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Abstract

A fundamental algorithm for selecting ranks from a finite subset of an ordered set is Radix
Selection. This algorithm requires the data to be given as strings of symbols over an ordered
alphabet, e.g., binary expansions of real numbers. Its complexity is measured by the number of
symbols that have to be read. In this paper the model of independent data identically generated
from a Markov chain is considered.

The complexity is studied as a stochastic process indexed by the set of infinite strings over
the given alphabet. The orders of mean and variance of the complexity and, after normalization,
a limit theorem with a centered Gaussian process as limit are derived. This implies an analysis
for two standard models for the ranks: uniformly chosen ranks, also called grand averages, and
the worst case rank complexities which are of interest in computer science.

For uniform data and the asymmetric Bernoulli model (i.e. memoryless sources), we also find
weak convergence for the normalized process of complexities when indexed by the ranks while for
more general Markov sources these processes are not tight under the standard normalizations.

AMS 2010 subject classifications. Primary 60F17, 60G15 secondary 68P10, 60C05, 68Q25.
Key words. Radix Selection, Gaussian process, Markov source model, complexity, weak convergence,
probabilistic analysis of algorithms.

1 Introduction

In the probabilistic analysis of algorithms the complexity of fundamental algorithms is studied under
models of random input. This allows to describe the typical behavior of an algorithm and is often
more meaningful than the worst case complexity classically considered in computer science. In this
paper we study the algorithm Radix Selection on independent strings generated by a Markov source.

*Corresponding author. Email: henning.sulzbach@gmail.com. Present address: School of Mathematics, University
of Birmingham, Birmingham B15 2TT, Great Britain
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Figure 1: A schematic representation of Radix Selection with b = 2 buckets searching for the element
of rank 2 in a list of 6 elements given in their binary expansions. Arrows indicate the splitting into
buckets, the green color indicates buckets containing the element of rank 2. The total number of
bucket operations is 6 +3 + 2 4+ 2 = 13.

Radix Selection selects an order statistic from a set of data in [0, 1] as follows. First, an in-
teger b > 2 is fixed and the unit interval is decomposed into the intervals, also called buckets,
[0,1/0),[1/b,2/0),...,[(b—2)/b,(b—1)/b) and [(b—1)/b,1]. The data are assigned to these buckets
according to their values. Note that this just corresponds to grouping the data according to the
first symbols of their b-ary expansions. If the bucket containing the datum with rank to be selected
contains further data, the algorithm is recursively applied by decomposing this bucket equidistantly
using the integer b. The algorithm stops once the bucket containing the sought rank contains no
other data. Assigning a datum to a bucket is called a bucket operation, and the algorithm’s complex-
ity is measured by the total number of bucket operations required. An illustration of this procedure
is given in Figure 1. An algorithmic formulation of the routine is given in the appendix.

Radix Selection is especially suitable when data are stored as expansions in base (radix) b, the
case b = 2 being the most common on the level of machine data. For such expansions a bucket
operation breaks down to access a digit (or bit).

The Markov source model and complexity. We study the complexity of Radix Selection
in the probabilistic setting that n data are modeled independently with b-ary expansions generated
from a homogeneous Markov chain on the alphabet ¥ = {0,...,b — 1} with a fixed integer b > 2.
The Markov chain is characterized by its initial distribution u = Z?;é -0, where p,. € [0,1] and
Zi;é pr = 1, and its transition matrix (p;;); jex. Here, d, is the Dirac measure in z € R. We
always assume that 0 < u;,p;; < 1 for all i,j € ¥.!

Let X*° denote the set of infinite strings over the alphabet X. For two strings v = (v;);>1,w =
(w;)i>1 € £°°, we denote the length of the longest common prefix, the so-called string coincidence,
by

jw,w) =max{i € N: (vy,...,v;) = (wy,...,w;)}. (1)

We write v < w if V)41 < Wjww)+1- Let S1,52,... be a sequence of independent strings

IThis assumption greatly simplifies proofs. All theorems in Section 1 remain true for arbitrary u if the chain is
irreducible and 0 < p;; < 1 for some 7,5 € 3.
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generated by our Markov source. For v € ¥*° we set
An,k(v):#{lélgn](vas’b)zk}a /fZOa
and

Zn(v) = Z An,k(v)lAn,k(vbl' (2)
k>0

For the complexity of Radix Selection, i.e., the number of bucket operations Y, (¢) necessary to
retrieve the element of rank 1 < ¢ <n in the set {S1,...,S,}, we obtain

Yo(l) = Zo(Sy), 1<<n. (3)

Here, and subsequently, we write S(;) < --- < S(,) for the order statistics of the strings.

We call our Markov source memoryless if all symbols within data are independent and identically
distributed over ¥. Equivalently, for all r € X, we have p, = por = -+ = pp—1)r =t pr. For b =2,
the memoryless case is also called the Bernoulli model. The case p; = p;; = 1/b for all 4,5 € X is
the case of a memoryless source where all symbols are uniformly distributed over ¥. We call this
the uniform model.

Scope of analysis. We study the complexity to select ranks using three models for the ranks.
First, all possible ranks are considered simultaneously. Hence, we consider the stochastic process
of the complexities indexed by the ranks 1,...,n. We choose a scaling in time and space which
asymptotically gives access to the complexity to select quantiles from the data, i.e., ranks of the
size (roughly) tn with ¢ € [0,1]. We call this model for the ranks the quantile-model. Second, we
consider the complexity of a random rank uniformly distributed over {1,...,n} and independent
from the data. This is the model proposed and studied (in the uniform model) in Mahmoud et al.
[30]. The complexities of all ranks are averaged in this model and, in accordance with the literature,
we call it the model of grand averages. Third, we study the worst rank complexity. Here, the data
are still random and the worst case is taken over the possible ranks {1,...,n}. We call this worst
case rank.

Function spaces. In the quantile-model we formulate functional limit theorems in two different
spaces. First, we endow 3°° with the topology 7o, where v(n) — v if and only if j(v(n),v) — .
For any a € (0, 1), the ultrametric d, (v, w) = a/(""*) v, w € > generates To.. It is easy to see that
(X°,Ts) is a compact space. Let C(3°°) denote the space of continuous functions f : ¥*° — R
endowed with the supremum norm || f|| = sup{|f(v)| : v € £¥>°}. As ¥ is compact, C(X>°) is a
separable Banach space.

Second, we use the space of real-valued cadlag functions D([0, 1]) on the unit interval. A function
f:10,1] — R is cadlag, if, for all ¢ € [0, 1),

F(t) = F(t+) 2= lim £ (s),

and the following limit exists for all ¢ € (0, 1]:

f(t=) :=lm f(s).
sTt
We define || f|| = sup{|f(¢)| : t € [0,1]}, and note that ||f|| < oo for all f € D([0,1]). The standard
topology on D([0,1]) is Skorokhod’s J;-topology turning D([0,1]) into a Polish space. A sequence
of cadlag functions f,,,n > 1 converges to f € D(]0,1]) if and only if there exist strictly increasing
continuous bijections A,,,n > 1 on [0, 1] such that, both \,, — id and f,, o A,, — f uniformly on [0, 1].
The space D([a, b]) is defined analogously based on the closed interval [a, b] with —co < a < b < 0.
For more details on cadlag functions, we refer to Billingsley’s book [1, Chapter 3].
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Fundamental quantities. Let ©* = (J, ., X" with the convention ¥° = {#}. Further, let
$5° (X2, respectively) be the set of infinite strings with a finite and non-zero number of entries
different from 0 (b — 1, respectively). Note that ¥§° and ¥p°, are countably infinite.

For v = vy ...v; € %, let w(v) denote the probability that the Markov chain starts with prefix
v:

ﬂ(v) = HvyPvyvs " " Pog_yvk> k>1, and ,/T(Q)) =g

m(v) is called the fundamental probability associated with v. For v € ¥* and w € ¥* U X, we
write v < w if w starts with prefix v, that is, w = vw’ for some w’ € ¥* U X*°. Upon considering a
finite length vector as infinite string by attaching an infinite number of zeros, we shall extend the
definition of j(v,w) in (1) and the relation < to v,w € ¥* U X*®. We further write v < w if v < w
or v = w. The following three functions play a major role throughout the paper:

m(w) := Z w(v), wexX™,
F(w):=P{S; <w} = lim Z m(v), w e X%,

n—oo
v<w,veEX™

h(t) :=sup{v € % : F(v) <t}, te]0,1].

Note that m, F' € C(X*°) and h([0,1]) = £>° \ £p°,. The function h is continuous at all points
t ¢ F(X5°). Fort € F(X§), we have h(t) = lim, ¢ h(s), and the limit A(t—) := limgq; h(s) exists. For
more details on m, F' and h and explicit expressions in the uniform model and for certain memoryless
sources covering the Bernoulli model (with b = 2) we refer to Section 2.1 and Proposition 2.10.

Finally, note that these definitions extend straightforwardly to a general probabilistic source,
that is, a probability distribution on 3. Here, we only require that two independent strings are
almost surely distinct, that is, P (S; = v) =0 for all v € .

Main results. The main results of this work concern the asymptotic orders of mean and
variance as well as limit laws for the complexity of Radix Selection for our Markov source model for
all three models of ranks.

Quantile-model. We start with the first order behaviours of the processes Z,,,n > land Y,,,n > 1
defined in (2) and (3).

Theorem 1.1. Consider Radiz Selection using b > 2 buckets under the Markov source model.

i) For allv € ¥ and L°°-valued sequences v(n),n > 1, with j(v(n),v) — oo, we have, almost
surely and with respect to all moments,

ii) For k = k(n) € {1,...,n} with k/n — t € [0,1] \ F(X5°), we have, almost surely and with
respect to all moments,

YL(]C) — mo h(t).

The first order behaviour of Y, (k) for k/n — t € F(X§°) is studied in Proposition 2.5. Both
statements in the proposition remain valid for a general probabilistic source under weak conditions.
See Corollary 2.6.

For the process Z(v), we can show a functional limit theorem.
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Figure 2: Plots of mg o hg (red) and my o hy (blue) for different Markov sources (b = 2).

Theorem 1.2. Let b > 2 and consider Radiz Selection with a Markov source. In distribution, in

C(x>),

<Zn(v) — m(v)n

vn

) — H.
VEX>®

Here, H is a centered C(X*°)-valued Gaussian process with covariance function

E[H(U)H(w)} = COV(j(U, Sl)7j(wa Sl))a

In the uniform model, we have

b

b+1

B[ () H(w)] = 55

(b—1)?

b—j(’UﬂU)

)

v,w € L.

v, w € N,

We refer the reader to Proposition 2.3 4i4) for a more explicit formula for the covariance function
of H for a general Markov source.
In a specific instance of a memoryless source covering both the uniform model and the Bernoulli
model (with b = 2), we can state similar results for the process Y,,. Here and subsequently, we
always set Y, (n+ 1) := Y, (n).




O©CoO~NOUTAWNER

Theorem 1.3. Consider Radiz Selection using b > 2 buckets under a memoryless source with

1—
MT:p’r‘: 1_75757‘7 T6275>07 (4)

with the convention that p,. =p, = 1/b for allr € ¥ if B =1. With
_1=p
gl 3

and the convention that v = b/(b—1) for 8 = 1, we have m o h(t) = at + v,t € [0,1], and, as
n — 00, in distribution, in D([0, 1]):

Yo([tn] +1) — (at +7)n
( \/ﬁ >te[0,1] o

where G is a centered Gaussian process with covariance function given, for b= 2, by

a=(6-1), ()

J(h(t),h(s)) m(wy . wy)
E[G(s)G(t)] = —m(w)+ > Top. o YT h(t)1 ... B(t)j(n(t),n(s))- (6)
k=1 W

Display (35) gives an explicit formula for the variance for any b > 2. Almost surely, G is continuous
at all points t € F(X5°) and discontinuous at all points t ¢ F(X5°). We have G = H o h with H as
in Theorem 1.2 in the respective model if and only if B = 1.

For an arbitrary initial distribution p and transition probabilities as in (4), process convergence
remains true on suitable subintervals of [0, 1]. However, for a general Markov source with transition
probabilities not covered by (4), process convergence for Y,,([tn| + 1),n > 1 under a scaling as in
the theorem does not hold on any interval [a, b] C [0,1]. See Corollary 2.11.

Grand averages. In the uniform model Mahmoud et al. [30] showed the following results us-
ing techniques from analytics combinatorics. Let I, be uniformly distributed on {1,...,n} and
independent of Sq,...,S,. Then,

EY,(I,)] = Ln—i— O(logn), Var(Y,(I,)) = G _b1)2

2
— n + O(log” n),

and, with convergence in distribution,

where A has the standard normal distribution. Our Theorems 1.1 — 1.3 cover first order expansions
for mean and variance as well as the central limit theorem.

For general Markov sources other than uniform, we find that the limit distribution is no longer
normal, and the complexity is less concentrated. Setting k = |tn] and integrating over ¢ € [0, 1],
the law of large numbers in Theorem 1.1 i7) implies the following result.

Corollary 1.4. Let b > 2 and consider Radiz Selection with a general Markov source. Choose I,
uniformly on {1,...,n} and independently of all remaining quantities. Then, in distribution and
with convergence of all moments, as n — oo,

Y. (I,)

— m(81) £ mo h(€),

where £ is uniformly distributed on [0,1].
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We give further information on the limiting distribution in Proposition 3.1.

Worst case rank. The worst case behaviour of the algorithm is determined by the fluctuations
at vectors v € X ,ax Where

Mmax = max{m(v) : v € %}, T ={v € X% : m(v) = Mmax |-
Note that maxi<¢<p Y5, (¢) = max,ex~ Z,(v). In the memoryless case,

Ymax = {v € % : p,, = maxp, for all i > 1},
s

and Mmpax = 1/(1 — max, p,.). In particular,

e in the situation of Theorem 1.3 with 5 # 1, either mmax = 1/(1 — pg) and Epax = {00...} or
Mmax = 1/(1 —pp—1) and Tpax = {(b—1)(b—1) ...} depending on whether 8 < 1 or 8> 1,

e in the uniform model, mpyax = b/(b— 1) and X0 = X°.

Theorem 1.5. Let b > 2 and consider Radiz Selection with a Markov source. In distribution and
with convergence of all moments, as n — oo,

maXyesioe Zn (V) — Mpaxn S sup H(v).

\/ﬁ VEXmax

The distribution of the supremum of H is studied in Proposition 3.2. The set X,,.x typically contains
exactly one element. X, = X°° holds only in the uniform model. In general, ¥, can be finite,
countably infinite or uncountable. See the examples at the end of Section 3.2.

Related work. A general reference on bucket algorithms is Devroye [9]. A large body of
probabilistic analysis of digital structures is based on methods from analytic combinatorics, see
Flajolet and Sedgewick [18], Knuth [27] and Szpankowski [36]. For an approach based on renewal
theory see Janson [25] and the references given therein. Our Markov source model is a special case
of the model of dynamical sources, see Clément, Flajolet and Vallée [7] as well as [22, 5]. A related
important model is the density model studied in Devroye [10]. A fundamental related comparison-
based selection algorithm is Quickselect (or FIND). Below, we give a description of the routine and
a detailed comparison with Radix Selection.

Let us also discuss the distributional functional limit theorems such as Theorem 1.3 in a wider
context. In recent years, starting with Griibel and Rosler’s seminal work [20] on the complexity of
Quickselect, the probabilistic analysis of several algorithms and data structures has led to a number
of functional limit theorems involving interesting non-standard limiting distributions. Apart from
[20], we can name the study of the profile of random search trees [6, 12], the silhouette of binary
search trees [21], partial match queries in multidimensional search trees [3], Quickselect variants
with increasing median selection [35] and the Quicksort process [33]. Limiting processes can be
divided into four groups: processes with smooth sample paths [6], [12], processes with continuous
but non-differentiable paths [21], [3], processes with discontinuities on a random dense subset of
the parameter space [20], [33] and Gaussian limits with discontinuities on a deterministic dense
subset of the parameter space [35]. The limiting processes arising in this work fall in the last group.
As in [35], these processes have continuous sample paths with respect to a suitable non-Euclidean
topology.

Radix Sorting and tries. The Radix Sorting algorithm starts by assigning all data to the
buckets as for Radix Selection. Then it recurses on all buckets containing more than one datum.
This leads to a sorting algorithm whose complexity is measured by the total number of bucket
operations. The tree underlying the Radix Sorting algorithm in which strings are assigned to leaves
is a well-known data structure, a so-called digital tree or trie. See Figure 3 for the binary trie
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Figure 3: Binary trie corresponding to the data in Figure 1.

corresponding to the data in Figure 1. (It is convenient to add empty leaves in such a way that all
internal nodes have two children.) One observes that the number of symbol comparisons necessary
to construct the trie coincides with the complexity of Radix Sorting. Similarly, Z, (v) is equal to
the number of symbol comparisons required to determine the unique leaf on the infinite path v in
the trie. (Note that this leaf may or may not store a string.)

The complexity of Radix Sorting has been analyzed thoroughly in the uniform model with
precise expansions for mean and variance involving periodic functions and a central limit law for
the normalized complexity, see Knuth [27], Jacquet and Régnier [24], Kirschenhofer, Prodinger
and Szpankowski [26] and Mahmoud et al. [30]. For the Markov source model (with b = 2 and
0 < poo, 1o < 1) the orders of mean and variance and a central limit theorem for the complexity of
Radix Sorting were derived by Leckey, Neininger and Szpankowski [29].

Quickselect. In a set S of n data from a totally ordered set, the Quickselect algorithm retrieves
the k-th smallest element (1 < k < n) as follows: first, a pivot element v € S is chosen and subsets
Sc ={weS:w<v}and S = S\ Sc are generated by comparing every element to v. If
necessary, the routine is recursively applied to the sublist which contains the sought datum. When
the data are given as strings over Y, its complexity has recently been studied under the model of
symbol comparisons required to retrieve the k-th smallest element [37, 16, 17, 15, 8]. Results in this
context bear similarities with our findings in this work.

Let Cy, (k) denote the number of bit comparisons required to retrieve the k-th smallest elements
in the set § = {S1,...,S,} using the Quickselect routine with uniform pivot choice (again with
convention C,,(n + 1) := Cy,(n)). By Theorem 2 in Vallée et al. [37], for ¢ € [0, 1], we have

E [Cu(ltn] +1)] = o(t)n + O(n'~?), (7)

for some 0 > 0. Here,

=2 3" o) (1411 (L ESE D))

st m(v)

where, with y* :=y +1/2,y~ := —y + 1/2 and 0log0 := 0,

Hy) = —(yTlogyt +y logy~), ify<1/2,
P v togyt ~loglyTl), ity >1/2.
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(Note that the definition of the term g, on the fourth page of [37] appearing in the definition of o

there needs to be replaced by ., = (1/2)(p§u_) +1- ij)) when using the notation of this paper.
See [16, Page 6, line 1].) This result holds in the more general framework of II-tame sources, see
Corollary 2.6 and the discussion thereof in Section 2.2 for details. For an illustration of ¢ and a
comparison with our limit mean function m o h with uniform initial distribution @ and b = 2, see
Figure 4.

The asymptotic distributional behaviour of C, (|tn] + 1),n > 1 is strikingly different from that
of Y, ([tn] +1),n > 1. Asymptotically, C,,(|tn]|+1),n > 1 is not concentrated around its mean and
features a random almost sure limit when dividing through its expectation. See [17, Theorem 4.1].

Finally, for a worst rank analysis corresponding to our Theorem 1.5 of Quickselect in the standard
comparison based model of complexity see Devroye [11].

o |
—
©o
-
©
©
<
< -
o~ ~ -
o - o -
T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
(a) po0=0.7, p10=0.3 (b) poo=0.25, p19=0.4

Figure 4: Discontinuous limit mean function moh for Radix Selection and continuous mean function
o for Quickselect for two sets of parameters.

Connection to the contraction method. The proofs of our main functional limit theorems
are based on an underlying contraction argument. Thus, our approach is strongly related to results
from the contraction method, a methodology which has proved very fruitful in the probabilistic
analysis of algorithms. See [34, 31] for surveys. The main idea of the contraction method is to
set up a distributional recurrence for the sequence of random variables under investigation and to
derive a stochastic fixed-point equation for the corresponding limiting process. Convergence is then
established by recursive arguments. See the elaborate discussion preceding and preparing the proof
of Theorem 1.2 in Section 2.3. Regarding recent developments on functional limit theorems via
contraction arguments, the underlying stochastic fixed-point equations characterizing the Gaussian
limit processes arising in our work are functional extensions of so-called perpetuities and therefore
easier to treat than applications involving Zolotarev metrics [3, 32]. In particular, we are able to
use techniques based on Lo-estimates in the spirit of the applications given in [35, 33, 4].
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Plan of the paper. The paper is organized as follows: in Section 2 we study the quantile
model starting with important definitions and preliminary results on the functions m, F' and h in
Section 2.1. Here, we also prove a key lemma on the asymptotic behaviour of S(;) when k ~ tn for
t € [0,1]. In Section 2.2 we prove Theorem 1.1, convergence of the marginal distribution in Theorem
1.2 and discuss extensions of these results to general probabilistic sources. Section 2.3 is devoted to
the proof of Theorem 1.2 using a functional version of the contraction method. Here, we also give a
characterization of H by a family of distributional fixed point equations. Section 2.4 concerns the
proof of Theorem 1.3 and a classification of transition probabilities for which the complexity admits
a functional convergence result. While the proof of Theorem 1.3 is very similar to that of Theorem
1.2 and not given with all details, we invest a significant amount of work on the verification of the
technical steps to obtain functional convergence in the Skorokhod topology. See Proposition 2.8. In
Section 3 we consider the models of grand averages and worst case rank. Here, in the short Section
3.1 we present more details on the limiting distribution from Corollary 1.4. Section 3.2 contains the
proof of Theorem 1.5 as well as further properties of the suprema of the processes. We also discuss
the set X,ax there.

Some results of the present paper have been announced in the extended abstract [28].

2 The quantile-model

2.1 Preliminaries

We start by giving more definitions and collecting elementary properties of the functions m, F' and
h. Fix b > 2 and p, (pij)i,jex as in the introduction. Let

V:=1v9v3... for v =v1v5... € =, (8)

o®) =y ..y for k> 1,ve U Z’Luzw’v(o) =0,
n==k

v—=vy...0—1(vg —1)(b—1)(b—1)...€ 2, forv=v1...v400... € B° v # 0.

Further, for r € X, let m,. (m,, F, and h,, respectively) denote the function 7= (m, F' and h,
respectively) when choosing

b—1
W= prkdi 9)
k=0
as initial distribution. We finally note that, by our assumptions on the Markov chain,
7y i=sup sup m(v) < plol puax = max{p;; :i,j € X} < 1. (10)
n o veX”™

Here the first supremum in the first expression is taken over all initial distributions of the chain.
Proposition 2.1. Let b > 2.

i) Forv=wy...v;00...€ X5°, we have

k—1
_ DPov
m(v) Zﬂ-(v(e)) + 7T(’U(k 1))pvk—1vk (1 + ko) )

1 = poo
=0
k—1 (11)
mv=) =Y 70 + 7w )y, w1 (1 + M) )
=0 ~Po-n-1)

We also have F(v) = F(v—) for all v € &°.

10
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1) For allv € ¥,

’U11

m(U) = 1+/J/U1mv1(17)7 F( ) le 1 + Z Fok-

In particular, for allr € X,

’Ulfl

mr(v) =1+ Proy My, (77)7 F,«(U) = Pruvy Fu1 (77) + Z Prk-

mo, ..., Mp—1 are the unique bounded functions on X°° satisfying the first system of equations
in the last display. Similarly, Fy, ..., Fy—1 are the unique bounded functions on X°° satisfying
the second system of equations in the last display.

Proof. Both ) and the equations in i) follow immediately from the construction. For the uniqueness
claim, let B(X°°) be the set of bounded functions on X*° endowed with the supremum norm. Equip
B(32°°) with the natural max-norm. We define the operator T on this set by

T(f)r(v) =1+ pro, fo, (©), 7€

Then, for f,g € B(X>®)’, one easily establishes | T(f) — T(g)|| < pmax|lf — gl AS Pmax < 1, it
follows that T has at most one fixed point, the function f = (mg,...,mp—1). For Fy,..., Fy_1 on
proceeds analogously. O

Theorem 1.1 4i) and Theorem 1.3 crucially rely on the asymptotic behaviour of S(;) when
k/n — t € [0,1]. This explains the importance of the following lemma.

Lemma 2.2. Let k = k(n) € {1,...,n} with k/n — t € [0,1].
i) Ift ¢ F(X§°), then Sy — h(t) almost surely. More precisely, for any M € N,

oo

Z (S, h(t)) < M) < o0

ii) Ifte F(Xg°), then, for any M € N,

> P (max{j(S ), h(t)), 5(Sery, h(t—))} < M) < oo

n=1
Proof. Let v = h(t). We have

P (j(S(k),U) < M)

=P > Anm(w) k| +P > Apm(w) <k

w<v(M) esM w<vM) wesM

=P | Bin | n, Z m(w) | >k | +P| Bin | n, Z m(w) | <k
w<vM) wexM w<vM) ywexM
Note that the sum in the first term is strictly smaller than ¢. Similarly, the sum in the second
term is strictly larger than ¢. As k/n — t, both events are large deviation events for the binomial

distribution. Hence, the probabilities decay exponentially fast in n. This proves i). The proof of
i) uses similar ideas and is thus omitted. O

11
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2.2 Law of large numbers for a Markov source

The following proposition is at the heart of Theorem 1.1 ¢) and states a weaker version of Theorem
1.2.

Proposition 2.3. i) Let (v(n))n>1 be an arbitrary X°°-valued sequence. Then, almost surely
and with convergence of all moments,

1
NG

— 0.

Zn(v(n)) —n — Zj(v(n), Si)

ii) Fork > 1,vy,...,u, € X°°, with the process H defined in Theorem 1.2, we have

(Zn(vl) —m(v1)n Zn(vg) — m(vg)n
NG e, NG

) L (H(v1),...,H(w)).

i11) For all v,w € ¥°°, we have

j(v,w)

E[H @) H(w)] = > kA (G(0,0) (r0D) +7(@®)) = 37 w@®) = (m(v) = 1)(m(w) - 1).

k=1 k=1
Proof. Note that >, oAy k(v) =n + Yo i, S;) for every v € £°°. Consequently,

n

Zn(v(n)) —n = j(v(n),5)

i=1

= #{k > 0: Api(v(n)) = 1},

The right hand side is bounded by R,, := max;<, j(v(n),S;). Using (10), the union bound reveals

P(R, > k) < nry, < nplax

max*

Hence R,/v/n — 0 almost surely and with convergence of moments concluding the proof of 7).
1) follows from ), Slutzky’s lemma and the multivariate central limit theorem. For 4ii), set X =
j(S1,v) and Y = j(S1,w). Then

ST

E[XY] =
k=1/¢=1
J(v,w) 00 00
= > (k:]P’(X >k)+ Y PY > e)) + ) jww)P(X > k)
k=1 (=k+1 k=j(v,w)+1
0 o J(v,w)
=3 kA Gw)PX > k) + > kA Gv,w)P(Y > k) - P(Y > k)
k=1 k=1 k=1
oo J(v,w)
=3 kA (v, w) (w(v(k)) +7r(w(k))) — 3 rw®).
k=1 k=1
Hence, since E[X|E[Y] = (m(v) — 1)(m(w) — 1),
[ee) jﬁhw)
E[H(0)H(w)] = Y~ kA ((o,w)) (7(0®) + m(@®)) = 37 w(@®) = (m(v) = 1(m(w) - 1).
k=1 k=1
This concludes the proof. O

12
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We can now give the proof of Theorem 1.1 ).
Proof of Theorem 1.1 i). By Proposition 2.3 4) it is sufficient to show that

> J(v(n), i)

- — m(v) — 1.

Since m(v(n)) — m(v), the convergence above is equivalent to

21 ((v(n), 8i) — (m(v(n)) — 1))

n

— 0. (12)

Note that E[j(v(n), S1)] = m(v(n)) — 1. Thus, the almost sure convergence follows from a suitable
version of the strong law of large numbers for row-wise independent triangular arrays; cf. [23]. The
moment convergence follows from the almost sure convergence and the fact that the moments of
the sequence in (12) are uniformly bounded. The latter is an immediate consequence of (10). O

The proof of Theorem 1.1 7i) relies on a simple tail bound for the height of the associated trie.
Lemma 2.4. Let H,, = max{k > 1: A, x(v) > 1 for some v € £¥*}. Then, for alln > 1,

P{H, >k} <n’pF l  k>1.

pmax’

Proof. As the bound (10) is uniform over all initial distributions, we have

]P’{j(Sl,Sg)Zn}gpnfl n>1.

max?’

The assertion follows from P{H,, > k} < n®P{j(S1, S2) > k}. O

Proof of Theorem 1.1 ii). Let k/n — t ¢ F(3X3°) and v = h(t). Abbreviate z, := x1,-; for x > 0.
As j(Sw),v) — oo almost surely by Lemma 2.2 i), we need to prove a version of Theorem 1.1 i)
with a random sequence v(n). This relies on the concentration of the binomial distribution. To be
more precise, in order to show the claimed almost sure convergence, using the Borel-Cantelli lemma,
it suffices to verify that, for any € > 0, we have

> 5} < 0.

s
By Lemma 2.2 4) it is further sufficient to prove that, for any € > 0, there exists ng € N such that,

Zn_lAn,e(S(k))Jr —m(v®)
n>1 =1
for all K > ny,

s

n>1

Z n= Ao (Sey)+ — m(v®)
=K

> e, j(v, Sry) > K} < 0.

From the tail bound in the previous lemma we deduce that it is further enough to show that, for
any € > 0, L > 3/1og(1/pmax), there exists ng € N such that, for any K > ng,

Llogn
ZIP’{ > T Ao (St — 7@ D)| = €, 5(v, Sry) = K} < 0.
n>1 1=K

Let A 1 C ©L198m be the set of vectors with prefix ), Then, the last claim follows from verifying
that, for any € > 0, L > 3/log(1/pmax), there exists ny € N such that, for all K > ny,

Z]P{ sup

n>1 wEAK I,

Llogn
Z n A (w) . — m(w®)
=K

25} < oo (13)

13
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For w € Ak 1, the union bound gives
]P (

Upon choosing K sufficiently large (e.g., such that m(v%)) < £/2), standard Chernoff bounds reveal
that the right hand side decays exponentially fast in 7 uniformly in the choice of w. Thus, as Ak 1,
contains at most nL!°8® many vectors, the union bound concludes the proof of (13). Convergence
of moments follows from Theorem 1.5. (The proof of Theorem 1.5 does not rely on the statement
of Theorem 1.1.) O

Llogn

Zn* ng i w(z _>
1=K =K

< Llogn sup P <
0<¢<Llogn

En

The next result treats the situation for values t € F(X§°).
Proposition 2.5. Let k = k(n) € {1,...,n} with k/n —t € F(X5°).
i) If v/n(k/n —t) — oo, then n=1Y, (k) — m o h(t) in probability.
ii) If /n(k/n —t) — —oo , then n=1Y, (k) — m o h(t—) in probability.
iii) If /nlk/n —t] — B € (—o0,00), then
Yo (k) <5 @ (B/(VET = 1)) Gmony + (1= @ (B/(VET= 1)) ) dmenieo,
where ® denotes the distribution function of a standard Gaussian random variable.

Proof. The proof proceeds along the lines of the previous one. Let k/n — t € F(X5°) and v = h(¢).
Note that v € ¥§°. Let ¢ > 1 be maximal with v, # 0. By Lemma 2.2, for any fixed K > ¢, almost

surely,
K

~

-1 K

Lo v Y A (S — Y w@) =D w(w™) =0
r=1 r=1 r—f
and
£—1 K
_1 r
Lg® -1 (1) Z An (S = Y_w@) =3 w(w=)| = 0.
r=1 r=~{
As in the previous proof, this 1mphes
Y, (k)
7 -1 S0 = Lom(v) — ]'Séi)):v“*l)(w—l)m(v_) — 0.

It remains to verify that, in case ), we have IP’{S(L)) = v®} — 1, in case i), we have P{S(k) =
v} — 0, and, in case i), IP’{S((Q =00 - ®(B/(\/t(1 —t)). From Lemma 2.2 ii) it follows that
there exists a non-negative sequence €,,n > 1 with ¢, — 0, such that

P{SG = vV (0 = D} = P{SG) <o V(o ~ 0= 1)} - e

=P S Ap(w) >k —ey,

w<v—,wex’t
= P{Bin(n,t) > k} — e,
Bin(n,t) —nt _ k—nt
—P > e
{ NN } )

The statements follow immediately from the central limit theorem. O

14
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The last two proofs only relied on concentration bounds for the binomial distribution and the
fact that 7(v) decays fast enough as the length of v increases. Thus, they can easily be extended to
general sources. To this end, following [37, Definition 3|, we call a probabilistic source II-tame with
parameter v > 0 if, for some C' > 0,

max 7(v) = max P{v < $1} <Ck™, k>1.

vexk vexk
The arguments in the previous proofs generalize straightforwardly to II-tame sources with parameter
v > 2.

Corollary 2.6. Consider Radix Selection on a general source over the alphabet 3.

i) The convergences in Theorem 1.1 hold correspondingly almost surely and in mean, if the
source is Il-tame for some v > 2. The same is true for the multivariate central limit theorem
in Proposition 2.3 ii).

it) If the source is II-tame for all v > 0 then the convergences in Theorem 1.1 are with respect to
all moments.

It is plausible that the almost sure and mean convergence hold under a weaker tameness as-
sumption. In this context, one should point out that the mean expansion (7) for the Quickselect
complexity holds for II-tame sources with v > 1 [37, Theorem 2]. Note however, that the multivariate
central limit theorem in Proposition 2.3 44) requires that, for any v € £, we have 7(v(™) = O(n=2)
since, otherwise, the variance of H(v) is infinite.

2.3 Functional limit theorem for a Markov source

For a refined asymptotic analysis we normalize the process in space and consider X,, = (X,,(v))yexn~
defined by

n>1. (14)

Note that we have already proved convergence of the marginal distributions of this process in Propo-
sition 2.3 ii). We write Zr(f),r e (X,(f),r € X respectively) for the process Z,, (X,, respectively)
when the initial distribution is chosen as p” defined in (9). We now outline the ideas of the proof
of Theorem 1.2.

Outline of the analysis: To set up recurrences for the processes Z,,n > 1 and X,,,n > 1 we
let I™ = (If,..., I} |) denote the numbers of elements in the b buckets after distribution of all n
elements in the first partitioning stage. We obtain, recalling notation (8),
Z, 2 (Z}‘,’:’ (@) + n) : (15)
v1 vEX>®
where (Z](-O))7 .. N (ZJ(-lFl))7 I™ are independent.
For the normalized processes X,, in (14), using Proposition 2.1 #ii), we obtain

a [ I3 ), - Ay — oy
Xn = < 7X13'1 (0) + Mo, (V) NG i ) (16)
veEL>®

with conditions on independence and distributions as in (15).
From the underlying probabilistic model it follows that the vector I™ has the multinomial
M(n; pa, ..., pp—1) distribution. Hence, we have %I” — (p1, ..., 4p—1) almost surely as n — oo and

"= (uymedn 4

Tn ;

(17)

15
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where N has the multivariate normal distribution N(0, Q) with mean zero and covariance matrix 2
given by Q;; = p;(1 — ;) if i = j and Q5 = —p,py if @ # j. Note that Ei;é N, = 0 almost surely.
Similarly, we write N(")_r € ¥ for a Gaussian random variable on R® with zero mean and covariance
matrix Q") given by Qg) =pri(1 —pri) if i =5 and Q5 = —pripr; if 1 # 5.

Let B : R® — C(X°) denote the bounded linear operator
B(v)(w) = My, (D)vy,, wET®.

Motivated by (16) and (17), we associate the limit equation

x < (WX (¥) + %(N)(v)) : (18)

VEXL®

where X, ..., Xp_1, N are independent, and Xy, ..., X;_1 satisfy the system of fixed-point equa-
tions

X, 4 (MXW) +%<N“’>>(v>) , TED, (19)

vEX®

with conditions on independence as in the previous line. Considering recurrence (16) and limiting
equation (18), it suffices to prove the functional limit theorem for the processes Xy(f), n>0,rel.

For r € 3, let H, denote the Gaussian process defined in Theorem 1.2 when the initial distribu-
tion of the Markov source is u" given in (9). The contraction arguments in the proof below show
that Hy, ..., Hp_1 is the unique set of random variables (in distribution) satisfying (19) with values
in C(X°°) under the condition sup,. E [||H,||*] < cc. In fact, we have the following stronger result.

Proposition 2.7. The family Hy, ..., Hy_1 is the unique family of random variables (in distribu-
tion) in C(X°) satisfying (19).

The remaining part of this section is devoted to the proofs of Theorem 1.2 and Proposition 2.7.

Proof of Theorem 1.2. The main proof idea is to construct versions of the sequences X,(f),n >
0,7 € ¥ and limits Hy, ..., H,_1 on the same probability space in such a way, that the statement of
the theorem holds with convergence in probability. The approach uses Skorokhod’s representation
theorem. It has proved fruitful in a number of similar problems, e.g. in [20, 35]. In the process, one
also constructs solutions to (19) on an almost sure level.

A family of tries. In a trie generated by pairwise distinct infinite strings si, ..., s,, for v € X*,
let J(v) =#{1<k<n:v=<s}. If J(v) >2and J(vr) >1for v e X* r e, then J(vr) denotes
the number of strings stored in the subtree rooted at vr. Therefore, we call J(v) the nontruncated
subtree size of node v. The family {J(v),v € ¥£*} determines the trie, that is, it allows to reconstruct
the order statistics s(1),. .., S(»). Below, we use this observation to define random tries through their
nontruncated subtree sizes. Note that, in our trie constructed from Si,...,S,, the nontruncated
subtree sizes evolve as follows: J(#) = n and (J(0),...,J(b—1)) has the distribution of I™). Then,
conditionally on J(v),v € Up<y Xy for k > 1, upon writing w™ for the last symbol of a vector w, we
have:

e the random variables (J(v0),...,J(v(b—1)),v € Xi41 are independent, and

e for v € ¥p4 1, the vector (J(v0),..., J(v(b—1)) has the multinomial (J(v); py+o,- -+, Dot (b-1))
distribution.

16
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Let {(I(T)’”’”)nzo, Ny € ©*), r € B, be independent families of independent and identically
distributed random variables where I(™-™% has the multinomial M (n;Pros - -+, Prp—1)) distribution,
and N()-¥ has the distribution of N(") with

I(’!‘),TL,’U - (p’r07 e >pr(b71))n
vn
almost surely for all v € ¥*,r € ¥. Such a family exists by Skorokhod’s representation theorem.

For any v € X*,r,k € ¥,n > 0, set Jy(f)’”(@) = n and J,(f)’v(k) = I,gr)’"’v. Then, recursively, for
veEX*reX,n>0 we define

— N p o0, (20)

)
wt), T () vw
T (wk) = 1Ty e | 2 ke s,
=1

By construction, {J(T)’"( ) :w € ¥*} is distributed like {J(w) : w € ¥*} defined above when the
initial distribution of the chain is " given in (9). Hence, it is the family of nontruncated subtree

sizes of a trie generated by n infinite strings with order statistics Vl(r)’n’v < e < V,ET)’H’U where
(Vl(r)’"’v, . V,f”’”’”) is distributed like (S(l), ...,Smy). Observe however that these tries do not
almost surely grow, that is, with V(T v {V ). .,VTET)’”’”}, we do not almost surely have

Vv V(T) 1", The C(X°°)-valued random variables Z( ) v € £ are now defined as in (2) but

based on Vn . By construction, for any v € ¥* r € ¥, n > 0, we have Zy(f)’v 4 Z,(f) and

Z (w) = Z, 00 (@) + 0, w e B

The limit process. Setting H(()T)’U := 0 for all v € ¥*,r € X, we recursively construct random
variables H(T)’ ,VEX  red n>1, by

HOW (w) = ray HED 00 (i) + B(NO0) (w),  w € D%

It follows that, for any p € N,

),V r).v v k), vk
supE [||H) ~ H Hp}<sup2p”“ [I1E {0 — F e e

T

< supr sup E[[| ) — H,Y |17

< <s3pzp ) sup E[| 177 |7) (21)

From here, choosing p > 2, standard arguments (see, e.g. the proof of Lemma 2.1 in [35]) show

that, almost surely, Hff)’v, n > 0 is uniformly Cauchy for all v € ¥* r € 3. By the completeness of
C(X°), the processes are uniformly convergent. As intended, the limits denoted by HY satisfy

H? (w) = /Bray, HJ (0) + B(N) (w), we £,

In particular, Hy,..., H , satisfy (18). From (21), it follows that E[||H7(f)’v — H?||’] — 0 for all
p € N. By construction, we also have the following useful series representation: almost surely, for
any v € X*,r € X,

=3 V1 (@), (Werawess . JNED T w e (22)
s=0

17
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Convergence of the discrete process. For v € ¥°°,r € ¥, n > 0, set

B Z,(LT)’U(U)) —my.(w)n

X (w) Tn ;

w e B>,

By construction, we have XL x{ In the context of the contraction method, it has turned out

fruitful to define an accompanying sequences by replacing the coefficients in the system of limiting
equations by the corresponding terms in the distributional recurrence. For all v € ¥*,r € ¥,n > 0,
let

L(Ur),n,v

QU (w) = | o Hy () + BN (w), w e B,
By construction, the random variables H*, ... K Hv®=1), (I(”’"’“, N(T)’”) are independent and their

joint distribution does not depend on v. Hence, the same follows for 5{’7” and Qﬁf)’” —H?. Further,

by induction over the length of the vector v, it is straightforward to verify that the distribution of
X,(f)’v — ng)"v does not depend on v. We omit these details.
The proof of A,, :=sup, E [HX;LT)’U — H;’||3} — 0 is standard in the context of the contraction

method. First of all, we have

b 3
[k

supE [ Q) — HY || < supE | 30 W/ = = Ve [|E)
r r k=0

3
(r),n,v

< b-supE [sup [\ E— — pra| | supE[|IH,]°].
r k n T

The right hand side tends to zero by (20). (We only use the law of large numbers here.) By the
triangle inequality, it follows that

1/3
A% < (s X0 - Q7] ) ol

b—1 [ I(r),n.,v 3/2 ok ) 3 1/3
< SUPZE kT HXI(T)’,W,W - lic)
" k=0 "
[ I’E:T)’”ﬂ) — DrkN (r),v ’ e
+ supsup | E N +o(1).
T k \/{E F ( )

By (20), the second summand on the right hand side turns to zero as n — co. It follows that

1/3

b—1 (r),n,v 3/2
1/3 Ik: o A 1
< ) .
AP < sng]E - 1 +o(1)
k=0
As
I(r),n,v 3/2 b—1
E ( k ) — p%z, supri,/f <1, (23)
n " k=0
18
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a simple induction on n shows that A,, is bounded. In a second step, by the contraction argument
used in (21), one can show that A, — 0. We omit the details which are standard in the framework
of the contraction method and refer the reader to the proof of, e.g. [35, Proposition 3.3] or [31,
Theorem 4.1] where these arguments are worked out in detail.

Finally, the covariance function of H in the uniform model can easily be computed using the
stochastic fixed-point equation (18), as X, X3,..., Xp_1 are identical in distribution. O

Proof of Proposition 2.7. Assume that Xj,...,X,_; (more precisely, the corresponding distribu-
tions) satisfy (19). Our aim is to prove that X, has the distribution of H,.. We first show that, for
all r € ¥, v € ¥, the random variable X, (v) has a mean zero Gaussian distribution. To this end,
we expand the system (19) for several levels. To be more precise, using this system of equations,
by induction (over £) it is straightforward to show that, for all v € £¥°° r € ¥ and ¢ > 0, setting
vg = 1, we have

-1

T (0O) Xy, (ep1vera ) + DA T (@) My, (Veravers . N, (24)
s=0

X (v) £

with independent random variables N(¥0) .. N(ve) X,, where the distributions of Nwo) N

were introduced in the previous proof. In particular, choosing r = 0 and v = 00. .., we have
£—1
Xo(v) £ /mo(v®) Xo(®) + Y y/7o(v)mo(0) NG,
s=0

Classical results from the theory of perpetuities, see, e.g. Theorem 1.5 in [38], show that this identity
uniquely determines the distribution of Xg(v). Thus, Xo(v) has a mean zero normal distribution.
From (24) it follows that, for all v € £§°, X, (v) has a mean zero Gaussian distribution. By
continuity, the same holds for all v € X°,

Next, we need to verify that, for all ¢ > 2,X,...,A; € Riwy,...,w; € ¥ and r € ¥ the
random variable A\ X, (w1) + ... A\;X,(w,) has a mean zero Gaussian distribution. For the sake
of presentation, we consider the case ¢ = 2 and write § = wy,0 = wy. Assume that 8 # o and
set j := j(0,0) defined in (1). Our aim is to expand the system (19) on a functional level. More
precisely, we define coupled versions of Xg,..., Xp_1 by backward induction as follows: first, let
{X? : v € ¥} r € ¥ be independent families of independent copies of X,. We also assume
these families to be independent of the random variables introduced in the previous section. Then,
recursively, for v € ¥, 0 < k< j, r € %, set

X2 (W) = \/Dro, X (0) + B(NT) (w), we B,

Since X, ..., Xp_1 satisfy (19), the same is true for X,..., X2 | forallv € ¥ 0 < k < j+ 1.
Similarly to (24), we have

J
. (G+1) (s)
XX)(G) =] 71'7«(9(]4‘1)))(90]_:: (0j+29j+3 .. ) + E \/ 7'(',n(0(5))’n’LgsJrl (93+203+3 .. )Ne(fi)lﬁ , (25)
s=0

J
: JECES) ()
X 0) = m(daﬂ)))@jj (012013 + > AT (0)me,,, (0s20545.. JNIDOT 0 (26)
s=0
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In particular,

>\1X7«(0) + )\2X7-(0')

A/ 7 (00HD) X, (05420543 --) + Ao/ T (0UT)) Xoy (05420543 - )

j—1

+ 3 (ama,,, (Bas2bers ) + Xamo, ., (Cay20aps . )y T (0N
s=0
0, v
+ Amg, (0420543 - - -)N§j+)1 + Xamg, (05120543 )N,

with independent random variables N(®) . N X1, Xo, - By the first part of the proof
the right hand side has a zero mean Gaussian distribution. Further, (25) and (26) determine
E [X,(0)X,(0)]. This concludes the proof. O

2.4 Proof of Theorem 1.3

In this section, we discuss the asymptotic behaviour of the sequence

Y, ([tn] +1) — mo h(t)n
\/ﬁ )

Our first result is the natural extension of Theorem 1.2 to the process Z,(S(|tn+1)),n > 1.

I(t) =

te[0,1].

Proposition 2.8. In distribution, with respect to the Skorokhod topology on D([0,1]), we have

(Zn(5<unJ+1)) - m(Sutnm))n) S Hoh
\/ﬁ te[0,1]

Proof. Recall X,, from (14). By Theorem 1.2 we have X, oh — H o h in D([0,1]) in distribution.
By Slutzky’s lemma, it remains to show that, for some metric d generating the Skorokhod topology
on D([0,1]), we have d(X,,(S(|.n)+1)), Xnoh) — 0 in probability. As the sequence of distributions of
X,,n > 1, is tight, it is enough to find a family of strictly increasing continuous bijections A,,n > 1
on [0,1] such that, in probability,

18 58, 0np - A(B) > o0, and A, — id] = 0 (27)

In fact, we show that both convergences hold in the almost sure sense. Let
By = max{f > 0: A, (v) > 1 for all v € X},

h,, is the lowest level of a node in the associated trie with outdegree strictly smaller than b. h,, is
monotonically increasing and h,, — oo almost surely. By construction, for any v € X", we can
choose t, € {0,1/n,2/n,...,(n — 1)/n} minimal with v < Sy ,41). Note that both ¢, < t,, and
F(v00...) < F(w00...) if and only if v < w. Further, we have tg...0 = 0 and t,—1)(p—1)...0—1) <
(n —1)/n. Let us now argue that, for £ > 1,v € X, almost surely,

tv00...0 — F(’UOO .. .), n — OoQ. (28)

Assume for a contradiction that t,g0..0 > F(v00...) + & for some £ > 0 and infinitely many n.
Then, for those values of 1, S([¢,0.. on|+1) = S(|(F(w00...)4e)n|+1)- By Lemma 2.2 i7) the term on the
right hand side takes values strictly larger and bounded away from v00. .. for all n sufficiently large.
This contradicts the fact that S|¢,, gnj+1) — ©00... almost surely following from the definition
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of ty00...0- An analogous argument applies to the case t,00...0 < F(v00...) — ¢ for infinitely many n.
Summarizing, we have verified (28). Now, we set

M(F(000...)) =t,, veXh X\, (1)=1.

Upon linearly interpolating ), between successive values F(v00...), F(w00...),v < w € X and
t = 1, the function A, is a strictly increasing piecewise linear bijection on the unit interval. By
construction, j(S(, #yn)+1), M(t)) > hy proving the first statement in (27).
Using the piecewise linearity of A, we further deduce
IAu(t) = t]]| = sup |F(v00...) — ty|.
vEXhn

Fix a large constant K € N. In the remainder of the proof assume that n is sufficiently large such
that h,, > K. Then, the right hand side of the last display is bounded from above by

sup |[F(v00...) — F(w¥)00...)| + sup |t, — tyoo. ol + sup |F(v00...) =ty ol (29)
veXhn veThn vETK

We now show that each of these three terms can be made arbitrarily small for all n sufficiently large

upon choosing K large enough. For the first summand, this follows immediately from the uniform

continuity of F'. For the third summand, it follows from (28). In order to analyze the second term in

(29), forv e XK v £ (b—1)(b—1)...(b—1) let vt € XX denote the smallest vector in XX strictly
larger than v. Further, let ¢, _1)—1)...(b—1)+00...0 := 1. Then, the second summand is bounded by

sup |ty+00...0 — twoo..ol — sup |F(vT00...) — F(v00...)|,

veXK veXnK
where the limit is taken as n — co. Upon choosing K sufficiently large, the right hand can be made
arbitrarily small by uniform continuity of F. O

Proposition 2.9. If, for some (then all) r € X, there exists v € £5° with m,(v) # my(v—), then,
for all0 < a < b <1, there exists a <t < b such that the sequence of distributions of Y, (t) is not
tight. In particular, the sequence of distributions of Y, considered on D([a,b]) is not tight.

Proof. From the recursiveness of the model it follows that, if m,.(v) # m,(v—) for some r € ¥, v €
¥5°, then, there exists a set A C 3§° which is dense in 3°° (with respect to the topology 7s) such
that m(v) # m(v—) for all v € A. Accordingly, B := {F(v),v € A} is dense in [0,1] and both
h(t—) # h(t) and mo h(t—) # moh(t) for all t € B. Fix v € A and ty = F(v). By Lemma 2.2, we
have max{j(S(|¢on|+1)>v)s J(S([ton)+1),v—)} — 00 almost surely. Further, by the argument in the
proof of Proposition 2.5 relying on the central limit theorem for the binomial distribution, we have
P (S(\_tonj-‘rl) < ’U*) — 1/2 With

Uy (t) == (M(S(|tn)+1)) —moh(t)) Vn, tel0,1], (30)
it follows that, for any € > 0 sufficiently small, we have

linniigfl["(wn(toﬂ >ev/n) >1/2.

Clearly, the sequence of distributions of v, (tg),n > 1 is not tight. The same follows for the sequence
of distributions of Y, (ty) from Proposition 2.8. O

Remark. Proposition 2.9 holds analogously upon replacing the function m o A in the definition
of Y, by either

1
<2(m0h(t)+m0h(t_)))te[o,1]’ or (B [m(S(itn)+1)]) refon; -

It turns out that continuity and linearity are equivalent for the function m o h. (This statement
is not necessarily true for a Markov source with p;; = 0 for some 7,j € X.)
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Proposition 2.10. Let b > 2.

i) We have m, o h, € C(X°°) for some (then all) r € ¥ if and only if m,(v) = m,(v—) for all
v € X§° and some (then all) r € £. This is the case if and only if, for some 8 > 0, we have

1-8 .,
Dr 1:p0r:~~:p(b—1)r:1_76bﬁ> for allr € X. (31)

(For B = 1, this means p, = 1/b for all v € X.) Unless this condition is satisfied, for all
r € 3, the function m, o h, is discontinuous on a subset of F.(£5°) that is dense in [0, 1].

it) For a Markov source with weights chosen as in (31), we have
mo(v) = ... =my_1(v) = aF(v) + 7,
where a, vy are defined in (5). In particular, m, o h.(t) = at +v,t € [0,1].

it1) In the uniform model, m, F' and h are given by

b e Lk
mv) ==, Flv) = Yo ™E, = h(t)b .
k>1 k>1
In the Bernoulli model (with b= 2), we have
1 —2pg 1
m(v) = ———F(v) + . 392
(®) po(1 = po) ®) 1 —po (32)

Corollary 2.11. Consider Radiz Selection with a general Markov source not satisfying condition
(31) for any B > 0. Then, for all 0 < a < b < 1, the sequence of distributions of Yn,n > 1
considered on D([a,b]) is not tight.

We leave it as an open problem to decide whether the one- (or finite-) dimensional marginal
distributions of the process (V,)n>1 converge weakly for a general Markov source with transition
probabilities different from (31).

Proof of Proposition 2.10. First of all, if m, o h, has a point of discontinuity on (0,1) for some
r € X, then, by Proposition 2.1 i), this discontinuity reproduces in all functions m; o h;,i € ¥ on
all scales. Next, we show that m,(v) = m,(v—) for all r € 3,v € 3 implies that the source is
memoryless. To this end, using (11) once with vy_; = 4,v; = j and then with vy = v = j
where i,/ € ¥ and j = 1,...,b — 1 shows that p;;/ps; = pi(j—1)/Pej—1). By induction over j we
obtain

Dij _ DPi .
i/ Zm, Or PijPem = PejPim for all 4,j,0,m € 2.
Dej Pem
Summation over m reveals p;; = pgj. As i,j,{ are arbitrary, the source is memoryless. The

condition m,(v) = m,(v—) for all r € ¥,v € £3° and (11) imply that, for a memoryless source and

r=1,...,b—1, we have
_ l1—-po (1—170 )T
Pr=DPr-17—— =Po | 77—
I I —po
It is now straightforward to verify that (31) yields the set of all possible solutions. This concludes
the proof of i). To show i), as m = mg = ... = mp_1, we only need to prove that the function
aFy(v)+7 solves the equation stated in Proposition 2.1 #i¢). This boils down to a routine calculation
using the corresponding identity for F' also stated in Proposition 2.1 4i%), that is, F(v) =pg+---+
Duy—1 + Poy, FI(D). 4i3) follows from 44) upon computing the relevant values of « and +. O
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The remainder of this section is devoted to the proof of Theorem 1.3. Subsequently, we assume
that (4) holds. Then, recalling (30), we have

Zn(S((tn)+1)) — m(S((tn)+1))10
Vn
For 8 =1 we have v,, = 0, and the statement follows immediately from Proposition 2.8.

For B # 1, we start as for the process Z,, with a recursive decomposition. By the memorylessness
of the source, we may drop the index r. To simplify notation, we set

In(t) =

+ vn(t).

[a,1):=[a,1] for 0<a<1. (33)

Setting F"; :=0 and F = ZJ oI}, r € X, we obtain (under convention (33))

b—1
4 . (r) ' —aF, —(y—1)n
)“‘(Z?Tha” (V R () Vi |
r= 0<t<1

with conditions on independence and distributions as in (15). (As opposed to the situation in (15),
the sequences (y,(f)), e (yS’*”) are now identically distributed.)

To associate to recurrence (16) a limit equation in the spirit of the contraction method, we
introduce a family of parameter transformations: for 0 < a < b < 1, under convention (33), let

oy D([0,1]) = D0, 1)), Aap(F)(E) = L) f (Z_Z> :

Then we associate the limit equation (again with convention (33))

r—1
G = Z \/pT”Q[Zk 0Pk feo PR (Gr) + 1[2};;(1) Pk X h—o Pk) () <7N’“ - O‘Z Nk) ) (34)

k=0

where Gy,...,Gp_1, N are independent, and Gy,...,G,_1 are distributed like G while N =
(No,...,Np_1) is distributed as in (17). (Note that the additive term on the right hand side
has mean zero for all r € 3.) The covariance function can be computed recursively: first, let b = 2.
For s € [0,p0),t € [po, 1], (34) implies that

E[G(s)G(t)] = E [yNo(yN1 — aNo)]
since G, G1 and (Ny, N1 ) are independent. Ny = —Np and the definition of a, 7y yield E [G(s)G(t)] =
—1. Now consider the case (s,t) € [0,p)? U [po, 1)2. For z € [0,1] let

= z/po, if z < po,
(x —po)/p1, otherwise.

Finally, let wy = 1p,, 11(¢). Then, (34) implies

E[G(s)G(t)] = pu, E[G(5)G(?)] + Var (val - i Nk)
k=1
= pu E[G(5)G (D) + —L—

Tterating this formula yields (6). The same strategy can be worked out in the general case b > 2,
but explicit formulas become rather heavy. Therefore, we only state the result for the variance: for
t € [0,1], we have

1— ﬁb—i—l

_ B(1— ")’
B pv '

ot = g

(35)
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A formal proof of the functional convergence ),, — G requires slight modifications of the arguments
in the proof of Theorem 1.2 and the aligning of discontinuity points worked out in the proof of
Proposition 2.8. Most of these steps are not novel at this point, and we remain brief.

Proof of Theorem 1.3. We work in the setting of the proof of Theorem 1.2. We assume 3 # 1, that
is, & # 0. As in the construction of the limit process H, let Hj = 0 for all v € ¥* and, recursively,
forv e ¥*,n >0,

wi—1

HY oy (w) = /Puy HYH (0) + NG, —a Y N
k=0
As in (21), we obtain a bound of the form
Bl - AP <Cq", C>00<q<1. (36)

In particular, there exists a family of C(¥X°°)-valued random variable {H” : v € ¥*} such that,
almost surely, ||H? — H”|| — 0 and

wip—1
HY(w) = /pu, H" (@) + YN, —a > Nf, we T®.
k=0

Analogously to (22), we have

oo ws41—1
~ s We ’U’LU(S) 00
H(w) =3 y/m(w®) (wf;gﬂvvw”_a SN ) w e T
s=0 k=0

Clearly, H*(00...) = H¥(00...) and H*(11...) = H”(11...), but, for w ¢ {00...,11...}, almost
surely, H(w) # H(w). We set G = H" o h. Next, we choose Y;(k) = Z¥(V5?),1 < k < n, to
obtain versions of the process Y;,. By construction, for the corresponding processes Yy (t),t € [0, 1],
upon defining F™ in the obvious way, we obtain (again under convention (33))

yﬁ(t) - § \/ IIM)Q[F;E% v (yz’?“) + bil 1 L (t) FYI:’LU - OZF:l—ﬂ)l - (7 - 1)n7 le [07 ]-]
—0 no == —o [Tv’T) vn

In order to connect YV} to G*, define an accompanying sequence recursively as follows: let R§ = 0
for all v € ¥*, and, for n > 1, with convention (33),

b—1 b—1 r—1
Ry(t) =) VP (i) + > 1[F,@v1 F?,v)(t) (w;f - aZN,g> , telo,1].
r=0 n

’on r=0 n ’ n k=0

The convergence E [||[ V¥ — RY||*] — 0 uses the contraction argument underlying the proof of The-
orem 1.2 based on (20) and (23). We omit to repeat these steps. By defining AY (hY, respectively)
in the trie constructed from V¥ as A, (hy,, respectively) in the proof of Proposition 2.8, we can
guarantee (27), that is, in probability, ||AY — id|| — 0. Further, we have, almost surely,

o
1B oA, =GPl <2 Y |[HRyy — H|l-
k=h,

Upon recalling (36), the right hand side tends to zero in probability as h? — oo in probability. This
concludes the proof. O

24



O©CoO~NOUTAWNER

3 Grand averages and worst case rank

3.1 The model of grand averages

We now consider the complexity of Radix Selection with b > 2 buckets assuming the Markov source
model for the data and the model of grand averages for the rank.

Proposition 3.1. Let M have the multinomial (1; ug, ..., uo—1) distribution and & be uniformly
distributed on [0,1]. The distribution of Z := m o h(§) is given by

b—1
74 1+ZMkMka, (37)
k=0
where M, Zy, ..., Zy_1 are independent, and the distributions of Zy, ..., Zy_1 are the unique solu-
tions of the following system:
b—1
Z, L1+ S M prZi, reES.
k=0

Here, MO .. M®=V 7, . Z, 1 are independent and, for r € ¥, M) has the multinomial
(L;pr0, - - s Prp—1)) distribution. Further,

b—1
E[Z] =) w)?=1+Y uE[Z].
vEX* k=0

For b =2, we have

1+pj, — ph

E[Z] = :
2l 2(poo + p11)(1 + poop11) — 2(poo + p11)?
y 1+ piy — Pho
E[Zi] = 5
2(poo + p11)(1 + poop11) — 2(poo + p11)
Simalarly,
b—1
E[Z°] =Y n@)?’|x@)+2 > #w) |=2E[Z]-1+> @E[Z]].

veX* w=v, WHEV k=0

Proof. (37) is a direct consequence of Proposition 2.1 ¢iz). Iterating the system (37) shows that
L(Z,) satisfies a one-dimensional fixed-point equation. Let A, = {v € ¥* 1 vy,...,v5_1 € ¥\
{r}, oo =7,k > 1}. Now, let (A, B) = (m(V), 22 <v ey Tr(w)) where P{V = v} = m,.(v), v € A,.

Then £(Z,) satisfies Z, L AZ, + B where Zr, (A, B) are independent. It is well-known that fixed-
point equations of this type have unique solutions (in distribution) under very mild conditions [38,
Theorem 1.5]. The formulas for expectations and second moments follows immediately from the
system of fixed-point equations. O

In principle, the system of fixed-point equations allows to obtain explicit expressions for higher
moments of the limiting distributions. However, precise formulas are lengthy and provide little
insight.

Remark: For b = 2, in the anti-symmetric case, that is, p := ppg = p11, & symmetry argument
shows that £(Zy) = £(Z), and that this distribution is characterized by the fixed-point equation

Zo L (Bpp+ (1 - By)(1—p))Zo + 1,
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where B, has the Bernoulli distribution with success probability p and B, Zy are independent. This
is the same fixed-point equation as in the symmetric Bernoulli case p := pgg = p1o. From (32) we
know that, in distribution,

1-2p - 1
p(l—p)" 1-p
Note that this is consistent with Figures 2(b) and 2(d) on page 5. In both figures, the (closure of the)
images of both red and blue functions are equal to the interval [1/ max(pgg, po1), 1/ min(pgg, po1)]-
In the general case, the limiting distributions are harder to describe. By classical results going back
to Grincevicjus [19], it is well-known that, under very mild conditions, perpetuities such as £(Z)
and L£(Z;) for b = 2 are either absolutely continuous, singularly continuous or discrete. It is easy
to see that both laws are non-atomic, and we leave a more elaborate discussion of their properties
for future work.

Zy=2721=

3.2 The worst case rank model
We now discuss the worst case rank model. Theorem 1.5 follows easily from Theorem 1.2.

Proof of Theorem 1.5. As in Section 2.3, set X, (v) = (Z,(v) — m(v)n)/v/n. By Theorem 1.2
and Skorokhod’s representation theorem, we may assume that || X, — H|| — 0 almost surely. For
M,, = sup,cx Zn(v), we have

M,, — Mpaxn

liminf =" > gqup H(v).
n— 00 \/ﬁ - Uezflr;ax ( )

Thus, we need to show that
M, — Mmaxn
limsup ————— < sup H(v). 38
n~>oop \/ﬁ o UEE%I;&X ( ) ( )

Let € > 0. By uniform continuity of H and uniform convergence of X,,,n > 0, there exist (random)
M, Ny € N such that

| X, (v) — Hw)| <e forall n > Ny, j(v,w) > M.

Further, by uniform continuity of m, there exists €; > 0 such that

o0
max-*

m(v) > Mpax — €1 = j(v,w) > M for some w € &

In the remainder of the proof assume n > Ny. By construction, on the one hand,

Zn - max . .
Zn(v) = Mmaxnt < sup H(v)+e forallve 3 with j(v,w) > M for some w € X5 .
\/ﬁ veEXL,

On the other hand, if j(v,w) < M for all w € £

max?

then m(v) < Mmmax — &1 and therefore

Zn - max
Zn(v) = Mamac? < sup H(v) +e—e1v/n.

\/’ﬁ VEX®

Hence,
. M,, — Mmaxn
limsup ———=""— < sup H(v)+e.
n—soo vn vEDT, .

As e was chosen arbitrarily, we obtain (38) concluding the proof of the distributional convergence.

For the convergence of the moments note that the proof of IE[HX&T)’U — H?||*] — 0 in the
verification of Theorem 1.2 can easily be extended to show that, for any p > 3,

E[[| X5 — HY|[P] = 0.
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Since
inf X, < 2 max
vé%N n(U) - \/ﬁ - pEN®

this concludes the proof. O

Remark. Our proof of the distributional convergence in Theorem 1.5 extends straightforwardly
to any sequence of random variables with values in the space of continuous functions on an arbitrary
compact metric space K satisfying a functional convergence as in Theorem 1.2.

In the context of centered continuous Gaussian processes, it is well known that boundedness of the
variance function leads to bounds on the variance and the tails of the supremum. The following
results follow directly from, e.g., Theorem 5.8 in [2].

Proposition 3.2. With H in Theorem 1.2 let 02,,, = max,cxn=E [H(v)2] For the supremum
S = sup,esn~ H(v) and t > 0, we have

t2
P(S — E[S]| > 1) < 2exp (—2 : ) .
Moreover,
Var(9) < o2

mazx*

For a memoryless source, we have

o2 .= sup m(v)(1 —m(v)) +2 Z Em(v®).
k=1

VEX>®

2 _ b
maz — (b—1 2"

The analogous bounds apply to the process G in Theorem 1.8.

In the uniform model, o

Finally, let us discuss the structure of the set ¥,,.x in the context of some examples. For r € ¥,

we write X7 for X,y if the initial distribution is p” defined in (9).

Example I: The unique case. For almost all choices of transition probabilities, the set ¥,ax
contains exactly one element. The situation in Theorem 1.3 (with 5 # 1) yields just one possible
example.

Example II: The finite case. Let b = 2. It is easy to construct a source with Y. =
{00...,11...} setting poo = p11 > 1/2 and pg = p1 = 1/2. The situation is more complicated for
the set X0 since, for pog = p11, this set is not finite. Let b = 4. Then, it should be clear that, if
we choose p11, P23, p31 very close to 1 and poz2, pos very close to 1/2, then only the strings 2311...
and 311... can lie in X9 . A straightforward calculation shows that this set contains both strings

if we choose p11 =ps1 =1—¢,po2 =1/24+¢€,po3 =1/2 —2e,p33 =1—¢e(2e +7)/(2¢ +1) and ¢
sufficiently small.

Example III: The countable case. Let b = 4 and pog = po1 = p11 = 1/3, po2 = pos = 1/6,
P10 = p12 = p13 = 2/9. Further, let pa, = p3, = 1/4 for all r € ¥. Then,

Yo ={vll...:v=100...0€ 2*}U{00...}.

max

30 o and Fp (39 ) are countably infinite.

max
Example IV: A set of Cantor type. Let b = 3 and p,g = pro = 2/5, pr1 = 1/5 for r = 0,2

and p1 = 1/3 for k € ¥. Then
ZO

max

={veX®:v; €{0,2} for all i > 1}.

Fo(X°

biax) 1s a perfect set with Hausdorff dimension log 2/ log(5/2) = 0.756 . .. (See, e.g. [13, Example
4.5].)
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Appendix

Algorithm 1 describes Radix Select on strings. Here, we assume numbers are given in their b-ary
expansions over the alphabet {0,...,b— 1} and let

e [ denote the sought rank,

e A = [s1,...,8,] be the input list of size n with strings s1,..., sp,
e length(B) denote the number of strings in a list of strings B,

e B[j] denote the j-th string in a list of strings B, and

e s;[¢] denote the ¢-th symbol of the string s,.

Algorithm 1 Radix Select
procedure RADSEL(int &, int b, list A) return RSLoor(k,b,A,1)

procedure RSLoop(int k, int b, list A, int x) > Iteration in RADSEL
if k£ > length(A) then return ’invalid input’

if length(A) = 1 then return A[l]

else

for i€ {0,...,b—1} do > Initializing the "buckets’
A; < empty list

for s € A do > Distributing data into ’buckets’

L<+1

F<+0

while F + length(Ar) < k do > Finding L with s, € AL
F + F + length(Ay)
L+ L+1

return RSLoopr(k — F, b, A, z+ 1) > Continue Search in Ap,

30



