-

View metadata, citation and similar papers at core.ac.uk brought to you byf’f CORE

provided by University of Birmingham Research Portal

UNIVERSITYOF
BIRMINGHAM

Research at Birmingham

A Subgradient Method for Free Material Design

Kocvara, Michal; Nesterov, Yurii; Xia, Yu

DOI:
10.1137/15M1019660

License:
Creative Commons: Attribution (CC BY)

Document Version
Publisher's PDF, also known as Version of record

Citation for published version (Harvard):
Kocvara, M, Nesterov, Y & Xia, Y 2016, 'A Subgradient Method for Free Material Design’, SIAM Journal on
Optimization, vol. 26, no. 4, pp. 2314-2354. https://doi.org/10.1137/15M1019660

Link to publication on Research at Birmingham portal

General rights

Unless a licence is specified above, all rights (including copyright and moral rights) in this document are retained by the authors and/or the
copyright holders. The express permission of the copyright holder must be obtained for any use of this material other than for purposes
permitted by law.

» Users may freely distribute the URL that is used to identify this publication.

» Users may download and/or print one copy of the publication from the University of Birmingham research portal for the purpose of private
study or non-commercial research.

» User may use extracts from the document in line with the concept of ‘fair dealing’ under the Copyright, Designs and Patents Act 1988 (?)
» Users may not further distribute the material nor use it for the purposes of commercial gain.

Where a licence is displayed above, please note the terms and conditions of the licence govern your use of this document.

When citing, please reference the published version.

Take down policy
While the University of Birmingham exercises care and attention in making items available there are rare occasions when an item has been
uploaded in error or has been deemed to be commercially or otherwise sensitive.

If you believe that this is the case for this document, please contact UBIRA@lists.bham.ac.uk providing details and we will remove access to
the work immediately and investigate.

Download date: 01. Feb. 2019


https://core.ac.uk/display/185496352?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://doi.org/10.1137/15M1019660
https://research.birmingham.ac.uk/portal/en/publications/a-subgradient-method-for-free-material-design(081e6e48-3560-4f11-a734-b2a028cb5b4e).html

Downloaded 01/23/17 to 147.188.108.179. Redistribution subject to CCBY license

SIAM J. OPTIM. (© 2016 SIAM. Published by SIAM under the terms
Vol. 26, No. 4, pp. 2314-2354 of the Creative Commons 4.0 license

A SUBGRADIENT METHOD FOR FREE MATERIAL DESIGN*

MICHAL KOCVARAT, YURII NESTEROV?, AND YU XIAS$

Abstract. A small improvement in the structure of a material could potentially lower manufac-
turing costs. Thus, the free material design can be formulated as an optimization problem. However,
due to its large scale, second-order methods cannot solve the free material design problem in a rea-
sonable time. We formulate the free material optimization (FMO) problem into a saddle-point form
in which the inverse of the stiffness matrix A(F) in the constraint is eliminated. The size of A(E)
is generally large, denoted as N x N. This is the first formulation of FMO without A(E)~!. We
apply the primal-dual subgradient method [Y. Nesterov, Math. Program., 120 (2009), pp. 221-259]
to solve the restricted saddle-point formula. This is the first gradient-type method for FMO. Each
iteration of our algorithm takes a total of O(N2) floating-point operations and an auxiliary vector
storage of size O(N), compared with formulations having the inverse of A(E) which requires O(N3)
arithmetic operations and an auxiliary vector storage of size O(N?2). To solve the problem, we de-
veloped a closed-form solution to a semidefinite least squares problem and an efficient parameter
update scheme for the gradient method. We also approximate a solution to the bounded Lagrangian
dual problem. The problem is decomposed into small problems, each having only an unknown of
k x k (k = 3 or 6) matrix, and can be solved in parallel. The iteration bound of our algorithm is
optimal for a general subgradient scheme. Finally, we present promising numerical results.

Key words. fast gradient method, Nesterov’s primal-dual subgradient method, free material
optimization, large-scale problems, first-order method, saddle-point, Lagrangian, complexity, duality,
constrained least squares
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1. Introduction. The approach of free material optimization (FMO) is to opti-
mize the material structure, while the distribution of material and the material itself
can be freely varied. For example, FMO has been used to improve the overall material
arrangement in air frame design (www.plato-n.org). The fundamentals of FMO were
introduced in [3, 19]. The model was further developed in [2, 24] and elsewhere. In
the model, the elastic body of the material under consideration is represented as a
bounded domain with a Lipschitzian boundary in a two- or three-dimensional Eu-
clidean space, depending on the design requirement. For computational purpose, the
domain is discretized into m finite elements, Q@ = (Qq,...,8,), so that all of the
points in the same element are considered to have the same property.

Let u(x) denote the displacement vector of the body at point x under load. Denote
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the (small-)strain tensor as

i (u(e)) % 5 (2ot 200

Let 055(x) (4,7 =1,...,3) denote the stress tensor. The system is assumed to follow
the Hooke’s law—the stress is a linear function of the strain,

0ij(x) = Eijri()er (u(z)) (in tensor notation),

where E is the (plain-stress) elasticity tensor of order 4, which maps the strain to the
stress tensor. The matrix F measures the degree of deformation of a material under
external loads, and it is a symmetric positive semidefinite matrix of order 3 for the two-
dimensional and of order 6 for the three-dimensional material design problem. The
diagonal elements of E(x) measure the stiffness of the material at z in the coordinate
directions. Hence, the trace of F is used to measure the cost (resource used) of a
material in the model.

Denote by Ij; the identity matrix of order £ and by S,jm the direct product of m
cones of symmetric positive semidefinite k x k-matrices,

S = S xeox S
M—/ .
m times
For a k x k symmetric matrix M, let M > 0 denote M & S,j.
Let E; denote the elasticity tensor of order 4 for the ith element €2;: The E;’s are
considered to be constant on each §2; but can be different for different €2;’s, and they
are the design variables of the FMO model,

E = (Ey,...,En), E =0,i=1,....,m.

The design problem is to find a structure that is low “cost” (the tensor E having
small trace) and is stable under given multiple independent loads (forces). There are
different formulas of the FMO problem that depend on the design needs. This paper
focuses on the minimum-cost FMO problem, which is to design a material structure
that can withstand a given set of loads in the worst-case scenario while minimizing
the trace of E. Below we describe the model based on [11].

The “cost”—stiffness of the material—is measured by the trace of E: tr(E) =
St tr(E;) = (Iy, E). For each i € {1,...,m}, tr(E;) is lower bounded to avoid
singularity in the FMO model. The constraints for the pointwise stiffness upper and
lower bounds are ‘

trEigpSf), trEZp(Ll).

From the engineering literature, we know that the dynamic stiffness of a structure
can be improved by raising its fundamental eigenfrequency. Thus, we have a lower
bound on its eigenvalues,

)\min (E) 2 r.

Let n be the number of nodes (vertices of the elements). Let nig denote the
number of Gauss integration points in each element. In every element, the displace-
ment vector u(x) is approximated as a continuous function, which is linear in every
coordinate,

u(x) = Z u;9;(x),

© 2016 SIAM. Published by STAM under the terms of the Creative Commons 4.0 license
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where u; is the value of u at the ith node, and 1J; is the basis function associated with
the ith node. For v, define matrices

8$1 0
A def 9 . :
B, =< 0 g—ﬂ (for two dimensions),
T2
l 819_7' l (919]‘
2 8$2 2 811
09
AR 0 0
O 812 0
99
B, df 0 O B (for three dimensions)
i = 109, 109 0 or three dimensions).
2 ) 2 8$1
0 19% 199
2 8$3 2 8$2
109; g 109
2 Oxs 2 0z,

For €;, let B; ) be the block matrix whose jth block is Bj evaluated at the kth
integration point and zero otherwise. The full dimension of B;j is 3 x 2n for the
two-dimensional case and 6 x 3n for the three-dimensional case.

Let A(E) denote the stiffness matriz relating the forces to the displacements, and
let A; € RNXN denote the element stiffness matrices

m nig
AE) SN A(E),  AiE)=Y Bl E:iBi.
i=1 k=1

Since the material obeys the Hooke’s law, forces (loads) on each element, denoted
as fj (j=1,...,L), are linearly related to the displacement vector,

(1) fi=AEw, j=1,...L

The system is in equilibrium for w if outer and inner forces balance each other. The
equilibrium is measured by the compliances of the system: the lower the compli-
ance, the more rigid the structure with respect to the loads. The compliance can be
represented as

fJTu.
In the minimum-cost FMO model, an upper bound v > 0 is imposed on the compli-
ances. Further, in view of (1), we have

(AE)Y Y, ) <v, j=1,...,L

In summary, with given loads f;,(j =1,..., L), imposed upper and lower bounds
pl(z) and pgf ) (¢t =1,...,m), r, and compliance upper bound ~, the minimum-cost

multiple-load material design problem is the following;:

m

min I, E;
Ees™ ;< F )
. st o) < (I E) <p¥,i=1,...,m,
(AE)Y Y5 ) < v, 5=1,...,L,
)\min(E) Z T.

© 2016 SIAM. Published by STAM under the terms of the Creative Commons 4.0 license
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Some optimization approaches have been applied to FMO; for instance, Zowe, Koc¢vara,
and Bendsge [24] formulate the multiple-load FMO as a max-min convex program.
They propose penalty/barrier multiplier methods and interior-point methods for the
problem. Ben-Tal et al. [2] consider the bounded trace minimum compliance multiple-
load FMO problem. They formulate the problem as a semidefinite program and solve
it by an interior-point method. Stingl, Koc¢vara, and Leugering [21] solve the minimum
compliance multiple-load FMO problem by a sequential semidefinite programming al-
gorithm. Weldeyesus and Stolpe [22] propose a primal-dual interior-point method
to several equivalent FMO formulations. Stingl, Koé¢vara, and Leugering [20] study
the minimum compliance single-load FMO problem with vibration constraint and
propose an approach based on nonlinear semidefinite low-rank approximation of the
semidefinite dual. Haslinger et al. [8] extend the original problem statement by a
class of generic constraints. Czarnecki and Lewiniski [5] deal with minimization of
the weighted sum of compliances related to the nonsimultaneously applied load cases.
All of these approaches are second-order methods. To the best of our knowledge, no
first-order methods have been applied to FMO.

Second-order methods exploit the information of Hessians in addition to gradients
and function values. Thus, compared with first-order methods, second-order meth-
ods generally converge faster and are more accurate; on the other hand, first-order
methods do not require formulation, storage, and inverse of Hessian and thus can be
applied to large-scale problems. For certain structured problems with bounded simple
feasible sets, Nesterov [13] showed that the complexity of fast gradient methods is one
magnitude lower than the theoretical lower complexity bound of the gradient-type
method for the black-box oracle model. Afterward, there appeared quite a lot of
papers on fast gradient-type methods; see, e.g., [12, 15, 14, 16, 17, 6, 4, 18, 23].

However, not every real-world problem is suitable for second-order methods or fast
gradient-type methods, for instance, when the structure of the problem is too complex
to allow application of the interior-point method or the smoothing technique. The
minimum weight FMO model (2) is such a case. For the model, although the matrices
B, are sparse, A(E) is generally not. The number m is at least in the thousands,
and n is smaller than m only by a constant factor. To roughly measure the amount
of work per iteration, we use flops, i.e., floating point operations, such as arithmetic
operations (4, —, ¥, /, /-, ), comparisons, and exchanges. It takes a vector of length
W to store the matrix A(E) or its Cholesky factor in the memory, and about
[(k 4+ $)nig - mN? + £N?] flops to evaluate (A(E)~'f;, f;). Hence, it is difficult
to manage model (2) of reasonable size by second-order methods, since second-order
methods work on the Hessian of the problem whose size is at least the square of total
variables. Also, the variables of model (2) are m matrices of size k x k. In addition,
the constraints of model (2) are not simple, which prevents us from applying usual
gradient-project—type methods to it, because it is not easy to project onto its feasible
set.

In this paper, we reformulate model (2) into a saddle-point problem and apply
the primal-dual subgradient method [15] to the saddle-point problem. The advantage
of our formulation is that the inverse or the Cholesky factorization of A(E) does not
need to be calculated, and thus we reduce the computational cost of each iteration to
just O(N?).

The traditional subgradient method for minimizing a nonsmooth convex function
F over the Euclidean space employs a prechosen sequence of steps {Ax}7, which

© 2016 SIAM. Published by STAM under the terms of the Creative Commons 4.0 license
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satisfies the divergent-series rule,
o0
e > 0, Ae — 0, > A = oo
k=0

The iterates are generated as follows:
gk € OF (xy,), Thy1 = Th — AkGks k> 0.

In the traditional subgradient method, new subgradients enter the model with decreas-
ing weights, contradicting the general principle of iterative schemes which states that
new information is more important than old. But the vanishing of steps is necessary
for the convergence of the iterates {z1}72.

The primal-dual subgradient method [15] associates the primal minimization se-
quence with a master process in the dual space; it does not have the drawback of
diminishing step sizes in the dual space; the method is proven to be optimal for
saddle-point problems, nonsmooth convex minimization, minimax problems, varia-
tional inequalities, and stochastic optimization. Let £ be a finite-dimensional real
vector space equipped with a norm || - ||. Let £* be its dual. Let @ € £ be a closed
convex set. Let d(x) be a prox-function of ) with convexity parameter o > 0 satisfy-
ing: Y,y € Q, Vo € [0, 1],

1
d(azx+ (1 - a)y) < ad(z) + (1 —a)d(y) — 50’(1(1 —a) |z — y||2
Let G be a function mapping £ to £*. For instance, for the convex minimization

problem, the function G can be a subgradient of the objective function. The generic
scheme of dual averaging (DA-scheme) [15] works as follows:

Initialization: Set so =0 € £*. Choose [y > 0.
Tteration (k > 0):
1. Compute gr = G(z).
2. Choose i > 0. Set sg41 = Sk + A\ Gk-
3. Choose Bit+1 > Bi. Set 41 = argmingeq {(Sk+1,2) + Be+1d(2)}.

Let )
Bo = B, Bm:ﬁﬁﬁﬁ i>1.

4

The scheme has two main variants: simple averages where A\y = 1 and Sy = vﬁk

with constant v > 0, and weighted averages where A\, = 1/||gx||« and By = pf}% with
constant p > 0.

There are other gradient methods for saddle-point problems. In [4], Chambolle
and Pock study a first-order primal-dual algorithm for a class of saddle-point problems
in two finite-dimensional real vector spaces £ and V,

22??3% z,y) + G(x) (y),

where K: & — V is a linear operator, and G and T are proper convex, lower-
semicontinuous functions. That algorithm, as well as the classical Arrow—Hurwicz
method [1] and its variants for saddle-point problems, is not applicable to our FMO

© 2016 SIAM. Published by STAM under the terms of the Creative Commons 4.0 license
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formulation, because in our formulation the function between two spaces is nonlinear.
Nemirovski’s prox-method [12] reduces the problem of approximating a saddle-point
of a C1! function to that of solving the associated variational inequality by a prox-
method. The approach is not applicable to our FMO formulation, because the struc-
ture of our FMO formulation is not simple enough and its objective function is not
in CLL.

In our approach, the inverse of A(F) in model (2) does not need to be calculated,
which decreases computational cost per iteration by one order of magnitude. Solutions
of the primal and dual subproblems at each iteration can be written in closed form.
Each iteration takes roughly (6k - nig - L)YmN flops. The auxiliary storage space is
linear in V. Furthermore, the primal subproblem is decoupled into m small problems
that can be solved in parallel. Each small problem can be solved in approximately
(10k®) flops. Thus, it is possible to work on large-scale problems, compared with
second-order methods dealing with the Hessian of 6m or 21m variables plus additional
constraints on the m matrices. To prove the efficiency of the algorithm, we give
iteration complexity bounds of our algorithm, which includes simple dual averaging
and weighted dual averaging schemes. The complexity bounds are optimal for the
general subgradient methods. Numerical experiments are described at the end of the
paper.

The remainder of the paper is organized as follows. In section 2, we give our
saddle-point form of the problem. In section 3, we show that a solution to our bounded
Lagrangian form either solves the original problem or gives an approximate solution
of the original problem. In section 4, we present our algorithm. In section 5, we
give closed-form solutions to the subproblems. In section 6, we derive complexity
bounds of our algorithm. In section 8, we present some computational examples of our
algorithm. In section 7, we describe and analyze a penalized Lagrangian approach. In
the appendices, we give a closed-form solution of a related matrix projection problem
and an update scheme for the parameters of the algorithm.

2. Saddle-point formulation. We first rewrite problem (2) in a saddle-point
form. Define

(3) O U € S Ain(0) 2 7, o < (1, U) < 0}
The second group of constraints in (2) can be represented in max form as

v 2 (AE) 5 fi) = max {20095 — (A(E)y;, 50}

Assume that problem (2) satisfies some constraint qualifications such as the Slater
condition—there exists £ such that (A(E)~'f;, f;) < v for j = 1,...,L. Then a
Lagrangian multiplier exists, and we can solve the Lagrangian of problem (2) instead.

© 2016 SIAM. Published by STAM under the terms of the Creative Commons 4.0 license
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Thus, problem (2) can be written as follows:

m L
min - max ¢ (L, B+ >N - [2(f5,15) — (A(B)y;.y5) — ]
E;eql® y; RV x>0 i1 =
? k . = Jj=
k=1,..,m J=L...,L
AjYj ;s
= min Z Iy, B
el { —
k:17...7m
L 1
+ max (0, max [2<fj,$j> - —(A(E)z;, 25) — 7/\3‘] )}
2;€RN X ;>0 — /\j
j=1,.L I7
m L
= min max Z I, E;) + 22 [ firxj) 71/2<A(E)xj,xj>1/2}
(i) x N, N
kE 1€Q mj_Jle.D.g..,L i=1 J=1

The dimension of the matrix A(E) is large; the first transformation eliminates the
need for calculating its inverse, but that results in a nonconcave objective function in
A and y. The second transformation makes the function concave in A and z. In the
last step, variable A is eliminated to simplify the formulation.

Define

m

F(Bx) ¥ X (I Bi) + ; 2 [(fj,a5) — 72 (A(E)zj, 25)17?] .

Thus, to solve problem (2), we only need to solve

(4) min  max F(E,z).
B, eQ(‘) z;E€RN,
i= 1 ,mJ 1 ~~~~~ L

Note that F(E, ) is convex in E and concave in z € REXV,

3. Bounded Lagrangian. We apply the primal-dual subgradient method [15]
to the saddle-point formulation (4). The convergence of the algorithm requires the
iterates to be uniformly bounded [15]. We therefore impose a bound on z:

(5) min  max F(E, z).
micaly) Igi<n,

i= 1 ,mJ

Next we show that the primal solution of the saddle-point problem (5) is either a
solution to the original problem (2) or an approximate solution in the sense that its
constraint-violation is bounded by n~! and its objective value is smaller than that of
the optimal value of (2).

Let (E*,z*) be a solution to the saddle-point problem (4); then for any « > 0,
(E*, ax*) is also its solution. We can choose o* small enough; for instance, let a* =
n/ max{[|x}||,1}, so that (E*,a*z") is a solution to the bounded saddle-point form

(5)-

© 2016 SIAM. Published by STAM under the terms of the Creative Commons 4.0 license
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For any F € @y, denote the index set of its violated constraints as

def . —
Wg = {1<j<L:(f;,AE)"'f;) >}
Define F(E) 4 hax, F(E,z). We have the following results regarding our material
design problem.

LEMMA 1. Let (E,Z) be a solution of (5). Let F* be the optimal value of (2).
L If | &l <n forj=1,...,L, then E is a solution to (2).
2. Otherwise, E has the following properties:
(a) F(E) < F*.
(b) ZjeWE(<fij(E)71fj>l/2 _'71/2) < mim_(#% .
Proof. Ttem 1 is obvious, as the constraints are nonbinding.
Next, we prove item 2.

Because
max F(E,z) < max F(E, x),
el <n ijRN,
j=1,...,L j=1,...,L

we have item 2(a). For any fixed E € @, the point

|\A(E;7*1fj|_|A(E)7lfj7 Jj €Wk,
0, JEWE

is feasible for
max F(E,x)

lla;ll<n,
j=1,...,L

with objective value

(f, A(B) )2
IACE) = £l

©)  FB)E @B 2 Y (4 AE) )Y -4)

jEWE
Since
(fi AB) M ;) = (AE) 3 AB)(AE) 7)),
we also have
Ui AE) VR
[AE)~1 £ -
and
(I,EY > mp.

Amin A(E)Y2 > rApin(BBT)

Therefore,
F(E,:E) > mp + 2rAmin(BBT)n ZJ.GWE ((fj,A(E)*lfjﬂ/? _ 71/2) '
By item 2(a) of the lemma, we have
F(E,z) < F*.

Item 2(b) then follows. O

Note that as n — 400, the set of saddle-points of (5) approaches that of the
original problem.

© 2016 SIAM. Published by STAM under the terms of the Creative Commons 4.0 license
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4. The algorithm. In this section, we describe how to apply the primal-dual
subgradient method [15] to the saddle-point reformulation of model (2). We have de-
veloped a parameter update scheme for the algorithm, which is included in Appendix
B.

For a matrix V, let vector A(V') denote the eigenvalues of V; let Amin(V') be the
smallest eigenvalue of V. The gradient (subgradients) of F(E,x) at (F,z) are as
follows: fori=1,...,m, j=1.... L,

g5.(B,x) = I —\7 Y (A(E)z;,z;)"/? <Z Bz;lﬂfj%TBiT,z> :
JER =1
where R %' {1<I<L: (A(E)xy,3) >0}
oo (Boz) = {2fj — 2y (AE)z), ;) PAB)e;,  (A(B)zj, ) > 0,
e {2f; —2yFAE)y: (A(B)y,y) = 1}, (A(E)xj, ;) = 0.

For the primal space, we choose the standard Frobenius norm,

m 1 m
IEIE = Y IElE = t(E%),  d(E) = §Z||Ez‘ — I/
i=1 i=1

For the dual space, we choose the standard Euclidean norm,

L
> a3
j=1

N =

L
25 = > llajl3 = a2, d(x) =
j=1

Their dual norms are denoted as || - [|p« = |- |7, | - ll2,s = || - |-
The set Q,(;) for F; is defined in (3), and the set Q, for z; is

Q. = {ijRN:ijHgn}.

Note that F' is nonsmooth. The primal-dual subgradient method [15] for saddle-
point problems (5) works as follows.

Initialization: Set 55" =0(i=1,...,m), sy’ =0(j =1,...,L).
Choose fy > 0,0 <7 < 1.

Iteration t =0,1,...
1. Compute ggL) (E®, z®), gg(g?(E(t),a:(t)), fori=1,...,m;5=1,...,L.
2. Choose a; > 0, set

5&1 = sfi + atggi) (t=1,...,m), sffrl =57 — atgg(g? (j=1,...,L).
3. Choose Bi+1 > B, set

EMD) — arg min {(sﬂl, E)+ ﬂtHTdE(E)} ,

Eing)
21 — argzrréig {(sf+1,x> + Ber1(1 — T)dm(it)} .

Output: B¢+ = Zf:lo - S ED.

Details of a parameter update scheme for g8; are given in Appendix B.

© 2016 SIAM. Published by STAM under the terms of the Creative Commons 4.0 license
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We take )
BO = ﬁl = 17 ﬁt-‘rl = 6t+ﬁT’ t = 15"'7
t

ﬁt = O'Bt, t = 0,
Based on different choices of «, there are two variants of the algorithm as follows:
1. Method of simple dual averages.
We let
ay = ]., t= 0, e

2. Method of weighted dual averages.

We let
¢ 1/2
o =1/ (19 1eIB -
t - 11— R e

5. Solution to the subproblem. In this section, we give closed-form solutions
to the subproblems at each iteration of our algorithm.

Solution of x. The closed-form solution for z(**1) in step 3 of the algorithm is
derived as below.

By the Cauchy—Schwarz—Bunyakovsky inequality, for j =1,..., L,

(syi1,m5) + Bey1 (1 — 7)da, ()

Zj ﬁtJ,»]_(l — T)
> —lseiillz -zl + ———llzs13
2
Brra(l—7) ( L z ) 1 512
= ——— | |lzjlle = 57—l | —mm————Is o
2 || J||2 Bt+l(1 _ 7_) || t+1| 2, 2Bt+1(1 _ 7_) H t+1||2,
with equality iff z; = —vs;7, for some v > 0. Therefore,
(7) 2 = —min 7 ! Splq
! Isiiallze B (1= 1)

Solution of E. For a set M, let |M| denote the cardinality of M, i.e., the number
of elements in M. In step 3 of the algorithm, gty

i can be seen as the projection

2

1 g
min V4 ——s —rl
veQ” H Brar

F

By Theorem 15 in Appendix A, we can represent E‘T! as follows.
For each 1 < i < m, let UAUT be the eigenvalue decomposition of 5&17 and let

A1, ..., Ak be its eigenvalues. Define the sets

My (1<i<k:n>0}, My ™ {1,... k}\ M.
Then
(8) EMY = Udiag(w)U7,

where w is determined according to the following three cases.
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L. Brar(kr — pi) < > qeito N < BT (kr — o).

Let
T, le My,
w; =
"= ,8:\:17" ! ¢ Mo.

2. ZqEMo /\q < ﬂtJrlT(kT‘ — pgz)) -
Then there is a partition My = P U P,

P = dleMy:\< Bram(pl) — k) + X gep A
1P|
P = {dlebMy: N> ﬁtHT(pg) —kr) 2 ger A .
- |P|
Let _
{7’, l € PU M,
wp = \ Berrm(pP —kr)+3 Aq
T — Bt+l17' + ﬂt+1T|P‘ el 3 l S P

3. Y yeity Ag > Beerr(kr — pi). )
Then there is a partition My = Py, U Py,

(2) 1
Py + Bty1T ZJGPmUMO /\j —kr \;

P = l = M . Y >
m 0 |Pm| + |M0| Be1T
Let
(@) D
N Be+17(p, _|Pm‘r)+zq€1\7foupm A /
wp = Bt1T + Be+17(|Mo|+|Prml) L€ J\,JO Y P,
r, l e P,.

The eigenvalues w in case 2 can be obtained by the following algorithm.
ALGORITHM PROJSYML.

Step 1 (Initialization) Let A\,(1) <--- < Ay < 0 be the p negative eigenvalues of
E;
5.0
Let

P={o(1)}, T=38ar(p) —kr)+ Ay, ¢=1.
Step 2. While gA,(g41) <T', do

PU{o(g+1)} =P, T+ =T, qg+1—q.

B T, l¢P,
wro= r A T JeP

T BigiT Bt+17q’

Step 3. Let

Similarly, the eigenvalues in case 3 can be obtained by the following algorithm.
ALGORITHM PROJSYMG.
Step 1 (Initialization) Let 0 < A,(1) < -+ < Ay(y) be the u positive eigenvalues of

E’.
Siq-
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o If u=np,let
U={o()}, T=p8ur(p” —kr)+ Aoy, q=1.
o If u <p,let
— W Sy _ () _ ) _
U=MyU{i: \i =0}, T=pur(p” —kr)+ Y X, ¢=|U]

JEMo
Step 2 While gA;(441) < T, do
UU{o(g+1)} =U, T+Ags) =T, qg+1—4q.
Step 3 Let

_ T, ZEM()\U,
we= r— 2 + L ZEM()UU.

Bi41T Bt+17q’

6. Complexity of the algorithm. To understand the complexity of the al-
gorithm for model (2), in this part we study duality gap and computational cost of
each iteration. By [15], it takes O(Z%) iterations to solve a general convex-concave
saddle-point problem to the absolute accuracy €, which is the exact lower complexity
bound for such a class of algorithm schemes. To give insight into how the data of
an FMO model, such as f, B, and 7, affect convergence time, we give upper bounds
of the duality gap of the iterates generated by our algorithm in terms of the number
of iterations and input data in section 6.1. In section 6.2, we derive computational
cost per iteration. From the duality gap and computational cost per iteration given
in this section, we can estimate from given data an upper bound on computational
effort needed to approximate a solution of a problem instance of model (2) based on
the method proposed in the paper.

6.1. Iteration bounds. By [7, Chapter 6, Proposition 2.1], for a function
L: Ax B+~ R, assume that
e the sets A and B are convex, closed, nonempty, and bounded;
e for any fixed u € A, p— L(u,p) is concave and upper semicontinuous;
e for any fixed p € A, u — L(u,p) is convex and upper semicontinuous;
then the function L has at least one saddle-point.

Since F and x are bounded, and F' is continuous and finite, by the above results,
we conclude that F' has a saddle-point and a finite saddle-value. An upper bound on
duality gap is given in [15, Theorem 6]. We next represent the duality gap in terms
of input data.

Define
1/2
def

le 1 2 1 2
IgE:g2)ll = | Zlgelp. + 7=llgallz.]|

def 1/2

I(E,2) = [7IEF+ @ —7)]]3] .

For a matrix V, denote ||V||3 dof Amax(VIV).

Since
pu— (k=1)r

€ arg max dg(E;),
EiGQ,(:)
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we have
def 1 1 9
(9) Dp = < max ||[E—rI|% < —m(p, — kr)>.
2 g, Q) 2
Furthermore, by our algorithm scheme,
def Ly..012 L2
(10) D, = gggigl\xllz < 30
Define
def 1 :
Ky = = al<gE (E(l) x(l)) EL — E> ,
Zl 0 EGQ(){lZ

t
. 1
vy ¥ max {Zaz<gm (E(l),oc(l)) ,x—w(l)>i l[z]l2 < 77}'
=0

Zl 0 Q) T ERN
By the Cauchy-Schwarz-Bunyakovsky inequality, it is easy to verify that
b= ZUHSt-H”Q . — Z < (E(l)7x(l)) ,a:(l)> 7
Zl 0 \j=1 1=0

which is attained at

T Shy St 70,
gjj = t+1112,
0 otherwise.
Now let us give a bound for ;. Let k; = ﬁ ZZ 1 I<L , where
=1
t
W max $S e (BO.20) ED - E) ).
E GQ@) =0
By the Hoffman—Wielandt theorem,
t
ko= > alge (BY,2"), B) - min <Sf“3i1,Ez'>
-0 E; GQ

t
= > alge,(BY,2"),E)
=0

NI kr]+x\min(5ﬂ1) + rtr(sﬂl), /\min(sﬂl) >0,
(pu - kT)/\min(StE-lil) + Ttr(StE-lil)’ /\min(sﬂl) S 0.

Define

t
6% max {Z (g2, 9), (BO,20) = (B,2)): d(w) <7Di+(1 - T>Dw} .
E;€Q;” 2€Qa 1=0
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By [15, Theorem 6], k; + v is a bound of the duality gap; i.e.,

~ 1
(11) 0 < max FEMY 2y — min F(E,20D) < g+ < J;.

T;€Qx EM et Zf:o &
Next, we bound the above duality gap by input data. To this end, we first bound

the partial derivatives gg and g, .
Define

(12) B; = Lo, B ¥ |
Bi,nig Bm

LEMMA 2. The partial derivative of F(E,z) in E can be bounded by |z|2 as
follows:

2 Y def
lge(E @)k, < mk+L22|BIE? = L.

Proof. We have

3
S.
Q

(13) (A(B)zj,25) = (EiBixj, Biiw;)

I

@
I
=
I

-

nig
/\min (E’L) Z<Bi,lxj7 Bi>l$j>
=1

.

s
Il
-

m  nig

>r Z Z<Bi7lxj7 B x;),

i=1 [=1

where the last inequality is from the definition of the set Q,(:).
Since for two matrices A and B of proper dimensions, tr(AB) = tr(BA), we have

nig nig
(14) ZBm;ja;JTBZl < Z | Biazjaf BY|
=1 F =1

ni

= [tr (Bi7lxjx;‘rBZlBi,lxjxfBgl)}1/2

Q

I
-

S
S.
<

1/2

Il
-

3
S.
Q

= > (Biyzj, Biix;).
1
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Therefore,
nig 1 nig 1/2
(A(B)xj,x;) 1/ <ZBi,l$jngBi1:l> s = Z<Bi,l$iji,l$j>
=1 F =1
nig 1/2
< M%ZB ) E
Note that
nig
. _ T pT
Iljlglo (A(E)zj,2;)~1/? ZBi,lxjxj B, = 0.
=1 F
We also have
m nig m nig 1/2
> > BlBiy = B"B, Amax <ZZ ”Bz-,l> = | Bll2.
i=1 1=1 i=1 =1

Hence, gg(E, ) is bounded as below:

2

m nig
2 _
(Wye(E, o) 5, < ITIE+v D] |1 (AE), )~/ <ZBi7l$j$fBZz>
i=1||jeRr i=1 »
m nig 2
< 1+ 1035 4B (3 Bi,zxja:fBZl)
i=1jER i=1 F
nig 2
= mk—f—L’yZ(A( i, xj) 12 ZB l;vj
jJER i=1 F
2
(14) . m [ nig
< mk—l—L"yZ E)x;, ;) Z Z 125, Bias)
jER i=1 \I=1
m nig 2
< mk—l—L’yZ(A( JEZIE N (ZZ 125, Zl%})
JER i=1 [=1
(13) y monig
< - .
< ik + 123503 (B B
JER i=1 =1
(12)
< mk+L2%||BH§772. 0

Next, we give a bound on the norm of g, (E, ). }
Let E; be the block diagonal matrix of nig same diagonal blocks E;. Let E be
the block diagonal matrix with diagonal blocks E;, (i =1,...,m):

El' El
E’i = s E~:e
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Then 3
A(E) = BTEB.

LEMMA 3. The partial derivative of F(E,x) in x can be bounded as follows:

def
lge(E, )5, < 20fll2+ 2V L(pu —kr+7)|Bl2 = La.

Proof. For a vector z of proper dimension, we have

IAB)2ll: < [ AB) ]y (AE)z, )12

For two matrices A and B of proper dimension, it holds that Anax(AB) < Amax(4) Amax (B)
and Apax(AB) = Apax(BA).
In addition, by the definition of Q,(;), we have

)\max(E) = Amax(-E) < Pu — (k — ].)’f’
Therefore, |A(E)||2 can be bounded as below:

1/2 ~nl/2 1/2
IAEY? < B 2IBTBIY? < /pu— (& — 1)r||Bla-

Hence
(16)

192(E; )], .

IN

20l + m(Z<A<E>wj,xj>—1<A<E>xj,A<E>xj>

JER

1/2
T Z<A<E>y,A<E>y>)

J¢R
< 2fflla + 24/ L(pu — kr +7)|| B2 0

Next, we give bounds on the duality gaps.
By [15, Lemma 3], we have

. 1
(17) V=1 < B < e

THEOREM 4. If the iterates are generated by the method of simple dual average,
the duality gap is bounded as

+V2E—1, t>1.

0 < max F(E¢D z)— min F(E,20HD)
7;€Qx EeQl?

037+ 2t +1
- t+1

2 (Ifll-+ VATG— Fr 5 715l2) V)

Proof. Since partial subdifferentials of f are uniformly bounded,

(18) N (b + 222181302 m(py, — r)

_|_

lgellre < Le, |lgzllox < Lo V(E,z) € Qr X Qq,
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when we choose

1 Ly |Dg

I = 14z= |ZE

T + LE Dm ’

TL% + (1 —71)L2
o =
27Dp +2(1 - 1)D,’
by [15, equation (4.6)], we have
) .
1=0 ™

Therefore, by (9), (10), (11), (15), (16), (17), we get

0 < max F(E¢D z)— min F(E,&0+D)
T;€EQz EieQECi>

037 ++2t+1

T r21B122 _
L (et 222031807) i~ k)

_|_

2 (11l + VAT~ 7+ 71812) V) 0

THEOREM 5. If the iterates are generated by the method of weighted dual average,
the duality gap is bounded by

0 < max F(ECHD z)— min F(E,&(t+D)
2;€Qa EeQy’

IN

, {0.37+\/2t+1
min _—

s Nm%w?m}wn%n?(pu—kr>+2ﬁn||f||2

T TP MR E i U

t+1
x [mk+8<3+ﬂ>%LnB|%d(E*,m

+ 4(|f|2+\/77L(pu—k7"+7“)|B||2)2]1/2}-

Proof.
1. Bound 1. Let (E*,z*) be an optimal solution. Since

1—7

-
(21) d(E,x) = §HE—7‘III%+ (e

we get
1
d(E,x) < d(E*, z*)+ — ||(E,x) — (E*,z%)|| .
VA(E, z) ( ) ﬁll( )= ( )l
In addition, [15, Theorem 3] states that

1
I(B,2) = (B a)® < 2d(B*,a%) + .
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Therefore,

2
° 1
Dee ™ max  d(Bw) < (VAELT) 4 dE ) + o
E;eQW xeq, 20

1 1
= 2d(E*,$*)+ﬁ+2\/d(E*,$*)2+d(E*vx*)—
g

202
< Ad(E* x*)+ — + \/2d(E*,x*)—
— ) 2 2 Y

By [15, Theorem 3], we further have
. 1 A 1
6t S ﬁt+1 DE@O' + % S ﬂt+1 4d(E*, x*)o + E + 2d(E*,$*) .

Minimizing the above last term in o, we obtain that at o = 1/(2+/d(E*, x*),

(22) 6t < Ber1(4 4+ V2)\/d(E*, z*),
(23) Dp. <2(3+V2)d(E*, z%).
Let 7 = 1. By (15), (21), and (23), we have
(24)
Ly =  max |gp(B.2)l}, < mk+8(3+ V2)LL|B|3d(E" 7).
EeQ\) zeqQ, ’ r
Therefore,
1 1
< ——/2L2% + 212
S o = t41 E
(16),(24) 1
< o [2mk 41663+ V) L BI3d(E" 27)

241/2
+ 2(20fl2+ 2yl —kr +1)1Bll2) ]

Along with (11) and (22), we obtain the duality gap

0 < max F(E#D z)— min F(E,0+D)
T;€Q% EieQECi>

(4v/2 + 2) B /d(E*, %) [

Y 2 * *
2)—L||B E
< 1 mk+8(3—|—\/_)r |Bll5d(E*, z*)

+

971/2
(15 + VAT =T l8le) |

2. Bound 2. Since )

VEIZL/T+L2/( 1-7)’

ay
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by [15, Theorem 3], we have

0 < max F(E¢D ) — min F(E,z(HD) < jL
#4€Qn B:Q;” 2i=0
S o(rDg + (1 - 7)Dy) + — | /IBJT + I 7).
We choose
1 VD.Lg
- =

, T = .
\/27'DE+2(1—7')D1 \/DELm"_ \/DmLE

Then
0 < max F(E¢D z)— min F(E,20+D)
ijQz Eingj)
o
< ‘{ftf (Lev/Dp + LovDy) -

From (9), (10), (15), (16), and (17), we have

0 < max F(E®D z)— min F(E,z0D)
rjeQz E1€Q§:)

0.37++V2t+1
- t+1

NN T kr+r)||B|2Ln] 0

[\/mzk + L2mL|| B3 (p — kr) + 2VIn| £l

6.2. Computational cost of each iteration. The cost of each iteration of our
algorithm has two components: that from calculating the subgradients and that from
solving the subproblems.

1. Cost of updating s¥ and s*.

0 < max F(E®D 2)— min F(E,20+D)
T;€Qq. EiEQ](:)

- (4v/2 + 2)€t111\/d(E*,x*) {mk 183+ \/i)%LHB”gd(E*, )

1/2

+ 4 (1l VAT Rl BL) |

We don'’t keep gg and g, in memory, but update sﬁrl and s§, ; directly. Since
gg and g, share some of the same components, we compute ;"9 B»L'Ja:jfl;jTBiJ
and A(E)z; in the same loop. To balance the demands between memory and
speed, we compute s | and s7,, as follows:
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doj=1...L
if j € R

o

— W
a7 A(E)z;, x; >_1/2—> u;j
do i 1 ... m

nig
Z Bi,lxjx;‘»rBZl - q
=1

w + Ai(E)x; — w

st — g — s (k(k+1) flops)
end i
else
AE)y — w (m-nig(4kN + 2k?) flops)
end if
5% 4+ 2(aef; — wjw) — s% (BN flops)
end do j
sE 4+ oy, — sP (mk flops)

The inner products (A(E)xz;,x;) are computed as follows:

0 = u
doi=1...m
do1l=1 ... nig
Bijr; — v (2kN flops)
Ewv — p (2k? flops)
u+vlp — u (2k flops)
end do 1
end do i
output s

In the algorithm, we keep the value ,/y in memory. Therefore, the arithmetic
costs of calculating a\/Y(A(E)zj, x;)"Y2 for j=1,...,L are (2L - m - nig -
[kN +k?+ k] +4L) flops. The total length of auxiliary vectors v, p, and u; is
(N +k+ L). After computing the u;’s, memory for v and p can be released.
We compute (E?;gl Bi,lxjx;prZl) for g and A(E)x; for g, in the same loop;
i.e., the update of ¢ and w in loop 7 of the above algorithm is done as follows:

qg — 0
dol=1 ... nig
Bijx; — v (2kN flops)
g + wl — ¢ (k(k+1) flops)
Ev — w (2k% flops)
w + B;"Flv - w (2kN flops)
end do 1
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The above 1 loop takes a total of nig(4kN + 3k% + k) flops. It is executed
at most Lm times. The total length of the auxiliary vectors v, q, and w is
(k+ 2B 4 ).
Adding everything together, we get that the total number of flops used in
updating s¥ and s® is at most (6kL - nig)mN + [(5k* + 3k)L - nig + (k* +
k)L + klm+ (5L)N + 4L, and at most (3k? + 3k + N + L) auxiliary storage
space units are used.

2. Cost of solving the subproblems.
For t =0,..., from the closed-form solution (7) given in section 5, we obtain
that it takes L(3N + 7) flops to compute z(**1). The value of B¢y 17 is stored
for calculating E(**+1) later.
Now we consider the worst-case complexity of computing E(tD. By the
representation of E(*+1) it is obvious that the most computation is needed
when

k
A<0, > N < Bparlhr — pu).
i=1

Comparing > iz Aq With Sep17(kr — py) and Bipa7(kr — pr) takes (2k +7)
flops and three auxiliary storage space units, since we can keep kr as an
intermediate result. Similarly to the analysis in section A.2, we can obtain
the complexity of Algorithm projSyml as follows: Step 1 takes at most k(k—1)
comparisons and exchanges. Because we have already calculated By417(kr —
pu), two additions and subtractions are needed to obtain T'. Step 2 takes at
most 3(k — 1) flops. Step 3 takes at most (2+ 3k) steps. Therefore, a total of
at most (k? + 7k + 8) flops is needed to obtain w, and (k + 4) auxiliary space
units are needed to store the sorted index set, T', Bi417, Bit17(kT — pu), g,
since we overwrite the memory storing By117(kr — p;) by T.

Eigenvalue decomposition of sﬂl takes about 9k3 flops and k2 4+ 2k + 1 auxil-
iary storage space units. Computing U diag(w)U7 takes about (k?(k+1)+k?)
flops. Therefore, at most m(10k3+3k?+7k+8) flops and (k?42k+1) auxiliary
storage space units are needed to obtain E(*+1),

For problem (2), k equals 3 or 6; L and nig are much smaller than m and N.
After omitting small-order terms, we then conclude that about (6kL - nig)mN flops
are needed for each iteration of our algorithm, and the auxiliary storage space units
are about N.

On the other hand, to evaluate (A(E)~!f;, f;) presented in the original formula
(2), we need to first form the matrix A(E), which requires m-nig-[2k* N+ (k+3)N(N+
1)] flops: computing E;B;; takes 2k*N flops; calculating BZinBLl takes kN (N + 1)
flops; adding the m -nig matrices BZlEiBiJ together requires %m -nigN (N +1) flops.
An auxiliary vector of size w is needed to store A(FE). We then compute the

Cholesky factorization of A(E) = CCT, which takes NT3 flops. Next we compute
z; = C7T(C7'x;) (for j = 1,...,L), which needs 2LN? flops. Finally, the inner
products (z;, ;) take 2LN flops to compute. Therefore, a total of m - nig - [2k*N +
(k+ 3NN +1)] + NT3 + 2L(N2 4 N) flops and an auxiliary vector of size XX+
are required to compute (A(E)~'f;, f;) (for j = 1,..., L). After omitting small-order
terms, we conclude that about %N 3 flops and %N 2 auxiliary storage space units are
needed to obtain (A(E)~f;, ;).

In summary, the number of flops and auxiliary storage space units per iteration
of our algorithm are both one order smaller than that for evaluating (A(E)™'f;, f;).
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Furthermore, if the matrices B;; are sparse, computational work per iteration and
auxiliary storage space requirements of our algorithm will be even smaller.

7. Penalized Lagrangian. Because (A(E)~!f;, f;) is convex in E and function
([v/a—~"/?]1)? is convex and increasing in a, we conclude that ([(A(E)~!f;, f;)1/? —

71/2]+)2 is convex in F; see, for instance, [9, Proposition 2.1.8]. To have a faster rate
of convergence to feasibility, we add to the objective of (2) a convex penalty function
for the compliance constraint,

> <[<A(E)1fj, Y2 =42 +>2 :

where v > 0 is the penalty parameter.
Then the Lagrangian becomes

L

pEw) P+ 3w ([laE) g e - 71/2L>2 |
j=1

which is convex in F and concave in z. A solution to

min  max p(E,z)
BieQl)  @j€rN,
k:l,...,m]zlx"'7L

approximates that of model (2).
The gradient of p(F,x) at (F,z) is

Vep(Bx) = g (Bx)= Y v[1-"HAE)T L 1))
JEWERE

nig
. <l; BllA(E)_lfJfJTA(E)_lB;Tl> , t=1,...,m,

Ve, p(E, ) = gu;(E,x), j=1,...,L.

Similarly to Lemma 1, we have the following results about the bounded version
of penalized Lagrangian method.

LEMMA 6. Let (E,Z) be a solution to

(25) min  max p(F,x).
pieald I7jlI<n.

i=1,....mJ=

Let f* be the optimal value of (2). R
1. If ||| <n for j=1,...,L, then E is a solution to the original problem.
2. Otherwise, E has the following properties:
(a) F(E)<F*.
(b) Yjew, ((fi AE)T V2 —412)

v 22, BB | ramin (BB )n
= 1/ {\/(f*_mpl)‘w}?:‘ + (f*—mpy)? + F*—mp
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Proof. The proof of item 1 is the same as that for Lemma 1, item 1. Item 2 can
be proved similarly as Lemma 1, item 2. Below, we briefly give the proof.
For any fixed E € @, the point

S 1y
o = (AETEIAE) i T W,
0, j¢We
is feasible for
max p(E,x)
ENESE
j=1,...,L

with objective value

(fi, AB) )2

po(B) LB} + 37 vuf(B) + 22— (),
JEWE J
where
wi(E) = (i AE) )Y A2, e W,
Therefore,

F*—mp > Y vw)(E) + 2rAmin(BB )nw; (E),
jEI/VE~

from which we obtain

N 2
F* = mpu + Wil X2 (BBT P v = S v [wi(E) + thwin(BB n/v]
jGWE

v .
z Wa Z w;(E) + |WE|7')‘min(BBT)77/V
Wl |6,
Hence,
Z (B) < 1/ v A n(BBT)? | rAmin(BB )1
W
ieW - ’ B (f*_mpl)|WE| (f* —mp)? F*—mp
JEWS

Observe that as n — +o00 and ¥ — +00, the set of saddle-points of (25) approaches
that of (2).

We can apply the preceding algorithm to obtain a saddle-point of p(E, ) as well,
and the subproblems of this algorithm have closed-form solutions.
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Bounds on duality gaps. To estimate the duality gap of each iteration, we first
bound Vgp(E, z) as follows:

2 1/2
L nig

IVep(E, 2)|lp. < Le+v Ztr YD BuAE) T iffAE) T B

j=11=1

m L nig
SLE—Fl/tI' ZZ leA 1f]ijA(E)_lej:l
i=1 j=1 I=1
L m nig
=Lg+vY > Y fJAE)'BBiAE)f;
j=11i=1 I=1
Amin (E)=r =
< Le+v/ry ffAE)TS

j=1

v 2
< -z E .
<Le+ 72 Amin (BT B) = 1/ill2

where the last inequality is from
/\min (A(E)) 2 )\min(E))\min(BTB) = ’f’)\min(BTB).
By (9), (18), (19), and (20) in section 6, we obtain that the duality gaps of the

iterates are bounded as follows: For t =0, ...,

0 < max F(EHD z) — min F(E,&(t+D)
2j€Qq EeQl”

0.37 + V2t + 1 vm(py — kr
t+1 72 Ami BTB Z"f”'?

< gap+

Cost of each iteration. Compared with (5), extra computation is needed to cal-
culate (A(E)~'f;, f;) for j = 1,..., L in order to solve (25), which is O(N?) flops;
see the analysis at the end of section 6. Therefore, the total cost of each iteration for
solving (25) is O(N?) flops and O(N?) memory space units.

8. Numerical examples. We present some computational examples which are
done in the MATLAB environment on a Windows PC. For each run, the starting
point is as follows: We choose Ey to be the identity matrix with trace equal to the
upper bound of trace. For j =1,...,L, we let x; be a vector with the same element
and [z |2 = 7.

Figure 1 shows how the objective value and the violation of constraints vary with
the number of iterations. The problem instance is tc18_s1 from the academic test
library of the Plato project (www.plato-n.org) with m = 128, N = 298, L = 1, and
nig = 4.

The figure shows that during the first few iterations, the objective value decreases
but the constraint-violation increases rapidly, where constraint-violation is measured
by Zle min [((A(E)~!f;, f;) —7),0]. With iterations moving on, the constraint-
violation decreases with the objective value.
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Output for tc18_s1
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Fic. 1. An example from the academic test library.

In Tables 1 and 2, we present further numerical results on problems in the aca-
demic test library of the Plato project (www.plato-n.org). In the tables, column “cpu”
give the total CPU times in seconds, column “obj” give the final objective values, col-
umn “obj-0" gives the initial objective values, and column “const” indicates whether
the constraints are satisfied or not for the final solutions: “f” means “feasible.” We
compare formulas (5) and (25) on some infeasible problems, because constraints of
these problems are difficult. The results are presented in Table 2. For each instance,
we run 5000 gradient iterations. In Table 2, column “const” gives the sum of the val-
ues of the violation of constraints, i.e., Zle min [((A(E)~*f;, f;) —7),0]. Columns
“obj-0" and “const-0” give objective values and the sum of values of the violation of
constraints for the initial solutions. Columns “obj-p” and “const-p” give objective
values and the sum of the values of the violation of constraints of the final solutions
obtained by model (25). Columns “obj” and “const” give objective values and the
sum of the values of the violation of constraints of the final solutions obtained by
model (5).

From the results in Table 2, we see that the penalized Lagrangian can produce a
better solution for infeasible problems, although it may not be the case for feasible
problems. The penalty term forces iterates to move to the feasible region. On the other
hand, because each iteration is much cheaper without calculating (A(E)~! f;, f;), the
penalized Lagrangian takes longer to solve a problem instance of FMO. The larger the
dimension of the problem, the less time used by model (5) compared with model (25).

Appendix A. Matrix projection. Let H" denote the space of nxn Hermitian
matrices. We take the standard inner product on the space of complex square matrices
of order n (or linear operators between Hilbert spaces of the same dimension): VU,V €
CTL Xn ,

(U, V) = tr(UV*),

where V* is the conjugate transpose of V. Let || - || 7 denote the corresponding Frobe-
nius norm. In this part, we give a closed-form solution to the following projection
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TABLE 1
Ezxamples on problems in academic test library.

Problem Gradient method
prob m N L | nig obj-0 cpu obj const
tc01_s1 96 216 1 4 288 2.77e+2 61.21 f
tc01_s2 384 | 816 1 4 1152 1.73e+3 | 8.82e+2 f
tc02_s1 96 216 1 4 288 2.96e+2 4.29 f
tc02_s2 384 | 816 1 4 1152 1.85e+3 6.43 f
tc03_s1 96 216 1 4 288 2.77e+2 60.12 f
tc03_s2 384 | 816 1 4 1152 1.68e+3 421.08 f
tc04_s1 300 | 670 1 4 900 1.26e+3 546.79 f
tc05_s1 800 | 1719 | 1 4 2.4e+3 5.19e+-3 1.54e+3 f
tc07_s1 800 | 1680 | 1 4 2.4e+3 5.11e+3 | 6.75e+2 f
tc08_s1 128 | 272 1 4 384 3.79e+2 17.42 f
tc08_s2 512 | 1056 | 1 4 1536 2.48e+3 | 8.78e+2 f
tcld_sl 100 | 248 1 4 300 3.2e+2 51.98 f
tcl4_s2 400 | 898 1 4 1200 1.8e+3 161.46 f
tcl6-s1 128 | 300 1 4 384 3.9e+42 50.73 f
tcl16_s2 512 | 1116 | 1 4 1536 2.74e+43 973.14 f
tcl7_s1 128 | 300 1 4 384 4.14e+2 1.66e+2 f
tcl7_s2 512 | 1116 | 1 4 1536 2.688e+3 | 5.54e+2 f
tcl8_s1 128 | 298 1 4 384 4.0e+2 74.81 f
tc18_s2 512 | 1114 | 1 4 1536 2.57e+3 418.78 f
tcl8sl_sl 128 | 298 1 4 384 3.85e+4-2 0.79 f
tc18sl-s2 512 | 1114 | 1 4 1536 2.57e+3 62.76 f
tc03_s1 96 216 2 4 288 4.24e+2 65.01 f
tc03_s2 384 | 816 2 4 1152 3.19e+3 739.23 f
tc06_s1 800 | 1719 | 3 4 2.4e+3 1.37e+4 1.5e+3 f
tcl6_s1 128 | 300 2 4 384 5.91e+42 183.30 f
tcl16_s2 512 | 1116 | 2 4 1536 4.32e+3 298.33 f
tcl7_s1 128 | 300 2 4 384 5.99e+-2 211.52 f
tcl7_s2 512 | 1116 | 2 4 1536 4.04e+3 566.61 f
tc09s1 (3d) | 100 | 567 | 4 8 300 2.56e+3 73.95 f
tc09.s2 (3d) | 512 | 2250 | 4 8 1536 3.66e+4 417.6 f
tc10-s1 (3d) | 100 | 567 2 8 300 1.62e+3 51.71 f
problem:
Join - [|Z - Ullr
(26) st. o <tr(Z) < ¢y,

Amin(Z) Z T,

where U is a square complex matrix of order n.
To this end, we first consider a least squares problem with nonnegativity con-
straint and a two-sided inequality.

2339

A.1. Least squares with a two-sided inequality and nonnegative vari-
ables. Least squares problems have been studied intensively; however, we cannot find
any reference for the problem discussed in this section. In this section, we first give an
analytical solution of the problem; then we present an algorithm with total number
of operations being a quadratic term in the dimension of problem variable.

Given A € R™*™ diagonal, b € R", w € R", r € R", ¢, € RU{—00}, ¢, €
RU{+oo} with ¢; < ¢,. Let|| - ||2 denote the norm induced by the inner product (-, -).
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TABLE 2

Results with and without penalty function.

Problem With penalty Without penalty
prob m N L | nig obj-0 const-0 cpu-p obj-p const-p cpu obj const
bmat2x2 (1) 4 114 | 2 4 20 -10.99e+3 22.38 20 -6.87e+3 15.89 10.09 -1.7e+6
bmat2x2 (2) 4 114 | 2 4 12 -6.77e+6 22.55 12 -4.4e+6 15.25 5.53 -2.52e49
bmat2x2 (3) 4 114 | 2 4 12 -8.75e+4 24.17 12 -1.02e+5 17.64 11.78 -8.03e+5
bmatl (1) 16 40 1 4 80 -1.21e+4 63 79.93 -4.5e+3 41.89 20.09 -1.14e+47
bmatl (2) 16 40 2 4 80 -3.17e+3 88.89 79.99 -3.39e+3 59.73 25.16 -1.25e+5
bmatl (3) 16 40 2 4 48 -3.3e+6 86.58 47.99 -3.04e+6 59.66 36.29 -4.48¢e+6
bmat2 (1) 200 | 440 | 1 4 600 -1.98e+1 2.32e+4 | 573.07 -6.49 661.6 185.74 -6.44+3
bmat2 (2) 200 | 440 | 2 4 600 -3.02e+2 2.33e+4 | 303.04 | -2.18e+2 || 1.03e+3 | 103.26 | -2.82e+4
bmat2 (3) 200 | 440 | 2 4 1.0e+3 -7.3e+4 2.45e+4 | 785.73 | -5.52e+4 || 1.03e+3 | 188.49 | -1.49e+7
bmat (1) 400 | 850 | 1 4 2.0e+3 -9.11 1.64e+5 | 1991.12 -7.17 1.77e+3 | 794.46 | -6.07e+3
bmat (2) 400 | 850 1 4 1.2e+3 -2.94e+2 1.66e+5 | 1175.92 | -1.84e+2 2.79e+3 | 1121.55 -3.8e+2
bmat (3) 400 | 850 | 1 4 1.2e+3 | -2.72e+2 1.66e+5 | 1187.93 | -1.72e+2 || 3.14e+3 | 218.68 | -4.18e+2
bmatlg 400 | 850 | 1 4 600 -1.22e+5 2.35e+4 488.4 -9.28¢+4 || 1.07e+3 | 118.96 | -5.78e+6

35UB0I1| AgDD 01 199[gns uonngisipay 6/1°80T 88T LT 0} LT/€2/T0 Papeojumo(d
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In this section, we give an analytical solution for the following least squares problem:

. 2
min Az —bl|;
(27)
st. o < (w,z) < ey,
zZ >
Note that our problem includes the one-sided inequality case when ¢; = —oo or
cy, = +00, the lower bounded variable case when ¢; = —oo and ¢, = +00, and the

equality case when ¢; = ¢,,. Our problem also includes the case when not all variables
are bounded, since we can replace an unconstrained variable z; € R by z; = z;r -z
with z:r >0,z >0.

A.1.1. Problem reduction. To solve problem (27), we first show that we only
need to consider the case with A being identity and w; # 0 fori =1,...,n.
If there exists (3) a;; = 0,w; = 0, we let

Z,L' = T;.

If 3a;; = 0,w; > 0, we let

Zz* — max c — Z w; Max {bj/ajj,rj} /wiari

(1<j<n: a;;#0) T

If 3a;; = 0,w; <0, we let

zl* = max { — Z W max{bj/ajj,rj}—cu /wiari

(1<j<n: a;;#0) 4

We also replace ¢, and ¢; by

*

*
i Gl — Wiz

Cy — Wi Z o

If a;; < 0, we replace a;; with —a;; and b; with —b;.
Hence after simplification, we can assume that A is a positive diagonal matrix in
the text below. Thus, our least squares problem is equivalent to

min |2 — b+ Ar||3
z€Rn

st. o —{(w,r) < (A w,z) < e, — (w,7),

z > 0.

Therefore, for notational simplicity, we need only consider problem (27) in the follow-
ing form:

. 2
min [z = bll;
(28) st o < {w,2) < ¢,
z >0
If w; = 0 for some i € {1,...,n} in problem (28), then the corresponding solution

of z; must be [b;]4. After determining the solutions for these elements, we thereafter
assume w; # 0 fori=1,...,n.
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A.1.2. Analytical solution. In this section, we deduce the analytical solution
for our least squares problem.

THEOREM 7. The solution to (28) is

(@5 —c,  |a-(@b)

25 = |b— — w + — w|

+

where W and b denote the subvectors of w and b with indices in the set

|:<U~}, [N)> - cu:| |:Cl - <u~}7 B>:|
S =<1<i<n:b > — tw; — 5 *w;
[knllF [kntlF

Proof. Because the constraints of problem (28) are linear, Lagrange multipliers
exist. Let us write the Lagrangian function:

L(z,A) = ||z =bl5+ X (e — (w, 2)) + Ay ((w,2) — ), (2>0,M > 0,A, > 0).
The solutions to problem (28) can be obtained by solving the following problem:

max min L(z, A).
A>0,X, >0 2>0

Note that

Au_Al

L(z,\)=|z—b+

2 A — )\ 2
w —< = l) [wll + (e = A1) (w, b) + Nt = A,
2

from which we conclude that the solution to the Lagrangian dual min,>q L(z, A) is
z* = {b—)\u_)\lw] .
2 +

We next determine the optimal values for A\, and A;.
We first consider J;.
Let S denote the index set

e Au—A
Sd:f {1<i<n:bi> 5 lwi}.

Let w and b denote the subvectors of w and b with indices in S. Let b denote the
subvector of b with indices not in S. We then have

=N\ - _
L) = = (R I+ O = ) (05 s = A+ ]
; U213\ (i F 2By ah ?
— _ Hw”Q)\l_ 2 U <w7 >+Cl + 2 U <'LU, >+Cl
2 @]l [@l]2
— D 2 ~
812 - T2z 4 By — e
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Hence a solution of \; for maxy>o L(z*, A\) must be in the form

No= [Au o (.5 - Cl)]

lal3 +

To determine the solution of A,, we consider the following cases.
Case 1. For \, < 2 (({0,b) — ¢;), the representation of A’ is reduced to

ll@l3
A =0
Since A\, > 0, we have
<1I),l~)> > q.
Also,
B 7] T2
L(z*, N[, Ay) = 1 Ay (0, 0) Ay — cudy + [|B]]5

~ 2 ~ 2
Hw”2 <’U~}, >_cu 112 <’lI),b>—Cu
= - Ao — ) o + | e
< 2 [[@]|2 ol [[@]]2

2 -
A = —— w, by —cyu| .
farg @9 ],
Case 1.a. When ¢; < (,b) < ¢,, we have
=0, 2" = [b)+
Case 1.b. When (0, b) > ¢,, we have
2 .
Af = — (w,b) — ¢y ),
farg (8 =)
Z* — b— <wa zgcuw ’
Wl ),
(w,z*) = ¢y

Case 2. For A\, > ﬁ;((d),i)) —¢), we have
2

Also,

2343
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Therefore, in this case, the solution to maxy>o L(z*, ) is

Anoo= 0,
/\7 _ 2Cl _~<’wza b>7
@15
¥ = b—|—cl_~<wQ’b>w ,
R
(w,z*y = q.
Because A\; > 0, this case implies
<1I),l~)> S Cr.

Combining Cases 1 and 2, we obtain

[(u?, b) — CULF [cl — (w, I~)>}

Z* - b - = w + ~ + w )
)3 [allps
+
where w denotes the subvector of w with indices in the set
[<’LZI, Z)> - Cu} [Cl - <1D7 B>:|
S = 1<i<n:b; > D) +U}i— —5 +U}i
[wl|3 [wl|3
Remark 8. In our deduction, it is obvious that for ¢; = —oco, we have A; = 0; for

¢y = +00, we have )}, = 0.

A.1.3. Algorithm. From the discussion in the previous section, we know that
to find the optimal solution z* of our least squares problem, we need only determine
the set S. In this section, we describe how to find the set S for our solution.

Properties of S based on Lagrange multipliers. We first give some simple obser-
vations which will be used later on.

PROPOSITION 9. Letri € R, r3 € R, ro >0, r4 > 0. Then

o T3 71 r3+ 171
— > 2 o2 > 21
) T4 ) T4+ T2
o T3 71 r3+ 171
— < — & — < .
9 T4 9 T4+ 1o

We next give some properties of the set S based on Lagrange multipliers. Observe
that both )\ and A} cannot be positive at the same time. We organize our analysis
based on scenarios depending on the signs of the Lagrange multipliers.

Case 1. A}, > 0.

© 2016 SIAM. Published by STAM under the terms of the Creative Commons 4.0 license



Downloaded 01/23/17 to 147.188.108.179. Redistribution subject to CCBY license

SUBGRADIENT METHOD FOR FREE MATERIAL DESIGN 2345

By the deduction above and Lagrange multiplier properties, we have the corre-
sponding relations

(w,z) = cu,
<@,B> > Cy,
A* — 2<1D7l~)> — Cy

h [l

We next cogsfider which indices are in the set S.
1. S5 = {Z w; > O,bz > 0}

LEMMA 10. Suppose b—j_ >b Jfie S, thenje S as well
w; w;

Proof. Assume j ¢ S. Since i € S, we have

bj’LUj blwl <1I), l~)> — Cy
wi T w? [kallb

By Proposition 9, we have

bjwj <’LZI, Z)> — Cy + bjwj

w} [@l3 + w}

Therefore, j € S. d

2. 8 M i w; > 0,b; < 0.

By the definition of S, we have Sy Z S.

3. 53 déf {Z w; <0,b120}

It is obvious S35 C S.

4. Sy déf {Z w; < 0,b; <0}.

LEMMA 11. Suppose b b Ifi € S, then j € S as well.
wj w;

Proof. Assume j ¢ S. Since i € S, we have

bj’LUj blwl <1I), l~)> — Cy
wi T w? [kalfb

By Proposition 9, we have

bjwj <’LD, ZN)> — Cy + bjwj
u? a1l + w2
Therefore, j € S. O
Case 2. A\j > 0.
For this case, we have
<wa Z*> = q,
<ﬁ},1~)> < c,
— (w,b
YR S L
@3

We now determine which indices are in the set S.
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1. S < {irw; > 0,b; >0}
By the definition of S, we have S; C S.

2. 85 % {i:w; > 0,b; < 0}.
Similar to the case for A}, > 0, we have the following:
Suppose fU—J] > % If i € S; then j € S as well.

3. Sg déf {Z w; < O,bz > 0}
Similar to the case for A}, > 0, we have the following:
Suppose fU—J] < % If i € S; then j € S as well.

4. Sy X i w; < 0,b; < 0}
By the definition of S, we have Sy € S.
Case 3. \j = A}, =0.
For this case, we have
Determining the signs of Lagrange multipliers. We next show that whether the
Lagrange multiplier is positive or not can be determined by (w, [b]+).

LEMMA 12. The Lagrange multiplier \; satisfies the following condition:

A =0 <w7 [b]+> > a,
Pl >0 by <a.

Proof. We first use contradiction to prove the result for the case (w, [b]+) > ¢.
Assume A > 0. By the properties for A} > 0, we have ¢; > (w, I~)> and S; C S. Since
(w, [b]+) > ¢, we must have Sy N S # 0.

Let [ € 95N S such that 2 - 5 =1 (Vj € 82nS). We would have

b b j
> oput= ¥ (fe)un < 2w

w,
jesans b j€82NS j€S2NS

IN

0 < Z w;b; —a = (w,[bl4) —a.
jES\S2

Adding the above two inequalities together, we would have

by e = jes Wib; 1.,
Sy D HES s g
wi 2 jesans W 2
contradicting [ € S.
We next consider the case (w, [b]4) < ¢.
By the assumption, we have
a—(wbly) =a— X wib > 0

i€SN(S1US3)

— Z U}jbj 2 0.
1€SNSa

Adding the above two inequalities together, we have

Al > 0.
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Similarly, we have the results for A7.

LEMMA 13. The Lagrange multiplier A}, satisfies the following condition:

{ =0, (w,[b4) < e,

A*
> 0, (w,[b]4+) > cy.

u

For the case A} > 0, deleting any index from the set S; N S decreases the value
(11;,5>—cu

A and deleting any index from the set S; N S increases that value. Similarly,
2

(,b)—cy

for the case A} > 0, deleting any index from the set SoN.S decreases the value IR
2

and deleting any index from the set S3 NS increases that value.
The discussion above proves that our algorithm below finds an optimal solution
of the problem (27).
Algorithm. Reduce problem (27) to the form (28) and solve problem (28). Let n;
be the cardinality of the index set S;, (i = 1,...,4). We first compute (w, [b]+).
o If (w, [b]4) € [cr, cu], we let

o If (w, [b]4+) > cy, we do the following.
1. Reorder the elements in S; so that
bd(l)/wd(l) > bo(2)/wo(2) > bd(nl)/wo(nl)'
Reorder the elements in Sy so that
br1y/wr1y < br2y/Wr(2) < - br(ny) /Wr(ny)-
2. Let
S=5;, T= Zwibi—cu, v = Zw?, j=1, 1=1.

i€S3 i€S3

3. Repeat the following two while loops until stable:
While vlbu“—ij_)) > T and j < ny, do
o(j

SU{o(f)} =S, THweybsiy =T, v+ wi(j) —v, j+1—=7
While vg*—% < T and < ny, do

Su{r)y =S, THw.qbrqy—T, v+ wf(l) —v, [+1—=1.

. 0, ies,
‘ b; — Iwi, i€ S.
o If (w, [b]}+) < ¢, we do the following.
1. Reorder the elements in S so that

4. Let

bo(1)/Wa(1) 2 bo(2)/Wo(2) =+ Do (ny)/Wo(ny)-

Reorder the elements in S3 so that

IN

br1)/wr1) < br2)/Wr(2) < - br(ng)/Wr(ng)-

© 2016 SIAM. Published by STAM under the terms of the Creative Commons 4.0 license



Downloaded 01/23/17 to 147.188.108.179. Redistribution subject to CCBY license

2348 MICHAL KOCVARA, YURII NESTEROV, AND YU XIA
2. Let

S =51, T:Zwibi—cl, szwf, j=1 1I=1.

1€S1 1€S1

3. Repeat the following two while loops until stable:
(a) While vi—((z > T and j < no, let

SU{c(j)} — S, T—Fwa(j)bg(j) — T, v+w[2,(j) —v, Jj+1—7.
(b) While vfj—((?) < T and [ < ng, let

Su{r()} =S, TH+w, by =T, v—l—wz(l) —v, [+1—=1.

. 0, ies,
Z, =
‘ b; — %wi, ieS.
LEMMA 14. After reducing problem (27) to problem (28), the algorithm above
stops at an optimal solution to (28) with at most n® + 14n + 1 arithmetic operations

and 2n + 3 auziliary storage space units. If all w; = 1, the above algorithm needs at
most n? + Tn + 1 arithmetic operations and n + 2 auziliary storage space units.

4. Let

Proof. Determining the signs of b; and computing (w, [b]+) takes 3n — 1 flops.
Further dividing the index set into Sp,...,S4 takes another n flops. Comparing
(w, [b]+) with ¢ and ¢, takes two operations. Computing b;/w; (i = 1,...,n) takes
n flops. Bubble sorting the elements in the sets Si,...,S4 takes at most n(n — 1)
operations. Two auxiliary vectors of size n are required to store b;/w; for (j =
1,...,n) and the sorted index set. The number of flops needed for steps 2 and 3 is at
most 7n. We also need three auxiliary space units to store j, v and T. Step 4 takes
at most 3n flops. Since we overwrite b by z, we do not need an additional vector for
z. Therefore, a total of n? + 14n + 1 operations and 2n + 3 auxiliary storage space
units are required for our algorithm. If all w; = 1, we do not need to divide and
multiply the intermediate results by w;. The index sets S3 and S; are not needed,
and b;/w; does not need to be stored. Also, we do not need to keep and compute v,
since its value equals j. Therefore, the total number of operations is reduced to at
most n? + Tn + 1. d

A.2. Symmetric matrix projection with lower bounds and a two-sided
linear constraint.

THEOREM 15. For given U € C", and c,cy,7 € R with ¢, > max{nr, ¢}, the
solution Z to the projection problem (26) is the following.

Let QAQ* be the eigenvalue decomposition of U+2U . Let \ denote the diagonal
entries of A.

Denote

SO dZEf {1§j§n)\J§T}a gO dzEf {1,,71}\30

1. Assume c; <3
Then we let

i€, Ai + |S()|’I“ < Cy-

W = N iES’Q, w; = 1r 1€ 8.
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2. Assume Y 5. Ni + [Solr > cy.
Then there is a partition of Sy as Sg = SUS:

o _ g A+ nr—cy
Sif{m&yM>ZESJ },
S|
_ de _ oA+ nr—cy
S d:f {iESOZ/\i<ZJ€S d }
S|
We let -
. T, iESUS(),
w; = . i+nr—cy .
/\i—%—kr, 1€ 8.

3. Assume ) ;50 Ai + [Solr < ¢
Then there is a partition of Sy as So = S; U S; where

. D R
S = {ZES@Z J-2i-00 —Xi g
[So| + |Si]
We let - A—13]
Cl= 2. e5q9us, N I9UT . &
o = ANt T e PE€SoUS,
T, i €S

Let Q be the diagonal matrixz with diagonal entries &. Then Z = QQQ* is the
unique solution to (26).

IfU € 8™, Z can be obtained in (10n3 + 3n% + 9n + 5) flops with an auziliary
storage vector of size (n? + 3n + 4).

Proof. Since Z € H", we have

1
1Z2-Ul% = 501Z2-Ul%+12-U"%)
= t1(Z%) +tr(UU*) — tx(ZU + ZU*)

2
* 1 1 1
u(z_U+U) + 3 (UUY) — 3 x(U?) — L r(U2)

2 2

Therefore, the solution to (26) is the same as the solution to the following problem:

2

min Z — v+
ZEHn 2
st. ¢ <tr(Z) < ey,
/\min(Z) 2 T.

Let F be the optimal value of the above problem.
By Theorem 7, & in the statement of the theorem is the solution to

i — A
min - [lw — Al

n
st. ¢ < Zwi < cy.-
i=1
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The Hoffman-Wielandt theorem [10] states that for two Hermitian matrices V'
and W let A (V),..., A\ (V) and Ay (W), ..., A\ (W) be the eigenvalues of V and W
in nonincreasing order. Then there is a permutation o (i) (i = 1,...,n) such that

PeyV) =X(V)]" = |W = V]
=1

K2

It is obvious from Theorem 7 that @ is in the same order as A; i.e., if A is arranged in
nonincreasing order, w is also in nonincreasing order. Therefore,

Fo> oo - Al

Since Z and Y= are unitary similar, we have
5 y ,

2
; U+U

= [l& = All%-

F

Hence Z is the solution to (26).

Now we consider the complexity and memory requirement of getting the solution
Z when U is real symmetric.

The eigenvalue decomposition of U by the symmetric QR algorithm takes roughly
9n? flops. Since we can overwrite U, n? space units are needed to store the orthogonal
matrix @, and about 2n + 1 auxiliary space units are needed to store intermediate
results. The algorithm in section A.1.3 can be used to compute w. Since all of the
r;’s are identical, variable transformations from ¢; and ¢, to ¢ and ¢, take 4 flops,
instead of 2n flops for r;’s being heterogeneous. Therefore, calculating w takes at most
(n? +9n +5) flops and 3n + 4 auxiliary storage space units. Computing QNQ* takes
(n?(n+1)+n?) flops. Since the auxiliary vector for storing the intermediate results of
the eigenvalue decomposition of U can be overwritten, the total length of the auxiliary
vectors is (n? + 3n + 4), and the total number of flops is (10n® + 3n? + 9n + 5) for
UesSm. d
u+Uu*

2

If n < 3, the characteristic polynomial of is of order no more than 3;
therefore, its eigenvalues can be obtained analytically. Its eigenvectors can then be
obtained by solutions to its eigensystems.

Appendix B. Updating the parameters. As is stated earlier, by [15, Theorem
1], the duality gap of the tth iteration generated by the primal-dual algorithm is
bounded by

t

1 1 o?

75“ Wlth 5t S ﬁtJrlD‘f' a _ngl”E

Zf:o o 2 ; A

In our algorithm, |||« = [|[(9£)1, (9=)i]llx, D = TDg + (1 = 7)D,.
Fort=1,...,let

(29)

(30) Bo=Bi= 1, Bt = Bt~
b

Also,
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Simple dual averages.
Qr = 1.

Assume ||g¢||« < L for t = 1,...; then by [15, Theorem 2], we have

6 < Bin (DU+ —L2> Zal =t+1.

Weighted dual averages.
1

lgell«
Assume ||g¢||« < L for t =1,...; then by [15, Theorem 3], we have

N t—|—1
0 < Bigr (DU+—> Zal > —

ay =

The above results show that the convergence rate of the algorithm depends on
the choice of ¢. It is not possible to determine the optimal o without knowledge of
D or L. In this part, we show how to dynamically update the parameter o; in the
algorithm to obtain the best convergence rate.

Choosing B:. Let og > 0 be the smallest possible value for . Let w > 0 be the
number of steps for each test in updating o.

The following algorithm is used for the choice of 3.

1. Choose w > 0,09 > 0.
2. Let

Fort=0,...,w, let
ﬁt:UOBt'

3. Repeat the following until the convergence rate
starts to decrease.
o Let
v =0v+1, o = 2xo0.

e Fort=vw+1...(v+ 1w, let

B = opk.

4. Let
v=ov-—1, o= 0o/2.

Fort=(v+2w+1,..., let

THEOREM 16. The total number of test steps for the above procedure of determin-
ing o is finite. The total number of iterations of the algorithm including the above
procedure is at most 5/3 of the algorithm without the procedure but using optimal
parameters plus a term in the order of (9(%)
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Proof. Assume that at iteration ¢ we obtained the o from the above procedure.
Set v = v;. Suppose ||gi|l« < L (I =0,...,t). Since there is one backtrack period with
w steps before landing at the current o, from the above procedure, we have o = 2%t -0
and Bt = O'Bt.

To prove the theorem, we need to bound d;.

We first consider the method of simple dual averages. By (29),

ve+1 12 (v+1D)w 1 t 12
I P YE D VI D D e ]
I=v-w+1 Pl I=(ve+2)w+1 0Pl
R L2 ve—1 vw 1 12 (ve+2)w 1
= 002" B Dt — =7 ) = +t——7 Z - - — Z il
702 = B 002 == b 002 l (vt+l)w+1ﬁl
(30) 2 =

A vy 1 2 S A
=" Bi+1 <oo2 D+ WL ) + ooau T ; Bow+1

L? A A
+W |:ﬁ(’l)t+l)'w+l - 5(vt+2)w+1] .

To further estimate the bound, we use [15, Lemma 3]:

A 1
B < ——+V2t—-1, t>1.

1+V3
From the above result, we have
ve—1 v _1 ve—1
ﬁv»w S tf + 2Uw + 1
v —1 1=
. —
< 2vw +1
1+v3  \wve—1 ;( )
V¢ —1 + m
= — VW
1+3 '
< 2vtyJw/2.

The optimal value of ¢ is ¢* = \/%. The total number of iterations decreases

with o for 0 < ¢* and increases with ¢ for ¢ > o*. Therefore, we have

1
v <o + log,

ooV D
<o < 2"

From the above inequalities, we obtain that the total number of test steps for the
method of simple dual averages to obtain an optimal o is no more than [3+log, ﬁ] w.
[9)

Also, (Do + 5=L?)/( ) < 5/3. Therefore, the total number of iterations
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of our procedure for the method of simple dual averages is at most 5/3 of that with
2
optimal parameter plus O( 2\/\/%505)'

Similarly, for the method of weighted dual averages, we have

R " 1 w
5t(d) < By (002 'D+ 0.02vt+1) + o;g/i'

The optimal value of ¢ is ¢* = WoTik Therefore, we obtain

&
IN

1
5 - 10g2 UO\/Ba

<o < 207

Since
t

Z 2 t + ].7
L
1=0
we conclude that the total number of test steps needed for the method of weighted
dual averages to obtain an optimal o is no more than [g — logy 09V D]w. Also,
(Do + 5)/(Do* + 5) < 5/3. Therefore, the total number of iterations of our
procedure for the method of weighted dual averages is at most 5/3 of those done by

the original algorithm with optimal parameter plus (’)( 2¢\/gyL()e)' ad

The worst-case complexity bound of the original algorithm is O(Z%) [15]. Since
our procedure adds a term of O(2), the complexity remains at O(%).
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