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Abstract

We establish smoothing estimates in the framework of hyperbolic Sobolev spaces
for the velocity averaging operator p of the solution of the kinetic transport
equation. If the velocity domain is either the unit sphere or the unit ball, then,
for any exponents ¢ and r, we find a characterisation of the exponents g4 and
B_, except possibly for an endpoint case, for which fo Dﬁ ~ p is bounded from
space-velocity Li’v to space-time L{L". Here, D, and D_ are the classical and
hyperbolic derivative operators, respectively. In fact, we shall provide an argu-
ment which unifies these velocity domains and the velocity averaging estimates
in either case are shown to be equivalent to mixed-norm bounds on the cone
multiplier operator acting on L?. We develop our ideas further in several ways,
including estimates for initial data lying in certain Besov spaces, for which a
key tool in the proof is the sharp /P decoupling theorem recently established by
Bourgain and Demeter. We also show that the level of permissible smoothness
increases significantly if we restrict attention to initial data which are radially
symmetric in the spatial variable.
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1. Introduction

In this paper we consider regularity estimates for velocity integrals of the
solution

F(z,v,t) = f(x — tv,v)

of the kinetic transport equation
(8t—|—UV)F=0, F(.I’,U,O):f(l',’t)),

where (x,v,t) € RY x R? x R. The regularising effect of velocity integration (or
“velocity averaging”) of the form
pf(z,t) = y f(@ —tv,v) dp(v) (1.1)
for various velocity measures p has received considerable attention in the liter-
ature, where they are often referred to as wvelocity averaging lemmas (see, for
example, [6], [8], [9], [18], [19], [23], [24], [25], [33], [34], [42], [43]). Inequalities of
this type are extremely rich, capturing diverse phenomena from geometric and
harmonic analysis. This is perhaps most apparent through the interpretation of
the dual operation
prg(z,v) = /Rg(ac +tu, t)dt (1.2)
as a (space-time) X-ray transform, for which important problems remain wide
open; see, for example, [37] or [53].
For the purposes of this introductory section, we focus our attention on the
(physically-relevant) velocity average
pf(x,t) = flz —tv,v)do(v),
Sd—1
where ¢ is the induced Lebesgue measure on the unit sphere S4~1. Our estimates
will capture a natural regularising effect of the averaging operator p through the
use of hyperbolic Sobolev spaces, and we begin by introducing our results in the

context of initial data in L?(R? x S=1). For example, given any ¢,r € [2,00),



we shall obtain the optimal range of exponents 8, and S_ (except possibly an

endpoint case) for which the global space-time estimate
|03 D% pfllgry < Cliflez, (13)

holds. Here, Di* denotes classical fractional differentiation of order 54 and DP-
denotes the hyperbolic differentiation operator of order S_; these are Fourier
multiplier operators with multipliers (|¢| 4 |7|)%+ and ||¢] — |7||?~, respectively.

As far as we are aware, Bournaveas and Perthame [15] were the first to
investigate regularising properties of velocity averages over spheres using hyper-
bolic Sobolev spaces. They obtained (1.3) in the case (¢,7) = (2,2) when
(d,B+,8-) = (3,%,0) and (d,04+,6-) = (2,%,%). Notice that in the two-
dimensional case, a total of %—derivative has been gained by the velocity average
through the inclusion of hyperbolic derivatives; it was observed in [15] that such
a gain is not possible by considering classical derivatives alone. These results
were extended to all space dimensions d > 2 in [14] and it was shown that (1.3)
holds whenever (¢,7) = (2,2) and (84, 8-) = (432, —42).

We now state our first main result which gives an extension of these results

to g,7 € [2,00). In general the total number of derivatives is given by

Br+B=t+- -7 (1.4)
q

This restriction is in fact a necessary condition for (1.3) to hold, as can be shown

by a simple scaling argument. Also, it will be useful to write

. fd+1 1d 1 dt1
6+_mln{ 2r _2’r+q_ 4 }

Theorem 1.1. Let d > 2, q,r € [2,00) and suppose B, B— satisfy (1.4).

1. Suppose % < 951(2 — 1), Then (1.3) holds if and only if B4 < 7.
2. Suppose % > L2 — Ly Then (1.3) holds if By < B and fails if
B+ > B

The statement is given in terms of the parameter S, providing the upper

threshold on the number of allowable classical derivatives. This in the spirit of
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the genesis of such estimates, however, f_ may be considered the more decisive
parameter since its lower threshold is negative and thus a singularity in the D_
multiplier appears. Thus, we shall also write

d—1 d-1 d—l}

5" Ly
= ma. —
- g 2 2 4

for the lower threshold in 3_ so that 8, < 8% if and only if f_ > B*.

We will give two different proofs of the sufficiency claims in Theorem 1.1,
one of which relies on duality and Plancherel’s theorem, and another which pro-
ceeds by a direct analysis of the operator p. The dual approach is special to the
case of initial data in L?(R? x S?1). Nevertheless, it allows us to highlight a
strikingly clear connection to the cone multiplier operator, a well-known oper-
ator in harmonic analysis, whose full range of bounds on Lebesgue spaces is a
famous open problem. For o« > —1, the cone multiplier operator €% of order «
will be given by

— 2\ ¢
erate.r) = (1 ) olDaEn)

i
where ¢ € C2°(R) is supported in [£,2]. We note that the conventional cone
multiplier operator (first introduced in [48]) is given by the multiplier (1 —
1€]2/7%)% ¢(7), however we may consider these operators as essentially the same
with regard to their boundedness properties and thus we continue to refer to C

as the cone multiplier of order «.

Theorem 1.2. Letd > 2, q,r € [2,00) and suppose B+, B_ satisfy (1.4). Then
the estimate (1.3) holds if and only if eA-+42 s L7, — L{L bounded.

Thus, €% is the fundamental operator whose mixed-norm bounds for func-

tions in L?

i, underpin the smoothing estimates (1.3). Even in the case (¢,7) =

(2,2), this gives a new perspective by showing that the bounds established in
[15] and [14] at (B4, 8-) = (47, 374) are equivalent to the (elementary) bound-
edness of C¥ on L2.

Naturally, we would like to establish a full understanding of the mixed-norm
estimates of C* for functions in L?. Although the LP — L7 bounds for this

operator have been extensively studied (see, for example, [10], [22], [29], [30],
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[31], [38], [39], [41], [45], [50], [51], [54]) we were not able to find a reference for
the mixed-norm estimates that we need in the present work and thus, in Section
5, we shall include a proof of the following result. Moreover, the argument given
there is the basis of our direct approach to proving Theorem 1.1.

Let

1 d-—1 d+1 1
2r 4 0 2

o =a*(q,r) = max{ +
q
Theorem 1.3. Let d > 2 and q,r € [2,00).

1. Suppose + < 4SL(5 — L) Then € is L}, — L{L", bounded if and only if

Q=

a>ar.

2. Suppose % > 4L — L), Then € is L, — LILY bounded if o > o and

unbounded if o < .

We may say that (g, r) is wave-admissible when % < %(% — %) and ¢q,r €

[2,00). This is common terminology and, since we consider the case r < oo,
wave-admissibility is equivalent to the validity of the classical Strichartz esti-
mates H* x H*~' — LIL" for the solution of the wave equation (82 — A)u = 0,
where s = % — % - %. These estimates form the basis for our proofs of Theorem
1.1 (via the direct approach and the dual approach), along with an additional
argument when d = 2 which is necessary due to the fact that ¢ > 2 at the
endpoint Strichartz estimate in two space dimensions, and classical Littlewood—
Paley theory.

Our direct approach to proving the sufficiency claims in Theorem 1.1 has
the merit that it naturally extends beyond the case where the initial data lies
in L2(R? x S%~1). For example, we shall use this approach to establish an
extension of Theorem 1.1 for initial data in certain Besov spaces making use of
the sharp ¢ decoupling inequality for the cone recently established by Bourgain
and Demeter [11]. In a different direction of development, we shall see that the
direct approach allows us to see an additional gain of regularity if we restrict to

initial data which are radially symmetric in the spatial variable. This argument

uses the Funk—Hecke theorem, a result from classical harmonic analysis, and
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permits data which are rougher than L?(R¢ x S?~1), with regularity measured
with respect to smoothing in the spherical variable.

Both approaches readily allow us to understand velocity averages over dif-
ferent sets V. The case where V is the closed unit ball B?~! (equipped with
the Lebesgue measure) has also featured prominently in the literature on ve-
locity averages. As will become clear in Section 4, our dual approach will be
used to see that the analogous estimate to (1.3) on BY~! is equivalent to the
L}, — L{L boundedness of @A-+% (and thus the analogue of Theorem 1.1
holds with 8% raised by %) In this sense, we can view the cases of the sphere
and the unit ball as equivalent with a unified treatment. Our direct approach
may also be used to obtain bounds over more general velocity domains and we
illuminate this point at the end of Section 6.1.

The present work is a contribution to a large body of work on velocity aver-
ages in the context of kinetic equations. The papers [15] and [14] already cited
above have the most direct connection to our work. For comprehensive accounts
of the original motivation for studying regularising properties of velocity aver-
ages, along with extensive summaries of the prior results, we refer the reader to

the excellent surveys of Bouchut [7] and Perthame [46].

2. Overview and organisation

We have intentionally stated only a sample of our results in the introductory
section. The current section provides a more detailed overview of our main

contributions and allows us to clarify the structure.

Section 3

We establish some notation and record some observations which will be used

frequently throughout the paper.

Section 4

We present our dual approach to smoothing estimates for p with L? initial

data, beginning by allowing for the velocity domain and multiplier to be non-
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specific, then establishing a duality principle between such estimates and certain
Fourier multiplier estimates. This culminates with a proof of a generalisation
of Theorem 1.2 which includes both S*~! and B?~! as the velocity domain as

special cases; see Theorem 4.3.

Section 5

We prove Theorem 1.3 based on the duality principle from Section 4, thus
giving a proof of Theorem 1.1. Using Theorem 4.3, we shall in fact simultane-
ously give a proof of the analogue of Theorem 1.1 for B?~!; see Theorem 4.4.

We also establish certain weak type estimates for €% in the critical case o = o*.

Section 6

We present our direct approach to smoothing estimates for p. The natural
setting for the argument is for initial data in an LP-based Besov space and ini-
tially we illustrate how such estimates crucially depend on L% ,, — L{L!, bounds
for Cj, o p, where @ is a Fourier multiplier operator supported in a 27* neigh-
bourhood of the truncated cone. In particular, the range of S_ is completely
determined by the bound on this operator. When p = 2 our argument leads
to a direct proof of Theorem 1.1, and for general p > 2, based on the sharp
0P decoupling theorem of Bourgain and Demeter [11], we establish smoothing

estimates for initial data in the Besov space B;Q (see Theorem 6.5).

Section 7

We present several further results and contextual remarks. As is clear from
our discussion to this point, a feature of this paper is the exposing of links
with contemporary aspects of harmonic analysis, and in particular the modern
theory of Fourier multipliers and the restriction theory of the Fourier transform.
Additional discussion along these lines appears in Section 7, where, for example,
the affine-invariant endpoint multilinear Kakeya inequality (see [13] and [16]) is
viewed as a null-form estimate for a certain multilinear variant of p.

In a different direction, we use our direct approach in Section 6 to identify

an improving effect obtainable by restricting to initial data which are assumed
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to possess some symmetry; in particular, radially symmetric with respect to the
spatial variable, and independence with respect to the velocity variable. We are
also able to use our duality principle to identify the optimal constant and fully
address the existence and characterisation of extremisers for the estimate (1.3)
whenever (q,7) = (2,2) (see Theorem 7.6). Optimal constants and extremisers
are also identified when restricting to initial data which are radial in the spatial

variable (see Theorem 7.7).

3. Notation and preliminaries

3.1. Notation

For space-time functions defined on R%*+! we consistently use the letter g,
and for space-velocity functions defined on R% x V| we consistently use the letter
f. If a function is defined on R% we use the letter h.

From now on, in the Lebesgue space notation, we shall usually drop the
explicit reference to the underlying measure space (for example, Li,v will simply
be written L? where possible). All norms are global and so there should be no
confusion.

Regarding constants, we write A < B or B 2 A to mean A < CB, where C
is a constant which is allowed to depend on d and any exponents which are used
to define the relevant function space in use, and A ~ B means both A < B and
B < A hold.

We introduce the Littlewood-Paley projection operators (P;);ez given by
Pjh(€) = ¢(277|€])h(€)

where ¢ € C°(R) is supported in [$,2] and such that
D oe2E) =1
JEZ
for all € # 0, and for appropriate functions h on R?. We extend the definition of

P; to space-time functions on R? xR or space-velocity functions on R?x V in the
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obvious manner acting on the spatial variable only. The classical Littlewood—
Paley inequality that we will use states that, for any r € (1,00) we have the

equivalence

1/2
il oy ~ H (Z |Pjh|2)

JEZ

LT‘(]Rd).
For a proof and further discussion we refer the reader to [47].

The annulus {¢ € R : [¢] € [3,2]} will be denoted by 2o and the indicator
function of the set S will be written as 1g, and x4 = max{z,0}. Also, the

Fourier transform of an integrable function ¢ : R™ — C is defined to be

5O = [ et

for £ € R™. Thus, we use the same ~ notation for functions depending on z,
or (z,t), or (z,v). In the latter case of space-velocity functions, the meaning
is that the Fourier transform is taken only with respect to the spatial variable.

Also, sometimes it is convenient to write Fp = .

3.2. Preliminary observations

For general velocity domains, the Fourier transform of pf is easily computed

and we obtain the expression
pren =2r [ 80 €+ n)f(E ) duto) (31)
v

Now suppose V = S?! with Lebesgue measure. Clearly ;} is supported in
the region

¢:={(&7) eR™L 7| < ¢}

and this fact plays an important role in the analysis.

It will also be helpful to note here that the dual operator p* is given by

prg(x,v) = / g(x +to,t)dt (3.2)
R
and hence
prg(&,v) = g6, =€ - v). (3.3)
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The relevance of the multipliers D, and D_ may be seen by considering
initial data which are independent of the velocity variable. In this case, we may

explicitly calculate the above integral in (3.1) over S?~! using the following.

Lemma 3.1. For every (7,¢) € R4t with € # 0 we have

d—3

v - Ado(v) = |S?—2 ]'@(577—) 77—72 =
R R

Proof. We use rotation invariance and homogeneity to write

1 T
/Sd?1 0(v-&+71)do(v) = 6 Jous o0(v-eq+ m) do(v)

where eg is the dth standard basis vector in R?. Parametrising S*~! by v =
(Dsin 8, cosf) for o € S¥=2 and ¢ € [0, 7] we obtain the claimed expression. [
Using Lemma 3.1 and rotation invariance, one may write

- - 2W1¢(€,T) -~ v o v
PHET) = i iy [, TE v docer) (34)

where ¢, == {v € ST v &+ 7 = 0} is a slice of SY! by a hyperplane
with normal direction given by &, and o¢ - is the induced surface measure. This

alternative representation of ;)? will sometimes be more convenient than (3.1).

4. Approach I : Dual analysis

4.1. A duality principle

We begin by considering the velocity domain V' equipped with the mea-
sure dp(v) = w(v) dv for some compactly supported function w on V, and the

corresponding velocity averaging operator

pfet) = [ S —to.0)duo).

The duality principle that we would like to expose concerns smoothing estimates

for p of the form
15~ (mpf)llaey < Clfllr2 (4.1)

10
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for an appropriate Fourier multiplier m, and the L? — L{L" boundedness of

the associated multiplier m,, given by
- 1/2
m#(f,T) = m(gvT)<|?1|:Rw(_ﬁ7 %)) . (42)

The notation || f||z2 means that the integration in the v-variable is taken with

respect to the measure p, and R is the Radon transform given by

Ruw(r,0) = /V w(y)d(y -0 —r)dy

averaging over the hyperplane {y € R? : y -0 = r} for fixed (r,0) € R x S~1.
Also, we use the boldface notation C for the optimal constant in (4.1).

First, note that (4.1) is dual to the estimate

1p°F () 22 < Cllgll, .

where the dual operator p* is given by (3.2). Using (3.3) we easily obtain

. 1 =
105 @) e = s [ [ € PIEN [ 3+ oy duarag
and hence

* — fo 1 ~ — o~
lp* T~ (mg)lI7z = Wllmug\\%z = 2| T~ (m.9) |72

This means that (4.1) is equivalent to the Lf/L;/ — L? boundedness of the

Fourier multiplier m,,, and by a further duality, we have proved the following.

Theorem 4.1 (Duality Principle). The smoothing estimate

1T~ (mpf)ll e < ClIfllz2

holds if and only if m,, is a bounded Fourier multiplier from L? to L{L". More-
over, the optimal constant C is such that (2m)~/2C coincides with the operator

norm of the Fourier multiplier associated with m,, as a mapping from L* to

LIL".

A particular instance of this duality principle can be found in work of
Bouchut [7] (see Proposition 7.1) corresponding to the case where (¢,7) = (2, 2)

and classical Sobolev smoothing.

11



In the case of a radially symmetric measure supported inside the unit ball

B!, the following expression for the Radon transform will be convenient.
Proposition 4.2. If w(v) = w(|v|)1jo(|v]), then

1
Ruw (r, ) = |Sd—2|1[,1,1](r)/ () 2(1 - )" ds

|7l

w  for each (r,0) € R x S4~1.
Proof. For r € [0, 1], using polar coordinates we get
1 N
Rus(r, 0) = \Sd‘2|/ / B()8(sA — 1) (1 = A2) 24 4=1 dds
o J-1
and the claimed expression follows. O

The cases of primary interest are V = S?~! or V = B?~! equipped with the

induced Lebesgue measures and

m(€&, ) = (|g] + |7+ lle] = |71

These cases may be unified by considering the case where

1

wi(v) = m(l = [v*)* 10,1 (Jvl) (4.3)

for k € [-1,0]; we let dpg(v) = wy(v)dv and, to avoid double subscripts,
we write m, for the associated multiplier given by (4.2). This family of mea-
sures naturally unifies the cases of interest since pu_; = %O‘(U) and dpo(v) =
1ga—1(v) dv; of course, p_; is a singular measure and so this ceases to directly
fall under the scope of the above discussion; however a limiting argument allows

us to make sense of Rw_; and we obtain

Rw_y(r,0) = 3[S72|(1 —1?) 7
and therefore
B+

11ed—21/2 1 7] By—F- 2
7m&ﬂQSIWEmw2@+) @2) . (44)
g ).

12
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Remark. The limiting argument we refer to in order to obtain the above formula
for Rw_; is already present in Lemma 3.1. The operator R acting on more
general singular measures can be shown to be well defined and we refer the

reader to [44] for further details on such sliced measures.

For general k € [—1, 0] we use Proposition 4.2 followed by elementary changes
of variables to write

S|

Run(r0) = 1o

1
/ (1 —s%)"(s* — 7”2)% sds
|

|
- ‘Sd_2|
C20(1 4 k)

The beta function B satisfies the identity I'(x + y)B(z,y) = I'(x)['(y), hence
—1

Sd-2|p(4=L
:R'LU,{(T,G):| | ( 2 )

d—1
(1 - T B4k, 450,

d—1
T T2 02 e
2U(4EL + k) ( )+

and whence
d—2 | (d=1y\\ 1/2 By—B- 2\ @

(6, 7) = <|§F(d—|;1‘(+2ﬁ))) |£|5++ﬂ-—% (1 + |T|> (1 _ |2|2>+ (4.5)
whereazﬂ,ﬁ—g—{—%.
Remark. Observe that we are now in a position to immediately give a clear
picture of when (1.3) holds in the case (¢,7) = (2,2). Indeed, by Theorem 4.1,
(1.3) holds if and only if m_; is a bounded multiplier L? — L2, that is to say,
m_; is a bounded function on R¥*!. From (4.4), clearly this is the case if and
only if gy + - = % and f_ + % > 0. This approach based on the duality
principle provides an alternative to that given in [15] and [14]. Of course, (4.4)
also brings to light the link to the cone multiplier eA-+%7* and this forms the

basis, along with Theorem 4.1, for our proof of Theorem 1.2.

More generally, we prove the following for the velocity average p, given by

pﬁf($7t) = - f(x — v, U) dun(v)'

Theorem 4.3. Let d > 2, q,r € [2,00), k € [—1,0] and suppose B+, S satisfy
(1.4). Then the estimate

1D D pefllpare S IIFllze (4.6)

13
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holds if and only if € is L?> — L{L" bounded, where o = _ + 5+ %.

Proof. From Theorem 4.1, it suffices to show that the L? — L{L" boundedness
of the Fourier multiplier m,, and C% are equivalent. Obviously F(C%g) = mymg
where

il

B-—B+
(€, 7) = Canle(€, T)B(ENE~#+ P+ (1 ; |£)

and C,, is some constant. It follows that F~!sn € L! and hence the L? — LIL"
boundedness of C* follows from the L? — LL" boundedness of the Fourier
multiplier m,.
Conversely, if we assume that €* is L? — L{L” bounded, a similar argument
shows that
1T~ (ms Pog) |22, < 1 Pogllre (4.7)

where, in general, ]3;](5, 7) = ¢(277|€])g(&, 7) is the jth Littlewood—Paley pro-
jection operator. Since

FH(m,. Pig)(z,t) = 20+ TA-F4+3)ig =1 (1m, Pyg.) (20 227t)
where g;(¢,7) = G(27€,277), we see that (4.7) implies

||?71(mnpjg)||L§L; S IPjgllze

for all j € Z. Since ¢,r € [2,00), it now follows from (3.1) that the Fourier

multiplier m,, is bounded L? — L{L". O

As a consequence of Theorem 1.3 (to be proved in the forthcoming section),
we obtain the following generalisation of Theorem 1.1 given in terms of the

threshold

B (k) = ma l+d_1,d+'€ d+1+2k
- - e q 2r 2 4 ’

Theorem 4.4. Let d > 2, q,r € [2,00), k € [—1,0] and suppose B4, B_ satisfy

(1.4).
1. Suppose % < 451(2 — 1) Then (4.6) holds if and only if B— > B* (k).
2. Suppose % > L3 — 1) Then (4.6) holds if B > B* (k) and fails if

B < B (k).
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5. Proof of Theorem 1.3

5.1. Sufficiency

Fix a > a*. The localisation to (7, ) € € with & € 2 built into the operator

C* means that the desired estimate

1€%llzery < llgllze

follows once we prove that ¢(|£])(|£] — |7])% gives rise to a bounded multiplier
operator L? — LIL". Indeed, since [£] ~ 1 and |7| < 1, elementary considera-
tions show that the convolution kernel corresponding to the remaining factor in
the multiplier is integrable on R? x R and thus plays a benign role.

Since o may be negative, the delicate part of the multiplier is at the boundary
of the cone 7 = £|¢|, so the next stage is to dyadically decompose away from
this region. We may consider the cases 7 > 0 and 7 < 0 separately, and via
elementary changes of variables one can see that the latter case can be obtained
from the former. Thus, we take ¢ € C°(R) to be supported in [3, 2] such that

s% =Y 2 keqp(2bs) (5.1)
kEZ

holds for all s > 0, and use this to decompose the multiplier as

Losod(IED(IE] = 1)S = mo(&,7) + D 27 Lsod(I€)w(2¢ (€] — 7).

k=ko

Here, of course, m( contains the terms up to kg — 1 of which only O(1) remain
thanks to the localisation in £, and thus my is a smooth function supported in
the set

{(6,7) € R x R[] € [3,2], [e] — 7 > 2750,

The precise value of kg ~ 1 is not important and it will be clear that a sufficiently
large choice can be made to make the following argument work. Associated with

the above decomposition, we introduce the multiplier operator Cj given by

F(Crg)(€,7) = Lrsoo(I€)w (2" (I€] — 7)g(E, 7).

15
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Since we are assuming « > o, we are reduced to proving

1577 (mog)]

LiLr < llgllze (5.2)

and

ICrgllror: S 2% Nlglie (k> ko). (5.3)

Estimate (5.2) is more easily established since mgg is compactly supported in a

region where |{| — 7 ~ 1.

Proof of (5.2). Taking a function y € C(R? x R) such that x(¢,7) = 1 for
all (¢, 7) in this support, we may use the fact that ¢,r € [2,00) and the Young

convolution inequality on mixed-norm spaces to see that
H?_l(moﬁ)HLfL; =[|F " x * ff_l(moﬁ)HLgL; ST (mog)ll 2.

(Such an estimate is often referred to as Bernstein’s inequality.) By Plancherel’s

theorem and since [|mg||r < 1 we obtain (5.2). O

Proof of (5.3). For d > 3, we use (in almost one fell swoop) the classical
Strichartz estimates for the wave equation for frequency localised initial data.

If we write

U(t)h(z) = / @ EHIENT ) de (5.4)

Rd
for the half-wave propagator, then the reader may find a proof of the following

estimates in [35] along with a more comprehensive historical account.

Proposition 5.1 (Strichartz estimates for the wave equation). Suppose ¢,r €

[2,00) and % < (L — 1) Then

U@ arr < (Bl L2
whenever h is supported in Ag.

Remark. In fact, the single frequency Strichartz estimate in Proposition 5.1
holds if and only if d > 2, ¢,r € [2, o0, % < 41— Lyand (¢,7,d) # (2,00,3);
thus, the cases where ¢ = oo or r = oo are valid, except for the special case
(q,7m,d) = (2,00,3), and consequently we may extend Theorem 1.3 to include

such exponents.
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Suppose now k > kq. By Plancherel’s theorem, we obviously have ||Cr g2 <

llgllz2. Hence, to prove (5.3), by interpolation it is sufficient to show

ICrgllLsry < 272(g]lre (5.5)

provided = < %(% — %) By a simple change of variables, Cg can be written

1
q
as

1 . .
Crg(e.) = G /R T P(2"s) /R D G(1e]) gt g (€, (€] — 5) déds

so that by applying Minkowski’s integral inequality and Proposition 5.1 we

obtain

1/2
lesglize: 5 [ loe9l( [ lae = sra)  as

Estimate (5.5) now readily follows from the Cauchy—Schwarz inequality, further
elementary changes of variables and another use of Plancherel’s theorem.

Now suppose d = 2, in which the above argument does not give the full
range of ¢,r; the endpoint for the Strichartz estimates occurs when ¢ = 4
and interpolation with (¢,7) = (2,2) is not sufficient to obtain the full range.

However, it clearly suffices to establish the additional estimate

I€kgllr2ree S 27 gllL2
or, by duality,
ICrgllre < 2_k/4||9||L’;‘L;- (5.6)

If we let K be given by K (€,7) = ¢(/¢])%1(2"(|¢|-7))?, then [|Cyg||2. < (K*g,g)
and it suffices to show

1K |y e S 2702

Since
[ K (2, t)] ~ 2k|1/b\2(2kt)|‘/ (€] 2ei= =D g¢
R2

it follows that
K (2, )] S 272 (27 ) (1 + [¢) /2

17



uniformly in x € R2. This follows directly from the well-known dispersive esti-
mate which plays a key role in the standard proof of the estimates in Proposition

5.1 (see, for example, [35]). Hence
IKlster £ [ [0+ 2400) /2 ds 2747
' R

as desired. O

Remark. If é > 4211 — 1) 2 < ¢ < oo, we can prove weak type estimates for

C at the critical exponent o = a*(q,r). In fact, for ¢,r as above we have

1e2gll g ry S gllze- (5.7)

In the pure-norm case (¢ = r), this can be strengthened to the strong type

estimate

le°lss , < gl 2z

and we refer the reader to [39] for details of how this upgrade proceeds. (It seems
likely that the same also holds for the mixed-norm estimate but we do not pursue
this here.) Since L:/ %% is normable, (5.7) combined with the Littlewood-Paley
inequality gives

ID D pfll e e S 122

with f_ = p* provided that % > %(% — %), 2 < q<oo.
The proof of (5.7) is rather elementary (and follows from a more general
principle which may be found, for example, in [40]). Indeed, we may assume

llgllzz = 1 and it suffices to show

‘{f . i 2_“*’“Gkg
k=k

Choose ¢1,¢2 € (2,00) such that ¢1 < ¢ < ¢a2. So, we have —a* + a*(q1,7r) >

> )\H <A (5.8)
Ly

0 > —a* 4+ a*(ge, r). Hence, Minkowski’s inequality followed by (5.3) yields

N-—-1
Z 2—a*kekg

k=ko

< 9N(a®(g1,r)—a")

L Ly

18
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and

< oN(a™(azm)—a™)
L2rr

i Zfa*krekg
k=N

So, by this and Chebyshev’s inequality, the left-hand side of (5.8) is bounded

by
A > . A
fr el S, 2}
Ly 2 k=N Ly 2

< onN(a"(q1,r)—a”) y—a + 9azN(a"(gz2,7)—a") \—a2

N-1
> 2" g
k=Fo

Choosing N which optimises the last expression gives (5.8).

5.2. Necessity
By duality, it suffices to show that

d—1 d+1

1
> — _— .
a > . + o 1 (5.9)
and
s 1 (5.10)
o> —= .
2
are necessary conditions for
leglzz S Il - (5.11)

We will accomplish these claims using a Knapp-type example and a bump func-

tion example as follows.

Proof of (5.9)

Let 0 < 0 < 1 and g5 be given by

6 = o5 Yot v T o),

Jj=1

Note that for (£, 7) in the support of gs one has

&l ~Ve 1<j<d-1), 7l¢l~1, [§-T~6 [&—eq~V6

19
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and thus gs is a smooth function adapted to a d-plate. Writing 65 for the support
of g5, by Plancherel’s theorem we clearly have ||€%gs| 2 ~ 6%|05]*/2. Also, one
can show that the main contribution to the right-hand side of (5.11) arises from

the dual box consisting of those (x,¢) such that

lz1]s s |za1] S lza +t S 1, |za—t| S

| =

L
\/57

d—1
and therefore ||gl| ~ |95|5_W_$. Since [0s] ~ §“%", it follows that if

!
a’ !
LY L7

(5.11) holds then o > 4L — d=1 %, which is equivalent to (5.9).

Proof of (5.10)

Choose g(z,t) = g1(7)g2(t), where g1 € C°(R?) is such that g;(¢) = 1
for [¢] € [3,2] and go € C(R) is such that go(7) = 1 for all [7] < 2. By

Plancherel’s theorem and a trivial change of variables in 7,
1
gl ~ [ 60e el - ) G@F R ard 2 [ (0= ax

and hence a > —3.

6. Approach II : Direct analysis

In this section, we shall focus on the case V = S%1: later we make some
remarks on the robustness of the approach taken here and applicability to other
velocity domains.

Consider initial data f belonging to the (homogeneous) Besov space B;Q.
To define this space, we use the Littlewood-Paley projection operators (P;);ez

introduced in Section 3, and the norm
‘ 1/2
1flls;, = <ZQ2“IPJJ‘II2LP> :
' jez
For instance, 3572 is the (homogeneous) fractional Sobolev space H® (regularity

measured in the spatial variable) and specialising further still 3872 is L2,

20
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We begin by considering f such that f(-,v) is supported in 2y for each
v € S, Throughout this section, we regard p, g, and s as given parameters,
and we set
d 1 d

6++67:S+;+6—5. (61)

The core argument in this section is based to some extent on the above proof
of Theorem 1.3; the key role played by the Strichartz estimates for the wave
equation above will be replaced by different estimates (such as the sharp ¢
decoupling inequality) depending on the context.

We shall often use that /;} is supported in the region €. Thus, as a result
of the spatial localisation of the initial data we shall see that the key estimates

are
15~ (mopHllpar: SIfllze (6.2)
and

ICkofllzry < 2% fllze (k> ko). (6.3)

Here n ~ 1 is a crucial parameter which determines the range of admissible £_,
the multiplier myg is given by
mo(6,7) = Y 27 g(IEhw(2* (¢ - 7))
k<ko—1

and kg ~ 1 is chosen sufficiently large. We emphasise that there are O(1) terms
in the sum defining mg thanks to the localisation to 2.
As one may expect, the estimate (6.2) away from the singularity in the

multiplier is more easily established.
Lemma 6.1. Ifp € [2,00] and q,r € [p, 0], then (6.2) holds.

Proof. We use interpolation between the cases p = 2 and p = oo. For p = 2,

since |{] — 7 ~ 1 on the support of mg, by (3.4) and the Cauchy-Schwarz
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inequality, we have

mo (&, T)pf(€, 7)1 <

2
/ 7€, v) doe.-(v)
Egﬁ

A

[ 1feordrew)
Yer
~ [, a0 an o)

Hence integration in 7 and then £ gives ||m0,5}||Lz < |Ifllp2 and therefore (6.2)
follows for p=q=17r = 2.

For p = oo, since T~1mg € L and, trivially, ||pf| L~ < ||f]lL~ we obtain
(6.2) when p = ¢ = r = oo. Interpolating between these two estimates we
obtain that (6.2) is true whenever p = ¢ = r € [2,00], and since myg is a

bounded function of compact support we finally obtain

15 mop N az: SNF " mophH)llee S| fllze
as desired. O

The following conditional result clarifies the decisive nature of the estimates

(6.2) and (6.3).

Proposition 6.2. Suppose (6.2) and (6.3) hold. Then whenever q,r € [2,00)
and B_ > n the estimate

||D§+D€7Pf”L§L; S B:,
holds for all f € B;72'

Proof. As in the proof of Theorem 1.3, using the identity (5.1), the triangle
inequality, and the estimates (6.2) and (6.3), we immediately obtain

1D p(Pof)llpars S I1PofllLe

since f_ > 7. It follows from the frequency support of p(FPyf) that

1D D= p(Pof)llparr S IIPof Lo
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and then a rescaling argument shows that
D% D2 p(Pif)lngny S 2°1Pf|lr. (6.4)
The basis of this rescaling argument are the identities

D D% p(P; f) (x,t) = 27 B+ 8-+ DI DP= (P, ) (202, 271)

o~

and Py f;(z,v) = 2794P; f(27x,v), where fj(f,v) = f(27¢,v); these are easily
verified by simple changes of variables.
Since ¢, r € [2,00), it follows from (3.1) that
1/2
1D D pflpar, < (Z ||D£+Dﬁp<ij>||im) (6.5)
JEZ

and hence the desired estimate ||DE+D€’ pfllcary S |IfI

B2, follows directly

from (6.4). O

The above argument focuses attention onto the estimate (6.3). In this section
and the subsequent section we shall exhibit a variety of smoothing estimates
based on Proposition 6.2, in each case our work has been reduced to verifying

(6.3). We begin with a proof of (the sufficiency claims in) Theorem 1.1.

6.1. Direct proof of Theorem 1.1
Suppose d > 2, q,r € [2,00) and assume [y, S_ satisfy (1.4) with f_ > 5*.
Since p = 2 and s = 0, thanks to Lemma 6.1 and Proposition 6.2, it suffices to

prove (6.3) with n = 8*. By (5.3), it suffices to prove
3—d
ICkpfllrzes S 27 FlIflle (k= ko). (6.6)

To see this, note that the representation in (3.4) allows us to write

~

f(&;v) doe 7 (v)

25,.,.

lf(€,7)] ~ 2"

whenever [£] — 7 ~ 27%. Since we also assume [£] ~ 1, we have that ¢, is

a (d — 2)-dimensional sphere with radius (1 — %)1/2 ~ 27k/2and hence the

Cauchy—Schwarz inequality yields

PHENE S 27T [ b€+ nIF(E o) doo).
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Hence, integrating in 7, then &, we get (6.6). This completes our direct proof of

Theorem 1.1.

Remark. For simplicity of exposition, we have presented the direct approach
with the velocity domain as S*~! equipped with Lebesgue measure. However,
it is clear that the approach is sufficiently robust to handle other situations.
For example, we may follow the above proof to give an alternative proof of the
more general statement in Theorem 4.4 concerned with the family of measures

dp (v) = wy(v) dv, where wy, is given by (4.3).

6.2. Besov space estimates via the (P decoupling inequality

Here we show how the recently established sharp decoupling theorems of
Bourgain and Demeter induce B;Q — L9 smoothing estimates for p. Since
the mixed-norm theory of decoupling estimates has currently not been fully
developed, we shall consider only the pure-norm where ¢ = r on the velocity
average; it will be obvious how to extend our results to the mixed-norm case on
the basis of a mixed-norm extension of Theorem 6.3 below (in particular, see
Lemma 6.4).

In order to state the /P decoupling inequality, it is necessary to introduce

some notation, starting with
P={(&Eh R x R[] € [1,2]}
for the truncated cone and
Ne([) ={(¢,7) eR! xR: 7€ [1,2],|7 — €] <27}

for the 2~* neighbourhood of ', with k£ >> 1. Then, subordinate to a given 2~%/2-
separated family of points on the sphere S, we let P(I') be the partition of
N(T) into plates 0 with height O(1), thickness O(27%) in the normal direction,
and O(27%/2) in the remaining d — 1 directions.

To define an important exponent v(p, ¢) in the following decoupling theorem,

we introduce the notation T = T° U Ty, where T = {(%, %) €[0,3)%: % > %},
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T = {(%7 LyeT: % > 2(dd111)} and Tg = T\ T°. Then v(p, q) is set by
d+1 | d—1 _ d el 1
%J’_T_E lf(57a)€(.TO
Y(p.q) = o
ot if (5,2) € Jo.

Also, for each § € P, (I") and k > 1, we define the projection I g by

F(Mk09) (& 7) = x0 (€)Y (1€ — 7)5(&, 7),

where yp is a smooth cut-off function supported on the corresponding subset of
se.
Theorem 6.3. Suppose that (%, %) € T. Then for each ¢ > 0 there exists a
constant C. < oo such that
1/p
lgllze < 052(7(P»q)+8)k< > ||Hk,eg||’£p> (6.7)

whenever g is supported in Ny (T').

In the diagonal case p = ¢, Theorem 6.3 is due to Bourgain and Demeter
[11] (these estimates are also known in the literature as Wolff’s inequalities,
and earlier contributions were made in [22], [38], [54]). For example, this may
be obtained from Theorem 1.2 in [11] where a stronger statement is proved
with an £2 norm on the right-hand side; the £7 decoupling estimate (6.7) follows
immediately by Holder’s inequality. Note also that when p = 2, as a consequence

of (5.3), we may obtain

lgllzs S 2% @D¥||g]| 2

~

and it is easily checked that (2, ¢) = a*(q, ¢). Hence, the full range of estimates
(6.7) for (%, %) in the triangle T follows by interpolating between the hypotenuse
]l) = % and the vertical edge % = % Of course, this argument shows that there is
no loss of arbitrary € > 0 in the exponent in (6.7) when p = 2; however, the loss
for general p and ¢ is completely inconsequential in our application of Theorem
6.3 below, since the exponent from (6.7) will manifest itself in the exponent in

the induced estimate (6.3) and the subsequent summation of a geometric series

already necessitates an open range for 5_.
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Lemma 6.4. Suppose ¢ > 0. Then estimate (6.7) implies (6.3), with a bound
depending on ¢, when ¢ =1 and n=~y(p,q) + % + €.

o~

Proof. In order to prove (6.3), we assume that f(-,v) is supported in 2 for

each v € S*"1. First, we claim
ﬂ ~
Mk opf e < 275 *||TTo £ Lo (6.8)

for cach 6 € Py, (). Here we write Il for the operator given by

o~

F(Io f)(€,v) = Xo(€) F(£,0)

where Yy is a smooth cut-off function such that ys = xgXs. Since

Xo(€)pf(€,7) = F(p(of)) (€, )

we have Il gpf = Hkﬂp(ﬁgf), and we may directly apply (6.6) to show that
(6.8) holds when p = 2. Since p is trivially a bounded operator L> — L,
estimate (6.8) also holds when p = oo, and the claim follows.

Applying (6.7) and subsequently using (6.8), it follows that for any ¢ > 0

we have the estimate

1/p
3-d ~
GwﬂméQﬂwm+”“M<§ZIMNﬁ>
0ePy, (F)

for some constant C. < oo. By again considering p = 2 and p = oo, and
once again making use of the fact that fhas support in %, one can show that

>0 ||ﬁ9f||§ S IfIB, thus completing our proof of the lemma. O
Proposition 6.2 now immediately yields the following.

Theorem 6.5. Suppose d > 2, p € [2,00), q € [p,00) and s € R. If B4,[B-
satisfy (6.1) and B > v(p,q) + %, then

1D D pfllea SIS

s
Bp,2

holds for all f € B3 ,.
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7. Further results and remarks

7.1. Multilinear velocity averaging

The decoupling inequalities developed recently by Bourgain, Demeter and
Guth, such as Theorem 6.3 above (see also [12]), draw on recent developments
in multilinear harmonic analysis, and in particular the fact that certain multi-
linear estimates for the cone multiplier C; are available in essentially optimal
form. Such multilinear inequalities rely crucially on the multilinear Kakeya-
type inequalities established in [4]; see also [16], [27], [28], [65], [3]. Kakeya-type
inequalities, being X-ray transform estimates, are themselves naturally formu-
lated in terms of the kinetic transport equation and the velocity-averaging op-
erator p; recall that the dual operator p* given by (1.2) is simply a space-time
X-ray transform. This perspective is somewhat implicit in the literature; see
for example [37] and [53]. In multilinear settings, Kakeya-type inequalities are
much better understood than their classical linear counterparts, and in some
instances may be expressed quite directly as Strichartz estimates for the kinetic
transport equation. Most notably, an elementary limiting argument reveals that
the affine-invariant endpoint multilinear Kakeya inequality (see [13] and [16])
is equivalent to the null-form estimate

d+1

. d
[ A g ) ot < TL 151 (71)
R JR4 =1 o
where
d+1 d+1
ﬁ(fla IERE) fd+1)(t’ (ﬂ) = /( ayit H f](l‘ - tvj7vj)m(vla cee 7vd+1) H dy’f(vf)'
Rd)d+1
j=1 (=1
and
1
U(v1,...,044+1) = |det
1)1 N vd+1
In the above, 1, ..., g1 denote compactly supported positive Borel measures

on RY, and || f;| L1, is given with respect to Lebesgue measure in the spatial
variable and p; in the velocity variable. Also, we clarify that U(v1,...,va+1)

coincides with the volume of the simplex in R? with vertices v; € R?, 1 <
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j < d+ 1. Here we interpret p(f1,..., fax1) as a (d + 1)-linear variant of the
linear operator p defined in (1.1); notice that without the determinant factor

the left-hand side of (7.1) simply becomes

d+1

/R /Rd 31;[1 p(f3)(t, )" dadt

and so (7.1) represents L' control of a part of this expression. The inequal-
ity (7.1) may be viewed as a generalisation (or perturbation) of the classi-
cal affine-invariant Loomis—Whitney inequality, as the special case of measures
L1, ..., ftgr1 supported at non-cohyperplanar points in R% quickly reveals.
There are other, more elementary, velocity-averaging inequalities which draw

on this multilinear perspective. For example, if p is given by (1.1), we have

d+1 d+1

d+1 _ s,
||Pf||Lf;.1 - /(Rd)d+1 /]Rd /R]l;[l f(l‘ t’U],U]) dtd.’l?ézl_ll dM(’U@)

and an application of the classical affine-invariant Loomis—Whitney inequality

(see, for example, [2]) in the variable (x,t) reveals the bound

_1
oSNl Lger S Tryal) T fll oo

where
d+1

I g(p) == / Vv, ..., va01) ¢ H dp(ve).
(Re)d+1 =1
Such “energy functionals” are related to the notion of affine dimension, and
present a more geometric and measure theoretic perspective on velocity aver-
aging. Multilinear determinant functionals of this type are studied in [20], [26]

and [52].

7.2. Symmetric data

Here we exhibit various ways in which the smoothness regime in the central
estimates in this work, namely those in Theorem 1.1, may be broadened if we
impose some symmetry hypotheses on the initial data. Such a phenomenon is
well-known in surrounding contexts, including the following Strichartz estimates
for the wave equation for radially symmetric data, whose range of validity should

be compared with Proposition 5.1.
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Proposition 7.1. Suppose q,r € [2,00) and % <(d=1)(3 — ). Then

U@Ly < [Pz

whenever h is radially symmetric and supported in Ay. Here U(t) denotes the

half-wave propagator given by (5.4).

We refer the reader to [17], [21], [32], [36], [49] for details. Below we establish
some improved smoothing estimates for the velocity average p acting on L2
initial data which are radial in the spatial variable, and specialising further
to initial data which are radial in the spatial variable and independent of the
velocity variable; we denote these classes as Lfa () and Lfa d(z0)" Again, we
focus on the case V = S9!,

These results will improve upon Theorem 1.1 for such classes of data and
our approach will follow the direct analysis in Section 6; we re-emphasise that,
as shown in Subsection 6.1, the role of the Strichartz estimates for the wave
equation is to establish (5.3) (applied to g = pf) which in turn allow us to work
on L?. For f € Lfad(x), it is not necessarily true that pf is radially symmetric,
thus the additional gain only arises in an improvement in (6.6). However, if
fe Lfa A(z,0)7 then pf is radially symmetric and yet further gain is available in
(5.3) by exploiting Proposition 7.1.

As outlined above, the direct approach rests on sharp estimates in the case
(g,7) = (2,2), and so we begin here. Our argument naturally leads to estimates
beyond initial data in L? by introducing Sobolev regularity with respect to the

velocity variable.

Theorem 7.2. Supposed > 2, s € [—%,0], Br+p- = % and B > _S_LEQ-
Then
IDT D™ pf|lre < I1(1 = A)*/2f] 2

2
holds for all f € Lrad(m).

Here, A is the Laplace Beltrami operator on S?~! acting on the velocity

variable. As a simple comparison, taking s = 0, we see that the range f_ > %
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is allowed for (1.3) for f € L2 d(x)” extending the range f_ > % for general
felrL?

Now fix f € Lrad(m) and write f(&v) = Fo(|¢],v) for f € Lrad( )- Then, for
each r > 0, we have the representation

=S¥ ) (7.2)
k=0

in terms of the basis of spherical harmonics for L?(S?~!). Using polar coordi-
nates, we may then write

s 5

1= 2721 = B S skt a- 2 [ pgettar
k=0

since AY;" = —k(k+d—2)Y;". The key point in the proof of Theorem 7.2 is to

obtain the corresponding representation of [/J} in terms of spherical harmonics.

Lemma 7.3. Suppose d > 2 and f is given by (7.2). Then
_ 2 Sd72 7:
Pf(f»T)_7r|§|( §|2> Zpdk —1) Yl

for each (&,7) € R4 with £ # 0.

The proof relies on the following classical theorem from harmonic analysis
whose statement requires the introduction of the Legendre polynomial pg j of
degree k in d dimensions. We may define pg4; by the Rodrigues representation
formula

Lt df

R Y =
FT(h s Eyar T

(1=#)F pas(t) = (~)F
and we refer the reader to [1] for this definition and terminology.

Theorem 7.4 (Funk-Hecke). Letd > 2, k € Ny and Y}, be a spherical harmonic
of degree k. Then

/ Flw )Y, (w)do(w') = (Ve (w)
Sd—1
for any w € S and any function F € L'([-1,1], (1 — )\z)dz;a). Here

=% 2|/ AP,k (A (1—/\2) 2 A
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We also suggest that the reader consults [1] for a treatment of the Funk-

Hecke theorem.

Proof of Lemma 7.3. As an immediate application of Theorem 7.4, using (3.1)

we obtain
&) = Z/Sd VW3 +€ ) do()
|£\ ch &Vl
where
Gu(,7) = [57- 2\/ 8(3 + Npar(N(d = 497 a.
The claimed expression in the statement of Lemma 7.3 follows. O

Proof of Theorem 7.2. Using Lemma 7.3, polar coordinates and orthogonality

of (Y )ken, for each fixed r > 0,
B+ nB- 2 |Sd s 25 23
IDy" D= pfllze = 7’+ IT))"7+ (r = |71)™" %

T _
(1,3) pax(~2)PIVE 30 4= drdr

and since Sy + - = %, we have
) Sd 212 @ B
ID% D% |2, = ' S |t

where

1
I = / [Pap(N)P(1 4+ A)A=326+ (1 — \)a-3+20- 4
0

We now invoke the pointwise estimate
Par(N)] < min{1, Cgk ™7 (1 — A2) %7} (7.3)

for each |A| < 1and k > 1, with explicit constant given by Cq = 2427 ~1/21(451).
A proof of these estimates can be found, for example, in [1] (see the inequalities

labelled (2.116) and (2.117) on pages 58-59).
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350 It follows immediately from (7.3) that I, < k% for all k > 1, provided s €
[—952,0] and B_ > —s— 452 Also, pa,o = 1, so Iy < 1 provided f_ > — 42, Tt
follows from the above that ||D§+D€* pflle < ||(1_A)S/2f“L2 for s € [_igi, 0]

d—
and f_ > —s — 72 Ol

Using the above analysis as a key ingredient, we provide the following im-

s provement to Theorem 1.1 for general ¢ and r for initial data in Lfad(z) and

2

rad(z,0)" For simplicity we state the result with no scale for smoothing in

the velocity variable; the interested reader may follow the above approach to

generalise the result accordingly.

Theorem 7.5. Let d > 2, q,r € [2,00) and suppose B, B_ satisfy (1.4). If

8 >max{1+d13(d1) 1d}
B q

2r 4 7 2

then (1.3) holds for all f € Lfad(z), and if

B_>max{;—|—d_1—(d—1),1_d}

r 2

then (1.3) holds for all f € L?

rad(z,v) "

Proof. Our strategy is to follow the direct approach in Section 6. In light of
Lemma 6.1 and Proposition 6.2 (or, strictly speaking, the appropriate modi-
fication given we are restricting to f € Lfad(r)), it suffices to prove (6.3) for
fe Lfad(x) such that f(-,v) is supported in 2 for each v € S*~!, and where

n= max{% + 41— ?’(dle), 154}, By (5.3), it thus suffices to prove
2—d
ICkpfllz S 27 I fllee (k= ko) (74)

w0 for such f.

To see (7.4), we employ Lemma 7.3 and polar coordinates to obtain
oo 00 1
lewpfle £3° [ [ oo r-n)1-n) o WP Y [Far drar,
—oJo J-1

Using the pointwise estimate [pg¢(A)] < 1 (see (7.3)) we quickly obtain (7.4)

from this expression.
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2

To prove the claimed estimate on L, d(z,0)’

we use Proposition 7.1 to improve
upon (5.3) for g which are radially symmetric in the spatial variable. Indeed,
by the same argument used to prove (5.3) via Proposition 5.1, it follows from

Proposition 7.1 that for ¢,r € [2,00) with % < (d—1)(3 — 1) we have
ICkgllosry S 27 2lglee (k= ko)

for all g which are radially symmetric in the spatial variable. Hence, for all

e > 0 there exists C; < oo such that
ICkgllyry < C2 *Hlglre (k= ko)

where

q r 27 2
It follows from (7.4) that, for all ¢ > 0, (6.3) holds (with an implicit constant

» {1 d—1 d 1}
o =Imax<q — + .

depending on ¢) for f_ > o™ + %d + e. Proposition 6.2 then implies (1.3)
holds whenever 5_ > o** + %, and this gives the claimed range of S_ in the

statement of Theorem 7.5 for f € L? O

rad(z,v)"

7.3. Sharp constants
The duality principle in Theorem 4.1 along with (4.5) allows us to extract
optimal constants for all cases of (1.3) when (¢,7) = (2,2), along with an

identification of the class of extremisers.

Theorem 7.6. Suppose d > 2 and (3, B— satisfy (1.4) (i.e. By+B- = 1) with

B > 324 Then the optimal constant in the estimate
1
IDE D2 pf 72 < CIf I (75)
for all initial data f € L? is given by
C = 27[S2|(d — 2)> Ud — 1 — 4B_)“T 2P~ (d — 3 + 48_) T +28-

for B_ € [332, 1], and C = 2x[S¥2| for B_ € (3,00). Furthermore, extremisers
exist if and only if (d,B+,B-) = (2, i, i), in which case [ is an extremiser if
and only if

F& ) = (€7 = I€ - v) 4G (¢, =€ - v),
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where g € L? is nonzero and § is supported in €. In particular, nonzero func-

tions in L? which are independent of the spherical variable are extremisers when
(dv BJr?ﬁ*) = (27 %1 %)

We note that when d = 2 and B_ = 274, the expression 0° arises in the
above formula for the optimal constant C, and this should be interpreted as

0% = 1 is each instance.
Proof. By (4.4) we may write m_(£,7)? = M(%), where

d—1 d—3
M(X) = %|Sd_2|(1 +A)77 (- )\)2’87+Tl[0,1]()\)-

Since o = 2u_1, it follows from Theorem 4.1 that C = 47||M||o. Elemen-
tary considerations may be used to show that this coincides with the claimed
expression in the statement of Theorem 7.6.

Regarding extremisers, we observe that a necessary condition for existence
is that ||m_1]|e is attained on a set of positive measure in R*1. However, it
is clear that || M|« is attained at a single point if (d, 81, 8-) # (2,1, 1), thus
ruling out the possibility of extremisers.

When (d, 84, 8-) = (2,3, 1) we have C = 47 and the function M is identi-
cally equal to 1o 1); hence extremisers exist. To give an identification of the class
of extremisers, note that (7.5) holds if and only if T = Sfflm;f is a bounded
operator L? — L2, with m(¢&,7) = (|¢]? — |7]?)'/4, and one can show that the
class of extremisers for T' coincides with the image under 7™ of the class of
extremisers for the dual inequality T* : L? — L? (see, for example, [5]). By
(4.1) it follows that ¢ is an extremiser for 7™ if and only if g is an extremiser

for the multiplier estimate

177 (m—19)13 < llgll3-

Since m_1 = 1¢ in the case (d, 54,8-) = (2, %, %), it is necessary and sufficient

for such g to have Fourier support in €. Using (3.3), we see that f is an

extremiser if and only if
F&v) = (1€ — |- v, —¢ - v)
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for such g, as claimed.
Taking §(&,7) = (|€]* — 72)~Y4go(|€]), where go is a nonzero function such

that [ |go(r)|?r dr < oo, then g € L? with support in €. Moreover,
(1€ = 1€ - o) *g(¢, € - v)

is independent of v, and hence such functions are amongst the class of extrem-

isers. O

An inspection of the argument used to prove Theorem 7.2 when s = 0 allows

us to extract optimal constants and a characterisation of extremisers.

Theorem 7.7. Suppose d > 2 and B4, - satisfy (1.4) (i.e. S+ 8- = %) with

B > %. Then the optimal constant in the estimate
| D5 D2 pf 72 < Coll £13:

for initial data f € Lfad(z) s given by

|Sd—2|2

_ 92d—2
00—2 7T|Sd71|

B(3;281 +d—2,28_+d—2)

and this is attained if and only if f € L?

rad(z,v)”

Here, B(z;a,b) = fOT A9=1(1—X)’~1 d\ denotes the incomplete beta function.

Proof. From the proof of Theorem 7.2 when s = 0, it is clear that the step at
which an inequality was made occurred when we used the bound I, < 1 for all

k > 0, where
1
I = / [Pap(N)B(L 4+ A)A=326+ (1 — \)a-3+20- 4
0

The uniform bound |pgx(A)] < 1 = pgp for all k >0, d > 2 and |A\| < 1 gives
that
I < 2279B(128, +d - 2,28_+d—-2) =1, (7.6)

for all k > 0, with equality if and only if £ = 0. This gives the claimed inequality

in the statement of Theorem 7.7, and the optimality of the constant is clear by
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410

415

taking f € Lfad(w’v), for then all terms Y} are zero in the expansion (7.2) for

kE > 1. Conversely, if f is an extremiser then the fact that (7.6) holds strictly

for k > 1 forces Y} to vanish for almost all » > 0. [l
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