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Abstract. We study a control problem governed by a semilinear parabolic equation. The
control is a measure that acts as the kernel of a possibly nonlocal time delay term and the functional
includes a nondifferentiable term with the measure norm of the control. Existence, uniqueness, and
regularity of the solution of the state equation, as well as differentiability properties of the control-
to-state operator are obtained. Next, we provide first order optimality conditions for local solutions.
Finally, the control space is suitably discretized and we prove convergence of the solutions of the
discrete problems to the solutions of the original problem. Several numerical examples are included
to illustrate the theoretical results.
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1. Introduction. We consider optimal control problems for the parabolic equa-
tion

T
Sy R = [ et - 9)duls) Q= 2x (0.T)
0
Oy =0 on X =T x (0,T),
y(@t) = oz.t) in Q=9 x [-T,0)

(1.1)

with fixed final time 7' > 0, where the Borel measure u € M[0,T] is taken as control.
Depending on the particular choice of this measure and on the form of the nonlinearity
R, different mathematical models of interest for theoretical physics are covered by this
equation. Thanks to its generality, this equation includes the control of time delays in
parabolic equations, the control of multiple time delays, and also the optimization of
standard feedback operators of Pyragas type. Associated examples will be explained
below.

Our paper extends the optimization of nonlocal Pyragas-type feedback operators
that was investigated in [25]. The main novelty of our paper is the use of measures
instead of functions. This is much more general and leads to new, partially delicate
and interesting questions of analysis. The partial differential equation above includes
three main difficulties: First, the equation is of semilinear type. The main ideas for
the associated analysis were prepared in [11] and we are able to proceed similarly, at
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least partially. Second, the equation contains some kind of time delays. Finally, the
integral operator includes the measure u that complicates the analysis.

The optimal control theory of ordinary or partial differential equations with time
delay has a very long history. Numerous papers were contributed to this field. We
mention, for instance, the papers [2, 3, 12, 18, 19], that have some relation to dis-
tributed parameter systems, or the surveys [4, 28]. More recent contributions are,
e.g., [17, 23, 24].

However, to our best knowledge, the optimal control of parabolic equations with
nonlocal time delay was only investigated in [25]. The case of measures as controls
is new for this type of equation. However, we mention [1], where a measure-valued
control function is considered in a delay equation.

Moreover, the control is not taken as a right-hand side. Here, it plays the role
of a kernel in an integral operator; this is another difficulty. We should mention that
the use of kernels as control functions is not new. For instance, memory kernels were
taken as “controls” in identification problems in [35] and [36].

The equation above generalizes different models of Pyragas-type feedback that
are very popular in theoretical physics. We mention the seminal paper by Pyragas
[26], where the feedback of the form (1.2) was introduced to stabilize periodic orbits;
see also [27]. We also refer to [30, 32, 33], where nonlocal Pyragas feedback operators
of the type (1.5) are discussed for different kernels w.

Let us also mention [20], where the implemention of nonlocal feedback controllers
is investigated. In particular, these equations have applications in laser technology;
we refer to associated contributions in [30].

Let us also mention a few examples for (1.1). In the following k is a real parameter.

Ezample 1.1 (Pyragas feedback control). If 7 € (0, 7)) is a fixed time, and ¢, and

do denote the Dirac measures concentrated at 7 and 0, respectively, then the equation

9y

(1.2) =

Ay + R(y) = £ (y(z,t — 1) — y(z,1))

is obtained as a particular case of (1.1) with u = k(d, — o). Equations of this
type with fixed time delay 7 are known in the context of the so-called Pyragas-type
feedback control [26, 27, 30].

Ezample 1.2 (Pyragas feedback with multiple time delays). A more general ver-
sion of (1.2) with multiple fixed time delays is generated by

(1.3) U=k (Z U;Or, — 50>
i=1

with fixed time delays 0 < 7 < -+ < 7, < T. Then the equation

dy -
(1.4) E—Ay—i—R(y) =K Zuiy(x,t—n)—y(x,t)

i=1
is obtained. Here, the control (ug,...,u,,) € R™ is a vector of controllable weights.
Ezample 1.3 (nonlocal Pyragas feedback control). Finally, if the Lebesgue decom-

position of u is u = k(u, — dp), where u, is absolutely continuous w.r.t. the Lebesgue
measure in [0,7] and its Radon-Nikodym derivative is g € L'(0,T), then equation
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(1.1) takes the form

T
(1.5) % —Ay+R(y) =k </0 g(s)y(w,t — s)ds — y(%t))

that is used in nonlocal Pyragas-type feedback. Here, the control is the integrable
kernel g of the integral operator of the partial differential equation.

2. State equation. Throughout this paper M0, T] will denote the space of real
and regular Borel measures in [0,7]. According to the Riesz representation theorem,
M]0,T) is the dual of the space of continuous functions in [0, T]: M[0,T] = C[0,T]",
and M0, T] is a Banach space endowed with the norm

T
[ullmpo,zy = [ul([0,T]) = sup {/0 ¢(s)du(s) : ¢ € C[0,T] and ¢ cpo,r) < 1} :

Here, |u| denotes the total variation measure of u; see [29, pp. 130-133]. The above
integrals are considered in the closed interval [0,T]. Notice that «({0}) and u({T})
could be nonzero. This notational convention will be maintained in what follows.
Thus, we distinguish

b
/ ¢(s) du(s) = ¢(s) du(s), ¢(s) du(s), ¢(s) du(s), ¢(s) du(s)

[a,b] [a,b) (a,b] (a,b)

for real numbers a < b and continuous functions ¢ € C10, T'.
We recall our general state equation (1.1),

T
% _ Ay + Riy) = / y(t — s)du(s) in Q,

ot
Ony =0 on X,
y(z,t) = yo(z,t) in Q-.

In this setting, 2 C R™, 1 < n < 3, is a bounded Lipschitz domain with boundary
I' and, (as introduced above) Q_ = Q x [-T,0]. The nonlinearity R : R — R is a
function of class C! such that

(21) HCRERRI(y) >Cr VyeR.

The initial datum yo is taken from C(Q-), while v € M[0,T] is the control.
In particular, third order polynomials of the form

R(y) = p(y —y1)(y — y2)(y — y3)

with p > 0 and y; < y2 < ys satisfy this assumption. R has the meaning of a reaction
term. The numbers y;, ¢ = 1,2, 3, are the fixed points of the reaction; y; and ys are
the stable ones, while ys is unstable. Such functions R play a role in bistable reactions
of physical chemistry; see [22].

The assumptions are also fulfilled by higher order polynomials of odd order,

k
R(y) = Z Q; yi7
=0

with real numbers a;, 7 =0,...,k, and k =20+ 1, £ € NU{0}, if ay, is positive. Here,
the derivative R’ is an even order polynomial that satisfies condition (2.1).
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Remark 2.1. The theory of our paper can be extended to more general functions

R:Q xR — R, that obey the following assumptions:

e Ris a Carathéodory function of class C'! with respect to the second variable.

e There exists some p > n/2 such that R(-,0) € LP(Q).

e For all M > 0 there exists a constant Cp; > 0 such that
OR .
‘F(m,y)’ < Cpy for aa. z € Qand Vy € R with |y| < M.

Y
e The function y — %—R(x, y) is bounded from below, i.e.,
y

g—];(m,y) >(Cr foraa. xeQandalyelR
The theory also remains true if—in addition to these general assumptions on R—the
Laplace operator —A is replaced by another uniformly elliptic differential operator A
with L>° coeflicients in the main part of the operator. Lipschitz regularity of these
coeflicients is required only in the second part of Theorem 2.5.
However, to keep the presentation simple, we concentrate on the case A = —A,
and a function R : R — R of class C! and satisfying condition (2.1).

In the following, we will denote Y = L2(0,T; H'(2)) N C(Q). Endowed with the
norm
lylly = llyllz20.7:m0 <) + 19lle@):
Y is a Banach space.
We say that y € Y is a solution of problem (1.1) if

- y%dxdt—k/Vszdxdt—i—/R(y)zdxdt
Q ot Q Q

T
= / / y(a,t — s)du(s)z(x,t) dedt —|—/ yo(x,0)z(x,0) dx
QJ0 Q
for all z € H'(Q) such that z(z,T) = 0.

Notice that if y € Y is a solution of (1.1), then we also have that y € W(0,T) =
L2(0,T; HY(Q)) N HY(0,T; H(Q)*).

We begin our analysis with the well-posedness of the state equation (1.1) that is
a differential equation with time delay. Ordinary differential delay equations are well
understood; we refer, for instance, to the expositions [6, 15, 13]. For parabolic partial
differential equations, we only mention [5] and the references cited therein, since this
book investigates oscillation effects for nonlinear partial differential equations with
delay that we observe also for (1.1). Our parabolic delay equation is nonlinear and
contains a nonlocal Pyragas-type feedback term defined by a measure. To our best
knowledge, an associated result on existence and uniqueness of a solution is not yet
known.

THEOREM 2.2. For every u € M[0,T], problem (1.1) has a unique solution y, €
Y. Moreover, the estimates
(2:2) Myl 2o @) < Crolllvollz2 @ ) lull s,y + 90, 0l 2@y + [R(0)]),
23)  lullo@) < Coo(lwolle@ el mio,zr + lwo (- 0) e @y + IR(0)]),

are satisfied, where the constants C1 o and Coo depend on |[ul| pp0,7), but they can be
taken fized on bounded subsets of M[0,T].
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In order to prove this theorem, we perform the classical substitution y*(z,t) =
e My(x,t) with arbitrary A > 0. Hence (1.1) is transformed to

oy r
% — Ay + e MR(MYN) + Ay = / e My, t — s)du(s) in Q,
0
Oy =0 on X,
y Mz, t) = e Myg(x,t) in Q_.

Note that the appearance of the term e~ under the integral is due to the fact that

y(z,t — s) = M=)y r(x,t — s) and e disappears after dividing the equation by this
term. To simplify the notation we introduce, for every A > 0, the following family of
operators K [u], Ky [u] : C(Q) — L>(Q), defined for (z,t) € Q by

(Ka[ul2) (@, t) = / e 2(z,t — ) duls),

[0,t)
(K5 [u)2)(z, 1) = /( ¢t 9 duts)

Hence, we have (K, [u]z)(z,t) = u({0})z(z,t) + (K [u]z)(z,t) for t > 0.
Moreover, we define the family of functions

T T
Iz, t) = /t e MyMa,t — s)du(s) = ef)‘t/t yo(x,t — s)du(s) for (z,t) € Q

that covers the initial data yg.

For A = 0 we simply write K[u] and g, instead of Ko[u] and go ., respectively.
With this notation, the above equation and (1.1) (obtained for A = 0) can be formu-
lated as follows:

oy _ .

S~ AV RN + M = Kafuly + ga in Q.
(2.4) Ony> =0 on X,
y*(x,0) = yo(z,0) in Q
with the additional extension y*(z,t) = e *yq(z,t) for t € [-T,0].

Remark 2.3. Notice that K [u]y and g, can be discontinuous at those points ¢
such that u({t}) # 0, but the following identity holds:

T T
/ e My, t — s)du(s) = / e MyMa, t — s)du(s) + / e **yo(,t — s)du(s)
0 [0.%) ¢

= (K[uly* + gau) (2, 1),

and, therefore, K)[u]y* + g € C(Q) if y* € C(Q).
LEMMA 2.4. For every u € M[0,T] and A\ > 0 we have

[ K5 [u]2]| 2(@) < |2/l 2 (@) llull mo, 17 Vz € C(Q),
(2.5) [ Ka[ulzll 0,1y, 22y < [I2lleqo.m,z2 ) lullmo,r) V2 € C(Q),

|Ka[u)z]| L= (@) < |lzlle@)llull mpo,m vz € C(Q),
(2.6) { lorullz) < lyollz(@o)llwll o,

lgxullz=@) < lvolleo_ylullrmpo,ry-
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Moreover, for every € > 0 and v € M0, T] there exists Ae o, > 0 such that VA > A,
the following inequalities hold:

(2'7) { HK)J\F[U]ZHLZ(Q)

e(1+ lull mpo.m) Izl 2y V2 € C(Q),
1K )zl 2= o @

5(1 + HUHM[O,T])HZHC(Q) Vz € C( )

IAIN

Proof. By using the Schwarz inequality and the Fubini theorem, we get

I3 ) = | ( JARRCE du<s>>2 o di
< /Q </[O,t) 22(x,t — s) d|u|(s)> </[O,t) e 2N d|u|(s)> dx dt
< </Q /OT /ST 22(x,t — s)dt d|ul(s) dx) (/OT e 2 d|u(s)> =N1,.

Substituting o =t — s we get for I

I :/Q/OT/OTSz2(x,o—)dadu|(s)dxg/Q/OT/OTZQ(x,a)dadm(s)dx

= HZH%Z(Q)HUHM[O,T]-

To estimate Iy we proceed as follows:

T
L— / 2 djul(s) / dul(s) = [l po.1)-
0

Multiplying the estimates for I; and I, we get the first inequality of (2.5). To prove
the second estimate we proceed as follows: Vt € [0, 7]

2
([ ) (1) 2 = /Q ( /[ ) du<s>> da
_ r —2As
(//[) 2t — 5)dlul(s)d )(/ e d|u|<s>>

= 12(ot = $)1 20 dlul(s) | I < [|2l12 0,79, 22y 1wl 30,77
[07t)

Finally, to prove the third inequality of (2.5) we only need the following estima-
tion:

T
1K ul 2] @) < ||Z||c<@>/0 e dlul(s) < lIzlle@llullmpo,ry-

In a completely analogous way we prove (2.6). To establish the first inequality of (2.7)
we proceed exactly as above replacing I by Iy, so ||K; [u]zH%z(Q) < LI, where

T
I;'_ — / e—ZAs d u| / —2>\s d\u|(s) +/ e—2>\s d\u|(s)
0,7] * 7

1
2.8 < |u|(0, —= —I—e_Qﬁ U .
(2.8) \ |( \5) | ||M[0,T]
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It is enough to choose A, > 0 sufficiently large such that

1 swam
|ul (0, \/)\—> R A
£,u

and the first inequality in (2.7) follows from the fact that I; < ||z||%2(Q)(1+ llull amp0,77)
and that each of the addends in the previous inequality is smaller than £2.
The second inequality in (2.7) follows trivially from (2.5) for all A > 0 if ¢ > 1.

For € < 1, we have that if A > A, ,,, chosen as before,
15 [zl =) < 17l /( e

1 Y )
<|zllcoy | || (0, +e u
lelleco) ( 0. 75) + il aaor
<|zllec (& +ellull mp,ry) <e(1+ lullmpo )2l ()

and the proof is complete. 0

Proof of Theorem 2.2. We split the proof into three steps.

I: Ezistence of a solution. For every function z € C(Q), we define the problem

9

5 Ay + R (t,y) = Ki[ulz 4+ gru in Q,

(2.9) Oy =0 on X,

y(l‘,O) = yo(ZE,O) in Qv

where R (t,y) = e *R(eMy)+ (A—u({0}))y. This is a standard semilinear parabolic
+
equation with given right-hand side. We have that %(7&7 y) > Cr+ X —u({0}) and
we set A, =1 — min{0,Cr — u({0})}, hence, it follows that
ORY

2.1 At y)>1 VA>T

Therefore, RI is a continuous monotone increasing function with respect to ,
and it is well known that the semilinear equation (2.9) has a unique solution y € Y’; see
[7] or [34], for instance. The continuity is due to the continuity of yo(+,0) and the fact
that the right-hand side of the partial differential equation in (2.9) belongs to L>(Q).

Moreover from the above references and the inequality |RY (t,0)] = e *|R(0)| <
|R(0)| we infer the estimate

211)  [yleq < Co(IKS [Wzlli=@) + l9ralli=c@) + sl Ollcy + IRO))-

Now, we define M = Co(1 + [lull mo.z1l[90llc(g-) + I90(- 0)llc(@) + [R(0)]). Ac-
cording to (2.7), we can select A > A% such that

(2.12) K [u]z]l (@) <1 Vz € C(Q) with [|z] o) < M.

Let By be the closed ball of C(Q) with center at 0 and radius M. We define the
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continuous mapping F': By; — B) that associates with every z € Bj; the solution
y = F(z) of (2.9). The embedding F'(By;) C By is an immediate consequence of
(2.6), (2.11), (2.12), and the definition of M. In order to apply Schauder’s fixed point
theorem, we have to prove that F'(B)y) is relatively compact in C(Q). To this end, we
assume first that yo(-,0) is a Holder function in Q: yo(-,0) € C%#(Q) with p € (0,1).
Then, there exists po € (0, ] and C,, such that y € C%#(Q) and

[yllcomo gy < Cu (”K;_ [u]z + gxullze= @) + Yo (, 0)[lco.n(q)y + A, |R(p)| + A);

see [21, section I11-8]. From the compactness of the embedding C%#(Q)  C(Q) and
the above estimate we conclude that F(Bjs) is relatively compact in C(Q) and F
has at least one fixed point y*. Then it is obvious that y* is a solution of (2.4) and
yrevy.

Next we skip the assumption yo (-, 0) € C%#(Q) for every sufficiently large . Since
Yo € C(€2), then we can take a sequence {yox}5, C C%#(Q2) such that yor, — yo(-,0)
in C(Q). Hence, for every k > 1, (2.4) has at least one solution y3 € Y. Let us
prove that {y;}22, is a Cauchy sequence in Y. To this end we select two terms of

the sequence y; and y;, and subtract the equations satisfied by them. Then we get

o A 7)\n + )
et o (1) 0 — ) = Kl — ) n @
On(yi —ym) =0 on 3,

(yli\ - y;\n)(x, 0) = yOk(x) - yOm(x) in €,

where ¥ =y + 0x(yp — y) and 0 < Oy, (7, 1) < 1 is a measurable function. Now,

N
multiplying the above equation by y3 — v, using that %(t, yp ) > 1 due to our
choice of A (cf. (2.10)), and (2.7), we obtain

1
102 =)Mo + [ 902 i) Parat+ [ i~ Parar
1
<e(1+ [[ulampo,m) llva — y;\n”%?(Q) + 5\\3/% - y0m||%2(9)
1
< Ce(1+ [lull o) llyr — y7>7\1||%2(0,T;H1(Q)) + §||y0k - yOmH2L2(Q)'

For all € sufficiently small and A > A, ,,, this leads to

lve — vl L2081 () < Cillyor — Yom |l z2(0)-

Notice that the left-hand side of the above chain of inequalities absorbs the term
appearing with the factor Ce(1 + [lul[smo,77) in the right-hand side, if ¢ is small
enough.

Hence {y}}3°, is a Cauchy sequence in L?(0,7; H'(2)). To prove that it is a
Cauchy sequence in C(Q) as well, we handle the equation satisfied by y,i‘ — g in the
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same way as we discussed (2.9). We use (2.7) to get

Iy — %’\nHC(Q) < Co(e(1+ HUHM[O,T])HZJ/? - y'f;LHC(Q) + [lyor — yOm”C(Q))-

Taking again ¢ sufficiently small and A > A, ,,, we deduce

lyp — Z/QHC(Q) < Callyor — Yom ey

Therefore, {yp — y 132, is a Cauchy sequence in C(Q). Consequently, there exists
y* €Y such that y,i‘ — y* in Y. It is easy to see that y* is a solution of (2.4). Now,
we resubstitute y, (z,t) = e*y*(z,t) and extend y, to Q_ by yo to get that y, is a
solution of (1.1).

II: Uniqueness of the solution. Let y3,y5 € Y be two solutions of (2.4), and set

y» = y3 — y;. Subtracting the equations satisfied by y3 and y;' we obtain

oy ORY . .
S~ A+ a; (t, 7y = Kf [uly* in Q,
9yt =0 on X,

y*(2,0) =0 in Q,

where §* = y7+0(ys —y7) is some intermediate state with 0 < (=, ¢) < 1. Multiplying
this equation by y* and invoking again (2.10) along with (2.7), we obtain

1
Ay + [ 195 dwae+ [ PP asa
Q Q
<e(1+ l[ullampom) 1M 1720 -
Taking e < (1 + ||u||M[0,T])_1, we conclude for A\ > \., that y* = 0, since the last
term in the left-hand side absorbs the right-hand side. Obviously the uniqueness of
the solution of (2.4) is equivalent to the uniqueness of solution of (1.1).

II: Estimates. First we recall that y,(z,t) = eMy? (x,t) is the solution of (1.1),
once it has been extended to Q_ by yy. Moreover, the following inequalities hold

||yuHL2(O,T;H1(Q)) < e/\T||y>\HL2(O,T;H1(Q)) and HyuHC(Q) < eAT||Z/A||C(Q)~

Therefore it is enough to establish the estimates for y*. To this end, we define this
time Ry(t,y) = e *R(eMy) + \y with

A > Ag = 2(1 + |lull pmp0,77) — min{0, Cr}.
Now, we multiply (2.4) by y* and deal with the reaction term as follows:

Ra(t,yM)y* = [Ra(t.y) — Ra(t,0)]y* + Ra(t, 0)y>

OR)
= Ty(t’ Oy [y + Ra(t, 00y = 201+ [|ull aago,r)) [ = [R(0)][y],

where 6, 0 < §(x,t) < 1, is a measurable function in Q. Then, multiplying (2.4) by y*
and using this inequality along with (2.5) and (2.6), we obtain for every 0 < T" < T
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and Qr = Q x (0,T"),

1
Sy + [ 9P dwde+ 200+ ulaory) [ P s

T QT
1
< / (Ex[uly® + gau)y” dzdt + |R(0)] / ly* da dt + 5”@0(" OI72(0)
QT/ QT’
< ullmgo,r (1971 22 + lwollz2 @ DIV M 220

+IRONQI 5 2@y + 5100 0) ey

< (% + lull o) 197172 + %”“HM&T]”Z”OH%Z(Q—)
+ 2RO + 10 2,0, + 3100020

= (1 llull o) ([ Z2 (@) + %”“HM&T] lvolZ2 )
+ @|R(O)|2 + %Hyo('vo)H%Q(Q)'

The first term of the right-hand side can be absorbed by the left-hand side. In this
way, we get

HyAHLZ(O,T;Hl(Q)) + Hy/\”C([o,T];L?(Q))
(2.13) < O(HUHM[O,T]||yO||L2(Q7) + [R(0)[ + ||y0('70)||L2(Q))-

To prove (2.3) we use the second inequality of (2.5), (2.6), and the results of [21,
section ITI-7] applied to (2.4) to obtain

I o) < C (IS fuly s o.).220) + lorallzei@ + I0( 0o + R(0)])
< C(Jlullmpom 19 oo 20 + il milwolleia ) + (- Ol + 1RO ).

Finally, from the equation satisfied by y», the above estimates and the identity
y(x,t) = eMy*(z,t) we conclude (2.2) and (2.3). ad
Let us prove some extra regularity of the solution of (1.1).

THEOREM 2.5. Under the assumptions of Theorem 2.2, if yo(-,0) € H*(Q), then
yu € HY(Q) and

(2.14) 1ullz @) < Cra(lvoll 2oy 1wl o) + 9o (-, 0) () + [R(0)])-
In addition, if either Q is convex or T is of class CYt, then y, € H>Y(Q) and
(2.15) 1Yullzr21(@) < Coa(llvollz2@ ) llullmpo.ry + 90 (5 0) [z + [R(0)]).

The constants C11 and Coy depend on ||u||apqo, 1), but they can be kept fired on
bounded subsets of M[0,T].

Proof. For the first part of the theorem we only have to prove that % belongs
to L?(Q) and to confirm the associated estimate. This is a simple consequence of a
result that is known for linear parabolic equations; see, for instance, [31, section II1.2].
Indeed, it is enough to write the equation in the form
9y

N — Ay = Klu]y + gu. — R(y)-

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/10/19 to 193.144.185.28. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

4444 EDUARDO CASAS, MARIANO MATEOS, AND FREDI TROLTZSCH

Thanks to [31, section II1.2], the H'(Q)-norm of y, can be estimated against the
L?(Q)-norm of the right-hand side and, additionally, y, € L?(0,T;D(A)) holds.
Therefore, if  is convex or T is of class C™!, then D(A) = H?(Q2) and the esti-
mate (2.15) follows; see [14, Chapters 2 and 3]. 0

The next step of our analysis is the investigation of the differentiability properties
of the control-to-state mapping G : M[0,T] — Y that associates with u € M][0, T
the solution y, of (1.1), G(u) = yu.

THEOREM 2.6. The mapping G is of class C*. For every u,v € M[0,T], we have
that z, = G'(u)v is the solution of the problem

% — Az R (ya)z = Kulz + K[vlyy + go in Q,
(2.16) Opz=0 onX,
z(z,0) =0 in Q.

Proof. We define the space

yz{er:%—AyeL”(Q)},

endowed with the norm

Jy
lyly = lylly + ‘ W_nyl|

ot

L>=(Q)

Y is a Banach space. Now we consider the mapping

F:Yx M[0,T] — L®(Q) x C(Q),

F(y,u) = (gz: — Ay + R(y) — K[uly — gu, y(+,0) — yo(- 0)) :

It is obvious that F is well-defined and is of class C''. Moreover, we have that

aa—';:(y,u)z = (% — Az + R'(y)z — Kuz, 2(-, 0))

Let us confirm that %—g(y, u) : Y — L®(Q) x C(£) is an isomorphism. Indeed, since
obviously %(y,u) is a linear and continuous mapping, we only need to prove that,

for every pair (f,z9) € L>®(Q) x C(Q), there exists a unique solution z € ) of the
problem

% —Az+ R (y)z = Klu]z+ f in Q,

Opz=0 on X,

z(x,0) = zg in Q.
The existence and uniqueness of a solution z in Y is proved in the same way as for
the problem (1.1). Moreover, from the partial differential equation and the fact that
z € C(Q), the inclusion % — Az € L*™(Q) follows and, consequently, z € ) holds.
Hence, an application of the implicit function theorem implies that G is of class C*.
Equation (2.16) follows easily by differentiating the identity F(G(u),u) = 0 with
respect to u. 0
Remark 2.7. Let us mention that z, = G'(u)v € H'(Q) holds for every v €
M]0,T]. This follows from (2.16) arguing similarly as in the proof of Theorem 2.5

and taking into account that z,(z,0) = 0.
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3. The control problem. Now we have all the prerequisites to study our opti-
mal control problem, namely,

®) i I =5 [ vl drat o,
where y4 € LP(Q) for some p > 1+ § and v > 0 are given.

THEOREM 3.1. Problem (P) has at least one solution u.

Before proving this theorem we state the following lemma.

LEMMA 3.2. Assume that uj — @ in M][0,T] for k — oo and let y, and § be the
states associated with uy and u, respectively; then yr, — 4§ in Y.

Proof. Since uj, — @ in M][0,T] as k — oo, we know that there exists a constant
M > 0 such that [[ug||smpo,r) < M Vk > 1. Hence, ||a|rp0,7) < M holds as well.

Set yp(w,t) = e My (z,t) and y*(x,t) = e *y(z,t). Then y) and y satisfy (2.4)

for controls u := u; and u := u, respectively. Let us define w,i‘ = y,i‘ — 7*. Then,

subtracting these two equations and taking again Ry (t,y) = e R(e*y) + \y with
A>2(M +1) — min{0, Cg}, we get
(3.1)

—E — Awp + =t 9p)wp = K [uglypy — KA[@)g> + gaue — 920 in Q,

Opwp =0 on X,
wp(z,0) =0 in Q.

with intermediate states Q,?
Testing this equation by w,;\ and invoking (2.5), we get for every 0 < T/ < T

1

5||w,§(T’)|\2Lz(m+/ [[Vwp 2 +2(M + 1)|wp*] dzdt

T

< / [K/\ [uelyn — Kxlulyg® + Irup — gx,a] wip dz dt
Qs

— / [K)\[uk}w,i‘ + Ky\[ug, — a]gA + gA’uk,ﬂ} w,’c\ dx dt
Qs

< NurllamolwilF2(q,.) + IEx[ur — @15 + grug—all 2@ lwi 22
1 i
< (M + D[[wplZzq,.) + §||K/\[Uk — @7 + gru—all7z(0):

The first term of the right-hand side can be absorbed by the left-hand side and
we infer

(3.2) |lwpllzz0.7:m0 @) + wplleqo,rr2@) < C(1E Ak — @7 + gaun—allz2(@))-

Let us prove that the right-hand side of the inequality converges to zero. From the
convergence uj, — @ in M]0,T] and by the continuity of § we get for k — oo

T

(B [ux — G + gx—a) (2,1) = / NNt — s) d(uk —a)(s) = 0 V(1) €Q,
0

i.e., pointwise convergence. Moreover, from (2.5) and (2.6) we have

I Kxfur — @5 + grur—allze@) < (17 M@ + lvolle@ ) llun — @llaor)
<2M (11l + llvollogy) k-
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From the Lebesgue dominated convergence theorem we conclude that K [uy, — ]y +
Irup—a — 01n LP(Q) for every p < co. Therefore, we infer from (3.2) the convergence
wp — 0in L2(0,T; HY(2))NC([0,T], L*(2)) and, hence, y3 — > in L*(0,7; H(Q2))N
C([0, T, L*()).

Let us show show the uniform convergence. From (3.1), using the estimates of
[21, section III-8] and (2.5), we infer for p > 1+ %

lwpllogy < CrllKalur]will L o,7),22(9)) + CollKalur — @lg™ + gaup—allLr o)
< Ci M|yl co,m)r2(0)) + CollKa[ue — @7 + grun—allze(@)) — 0 as k — occ.

We have proved that y,i‘ — ¢ in Y. Transforming y,i‘ and > back to y; and 7, this
leads to ||yx — ¥lly — 0. ad

Proof of Theorem 3.1. Let {ux}72, C M[0,T] be a minimizing sequence of (P).
Since

vkl ago, ) < J(ur) < J(0) < +oo,

we deduce that {ug}32, is bounded in M0, T]. Hence, we can extract a subsequence,
denoted in the same way, such that u;, — @ in M]0,T]. Denote by yi and 7 the states
associated with u; and u, respectively. From Lemma 3.2 we know that y — 4 in
L?(Q). This convergence implies that J(@) < liminfy_,o J(ug) = inf (P) and, hence,
@ is a solution of (P). |

Next we derive the first order optimality conditions that have to be satisfied by
any local solution of the problem (P). We distinguish between two different types of
local solutions. To this end, we recall that M[0,T] C H'(0,T)*, the embedding being
continuous and compact. Notice that H'(0,T) is compactly embedded in C[0,7T] and
then by transposition we deduce the compactness of M[0,T] C H(0,T)*.

DEFINITION 3.3. A control @ is called a local solution or local minimum of (P) if
there exists a ball Be(u) C M[0,T] such that J(u) < J(u) Yu € B:(a).

Let us define the two different functionals forming J(u) = F(u) 4+ vj(u) by
1 .
Pl =5 [ =l drat and 00 = ol

THEOREM 3.4. The functional F : M[0,T] — R is of class C1. Its derivative is
given by

(3.3) ané%mm@uwnmw Va,v € M0, ],

where o, € H'(Q) N C(Q) is the solution of the adjoint state equation

15] . .
_aito —Ap+ R (yu)p = K*[ulo + yu —ya in Q,

(3.4) Onp =0 onX,
oz, T)=0 inQ,

and the operator K* is defined by

(3.5) (K" [u)w)(z,t) = / w(z,t + s)du(s) Yw e C(Q).

[0,7—t)
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Before proving this theorem we analyze the adjoint state equation (3.4).

PROPOSITION 3.5. For allu € M[0,T], there exists a unique solution ¢ € H'(Q)N
C(Q) of (3.4) and it holds

(3.6) el ar @) < Miallyu — vallz2(@),
(3.7) lellc@) < Moollyu — yallLe(q)

where P is the order of integrability of yq introduced in (P). Moreover, if either T is
of class Ct1 or Q is conver, then ¢ € H**(Q) and

(3.8) lellmz1 Q) < Mallyu — yallL2(@)-
The constants My1, Mo, and My depend on u, but they can be taken fixed on
bounded subsets of M0, T].

Proof. Given A > 0, we set *(z,t) = e Mp(z,T —t) in Q. Then we have
(Kx[u]p?)(z,t) = (e K*[u]¢)(z,T —t), and (3.4) is transformed to the forward
equation

o Ao A A :
O~ AP R0+ M = Ksufy + f 0 Q,
9,0 =0 on %,

Y Mz,0) =0 in Q,

(3.9)

where g, (z,t) = yu (2, T — t) and f(x,t) = (yu — ya)(z, T —t). Now, we can argue as
in Theorems 2.2 and 2.5 to get the existence, uniqueness, and regularity. The only
difference is that f € LP(Q) with p > 1+ %, which is enough to deduce the Holder
regularity of the solution of (3.9); see [21, sectlon ITI-10]. O

Let us observe that, in some sense, the operator K*[u] is the adjoint of K[u] with
respect to the L?(Q) scalar product. Indeed, given w,z € C(Q), applying Fubini’s
theorem, and making the change of variables 7 =t + s we get

/Q (I [ulw) (z, £)2 (2, 1) da dt = /Q ( /[ RO du(5)> o(o,8) dedt
- /Q /[O,T) </0T S w2 dt) dule)ds
//[o T) </Tw 7= 5) dT) du(s) da

(/O,T) 7 8)dufs >> w(z,7)drda

(3.10) —/Q (z, T)w(x,7)dzdr.

Therefore, K*[u] is the transposition of K[u] with respect to the scalar product of
L?(Q), but restricted to the space C(Q).

Proof of Theorem 3.4. Let us set 2z, = G'(u)v. Thanks to Remark 2.7 and
Proposition 3.5, we have that z,,p, € H'(Q). Hence, we can multiply (3.4) by
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z, and perform an integration by parts. Using (3.10), (2.16), and the fact that
ou(z,T) = z,(x,0) = 0 in Q, we get

F'(u)v = /Q(yu — Ya)2zy dz dt

Ipuy
Q

= / [8;; Yu + VouVay + R (yu) 2opu — (K[U]ZU)%} da dt

= / <K[v]yu + gv) o dz dt,
Q

which proves (3.3). 0

We continue by studying the function j : M[0,7T] — R. Since j is Lipschitz and
convex, we know that it has a nonempty subdifferential at every point u € M[0,T].
As usual, it will be denoted by 9j(u). Let us prove an interesting property of 9j(u)
for the sparsity analysis of (P); see [9] and [10] for similar results.

PROPOSITION 3.6. If A € 9j(u) with @ # 0 and XA € C[0,T], then the following
properties hold:
(3.11) Ao, =1,
supp(at) C {t € [0,T] : A(t) = +1},
supp(u™) C {t € [0,T]: A(t) = -1},

—u~ is the Jordan decomposition of the measure .

(3.12)

where @ =t

Proof. By definition of the subdifferential, we have
(3.13) (u — U, A) pmpo,,c0,7) + J(0) < jlu) Yu e M[0,T].
Taking u = 0 and u = 24, respectively, in (3.13) we deduce that (@, A\) smp0,77,c(0,7] =

j(@). Hence (3.13) implies that

(u, N ajo, 7,000,177 < J(w) = [ull pmpo,rp Yu € M[0,T7.
Now, for every s € [0,T] we take u = 405 in the above inequality. This leads to
(3.14) IA(s)| <1 Vs e[0,T].
By the established properties, we find

T
@l oz = 3@ / A(s) da(s) < / IAs)| dlal(s) < / dlil(s) = lallago.ry;

therefore,

/0 (1~ |A(s)[]d[al(s) = 0 and / A(s) dii(s) = / ()| dJal(s).

The second identity and (3.14) imply (3.11). Let us prove (3.12). From (3.11) we
infer

os/o (1= X(s)) da* (s) + /<1+A< )) di=(s)
— [ s //\ ) dai(s /(1—|A(s)|)d|a\(s):0.
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Hence, we get

| a=aepart e = [ aw)an(s) o

which proves (3.12). 0

THEOREM 3.7. Let u be a local solution of (P). Then there exist § € Y N
C(QUQ-), pe HY(Q)NC(Q), and X € C[0,T] N dj(u) such that

oy .

5 — A7+ R() = K[y +gq in Q.
(3.15) Ony=0 onX,

gz, t) = yo(z,t) in Q_,
0p _ o e .

—87(5 ~Ap+ R (§)¢p =K [alg+7—ya inQ,

(3.16) Onp=0 onX,
@(z, T)=0 1inQ,
(3.17) As) = —1/ / z,t)p(z,t +s)dadt Vs e [0,T].
1%

Proof. The existence and uniqueness of solutions to (3.15) and (3.16) have already
been discussed in Theorem 2.2 and Proposition 3.5. Now, we define A by (3.17). The
continuity of 4 and ¢ implies that A € C[0,T]. It remains to prove that A € 9j(u).
To this end, we use that @ is a local minimizer of (P). Hence, for any u € M][0,T],
we get from the convexity of j and (3.3) that

J(@+ plu—1u)) — J(a)

0 < lim 5 < F'(a)(u —u) +vj(u) — vj(a)
(3.18) = / ?(K[u —aly + gu—g) dedt + vj(u) — vj(a).
Q

The last integral can be expressed in terms of X\ and u — @ as follows:

/ p(Ku—aly+ gu—q) do dt

/ / (, t / gla,t —s) d(u—ﬂ)(s)) dt dx
/ // g(x,t — s)p(x,t) dt de d(u — a)(s)
/ // @(x, 7+ s)dr ded(u — a)(s)

:—u/ As) d(u — a)(s).
0
Combining this with (3.18), we find

T
/0 A(s) d(u— a)(s) + 7(@) < j(u) Vu e MO,T].

This is the definition of A € 9j (). 0
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From Proposition 3.6 and Theorem 3.7 we deduce the following sparsity structure
of the optimal control 4.

COROLLARY 3.8. Let @ be a local minimum of (P) and let §j, @, and X satisfy the
optimality system (3.15)—(3.17), then if u £ 0

(3.19) [Alcor =1,
supp(ut) C {t € [0,T] : A(t) = +1},
(3.20) supp(u™) C {t € [0,T] : A\(t) = —1},

+

where 4 = u™ — u~ is the Jordan decomposition of the measure u.

PROPOSITION 3.9. There exists v > 0 such that 0 is the only solution of (P) for
every v > U.

Proof. Let @ be a solution of (P). From the inequality J(z) < J(0) we deduce
that

_ _ C
(3.21) 9]l z2(@) < C1 < oo and ||uHM[07T} < 2

for some constants independent of v. Arguing similarly as in the proof of inequality
(2.13), we get from (3.16) that

(3.22) l2llcqom.c2) < Cslly — vall2 (@) < Ca.

According to (3.21), C5 and C4 are independent of v > 1. Now, from (3.17), (3.21),
and (3.22) we get

_ 1 /T ~
3N <y [ 10l et + 9o de

1, (T _
< ;(/T 15l L2 ) dt)||s0||0([o,T],L2(Q))
1 0 T
=5 ([ IOl @t + [ Ol a0)IFleqomn e
VT _ _ VT
< T(H?JOHLZ(Q,) + 17l 22@)) 18]l (0,11, L2 (02)) < T(Hyo“m@,) + C1)Cy.

If we take 7 > max {1, VT (||yolz2(@_) + C1)Cs} we infer that |A(s)| < 1 Vs € [0,T].
Then, (3.20) implies that u = 0. a0
To finish this section, we prove the following result concerning the dependence

of the measure norm of the (globally) optimal controls with respect to the sparsity
parameter v > 0.

PROPOSITION 3.10. Let {vi} be a sequence of positive real numbers such that
v — v > 0 and let, for each k, ug be a solution of

) 1
uG%I[IOl,T] Ji(u) = 2 /Q Yo — yal® dzdt + vi||ull a0, 11,

where y, €Y is the solution of (1.1). Then, the sequence {uy} is bounded in M|0,T]
and for every subsequence that converges weakly* to some @ in M0,T], we have that
u is a solution of (P), and ||Uk||M[o,T] — ||ﬂ||M[07T}.
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Proof. Let @ be a global solution of (P). Notice that vy||ug||smjo,r) < Jr(ur) <
Ji(0) = J(0). Since v is convergent to v > 0, we have that {ux} is a bounded
sequence in M0, T|. Hence, we can extract a subsequence, denoted in the same way,
such that ux = @ in M0, T]. From Lemma 3.2, we have that y,, — yg in Y. This
convergence and the optimality of every uy lead to

J(a) < likminf Jr(ug) < limsup Jg(ug) < limsup Ji (@) = J(@) = inf (P).
—00

k—o0 k—o0

Therefore @ is a solution of (P) and Jx(ug) — J(@). Finally, the last convergence,
Yu, = Ya i Y, and vy, — v imply |Jugl| o, — 1@l amp0,77- O

4. Discretization of the control space. In this section, we first consider the
approximation of M0, T] by finite dimensional subspaces U,. Then, associated with
each space U, we define a new problem (P,) and analyze the convergence of the
solutions of (P;) to solutions of (P). We do not discuss a convergence analysis of the
discretization of the state and adjoint state equation, since this is beyond the scope
of the paper.

Let us consider a grid of points 0 =g < t1 < --- <tny. =T. Weset 7, =t —tr_1
for 1 <k < N, and 7 = maxi<p<n, Tx. We also set I = (tj—1,tx] for 1 < k < N,
and Iy = {0}. Associated with this grid we define the space

NT
=Sy e,
k=0

where §;, denotes the Dirac measure centered at t;. Thus, U, has dimension N, + 1
and U, is a vector subspace of M[0,T]. Now, we introduce the linear mapping

N,
A M[0,T] — U, defined by A u = ZU(Ik)(Stk-
k=0
The following proposition states some properties of this mapping.
PRrROPOSITION 4.1. The following statements hold:
L |IArul ampo,m < lwllmpo,r) Yu € MO, T7.
2. Ayu = in M[0,T] Yu € M[0,T].
3. 1im7-*)0 ||ATUHM[O,T] = ||uHM[O,T] Yu € M[O,T]
Remark 4.2. Since M[0,T] is a nonseparable Banach space, it cannot be approx-
imated in the norm by means of finite dimensional spaces. In this sense, statements

2 and 3 in Proposition 4.1 mean that U, is a good approximation of M[0,T]. For a
different approach in the definition of A,, see [8, Theorem 3.1].

Proof of Proposition 4.1. 1. It is obtained as follows:

N, N,
Az ullampo.r) = Y @) < ful(Tx) = [ul((0,T]) = [|ull smpo.1)-
k=0 k=0

2. Let us take y € C[0,T]. Given an arbitrary € > 0, the continuity of y implies
that there exists 7. > 0 such that

(4.1) ly(t) —y(s)| < e Vs,t €[0,T] such that |t — s| < 7.
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Then for every 7 < 7. we have

|<u—ATu,y>|=\/0Ty<s Zytk Ik]_\z/ o)) du(s)
< Z y(te)| dlul(s) < ellull pmpo,1-

Since y is an arbitrary element of C[0,T], this proves that A,u — u in M]0,T).
3. Combining 2 and 1 we get

|l pmpo, ) < liminf [|Azul| pmpo,r) < limsup [|Azul| ppo, 7 < llull ago,775
T—0 T—0

which concludes the proof. ]

Now, for every 7 > 0 we consider the control problem with discretized controls

2
(Pr)  min J(ur) = /Iyurfydl dxdtJrVkZO\“H

From Lemma 3.2 we deduce the continuity of the functional J : U, — R. Therefore,
taking into account that U, is a finite dimensional vector space and J is coercive on
U, we deduce the existence of at least one global solution @, of (P,). Let us study
the sparse structure of the solutions @, of (P;). We denote by j, : U, — R the
restriction of j to U, :

j'r(u‘r _.7 uT Z‘UH

We identify the dual of U, with RN=*1 as follows:

N,
VA, = (/\k),]fV:TO e RV*! and Vu, = Zuk(;tk we set (Ar,ur) = Z)\kuk.
k=0

Then Proposition 3.6 is reformulated as follows.

PROPOSITION 4.3. With the above notation, we have Ay € 0j, () if and only if
the following identity holds:

=+1 if up > 0,
(4.2) Ad =-—1 ifur <0, 0<k<N,,
e[-1,+1] ifar=0

Proof. By definition of the subdifferential we have that A, € 9j,(u,) if and only

N, N, N,
> Meluk = ak) + Y Jar < fuk| Vur €U
k=0 k=0 k=0

The above relation is equivalent to

if

Ae(u — @g) + || < |ug] V0 <k <N, and Yu, € U,.

Obviously, the above inequalities are equivalent to (4.2). d
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Using this proposition, the following theorem can be proved like Theorem 3.7.

THEOREM 4.4. Let u, be a local solution of (P;). Then there exist . € Y N
C(QUQ.), ¢, € HH(Q)NC(Q), and )\, € dj.(u,) such that

0y i _ o )

Tyt - AyT + R(y‘r) = K[u‘r]y’r + Ga, N Q7
(4.3) Onyr =0 on X,

g‘f'(mvt) = yo(xat) in Q—7
0p- _ o oo 1. - :

B gt — Apr + R(Yr)pr = K*[Ur]@r + 47 —ya in Q,

(44) Onpr =0 on X,
@T('aT) =0 n Q)
_ 1 T—tg
(4.5) )\k:ff/ /yT(x,t)gZT(z,tthk)dxdt V0 <k<N.,.
v —tr Q

Combining Proposition 4.3 and (4.5) we deduce the following corollary.

COROLLARY 4.5. Let 1, be a local minimum of (P;) with i, # 0 and let §,, ¢,
and A, satisfy (4.3)—(4.5), then

4. Al =1
(4.6) OSHE%)](VTMH ;
{ U, >0=>/:\k=—‘y-17

(4.7) up < 0= A\ =—1.

Finally, we analyze the convergence of the above discretization.

THEOREM 4.6. Let {u}~0 be a sequence of discrete controls such that every
control u, is a solution of (P.). This sequence is bounded in M[0,T]. Any weak*
limit point of a subsequence is a solution of (P), and J(u.) — inf (P) as 7 \, 0. In
addition, if 7; — 0 and ur;;, = @ in M[0,T], then im;_ o0 ||Ur, | pp0,7) = 1@l aMpo,7)
and lim; o ||Jr;, — §lly = 0, where §,, and § denote the states associated with tr,
and u, respectively.

Proof. The boundedness in M[0, 7] is an immediate consequence of the inequal-
ities J(u,) < J(0) V7. Assume that u,; X @ in M[0,T] as j — co. From Lemma 3.2

we have ;. — 7 in Y. Let @ be a solution of (P). Then, we get, with Proposition 4.1
and Lemma 3.2,

J(w) < liminf J(a,,) < limsup J(t,,) < limsup J(A,, @) = J(@) = inf (P).

J—0 j—oo j—o0

From these inequalities we deduce that @ is a solution of (P). Consequently, we have
that J(u) = J(@). Then, using again the above inequalities we get that J(u,,) —
J(@). This convergence along with Ya,, — ¥ in L*(Q) implies that ||@r, | mjo,r) —

@l a0, 77- a

5. Numerical examples. Next we present some test examples to illustrate our
results. To solve the problem, we have used a Tikhonov regularization of (P,). For
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¢ > 0, we consider the problem

1
pP¢ i r)+ 5 g i
(P7) urrnellrjlf Iur) + 2c Yk

The first order optimality conditions for (P¢) read as follows.

THEOREM 5.1. Let ug be a local solution of (P%). Then there exist y; € Y N
C(QUQ-), ¢ € HY(Q)NC(Q), and XS € j, (uS) such that

T

8 'IC' (6] (6] C C N
S~ A R() = K[uSlys + gu in Q.
(5-1) Onys: =0 on X,
yﬁ(:c,t) :y0($7t) in Q-—,
8 (;' C C C * c C C .
- (;pt — Ap? + R (y7)p7 = K™ [uz]e? +y7 —ya in Q,
(5:2) Onps =0 on 3,
P2(T)=0 inQ,
T—t 1
(5.3) —VAL = / ye(z, )i (z,t +t,)dedt + —ui, V0 <k <N,
—tr O C

Taking into account Proposition 4.3, the condition on the subgradient AS €
0j-(uS) can be written as

(5.4) uy, = max{0, u, + C(A\; — 1)} + min{0, ux, + C(A; + 1)} VC > 0.

We solve the system (5.1)—(5.4) with a semismooth Newton method. To that aim, we
consider the function G : R2N-+2 — R2N-+2;

N,

T—tg 1
vk + / Yu, (T, ) o (x,t + tg) de dt + s
Q

—tr k=0

G(“a )‘) = N )
<uk — max{0,ur, — C(A\r — 1)} — min{0, up + C(A\x + 1)})
k=0

where u = (ur)p7g, A = (&), and we denote y,, and ¢, the state and ad-
joint state, respectively, associated with the control u, = chvz*o ugdy, . Since this is
a finite dimensional optimization problem, the max(0,-) and min(0,-) functions are
semismooth—see, e.g., [16, Lemma 3.1]—and the method converges locally super-
linearly to a critical point (u$, A7) such that (yue,@ue,us, A7) is a solution of the
optimality system (5.1)—(5.4), provided that the slant derivative of G has a uniformly
bounded inverse in a neighborhood of (u$, AS); cf. [16, Theorem 1.1]. In practice, this
means that we can solve the linear system arising at each iteration.

Let us comment on the practical details. To solve the delay linear parabolic

partial differential equations that appear in the process we consider standard contin-
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uous piecewise linear finite elements in space and a piecewise constant discontinuous
Galerkin method in time, i.e., a dG(0)cG(1) discretization. The problem is solved
first for some small value ¢ = ¢y > 0 with initial guess uv = 0. Given the solution
for some value ¢ = ¢,, n > 0, it is taken as the initial guess to solve the optimality
system for ¢ = ¢,41 > ¢,. The process stops when [Jus"*" — u || pq0,7) < € for some
prescribed tolerance € > 0. We choose C' = cv at every iteration. The linear system
arising at each iteration is reduced to a linear system for the active part of the control
variable that is solved using GMRES.

In all our examples, the reaction term is of the form

R(y) = p(y — y1) (v — y2)(y — y3)-

This cubic polynomial is characteristic for certain bistable reactions and is often con-
sidered in the literature. For instance, it appears in the FitzHugh—-Nagumo or Schlogl
model of mathematical physics.

Ezample 5.1 (example with known critical point). To test the discretization and
the optimization algorithm, we first construct an example with a known solution of
the optimality system given in Theorem 3.7.

Consider Q= (0,1) CR, T =1, p=1/3, —y; = y3 = V/3, y2 = 0. Define

U= U*(St*,

where t* = 0.5 and v* = —7.7. With this control, we compute (an approximation of)
its related state y solving the state equation with initial data

yo(z,t) = sin? (7).

For this example, we use a discretization of 257 evenly spaced nodes both in space
and time to solve the parabolic partial differential equations.
Next we define

~ cos? (gt) if0<t<T,
cp(x,t) = .
0 T <t

This function satisfies the boundary and final conditions of the adjoint state equation.
Moreover, we define

ya(@,t) = 05 (x,t) — R(G)p+7+ / Bt + s)da(s).

Taking into account that —A¢@ = 0, we have that @ satisfies the adjoint state equation;
see Figure 5.1 for a picture of the computed target. -
Finally, we compute A(s), an approximation at the time nodes of vA(s):

AGs) z—/OT/Qy(m,t—s)ap(x,t) dz dt.

With our selections of t*, u*, and @, the computed function s —A(s) is strictly convex
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, [=nl-
0.2
2
0
:
-0.2
0
-0.4 4
-o.g < o
3
-4
0 0.25 0.5 0.76 1
FIG. 5.1. Target (left) and vA(t) for Example 5.1.
TABLE 5.1
Results of Example 5.1 with known solution.
T Ur lg — g-lly ||"_1THM[O,T] F(ar) vj(ar)
3-2 73.335757 - 4.505t+ 3.15e — 5 7.831 9.132e—5 | 2.661le—3
373 —3.306,— —4.436,4 | 9.40e —7 7.730 9.107e—5 | 2.627e—3
3—4 —2.556,— —5.176,4 | 2.87e —8 7.720 9.067e—5 | 2.623e—3
3795 —0.116,~ —7.616,1 | 9.72e —9 7.719 9.066e — 5 | 2.623e—3
exact e 0 7.7 9.067e—5 | 2.617e—3

in [0,1], has a minimum at ¢* such that A(t*) ~ —3.39817 x 107*, and |A(s)| <
3.39817 x 10™* for all s # t*; see Figure 5.1, right. We should mention that the point
t* = 0.5 is a node of the grid underlying the piecewise linear approximation A.

If we define v = 3.39817 x 10, and A(s) = A(s)/v, we have that |[A(s)| < 1 for
all s # t* and A\(t*) = —1 and, therefore, (the approximation of) (u, 7, @, \) satisfies
the first order optimality conditions for problem (P) with data v and y4 up to finite
element precision.

Here and in what follows, the sign &~ means that the unknown exact values of
the associated values are approximated by the given numbers. We expect but do not
claim that these values are close to the exact ones.

The values of the differentiable and nondifferentiable parts of the functional are

F (@) =~ 9.067 x 1075 and vj(a) ~ 2.617 x 1073,

If we solve the problem with a discretization of the control space such that u € U,
we recover the original solution with four digits of accuracy. To set a more realistic
scenario, we test our software in grids with constant time step 7 =37, k=2:5, so
that a € U

The numerical results are displayed in Table 5.1. Notice that we are able to
confirm all the results of Theorem 4.6. We write t; = t* — 7/2 and t} = t* + 7/2 for
the closest points to t* in the control mesh. The values corresponding to the original
solution @ are included in the last row of the table.

Ezample 5.2 (sensitivity to the regularization parameter v). For the same prob-
lem as above, we illustrate how the solution changes as v varies. It can be expected
that the value of F' decreases as v decreases, and both [|i || sp(0,7) as well as the num-
ber of points in the support of @, increase. As was proved in Proposition 3.9, there
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TABLE 5.2
Ezxample 5.2. Sensitivity of the norm and the support of the optimal control.

v Fr(ar)  |arlmpo.r)  supptr
le—1 8.8be—2 0 0
6e—2 8.85¢—2 0 0
Se—2 8.74e—2 0.02 1
le—2 1.95e—2 3.54 1
le—3 3.79¢—3 7.36 2
le—4 597e—5 7.95 2
le—5 4.3le—5 8.83 4
le—6 3.38—5 13.3 8
le—7 212 —5 59.4 31
le—8 1.85e—5 170.0 56

is a 7 > 0 such that the optimal control is zero for v > r. In this example, we use a
discretization of 65 equidistant nodes both in space and time. We use the same time
grid for the control discretization. Our results are shown in Table 5.2.

Ezample 5.3 (recovering the solution of a system with nonlocal Pyragas feedback
control). We consider the data of Example 1 in [25], namely, Q = (—20,20), T = 40,
p=1,y1 =0, y2 = 0.25, y3 = 1. The initial data are given by

Yo(z,t) = %(91 +ys3) + %(yl — y3) tanh ((yS_?ﬂ)(x - ct)> ,

2V2

where

Y1 +y3 — 2y

V2

CcC =

The desired state is the solution of the state equation with delay term given by the
measure ug € M0, T] defined as

/oTy(ﬂc,t — s)dua(s) =k ( : /ttb et = s)ds = y(x’t)>

a

with parameters x = 0.5, t, = 0.456, t;, = 0.541. This measure is a linear combination
of a continuous measure with support in [a,b] and a Dirac measure concentrated at
t=0.

We fix the parameter v = le — 2—this is large enough to obtain a combination of
Dirac measures—and we will look for solutions in M|[0,1]. Since for the given delay
term ||ug|| pmp0,1] = 26 = 1 and F(ug) = 0, it holds J(ugq) = v. Numerically, we obtain
the solution

U~ —0.2408215=0 + 0.246667d5=1.

The associated values of the objective are F(u) =~ 5.3¢ — 5 and vj(u) ~ 4.87¢ — 3,
hence J(u) =~ 0.49v. The target and the optimal state are illustrated in Figure 5.2.
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Target state Optimal state

F1G. 5.2. Target (left) obtained with a nonlocal Pyragas feedback control and optimal state (right).

To solve the equations, we have used a space mesh with 513 evenly spaced nodes and
a time grid with a variable step size and 778 nodes. For the discretization of the
control, we selected a grid of 101 equidistant nodes in [0, 1].

Ezample 5.4 (steering the system to an unstable equilibrium point). Here, our
dataare Q = (0,1),T=2,p=1,y1 =0, y2 = 0.25, y3 = 1. The initial data are given
by yo(z,t) = y3, which is a stable equilibrium point and the target is yq(z,t) = ya,
which is an unstable equilibrium point. Since the data do not depend on z and the
boundary conditions are satisfied, the problem is equivalent to controlling a nonlinear
delay ODE. We fix v = le — 3 and consider the tracking only on [T/2,T]. The reason
is that the desired periodicity will need some time to be developed.

Therefore, here we redefine the differentiable part of the functional J(u) by

T
(5.5) F(u) = ;/2“/2 /Q(yu(w,t) — ya(z,t))*dadt.

This redefinition causes only minor modifications of our theory. The functional (5.5) is
covered by multiplying the square (v, (x,t) —yq(x,t))? with the characteristic function
of (T'/2,T) x Q in the objective functional of (P). This causes only an obvious mod-
ification in the adjoint equation. However, to reduce the complexity of the notation,
we avoided the general consideration of such modified functionals.

With N, = 512 time steps, we obtain

u ~ —1.3046¢.418 + 0.134871 977 + 0.22061 978,

F(u) =~ 1.29¢ — 4, and J(u) ~ 1.787¢ — 3.

Ezample 5.5 (changing the period of an incoming wave). We use the same data
as in the previous example, but yo(z,t) = cos?(27t)/2 and yg(x,t) = cos?(nt)/2. We
fix v = le — 3 and take F'(u) as defined in (5.5). By a discretization with N, = 256
time steps, we obtain

U~ 0.318809 — 1.5499d¢.4219 — 0.996460 8047 + 2.723361 5234
and the objective values F(a) ~ 6.57e — 4 and J(@) =~ 6.25¢ — 3. The initial data,

target, uncontrolled state, and the state associated with the computed optimal delay
control are illustrated in Figure 5.3, e plot the functions for = = 0.
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Prehistory -~ o
—— Target N .

«  Optimal state N % -
0.6 -~~~ Uncontrolled state ° % T

F1G. 5.3. Data and solution for Example 5.5.
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