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The Group Inverse of extended Symmetric and Periodic
Jacobi Matrices
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Abstract

In this work, we explicitly compute the group inverse of symmetric and
periodic Jacobi matrices with constant elements that have been extended
by adding a row and a column conveniently defined. For this purpose, we
interpret such matrices as the combinatorial Laplacian of a non—complete
wheel that has been obtained by adding a vertex to a cycle and some edges
conveniently chosen. The obtained group inverse is an incomplete block
matrix with a block Toeplitz structure. In addition, we obtain the effective
resistances and the Kirchhoff index of non—complete wheels.

Keywords: Discrete Elliptic Operators, Group inverse, Effective
Resistances, Kirchhoff index

1. Introduction and notation

The invertibility of nonsingular tridiagonal or block tridiagonal matrices
has been studied in recent years; see for instance [1, 2, 10, 11]. Moreover,
explicit inverses are known in some cases, for instance when the tridiago-
nal matrix is symmetric with constant diagonals and subject to some re-
strictions. In [9], da Fonseca and Petronilho obtained explicit inverses of
tridiagonal 2-Toeplitz and 3-Toeplitz matrices which generalize some well-
known results concerning the inverse of a tridiagonal Toeplitz matrix. The
techniques used in the mentioned results are mainly based on the theory of
orthogonal polynomials. For the singular case, there is also a big amount
of work, for instance in [5] the authors carried out an exhaustive analysis of
the generalized inverses of singular irreducible symmetric M—matrices. The
key idea of the approach was to identify any symmetric M—matrix with a
positive semi—definite Schrodinger operator on a connected network whose
conductances are given by the off-diagonal elements of the M—matrix. More-
over, explicit expressions for the group inverses in the cases of tridiagonal
matrices and some circulant matrices were obtained in [7].
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In this work, we present a new formula for the group inverse of an ex-
tended symmetric and periodic Jacobi matrix with constant elements. By
extended we mean that a row and a column have been added to the matrix.
The idea is to see the extended symmetric and periodic Jacobi matrix as
the combinatorial Laplacian of a non—complete wheel and hence to obtain
the group inverse, by using some previous results obtained in [8]. A non—
complete wheel is a wheel where the central vertex is connected to a few
vertices of the cycle. This kind of networks has many applications in Com-
puter Science as the central vertex is called a hub (see [3]). Therefore, the
non—complete wheel can be seen as a cycle with an added vertex and some
new edges and hence, the result of [8] can be applied. Actually, a particular
example of this network can be found in [8]. Finally, we use the formula for
the group inverse to give the effective resistances and the Kirchhoff Index of
a non—complete wheel.

In the following, the triple I' = (V, E, ¢) denotes a finite network, that
is, a finite graph without loops nor multiple edges, with vertex set V =
{1,...,n} and edge set E, where each edge e;; = {i,j} has associated a
conductance ¢;; > 0. The standard inner product on R" is denoted by (:,-),
thus, if u, v € R", then (u,v) = > }_, ugvg. For any i = 1,...,n we denote
by e; the i—th vector of the standard basis of R", by j, the all-ones vector
of dimension n and by J, , the all-ones matrix of size (n,m). Moreover
T,.(q), Un(q) and V;,(q) denote respectively the n-th Chebyshev polynomials
of first, second and third kind, that is, the Chebyshev polynomials satisfying
To(q) = Uo(q) = Vo(a) = 1, Ti(q) = ¢, Ui(q) = 2¢ and Vi(q) = 2¢ — 1, for
any n € N.

A matrix is called a block Toeplitz matriz iff it is a block matrix, which
contains blocks that are repeated in each descending diagonal from left to
right, as a Toeplitz matrix in which each descending diagonal from left to
right is constant. A matrix A of order n = md + p, 0 < p < d, is called
incomplete block matriz if it is partitioned from the top—left—hand corner
using d x d submatrices as far as possible. Thus

A - A Atmi1
A= ,
Aml co Amm Amm+1
_Am+11 e Am+1m Am+1m+1_
where A;j, 4,7 = 1,2,...,m is an d x d matrix, A, 1 and /—\TTnJrlj7 1,] =
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1,2,...,m are d X p matrices and A, 11m+1 IS an p X p matrix.

The combinatorial Laplacian or simply the Laplacian of the network I'
is the matrix L = (L;;), where Ly = > ;_; ¢i, and L;jj = —¢;j when @ # j. It
is well-known that the Laplacian is singular, symmetric and positive semi—
definite. Moreover Lu = 0 iff u is proportional to vector j,. The group
inverse of the Laplacian, L#, is known as the Green matrix of the network
I', and from now on will be denoted by G.

For every pair of vertices {7, j} we define the dipole between them as the
vector m;; = e; —e;. Observe that m; = 0 and m;; = —m;;. The effective
resistance between two vertices {i,j} of a network I' can be computed by
using the following formula of [6]:

R(i, ) = (Gmij, mij) = (G)ii + (G)jj — 2(G)ijs (1)

and the total resistance of the network or Kirchhoff indexr can be also com-
puted as follows:

KD)= 5 3 R j)=n Y (6)
i=1

i,j€V

Given m > 1, d > 1, we consider a cycle C,, on n = md vertices with
constant conductances ¢ = ¢(i,7 + 1) > 0 for any ¢ = 1,...,n — 1 and
¢ = c¢(n,1). A non-complete wheel (n,m)-W, is a network obtained from
C,, by adding a new vertex n + 1 to m of the vertices of the cycle placed at
the same distance, d, with new conductances a = ¢(n + 1,1+ d(i — 1)), for
any 1 =1,...,m.

It is known (see for instance [5]) that the Laplacian matrix of the cycle

Ch, is a circulant matrix L = cire(2c, —c,0,...,0, —c) and its group inverse
is )
2 . o .
<G)ZJ = 12¢n (n -1 _G‘Z_j’(n_ ’Z_JD), 1,] = 1,...,77,.

2. The group inverse of non—complete wheels

In this section we give an explicit expression for the group inverse of
extended symmetric and periodic Jacobi matrices. Not surprisingly, the ex-
pression is an incomplete block Toeplitz matrix whose coefficients involve
Chebyshev polinomials. In order to obtain the claimed expression we con-
sider the Laplacian matrix of the non-complete wheel network (n,m)-W in
terms of the Laplacian of the base cycle. Then, we obtain the matrix of



order n + 1 given by

where D is a diagonal matrix whose non null elements, a, are placed at the
m

(1 +d(i — 1))-elements of the diagonal, i = 1,...,m, s = —a ) e 144-1)
i=1
and a = ma.

Theorem 1. The group inverse of L' is

(L2) " Lo

where
, 12cdn + an(d* — 1)
27 12ac(n+1)2
/12 =V ®Jm7

with

- a(d+1)[n(d+5)+6] —12cd  i(i —d—2)
(v): = 12ac(n + 1) 2c(n + 1)

, forany i=1,...,d,

and where LY, is the block Toeplitz matriz

_Nl No ... N,,
, N,., N;
11 —
Ny
_N2 ... N, N1_




such that any submatriz N, k= 1,...,m, has entries

()i = 21n<— [d(k = 1)+ =il (n— |d(k — 1) + 7 — ]
+ Tm(ql)—l [n(] — 1) (Vk—1(q) = Vin—x(q))

_ (ﬂ(i —)(j-1—d) — nd) (Uk—2(q) + Un—r(q))

Cc

1
n+1

+ [(n(d—2)+2d—j7)j+ (d+ 2 — )i

+ (n+ 20 — 2kd)j — (n+ 2+ 3d — 2kd)i

bk —1)[n—d(k—1)] — 24

a(d®>—1) +12ed  n(d+11)(d+1) —d*> + 1
6a(n + 1)2 6(n+1) ’

d
withi,jzl,...,dandq:;——f—l.
C

Proof. In order to obtain (L')#, we use [8, Corollary 1] which reads:
(LY# n’ CMCT + 30— Jn — CMs
21402\ —2jiT —sTMCT  a+sTMs

where )
C= (a(n + 1)l +jnsT) :

and M = G — GM(1 4+ NTGM)~'N'G, where the elements of M € M. mmt1)
forany k=1,...,m, h==k,...,m, are ’
1 if i=1+4(k—1)d, j=2m—k)(k—1)/2+h,

(Mg =1/~ —1 if i=1+dh, j=02m—k)(k—1)/2+h,

0 otherwise.
So, to obtain the result we basically need to compute matrix

M=G-Gni+n'em—'n'aG.



To do this we need to calculate the different involved matrices and their
products in different steps. For the sake of readability, we develop the proofs
in Section 4, throughout some technical lemmas.

i)

ii)

iii)
iv)

In order to obtain B = (I + MTGM)~!, we use a reduced form

NTGM = Ng " GrMg,

. . 2_
where Gg is the m xm submatrix of G— qu%Jn whose rows and columns

are placed at 1 + (k — 1)d, for any k = 1,...,m, and where [g is the

submatrix of non-zero elements of I1, that is, g € /\/lm | mlmt1) and
? 2

forany k=1,...,m, h=k,...,m, its elements are ’
1 if i=k, j=0Cm—k)(k—-1)/2+h,
(HR)U:\/E' —1 if i=14h, j=0Cm—Ek)(k—1)/2+h,
0 otherwise.

Now we apply Woodbury’s formula, see [12], to get

B=(1+MNg GrMr) ™" =1 —MgT(Gr ™" + MxMg ") 'Mk.
Thus, M becomes

M = G-GNI—Nr"(GR+MrMgr")'NRINTG

= G-GNN" —NMNg" (G~ + NrMg") ' MrN']G
G—GNNT —NMNg"MgMRNT]G,

where Mg = (GR_1 + ”RHRT)fl.
Observe that both Gg and TR MR are, respectively, the circulant ma-

trices

d
Gr = ———circ(0,m —1,...,5(m —7),...,m—1),
R QCmCIrC( , 3 a](m .]) m )

MrTMg = g(mlm — Jm) — % ire (m—1,-1,...,—1).
m m

Thus, for computing G~ and Gg~! + MMk, we use Lemma 1.
Now, from [7, Theorem 3.5], we obtain Mg in Lemma 2.

We next consider F = MMNT — I'II'IRTMRI'IRI'IT. Notice that F is a matrix
which non-zero elements are the circulant submatrix

Leire(m—1,-1,...,-1).
m

It turns out that, F is the block Toeplitz matrix described in Lemma
3.



v)
vi)
vii)

viii)

Since, M = G — GFG, we first compute matrix H = GF, see Lemma 4.
Next, we compute matrix K = GFG = HG in Lemma 5.

Again, M is a block Toeplitz matrix whose expression is obtained in
Proposition 2.
Finally, using Lemma 6, the claimed result of Theorem 1 follows.

O

3. Effective resistances and Kirchhoff index for non—complete wheels

The Green matrix is a fundamental tool for computing some desired

parameters of the network, like the effective resistances of the network or the
Kirchhoff index, very useful in electric circuit theory or in organic chemistry,
as natural indexes describing important structural properties of circuits or
molecules. Therefore, once we compute the Green matrix, the effective
resistances between any two vertices of the new network are easily obtained
from Formula (1) obtained in [6].

Proposition 1. Given two vertices of I, the effective resistances of the
network between them are:

a) Zfl,j 75 n+1, 1= (kl—l)d+h1, j = (kg—l)d-f-hQ and k' = kig—]ﬂ-l-l,

where 1 < ky < ko < n and hi,ho = 1,...,d, with hy < hy when
kl :kg, then

RG.J) = 5 (Tm(;)l_l l2n(h2 ~ 1) (Vir-1(0) = Vin0)

= 2(“ (b = 1)(h2 = 1 = nd) = nd ) (Upr-2(a) + Un—1:(0))

+ (%((hl —1)?+ (hg —1)> —d(h1 + ha — 2)) —2d”>Um1(Q)]
+2|(K = 1)d+ hy — hy| (n — |(K' — 1)d + ha — )

— 2d(K' — 1) [n— d(K' — 1) + 4d(hy — hy)]

2(h1 — hg)[hl — h2 + TL]),



b) ifi=(ki1—1)d+h1 #n+1and j=n+1, then

R(i,n+1)=— hl—l)(hl—l—d)—d> Um—1(q)-

T T e

with g = ;Ld + 1. Moreover, the Kirchhoff index of T is
c
n(n+1)(6cd + a(d? — 1)) Up—1(q)  (d?> — 1)an + 12cdn

12¢2 Tm(q) —1 12ac

K(I') =

Proof. Firstly we point out that for any ¢ = 1,...,n we can consider that
i = (ky —1)d+ hy, for any 1 < k3 < m, 1 < h; < d, and thus any
element of the main diagonal ((L')#); = (L}1)ii = (N1)n,n,. Besides we
know that ((L')#),41n41 = Lby. Therefore, for any i, j # n+ 1, without loss
of generality we can assume that i = (ky — 1)d + hy, j = (k2 — 1)d + hy for
any 1 < k; < ks <mand hi,hy =1,...,d, with h; < hg when k; = ko, and
if k' = ko — k1 + 1. Then

R(i,j) = (Li)a+ (L11)55 — 2(L1)s
= (Nl)h1h1 + (Nl)thQ - 2(Nk’)h1h2’
and fori = (kg —1)d+hi #n+1land j=n—+1,
R(i,n+1) = (Ljy)ii + Ly — 2(L1y)s
= (Nl)h1h1 + L/22 - 2( /12)h1'

By simplifying the previous expressions we obtain the claimed result, and
besides the Kirchhoff index of the non—complete wheel (n, m)-W is obtained
by simplifying the expression

K(I") = (n+ 1)trace(L’) = (n + 1)trace(L};) + (n + 1)L5,.
O

Finally, if we consider the case where d = 1, n = m, we obtain a complete
Wheel, and in this case we notice that the Kirchhoff index coincides with
the result obtained in [4].

Corollary 1. The Kirchhoff index of a Wheel on n + 1 vertices is

N nn+1) U,—1(q) n
KIr) ===, Tn(q)l—l_E'




4. Technical lemmas

In this section we include the technical lemmas and their proofs. Observe
that the first Lemma excludes the case of adding a pendant vertex (m = 1).
Besides, we point out that the result of Lemma 2 is obtained from the
application of Theorem 3.5. from [7].

Lemma 1. The inverse matriz of Gr is the circulant matriz

12¢

—1 _
R = n(m?2 —1)

circ (bo, —bl, —1, ceey —1, —bl) s
where by = (m> —m — 6)/6 and by = (m> —m + 12)/12. Moreover,

-1 .
Gr +MNRTMNg = circ (¢g, —c1, —C2, ..., —C2, —C1) ,

n(m? —1)
where
co = 12cbg+ad(m—1)(m?—1),¢; = 12¢by +ad(m?—1), co = 12¢4ad(m?—1).

Proof. Taking into account that Y_7*, k(m — k) = —(m?® —m)/3, the first
part of the result can be checked by simple multiplication of both matrices.
The second part of the statement is straightforward. O

Lemma 2. The circulant matriz Gr~* + NRTMNR is invertible iff m > 1 and
in this case

Mgr = (GR_1 + HRTHR)_I = Cil"C(tl, - ,tm),

where

[Uj_g(q) + Um_j(q)]d _ 12¢ + ad(m2 -1)

ty =
J 2¢[Tn(q) — 1] 12acm

d
withq:%+1.
c

Lemma 3. The matrix F is a block Toeplitz matriz given by

Fr Fo ... Fn
F— Fm F1

Fa

| F2 Fm  F1]




where each submatriz F; has all its elements equal O except the first one, and

a?d [Ui—a(q) + Um—i(q)]

F)i1 = f = af;1 — — =1,...
( 1)11 fl a 71 2C [Tm(q) _1] 9 fOT‘ anyZ 9 7m7
d
withq:af—l-l.
2¢
Proof. Observe that
a(m—1 a? &
f o= (m )+mth—a2t1,
j=1
a  a® &
fi = —m+m2tj—a2ti, foranyi=2,...,d.
]:

Therefore, we first compute

itﬁ _ i [[Uj—2(Q) + Upm—;(q)ld ~ 12c+ ad(m? — 1)

=1 = 2¢[Tin(q) — 1] 12acm
= d 12¢ + ad(m? — 1)
= S 1] | 2 U U0
2c 12c+ad(m? —1) —d, ,
= 2eTn(g) —Tad @ 1~ = —(m?-1).
2elTn(@) — ad @~ 12ac o™ — 1)
And now we have
o= a(m—1) B a2d(7n2 -1) 9 [Unm-1(q)]d B 12¢ + ad(m2 ~1)
L m 12em 2c[Trn(q) — 1] 12aem
= a— @Um—il@
2¢ [Ti(q) — 1]
and for any 1 = 2,...,d,
o=t atdm? = 1) 5 [[Ui2(q) + Un-i(@)ld _ 12c+ad(m? —1)
Z oo 12em 2¢[Trn(q) — 1] 12acm

__a?d[Ui—a(q) + Un—i(q)]
2c [Tn(e) -1

10



Lemma 4. The matrix H is a block Toeplitz matrix given by

[H; Hy ... H,]
H— Hm Hl

Ho

| Hy ... Hp  Hij

where each submatriz Hy has all its elements equal 0 except its first column,

and for anyi=1,...,d

()i = = = 5oy [ = DVarr (@) = 1) = s ()]
(i) = =5 = gy [~ D0VA1 (@) = Viuila)

~ Ylali ~ 1) + (Usala) + Uns(a))], Fork=2,...d

d
withq:Z——i-l.
c

Proof. We point out that G is also a block Toeplitz matrix and thus H is
again a block Toeplitz matrix, and hence we need to compute just the first
d rows. We first define the following summations:

J J J
10,7) = > fpr s2(i,§) =D _pfp and s3(i,5) =Y 0’ fp.
p=t p=i p=i

In particular,

a 1

Ky =s1(l,m)=a— - 2T (q) — 1] =0,

2 [Tin(q) — 1]
Ky = 32(17m) = _g[Tm(ZLﬁ [Vm—l(Q) - 1}7
Ky = s3(l,m) = = —% _ ;[Tm(ql)—l] [V 1(0) — 2mUp(a) — m(m + 2)].

11



And moreover,

Bi =k Lm) = ~§ o [Voa(0) = Verr () + Viroale) — 1.
1

By, = Sg(ki + 1,m) = _a [mvm—l(Q) + k(vm—k(Q) - Vk—l(Q))

2 [T() — 1]
+U () + Unk() = Un—2(g) — (m +1)].

Now observe that when j =1+ (k—1)dand k=1,...,m, fori=1,...,d
we have that

k m

(Hi)a = Zgi,1+(671)dfk—£+l + Z 9i 1+ (t—D)dSm+k—t+1
=1 (=k+1
k m
=giife+ Y Gins-nafi-tr1 + Y Gitr—yafmik—t+1
=2 (=k+1
= A1 + Ay + As.

Firstly we suppose k > 1. We compute separately As and As as follows

k k-1
A= Y fr—t1 =2 fp=s1(1,k—-1),
=2 p=1

k—1
Agp = (k=p)fp=7s1(1,k—=1) = s2(1,k = 1),
p=1
k—1
A23 = (k _p)zfp = kQSl(lv k— 1) - 2k82(17 k — 1) + 53(1a k — 1)7
p=1

and thus,

k
1 2 , .
Ay = ;gi,l+(€—1)dfk—€+1 = Toem [(n —1+4+6(i—1)(n+i— 1))A21

. 1
—6d(n + 2i — 2)Age + 6d2A23] = Toen [0411421 + ag Ao + 043A23}

1

~ 12en {ml + sk + agk?)si(1,k — 1) — (e + 2a3k)sa2(1, k — 1)

+ Ck383<1, k— 1)} .

12



Besides,

m m

Az1 = Y fmak—tr1= Y fp=s1(k+1,m),
(=k+1 p=k+1

A32 = Z (f — 1)fm+k_g+1 = (m + k)sl(k + l,m) — SQ(]C + 1,m),
(=k+1

Asz = Z (E - 1)2fm+kf£+1 =
l(=k+1

= (m +k)?s1(k+1,m) — 2(m + k)sa(k + 1,m) + s3(k + 1,m),
and thus,

m

1

Az = E Gi 14 (e—1)dSmrk—t+1 = Toen a1 Az + agAsz + a3A33}
t=k+1

1
"~ 12¢en

[(041 + ag(m+ k) + ag(m + k)Q)sl(k +1,m)
— (g + 2a3(m + k))sa(k + 1,m) + ass3(k + 1, m)}
1
" 12en [(al + agk + azk?)si(k +1,m) — (az + 2a3k)s2(k + 1,m)

+agss(k+1,m) + (a2m + agm? + 2a3mk:) By — Qmang} .

13



Now adding all Ay + Ay + Az =

= Toen [(nz —1—6(i—1)(n—i+1)) fi + (a1 + ask + ask®)(— fy)

— (042 + 20[3](3) (KQ — k‘fk) + a3 (Kg — kak) — 2mag By

+ (agm + agm?® + 2a3mk‘) Bl}

1 ' ’
" 12en [(nQ —1-6(i—1)(n—i+1)—a1)fy — (a2 + 203k) K2 + a3K3

—2mang + (agm + a3m2 + 2a3mk) Bl}

d «a 1 )
= T =T [(z — 1) (Vie1(q) — Vi ()

_‘,Z (a(i — 1)+ ¢) (Uk—2(q) + Unm—1(q)) ] .

Now observe that if k = 1 then j = 1, and in this case As = 0. Besides it
holds 31(2,m) = *fl, 52(2,m) = K2 — f1 and 53(2,m) = Kg — f1.

14



Thus

(H)it = ginf1 + > Gise—1yafme2—e
=2

! [(n2—1—6(i—1)(n—i+1))f1—(a1+a2(m+1)+

- 12¢en

ag(m+1)%) fi — (a2 + 203(m + 1)) (K2 — f1) + as(Ks — fl)}

B 1
" 12en

[(n2—1—6(i—1)(n—i+1)—al—ag(m+1)—a3(m+1)2

—+ao + 2a3(m + 1) — Oég)fl — (042 + 20&3(771 + 1))K2 + 043K3:|

_ 1
" 12¢en

[(n2 —1-6(i—1)(n—i+1)—a; —asm — azm?)fi

~(an + 203(m + 1)) K + agKg}

1
= [(md(i — 1) — 6dn — 12d*) K> + 6d2K3}

Lemma 5. The matrix K is a block Toeplitz matrix given by

(K Ky ... Kn

K — Km Kl
Ko
_K2 ... Ky Kl_

15



where each submatriz Ky, has as elements

1 1
Kk): =
(K)insa 2enTin(q) — 1

~ (B = 1)(h =~ d) = nd) (Uk—2(0) + Upn4(a)

C

[n (h—=i4+1) (Vi—i(q) = Vin—i(q))

2¢d 2 g2
— % (Vin_1(q) — 1) — dQUm_l(q)} +dh+nh—nd— % + 5

+ (2kd —3d+2h—n) (i — 1)+ kd(n—2h) —d*(k —1)%

d
withq:;L——l—l,foranyk:l,...,m,izl,...,d and h=0,...,d—1.
c

Proof. Again we multiply two block Toeplitz matrices and thus K is a block
Toeplitz matrix, and hence we can just compute only the first d rows. For
each submatrix Ki, £k = 1,...,m, we compute its elements. We point out
that the i(h+1)-element of Kj, is the ij-element of K, with j = 1+(k—1)d+nh,
forany h=0,...,d — 1.

k

m
(Ki)ihr1 = Z hitqe—1yd - G1+(e-1)d,j = Githix + Z hits(e—1)d * 914(6-1)d,;
=1 =2

+ Z hivvo—1)d - G14(-1)d; = A1 + Az + As.
t=k+1

We compute separately

1

A= Toen hij [n2—176(h+k‘dfd)(n7h*kd+d)] ,
1 k
4= e Z; hivie-1ya 02 =1 — 6(h+ kd — ¢d)(n — h — kd + €d)]
1 , ) . 2
- o Z; hitse-nya[n? = 1= 6(=h? — 2kdh — k>d® + 2(kd® + dh)¢

—d*0* + n(h + kd) — tdn)],

16



1 m

Az = — > higs—na [n® =1 —6(=h —kd + Ld)(n+ h+ kd — £d)] ,
(=k+1
= ST hursgealn? — 1= 6(=h? — 2kdh — K2d? + 2(kd? + dh)e
12¢n ’
l=k+1
—d*0*> —n(h + kd) + tdn)).
Besides,
i dk—1) a 1
Bi=> hiis@-1a=— 2T =1 [(i - 1)(Uk72(Q) + Un-(q)
(=2
C
V@) = £ (V@) = Yookl + Vs ) 1)
k
dk—1)(k+2) a 1 ,
By = thz',u(é—l)d) == ( T)L( ) " 9 (Trn(q) — 1) [(1 - 1)((k +1)Ur—2(q)
=2 m

+ (k+ D) Up—(q) — 2Up_2(q) — 1 — 2((11_1)(%_1((1) = Vin—i(q) + Vm—l(Q))>

= £ (hs0) = ) + Vinea(0) = Ureal) = Unosla) + Una ().

and

K1 =Y hi1p-1a =0,

/=1
_ - _ 1 . 1 a m -+ 2
2= 3 thissienn =~y (6 Do 5~ 5em+2)"5)

a

(Vo) = 1) + (ot = Dm = 1) = 1) Uala)] = "5

k

N2 _ b (o (3 anm  an
K3 = Z;g hz,l—i—(f—l)d) - (Tm(q) — 1) (Z 1)( d + 2¢d + Cd)

2 2c

+ ”;+m+1+ad> (Vea(@) = 1) + (56 = D (m? + 2m = 3)

o q>Um_1(q)] ~(m+ l)éQm+ 1)‘
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Now adding A1 + A2 + A3 =

1, = 1
= Toen (n”—1) ; hi it (e—1)a — %hi,l [—6(h + kd — d)(n — h — kd + d)]
1 m
~ 5 hitt—1)a(—h?® — 2kdh — K*d* + 2(kd® + dh)¢ — d*(?
=2
1 & 1 &
—5 D hie(e-nan(h + kd) — ldn + — > higy—nan(h + kd) — tdn
(=2 l=k+1
1
- [hm(h +kd —d)(n — h— kd+ d) + (—h? — 2kdh — k2d*)(—h; )
cn

+ 2(kd? + dh) (K — i) — d*(Ks — hi1) + n(h + kd)(2By + hi1)

1
— dn(2Bs — Ky + hm)} == [2nhi,1(kd + 1 —d) + 2n(h + kd) By

— 9ndBy + (dn + 2dh + 2kd?) Ky — dQKg}

1 1
2en Ty (q) — 1

~ (2= 1)(h — d) = nd) (Us-2(0) + Un-i())

[n (h=i+1) (Ver(@) = Vins(@))

9 2 2
- %l (Vin—1(q) — 1) — d2Um1(q)} +dh +nh —nd — % + %

+ (2kd —3d+2h—n) (i — 1)+ kd(n—2h) — d*(k — 1)

Finally, taking into account that qUpy,—1(q) — Um—2(q) — 1 = T)n(q) — 1, we
obtain the desired result. O

Proposition 2. The group inverse of the Schur complement of L is a block
Toeplitz matrix given by

Mi My ... M,

M — M,, M;
Mo
My . M, My
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where each submatriz My has as elements
1
M), =— —li—-1- -1 —-hl-n—=]i—1- —1)—
(M) m( i= 1= d(b = 1) = Al (n— |i = 1= d(k — 1) = ]

n Tm(l)_l [n (h=i+1) (Vi-1(q) = Vi—k(q))

_ (acn(z —1)(h—d) — nd) (Uk—2(q) + Un—1(q))

2cd
— % (Vin—1(q) — 1) — d2Um_1(q)} +dh +nh —nd

+ (2kd —3d+2h—n) (i — 1)+ kd(n—2h) —dQ(k—1)2>

d? -1
12¢en’

d
withq:g——l—l,foranyk:l,...,m,izl,...,d and h=0,...,d—1.
c

Lemma 6. The product Gs = n ® j,, is a column vector where

a
(n)i ~ 12en

Besides, it holds Ms = Gs.

(n(6+d)+5m+6mi(i—d—2)>, forany i=1,....d.

Proof. For a given row ¢ =1,...,d, we have

a
GS)i =—a Y  Gii4(h—1)d = —agi1 — azgz‘,l—f—(k—l)d = ~Toom (n® = 1)m

a ((z—l )(n—i+1) +§m: i)(n—l—(k—l)d+i)>
k=2

" 2en

= Tomn (6n+5m+dn—6mz(d—|—2—z))

Moreover, as G is a block Toeplitz matrix, it holds (Gs); = (GS);y(k—1)a, for
any k=1,...,m.

Besides, Ms = (G — GFG)s = Gs — GFGs = Gs, as it is straightforward to
verify that FGs = (0,...,0)". O
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