-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by University of Birmingham Research Portal

UNIVERSITYOF
BIRMINGHAM

L‘{miversit}{'o{ iIrmingham
esearch at Birmingham

Counting independent sets in cubic graphs of given
girth

Perarnau, Guillem; Perkins, Will

DOI:
10.1016/}.jctb.2018.04.009

License:
Creative Commons: Attribution-NonCommercial-NoDerivs (CC BY-NC-ND)

Document Version
Peer reviewed version

Citation for published version (Harvard):
Perarnau, G & Perkins, W 2018, 'Counting independent sets in cubic graphs of given girth', Journal of
Combinatorial Theory. Series B, vol. 133, pp. 211-242. https://doi.org/10.1016/}.jctb.2018.04.009

Link to publication on Research at Birmingham portal

Publisher Rights Statement:
Checked for eligibility: 02/05/2018
published in Journal of Combinatorial Theory, Series B:

https://doi.org/10.1016/j.jctb.2018.04.009

General rights

Unless a licence is specified above, all rights (including copyright and moral rights) in this document are retained by the authors and/or the
copyright holders. The express permission of the copyright holder must be obtained for any use of this material other than for purposes
permitted by law.

» Users may freely distribute the URL that is used to identify this publication.

» Users may download and/or print one copy of the publication from the University of Birmingham research portal for the purpose of private
study or non-commercial research.

» User may use extracts from the document in line with the concept of ‘fair dealing’ under the Copyright, Designs and Patents Act 1988 (?)
« Users may not further distribute the material nor use it for the purposes of commercial gain.

Where a licence is displayed above, please note the terms and conditions of the licence govern your use of this document.

When citing, please reference the published version.

Take down policy
While the University of Birmingham exercises care and attention in making items available there are rare occasions when an item has been
uploaded in error or has been deemed to be commercially or otherwise sensitive.

If you believe that this is the case for this document, please contact UBIRA@lists.bham.ac.uk providing details and we will remove access to
the work immediately and investigate.

Download date: 01. Mar. 2020


https://core.ac.uk/display/185507727?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://doi.org/10.1016/j.jctb.2018.04.009
https://doi.org/10.1016/j.jctb.2018.04.009
https://research.birmingham.ac.uk/portal/en/publications/counting-independent-sets-in-cubic-graphs-of-given-girth(b9e93382-693a-4286-bf13-c7ced8207377).html

COUNTING INDEPENDENT SETS IN CUBIC GRAPHS OF
GIVEN GIRTH

GUILLEM PERARNAU AND WILL PERKINS

ABSTRACT. We prove a tight upper bound on the independence poly-
nomial (and total number of independent sets) of cubic graphs of girth
at least 5. The bound is achieved by unions of the Heawood graph, the
point/line incidence graph of the Fano plane.

We also give a tight lower bound on the total number of independent
sets of triangle-free cubic graphs. This bound is achieved by unions of
the Petersen graph.

We conjecture that in fact all Moore graphs are extremal for the
scaled number of independent sets in regular graphs of a given minimum
girth, maximizing this quantity if their girth is even and minimizing if
odd. The Heawood and Petersen graphs are instances of this conjecture,
along with complete graphs, complete bipartite graphs, and cycles.

1. INDEPENDENT SETS IN REGULAR GRAPHS

A classic theorem of Kahn [10] states that a union of n/2d copies of the
complete d-regular bipartite graph (Kg4) has the most independent sets
of all d-regular bipartite graphs on n vertices. Zhao [13] extended this to
all d-regular graphs. A result of Galvin and Tetali [8] for bipartite graphs
combined with Zhao’s result shows that maximality of K44 holds at the
level of the independence polynomial,

Po(y) = > A, (1)
I1€Z(G)
where Z(G) is the set of all independent sets of G.

Theorem 1 (Kahn, Galvin—Tetali, Zhao [10, 8, 13]). For every d-regular
graph G and all X\ > 0,

1 1
log Pa(A) < — log P A). 2
’V(G” og G( )— 2d 0g Kd,d( ) ( )
The result on the number of independent sets in a regular graph is re-
covered by taking A = 1 and noting that the independence polynomial is
multiplicative over taking disjoint unions of graphs.
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2 GUILLEM PERARNAU AND WILL PERKINS

The function Pg(A) is also known as the partition function (the normaliz-
ing constant) of the hard-core model from statistical physics. The hard-core
model is a probability distribution over the independent sets of a graph G,
parametrized by a positive real number A, the fugacity. The distribution is
given by:

A

Pa()

The derivative of ﬁ log P(A) has a nice probabilistic interpretation:

Pr[I]

it is the occupancy fraction, ag(\), the expected fraction of vertices of G in
the random independent set drawn from the hard-core model:

1
o) = B
_ AW
~V(@)] - Pa(N)

A /

Davies, Jenssen, Perkins and Roberts recently gave a strengthening of The-
orem 1, showing that (2) holds at the level of the occupancy fraction.

Theorem 2 (Davies, Jenssen, Perkins, Roberts [5]). For every d-regular
graph G and all X > 0,

ag(A) < ak, (). (3)

Theorem 1 can be recovered from Theorem 2 by noting that log P5(0) = 0

for all G, and then integrating QGT(t) from 0 to A.

Now K44 contains many copies of the 4-cycle, Cy4, as subgraphs (in fact
the highest possible Cy density of a d-regular triangle-free graph). Heuris-
tically we might imagine that having many short even cycles increases the
independent set density, while having odd cycles decreases it. So what hap-
pens if we forbid 4-cycles?

Similarly, Cutler and Radcliffe [3] show that ﬁ log Pg(\) is minimized
over all d-regular graphs by a union of copies of K41, the complete graph
on d + 1 vertices. But K441 has (many) triangles. So what happens if we
forbid triangles?

Question 1.

o Which d-regular graphs of girth at least 4 have the fewest independent
sets?

o Which d-regular graphs of girth at least 5 have the most independent
sets?

e More generally, for g even, which d-regular graphs of girth at least
g have the fewest independent sets, and for g odd, which d-reqular
graphs of girth at least g have the most independent sets?
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FIGURE 1

Petersen Graph Ps Heawood Graph H3g

Here we answer the first two questions for the class of cubic (3-regular)
graphs: the triangle-free cubic graphs with the fewest independent sets are
copies of the Petersen graph Ps, and the cubic graphs of girth at least 5
with the most independent sets are copies of the Heawood graph Hjg.

Notably, in all of the cases that we know (K441, Kqq, the cycles Cy,, and
the Petersen and Heawood graphs), the optimizing graph is a Moore graph.
A (d, g)-Moore graph, for g odd, is a d-regular graph with girth g, diameter
(g —1)/2 and exactly

(9—3)/2

1+d > (d-1)
=0

vertices. If g is even, then a (d, g)-Moore graph is d-regular, has girth g and
exactly
(9—-4)/2
1+ (d-1)97"4d > (d—1)
j=0

vertices. Moore graphs are necessarily cages: regular graphs with the fewest
number of vertices for their girth. It is natural to consider the maximization
problem for graphs of girth at least an odd integer ¢ and the minimization
problem for graphs of girth at least an even integer g as we expect short even
cycles to encourage more independent sets and short odd cycles to suppress
independent sets, and thus the solution to the maximization problem for
even g will be the same as the solution of the maximization problem for
g — 1, and likewise for minimization. This intuition is borne out in all of the
above examples.

Moore graphs do not exist for every pair d,g. But we conjecture that
if such a Moore graph exists, then it is extremal for the scaled number of
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independent sets in a d-regular graph of girth at least ¢ — 1 (and of course
extremal for graphs of girth at least g as well).

Conjecture 1. Suppose g is odd and there exists a (d, g)-Moore graph, Gz’g.
Then for every d-regular graph G of girth at least g — 1,

log |Z(G)| = log |Z(Gg )l

1 1
V(G| V(Ga,)l

Suppose g is even and there exists a (d, g)-Moore graph G:‘lg. Then for every
d-reqular graph G of girth at least g — 1,

1
A 108 IZ(G)| <

Vo) log |Z(Gg )l-

R
V(C3,)]

1.1. The Petersen graph. The Petersen graph, Ps2, has 10 vertices, is
3-regular and vertex-transitive, has girth 5 and is a (3, 5)-Moore graph (see
Figure 1). Its independence polynomial is

Pp, ,(A) =1+ 10X + 30\ 4 30\ + 5%,
and its occupancy fraction is
A (146X +9X% +2)3) @
Pp; ,(A)

Our first result provides a tight lower bound on the occupancy fraction
of triangle-free cubic graphs for every A € (0, 1]:

Qps o (>‘) =

Theorem 3. For any triangle-free, cubic graph G, and for every X € (0, 1],

Oég()\) > ap;, ()‘)7
with equality if and only if G is a union of copies of Ps .
By integrating O‘G)\(A) from A = 0 to 1 we obtain the corresponding counting
result:

Corollary 4. For any triangle-free, cubic graph G, and any X € (0, 1],

1 1
log Pg(A) > — log Pp, , (A

and in particular,
1 1
———log|Z(G)| > — log |Z(P.
|V(G)‘ Og’ ( )’ - 10 Og‘ ( 5,2)‘7
with equality if and only if G is a union of copies of Ps 2.
The inequality of course holds for A = 0 but we do not have uniqueness,
as Pg(0) =1 for all G.

Recently, Cutler and Radcliffe [4] proved a lower bound on the occupancy

fraction of triangle-free cubic graphs that gave ﬁ log |Z(G)| > 0.430703,

while the tight bound above is -5 log [Z(P5 )| = % ~ 0.43307. Cutler
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and Radcliffe also conjectured that for every cubic triangle-free graph G on
n vertices and for every A > 0

1 . 1 1
n log Pi(A) = min {10 log PP5,2 (A), 14 log PP7,2 ()‘)} )

where P 5 is the (7,2)-Generalized Petersen graph (see Figure 2). Theorem 3
proves this conjecture for A € (0, 1].

FIGURE 2

(7,2)-Generalized Petersen Py o

1.2. The Heawood graph. The Heawood graph, H3g, has 14 vertices, is
3-regular and vertex-transitive, has girth 6, and is a (3,6)-Moore graph (see
Figure 1). It can be constructed as the point-line incidence graph of the
Fano plane. Its independence polynomial is

Prp o(A) = 1+ 14X 4 700 + 154X% + 147X 4 56)0° 4 14\% + 207,
and its occupancy fraction is

AL+ 10X + 3302 4+ 42)3 4 2001 + 6)% + A)
PH3,6 ()‘)

Our second result provides a tight upper bound on the occupancy fraction
of cubic graphs with girth at least 5:

: (5)

aH3,6(/\) =

Theorem 5. For any cubic graph G of girth at least 5, and for every A > 0,
ag(M) < QHs g (A),
with equality if and only if G is a union of copies of Hzg.

ag(t)
T

And by integrating from ¢t = 0 to A we obtain the corresponding

counting results.
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Corollary 6. For any cubic graph G of girth at least 5, and for every A > 0,

1 1
———log P, < —log P
‘V(G)’ 0og G(A) =14 0og Hs,e(/\)7

and in particular,

1 1
log |Z < —log |Z(H.
’V(G)| Og‘ (G)| — 14 Og| ( 376)|’

with equality if and only if G is a union of copies of Hzg.

Note that Theorem 5 applies to all positive A, while Theorem 3 requires
A € (0,1]. Some bound on the interval for which P52 minimizes the oc-
cupancy fraction is necessary: for large A, P72 has a smaller occupancy
fraction, and in fact in the limit as A — oo, it is minimal: Staton [11]
proved the independence ratio of any triangle-free cubic graph is at least
5/14 and this is achieved by Pr .

Corollaries 4 and 6 answer the 3-regular case of a question of Zhao [14]
and confirm his conjecture in these cases that minimum and maximum nor-
malized number of independent sets under local constraints are attained by
finite graphs.

We prove Theorems 3 and 5 by introducing several local constraints that
the hard-core model induces on any 3-regular graph of a given girth. We
then relax the optimization problem to the set of all probability distributions
on local configurations that satisfy these constraints and solve the relaxation
using linear programming.

We begin in Section 2 with an overview of the method that we use to
prove Theorems 3 and 5.

In Section 3 we prove Theorem 5 under the additional assumption that
G has girth at least 6. This illustrates the method and introduces the type
of local constraints we will use in the other proofs. In Section 4 we extend
the proof to all graphs of girth at least 5 by introducing new variables into
our maximization problem. In Section 5 we prove Theorem 3 by switching
from maximization to minimization and by introducing further variables
corresponding to graphs containing 4-cycles. Nonetheless, the constraints
remain unchanged from those in Sections 3 and 4.

We conclude in Section 6 with some further questions on the number of
independent sets and graph homomorphisms in regular graphs with girth
constraints.

2. ON THE METHOD AND RELATED WORK

The method we use is an extension of the method used in [5] to prove The-
orem 2 and the analogous theorem for random matchings in regular graphs.
At a high level, the method works as follows. To bound the occupancy
fraction of the hard-core model on a graph G, we consider the experiment
of drawing an independent set I from the hard-core model, then indepen-
dently choosing a vertex v uniformly from the graph. We then record a local
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view of both G and I from the perspective of v. The depth-t local view
from v includes both the information of the graph structure of the depth-¢
neighborhood of v as well as the boundary conditions the independent set
I induces on this neighborhood (that is, which vertices at the boundary are
blocked from being in the independent set by some external vertex). In [5],
the local view considered was of the first neighborhood of v, with each neigh-
bor labeled according to whether or not it had an occupied neighbor among
the second neighbors of v.

In this paper, we extend the local view to include the first and second
neighborhood of v. We call a realization of the local view a configuration.
The probabilistic experiment of drawing I and v at random induces a proba-
bility distribution on the set of all possible configurations. Not all probabil-
ity distributions over the configuration set are attainable by graphs; certain
consistency conditions must hold. For instance, here we use the fact that the
probability that v has ¢ occupied neighbors in this experiment must equal
the probability that a random neighbor u of v has t occupied neighbors.
Such consistency conditions serve as constraints in an optimization prob-
lem in which the variables are the individual probabilities of each possible
configuration.

The art in applying the method is choosing the right local view and which
consistency conditions to impose. Enriching the local view as we have done
here adds power to the optimization program, but comes at the cost of in-
creasing the complexity of the resulting linear program. As an example, com-
pare the upper bound on the independence polynomial in d-regular triangle-
free graphs [5] with the lower bound for 3-regular triangle-free graphs given
by Theorem 3: the proof of the first is short and elementary, while the proof
of the second requires (at least in this iteration) a large mass of calculations
given in the appendix and in the ancillary files.

This suggests several directions for further inquiry into this method.

(1) Is there a general theory of which problems can be solved using this
method and is there an underlying principle that indicates which
distributions and graphs are extremal?

(2) Can the proof procedure be efficiently automated, in a way that
given the definition of the local view, the allowed configurations,
and the objective function, a computer outputs a bound along with
a proof certificate?

(3) Is there a more analytic and less computational analysis of the linear
programs than the proofs we give here?

The method has to this point been used for upper and lower bounds on
independent sets and matchings in regular graphs [5, 6, 4], as well as the
Widom-Rowlinson model [2], another statistical physics model with hard
constraints. In [7], the method is applied to models with soft constraints,
namely the Ising and Potts models on regular graphs, which in the ‘zero-
temperature limit’ yield extremal bounds on the number of g-colorings of
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cubic graphs. See the survey of Zhao [14] for more on extremal problems for
regular graphs.

3. PROOF OF THEOREM 5 FOR GIRTH AT LEAST 6

Let G be a 3-regular graph of girth at least 6. Since G has girth greater
than 5, every vertex v € V(G) has 6 distinct second neighbors, and its
second neighbors form an independent set.

Draw an independent set I € Z(G) from the hard-core distribution on G
with fugacity A > 0. We say that a vertex is occupied if it is in I. Pick a
vertex v uniformly at random from V(G). We say that a vertex u of the
second neighborhood of v is externally uncovered if none of its neighbors at
distance 3 from v are in I. Order the neighbors of v arbitrarily, w1, uo, us.
Describe the local view of v with respect to I by C = (c1,c2,c3) with ¢;
being the number of externally uncovered second neighbors joined to u;.

Let

C¢ = {(0,0,0),(0,0,1),(0,0,2),(0,1,1),(0,1,2),
0,2,2),(1,1,1),(1,1,2),(1,2,2),(2,2,2)}

be the set of all possible configurations C that can arise from cubic graphs
of girth at least 6. As the functions that appear in the optimization problem
below do not depend on the ordering of the ¢;’s we can restrict ourselves to
multisets; that is, the configuration (1, 1,2) is equivalent (2,1,1). We abuse
notation and let C' refer to the vector (ci, ca, c3) as well as the graph formed
by the configuration: v joined to its three neighbors uq, us, us, each joined
to c1, co, c3 second neighbors of v respectively.
Consider the following quantities,

3
Z(C) =[]+ @+N%)
=1
Z.(C) = A1+ \)Zim e
Z(C) = Z_(C) + Z,(C).

Here, Z_(C) is the partition function of C restricted to independent sets
with v unoccupied; Z is the same restricted to v occupied, and Z(C) is the
total partition function of C'. We reserve the letter P for a partition function
of a full cubic graph, as in Py, 4, and use Z for the partition function of
configuration. Then the probability that v is occupied given configuration
Cis

Z4+(C)
o(A) =P IC| = .
() = Prfo € 11C) = S s
Observe that the occupancy fraction of G can be written as

o (V) = % S Pruel]= 3 ac,(h) PrC],

veV(G) CeCs
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where Pr[C] is the probability that the configuration C is observed when I €
Z(G) is chosen according to the hard-core model and v is chosen uniformly
at random.

Given the choice of v, let u be a vertex chosen uniformly at random
from the neighbors of v. We can write down formulae for the conditional
probabilities that either v or v has a given the number of occupied neighbors.
Let

~{(C) = Pr[v has t occupied neighbors|C] and
£ (C) = Pr[u has t occupied neighbors|C].
Lemma 7.

v 1 +/\
70(0)

>

)

aC,v(

3
Y (C) = acy(A Z 1+ X))~
i=1

2 3
V¥ (C 2:1+A
=1
WE) = (1 am(A))l i Z e e
1 3 1 3 Ci\
W(C) = acu(N) - 5 ;(1 N (1= acw(V) - 5 E_; m
1 3
1 (C) = acu(A) - 3;(%(1“)% + (1 = acu(A {Z} ppn 1“

=

Proof. Here we show how to obtain the expressions for 74(C) and v§(C);
the others follow similarly. For 75(C) we need to select a vertex u; in the
neighborhood of v that will not be included in I, and insist that the two
other neighbors of v are in I. Given this choice, we may additionally include
any subset of the externally uncovered neighbors of w; (different from v),
contributing the factor (1+ A)%. The term A\? accounts for the contribution
of u; with j # . It follows that

P
v Cq
For 74 (C') we need to distinguish between the case where v is occupied and
the case where it is unoccupied. Let us assume first that v is occupied, then it
contributes with a factor of A, and accounts for 1 of the two required occupied
neighbors of u. Select a vertex u = wu; in the neighborhood of v uniformly
at random. Since v € I, we need to include exactly one of its externally
uncovered neighbors, contributing a factor of ¢;A. The neighbors u; with
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j # i cannot be included in I since v is occupied, thus we can include any
subset of their externally uncovered neighbors, contributing with a factor

of (1+(/\1)r;;2+63 = Z+(C)()l\+)‘)7ci. The probability that w has 2 occupied
neighbors and that v is occupied is
3 . 3
1 1 Z(C) 14+ N4 1 e
S W i = o(A) = AL+ M)
e 32 - acu(A) 32 (1+2)

The probability that u has 2 occupied neighbors and that v is unoccupied
can be computed in a similar way, giving that

3 2
v;‘(c*):ac,v(A)éZcM(1+A>‘”+(1—aav(A>>é > H(fﬂ)

=1 1€{1,2,3}
c;=2

O

Now we can form the following linear program with decision variables
p(C) with C' € Cg corresponding to Pr[C]:

Omax () = max Z acy(AN)p(C) subject to

C€eCg

> pC)=1

CeCg

> p(C)- ((C) = 4(C)) =0 fort=0,1,2
CeCg

p(C) >0 ¥C € Cg

The dual program with decision variables Ay, Ag, A1, Ag is:

Omax(A) = min A, subject to
2
Ap+ STAPE(C) = 4H(O)] = ac () ¥C € Co.
t=0
To show that ag(A) < ap,q(A) for all cubic G of girth at least 6, we
need to show that amax(A) < am, (M) (the reverse inequality is immediate
since the distribution induced by H3g is a feasible solution). To prove this
using linear programming duality, it is enough to find a feasible solution
to the dual program with A, = apy,,. We define the slack function of a
configuration C' as:
2
SLACKmax(X, Ao, A1, A2, C) = ay s — acw(N) + 3 A [37(C) = (O]

t=0
(6)
Our goal is now to find values for the dual variables A§, AT, A3 so that
SLACKmax(A, Aj, AT, A5,C) >0
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for all configurations C' € Cg and A > 0.

Our candidate solution is the Heawood graph H3 ¢ (see Figure 2). There
are only 4 possible configurations arising from Hz¢: (0,0,0),(1,0,0),(1,1,1),
and (2,2,2). These correspond respectively to having 3 or 4, 2, 1 and 0 ver-
tices from I in the third neighborhood of v.

FIGURE 3

Heawood Graph H3g viewed from a vertex

If we set the dual constraints to hold with equality for the configura-
tions (0,0,0), (1,0,0), and (1,1,1), and set A, = oy, 4, we get the following
system of equations.

A 142\ 2 32
Ny - e o TR T Y H A e P e A

A S5A(\+1) A (A% —2)—5) A2(3X+38)
1 e~ Mg TN BATDEE LD 3N 6 A1)

AN +1)3
AN+13+ (A +1)2

3 3 2 2

arns + Ao A(A3=2x-1) LA A =2\ LA A (=X + X +2)

MM A2+ 7AL1 I M T TIB 15A2 7T -1 2N LI L IBA2 FTA+ 1

Solving these equations give candidate values for the dual variables.
Claim 8. With the following assignments to the dual variables,
SLACKpmax(N, A, AT, A5,C) >0
for all configurations C' € Cg.

C =3 =270 — 9427 — 139X% — 200" + 1390° 4+ 12405 4 4507 4+ 9A% + \?

A (1+A)(1+2)) - Pry (N
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—3 — 24X — 73XA% — 993 — 25X* 4 63X° + 55AC + 1507 + A®
(142X) - P, (M)
—3 — 27X — 94X — 1603 — 1322\ — 46)% — 3\0 + AT
(142X) - P, ¢(N)

In particular, Claim 8 shows that in the primal amax(A) = am,4(A). To
prove Claim 8 we will show that for all C' € C4, the following scaling of the
slack function

Frnax(C) := 3(A+2) - Py () - Z(C) - SLACKmax(A, Ag, AT, A35,C),  (7)

is identically 0 if C is in the support of the Heawood graph and a polynomial

in A with positive coefficients otherwise. This suffices to prove Claim 8 since

3(A+2)- Py, 5(AN)-Z(C) is itself a polynomial in A with positive coefficients.
Using (5) and Lemma 7, we calculate:

A =

Finax((0,0,0)) =0

Finax((0,0,1)) =

Frax((0,0,2)) = >\5(>\ + 1)(A+2) (A° + 132" + 47)% + 69A% + 36 + 6)
Frnax((0,1,1)) = A% (205 4+ 11A* + 30A% + 41)7 + 20\ + 3)

Frnax((0,1,2)) = A% (4A7 + 47X% + 2007° + 458\% + 523)% + 303\2 + 84\ + 9)
Frnax((0,2,2)) = A (A +2) (47 + 4900 + 21807 + 463\* + 50203 + 269\2 + 66\ + 6)
Frax((1,1,1)) =0

Funax((1,1,2)) = A (A +1)% (3X* + 3703 + 7702 + 391 + 6)

Frax((1,2,2)) = 20 (A + 1)% (A% 4+ 150" + 52X% + 6207 + 24\ + 3)

Fmax((2 2 2)) 0.

Indeed for all C' in the support of the Heawood graph Finax(C) = 0, and for
all other C, Fihax(C) is a polynomial in A with positive coefficients. This
proves Claim 8 and thus shows that ag(A\) < ap,4(A) for all A > 0 and all
cubic G of girth at least 6. Uniqueness follows from complementary slackness
and the fact that we have 4 linearly independent constraints; therefore the
only feasible distribution whose support is contained in the support of the
Heawood graph is the Heawood graph.

4. GIRTH AT LEAST 5

Now we extend the proof to include graphs of girth 5. If G is cubic and
has girth at least than 5, then every vertex v € V(G) has 6 distinct second
neighbors, but now its second neighborhood may contain some edges.

Draw an independent set I € Z(G) from the hard-core distribution on G
with fugacity A > 0. Recall that a vertex u of the second neighborhood of v
is externally uncovered if none of its neighbors at distance 3 from v are in I.
For i € {1,2,3}, let u; be the neighbors of v and for j € {1,2} let w;; be the
neighbors of u; that are second neighbors of v. Let C' = (W, E19, E23) be a
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configuration where W is the set of second neighbors of v that are externally
uncovered, F1o is the set of edges between first neighbors of v and W, and
Es is the set of edges within W in the configuration C'.

Let C5 be the set of all possible configurations C' that can arise from a
cubic graph of girth at least 5. The possible configurations are the following;:

OO OO OO

Co(z1, 2, x3)

66 00 OO

Cs(z1, 2, x3)

66 60 @O

Ce(z1, 2, x3)

TXIXL

Cy(x1, 2, 3)

66 00 o0

Cia(z1, 2, z3)

€0 00 OO

Cl(xla 2, 3:'3)

66 60 00

Cy(z1, 22, x3)

TXIXE

Cr(z1, 2, x3)

TXIXL

Cio(z1, x2, z3)

66 60 00

Cia(x1, 22, z3)

60 00 @0

Co(z1, 2, x3)

¢eo 0000

Cs(z1, 2, x3)

60 06 00

Cs(z1, 2, x3)

66 66 00

Cll(ﬂ?l, X2, $3)

TEIEL.

Cia(z1, 22, 23)

where z; € {0,1,2} indicates the number of externally uncovered neighbors
of u; that are second neighbors of v and that are included in the configura-
tion as isolated vertices in the graph induced by the second neighborhood.
The type of a configuration is the configuration up to the number of free
second neighbors of v that are isolated in the graph induced by the second
neighborhood. For instance, the type of Ci(1,1,1) is C;. In Appendix A
we give a proof that, up to symmetries, these 15 configuration types are all
the possible ones for cubic graphs with girth at least 5.

Up to relabeling of the first and second neighbors of v, these 14 types give
rise to 46 configurations to consider. For instance, the type Cy gives rise to
10 configurations: Cy(0,0,0), Cy(1,0,0), Cy(2,0,0) , Cy(1,1,0), Co(2,1,0),
Co(2,2,0), Co(1,1,1), Cp(2,1,1), Cp(2,2,1) and Cy(2,2,2) and they cor-
respond exactly to the set configurations Cg considered above. As another
example, there are 3 configurations corresponding to the type Cgs: Cg(0,0,0),
Cs(0,1,0) and Cg(0,1,1). The configurations Cg(0,1,0) and Cs(0,0,1) are
equivalent with respect to the functions in the optimization problem and so
we include just one in our set Cs.

We defer the formulae for ac,(X), 7/ (C),~{(C) until Section 5.1 where
we give the formulae in a more general case.
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We define the same linear program, dual program, and slack function as
in Section 3. The optimality of apy, , now follows from the following claim:

Claim 9. With the assignments to the dual variables given as in Claim 8,
SLACKmax(X, Af, AT, A5, C) > 0 for all configurations C' € Cs.

Again we scale the slack function by the same positive polynomial used
in the previous section:

Frnax(C) := 3(A+2) - Py () - Z(C) - SLACKmax(A, Ag, AT, A3,C),  (8)

One can verify that Finax(C) is either identically 0 or a polynomial in
A with positive coefficients. We have verified this by having a computer
program compute Fu.x(C) for all C' € C5; and collect coefficients. The
computer code and printout is included as an ancillary file.

For all C' € C5 in the support of the Heawood graph Fi.x(C) = 0. For all
other C' € C5 different than C(1,1,0), Flax(C) is a polynomial in A with
positive coefficients. However, we also find that Fiax(C1(1,1,0)) = 0. This
proves that the dual solution is feasible but does not prove uniqueness of
the solution.

In order to prove that unions of copies of Hj3g are the only graphs that
maximize ag(A) among all 3-regular graphs G of girth at least 5, we first
need to exclude the configuration C4(1,1,0). Let C' be the random configu-
ration obtained by choosing I € Z(G) according to the hard-core model and
v € V(@) uniformly at random.

Claim 10. Let G be a 3-regular graph of girth at least 5 with ag(\) =
s 5(A). Then Pr[C = C1(1,1,0)] = 0.

Proof. Suppose that Pr[C' = C;(1,1,0)] > 0. Let v* € V(G) be such that
the second neighborhood of v* in G contains at least one edge. Since G
attains the maximum occupancy fraction, complementary slackness tell us
that the only configurations that can appear with positive probability are
Cy(0,0,0), Co(1,0,0), Co(1,1,1), Cy(2,2,2) and C;(1,1,0). Consider the
empty independent set Iy = (). The configuration induced by I in the second
neighborhood of v* is of the form C;(2,2,2) for some i # 0, but all these
configurations have probability 0 to appear, leading to a contradiction. [

Therefore, any maximizer has support in Cy(0,0,0), Cy(1,0,0), Co(1,1,1)
and Cp(2,2,2). It suffices to prove that H3g is the only graph with this
support. Fix v € V(G). First observe that there are no edges within the
second neighborhood of v. The fact that Pr[C' = Cy(2,2,1)] = Pr[C =
Co(2,1,1)] = Pr[C = Cp(2,2,0)] = 0, implies that every vertex in the third
neighborhood of v is adjacent to 3 vertices in the second neighborhood of
v. Thus, G is the disjoint union of 3-regular graphs of girth 5 and order 14.
Uniqueness now follows from the well-known fact that H3g is the only such
graph (see e.g. [12]).
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5. PROOF OF THEOREM 3

Here we prove Theorem 3 by showing that an appropriate linear program-
ming relaxation shows that for all 3-regular G of girth at least 4 (triangle-
free) and all A € (0,1],

aG()‘) > Qps o ()‘) .

We remark that the statement of Theorem 3 may still be true for some
A > 1, but it is not true for A > A3 ~ 1.84593, since for A > A3 the
occupancy fraction of the (7,2)-Generalized Petersen graph is smaller than
that of the Petersen graph. In Section 6 we present a conjecture that extends
Theorem 3 for every A > 0.

FIGURE 4

Petersen Graph P52 viewed from a vertex

Since G has girth at least than 4, each vertex v € V(G) has no edges in
its neighborhood, but now its second neighborhood can contain anywhere
from 2 to 6 vertices and may also contain edges.

Similarly as in the previous section, we let C' = (W, E12, F22) be a con-
figuration where W is the set of second neighbors of v that are externally
uncovered (free second neighborhood of v), E1s is the set of edges between
the first neighborhood of v and the free second neighborhood of v and Fa
is the set of edges among the free second neighbors of v. Let C4 be the set
of all possible configurations C that can arise from a cubic graph of girth at
least 4. Up to symmetries, the different possible configurations are displayed
in Appendix B. For each configuration C' = CY(z1,...,xs), the variables z,
determine if the k-th second neighbor is externally covered. This gives a
total of 207 configurations.

The local view of the Petersen Graph Ps o only has one possible configu-
ration: C14(0,0,0,0,0,0) (see Figure 4).
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As before, we consider 7/(C') = Pr[v has t occupied neighbors|C] and
7#(C) = Prlu has t occupied neighbors|C|], where u is chosen uniformly at
random from {uy,ug,us}.

We will use the following linear program for A € (0, 1]:

Qmin(A) = min Z p(C)ac,(A) subject to

Cely

> p(0)=1

Cely

> p(C)-(3(C) =4(C)) =0 fort=0,1,2
Cely

p(C) >0 VC e (4.
The respective dual program is:

Omin(A) = max A, subject to 9)

2
Ap+ D M (C) =1 (C)] < acu(N) VC €y,
t=0
Our goal is to show that amin(A) = ap,,(A) for all A € (0,1].
If we take A;, = ap, ,, then we can define the slack function of the config-
uration C' € C4 as a function of the dual variables Ag, A1, Ao:

2
SLACKmin (A, Ao, A1, A2, O) = ac(A) — apy, — Y A [3(C) = 1(C)].
=0

(10)

Our goal is now to find values for the dual variables A, A7, A5 so that, for
all configurations C' € Cy,

SLACKmin (A, AG, AT, A5,C) >0

In this case, we need to divide the interval (0,1] into four intervals, and
select different functions for the dual variables depending on which interval
A is in. We will not be able to show that the slack functions are positive
polynomials in A: instead we will perform four different substitutions, writ-
ing A as function of an auxiliary variable ¢ and show that the slack functions
are the ratio of positive polynomials in t.

Note that for any a < b, the function A(t) = b(al/fjt) maps [0,00) to
[a,b). Since the function SLACKpin (A, AG(A), AT(X), A5(X), C) is a continu-

ous function of A, if we can show
SLACKmin(A(t), Ag(A(1)), AT(A(%)), A2(A(F)), C) = 0
for all ¢t > 0, then we have
SLACK pmin (A, A5(N), AT(A), A5(N),C) >0
for all A € [a,b].
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In each of the four claims below, we will assign values to the dual variables,
A§, AT, A5. We arrived at these values by solving the dual constraints to hold
with equality for a given subset of the configurations; we determined these
subsets by solving instances of the dual program for fixed values of A and
observing which constraints were tight.

Claim 11. Let A\ (t) = $51%. Let
Ay(A\) =0
3 (4M% 4 21A7 4+ 57AC 4+ 67A° 4 38A* 4 10A% + A?)
(AX* + 10X3 + 11A2 + TA + 1) (BA* 4 303 + 3072 + 101 + 1)
3 (A% + 317 4 68A° + 6405 + 33X 4 93 + A?)
(AX4 4+ 10A3 + 1IA2 + TA + 1) (BA* + 303 + 3002 + 10X + 1)
Then, for every C € Cy:
SLACKmin(A1(t), 0, AT(A1(1)), Az (A1 (1)), C)

is either identically 0 or the ratio of two polynomials in t with all positive
coefficients.
This implies amin(A) = ap; ,(A) for X € (0,3/16].

A =

A3(A) =

3 20

Claim 12. Let Ap(t) = & - 1L Let
A(t) =0

AT = ANT — 1300 — 64)0° — T5A* — 3673 — 62
2 (BA7 4 40X6 4 100A° + 1350% + 1113 + 5202 + 12X + 1)
—6A% — 45)5 — 4901 — 21)\3 — 3)\?
A2+ X+1) (BA*+ 3023 +30A2 + 10N + 1)
Then, for every C € Cy:
SLACKmin(A2(t),0, AT(Na(t)), AS(X2(2)), C)

is either identically 0 or the ratio of two polynomials in t with all positive
coefficients.
This implies cmin(A) = apy,(A) for A € [3/16,11/20].

L /o4y
Claim 13. Let As(t) = /2 - R

1+t
AL =0

50 = 5

AT = SAT — 41X6 — 1250% — 111A* — 42)3 — 62
2 (10T + 756 + 165A5 4+ 2054 + 15203 + 63A2 + 13X + 1)
AL = —12X\7 — 966 — 140\° — 83\ — 2423 — 3)\2 _
2(2X3 + 322 + 30 4+ 1) (5A% + 3073 + 30A2 + 10X + 1)
Then, for every C € Cy:

SLACKmin(A3(t), 0, AT (A3(2)), A5 (A3(2)), O)
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is either identically 0 or the ratio of two polynomials in t with all positive
coefficients.
This implies omin(N) = ap; ,(A) for A € [11/20,/3/5].

Claim 14. Let My(t) = 20 Let

1207 4 66A5 + 86A7 — 88A* — 1960% — 117A2 — 30\ — 3

A§(N) =

oY) 6AN + 1)2 (5M% 4 3003 + 3012 + 10\ + 1)
AT(N) = —18M\% — 3A% — 54A% — 118X\% — 87A2 — 27X — 3

B 6AA 4 1) (5A% 4 303 + 30A2 + 10\ + 1)

. —6X6 — 185 — 100A* — 16013 — 10502 — 30X — 3
AQ()‘) =

6AA + 1) (BA% + 3023 4 30A2 + 10X + 1)
Then, for every C € Cy:
SLACKmlH(A4(t)) Aa()‘él(t))a AT(A4(t))7 A;(A4(t))7 C)

is either identically 0 or the ratio of two polynomials in t with all positive
coefficients.

This implies cmin(A) = ap; ,(A) for X € [\/3/5,1].
The proof of these claims again proceeds by computing

in each of the above intervals of A and for each C € C4. These computations
are done using the Mathematica software program, and the code as well as
the output of the program can be found in the ancillary files included with
the paper. The necessary functions ac ,(A), 77 (C), 74 (C), are written below
in Section 5.1.

We defer the proof of uniqueness to Appendix C. The proof proceeds via
complementary slackness and showing that the only graph whose distribu-
tion has support contained in the set of configurations whose slack function
is identically 0 is a union of copies of P55 (in each of the four intervals).

5.1. Computing the functions of configurations. Let us describe here
how we compute the functions ac (), 77 (C), and 74*(C). We aim to write
the functions in a naive way that can easily be implemented with a FOR
loop in a computer program.

Recall that a configuration is given by C' = (W, Eqa, E92). Let U =
{u1, ug,us} represent the neighbors of v.

Then for any Sy C W, we can compute the contribution to the partition
function of the configuration C' from an independent set that contains v and
such that INW = Sy (where we drop A and C from the functional notation):

Z,(Ss) = A\LFIS2] H L (101 109)¢ Fna- (11)

w1, w2 €S2
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Similarly for S; C U, So C W, we can write the contribution to the partition
function from I that does not contain v and such that I N U = S; and
INW =38,.

Z_(S1,55) = ASilHIsel. H L w)¢Ers H Ll wn)gBan- (12)
u€ES1,WES2 w1, w2E S
Then we can sum over all possible sets to compute the partition function:
Z([C)= > Zy(S2)+ Y.  Z(5,5). (13)
SoCW S1CU,S:CW

The probability v is in [ is then:

Zs WZ+(S2)
acu(V) = =2 G (14)
We compute the 77 functions:
g, = Z-(51, 5
() = (L + 1pnEsicusew s 2R gy

Z(C)

We next compute the v;* functions:

. 1 1
7 (C) = 3 > 7 Y Lis,anw)—o - Z-(51,5), (16)
weU ¢ s cu.socw

and for t > 1,

1 1
7' (C) = 3 Z Z0) Z 1g,nN (u)=t—1 - Z4(S2) + Z 1s,nN (u)|=t * Z— (571, 52)
wel SoCW S1CU,S2CW
(17)

6. EXTENSIONS

6.1. Conjectured extremal graphs. Conjecture 1 states that all Moore
graphs are extremal for the quantity WlG)I log |Z(G)| for a given regularity
and minimum girth. Here we give several specific instances of this conjec-
ture that may be amenable to these methods, and give some strengthened
conjectures on the level of the occupancy fraction.

Our first conjecture extends Theorem 3 and is the occupancy fraction
version of the conjecture proposed in [4] (though neither implies the other).

Conjecture 2. Let A3 ~ 1.84593 be the largest root of the equation 210t —
50\ — 36\ = 7. Then for every 3-reqular triangle-free graph G,
(1) If X € (0, A3],
O‘G()‘) > QP55 ()‘)7
(2) If X > A3,
ag(N) > Oép772()\).
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Conjecture 2 is known in the limit as A — oco: all triangle-free graphs of

maximum degree 3 have independence ratio at least 5/14 and this is achieved
by P772 [1 1].

FIGURE 5

We conjecture that the (3,8)-cage graph, Hzg, also known as the Levi
graph or the Tutte-Coxeter graph (see Figure 5), maximizes the occupancy
fraction for all A > 0 over all 3-regular graphs of girth at least 7.

Conjecture 3. For every 3-reqular graph G of girth at least 7, and for every
A>0,

O‘G(A) < (OHs g (/\)

We also conjecture that the analogous version of Theorem 5 holds for 4-
regular graphs; that is, the (4, 6)-cage graph, Hy g (see Figure 5), maximizes
the occupancy fraction for all A > 0 over all 4-regular graphs of girth at
least 5.

Conjecture 4. For every 4-reqular graph G of girth at least 5, and for every
A>0,
ag(A) < am, ().
For the lower bound for triangle-free, 4-regular graphs, we conjecture that
the minimum is attained by one of two graphs, depending on the value of

A. Let Grop be the Robertson graph and C'Y C13 the Cyclotomic-13 graph
(see Figure 6).

Conjecture 5. Let A} ~ 1.77239 be the largest real root of the equation
90A® + 72905 — 188\* — 16323 — 1247)\% — 363\ = 38.
Then for every 4-reqular, triangle-free graph,
(1) If X € (0, A1),
aG(A) = aGrop(A);
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(2) If A > A%,
Oég()\) > QCyCys (A)

FIGURE 6

Cyclotomic-13 graph CY Ci3 Robertson Graph Grog

Conjecture 5 is known in the limit as A — oco: all triangle-free graphs of
maximum degree 4 have independence ratio at least 4/13 and this is achieved
by CY Ci3 [9].

6.2. Graph homomorphisms. We can also ask about generalizations from
independent sets to graph homomorphisms. Let Hom(G, H) denote the
number of graph homomorphisms from G into H; that is, the number of
mappings ¢ : V(G) — V(H) so that (u,v) € E(G) = (¢(u),p(v)) € E(H).
The number of independent sets of G is Hom(G, H;y,q) where H;,,q is a single
edge with one looped vertex. The number of proper vertex g-colorings of G
is Hom(G, K;). Galvin and Tetali [8] showed that for all d-regular bipartite
G, and all H,

Hom(G, H)Y/V(@I < Hom (K4, H)"/.

In [1], Cohen, Csikvéri, Perkins, and Tetali conjectured that G being triangle-
free can replace the bipartite condition. We ask (but don’t dare conjecture)
whether something analogous holds for graphs of larger girth.

Question 2. Is it true that for all graphs H and all cubic graphs G of girth
at least 6,
Hom(G, H)YV (O < Hom(Hs g, H)/14?

There are counterexamples if we replace girth at least 6 by girth at least
5, e.g. H is two looped vertices.
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APPENDIX A. PROOF THAT Cs IS THE SET OF ALL POSSIBLE
CONFIGURATIONS FOR FREE SECOND NEIGHBORHOODS OF
CUBIC GRAPHS WITH GIRTH AT LEAST 5.

Let uy,ug,us be the neighbors of v. For ¢ € {1,2,3}, let W; = {wj1,wo1}
be the neighbors of u; that are second neighbors of v, and let W = Wj U
Wo U Wis.

Suppose that G[W] contains a copy of a graph H, then we will write ¢ :
V(H) — W for the map that assigns each vertex of H to its corresponding
vertex in the copy of H in G[W]. If H is a graph that can be contained in
G[W], then its order is at most 6, its maximum degree of H is at most 2 and
it has girth at least 5. Moreover, the endpoints of an edge from H cannot
be mapped to the same set W;, since otherwise W; U {u;} would induce a
triangle in G.

Let S, denote the symmetric group of order n. Two configuration types
are equal up to symmetries if there exist o € S3, 11,72, 73 € Sy such that
the bijection p : W — W defined by p(wij) = ws(y)r,(;) transforms one
configuration into the other one.

We now enumerate the different configurations for the second neighbor-
hood of v, depending on the number of edges in G[W]:

0) If G[W] induces no edges, the configuration is of type Cj.

1) If G[W] induces one edge, then, up to symmetries, C; is the only
possible type of configuration.

2) If G[W] induces two edges, then we have two cases for H:

2.a) H is a path zjx9z3 of length 2. Since no edges can be contained
in any W;, we have that that ¢(x2) lies in a different set W;
that the images of the other two vertices. We may assume
d(ze) € Wy and ¢(x1) € Wy. If ¢p(x3) € Wa, then G[W U ug]
contains a Cy. Therefore, ¢(x3) € W3, and Cy is the only
possible configuration type.

2.b) H is composed by two vertex-disjoint edges z1x2 and y1y2. We
may assume that W; contains the images of two vertices. Since
no edge is included within W7, we may assume ¢(x1) = wiy
and ¢(y1) = wiz. If ¢(x2) and ¢(y2) lie in the same set W,
we may assume that ¢(ze) = way and ¢(y2) = woq, giving rise
to a configuration of type Cs. Otherwise, up to symmetries,
d(x2) = woy and ¢(y2) = wsy, giving rise to a configuration of
type Cy.

3) If G[W] induces 3 edges, then we have three cases for H:

3.a) H is composed by three vertex-disjoint edges x1x2, y1y2 and
z123. Since edges cannot lie within the sets W;, the type of
configuration Cj is the only possible one, up to symmetries.

3.b) H is a path of length 3, zjxoz324. We can assume it contains
two vertices in W;. Moreover, these should be ¢(z1) and ¢(z4),
since otherwise G[W U {u;}] would contain a Cy. A similar
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argument shows that ¢(z2) and ¢(z3) lie in different sets W;
and thus, up to symmetries, the only type of configuration is
Cs.

3.c) H is composed by the vertex-disjoint union of a path of length
2, x1x2x3, and an edge y1y2. As in the case where we were
embedding only a path of length 2, we may assume that ¢(z1) =
w11, ¢(r2) = wer and ¢(x3) = ws;. Up to symmetries we may
assume that ¢(y1) = wag. If ¢(y2) = wia, then we obtain a
configuration of type Cr7 and if ¢(y2) = wse, of type Cs.

If G[W] induces 4 edges, then we have three cases for H:

4.a) H is composed by two vertex disjoint paths of length 2, z1xex3
and y1y2y3. Then we may assume that ¢(z2) = wiy. If ¢(ya) #
w12, we may assume that ¢(y2) = wse and, up to symmetries,
we obtain a configuration of type Cy. If ¢(y2) = wie, up to
symmetries, the only type of configuration is Cig.

4.b) H is composed by the disjoint union of a path of length 3,
zr1x2x324 and an edge y1y2. Then we may assume that ¢(y;) =
wag and ¢(y2) = was and, as in the case where we were embed-
ding only a path of length 3, we should have ¢(z1) = wy; and
¢(z4) = wio. Up to symmetries, this gives rise to a configura-
tion of type Ci1.

4.c) H is composed by a path of length 4, x1zor32x425. We can as-
sume it contains only one vertex in Ws3. Since H contains a path
of length 4 as a subpath, we can also assume that ¢(z1) = w1,
d(z2) = way, P(x3) = w31 and ¢(xr4) = wia. Up to symmetries,
the only possible type of configuration is Cis.

If G[W] induces 5 edges, then G[W] must be isomorphic to a path of

length 5. Note that if G[W] would induce a C5, one could find a set

W; such that w;; and w;o have a common neighbor in W, creating a

Cy in GIW U{u;}]. Let H be a path of length 5, z1zex3247526. Since

H contains a path of length 4, we can assume that ¢(z1) = wiy,

d(r2) = war, ¢(x3) = w31, ¢(r4) = w12 and ¢(x5) = wae. Then

@d(x6) = w32 and the only type of configuration is Cis.

If G[W] induces 6 edges, then G[W] must be isomorphic to a cycle of

length 6. A similar argument as before gives C14 as the only possible

configuration.
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APPENDIX B. CONFIGURATIONS FOR SECOND FREE NEIGHBORHOODS IN
TRIANGLE-FREE GRAPHS

In this part of the appendix we display all the configurations in Cy.

B.1. The following configurations are obtained if the second neighborhood
of a vertex has size six. The variables x; € {0, 1} indicates whether the i-th
vertex in the second neighborhood is externally uncovered (x; = 1) or not
(l’i = 0).

OO OO OO

Up U U2 U2 U3 U3

Cé(:l:l,xg, ‘e ,a:5)

6000 0O

Up U1 U2 U2 U3 U3

C%(:El,xg, PN ,566)

66 00 o0

Ul U1 U2 U2 U3 U3

061(1'1,1'2, e ,5,12'6)

¢o 0000

Up U U2 U2 U3 U3

Cé(:l:l,xg, ‘e 7376)

'YYXY Xelo

Up U1 U2 U2 U3 U3

C%Q(I‘l,xg, PPN :L‘ﬁ)

TEIXY

Ul U1 U2 U2 U3 U3

0115(1'1,$2, ey .’L'(j)

€0 00 OO

U U U2 U2 U3 U3

Cll(l’l,l’g,. . .,(L‘G)

60 @0 OO

Up up U2 U2 U3 U3

Ci(xl,xQ,. . .,1136)

XX

Ul U U2 U2 U3 U3z

C%(I'I,Z'Q, ey .’L'(j)

66 60 60

U U U2 U2 U3 U3

Cllo(xl,xg, N ,:L’G)

TXTXY

Up up U2 U2 U3 U3

0113(51317162, e, T6)

66 66 00

Ul U U2 U2 U3 U3z

0116(.1‘1,:B2, Ce ,xg)

@OO

Up 41 U2 U2 U3 U3

Czl(xl,xg, oo ,:L’6)

60 00 o0

Up U1 U2 U2 U3 U3

C%(l‘la'an s ,£U6)

60 06 00

Up U1 U2 U2 U3 U3

Cé(xla'rQa cee 7566)

60O 6000

Up 41 U2 U2 U3 U3

Clll(:cl,xg, ves 71’6)

66 00 00

Up U1 U2 U2 U3 U3

0114(1‘1,562, PN ,1‘6)

6606 00

U U1 U2 U2 U3 U3

0117(.7:1,1:2, Ce ,$6)
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IXIX I

UL UL U2 U2 U3 U3

Clg(x1,29,. .., 26)

TEYY Yo

Ul U U2 U2 U3 U3z

0211(I'1,1‘2, .. .,11:6)

TETXY

U U1 U2 U2 U3 U3z

0214(%,962, )

6606 00

Up U U2 U2 U3 U3

0217($1,:E2, ‘e ,.CCG)

PRTEP

Up U1 U2 U2 U3 U3

Clo(x1, 29, ..., 26)

60 60 00

UL UL U2 U U3 U3

Cllg(arl,xg, ey T6)

6600 OO

Ul U U2 U2 U3 U3

0212(£U1,$2, e ,1‘6)

6o 6000

Ul U1 U2 U2 U3 U3z

0215<3717I'2’ s 7'%.6)

660000

U U U2 U2 U3 U3

C218(x1,a?2, N ,:EG)

66 00 00

Up up U2 U2 U3 U3

C%O(xl,xg, ey T6)

60 60 00

Up U1 U2 U2 U3 U3

0213(1J1,:L‘2, e ,1'6)

660600

U U1 U2 U2 U3 U3

0216(331,332, ce ,1’6)

PR T

Up 41 U2 U2 U3 U3

C219(:c1,x2, ves ,$6)

One can prove that these are all the possible type of configurations, up to
symmetries, when the second neighborhood of v has 6 vertices by exhaustive
case analysis, in a similar way as we did for C5 in Appendix A. The main
difference is that here we allow for cycles of length 4 in G. While this
implies that all configurations in C5 are also in C4, the set C4 also contains
other configurations that either induce a Cy in G[W] or in G[W U {u;}],

for some i € {1,2,3}. Examples of the former are Cl,(x1,22,...,7¢) and
0213(331, T2,...,7), and examples of the latter are C}(z1,,...,26) and
C115(1'1, Zo, ... 7$6)'
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B.2. The following configurations are obtained if the second neighborhood
of a vertex has size five.

O 0O OO

ﬁoo

mo

Ul UpuU2 U2 us ul UpU2 U2 Ul UpU2 U2
Co(xl,xg,...,xg,) Cl(ﬂfl,xg,...,l‘5) 02($1,I‘2,...,:L‘5)
060 @0 600 066 608 o0
Ul UpU2 U2 Ul uUnuU2 U2 uz  usg Ul UnuU2 U2 uz  usg
03($1,1‘2,...,.1‘5) CZ($1,$2,...,x5) 052(.%‘1,1‘2,...,1'5)
660 00 600 006 Cée oo
Ul ULU2 U u3 U3 Ul ULU2 U u3 U3 Ul ULU2 U u3 U3
062(1'1,1'2,...,.’1?5) C’?(mlvaa"'v'%s) 082($17$27"'7x5)
6o o0 66o o0 6oe oo
ul UpLU2 U Ul unU2 U2 up UnU2 U2 uz  us
09($1,$2,...,$5) Clo($17$2,...,$5) 0121(331,1'2,...,1'5)
666 00 660 00 660 oo
up UpUuU2 U2 uz  usg Ul U2 U2 uz Uz Ul U2 U2 uz Uz
0122(131,1’2,...,:65) 0123(1’1,1’2,...,5135) 0124(.T1,x2,...,$5)
606 00 660 00 6ee e
up UpU2 U2 uz  usg Ul U2 U2 uz Uz Ul U2 U2 uz Uz
C% (1,29, ..., T5) C%(x1,29,...,T5) C%(x1,79,...,25)
up UpuU2 U2 u3z  usg Ul UnU2 u2 uz Uz Ul uUpU2 U2 uz Uz
C3(x1, 29, ..., 5) C%y (w1, 72, ..., T5) C3y (w1, 72, ..., T5)
ul UpuU2 U2 uz Uz Ul UpU2 U2 uz Uz
0221($1,£L’2,...,l‘5) 0222(:61,:62,...,:1:5)

To prove that these are the only configurations in C4 when the second
neighborhood of v has 5 vertices one can proceed again by case analysis.
Now, less connections are allowed within the second neighborhood but the
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set of symmetries among the vertices in W is also smaller. For instance,
there are three different type of configurations with one edge in G[W]: C?,
C3 and C3.

B.3. The following configurations are obtained if the second neighborhood
of a vertex has size four. There are two possibilities for the edges between
the first and the second neighborhood of v, corresponding to the types ng
and C;-l.

OO0 00 e 0O €0 e O O e

w1 UpU2  UZRUS3 us u1 uU2 UQU3 us uy U1, U2 u2u3 us
3 3 3
CO($1,$2,x3,I'4) Cl($1,$2,$3,$4) CQ(.CL'l,xQ,I'3,.’L'4)
Ul U1, U2 U2,u3 us Ul U1, U2 U2,u3 us Ul U1, U2 U2,u3 us
3 3 3
03(x17x27x37x4) C4(x17x27x37x4) 05(x1,$2,x3,x4)
uy uU2,U3 U us u uU2, U3 U2 u3 ul U1,U2,U3 u2 us
4 4 4
CO($1,$2,$3,I'4) Cl(x17$2ax3ax4) 02($17x2ax37x4)

B.4. The following configurations are obtained if the second neighborhood
of a vertex has size three. There are two possibilities for the edges between
the first and the second neighborhood of v, corresponding to the types C;’

and Cjﬁ.

O o O O 0O O e O e

w1, U2 u1,u3 U2,u3 uy UL,U2,,U3 u2,u3 uy UL,U2,,U3 u2,u3
5 6 6
CO($1,1'2,$3) C()(xlax27x3) Cl(xlax27x3)

B.5. The following configurations are obtained if the second neighborhood
of a vertex has size 2. In this case, the vertex belongs to a copy of K3 3.

O O

UL,U2,U3 uUU2,U3

Cg(xla $2)
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APPENDIX C. PROOF THAT UNIONS OF P52 ARE THE ONLY GRAPHS
THAT MINIMIZE THE OCCUPANCY FRACTION FOR EVERY
A€ (0,1].

In this appendix we prove that unions of P52 are the only graphs that
attain the minimum in Theorem 3. As in the proof of the Theorem 3, we will
split the proof into 4 cases. For each case, there is an assignment of A(\),
A7 (X) and A5(A) such that SLACKpin (A, AG(A), A5(X), A5(A), C) defined as
in (10) is non-negative for every C' € C4 and is 0 for a subset of configurations
C that include 0219(1, 1,1,1,1,1), corresponding to the Petersen graph. We
need to show that the only solutions induced by graphs and supported in C
are, in fact, only supported in C¢(1,1,1,1,1,1). It follows that unions of
Ps 5 are the only graphs that attain the minimum.

For A € (0,3/16] and Aj(A),A5()\) as in Claim 11, there are 3 configura-
tions C' for which SLACKin(A, 0, A7(A), A5(N),C) = 0:

66 o000 éoeose éoecee

Ul U1 U2 U2 U3 U3z Ul U U2 U2 U3 U3z U U1 U2 U2 U3 U3
Cls(1,1,1,1,1,0) Clo(1,1,1,1,1,1) Clo(1,1,1,1,1,1)

To prove that Ps s is the unique minimizer in this range, we need to show
that a graph G attaining the minimum is supported neither in C3g(1,1,1, 1,1,
nor in Ci4(1,1,1,1,1,1). Choose I € Z(G) according to the hard-core model
and v € V(G) uniformly at random, and let C' be the random configu-
ration obtained looking at the second neighborhood of v. Suppose first
that Pr(C = Cl(1,1,1,1,1,0)) > 0, then there exists a vertex whose
second neighborhood has type Cig. If we select I = (), then this implies
Pr(C = Cg(1,1,1,1,1,1)) > 0, obtaining a contradiction. Suppose now
that Pr(C = Ci(1,1,1,1,1,1)) > 0, then there exists a vertex v whose
second neighborhood has type 0310. Note that u; is contained in a cycle
of length 4, thus, its second neighbourhood has type C’; for some ¢ # 1,
obtaining a contradiction since all these types appear with probability 0.
We conclude that for every value of A € (0,3/16], any graph G that attains
the minimum is only supported in Cl(1,1,1,1,1,1). In other words, G is a
union of Ps os.

For A € [3/16,11/20] and Aj(A), A5()\) as in Claim 12, there are 4 config-
urations C for which SLACKpin(A,0,A7(N), A5(N),C) = 0:
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6o0 00 Goeees ésee e

Ul U1 U2 U2 U3 U3 Ul U U2 U2 U3 U3z Up U1 U2 U2 U3 U3
C3i(1,1,1,0,1,0) Cls(1,1,1,1,1,0) Clo(1,1,1,1,1,1)
m
07(1,0,1,1,1)

To prove that P52 is the unique minimizer in this range, as before, just
observe that if any configuration C’]Z: (z1,22,...,2s) has positive probability
to appear, then C;-,(l, 1,...,1) must also have positive probability to appear,
for some j" such that C} is isomorphic to an induced subgraph of C]’./. This is
not the case for the configurations C1(1,1,1,1,0,1,0), Cig(1,1,1,1,1,1,0)
and C?(l, 0,1,1,1). Therefore, any graph attaining the minimum is a union
of P5’2.

For A € [11/20,1/3/5] and AJ(X), A5()A) as in Claim 13, there are 6 con-
figurations C' for Wthh SLACKmm( ,0,AT(N), A5(N), C) = 0:

00 00 00 660060 6060

Ul U1 U2 U2 U3 U3z Ul U U2 U2 U3 U3z Up U1 U2 U2 U3 U3
C3(1,0,1,0,1,0) C3i(1,1,1,0,1,0) Clo(1,1,1,1,1,1)
°ece Oe @ 0 e
00(1,0,1,1,0) 07(1,0,1,1,1) 03(1,0,1,1)

The argument used previously, proves that the minimizer should be sup-
ported in C¢(1,0,1,0,1,0) and Ciy(1,1,1,1,1,1). However C$(1,0,1,0,1,0)
cannot appear with positive probability since otherwise there is a configu-
ration C’} with j # 29 such that C’}(l,l,l,l,l,l) appears with positive
probability. Therefore, any graph attaining the minimum is a union of Ps».

For A € [y/3/5,1] and A{(X), A7(A), A5(A) as in Claim 14, there are 11
configurations C’ for which SLACKC()\, AG(A), AT(N), A5(N)) =0:
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00 00 00

U U1 U2 U2 U3 U3
C3(1,0,1,0,1,0)

6o 06 00

Ul U1 U2 U2 U3 U3z
Cl,(1,1,1,1,1,1)

O . O O O
00(071707070)

ée 0000

Up U1 U2 U2 U3 U3
C3(1,1,1,0,1,0)

PETET

Ul U1 U2 U2 U3 U3z
Clo(1,1,1,1,1,1)

® O @ ©o
w U,u2 u2,u3 us
C3(0,1,0,0)

66 606 00

Up U1 U2 U2 U3 U3
Cle(1,1,1,1,1,1)

| JON BN NO

ul UnLU2 U2 uz Uz

C2(1,0,1,1,0)

0.00

ul UL,uU2,U3 U2

00(17 07 17 1)

o O O O O o
U1,uU2 unu3 U2,u3 uy upu2,,us3 U2,u3
C5(1,0,0) C§(0,0,1)

We can discard the configurations C3(1,0,1,1,0), C2(0,1,0,0,0), C3(0,1,0,0),
C§(1,0,1,1), C3(1,0,0) and C§(0,0,1) using the same argument as before.

Suppose that C3,(1,1,1,1,1,1) appears with positive probability. Let v
be a vertex such that there exists an I € Z(G) that induces the configuration
C3,(1,1,1,1,1,1) in its second neighborhood. As usual, let w;; for i €
{1,2,3} and j € {1,2}, denote the second neighbors of v, and let W =
{wi;| i € {1,2,3}, j € {1,2}}. The vertices wy; and ws; have degree 1 in
G[W]. The other vertices in W have degree 2 in G[W] and thus have no
neighbor at distance 3 from v. Let z be unique neighbor of wy; at distance
3 from v. If z is also a neighbor of ws;, then the independent set I = {z}
induces a configuration equivalent up to symmetries to C’llo(l, 1,1,0,1,0).
If z is not a neighbor of ws; then the independent set I = {z} induces
a configuration equivalent up to symmetries to Cllg(l, 1,1,1,1,0). In both
cases we obtain a contradiction since these two configurations appear with
probability 0.

A similar argument also discards the configurations Cf4(1,1,1,1,1,1) and
Ca(1,1,1,1,1,1).

Finally, we can discard C}(1,0,1,0,1,0) in the same way we did it in the
case where A € [11/20,/3/5]. We conclude that any graph attaining the
minimum is a union of Ps .
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