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1. I n t r o d u c t i o n 

L e t R be a r i n g w i t h 1 e R and d e n o t e by M and N R - r i g h t m o -
d u l e s . I f S:= End (N) , T:= End_(M) , t h e n Hom_(M,N) i s a 

K K K 
S - T - b i m o d u i e . D e n o t e by U a S-T-submoduie o f Hom_(M,N). Exam-

K 

p i e s f o r U b e s i d e s 0 a r e _ i ( M, N) , V ( M, N) and RAD(M,N) ( d e f i n i 
t i o n s l a t e r ) . 

I n t h e s t u d y o f r e g u l a r i t y p r o p e r t i e s o f a r i n g , i t i s a t e c h 
n i c a l t o o l , t o c o n s i d e r t w o - s i d e d i d e a l s A o f R and d e r i v e 
p r o p e r t i e s o f R from p r o p e r t i e s o f A and t h e f a c t o r r i n g R/A. 
The s i m i l a r p r o c e d u r e a s i n t h e r i n g c a s e , t h a t means t o work 
w i t h Horn (M,N)/U, i s n o t u s e f u l , s i n c e t h i s i s n o t any more 

K 

a "Horn".But we w o u l d l i k e , t o work s t i l l w i t h t h e good p r o p e r 
t i e s o f homomorphisms, t h e s e a r e t h e k e r n e l , t h e image and t h e 
p r o d u c t . T h e r e f o r e we i n t r o d u c e t h e f o l l o w i n g d e f i n i t i o n . 
1.1. D e f i n i t i o n 
f e Horn (M,N) i s c a l l e d U - r e g u l a r t h e r e e x i s t 
g c Hom_(N,M) and u c U s u c h t h a t 

K 
{ 1 ) f = f g f + u . 

A s u b s e t o f Horn (M,N) i s c a l l e d U - r e g u l a r , i f a l l o f i t s e l e -
K 

ments a r e U - r e g u l a r . 

I f u = 0 , t h e n we h a v e t h e n o r m a l r e g u l a r i t y . We i n t e n d t o 
show, t h a t U - r e g u l a r i t y i s a v a l u a b l e n o t i o n f o r t h e s t u d y o f 
r e g u l a r i t y i n Horn. 

2. L a r g e s t U - r e g u l a r s ubmodule o f Horn 

I t i s w e l l - k n o w n , t h a t i n a r i n g R, t h e r e e x i s t s a l a r g e s t 
r e g u l a r t w c - s i d e d i d e a l A and R/A h a s no n o n z e r o r e g u l a r two-
s i d e d i d e a l . We i n t e n d t o show, t h a t t h i s r e s u l t i s a l s o t r u e 
i n o u r g e n e r a l s i t u a t i o n and c a n e v e n be e x t e n d e d t o t h e c a t e 
g o r y R-mod o f a l l u n i t a r y R - r i g h t m o d u l e s . 
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F o r f e Hom_(M,N) we d e n o t e by < f> t h e S-T-submodule o f 
K 

Horn (M, N) g e n e r a t e d by f . Then we d e f i n e 

( 2 ) R e g ( U ) : = ( f e Hom R(M,N) | < f > i s U - r e g u l a r \ . 

F i r s t , we h a v e some t r i v i a l r e m a r k s a b o u t R e g ( U ) . 
1. Remark: U ^ Reg(U ) ; s i n c e i f u e U, t h e n u = uOu + u 
w i t h t h e z e r o m a p p i n g 0 e Hom_(N,M). Hence u i s U - r e g u l a r and 
s i n c e <u> £ U a l s o <u> i s U - r e g u l a r . 
2. Remark: I f U,,U- a r e S - T - s u b m o d u l e s o f Hom_(M,N), t h e n 

L Z K 

U 1 ^ U 2 i m p l i e s R e g ( U 1 ) ^ R e g ( U 2 ) . 
3. Remark: I f f i s U - r e g u l a r w i t h ( 1 ) and i f v e U, t h e n a l s o 
f+v i s U - r e g u l a r , s i n c e by ( 1 ) we h a v e 

f+v = ( f + v ) g ( f + v ) + u^ 
w i t h 

u^ = u + v - f g v - v g f - v g v e U. 

T h i s i m p l i e s a l s o , t h a t i f < f > i s U - r e g u l a r a l s o <f+v? i s U-
r e g u l a r . 

Now we s t a t e o u r f i r s t t h e o r e m . 

2.1.Theorem 
R e g ( U ) i s t h e l a r g e s t U - r e g u l a r S - T - s u b m o d u l e o f Horn (M,N) and 

R 

( 3 ) R e g ( R e g ( U ) ) = R e g ( U ) 

P r o o f . We g i v e t h e p r o o f i n f i v e s t e p s . 
l . S t e p . I f f G R e g ( U ) , s e S, t h e n s f e < f / and h e n c e 
<sf,* < f ? . T h e r e f o r e a l s o s f e R e g ( U ) . S i m i l a r a l s o 

f t c Reg(U) f o r t e T. 
2 . S t e p . We show now: I f f i * f

2

 e R e 9 ( u ) * t n e n f ? = f i + f 2 e R e g ( u ) 
By a s s u p t i o n t h e r ^ e x i s t s g n G Horn (N,M), u, e U s u c h t h a t 

1 R 1 
= ^ i ^ i ^ i + u i a n & t h i s i m p l i e s 

( 4 ) f - f g x f = f l " f l g l f l + f 2 " f l g l f 2 " f 2 g l f = U l + f 3 
w i t h 

f 3 = V ^ l W l * e < f 2 > 
and t h a n f o l l o w s by ( 4 ) 

( 5 ) f 3 = f - f g ^ - ^ = f ( l T - g l f ) - u 1 = ( l s - f g 1 ) f - u 1 . 

S i n c e f ^ e < f 2 > i t i s U - r e g u l a r , h e n c e we h a v e 

( 6 ) f 3 = f 3 g 3 f 3 + u 3 , u 3 G U . 

Then ( 4 ) , ( 5 ) and ( 6 ) t o g e t h e r i m p l y 
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f = f g 1 f + f 3 + u 1 = f g 1 f + f 3 g 3 f 3 + u x + u 3 

= f ( g 1 + ( l T - g i f ) g 3 ( l s - f g i ) ) f + u 

and a c o m p u t a t i o n s hows u e U. T h a t means, t h a t f = f ^ + f ^ 
i s U - r e g u l a r . 
3 . S t e p . We p r o v e now, t h a t v f ^ + f 2 > i s U - r e g u l a r . F o r t h i s , we 
c o n s i d e r an a r b i t r a r y e l e m e n t o f < f ^ + f ^ > : 

n n 

Z S i ( f l + f 2 } t i " Z ^ ^ i + 11 s i V i .*±*S.t±e?. 

i = l i = l i = l 
S i n c e t h e f i r s t sum on t h e r i g h t i s i n <^^> t n e s e c o n d i n 
< f a > t h e s e sums a r e e l e m e n t s i n R e g ( U ) . Then by t h e 2 . s t e p 
t h e sum o f t h e s e e l e m e n t s i s U - r e g u l a r . T h e r e f o r e f^ + f^ s 

R e g ( U ) . T o g e t h e r we h a v e p r o v e d , t h a t R e g ( U ) i s a U - r e g u l a r 
S - T - s u b m o d u l e o f Hom_(M,N). 

R 
4 . S t e p . I f V i s a l s o a n U - r e g u l a r S - T - s u b m o d u l e o f Hom_(M,N), 

K 

t h e n f o r h e V a l s o <h>.^V. B u t t h e n by d e f i n i t i o n o f R e g ( U ) 
h e R e g ( U ) , h e n c e V <r R e g ( U ) . 
5 . S t e p . S t i l l we h a v e ( 3 ) t o p r o v e . S i n c e R e g ( U ) i s a S - T - s u b 
module o f Hom_(M,N) R e g ( R e g ( U ) ) i s d e f i n e d a nd s i n c e U ^ R e g ( U ) 

K 

i t f o l l o w s R e g ( U ) R e g ( R e g ( U ) ) . Now we show, t h a t e v e r y R e g ( U ) -
r e g u l a r e l e m e n t is a l s o U - r e g u l a r . L e t f be R e g ( U ) - r e g u l a r ; 
t h e n we h a v e 

( 7 ) f = f g f + w , w e R e g ( U ) 

and f o r w e x i s t s a n e q u a t i o n 

( 8 ) w = whw + u , u e U . 

By ( 7 ) we g e t 

( 9 ) w = f ( l T - g f ) = ( l s - f g ) f 

and ( 7 ) , ( 8 ) a n d ( 9 ) t o g e t h e r i m p l y 

f = f g f + whw + u = f ( g + ( l T - g f ) h ( 1 - f g ) ) f + u , 

h e n c e f i s U - r e g u l a r . Now, i f f e R e g ( R e g ( U ) } , t h e n < f > i s 
R e g ( U ) - r e g u l a r , h e n c e a l s o U - r e g u l a r , h e n c e f e R e g ( U ) . Q 
We i n t e n d t o g i v e e x a m p l e s f o r R e g ( U ) a nd d i s c u s s R e g ( U ) i n 
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a s p e c i a l c a s e . B u t f i r s t , we e x t e n d t h e o r e m 2.1. t o t h e 
c a t e g o r y R-mod. 

3. The l a r g e s t W - r e g u l a r i d e a l i n R-mod. 

An i d e a l W i n R-mod i s d e f i n e d by two c o n d i t i o n s : 

( I d 1 ) : F o r a r b i t r a r y m o d u l e s M,N o f R-mod i s g i v e n a s u b g r o u p 
W(M,N) o f t h e a d d i t i v e g r o u p o f Hom_(M,N) . 

R 
( I d 2 ) : F o r a r b i t r a r y m o d u l e s M,N,X,Y o f R-mod and a r b i t r a r y 

f e W(M,N) , h e Hom_(X,M) , k e Hom_(N,Y) 
R R 

i s k f h e W(X,Y) 

By t h i s d e f i n i t i o n t h e i d e a l W i s g i v e n by i t s "components" 
W(M,N) and t h e r e f o r e WnHom_(M,N) = W(M,N). E x a m p l e s f o r 

K 

i d e a l s b e s i d e s t h e 0 - i d e a l a r e A , V and RAD, f o r w h i c h we 
now g i v e t h e d e f i n i t i o n s : 

A (M,N):= { f e Hom R(M,N)| k e r ( f ) i s l a r g e i n M j , 

V ( M , N ) : = | f e Hom R(M,N)| i m a ( f ) i s s m a l l i n n } 

RAD(M,N):= R a d i c a l o f Horn (M,N) 
R 

Now, we come b a c k t o t h e g e n e r a l s i t u a t i o n . F o r f e W we d e 
n o t e by<^f>> t h e i d e a l i n R-mod g e n e r a t e d by f . We c a l l 
f e Hom_(M,N) W - r e g u l a r , i f t h e r e e x i s t g e Hom_(N,M) and 

R K 

w c V(/(M,N) s u c h t h a t f = f g f + w . Now we d e f i n e 

REG(W)(M,N) := [ f e H o m R ( M , N ) | « f » i s W - r e g u l a r } . 

Then < f > ^ «f>/* and t h e r e f o r e 

REG(W)(M,N) ^ Reg(W(M,N)) . 

R e a l i s e t h e d i f f e r e n c e i n t h e w r i t i n g ! Now we h a v e t h e a n a 
l o g s t h e o r e m t c 2.1. 



- 5 -

3.1. Theorem. 

I f W i s an i d e a l i n R-mod, t h e n REG(W) i s t h e l a r g e s t W - r e g u l a r 
i d e a l i n R-mod and 

( 1 0 ) R E G ( R E G ( W ) ) = REG(W) 

P r o o f : We u s e t h e p r o o f o f 2.1. wiih some o b v i o u s m o d i f i c a t i o n s . 
I n t h e s t e p s 2.,3. and 5. o n l y <f;> h a s t o be s u b s t i t u t e d by 
<>f>>. I n t h e l . s t e p , we h a v e t o c o n s i d e r s e Hom_(N,Y), t e 

R 
Hom_.(X,M) f o r a r b i t r a r y m o d u l e s X,Y. S i m i l a r i n t h e 3 , s t e p 
t h e s . r e s p . t h e t . h a v e t o be i n Horn (N,Y) r e s p . i n Horn (X,M) 

1 1 K R 

and t h e sums h a v e t o be added i n t h e s e n s e o f t h e 2 . s t e p i n 
REG (W) (X, Y ) .D 
C o n n e c t e d w i t h t h i s r e s u l t , t h e r e a r e many q u e s t i o n s . What a r e 
t h e r i n g s R s u c h t h a t 

( 1 1 ) REG(W) = R-mod 

i f W = 0 RAD ? I t i s o b v i o u s , t h a t f o r a s e m i - s i m p l e 
r i n g R ( 1 1 ) i s s a t i s f i e d f o r W = 0 and h e n c e f o r a n y i d e a l . 
A r e t h e r e o t h e r r i n g s , f o r w h i c h ( 1 1 ) i s s a t i s f i e d f o r any 
p r o p e r i d e a l o f R-mod ? How a b o u t r i n g s R s u c h t h a t REG(W) = W 
f o r one o f t h e e x a m p l e s ? Does t h e r e e x i s t f o r an a r b i t r a r y 
r i n g R a s m a l l e s t ( o r m i n i m a l ) i d e a l W s u c h t h a t ( 1 1 ) i s t r u e ? 

O b v i o u s l y , i t i s a l s o p o s s i b l e , t o s t u d y W - r e g u l a r i t y i n more 
g e n e r a l c a t e g o r i e s t h a n R-mod . 

4. E x a m p l e s and s p e c i a l c a s e s 

F i r s t we g i v e some r e s u l t s f o r R e g ( U ) by u s i n g c o n t i n u i t y and 
d i s c r e t n e s s p r o p e r t i e s . We n e e d t h e f o l l o w i n g c o n d i t i o n s 
( c o m p a r e | 5 | ) . 

(C1;M) : E v e r y s u b module o f M i s l a r g e i n a d i r e C t s u m m a n d o f M. 

( C 2 q ; M ) : I f a submodule o f M i s i s o m o r p h i c t o M, t h e n i t i s 
a d i r e c t s u m m a n d o f M. 

(C2;M,N): I f a su b m o d u l e o f N i s i s o m o r p h i c t o a d i r e c t summand 
o f M, t h e n i t i s a d i r e c t summand o f N. 
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I f ( C 1 ; M ) and ( C 2 ; M ) : = (C2;M,M) a r e s a t i s f i e d , t h e n M i s c a l l e d 
c o n t i n u o u s . 

4 . 1 . T e o r e m 

( i ) I f ( C 2 Q ; M ) i s s a t i s f i e d , t h e n f o r e v e r y module N 

( 1 2 ) A(M,N) ^ RAD(M,N) 

( i i ) I f ( C 1 ; M ) and (C2;M,N) a r e s a t i s f i e d , t h e n 

( 1 3 ) RAD(M,N) ^ A(M,N) 
and 

( 1 4 ) R e g ( A ( M , N ) ) = Hom_(M,N) . 
R 

P r o o f : 
( i ) : We c o n s i d e r f e^,(M,N) and an a r b i t r a r y g e Horn (N,M). 
F o r x e k e r ( f ) f o l l o w s ( l ^ - g f ) ( x ) = x , h e n c e 

( 1 5 ) k e r ( f ) n k e r ( l - g f ) = 0 and k e r ( f ) £• i m a ( l - g f ) . 

S i n c e k e r ( f ) M , ( 1 5 ) i m p l i e s 

( 1 6 ) k e r ( l T - g f ) = 0 , i m a ( l T - g f ) . 

S i n c e l T ~ g f i s a monomorphism, i m a ( l T - g f ) i s i s o m o r p h i c t o M 
and t h e n by ( C 2 Q ; M ) i t i s a d i r e c t summand o f M. Then ( 1 6 ) 
i m p l i e s i m a ( l T ~ g f ) = M. T o g e t h e r , we s e e , t h a t l T - g f i s an a u 
tom o r p h i s m , w h i c h means f e RAD(M,N). 
( i i ) : Assume now f e Hom_(M,N) , f I A ( M , N ) . Then t h e r e e x i s t s 

K 

0 + L ^ M s u c h t h a t k e r ( f ) r ^ L = 0 . By ( C l ; M ) t h e r e e x i s t s 
D £" ® M w i t h L ^*D; t h e n a l s o k e r ( f ) n D = 0 . I f I : D — > M 
i s t h e i n c l u s i o n , t h e n f c : D —>M i s a monomorphism. T h e n 
by (C2;M,N) f C ( D ) = f ( D ) i s a d i r e c t summand o f N, h e n c e 
N = f ( D ) © B. Now, we d e f i n e g e Horn (N,M) by 

R 

g ( f ( x ) ) : = x f o r x e D 
g ( b ) : = 0 f o r b e B . 

Then f o l l o w s f o r x e D 

( l T - g f ) ( x ) = x - x = 0 , 
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h e n c e 0 \ D ^ k e r ( l T ~ g f ) a n d t h e r e f o r e f ^ RAD(M,N), h e n c e 
( 1 3 ) i s t r u e . F o r t h e p r o o f o f ( 1 4 ) we assume f e Horn (M,N) 
and d e n o t e by D a complement o f k e r ( f ) i n M s u c h t h a t 

( 1 7 ) k e r ( f ) n D = 0 , k e r ( f ) + D ̂ * M . 

By (C1;M) e x i s t s D x ^ ® M , D £ *D 1. By ( 1 7 ) f o l l o w s , t h a t 
a l s o k e r ( f ) r \ D ^ = 0 and t h i s i m p l i e s = D, s i n c e D was 
m a x i m a l w i t h t h i s p r o p e r t y . T h e r e f o r e D ^ ® M. Then a s b e f o r e 
N = f ( D ) © B and D £ k e r ( l - g f ) ( w i t h t h e same g a s b e f o r e ) . 
S i n c e f - f g f = f ( l T ~ g f ) = ( l g - f g ) f w e g e t by u s i n g ( 1 7 ) 

k e r ( f ) + D ^ k e r ( f - f g f ) £ *M. 

Then w i t h u:= f - f g f e Zl(M,N) we h a v e f = f g f + u . a 

4.2. C o r o l l a r y 
I f ( C 1 ; M ) , ( C 2 ;M) and (C2;M,N) a r e s a t i s f i e d , t h e n 

^(M,N) = Rad (M, N ) . 

A module M i s c a l l e d q u a s i - c o n t i n u o u s , i f (C1;M) and t h e f o l 
l o w i n g (C3;M) a r e s a t i s f i e d . 

(C3;M) : I f A and B a r e d i r e c t summands o f M w i t h A n B = 0, 
t h e n A+B i s a d i r e c t summand o f M. 

A homomorphism f e Horn (M,N) i s c a l l e d p a r t i a l l y i n v e r t i b l e 
R 

= p i i f i t i s a f a c t o r o f a n o n z e r o r e g u l a r e l e m e n t o r , e q u i -
2 

v a l e n t , t h e r e e x i s t s g e Hom R(N,M) w i t h g f = ( g f ) =(= 0. 
( t h e r e a r e more e q u i v a l e n t c o n d i t i o n s f o r p i ) . Then we n e e d 
t h e t o t a l f r o m M t o N: 

TOT(M,N) := ( f e Hom R(M,N) | f i s n o t p i } . 

( F o r t h e p r o p e r t i e s o f t h e s e n o t i o n s s e e | l | . . . | 4 | ) 

4.3 Theorem. 
Assume ( C I : M ) , ( C 2 ;M),(C2;M,N) and (C3;M) o r 

( C 1 ; M ) , ( C 2 q ; M ) , ( C 2 ; M , N ) and ( C I ; N ) , ( C 3 ; N ) t h e n 

A(M,N) = RAD(M,N) = TOT (M, N) . 
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B e f o r e we g i v e t h e p r o o f , we w o u l d l i k e t o m e n t i o n some s p e c i a l 
c a s e s , i n w h i c h t h e a s s u m p t i o n s l o o k l e s s c o m p l i c a t e d . I f M i s 
i n j e c t i v e , t h e n ( C I ; M ) , ( C 2 Q ; M ) , ( C 2 ; M , N ) a n d (C3;M) a r e a l l 
s a t i s f i e d ( f o r a r b i t r a r y N ! ) . I f M=N , t h e n t h e c o n d i t i o n s 
a b o v e r e d u c e t o (C1;M) and (C2;M) ( s i n c e (C3;M) f o l l o w s from 
( C 2 ; M ) ) . 

P r o o f o f 4.3. 
By 4.2. we h a v e o n l y /A(M,N) = TOT(M,N) t o show. S i n c e a l w a y s 

(M,N) ^ TOT(M,N) h o l d s , o n l y t h e o p p o s i t e i n c l u s i o n 
i s t o p r o v e . T h i s we p r o v e by c o n t r a d i c t i o n . Assume 
f G TOT(M,N) , f $ A (M,N) ; t h e n by 4.1. f i s (M, N ) - r e g u l a r , 
h e n c e 

( 1 8 ) f = f g f + u , u c A(M,N) . 

S i n c e f 4(M,N) a l s o 

( 1 9 ) g f = ( g f ) 2 + gu + A ( M , N ) , f g = ( f g ) 2 + ug $ £ ( M , N ) . 

H e r e , we u s e d t h e f a c t , t h a t A i s a n i d e a l i n R-mod. Now we 
h a v e a l s o t o u s e t h e f a c t , t h a t TOT i s a s e m i - i d e a l i n R-mod. 
S i n c e f e TOT(M,N), t h e n a l s o g f G TOT(M,M) ( = T O T ( T ) ) , 
g f e TOT(N,N) (= T O T ( S ) ) . Now we c o n s i d e r t h e i m a g e s g f r e s p . 
f g i n T / ^ ( T ) r e s p . S/A(S) ( w i t h Zl( T ) : = A ( M, M) , & ( S ) : = A ( N, N) ) . 
Then by ( 1 9 ) 

0~ + £f = ( ? f ) 2 , 0 + f g = ( f g ) 2 . 

Now, we n e e d an a s s u m p t i o n t o be a b l e t o l i f t i d e m p o t e n t s from 
T//1(T) t o T o r f r o m S M ( S ) t o S. T h i s i s t h e c a s e , i f M o r N 
i s q u a s i - c o n t i n u o u s ( ( C I ) a n d ( C 3 ) ) . We c o n s i d e r t h e f i r s t 

2 
c a s e . Assume e = e G T , s u c h t h a t e = g f (=(= 0 ) . Then 
e = g f + h , h e i ( T ) and by 4.2 a l s o h e R A D ( T ) . B u t t h e n 
f o l l o w s ( 121 ,3.3 ) e = g f + h e T O T ( T ) , w h i c h i s i m p o s s i b l e 
f o r an i d e m p o t e n t e % 0. C o n t r a d i c t i o n ! T h e p r o o f i s s i m i l a r 
i n t h e s e c o n d c a s e . o 

I f we c o m p a r e 4.1. ( i n c l u d i n g 4 . 2 ) w i t h 4.3., we h a v e t h e 
f o l l o w i n g i n t e r e s t i n g s i t u a t i o n . I f f G Horn (M,N), f ^ RAD(M,N), 
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t h e n by 4.1. and 4.2. 

f = f g f + u , u e RAD(M,N) 

and by 4.3. t h e r e e x i s t s h e Horn (N,M) s u c h t h a t 
R 

h f =: e = e 2 =(= 0 . 

I s t h e r e a c o n n e c t i o n b e t w e e n g and h ? I n g e n e r a l : I s t h e r e 
a c o n n e c t i o n b e t w e e n R A D ( M , N ) - r e g u l a r e l e m e n t s , w h i c h a r e n o t 
i n RAD(M,N), and p i - e l e m e n t s ? 

I f we d u a l i s e t h e a s s u m p t i o n s i n 4 . 1 . , 4 . 2 . and 4.3., t h e n t h e 
d u a l r e s u l t s a r e t r u e ( F o r t h e d u a l c o n d i t i o n s , c a l l e d d i s -
c r e t n e s s c o n d i t i o n s , s e e | 5 | ) . 

We c o n s i d e r now t h e s p e c i a l c a s e M = R. Then Hom R(R,N) i s a 
S-R - b i m o d u l e and 

6 : Horn (M, N ) 3 f v > f ( l ) e N 
R 

i s a S - R - i s o m o r p h i s m . I f U ^_Hom_(M,N)_ , t h e n B:= 6 ( U ) i s a 
* 

S-R-submodule o f N. F u r t h e r Hom_(N,R) = N i s t h e d u a l module 
R 

o f N, w h i c h i s a R - S - b i m o d u l e . T h i s s i t u a t i o n w i t h B = 0 was 
s t u d i e d by J . Z e l m a n o w i t z ( | 6 | ) . 
B Y a p p l y i n g 6 on ( 1 ) , i t f o l l o w s 

f ( l ) = f ( g ( f ( l ) ) ) + u ( l ) = f ( i ) g ( f ( l ) ) + u ( l ) . 

I f we w r i t e x:= f ( l ) , b:= u ( l ) and g x : = g ( x ) , t h e n we h a v e t h e 
f o l l o w i n g r e g u l a r i t y c o n d i t i o n : 

( 2 1 ) x = xgx + b , x e N , b e B . 

Now f o r x e N <x > i s t h e S-R-submodule o f N g e n e r a t e d by x. 
Then 

R e g ( B ) : = [ x e N | ̂ x > i s B - r e g u l a r | 

and by t h e o r e m 2,1. we know, t h a t R e g ( B ) i.s t h e l a r g e s t 
B - r e g u l a r S-R-submodule o f N a n d 

R e g ( R e g ( B ) ) = R e g ( B ) 
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A l s o , we w i l l s p e c i a l i s e 4 . 1.,4.2.and 4.3. on t h i s c a s e . I n 
t h e a s s u m p t i o n s (C1;M) ... we h a v e now M = R, c o n s i d e r e d a s 
R - r i g h t m o d u l e . We d e n o t e f o r x e N 

A n n ( x ) := { r e R | x r = of 
Then 

6 A (R,N) = £ x e N | A n n ( x ) ^ R R } 
and 

BRAD (R, N) = ^ x e N | ̂  cj e N [ l - g x i s a u n i t e i n R|^. 

* * 
I f r e R, g e N , t h e n a l s o r g e N . T h e r e f o r e i f a l l 1 - r g x , 
r e R a r e u n i t s , t h e n gx e R a d ( R ) . S i n c e f o r Rad(N) and a l l 

* 

g e N we h a v e g ( R a d ( N ) ) ^ R a d ( R ) , i t f o l l o w s 

( 2 2 ) Rad(N) ^ 6 ( R A D ( R , N ) ) . 

Q u e s t i o n : Under w h i c h c o n d i t i o n s f o r R and N h o l d s t h e e q u a l i t y 
i n ( 2 2 ) ? I f N i s p r o j e c t i v e , t h e n t h e e q u a l i t y i s s a t i s f i e d 
( a s t o s e e by u s i n g a d u a l b a s i s ) . What a b o u t o t h e r c o n d i t i o n s ? 

Now, we c o n s i d e r t h e image 6 ( f ) o f a pi-homomorphism 

* 
f e Horn ( R , N ) . I f f i s p i , t h e n t h e r e e x i s t s g e N s u c h t h a t 
e:= g f i s an i d e m p o t e n t =)= 0. T h e r e f o r e 

g f ( r ) = g ( f ( l ) r ) = g ( f ( l ) ) r 
= ( g f g f ) ( r ) = g f ( f ( g ( l ) ) r ) = g ( f ( 1 ) ) g ( f ( 1 ) ) r . 

By a p p l y i n g 6, we g e t t h e f o l l o w i n g c o n d i t i o n f o r x e N t o be 
a p i - e l e m e n t : 

x i s p i <= = => t h e r e e x i s t s g e N s u c h t h a t 
g ( x ) i s an i d e m p o t e n t =j= 0 i n R. 

Then 
T o t ( N ) : = 6 ( T O T ( R , N ) ) = { x € N | x i s n o t p i ̂  . 

Nowx e v e r y one c a n t r a n s l a t e t h e r e s u l t s 4 . 1 . , 4 . 2 . and 4.3. 
and t h e d u a l r e s u l t s i n t h i s s i t u a t i o n . 
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