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Abstract Bouncing cosmologies are obtained by adding to
the Einstein—Hilbert action a term of the form /— g f(x),
with x a scalar depending on the Hubble parameter only,
not on its derivatives, and which is here shown to arise from
the divergence of the unitary time-like eigenvector of the
stress tensor. At background level, the dynamical equations
for a given f-theory are calculated, showing that the sim-
plest bouncing cosmology resulting leads to exactly the same
equations as those for holonomy corrected Loop Quantum
Cosmology (LQC). When dealing with perturbations, the
equation for tensor ones is the same as in General Relativity
(GR); for scalar perturbations, when one uses the f-theory
which leads to the same background as the standard version
of holonomy corrected LQC, one obtains similar equations
(although a bit more elaborated) as those coming from LQC
in the so-called deformed algebra approach.

1 Introduction

One of the most simple bouncing backgrounds (see [1-3]
for recent reviews about bounces) is obtained from holon-
omy corrected Loop Quantum Cosmology (LQC), where
the corresponding Friedmann equation depicts an ellipse
on the plane (H, p) [4-9], being H the Hubble parame-
ter and p the energy density. As shown in several papers,
this simple background can be mimicked by modifying the
Einstein—Hilbert action through the introduction of a term of
the form \/—g f (x) where g is the determinant of the met-
ric, f is a well-known function [10-13] and y is a scalar,
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only depending on H but not on its derivatives. The prob-
lem with this method is to actually find a scalar that for syn-
chronous observers in the Friedmann—Lemaitre—Robertsont—
Walker (FLRW) spacetime will only depend on the Hubble
parameter.

From our viewpoint the simplest scalar is the extrinsic
curvature [ 14], which appears in a natural way when using the
ADM formalism [15]. Disappointingly, this is not a covariant
theory because the extrinsic curvature is not a true scalar in
the sense that it depends on the slicing chosen and, thus, its
use is only justified if there exists a preferred foliation of the
spacetime. Following the spirit of Weyl’s principle (see [16]
for a historical review), one could choose a preferred slicing
as follows. The time-like eigenvector of the stress tensor,
which always exists for realistic matter (see pages 89-90 of
[17]), generates a preferred non-crossing family of world-
lines and one can construct, at any given time ¢, a family of
hypersurfaces orthogonal to these world-lines, obtaining in
this way the so-called co-moving slicing.

Another simple scalar could be obtained by working in
the Weitzenbock spacetime (the usual Levi-Civita connec-
tion is replaced by the Weitzenbdck one) [18], where torsion
does not vanish. In this spacetime, the scalar torsion for syn-
chronous observers in the flat FLRW geometry is equal to
minus three times the Hubble parameter, thus satisfying the
required property. Unfortunately, as has been shown in [19],
this theory is not locally Lorentz invariant.

For this reason, people have kept looking for a really
covariant invariant, and have dealt with the Carminati—
McLenaghan invariants [20,21], with a general function of
the Ricci and Gauss—Bonnet scalars or with second deriva-
tives of the Riemann tensor [22]. The problem with these
purely gravitational invariants is that they are quite involved
and lead to very complicated equations for cosmological per-

@ Springer


https://core.ac.uk/display/185528225?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-018-6193-2&domain=pdf
mailto:jaime.haro@upc.edu
mailto:llibert.areste-salo@tum.de
mailto:elizalde@ieec.uab.es

712 Page 2 of 14

Eur. Phys. J. C (2018) 78:712

turbations. Moreover, in our approach — not using the princi-
ple of the limiting curvature hypothesis considered in [22] —
they can easily lead to Ostrogradski or gradient instabilities,
as well as to the appearance of ghost fields. All these prob-
lems led specialists to explore other ways, such as modified
mimetic gravity [13,23,24], so as to find out such scalar.
Following these arguments, guided by Weyl’s principle
and taking into account that for co-moving observers in flat
FLRW spacetime the divergence of a unitary time-like vector
is equal to — 3 H, in the present paper we propose as our fully
covariant scalar the divergence of the unitary time-like eigen-
vector of the stress tensor, which, in the case of a universe
filled up with a scalar field ¢ minimally coupled to gravity,
(throughout the work we will use

is equal to u, = (q;"‘

the notation: ¢ , = 8;:23 =V, 9).

With this covariant scalar, we will show how to construct
f-theories leading to bouncing backgrounds and calculate
the perturbed equations for scalar and tensor perturbations
for a given f-theory. When dealing with perturbations and
working in the longitudinal gauge — where the Newtonian
potential, namely ®, and the variation of the scalar field,
namely §¢, are the dynamical variables — the corresponding
dynamical system turns out to be a coupled one. This is an
essential difference with respect to theories such as General
Relativity (GR) or LQC in the deformed algebra approach,
where the dynamical equation for the potential & decouples
(8¢ does not appear, see for instance [30,31]).

Once these equations are obtained, we study some char-
acteristics of the matter-ekpyrotic bounce scenario [34,35]
as the calculation of some spectral quantities and the reheat-
ing temperature via the gravitational particle production of
massless particles, in the contracting regime, during the phase
transition from matter domination to the ekpyrotic regime.

The manuscript is organized as follows: In Sect. 2 we
present our class of modified gravitational theories and obtain
the corresponding dynamical equations. We study them at the
background level and find which is the model that leads to
the simple bounce predicted by holonomy corrected LQC. A
Hamiltonian analysis of our theory is performed in Sect. 3,
which leads to the conclusion that the present theory, as in
the case of mimetic gravity, has one more degree of freedom
than GR. In Sect. 4, we study scalar and tensor perturbations.
For scalar perturbations, working in the longitudinal gauge,
we obtain the equations for the Newtonian potential and for
the perturbed part of the scalar field, showing that they are
coupled. Moreover, we derive the corresponding Mukhanov—
Sasaki equations for our theory. Then, dealing with tensor
perturbations, we show that, since the modification of our
theory is performed on the matter sector, the equations must
be the same as for GR. Section 5 is devoted to the comparison,
at the perturbative level, of our model which leads to the
same background as holonomy corrected LQC, with other
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theories which also lead to the same background, as: LQC
in the deformed algebra approach [31-33], teleparallel LQC
[36,37], extrinsic curvature LQC [14] and mimetic LQC [12,
13,24]. In Sect. 6, we study the matter-ekpyrotic scenario
applied to the model that leads the same background as LQC.
We calculate the spectral index and its running and show that
they match the most recent observational data. Moreover, we
study the reheating process via gravitational massless particle
production. Finally, the last Section is devoted to conclusions.

The units used throughout the paper are i = ¢ = 1 =
My = 1, where M, is the reduced Planck mass with the
convention that a temporal vector v, satisfies v,v* < 0 and
with the notation:

1. ¢ = 0up = Ve for a given scalar ¢.

2. g is the unperturbed part of g.

3. g, means derivative of g with respect to x and g4 deriva-
tive of g with respect to ¢, for a given function g.

2 A class of modified gravitational theories

All models to be considered here come from a simple action,
which consists in adding a term of the form f(x) to the
Einstein—Hilbert action. Here f is a given function which, in
order to recover GR, vanishes at low energy densities, while
x is a fully covariant scalar built from the scalar field that
fills the whole universe and whose value in any co-moving
slicing of the flat FLRW spacetime is proportional to the
Hubble parameter. More precisely, we consider

1
S:/\/—_g<§R+f(X)+£matt) d*x, (M

R being the scalar curvature. We have assumed that the matter
sector of the universe is described by a scalar field ¢ with a
potential, V (¢) which is minimally coupled to gravity and
whose Lagrangian is given by

¢.ud"
Lnare = (_ B -V ), 2
and x = —V,u", being the vector u* the time-like unitary

eigenvector of the stress tensor

1
T) = bup” - <5¢,a¢»“ + V(¢>> 5. 3
that is,
=" )

R
The dynamical equations are obtained by performing the
variation of the action with respect to g,,,, leading to

GMV = N-V+TMV’ (5)
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where G, = R,y — %gwR is the well-known Einstein
tensor, while the tensor T,M, coming from the term f(x), is
given by

T;w = (f - Xf)( + ”aX,anX)guv
_fx)((”vX,u +”,LLX,v+uaX,ozuu”v)- (6)

On the other hand, the variation of the action with respect
to the scalar field ¢ leads to the following conservation equa-
tion,

—Op+Vs—V, ( (aﬂfx+u“uaa“fx)) =0,

@)

which differs from the usual one —[Cl¢ + Vi = 0. However,
for the FLRW geometry it leads to the standard conservation
equation,

¢+3Hp+ Vs =0. ®)

1
vV _d)'ad),a

2.1 The background

Considering backgrounds (i.e., solutions of (8)) satisfying
#(t) > 0 all the time, the simplest way to obtain the
dynamical equations is as follows: We consider the flat met-
ric ds> = —N2(t)dt* + a*(t)8;;dx'dx/, which leads to
X = 3TH, where N(t) is the lapse function. Hence, after

integration by parts, the action becomes

3H> _(3H
S = V/GSN (-W + f (T) +£matt) dt’ (9)

where V is the volume of the fixed elementary spatial cell,
where all spatial integrations are performed, and where the
matter Lagrangian simplifies to

=2

_® v
= LV, (10)

Performing the variation with respect to N and taking at
theend N = 1, one obtains the modified Friedmann equation
for synchronous observers

p=3H>+f—3Hf,, (11)

»Cmatt

which depicts a curve on the plane (H, p). Finally, taking its
temporal derivative and using the conservation equation (8)
in the form p = —3H (P + p), one finds the Raychaudhuri
equation

3 - . 1
(1—§f“)H=—§<p+P). (12)

Remark 2.1 A different way to obtain such equations is
to directly consider the metric for synchronous observers
ds? = —dt> + a®8;jdx'dx’/ and use the equations 0 — 0
and i — i, which also leads to the modified Friedmann and
Raychaudhuri equations.

Therefore, given acurve p = g(3H) = g(X) on the plane
(H, p), so as to obtain the corresponding f()) theory one
has to solve the first-order differential equation

_ = = 1 _ _

X fx —f—§x2+g(x) =0, (13)
whose solution is

. I, X .

F@ =+322 -7 / ‘i(_—ﬁdx. (14)

Note that, in order to obtain a bouncing background, a
necessary condition is to choose a curve on the plane (H, p)
cutting two or more times the axis H = 0. One of those
points has to be (0, 0) because at low energy densities a viable
bouncing background has to approach to GR, i.e., the chosen
curve has to approach to the parabola H? = ‘3—’ and the other
points cutting the axis H = 0 have the form (0, p;) with
pi > 0.

The simplest example is the ellipse coming from the
holonomy corrected Friedmann equation in standard LQC
[38—40] (Note that here we are not dealing with the recent
model of LQC proposed by Dapor and Liegener in [41])

_ - Pc 4)22
= =— |14+ /1—
0 g(x) > 30
<:>H2=§<1—pﬁ), (15)
C

where the so-called critical density has the value p. ~
0.4p, = 0.4 x 6472 = 252 (see for instance [7]). From
this equation one can see that the Hubble parameter vanishes
at p = 0 and p = p,, i.e., the points cutting the axis H = 0
are (0, 0) and (0, p.), as one can see from Fig. 1.

300
pC
250 b
200 | 1
QU150 A
100 - b
50 1
0
-10 -5 0 5 10
H

Fig. 1 Ellipse depicted by the Friedmann equation in standard LQC,
and its dynamics for a non-phantom fluid with linear Equation of State
(EoS) P = wp
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For this background, using Eq. (14), the corresponding
f-theory is given by

_ 1
oy X2+%(1_M—sarcsins>, (16)

where s = ﬁ x and the functions /1 — s2 and arcsin s
are bi-valued [21]. For the theory to be well defined, since
the ellipse has two branches — the upper part correspond-

. 72

ingto p = & (1 +.4/1— %) and the lower one p =
— .

& (1 /1= %), we have to choose a convenient pre-

scription. For example, we can choose the sign of the square

root as positive (respectively negative) in the lower (respec-
. . _ S 1 - .

tively upper) branch and arcsin s = fo —mds in the lower

branch, whereas arcsins = fos ﬁcﬁ + m, in the upper
one, with the same criteria for the sign of the square root,
thus obtaining that the function f is continuous in all the
ellipse.

Note also that, a simple calculation shows that, for this
particular f-theory, the modified Friedmann and Raychaud-
huri equations read

. P 2
H2=£(1—ﬁ> and H=_2T (1——p>,
3 pc 2 IOC

7)

and coincide with the ones obtained in holonomy corrected
LQC [42,43].

A final remark is in order. Since in our case the mat-
ter sector is depicted by a non-phantom scalar field ¢ (see
Eq. (10)), we will have infinitely many backgrounds because
the conservation equation ¢ + 3H¢ + Vo () = 0 is a sec-
ond order differential equation. Effectively, for any initial
condition ¢(0) = « and ¢(0) = «y, one has a different
background. Therefore, if we choose a curve p = g(x) in
the plane (H, p) containing a point of the form (0, p) with
p > 0 and initial conditions satisfying az—% + V(ag) = p, its
corresponding solution will lead to a bouncing background
provided that Vi (ap) # O.

As an example one can consider the matter bounce sce-
nario in LQC, which is given by the potential V(¢) =

-3¢
Pe iy
has the following analytic solution

¢ = 2 In ,/3 t+ 3 241 (18)
_\/§ 4i0c 4,OC )

leading to the following background

3, 1/3 Lpet
a(t) = | = pct —i—l) , H=———|
(4'0( %pctz—i—l

[50]. In this case, the conservation equation
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which is the same nonsingular bouncing background obtained
solving the equation (17) when one considers a pressureless
fluid and whose dynamics is depicted in Fig. 1. All the other
solutions, which lead to different backgrounds, are obtained
choosing different initial conditions (see Figure 3 of [14],
where it is showed that nearly all solutions lead to nonsingu-
lar bouncing backgrounds).

Moreover, since we are dealing with theories beyond GR,
in order to have a bouncing background it is not needed
to violate the null energy condition p + P > 0 near the
bounce using quintom or Lee—Wick matter (see [44] and ref-
erences therein) because the bounce occurs when the value
of the energy density is strictly positive. For example, look-
ing at (19) one can see that at the bouncing time ¢t = 0 the
energy density is given by p. and the pressure, which could
be obtained from the Raychaudhuri equation (17), is zero.
So, the null energy condition is fulfilled at the bounce.

3 Hamiltonian analysis

In this section we perform a Hamiltonian analysis in order
to find the degrees of freedom of our model. To this end, we
will use the ADM formalism [15], where the line element
acquires the form

ds® = gupdx"dx" = —N*dr*
+yij(dx' + N'dt)(dx! + N7dr), (20)

the matter Lagrangian becomes

2N2
1/ . NN
5 ( - W) ¢i9,j — V(¢)> ; 2D

and the action is given by

S:/_(:{/EtN\/?<%(R+I)

+f(—VMI/£M) + L:matt) d3)€} d[, (22)

where R is the intrinsic curvature, i.e. the scalar curvature
of ¥, ,and 7 = K;; K"/ — (K!)? is the extrinsic curvature
scalar, being

1 .
Kij =55 (DiN;j + DjN; — vij) (23)

the extrinsic curvature tensor, with D the induced Levi-Civita
connection in the slicing %;.
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Introducing a Lagrangian multiplier field, namely g, the
action becomes

s=/°° {/Z Nﬁ(%(RJrI)Jrf(X)

—0o0

+16(X + VM_MM) + Ematt) d3x} dt

=foo {L,Nﬁ<%(R+Z)+f(X)

—00
+Bx — B uut + Eman> d3x} dt, (24)

with the canonical momenta being

P = SV (KT~ Kiy'). Py = %(Mo ~ N'wy),

N i NJy 0 0
Po=YX"(p—0:N)— —Y' (B H ,
b= &= haND — = (B )
(25)
and the constraints
P, ~0, Py=~0, Py ~0. (26)

Note that, from the equation Pg = */T?(uo — Niu;), we
obtain ¢ as a function of Pg. In fact, taking the square of this

. v Yo
expression one gets —¢ , ¢’ = Pz—’y' and, thus,
7

. N\JyUi¢ ;Pp _
b= "+ Ng, 27)

Pé—y

. , N
And, from P, = %«p—an’)—J%(ﬂ*°+u°u“ﬂ,,t),

we readily obtain § as a function of Pg and Py.
What is important is that, after the Legendre transforma-
tion, one can get the Lagrangian as follows,

H = (NH + N'H; 4+ Hpars
P

+an Py + ayi Pyi +ay, Py)d>x, (28)

where H,q is the matter part of the Hamiltonian; oy, opi
and «, are Lagrange multipliers, and the functions H and
'H; lead to the hamiltonian and diffeomorphism constraints,
which come from imposing stability under time evolution of
the constraints Py ~ 0 and Py ~ 0, i.e., PN ={Py,H} =
H ~0and Pyi = {Pyi, H} = H; ~ 0.

Now we examine the stability of the constraint P,.
Looking for the only term in the Hamiltonian where x
appears and for the term where it appears in the action
(24), i.e. =N /¥ (f(x) + Bx), one has Py, = {P,, H} =
—N.J/7(f'(x) + B), which leads to the constraint C, =
f'(x) + B ~ 0. Finally, since C, = {Cy,H} =
N /v f"(x)ay, the stability of C, is ensured by fixing the
Lagrange multiplier o, as ot = 0.

Summing up, we have obtained the constraints H = 0,
H; =0, P, = 0and C, = 0, and the canonical pairs
(qij, P, (¢, Py), (x, Py)and (B, Pg). Then, from the con-
straints P, = 0 and C, = 0 one may remove two variables,
for example P, = 0 and B ~ —f'()), thus obtaining, as
in mimetic gravity [12], one more degree of freedom than in
the case of GR. However, as we will show in next Section,
when dealing with perturbations in longitudinal gauge, the
degrees of freedom are the Newtonian potential & and the
perturbation of the scalar field 6¢ for scalar perturbations and
two degrees for the tensor ones, exactly the same as in GR.
This is the same as what happens in mimetic gravity [45],
where the degrees of freedom are the perturbed part of the
mimetic field and §¢.

4 Perturbations

In this section we will calculate, for a given f-theory, the
scalar and tensor perturbations using for scalar perturbations
the longitudinal gauge (see for a review of the used setup
[28,29]).

4.1 Scalar perturbations
In Newtonian gauge the the line element is given by [30]
ds? = —(1 +2®)dr* + (1 — 2W)a?s;jdx’' dx . (29)

where the potentials ® and W coincide with the gauge invari-
ant ones.
A simple calculation leads to §ug = ® and duy = 8—’:52,

where 8¢, in this gauge, coincides with the §¢¢ (the gauge
invariant perturbation of the scalar field). Then, at linear
order, we have

. 1
X =3H -3V + HP) — —=Ad¢. (30)
a’¢
To obtain the dynamical equations for perturbations, note
first of all that the perturbed i — j equation of (5) for i # j

leads to the identity ¥ = &. Thus, perturbing the i — 0,7 —i
and 0 — 0 equations of (5) one gets, respectively,

. 1- f
q>+Hc1>=§¢5¢—fL2X5X, (31)

2 (c’b F4HO + BH? + 2H)c1>)
= —$(Dp — 8) — Vb + 8(f — xfy + U X fxx)s
(32)
2 <3H2<I> +3H® - %Ad))
a
= ¢(Pp — 8¢) — Vs

F8(F = Xfy — U ry) + Py — 0 (Fy 8.
(33)

@ Springer
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Adding equations 0 — 0 and i — i and using i — 0, one gets
. 1 . .
D — —Ad>+H<I>+2Hd>
= $5¢+ q’fx 8t(f)()(8X) (34)

where we have introduced the notation Q@ = ——

1=5 fex

We may write equation i — 0 as:

20+ HD - AS
¢8¢——¢+——¢’ ¢
o 6 " a2

(35)

which leads to the following equation for the potential ®,

d QACD z¢ Q )
Attt FRE
. pt Q
+<2(H—H;)—H§>d>
=2 _
2 24

which, for the case of the choice of f given in (16), differs
from the corresponding equation of LQC in the deformed
algebra approach [31,32] only in the right hand side term,
which in the last approach vanishes.

On the other hand, the equation for §¢ is obtained from
the linearization of the conservation equation (7)

. . 1 s
56 + 3HSG — — AS$ + Voydp — 4

+2v¢q>_ ¢ (fXXA8¢>. (37)

3

¢

From these equations, we will calculate the Mukhanov—
Sasaki (M-S) equation for scalar perturbations in our
approach. First of all, note that equation i — 0 can be written
as

2
d (a®\ aQ¢ H_8¢
dt( >_2H2|:¢ Tet s

On the other hand, equation 0 — 0 takes the form

H
- fXXA6¢] . (38)
a’¢

2 <3H2<I> +3H® - %Ad))
a
= ¢(Dp — 3¢) — Vipd — 3H fy8x, (39)

and, after a somewhat cumbersome calculation, one can see
that it is equivalent to the following one,

@ Springer

1
a2

¢ a’¢

d (—fXXM‘f’) . (40)

¢ d [Hso H -
Q_—Hd—|:—+q>+ ;3fxxA5¢:|
¢

2 dt

=3
a¢

Introducing gauge-invariant variables (recall we are work-
ing in the Newtonian gauge) and using the conformal time

v=a (6¢+ e %fxxmw), S
H (@) H
2a® - d o= (41)
U = — N - )
PV WQ

where R = % = CD—%((iD—i—HCD) is the curvature fluctuation
in co-moving coordinates, one obtains the following M-S
equations

Jai=s(7) ¢ (M) o (5) =vav
¢ @)
(42)

which, after inserting the second into the first one, lead to the
equation for the potential (36) in the simple form

— /
0" - AS
U — QAu— —u=¢VQ (—afxf 3 ¢> , 43)
0 )
while the equation for the variable v, after taking the Lapla-

cian from the second equation and using the first one,
becomes

V- QAv— Sty ] <zq§’ (M) ) : (44)
< < (@)

Note that in our approach, the right hand side of Eq. (44)
does not vanish, meaning that the variable v, which encodes
the scalar perturbations (it depends on & and §¢), is not
independent and one needs another equation in order to cal-
culate the evolution of the scalar perturbations. Fortunately
in the matter (or matter-ekpyrotic) scenario, in the contract-
ing phase, the pivot scale leaves the Hubble radius at rather
low energy densities, as compared to the Planck one, so the
corrections due to f can be safely disregarded and thus v
satisfies approximately the usual equation v” Av— Ly =0.
This finally means that the calculation of the spectral quan-
tities, such as the spectral index, its running, and the ratio of
tensor to scalar perturbations, can safely be done using GR
in the contracting phase, as we will show in next section.

On the other hand, to calculate the evolution of the scalar
perturbations through time, we need two equations, since the
equations for ® and ¢ are coupled. In this case, solving the
system of Egs. (36) and (37), we will obtain such evolution.



Eur. Phys. J. C (2018) 78:712

Page 7 of 14 712

The best suited variables for that are # and o = ad¢, with
the corresponding dynamical equations being

u’ —QAu——u_(j)\/_(fx(;A)gU),

45
50" — Ao + a>Vyydo — 24 (HT) (43)

aHVyu </ fyx Ao
+—F= =Qd'A [ 22L— ).
0 ¢ ( @)’ >
‘We now have to look for the initial conditions for a matter or

matter-ekpyrotic bouncing scenario [34,35,49]. Using that at
very early times we are in the framework of GR, in Fourier

—ik
space, we will have vy — £ when t — —o0. At very

2k

early times, equation Au = z ( ) holds and, since we are

in a matter domination epoch, we have uy — i IiJ_Tk Finally,
from the relation

(¢)?

3
o u=do + EHH = §o, (46)

. —ikt
one obtains the well-known result o, — ¢— when v —

V2k

—o00. Thus the asymptotlckcondltlons at very early times are
kf «/ﬂ ’

A final remark is in order. In a bouncing scenario, as for
instance the matter-ekpyrotic one, at early times GR holds,
meaning that f“ could be disregarded and thus obtaining
for the variable v, in Fourier space, the classical equation
v,’{/ + (k* — %”)vk = 0. Then, when the pivot scale leaves
the Hubble radius, i.e. in the long wavelength approximation
(k* <« a*H?), one can safely disregard the Laplacian terms
which appear on the right hand side of Eq. (44) (see the end
of section 4 in [50]). And maybe the same happens with the
righthand side of our Eq. (44) because it contains a Laplacian.
If so, Eq. (44), in the long wavelength approximation, will
become, as usual, v} — Z%vk = 0 and, for the f-theory given
by (16), we will recover the results obtained in LQC using the
deformed algebra approach [34,35,49]. Anyway, this has to
be properly checked by solving numerically the system of
Eq. (45).

However, we want to stress that the system (45) can in
fact be solved iteratively, taking the right hand side term as a
perturbation (when the pivot scale is well inside the Hubble
radius, which happens at very early times, the right hand side
term can be dismissed, since GR holds, and after the pivot
scale leaves the Hubble radius, i.e. in the long wavelength
approximation, the Laplacian terms can be dismissed too).
In fact, at very early times, disregarding the right hand term,
since the universe is matter-dominated, the equation for u is,
in Fourier space,

and oy, =

6
uj + kKur — —up =0. (47)
T

e~ ikt

Its solution satisfying the asymptotic condition uy = i &= PiT3

reads
1 je~ikT 3 3i
o) )
= H —k7)= l——— ),
"k kV 4 (k)= k4/_( K272 kr)

(48)

where H gl) is a Hankel’s function, and the super-index (0)

2
means zero order approximation. On the other hand, when
the pivot scale has left the Hubble radius, i.e. when K12 « 1,
one has

uf — —uy = 0. (49)

Note that, in the case of the matter bounce scenario, given

by the potential V = 2,05—\/?@)2, and choosing the solu-

1+
tion (18) which leads to the background (19) mimicking the

same background as a pressureless fluid, one can see that
the function %ﬁ, which is symmetric with respect to the con-
tracting and expanding phase, satisfies that in the contract-
ing regime is increasing from p = 0, where it vanishes, to

p = "‘ , and decreasing from p = "‘ to the bounce, which

Z:Oc = 315,
which, as we will see in Sect. 6, is bigger than the pivot scale
ke ~5x10733¢ E < pc. Then, the pivot scale, which occurs
at a very early time, namely t = —tp, reenters to the Hubble
radius at time ¢ = ¢y, so in this case the Eq. (49) holds from

—ty to ty and the Eq. (47) holds at very early and late times.
The solution of (49) is, then,

occurs at p = p., and where one has ‘7‘ =

T
H
u’ = C1 (k)0 + C2(k)0 / —dt = o = —u”
o 02 2a6

H 2 H [ a’dt
— 1k G (1= (%) - :
1( ) 5 +Ca(k) < 1, g
(50)
where the sub-index I refers to an early time where GR holds,
and the coefficients C; (k) and C, (k) are obtained by match-
ing both expressions of u in (48) and (50) when k*t? <« 1.

Once this solution has been obtained, we consider the i —0
equation, which can be written as follows,

1<I>’ HD —é/ k 51
5( k+ k)—%( (¢)2fxx> ( )

Inserting CID(O) on it, one gets Saéo). Then, to find the new

iteration of u , one has to solve the equation

(V]
o+ Roug — g = —k2¢«/_(—f“60k ) REE )
0 @)

using the well-known method of variation of constants for
second-order differential equations (see for example Chapts.
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13-17 of [51]). When one has u,(cl)

inserting the resultin (51), one gets (Sok(l). And, thus, the new
iterations are iteratively obtained and a fully fledged method
is constructed.

Alternatively, one could also deal directly with Eq. (44),
considering the right hand side as a perturbation. In Fourier
space, at very early times this equation becomes

one calculates <I>,(<1) and,

4 2 2 _
vy + kv — 7:_2Uk =0, (53)

whose solution satisfying the corresponding asymptotic is

) e*ik‘r i
v, = 1——]. 54
kT ( kr) oY

When the pivot scale leaves the Hubble radius one can use
the long wavelength approximation (for the matter bounce
scenario using the background (19) the function 17” is sym-
metric with respect to the expanding and contracting phase,
being an increasing function in the whole contracting period.
Thus, if the pivot scale leaves the Hubble radius at t = —ty
it reenters at t = tg)

"

o — Sy =0, (55)
Z

whose solution is [37]

Tl
—dT. (56)

v’ = Bi(k)z + Ba(k)z f >
o0 Z

At early times, if one deals with the matter bounce scenario

with the background (19), this expression is equal to v,EO) =
B](k)p + 4B, (k) 1
FWE] cT oo

as to obtain

8 k3/2 3
Bl(k)z\/; — and By(h) = fz;?ﬂ’ (57)
C

When one has the expression of v,io)

, which one has to match with (54) so

one can use its defini-
tion to write <I>,<<O) as a function of 80,50). Then, inserting this
expression into Eq. i — 0, one obtains a solvable first-order
differential equation in Sok(o). To obtain the next iteration one
has to solve, using the method of variation of constants for
second order differential equations, the equation

” 2 0)
¢+ <k2 - %) v = —k? <z¢> (%) ) . (58)

Once vy, (1) has been obtained, one has to use the definition of

v and Eq. i — 0 to find 5oV, and so continue successively
to obtain the next iteration.

For example, we take the background (19). Since from the
Eq. (51) one can see that the function Saéo) (t) has two simple
poles, one in the expanding and the other in the contracting

@ Springer

phase, namely 7 > 0 and 7 = —t4, to regularize the inte-
gral one has to add an imaginary part to the poles obtaining

t+ +ie and t_ — i€, then after an integration by parts one
will have
1 T
vy Bl(k)z+Bz(k)z/ —dr
o0 Z
T g O\’
2 ¢ [ frxdoy .
—k Z/ ? - -3 dt
—00 (@)
* 1
= Bz(k)zf —dT, (59)
—00 2

due, as we will show at the end of Sect. 6, to the small value
of the pivot scale. One can also see it taking into account that

By~ B f £~ 0
T 3 (0) 7/2
kZ/ ‘3 % df~k2. (60)
~z\ @) Pz

Then, since the pivot scale k, leaves the Hubble radius
at time —t,, when holonomy corrections could be disre-
garded, that is, when —z, > ﬁ, which is equivalent to
ki = a(ty)H(ty) < /pc, one can see that the dominant
term in (59) is B2 (k)z [, Zizdf.

Therefore, we have obtained approximately the same
value as in the first iteration, which coincides with the result
of LQC [37,49], meaning that in this iteration one will have

P=o % = 5[;06' (1)
4.2 Tensor perturbations

The metric for tensor perturbations is [30]

ds? = —dt® + a*(8;j — hij)dx'dx, (62)

where h;;j is a symmetric, traceless and transverse tensor
(hi = 3;h' = 0).

Since the field ¢ does not affect the tensor perturbations,
it is clear that in this theory this equation will coincide with
the corresponding one in GR, that is, [30]

i3 — L ani =0 63
/4 | = 3 AR =0. (63)

Denoting hlj by & and introducing the variable vy = ah, in
Fourier space this equation becomes

a//
i+ <k2 - ?> vy = 0. (64)



Eur. Phys. J. C (2018) 78:712

Page 9 of 14 712

5 Comparison with other models

We will now compare our approach with a number of other
different models, all of them sharing as a background the
same as for holonomy corrected LQC. These models are:
LQC in the deformed algebra approach, the teleparallel
LQC approach, the intrinsic curvature LQC approach and the
mimetic LQC approach. First, we shall review the dynamical
equations for each of these theories:

1. LQC in the deformed algebra approach [31,32].
In this case the equation for the potential ® decouples. It
is given by

¢

(2 (%))
+|2|H—H=)|—-H—=|®=0. (65)
é Q

The variable M-S variable v adquires the usual form v =

a(bp + %Cb) and the M-S equations decouple in the
simple form

) QA<1>+H 2¢ Q )
a? Q

1 "

0
- QAu - —u =0, V' —QAv— v =0. (66)
Z

In particular the equation v/ — QAv — —v = 0 can be
solved when the pivot scale is well 1n31de and outside of
the Hubble radius, obtaining the whole evolution of the
variable v, which encodes all the information about scalar
perturbations and, thus, the knowledge of the power spec-
trum for the curvature fluctuation in co-moving coordi-
nates.

On the other hand, for tensor perturbation the correspond-
ing M-S equation is [33]

//

h”—QAh— Th=o, (67)
r

where z7 = LQ .

2. Teleparallel LQC [36,37].
Inteleparallel LQC the equation for the Newtonian poten-
tial also decouples

. c% ¢ Q
¢ - SAP+ | H - 2= — —
a é Q

(2 (-5) Q)
+|2|{H—H=)|—-—H—|®=0, (68)
é Q

where the square of the velocity of sound is ¢? =

2
§2 12H2 %
occurs in LQC in the deformed algebra approach, is
always positive, meaning that in this approach there are
no gradient instabilities. In the same way, the M-S also
decouple and the only difference with the ones of LQC
in the deformed algebra approach is that the velocity of
sound is the same that appears in (68). As in LQC in the
deformed algebra approach, the equation for the variable
v decouples, which allows us to know the power spectrum
of the curvature fluctuations in co-moving coordinates.
For tensor perturbations the velocity of sound is equal to
1, and the M-S equation is given by

arcsm( ), which, contrary to what

//

W' — Ah—Lp =0, (69)
T

_ De . 12H?
where z7 = a\/ [ T3z arcsin (1/_,0(, )

. Intrinsic curvature LQC [14].

In this approach the equations for scalar perturbations are
the same as in LQC in the deformed algebra approach.
However, for tensor perturbations, the corresponding M—
S equation is

//
W — Ak — “Lh =0, (70)
T

where z7 is the same as in teleparallel LQC, and in this
case the square of the velocity of sound is given by c% =

[12H2
Pc
. AN
arcsm( %>
Pc

. Mimetic LQC [45].

This is also a fully covariant approach where, at the per-
turbative level, the dynamical variables are the perturbed
mimetic field, namely §¢, and the perturbed scalar field
3¢. In the Newtonian gauge, the potential is related with
the mimetic field, as follows ® = 8¢, and the dynamical
equation, as in our approach, becomes coupled [45]

. . c2 Q7
8¢ + H3¢p — 5 A8 = $hd¢
. . =2
8¢ +3Hp — L ASG + (Vo — 29 2)3¢ (71)
4"’“3 ASp — 22He + V)¢,

where the square of the velocity of sound is given, as in
[46], by

Q . 15
=S o= (72)
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which exhibits the well-known gradient instability of the
mimetic gravity case [46,47] (see also [48] for the study
of perturbations in specific mimetic matter models).
Dealing with tensor perturbations, since the mimetic field
does not alter the gravitational sector, as in our approach,
the equations for tensor perturbations are the same as in
GR.

Consequently, we can see that for non-fully covariant theo-
ries, such as LQC in the deformed algebra approach, telepar-
allel LQC, or intrinsic curvature LQC, the equations for scalar
perturbations decouple, which actually simplifies the theory
a lot, allowing us to calculate the corresponding power spec-
trum. On the contrary, for the fully covariant theories, i.e. our
approach and mimetic LQC, the equations of scalar perturba-
tions do not decople, which makes their analytic study more
difficult and only a numerical analysis seems to be viable
in order to understand their evolution. However, the clear
advantage of the covariant theories is that the equation for
tensor perturbations is the simplest one because it coincides
with the one for tensor perturbations in GR.

6 Reheating and the calculation of the spectral
parameters in the bouncing matter-ekpyrotic scenario

In this section we consider the background given by holon-
omy corrected LQC. In other words, we consider the function
f givenby (16), which means that the universe bounces when
its energy density is p.. We will show how to calculate the
reheating temperature of the universe via gravitational par-
ticle production due to a phase transition from the matter
domination to an ekpyrotic era, and how the theoretical val-
ues of the spectral index and its running match well with the
corresponding observational data.

As we will immediately show, in a viable bouncing sce-
nario the pivot scale leaves the Hubble radius in the contract-
ing phase, when GR does hold. Correspondingly, the spectral
index and its running are given, respectively, by [52,53]

12w, H,
Oy = T,
*

where w is the effective Equation of State (EoS) parameter
and the “star” means that the quantities are evaluated when
the pivot scale leaves the Hubble radius.

First of all, note that in order to match the theoretical
value of the spectral index with the observational data, w,
has to be negative and close to zero. Now, assuming that, at
very early times, we have a quasi-matter domination epoch
(P2 =2V — ¢ = V), the background equations become

i?’ﬂ = %aZV

ny =1+ 12wy, (73)

74
3H¢' +2a*V, = 0. 79

@ Springer

In this case

P 2/1 H 1 /Vy\?
w=—=—=(-4-—|=-(=2) -1 (75)
0 3\2 " H2) T3 \y
and, thus,
Vi \ 2 v,
ng =4 2) —11, o« =48(2) . (76)
Va Vs /g,

Note that for a potential corresponding exactly to matter dom-
ination, i.e. for V = )»e‘/g"j, one obtains an exactly flat spec-
trum (n; = 1 and oy = 0).

We consider here a phase transition, in the contracting
phase, from matter domination to an ekpyrotic regime. To
this end, we choose a model with potential given by

reV3o (1 — ;_f;fk) forg <O

Vip)=1 _ ; 77)
(il P for ¢ > 0, (
(1+m(33¢)2

where k is a positive parameter and A and A satisfy

—X=+2:>i;—,\, (78)
1+ 2_,06)
since, at the end of the phase transition, we assume Al <
pe = 252. This models depicts for ¢ — —oo a matter dom-
inated universe, and for ¢ > 0 an ekpyrotic universe with
EoS parameter w = 2 [54].
Then, for ¢ negative satisfying e?/* « 1, one has

48
=
Using now the BICEP2/Keck Array and Planck observational
data at 1o C.L., one has ny; = 0.968 £ 0.006 and oy, =
—0.003 £ 0.007 [55]. Then, choosing for instance k = 10,
one can see that for —42.38 < ¢, < —24.49 the theoretical
values of the spectral index and its running belong to the
1-dimensional marginalized 20 C.L.

e®+/k. (79)

nszl

8v3
>~ — ;C/_eq&*/k,

6.1 Reheating

Here we will consider a reheating process due to the gravi-
tational particle production of massless particles minimally
coupled with gravity during a phase transition from a mat-
ter dominated regime to an ekpyrotic one in the contracting
phase. Recall that in our model (77) we have an ekpyrotic
phase with EoS parameter w = 2. Let Hg be the value of the
Hubble parameter at the beginning of this phase. Then, from
the relations V = 3H? + H and H = —%Hz, we obtain
A= %H]% On the other hand, in holonomy corrected LQC a
viable value of Hg is approximately —1073 [34,35], which
justifies our choice |A| < pe.
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The energy density of the produced particles during this
phase transition is given by [56]

ag 4
pr(a) = RH® (7) , (80)
where ag is the value of the scale factor at the beginning of
the ekpyrotic phase and R ~ 1072N;, being N, the number
of different scalar fields.

Remark 6.1 Equation (80) was obtained considering a phase
transition, in the expanding phase, from the de Sitter phase to
another one with constant EoS parameter w > 1/3 [57,58].
In the case we consider a phase transition in the contracting
phase from the matter domination phase to another one with
constant EoS parameter w > 1, this formula is also valid
due to the duality, pointed out in [59], between the de Sitter
regime in the expanding phase and the matter domination in
the contracting one.

On the other hand, as has been showed numerically in
[34,35] (see the figures 11, 13 and 15 of [35]), in the matter-
ekpyrotic bounce scenario, after the bounce the universe
enters in a kination regime, i.e., the effective EoS parameter is
equal to 1. Then, to clarify ideas we consider the background
equations corresponding to LQC (17) and we consider a fluid
with the following EoS,

0 for0<p<pg=3H}

2p  for pg < p < pc, @D

P(p) = {
in the contracting phase, and P(p) = p in the expanding
one.
Since for the EoS P = wp in LQC the Hubble parameter
(1+w) h
_ 5 pe(t—1)
evolves as H(t) = 0w -5l [35], for our EoS (81)

we will have

3 pc(t=1)

<
Tu—nrii fort <tg
3
H() = 5 Pt <7< (82)
T fortp <t <0
Pct
cran fort > 0,

where 7 is the phase transition time and, thus, it has to satisfy
%pclE
212 +1

= Hg, and 7 has to be chosen imposing continuity at

¢ = 1, that is, it has to satisfy 2220 — f

= tg, that is, it has to satisfy Yo =
Remark 6.2 Since in LQC when considering a fluid with EoS
P = wp the reconstruction method (see Section 3 of [35] for
a detailed discussion) leads to the potential

eV3U+w)e

V@) =200 =) ey

(83)

then the conservation equation with the following potential

o34

’06(14_6—«/%)2 for ¢ < ¢p
_ 3¢
Vg) = —2,0c(1_fe—3mz forpr < ¢ < ¢p (84)
0 for ¢ > ¢p,

where ¢ and ¢p satisfy respectively 2V (¢r) = pg and
—2V(¢B) = pc,hasasolution which leads to the background
(82).

Now, since for a fluid with the linear EoS P = wp the
conservation equation d(pa’) = —Pd(a>) leads to

dp da a;\3+w)
L=31+wSE = p=n(2)
P a a

) (85)
during the ekpyrotic phase the energy density of the back-

ground evolves as pp(a) = 3Hz (”7’5)9, and, after the

bounce, since the universe enters in a kination phase, the
a_f

6
<)”, where a. =

background evolves as pp(a) = p (

32\ Y .
(p—5> ag, which means that after the bounce one has

2
3H;
pp(@) = pe (p—E>
reheated when both energy densities are of the same order,
i.e. pr(aren) ~ pp(aren). Since in the contracting phase the

energy density of the background increases faster than the
one of the produced particles, the reheating will occur in the

6 . .
(“75) . Then, the universe will become

. 2 RH? .
expanding phase, when (;EI ) ~ ——£E — "and it will be
reh 3H2 ?;
pr( P(:E>
|Hg|®

Tren ~ (pb(areh))1/4 = R3/4 (86)

-
3H2
\/ Pe (TE)

Then, for Ny ~ 1 (GUT theories), p. = 252 and Hg
—1073 one obtains Ty, ~ 8 x 10710, Finally, since M
2.4 x 10'8 GeV, in natural units one has T}, ~ 2 x 10° GeV.

~
~

Remark 6.3 Itis possible to obtain a lower reheating temper-
ature by increasing the EoS parameter in the ekpyrotic phase.
For example, if in the ekpyrotic phase one takes w = 5, then
the reheating temperature is reduced by one order.

Once we have calculated the reheating temperature we can
show that the pivot scale, in the contracting phase, leaves the
Hubble scale when GR holds. The pivot scale is related with
its physical value by k. = aokpnys(to), where the sub-index
0 means present time, and we choose, as usual, kppys(f9) ~
10?Hy ~ 1075,

On the other hand, as we have showed at the reheating
time, i.e., when both energy densities are of the same order,
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one has ay.;, ~ ag ~ 5 x 10%*ag. Now, from

the conservation of the entropy we have the adiabatic relation
ag ~ T%" aren [60] and using that the current and reheating

temperature are respectively 7o ~ 8 x 10732 and Tjep, ~
8 x 10_10, one gets ap ~ S5 X 1026aE. As a consequence,
ke ~5x 10’33aE, which means, since |Hg| ~ 1073, that
k+« < |HEg|ag. In other words, the pivot scale leaves in the
contracting phase the Hubble radius well after the phase tran-
sition, more precisely when Hy ~ 5x 107334E <5 x 10733
(in the contracting phase ag < a,) and, thus, si*nce pe =252,
one can safely disregard the effects of the f theory when the
pivot scale leaves the Hubble radius.

7 Conclusions

We have constructed a class of modified gravitational theo-
ries based on the addition to the Einstein—Hilbert action of a
function f, which depends on the divergence of the unitary
time-like eigenvector of the stress tensor. We have obtained
in this way a fully covariant theory, which, as in the case of
mimetic gravity, has one more degree of freedom than GR.
The main advantage, at the background level, of our class of
models is that, for the FLRW geometry, this divergence is
minus three times the Hubble parameter, which allows, by
choosing the function f appropriately, to obtain very sim-
ple bouncing backgrounds, as the one resulting in holonomy
corrected LQC.

At the level of cosmological perturbations, working in
the Newtonian gauge, the equations for scalar perturbations
exhibit some of the same interesting features as those appear-
ing in LQC in the so-called deformed algebra approach.
However, they are not exactly the same, owing to the fact
that our theory is fully covariant, in contrast with LQC
in the deformed algebra approach [61-63]. In fact, con-
trary to what happens with LQC and other non-covariant
approaches such as teleparallelism or modified theories using
the extrinsic curvature, in our fully covariant approach the
equations do not decouple, which is an added difficulty and
translates into the fact that, in practice, the equations can-
not be solved analytically but only by standard numerical
methods.

A very positive feature is, however, that for tensor pertur-
bations our model leads to the same equations as GR because
the modification of the action does not affect the gravity sec-
tor.

Finally, we have studied the matter-ekpyrotic bouncing
scenario for the LQC background, when reheating is a con-
sequence of the production of massless particles minimally
coupled with gravity, during the phase transition from mat-
ter domination to the ekpyrotic regime in the contracting

@ Springer

phase. We have obtained a viable reheating temperature of
the order of 10° GeV and have shown that the observable
modes leave the Hubble radius in the contracting phase,
when the holonomy correction can be disregarded. This per-
mits a very simple calculation of the theoretical values of
the spectral index and of its running, both of which, as it
turns out, perfectly match the current observational data at the
20 C.L.
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