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ASYMPTOTIC FLEXIBILITY OF GLOBALLY HYPERBOLIC MANIFOLDS

FLEXIBILITÉ ASYMPTOTIQUE DES VARIETÉES GLOBALMENT

HYPERBOLIQUES

OLAF MÜLLER

Abstract. Dans cette note, on regarde un problème de collage de deux varietées globalment
hyperboliques qui surgit dans le contexte de la construction des états de Hadamard.

In this short note, a question of patching together globally hyperbolic manifolds is adressed
which appeared in the context of the construction of Hadamard states.

Often, for a normally hyperbolic �eld theory (as Maxwell or Klein-Gordon theory) on a globally
hyperbolic manifold, one wishes to construct Hadamard states. Those are complex-linear function-
als on the Weyl algebra (which, in turn, is a certain subalgebra on the algebra of smooth complex
functions on a space of solutions to some �eld equation) satisfying additional properties, for details
see [4]. The crucial point for this note consists solely in the fact that, while the Hadamard property
can be de�ned locally, to every state de�ned in, say, an open causal and thus globally hyperbolic
neighborhood of some Cauchy surface we can associate a Hadamard state in all of the manifold.
This procedure is called propagation of the state (to the future or the past). In ultrastatic globally
hyperbolic manifolds, there is an easy and very explicit method for the construction of Hadamard
states. Now if we know that we can modify the past of a Cauchy surface of a given manifold
(M, g) in a way that the modi�ed metric (M, g̃) is asymptotically ultrastatic (while staying glob-
ally hyperbolic) then we can de�ne a Hadamard state in the past in g̃ and propagate it to the
future. According to what has been said above, it will stay Hadamard. Then we consider the
Hadamard state in the future in which g and g̃ coincide and propagate it back to the past of the
original metric g. The state we have constructed this way is Hadamard for the original metric.
Now the question arises if this construction can be performed for every globally hyperbolic man-
ifold. Sometimes a slightly di�erent procedure is done in which, for a given globally hyperbolic
manifold (M, g), another one (M, g̃) is constructed which is ultrastatic in the past and contains
an open neighborhood N of a Cauchy surface S of (M, g) (cf. [5], for example). But the size of
N cannot be controlled due to the proof which works by Fermi coordinates around S. Thus the
construction, although very useful for showing the existence of Hadamard spaces, leaves questions
from Lorentzian geometry involving concepts as geodesic completeness unanswered. The following
result answers the above question in the a�rmative.

De�nition 1. Two globally hyperbolic manifolds (M, g) and (N,h) are called future-isometric
(resp. past-isometric) i� there is a Cauchy hypersurface S of (M, g) and T of (N,h) such that
I+(S) is isometric to I+(T ) (resp. I−(S) is isometric to I−(T )). Let J(g, h) be the set of globally
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hyperbolic manifolds past-isometric to g and future-isometric to h. Any metric in J(g, h) is called
an asymptotic join of g and h.

We de�ne a binary symmetric relation P of past-isometry (resp. F of future-isometry). Due to
the following lemma, P and F are moreover transitive. The content of the lemma is elementary,
well-known and frequently used and there can certainly be found a good reference for it. However,
for the purpose of self-containedness, here we include a proof:

Lemma 1. For each two di�erent topological Cauchy surfaces S1, S2 of a globally hyperbolic man-
ifold (M, g), there is a smooth Cauchy surface in the past of both and a smooth Cauchy surface in
the future of both.

Proof. We use the existence of a smooth Cauchy temporal function t as established in [1], [2] (for
a shorter proof with a somewhat stronger conclusion see [3]). The function t induces an isometry i
between (M, g) and (R×N,−a2dt2+gt) where a is a smooth function on R×N and gt is a smooth
one-parameter family of Riemannian metrics on N . By the de�ning properties of Cauchy surfaces,
and as the �ow lines of gradt are timelike, we get immediately that the Si are graphs of functions
fi: Si := {(fi(n), n)|n ∈ N}. As they are topological hypersurfaces, the fi are continuous. Now
choose a smooth function f− with f−(n) < min{f1(n), f2(n)} for all n ∈ N and a smooth function
f+ with f+(n) > max{f1(n), f2(n)} for all n ∈ N . Then the graphs S− := {(f−(n), n)|n ∈ N},
S+ := {(f+(n), n)|n ∈ N} satisfy S− ⊂ I−(S1)∩I−(S2), S+ ⊂ I+(S1)∩I+(S2) as required. 2

Now let us prove prove another result used in the proof of the second theorem:

Theorem 1. Let λ ∈ C∞(R×N, (0,∞)) and let g := −dt2 + gt be a Lorentzian metric on R×N ,
where each gt is a Riemannian metric on {t} ×N . Then there is an f ∈ C∞(R×N, (0,∞)) such
that (M := R ×N,h := −λdt2 + fgt) is globally hyperbolic. For each real r, by λr we denote the
function on N given by λr(n) := λ(r, n). If λs = λu, gs = gu for any two s, u ∈ (−∞, 0), and
if (a,∞) × N is already globally hyperbolic, then f can be chosen such that fs = fu for any two
s, u ∈ (−∞, 0) as well and equal to one on (a,∞).

Proof. First choose a smooth function j on S := t−1({0}) such that jg0 is complete. Let us denote
the timelike future resp. past cone of a point p w.r.t. the metric h by I±h (p), and for any point
x ∈ S we denote by Ba(x) the ball of radius a around x w.r.t. the metric jg0. Now we want to
have I±h ((t, x))∩S ⊂ Bt(x) (which then ensures global hyperbolicity). As we can parametrize any

causal curve c as c(t) = (t, k(t)) and as for the resulting curve k holds ftgt(k̇, k̇) ≤ λt, it is su�cient
that ftgt ≥ max{1, λ} · jg0. By compactness of the Euclidean spheres in each tangent space, there
is a continuous function f satisfying this inequality, so we can choose a smooth function f ≥ f with
this property as well. The additional property is now obvious as the choice of f was pointwise.
2

Theorem 2. Let (M, g) and (M,h)be globally hyperbolic, let the Cauchy hypersurfaces of g be
di�eomorphic to those of h. Then J(g, h) is nonempty. In particular, for any (M, g) globally
hyperbolic, there is a globally hyperbolic ultrastatic metric u on M such that J(g, u) is nonempty.

Proof. Choose a metric splitting (M, g) = (R×N,−s ·dt2+gt) by a smooth Cauchy time function
t as in [3] and put T := t−1({0}) and S := t−1({1}). Then choose a smooth positive function f
on M = R×N such that f |I+(S) = 1 and f = s−1 on I−(T ). Via t, the metric g(1) := f · g splits
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as g(1) = −ldt2 + fgt and l = −1 in I−(T ). Moreover, F (g, fg). Now, for a smooth monotonously
increasing function ψ : R → [0,∞) with ψ(r) = 0 ∀r ≤ 0, ψ(r) = r ∀r ≥ 1, de�ne a
smooth function λ and a Lorentzian metric k := −dt2 + kt as in Theorem 1 by λt := lψ(t) and
kt := fψ(t) · gψ(t). Note that λt and kt are constant for t ≤ 0. Then apply the �rst theorem to
(λ, k) and get a smooth function φ on R × N , that is to say, a smooth one-parameter family of
smooth functions φt on N , such that (R × N, γ := −λtdt2 + φtkt) is globally hyperbolic, and φt
can be chosen equal to 1 on [1,∞) and such that φx = φy for all x, y ∈ (−∞, 0]. Then F (g, γ), and
P (γ, u) where u is the ultrastatic metric −dt2 + φ0g0. Therefore γ ∈ J(g, u), wich proves the last
a�rmation of the theorem. An important detail to keep in mind is the fact that, as the ultrastatic
metric u constructed in this way is globally hyperbolic according to Theorem 1, the Riemannian
metric of its standard Cauchy surfaces is necessarily complete.
If we have two di�erent globally hyperbolic metrics g and h, the strategy is to join g to the future
with an ultrastatic metric ug as in the �rst step and to join h to the past with an ultrastatic
metric uh and �nally to interpolate between the two ultrastatic metrics. So we construct the
ultrastatic metrics ug = −dt2 + k0 and uh = −dt2 + k1 as above and intermediate between them
via the metric ugh := −dt2 + kθ(t) where kr := rk1 + (1 − r)k0 and θ : R → [0, 1] smooth and
monotonously increasing with θ((−∞, 0]) = {0}, θ′(r) 6= 0 for all r ∈ (0, 1), and θ([1,∞) = {1}.
Then ugh is globally hyperbolic because it is stably causal and the causal diamonds D(p, q) are
compact as they are compact in every subset of an open covering de�ned by A := t−1((−∞, 2/3))
and B := t−1((1/3,∞)): If t(q) < 2/3 this follows from comparison with the complete metric
(1 − θ(2/3))k0, in the other case t(p) > 1/3 it follows from the comparison with the complete
metric θ(1/3)k1. The metrics ki are complete as metrics on the standard Cauchy surfaces of the
ultrastatic metrics ug resp. uh. Thus, as there is an open covering by two g.h. manifolds with a
joint Cauchy surface, the entire manifold is g.h. 2
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