.12672 0.09309 0.11904 0.12892 0.07656
6.00 0.10090 0.09873 0.09298 0.13429 0.08007
6,25 0.07368 0.10182 0.0705% 0.12764 0.08892
6.50 0.05133 0.09712 0.05589 0,10953 0,09879
6.75 0.03743 0.08238 0,04966 0.08372 0. 10465



Iya =0 n=1 n=2 n=3 n=4
7.00 0. 03179 0,05912 0,04897 0.05705 0,10238
7.25 0,03088 0.03189 0.,04894 0.03157 0,09014
7.50 0.02958 0.00644 0.04464 0.01467 0. 06894
7.75 0,02334  =0.01249 0.03308 0.00605 0.04233
8.00 0,01002  -0,02281 0.01432 0.00361 0.01524
8.25  -0.00932  -0,02568 -C,00872  0.00333  =0.00756
8,50 -G,03099  -0.02473  -0.,03134 0.00082  -0,02289
8,75  =0.05019  -0,02448  -0.04896  -0.00695  -0,03010
9,00 -0,06288  -0.02848  -0,05870  -0.02054  ~0.03104
9,25  =0,06735 -0.03788 -0, 06041 -0.,03795 -0,02932
9,50  -0,0646%3  -0.05118  =0,05647  =0.05540  -0.02883
9,75  -0,05801  -0,06480  -0,05080 ~0.06877  -0.05239
10,00  -0.05160  =-0,07472  =0,04721  -0,07514  =0.04077
ke n=5 n=6 n="7 n=8 n=9
2,00  -2,38378

2.25 ~1.91774

2,50  ~1.,53358 ~2.74699

2.75  -1,21112  =2,25068

3,00 -0.95745  -1.83007

5.05 - -0.70354  -1.47067  ~2.72995

3.50 -0, 50361 -1.16185 -2,24548

3.75 ~-0.33387 ~-0.,89601 -1.82724

4,00  -0,19216 -0, 66746 ~1.46499 -2.81225

4.25  -0.07740  -0.47200  -1,15160  -2.30983



kya n=5 n=6 n=T n=8~‘ n=9 n=10
4.50 0.01095 -0,30674 =-0,88143 -1,87234
4.75 0.07364 ~0.16966 =0,64971 -1,49278 ~2.95933
5.00 0.11218 -0.,05945 -0.45283 =~1.16471 -2.41943
5425 0.12934  0,02506 -0,28781 -0,88296 -1.94985
5.50 0.12939  C,08461 -0.15236 -0,64299 -1.54319 -3.15542
5.75 0.11778 0.12124 =0,04472 -0.44084 =-1.19353 -2,56436
.00  0.10062  0.13740  C.03674 ~0.27336 =0,89502  -2,05203
6.25 0.08362  0,13675  0,09364 =0,13766 -0.64308 -1.61068
6.50 0.07114 0.12398 0.12801 -0,03136 -0.43307 =1.23355
6.75 0.06536  0.,10438  0.14250  0.04782 -0,26123 ~-0.91429
7.00 0.06592  0,08320  0,14056  0,10212 =0,12399 -0.64739
7.25 0.07022  0,06485  0,12641  0,13401 -0,01818 -0.42747
7.50 0.07431  0,05219  0,1048%  0,14635  0,05917 -0.24987
7.75 0.07407 -0.04602  0.08064  0.14263  0,11092 -0,11Cl4
8.00 0.06656  0,04510  0.05813  0,12684  0.1401C -0.00433
8.25 0.050906  0,04656  0.04043  0,10343  0,14992  (.C7138
8.50 0.02863  0.04683  0.02906  0,07687  0.14403  0.12059
8.75 0,00320  0,04264  0.02373  0,05130  0,12632  0,14686
9.00 -0.02098  0.03206  0,02252  0,02994  0,10108  0,15384
9.25  -0,03994  0,01510  0,02250 0.0146% C.07253  0.14539
9.5¢  -0,05123 -0,00631  0.02054  0,00585  0,04455  0,12551
9.75  =0.05468 -0,02874  0.01421  0,00231  0,02057  0,09836
10,00  -0.05223 -0,04836  0.00246  0,00173  0.00243  C,06803




kyja n=11 n=12 n=13 n=14 n=15
6,25 -3.39305

6.50 -2.73872

6.75 ~2.17452

7.00 -1,69156 ~3,66923

7.25 -1,282CL -2,94000

7.50 -0, 93842 -2,31492

175 0. 65407 -1.78382

8,00 -0,42254 -1,33701 -3,16624

8.25 ~0,23806 -0,96573 -2.47149

8,50 -0.09526 ~0, 66162 ~1.88560

8.75 0.01c89 ~0,41708 -1.39695 ~3,41671

9.00 0. 08506 -0,22493 ~0.99470 -2,64282

9.25 0,13155 -0,07857 -C. 66885 ~1,99553

9.50 0.15465 0, 02807 -0, 40997 ~1.46030 -3.69026
9.75 0.15846 0, 10057 -0.20945 -1,02395 -2.82786
10,00 0.14713 0.14416 ~0,05931 -0, 67442 -2,11214

A B



APPENDIX III,

THE CROSS-SECTION THEOREM,

The relation between the total cross—-section of & dielectric
cylinder— absorption pIus scattering -~ and the amplitude scattered
forward will now be derived. It has been discussed by (a) Levine and
‘Schwinger, (b) Lax, (c¢) Twersky and others,

The net power flow across the surface of a unit length of
cylinder is given by= A

277
S TRy E,(}-f: E*ap (23-1)
o

where P, ivs the power loss per unit length of cylinder and the remainder of

the notation is as before,

By use of the relations-

ine sc
277
. d *
W) K<) £, 2E "ag o (43-2)
0 2.7 2 e
() 2 </ £, 59-;, £ af - L Fee

where Psc is the scattered power per unit length of cylinder, one obtaing-

——

2.//

Eﬁ:ﬁf’(& *'gC):‘Z;"[/@Mc 59;-5;:—* Sc%} E//v:) dg’] )

If the far-scattered field is considered, the integral in (4,18)

can be written as-



2 Llny-Tg)

£ ()= f(,,,r,, Alv8) (£3-4)

where A()j ¢}:/ﬂz(fr_/)/g(y/]e"f'ﬂ’/W‘?sl 2o’

L3
= 1) [ E6) B0 Ao (85-5)

S
By a transfoma‘bion given by Schwinger this can be changed to-
Alv,0) = - f ( - o2 E) - By L ET60) 48T (1)

Again by use of (A3%3-2) (a) and (b) and, in addition,

a(— P D
L. £, I~E ZVE = - Lo £ ’NC'.b-;’["gg (A3-7)

there resul ts-
T ”[Y o) = a.fmf( NeTy sa %c%‘ gN:) g (43-8)
Ts, from (43-3)-  2ewu, (2 + Fe) = L Aly; o) (£3-9)

A
Z_u&ul
one obtains U = ~—" Zwue A~ o) = _..,- ﬁ&z £n B, (43-10)

from (4.17) and the defmltlon of the cmss-sectlon. Or, more convenlent-

and since the incident power density is given by S,.. = .

ly- -
g - - = (a3-11
2za o fre 2 En B, )

o

If the cylinder is lossless, (43-11) represents the scattering

cross-section alone,



BIBLIOGRAPHY

General References,

1. BARLOW, H,M, and Microwave Measurements, Constable. 1950,

CULLEN, A,L.
2, MARCUVITZ, W, ‘Waveguide Handbook, Radiation Laboratory Seriés,
- Vol, 10, MeGraw-Hill.
3., MCLACHLAN, N,W, Bessgel Fﬁnctions for En.gineers. Oxford, 1941.
4. M(I\ITGOMERY, C.G, Technique of Mic.fowave Measurements, Radiation
Leboratory Series, Veol, 11, McGraw-Hill, 1947.
5. MOULLIN, E.B, Radio Aerials, Oxford. 1949.
6. STRATTON, J.A, Electromagnetic Theory, MceGraw~-Hill, 1941,
References.
l, BEZUSZKA, S.J. Scattering of underwater plane ultrasonic waves
by liguid cylindrical obstacles. J, Acoust, Soc,
Amer,, 25, 1090, 1953,
2e BRE.’.’I?_?‘T-TAYLOR, An improved form of cruciform directional coupler,
G ‘ RRDE Tech Note No. 83, 1952,
3. CARTER, P.S. Antenna Arrays around cylinders., Proec. I.R.E.,

31, 671, 19453,
4. EL-KBARADLY, M.Z, An investigation of certain types of artificialv
dielectrics, Ph.D, Thesis, Univ, of London, 1953.
5. FARAN, J.J, (a) Sound scattering by solid cylinders and

spheres, J. Acoust, Soc, Amer., 23, 405, 1951,



Te

8,

e

10'

11,

12,

13,

14,

15.

FRANZ, W, and

DEPPERMANN, K,

GOLDBERG, B,

s, S.D.
HAND, B.P,
IGNATOVSKI, W,
JONES, D.S,
KELLER, H;B; and
KELLER, J.B.

KOBAYASHI-IWAG

KODIS, R,

LAX, M.

(b) Scattering of cylindrical waves by a Acylinder.
J. Acoust, Soc. Amer., 25, 155, 1953,
Theory of diffraction at a cylinder, with consider-
ation of the surface wave, Am. d Phys., 10,
361, 1952. |
New computations of the Mie scattering functions
for spherical particles, J. Op‘t. Soc. Amer.,
43, 1221, 1953,
Scattering from spheres, Univ. of Calif, Ant,

Lab. Eprt, No, 171, June 15, 1950,

A wide~band rotary attemuator, Electronics,

27, 184, 1954s

Reflection of electric waves at a wire,

Ann. & Phys., 18, 495, 1905.

. Diffraction by a thick, semi-infinite plate,

Proc, Roy, Soc, 4, 217, 153, 1953,

Reflection and transmission of EM waves by a

sphericel shell, J. Appl. Phys,, 20, 393, 1949.
Diffraction of electric waves at a dielectric
cylinder, Amm d Phys,, 43, 861, 1914,

An experimental investigation éf microwave
giffraction, Cruft Lab. Rprt. Fo. 105, June 10,
1950. Also J. Appl. Phys.,. 23, 249, 1952,

On a well-kmown cross-section theorem,

Phys. Rev,, T8, 306, 1950,



16, LAX, M, and

FESHBACH, H.

'17. LEVINE, H, end
~ SCHWINGER, J,

18, MILES, J.

19, MQNTROLL, E,¥, and
' HART, R.V.
20, MORSE, P,

et sl

21, MULIER, G.G.

et al
22. O'NEIL, H,T. and
SIVIMN, L.J.
23, PAGE, L.

24, PAPAS, C,H,

25, RAYLEIGH, Lord -

26, RICE, S.0.

.3.

Absorpbion and scatbering for impedance boundary
conditions on 'apheres' and circular cyljndérs.

J. Acoust. Soc. Amer., 20, 108, 1948, |
Diffraction by en aperture in an infinite plane

soreen, Phys. Rev., 74, 958, 19485 T5, 1423, 1949,

On radiation and scattering from a small cylinder.,

" J. Acoust. Soc, Amer., 25, 1087, 1953.

Scattéx'ing of plane waves by soft obstacles,

J. Appl, Phys., 22, 1278, 1951,

Scaftem‘ng and rediation from circular cylinders
and spheres, U.,S, Navy Office of Research and
Inventions, Washington, D.C., 1946,
Diffraction by cylindrical‘ and cubical obstacles
and by circular and square plates.- _

J. 'Acoust. Soc. fmer,, 10, 6, 1938,
Sound diffraction by various shaped screens.

J. Acoust. Soc. Amer., 3, 483, 1932,
The magnetic antemna, Phys, Rev., .69, 648, 1946,
Diffraction by a cylindrical obstacle,

J. Appl. Phys., 21, 318, 195G,
(a) On the EM theory of light, Phil Mag., 12, 81,
1881. Also Sc., Papers, Vol, 1, p, 533,
(b) On the dispersal of light by a dielectric
cylinder, Phil, Mag., 36, 565, 1918, Also Sc,

Papers, Vol. 6, p.554.

Reflection of EM waves from slightly-rough surfaces.



4.

27,

28,

29,
30,

31,

32,

33.

34.

35.

ROW, R.V, -

SCHAEFER, C.L. and

GROSSMAN, F,
SCHYINGER, J.
SEITZ, W.

SINCLAIR, G.

SOUTHYORTH, G.C.

' STERNS, V.G.

TAMARKIN, P,

THILO, G.

Comm, Pure and Appl. Maths., 4, 351, 1951,

_ (a) Microwave diffraction measurements in a

parallel-plate region, Cruft, Lab, Rprt. Wo,153,

Moy 5, 1952, Also J. Appl. Phys., 24, 1448, 1953.

.(b) EM scattering from two parallel, conducting,

circular c¢ylinders, Cruft, Lab. Rprt, No, 170,
May 1, 1953.

Diffraction of EM waves by a dielecfric ¢ylind-

er, Am, 4 Phys,, 31, 455, 1910,

Notes on waveguide discontimiities. Ed. D. Saxon.

Infinite metal cylinder and Hertzian waves., Ann,

‘d Phys., 16, 746, 19053 19, 554, 1906,

Patterns of antemnas located near elliptic cyl-
inders. Proc, I.R.E., 39, 660, 1951,

Princ, and Applic, of Waveguide Pransmission,
Van Nostrand, 1950, p.374.

Near-zone field studies of quasi~optical ant~
emnas, Univ, of Calif. Ant. Lab. Rprt. No,
153, June 15, 1949.

Scattering of an underwater ultrasonic beam by
liquid, cylindrical obstacles, J. Acoust. Soc.
Amer,, 21, 612, 1949. Also 20, 858, 1948,

The radiation pressure at a circular cylinder

of any material, Amn, 4 Phys,, 62, 531, 1920,



36.

3T.

38,

39.

40.

THOMSON, J,J,
TWERSKY, V.

UNDERHILL, E.J.V,

VAN de HULST, H.C.

WILES S.T,., and

McLAY, A.B.

ZAVISKA, F,

5.

Recent Researches in Electricity and Magnetisﬁ.
Oxford., P, 428,

Cei'tain transmission and reﬂecfion theorems,

J. Appl. Phys., 25, 859, 1954.

The effect of classical-shaped obstacles on the

propegation of 3 cm. waves, Admir, Sig. and Rad,

Estab, Tech Note No. R2/50/5, Aug. 31, 195b.

(a) .Optics of spherical particles. Recherches

Astronomiques de 1'Observatoire d'Utrecht, Vol,

XI, Paxt 1, 1946,

(b) The solid éarticles of inter-stellar space.
Vol., XI, Part 2, 1949. |

Diffraction of 3,2 cm, waves ‘b;j cylindrical

objects; Canad, J. Phys., 32, 372, 1954.

Diffraction of electric waves at parallel

cylinders. Amn, d Phys,, 40, 1023, 1913,

TABLES,

Tables of Jo(x) and J1(x) for x = 0(0,001)16(0,01)25 end auxiliary

functions for high values of x,

Tables of Y _(x) and Y, (x) for x = 6(0.01)25.

British Assoc. Maths Tables, Vol, 6, Camb, Univ, Press, 1937,

Tables of J“(x) for x = 0(0.1 or 0.01)10(0,1)25, n = 2(1)20, and

for x = 0(0.1)25, n = 0(1)20,



3,

Tables of Yn(x) or y (x) = & Yn(x) for x = 0(0,1 or 0.01)10(0.1)
) 25,

n = 2(1)20, _
Tables of Y (x) for x = 0.»1(0;,1)25, n = 0(1)20,
British Assoc, HMaths, Tables, Vol. 10, 1952,
Extensive tables of Jn<x) at emell intervals, Computation Lab.,
Harvard University.
Tables of Sines and Cosines, Appl, Maths, Ser, 5, U,S, Nat, Bur,
of Standards; Washington, D.C,, May 1949,
Tables of Fresnel Integrals C(x) and S(x) for x = 0(0.01)3,

Scientific Computing Service, London,




	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145
	Page 146
	Page 147
	Page 148
	Page 149
	Page 150
	Page 151
	Page 152
	Page 153
	Page 154
	Page 155
	Page 156
	Page 157
	Page 158
	Page 159
	Page 160
	Page 161
	Page 162
	Page 163
	Page 164
	Page 165
	Page 166
	Page 167
	Page 168
	Page 169
	Page 170
	Page 171
	Page 172
	Page 173
	Page 174
	Page 175
	Page 176
	Page 177
	Page 178
	Page 179
	Page 180
	Page 181
	Page 182
	Page 183
	Page 184
	Page 185
	Page 186
	Page 187
	Page 188
	Page 189
	Page 190
	Page 191
	Page 192
	Page 193
	Page 194
	Page 195
	Page 196
	Page 197
	Page 198
	Page 199
	Page 200
	Page 201
	Page 202
	Page 203
	Page 204
	Page 205
	Page 206
	Page 207
	Page 208
	Page 209
	Page 210
	Page 211
	Page 212
	Page 213
	Page 214
	Page 215
	Page 216
	Page 217
	Page 218
	Page 219
	Page 220
	Page 221
	Page 222
	Page 223
	Page 224
	Page 225
	Page 226
	Page 227
	Page 228
	Page 229
	Page 230
	Page 231
	Page 232
	Page 233
	Page 234
	Page 235
	Page 236
	Page 237
	Page 238
	Page 239
	Page 240
	Page 241
	Page 242

