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On the characters of the Sylow p-subgroups of untwisted
Chevalley groups Y,,(p%)

Frank Himstedt, Tung Le and Kay Magaard

ABSTRACT

Let UYn(q) be a Sylow p-subgroup of an untwisted Chevalley group Y, (q) of rank n defined
over Fy where ¢ is a power of a prime p. We partition the set Irr(UYx(g)) of irreducible characters
of UY,(q) into families indexed by antichains of positive roots of the root system of type Y.
We focus our attention on the families of characters of UY,(g) which are indexed by antichains
of length 1. Then for each positive root o we establish a one to one correspondence between
the minimal degree members of the family indexed by a and the linear characters of a certain
subquotient T of UY,(q). For Y,, = A, our single root character construction recovers amongst
other things the elementary supercharacters of these groups. Most importantly though this
paper lays the groundwork for our classification of the elements of Irr(UE;(q)), 6 < i < 8 and
Irr(UF4(q)).

1. Introduction

Let p be a prime, ¢ = p® and Y;,(¢) be a finite quasisimple group of untwisted rank n defined
over the field F,. By UY,,(¢) we denote a Sylow p-subgroup of ¥,,(¢) and by Irr(X) we denote
the set of ordinary irreducible characters of the group X.

This paper lays the groundwork for our study of Irr(UFE;(q)) where 6 <i <38, and
Irr (U F4(q)). Our approach is to construct the characters explicitly using as primary parameters
the underlying root system and the field. Our focus here is on the families of characters which
we parameterize by a single root. For the classical groups, these families can be described
recursively via character correspondences which can be achieved using Lemma 2.1. Establishing
similar character correspondences for families parameterized by more than one root requires
iterated applications of Lemma 2.1. Given the length of the current paper we treat the recursive
method in a sequel.

The solution of the dual problem, the determination of the conjugacy classes of UY,,(q), has
been achieved for rank up to 8, but not all of Eg, in [13], [14] and [15] by Goodwin, Mosch,
and Rohrle. Combining these results with the results of this paper and its planned sequel opens
the way for the construction of the generic character tables of these groups. For the groups
UDy(q) this is presently being carried out by Goodwin, Le, and Magaard, see [11].

One motivation for constructing the generic character tables of UY,(q) is to aid in the
construction of the cross characteristic representations and in the determination of the
decomposition numbers of the exceptional groups of Lie type. Following Okuyama and Waki
[31], [37] and Himstedt, Huang and Noeske [19], [20], [22], we see that characters of parabolic
subgroups are a useful tool in the computation of the decomposition numbers of finite groups
of Lie type in the cross characteristic case.

A second motivation is to explain exactly why the primes 3 and 5 are bad for the exceptional
groups of Lie type from the point of view of the representation theory of UY, (¢q). A partial
explanation is supplied in Le, Magaard [28] where families of characters are exhibited whose
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degree is not a power of ¢ = 3% or ¢ = 5% This generalizes a construction for UDy(q) in [21],
where it is shown that there exists exactly one family of characters whose behavior at the prime
2 is different than for odd primes. At present we do not know how many families of UFE;(q)
characters behave differently at bad primes than at others.

A third motivation is the conjecture of Higman [18] from 1960 that the number of elements of
Irr(UA,) is a polynomial in Z[q] and the generalization to other classical groups. This problem
has led to the development of supercharacter theories. By grouping conjugacy classes into so
called superclasses and characters into supercharacters these theories allow one to construct
supercharacter tables which may be viewed as summarized versions of ordinary character
tables. These theories were introduced by Diaconis and Isaacs [6] for algebra groups such
as UA,(q). Subsequently André and Neto [2] developed supercharacter theories for UBy(q),
UC(q), UD,(q). A common key feature in these theories is that the supercharacters are
constructed as tensor products of elementary characters. An open problem in this area is the
question of how to split non elementary supercharacters into ordinary irreducible characters.
In his thesis Le [27] shows that the splitting of supercharacters into irreducibles is governed by
certain pattern subgroups of UY,, and thus it would suffice to know that Higman’s conjecture
holds for pattern subgroups. While Higman’s conjecture has been verified for n < 13 by Vera-
Lopez and Arregi [36], it was shown by Halasi in [16] and Halasi and Palfy [17] that it does not
hold for pattern groups in general. Pak and Soffer’s recent preprint [32] gives strong evidence
for why Higman’s conjecture may fail for n > 59 while also verifying that the conjecture holds
for n < 16.

Our approach for classifying the irreducible characters of UY,,(q) is based on an analysis of
the supports of the centers of the characters and character correspondences. We proceed as
follows. Let ® be a root system of type Y,, and let ®* denote the set of positive roots with
respect to some choice of simple roots. The group UY,, is generated by the root subgroups X,
where v € T For x € Irr(UY,,) we define a set rs(x), see Definition 4, which consists of those
elements 8 € ® whose root subgroup X lies in Z () but not in Ker(x). Subsets of ® which
arise in this way are called representable. We show that the number N(®) of representable
sets in ®* is a sum of (generalized) Narayana numbers and that N(®) is equal to the number
of antichains in the poset of positive roots of ® as well as the number of clusters in a cluster
algebra of type ®, see Proposition 5.9.

We say that a character x is a single root character if its representable set is non-empty
and as small as possible, that is |rs(x)| = 1. Each family of single root characters contains a
collection of characters of minimal degree which we call midafi characters and each collection
contains a special element that we call standard midafi. In case the root system is of type A,
our standard midafi characters are called elementary characters by André [1]; see also [6].
For the root systems of types B,, C, and D,, our midafi characters differ from those defined
in André and Neto [2]. To see this we note that all of our standard midafi characters are
irreducible, whereas not all the elementary characters defined by André and Neto are.

For o € ®* we define

Irr(UYn(q))a :={x € Irr(UYn(q)) | rs(x) = {a}},

the set of single root characters lying over o and the set
Irrmida(UYi)a ={p € Irr(UY,(q))a | p is midafi}.

The observation that Xz must act faithfully on any module affording x for all g € &+
such that « — 3 € & leads to the definition of the hook h(«a) of «, see Definition 9. For x €
Irr(UY,(q))a let k(a) := {x € &t | X, C Ker(x)}. We show that, for fixed o, the set k(o) C ®T
does not depend on x, that h(a) Nk(a) =0 and that in general 8+ v € h(a) U k(a) for all
B,7v € h(a). Also we will see that typically H, := (X, | v € h(c)) acts as special group on



ON THE CHARACTERS OF THE SYLOW p-SUBGROUPS OF Y, (p*) Page 3 of 57

any module affording . As a result we obtain that y(1) = cq? with d = (|h(a)| — 1)/2. When
¢ =1, then x is a midafi.

More generally, using our Reduction Lemma 2.1, we can interpret ¢ as the degree of an
irreducible character of a suitable quotient T, of a certain subgroup S, < UY,(¢q). Our main
theorems can now be stated under mild hypotheses on the prime p, see Hypothesis 1.

THEOREM 1.1. Let ®, be an irreducible root system of type A,, B,, n>2, C,, n >3
or D,,, n >4 and F, a finite field of characteristic p such that Hypothesis 1 holds. For every
positive root o € ® the map

U Trr(Ty) X Ir(Xo)* = Ir(UY)as (11, A) — (Inﬂ% o - Tnfl3e X))V

is a one to one correspondence.

THEOREM 1.2. Let i € {2,4,6,7,8} and let ®; be a root system of type Go, Fy or E;
respectively and I, a finite field of characteristic p such that Hypothesis 1 holds. For every
positive root a € (I>;r the map

U . Irrhn(Ta) x Irr(Xo)" — Irrmida(UYi)a, (1, A) = (Inﬂ%;,u . Inﬂfgl 2T

is a one to one correspondence.

In case ® is classical, we provide information on the structure of T, for every a € &,
whereas for ® exceptional we determine for every a € <I>j' the number of midafis for a and
their degrees.

To explain why it is that our results differ for classical and exceptional groups we need to
address the issue of how T',, is constructed. We partition the set h(a) \ {a} into two subsets of
equal size a(«) and £(«) which we call the arm, respectively the leg of h(a). Then we define the
source s(a) ;= & \ a(a). A priory we have 2/%®)! choices for the sets a(a) and £(«). However,
if our choice for the arm and leg satisfies the following conditions

(1) s(«) is closed under addition of roots, and that

(2) A+ o el(a)Uk(a) for all A € £(«) and all o € s(a) such that A+ o0 € T,
then we can achieve the hypotheses of Lemma 2.1 to establish the correspondence in
Theorem 1.1. In this case the group S, := (X, | 0 € s(a)) contains the normal subgroup
Ko :=(X\ | A€ k(a)) such that S,, the image of S, in UY,(q)/Ka, contains a normal
subgroup L, := (X | A € £(a)) such that S /Lo = To X X4

Conditions (1) and (2) can always be achieved when ® is classical or of type Go. When & is
exceptional, then condition (1) can always be achieved. However when @ is of type Eg, then
condition (2) cannot be achieved for 46 of the 120 roots of ®*. The numbers for types E7, Fg
and Fy are 11 out of 63, 2 out of 36, and 2 out 24, respectively. Nevertheless we have

THEOREM 1.3. Let i € {2,4,6,7,8} and let ®; be a root system of type Ga, Fy or E;
respectively and I, a finite field of characteristic p such that Hypothesis 1 holds. For every
positive root a € ®; for which conditions (1) and (2) above can be achieved the map

U Tir(Ty) x Irr(Xo)* = Ir(UYi)a, (i1, A) = (Inﬂ%;u . Inﬂi‘;)\)UYi

is a one to one correspondence.

We remark that if p > 3 then Hypothesis 1 is satisfied for the groups UG2(q) and in this
case every irreducible character of UG5(q) has degree 1, ¢ or ¢? and all irreducible characters
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of degree > 1 are midafis. We remark further that the number of possible choices for a(a) so
that (1) and (2) above are satisfied is (|h(«)| — 1)/2 in type A,, and much smaller in all other
cases.

In case no choice of a(a) achieves condition (2) we pick from those choices which satisfy
condition (1) the one that minimizes the index of L,, in its normal closure in S,. This amounts
to minimizing the size of

l(a) == {7 € s(a) | There exist A € {(a) and o; € s(a) such that 7 = X\ + Zai}.

Let Lo := (X, | p € £()). Then L, is normal in S,, and finally we can define the group 7',
in the statement of Theorem 1.2 via So/La = Ty X X 4.

With the machinery set up in this paper we are able to give full descriptions of the character
correspondences for the exceptional groups. It should be noted that if X, projects faithfully
into a classical quotient of UY;(g), then condition (2) can always be achieved. Of the 120
positive roots of Eg exactly 53 have the property that X, projects faithfully into a classical
quotient. In 46 of the 67 remaining cases condition (2) cannot be achieved. (For Fy, Fg and
E7 the numbers are 2 out of 10, 2 out of 7, and 11 out of 23, respectively.) Compounding
this is the fact that in those cases where condition (2) cannot be achieved, the descriptions of
the single root characters involve up to possibly 15 (generally as many as there are subhooks
listed in Table A.2) recursive applications of our Reduction Lemma 2.1 and are thus beyond
the scope of this article.

An algorithmic treatment of the single root characters will appear in forthcoming articles.
The case ® of type Fj is considered by Goodwin, Le, Magaard, and Paolini in [12], where
we see that our machinery also generalizes to the case of multiple root characters which we
encounter in root systems of exceptional Lie type.

The paper is organized as follows. In Section 2 we fix notation and prove Lemma 2.1 which is
fundamental to our construction of characters. In Section 3 we define closed patterns (additively
closed subsets of roots) and the corresponding pattern subgroups, and establish some of their
basic properties. This is used in Sections 4 and 5 to define the key terms of this paper, such
as hooks, root kernels, representable sets and to establish their basic properties. We show that
the number of representable sets is equal to the number of antichains in the poset of positive
roots. In Section 6 we study single root characters to lay the foundations for establishing our
correspondences. For the classical root systems our main theorem is established in Section 7
and for the exceptional root systems in Section 8.

2. Notation and a reduction lemma

In this preliminary section we fix our notation and prove the key lemma which is needed to
establish the character correspondences in Sections 7 and 8.

2.1. Character theoretic setting

For any finite group U let Irr(U) be the set of complex irreducible characters of U and
Irr"™(U) := {x € Trr(U) | x(1) = 1} the set of linear characters. Let (-,-) or (+,-) be the usual
scalar product on the space of C-valued class functions of U. We write 1y or 1 for the trivial
character of U and set Irr(U)* := Irr(U) \ {1y }. Suppose that N is a normal subgroup of U
and that H is a (not necessarily normal) subgroup of U. If x is a character of U and A is a
character of H and 1 is a character of the factor group U/N, we write AU for the character of
U induced by X and x|y for the restriction of x to H and Inﬂg/NdJ for the inflation of ¢ to U.
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For A € Irr(H ) we set

Irr(U, \) = {x € Tir(U) | (x, \Y) > 0} and
Irr(U/N,A) := {x € Irr(U, \) | N C Ker(x)},

where Ker(x) denotes the kernel of x. The following lemma provides a character correspondence
between finite groups and certain subgroups.

LEMMA 2.1. Let H be a subgroup of a finite group U and X a set of representatives for
U/H. Furthermore, let Y, Z be subgroups of H and X\ € Irr(Z) such that

(a) Z € Z(U),
(b) Y<H,
(c) ZnY = {1},
(d) 2y <QU,
(e) for the extension A € Irr(ZY) = Irr(Z x Y) of A\ with Y C Ker(\) we have “A # X for

allz € X \ H.
Then the map ® : Irr(H/Y, \) — Irr (U, \) N Irr (U, 1y), x + xY is bijective. If additionally

() |X[=1Y]
holds, then Irr(U, A) NIrr(U, 1y) = Irr (U, A).

Proof. Suppose that (a)-(e) are true. By (c),(d),(e) the character X is an irreducible
character of the normal subgroup ZY of U so that we can apply Clifford theory. For all h € H,
yeY,ze Zwehave "\(zy) = Az"y") = )\(zy) by (a) and (b). So H is contained in the inertia
subgroup Iy (N), and from (e) we get H = Iy(\). By Clifford theory [25, Theorem (6.11)] the
map

@ : Tre(H, \) — Ire(U, A), x — vV

is a bijection. Since Irr(H, 5\) =Trr(H/Y, \) and Irr (U, 5\) = Trr (U, \) N Irr(U, 1y ) the first claim
follows.

Assume additionally that (f) holds. By (a), (e) and (f) the character A has at least | X| = |Y|
distinct extensions to ZY = Z x Y. It follows that A has exactly |Y| distinct extensions to
ZY = Z x Y and that these are permuted transitively by the conjugation action of U. One of
these extensions is X. Thus each u € Irr(ZY') with pu|z = X is conjugate in U to \. Hence

Irr(U, A) C Irr(U, X) = Ire(U, \) N Ter(U, 1y) € Ire(U, N).

2.2. Lie theoretic setting

We fix a power ¢ = p® of a prime p and write [, for a field with ¢ elements. Let Y,,(g) be
an untwisted Chevalley group defined over F,, constructed from a simple Lie algebra with the
irreducible root system ® of Dynkin type Y and rank n as described in [4, Section 4.4]. So
Y, (¢) is generated by elements z,(t) for @ € ® and ¢ € F,. Let X,, := (x4 (t) | t € F,) be the
root subgroup corresponding to a root a € .

We fix a set A = {dy,...,0,} of simple roots and write ®* for the corresponding set of
positive roots. So each o € ®T can be written as o = Z?zl m;9; where the coefficients m; > 0
are integers. We write ht(a) := Y., m; for the height of a.

Let UY,(q) or UY,, be the subgroup generated by {z,(t)|a € ®*,t € F;}. So UY, is a
maximal unipotent subgroup and a Sylow p-subgroup of Y,,(¢). For example, it is well-known
that UAs(q) is isomorphic to the subgroup of SLg(g) consisting of all upper unitriangular
matrices. Let < be a total ordering on ®*. Then each element u € UY,, can be written uniquely
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as

U= H Ta(ta), (2.1)

aedt

where the product is taken over all positive roots in increasing order. The multiplication of
the elements of UY,, is determined by commutator relations after fixing the signs of certain
structure constants corresponding to the so-called extraspecial pairs of roots; see [4, Sections 4.2
and 5.2] for details.

We say that a non-empty subset ¥ C @ is a root subsystem if o,(¥) = U for all reflections
04 corresponding to roots o € ¥. Let ¥ be a root subsystem of ® of Dynkin type Y’ and
rank n’ and let Z¥ be the Z-span of ¥. We define ¥+ := ¥ N &+ and Uy := Hae\w X, where
the product is taken over all o € U in increasing order. If Z¥ N ® = ¥ then the commutator
relations and the properties of the structure constants in [4, p.58-59] imply that Uy is a
subgroup of UY;, isomorphic to UY}),.

Recall that we can define a partial order < on ®* as follows (see [23, 10.1]): For roots
a,B € T we write o < 8 if 8 — « is a non-zero sum of positive roots and we write o < 3 if
a < 8 or a = f. The following lemma is a special case of [35, Lemma 3.2].

LEMMA 2.2. Forall a, 8 € &t with o < 3 there are roots y; € ®+ such that o = 9 < 1 <
Yo << Yem1 = Yys=pfand v —vic1 € Aforalli=1,2,...,s.

Proof. The lemma follows from [35, Lemma 3.2]. O

A chain in ®% is a subset C' = {y1,72,...,7s} € ®T such that v; < ;11 forall 1 <i <s—1.
We say that C is unrefinable if there is no root v € ®* \ C such that v; < v < 7,41 for some 3.
By Lemma 2.2 unrefinable chains have the property that the difference of consecutive elements
is a simple root. By [23, Lemma 10.4A] the highest positive root of ® is the unique maximal
element of the poset (&7, <).

3. Pattern subgroups

In [26, Section 2], Isaacs defines pattern subgroups of the subgroup U, (q) of GL,,(F,)
consisting of the upper unitriangular matrices. Since Uy, (q) is isomorphic to UA,,—1(q) these
pattern subgroups can be identified with subgroups of UA,,—1(¢) in a natural way. The
following definition generalizes the notion of pattern subgroups to other Dynkin types. We
assume the setting described in Section 2. In particular, ¢ is a power of a prime p and Y,,(q) is
an untwisted Chevalley group defined over F, with the irreducible root system ®. The set of
positive roots is denoted by ®* and UY,(q) or UY,, is the subgroup of Y,,(q) generated by the
root subgroups X, for a € 7.

DEFINITION 1. Let S be a subset of ®T.

(a) The set S is called a closed pattern if for all roots «,3 € S we have a+ 8 € S or
a+Bgor.

(b) For a closed pattern S let P(.S) be the subgroup of UY,, generated by the root subgroups
X, for a € S. We call P(S) the pattern subgroup corresponding to S.

Note that when we have a total ordering < on ®* and a closed pattern S then (2.1), [4,
Lemma 3.6.3] and the commutator relations imply that P(S) = [],cg Xo where the product
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is taken over the roots in S in increasing order. Obviously, each root subgroup X, for oo € &+
and the trivial subgroups UY,, = P(®") and {1} = P(0) are pattern subgroups.

DEFINITION 2. Let M, N be subsets of a closed pattern S C ®+.

(a) We say that M is a closed subpattern of S if M is a closed pattern.

(b) The closed pattern generated by M is the intersection of all closed patterns contain-
ing M.

(c) We say that M normalizes N ifforalla € M, 3 € N wehavea+ € Nora+ ¢ ®7.
We say that N is normal in S if S normalizes N. In this case we write N < S and call
P(S)/P(N) the quotient pattern group of P(S) corresponding to N. We say that N is
normal if N is normal in ®*.

(d) The normal closure of M in S is the intersection of all normal closed subpatterns of S
containing M.

Obviously, the closed pattern generated by M C ®7 is the smallest closed pattern containing
M and the normal closure of N in S is the smallest normal closed subpattern of S containing
M. Note that the normal closed patterns are exactly the (upper) order ideals of the root poset
(®*, <) in the sense of [35].

REMARK 1. If N QS then (2.1), [4, Lemma 3.6.3] and the commutator relations imply
that N is a closed subpattern of S and P(N) < P(S). In particular, P(S)/P(N) is a well-
defined factor group. Let 7 : P(S) — P(S)/P(N) be the canonical projection and v € S\ N.
Since m maps the root subgroup X, injectively into P(S)/P(N) we often identify X, with
m(X5).

To avoid degeneracies in the commutator relations we will often assume the following
hypothesis.

HypoTHESIS 1. If the Dynkin diagram of ® has a double or triple edge assume that
e p>2if & is of type By, or Cp, (m > 2) or Fy,
e p > 3 if @ is of type type Gs.

Next, we consider the connection between normal closed patterns and normal subgroups.
For x,y € UY,, we set [z,y] := 2~ y~tay. Part (c) of the following lemma is stated in [3] for
connected reductive groups; see also [7, 1.12, 1.13]. Since we need it for finite groups we sketch
a proof.

LEMMA 3.1. Leta, 3 € ®" such that o + 3 € ®T. We assume that Hypothesis 1 is satisfied
and set ®75 = {icc+ jB € | i,j € Lo}

(a) For all s,t € Fy there are constants c¢;jo3 € Fy such that c1143 # 0 and
za () wp() ' wa(s)2p(t) = [] wiaris(cijos - (-1)'s), (3.1)
,j>0
where the product is taken over all i,j € Z~q, such that ia + j8 € ®t and the terms
in the product are ordered from left to right so that i + j is increasing.

(b) The set <I>;0ﬁ is a closed pattern and a subset of the normal closure of {o + $} in the
closed pattern generated by o and .
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(¢) ([3, Remarque 2.5]) [X,,Xgs] = H X,.
q>>0

Note that because @zoﬁ is a closed pattern the product in (c) does not depend on the order
of the factors.

Proof. (a) By assumption, ® is irreducible. Let @, g := ® N (Za + ZB). Since o+ € @
we know from [4, Lemma 3.6.3] that ®, g is a root system of type Ag, By or Ga. Let —ma +
B,...,B,...,m'a+ B be the a-string through 8. Then (3.1) holds with cj1a3 = £(m + 1) by
[4, Corollary 5.2.3 and Sections 4.1, 4.3]. We have to show that c114s # 0.

Suppose that ® has type A,, D,, Fgs, E7 or Eg. Since all roots of ® have the same length,
®,, g has type Az and hence m = 0; see [23, 9.3]. Thus ¢1108 = £1 and ¢1145 # 0. Suppose that
® has type By, Cp, or Fy. Again the lengths of the roots imply that ®, g has type A or By and
so m € {0,1} by [23, 9.3]. Thus ci1a3 = £1 0r c1143 = £2 and so ¢1108 # 0 by Hypothesis 1.
Finally suppose that ® has type G3. Then ®, g has type A; or Gy and so m € {0, 1,2} by [23,
9.3]. Thus ¢1143 = £1,£2 or £3. Thus ¢1145 7# 0 because p > 3.

(b), (c) Obviously, <I>>ﬁ is a closed pattern and thus [] ed>0, X, is a subgroup of UY,,.
The commutator relations imply that [X,, Xg] C H a0, X5. Slnce ®,, g has type Ay, By or

G we see that <I>>OB is one of the following sets: {a + B} {a+ 8,2a+ 5}, {a+ B,a+ 28},
{a+ 8,20+ B,a + 26}, {a+ B,2a+ B,3a + B,3a + 26}, {a+ B,a + 28, a + 33, 2a + 36}

We only treat the most complicated case <I>>% ={a+p,2a+ 5,3a+ 5,3a + 25}. Because
2a+B=a+(a+p), 3a+=a+ (2a+ ) and 3a+28 =5+ (3a+ ) the statement in
part (b) follows.

To prove the statement in (c) note that [X,, Xg] < (X,, Xg); see [24, Hilfssatz II1.1.6 (b)].
By (a) we have [X,,X3] = Xo4p mod XoatsXsa+8X3a+23. Thus, there are d,d',d” € Fy
such that u:= zayp(1)22045(d)T30+8(d)x30+25(d") € [Xo, Xp]. Again it follows from (a)
that [Xo,u] = Xoa+p mod Xs3a15Xsa+23 S0 there are elements f, f' € F, such that v’ :=
Z2a+8(1)T30+8(f)T30a+28(f") € [Xa, Xp]. Again from (a) we get that [X,,u'] = X3q45 mod
Xsa425 and then v := x3048(1)T30+25(9) € [Xa, Xp] for some g € F,. From (a) we get
[X5,u"] = X3a428 C [Xa,Xs]. Now we can work backwards and get Xso4p C [Xqo, Xg] and
then Xon+p C [Xa, Xp) and finally Xo4p C [Xa, Xg] proving (c). O

COROLLARY 3.2. Let N C S C ®* be closed patterns and suppose that Hypothesis 1 holds.
Then N <8 if and only if P(N) < P(S).

Proof. By Remark 1 we already know that N <.§ implies P(N) < P(.S) even without the
condition on p. Now suppose that P(N) < P(S) andlet « € S, 8 € N such that o + 8 € ®*. By
Lemma 3.1 (c¢) we have Xoy3 C [Xa, Xg] C [Xa, P(N)] C P(N). The remark after Definition 1
and the uniqueness in (2.1) imply that o + 8 € N. O

Without Hypothesis 1, the converse in Corollary 3.2 is not true in general: Suppose that &
has type By and that {a, 8} is a set of simple roots. If p =2 then X153 <UBy(q) but the
closed pattern {« + §} is not normal.

The following lemmas are of theoretical and computational use. They show that derived
subgroups and centers of quotient pattern groups are compatible with the root structure.
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LEMMA 3.3. Let N CS C ®t be closed patterns such that N < S and assume that
Hypothesis 1 holds. Then D := ({a+ 8| «a, € S}N®T)UN is a normal closed subpattern
of S and [P(S)/P(N),P(S)/P(N)] = P(D)/P(N). In particular, the derived subgroup of a
pattern subgroup is also a pattern subgroup.

Proof. Since S is a closed pattern and N CS we have N C D CS. For all a €S,
BeDCS with a+p€®" we have a+ € {a+8]|a,8€S}N®" C D. Hence D is a
normal closed subpattern of S and P(N)C P(D) < P(S). It follows from Lemma 3.1 (c)
that P(D)/P(N) C [P(S)/P(N),P(S)/P(N)]. The commutator relations and Lemma 3.1 (b)
show that (P(S)/P(N))/(P(D)/P(N)) is abelian. Thus P(D)/P(N) is the derived subgroup
of P(S)/P(N). O

LEMMA 3.4. Let N CS C ®t be closed patterns such that N <S and assume that
Hypothesis 1 holds. Then

Z:={acS|forallyeS:a+7y¢€®"  ora+y€ N}UN

is a normal closed subpattern of S and Z(P(S)/P(N)) = P(Z)/P(N). In particular, the center
Z(P(S)/P(N)) is isomorphic to a direct product of root subgroups.

Proof. Suppose that o € S and 8 € Z such that a4+ 3 € ®T. By the definition of Z and
the normality of N in S we have o+ 8 € N C Z and hence Z is a normal closed subpattern
of S containing N. The commutator relations and Lemma 3.1 (b) imply that P(Z)/P(N) C
Z(P(S)/P(N)).

Now suppose that u P(N) € Z(P(S)/P(N)) \ {1}. According to (2.1) we write

U= Tay (tl) Loy (tS)IOzs+1 (ts+1) Loy, (ts/)

where a; € S\ N and ¢; #0 for i =1,...,s" and m:=ht(a;) =--- = ht(as) < ht(asy1) <
ht(asi2) < -+ < ht(ay). We show that «; € Z for i =1,...,s by downwards induction on
m.
If m = max{ht(a) |« € @} thens = s’ = 1land a3 + v ¢ ®* for all v € S and thus a; € Z.
Assume that m < max{ht(«) | @« € ®*}. Let v € S and M be the normal subgroup of P(S)
generated by all X, to roots o € S such that « € N or ht(«) > m + ht(y). By Lemma 3.1 (a)
there exist t1,...,t; € F, \ {0}, & € M such that

xv(l)fluxv(l) = Tay (t1)$a1+7(£1) Lo (tS)xas+~/(ES)xas+1 (ts+1) Loy (ts’)ﬂa

where we set 2,4~ (t;) =1 if a; +v & ®*. It follows from the uniqueness in (2.1) that
a;+yE€®T or oy +v €N fori=1,...,s and therefore a1, ..., o € Z. By induction we get
Qs41, -+ -, 0y € Z completing the proof. |

DEFINITION 3. Let N C S C ®" be closed patterns such that N <S. Assume that
Hypothesis 1 holds and let Z be the closed subpattern of S defined in Lemma 3.4. We call the
set 1z(P(S)/P(N)) := Z \ N the root center of P(S)/P(N).

4. Root kernels and root centers

We keep the setting from the previous sections. In particular, ¢ is a power of a prime p
and Y,,(¢) is an untwisted Chevalley group defined over F, with an irreducible root system .
In this section we associate with each irreducible character y of a pattern subgroup P(S) of
UY, (q) certain sets of roots and pattern subgroups of P(S5).
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We assume throughout this section that Hypothesis 1 holds.

DEFINITION 4. Let S C ®T be a closed pattern. For x € Irr(P(S)) we set
tk(x) i={a € S| X, C Ker(x)},
1z(x) == {a € S| Xoa € Z(x)},
rs(x) == r2(x) \ rk(x),

and call rk(x) the root kernel, rz(x) the root center and rs(x) the central root support of x.
Associated with these sets of roots are the following groups:

rKer(x) := (X | @ € 1k(x)) € P(S),

(200) = (X | @ € 100} € P(S).
rS(x) :=1rZ(x)/rKer(x) C P(S)/rKer(x).

The next lemma shows that root kernels and root centers behave in much the same way as
the usual kernels and centers of irreducible characters. It also implies that rS(x) is indeed a
factor group.

LEMMA 4.1. Let S C & be a closed pattern and x € Irr(P(S)). Then:

(a) rk(x) and rz(x) are closed patterns which are normal in S.

(b) rKer(x) and rZ(x) are normal subgroups of P(S).

(¢) The factor groups P(S)/rKer(x), P(S)/rZ(x) are quotient pattern groups.
(d)

rZ(x)/rKer(x) = Z(P(5)/rKer(x)).

Proof. (a) Let a € S and f8 € rk(x) such that a + 8 € ®*. By definition, we have Xz C
Ker(x) < P(S). Thus Lemma 3.1 (c) implies X435 C [Xa, X3] C Ker(x) and so a + 8 € rk(x).
It follows that rk(x) is a closed pattern which is normal in S. The proof for rz(x) is analogous.

(b), (c) follow from (a) and Remark 1.

(d) By part (a) and Lemma 3.4 there is a closed pattern Z such that rtk(x) CZ C S
and P(Z)/rKer(x) = Z(P(S)/rKer(x)). Obviously, Z C rz(x). Let oo € S and § € rz(x). By
Lemma 3.1 (¢) we have X153 C [Xo, X5] C [Xa, Z(x)] € Ker(x). Hence a + 8 € rk(x) < .S and
Lemma 3.1 (b) implies that i + j8 € rk(x) for all positive integers i, j. Hence, [Xq, Xg] =1
modulo rKer(x) by Lemma 3.1 (¢) and we can conclude rz(y) C Z.

O]

Without Hypothesis 1 the statements in Lemma 4.1 are not always true. Suppose that ®
has type By and that {a, 8} is a set of simple roots, where « is short. If p = ¢ = 2 then N :=
{xo(d1)zs(d2)xats(ds)r20+5(ds) | di,ds,ds € F,} is a normal subgroup of UBs(2) of index 2.
Let x € Irr(UB2(2)) be the nontrivial linear character with Ker(x) = N. Then rk(x) = {«, 8}
and this is no closed pattern.

LEMMA 4.2. Let N<4®* and ¥ = {ay,...,as} = rz(UY,,/P(N)).
(a) The closed pattern N is the unique maximal element of the set {M < ®* | M NX = (}.
(b) For all irreducible characters x € Irr(UY,,) the following are equivalent:
(i) rs(x) = .
(ii) x is a constituent of \U¥» for some linear character \ of P(X U N) satisfying P(N) C
Ker(\) and \|x, #1x, fori=1,2,.
If the conditions (i) and (ii) hold then N = rk( ).
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Proof. (b) By definition we have N < ®* and ¥ N N = (). We identify X,, with its image
in UY,,/P(N), so Z(UY,/P(N)) = Xa, X - % Xa..

(i) = (ii) Suppose that rs(x) = X and let M be a normal closed pattern with M N% = (.
If M & rk(x) then we choose 8 € M \ rk(x) such that ht(3) is maximal. Let o € ®*. Since
M < &7 the maximality of ht(3) implies that o+ 8 € ®* or a + 3 € rk(x) and therefore 3 €
rz(x) by Lemma 3.4 and Lemma 4.1 (d). Thus 5 € rz(x) \ rk(x) = rs(x) = X, a contradiction.
Hence M C rk(y). In particular, we have N C rk(x) and we can identify x with some x €
Irr(UY,,/P(N)). Because rs(x) = X we have X,, € Ker(y) for all 4. Thus there is a linear
character X € Irr(Xq, X -+ X Xq,) with S‘IX% # 1x, for all i such that X is a constituent of
AUYn/P(N) Hence \ := Inﬂggbg/mmx has properties described in (ii).

(ii) = (i) Let x be a constituent of AY¥» for some linear character A\ of P(X U N) with
P(N) C Ker(\) and A[x,, # 1x,, fori=1,2,...,s. By construction, we have N C rk(y) and
Y Nrk(x) = 0. Assume that N # rk(x). Then there is 3 € rk(x) \ N such that ht(3) is maximal.
Let o € ®. Since rk(y) < ®* the maximality of ht(3) implies that « + 8 € ®T or a+ 3 € N
and therefore 8 € rz(UY,,/P(N)) by Lemma 3.4. Hence § € %, a contradiction. Thus rk(x) =
N. Lemma 4.1 (d) implies that rs(y) = X so that (i) holds.

(a) Let x be an irreducible constituent of A\U¥» where ) is a linear character of P(X U N)
as in (b) (ii). We have already seen in the proof of (i) = (ii) that N is an element of the set
{M <@t | M NYE = 0} and that each element M of this set is a subset of rk(x). In the proof
of (ii) = (i) we showed that rk(x) = N. This completes the proof of the lemma. O

5. Representable sets

We keep the setting from the previous sections. In particular, g is a power of a prime p and
Y, (¢) is an untwisted Chevalley group defined over Fy with an irreducible root system ®. In
this section we use the central root support rs() of characters x of a pattern subgroup P(.5)
of UY,,(q) to obtain a partition of Irr(P(S)) which is well-adapted to the Lie theoretic setting.

We assume throughout this section that Hypothesis 1 holds.

DEFINITION 5. Let ¥ C ®T. We say that the set ¥ is representable if there exists y €
Irr(UY,,) such that rs(x) = X. In this case we define

Irr(UY,)s = {x € Ir(UY,) | rs(x) = &}

Obviously, Irr(UY,,) is partitioned by the sets Irr(UY,)s where ¥ ranges over the rep-
resentable subsets of ®*. The next lemma gives a characterization of the representable
sets.

LEMMA 5.1. For a subset ¥ C ®% the following are equivalent:

(a) The set X is representable.

(b) There is a closed pattern N < ®* such that ¥ = rz(UY,,/P(N)).

(c) There is a unique closed pattern N < ®* such that ¥ = rz(UY,,/P(N)).

Proof. (a) = (b) Suppose that ¥ is representable and let x € Irr(UY,,) such that rs(x) = X.
We set N :=r1k(x). Then ¥ = rz(UY,,/P(N)) by Lemma 4.1 (a), (d) with S = &*.
(b) = (c) follows from Lemma 4.2 (a).

(¢) = (a) Choose a linear character A € P(X U N) as in Lemma 4.2 (b) (ii) and let x €
Irr(UY,,) be a constituent of \Y¥». By Lemma 4.2 (b) we have 1s(x) = ¥ and (a) follows. [J
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DEFINITION 6. Let ¥ C ®T be representable.
(a) We write k(3) for the unique normal closed pattern with

S = 12(UY, /P(k(D))).

(b) We say that a character x € Irr(UY,,/P(k(X))) is almost faithful with respect to X if
Xo € Ker(x) for all a € 3.

The following remark is an immediate consequence of Lemmas 4.1 (d) and 5.1.

REMARK 2. Let X C ®* be representable. Then:

(a) k(X)) is the largest element of the set {M <& | M NY = 0}.

(b) Inflation induces a one to one correspondence between the set of almost faithful
irreducible characters of UY,,/P(k(X)) and Irr(UY,,)s.

(c) Irr(UY,)s = {x € r(UY,,) | rk(x) = k(2)}.

Next, we investigate some elementary properties of k(X).

LEMMA 5.2. Let ¥ C ®* be representable. For all « € ¥ and v € ®t we have a 4+ v & &+
ora+y € k(X).

Proof. This follows from the definition of k(%) and Lemma 3.4. U

DEFINITION 7. For a € @7 let no(a) := {a} and for i > 1
ni(a) = {B+v|B €ni_1(a),y € d I Nd .
Finally, we set n(a) := ;5 ni(a).
Note that « € n(«) since the union is over all ¢ > 1. In fact, n(«) is the normal closure of

{a} in ®* with a removed. Also note that by construction, for all € n(«a) and v € @ we
have 8+~ & ®T or 8+ v € n(a); hence n(a) I d+.

LEMMA 5.3. If X C ®F is representable then |, o5, n(a) C k().

Proof. Let a € ¥. By Lemma 5.2 we have ni(a) C k(X). Suppose that ¢ > 1. Let v € &+
and 8 € n;_1(a) such that 8+ € ®*. By induction, 8 € k(X). Since k(X) < ®T we get 8+
v € k(X) and the claim follows. O

In the following we show that for each v € T the set {a} is representable and we obtain a
recursive description of k({a}).

DEFINITION 8. Let a € ®*. We define ko(a) := n(a) and for i > 1
ki(a) := (r2(UYn/P(ki-1())) \ {a}) U ki1 (a).
Finally, we set k() := ;> ki(a).
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Note that k;(«) Q&7 for all 4 > 0. This is clear for i = 0 since n(a) < ®*. Suppose that
i > 0. By induction k;_1(a) <®T. Let 8 € k;(a) and v € &1 such that 8+~ € &*. Thus
B e€rz(UY,/P(ki—1(a))) or 8 € ki—1(c). In both cases we have 5 + v € k;—1(a) C k;(«). Hence
ki(a) < ®T. Tt follows that k() is well-defined and that k(«) < &,

LEMMA 5.4. For all « € T the set {«} is representable and k({a}) = k(«).

Proof. 'We have just seen that k(a) <&+ and by definition of k(a) we have a & k(«). Since
ny(a) C n(a) C k(a) we have {a} Crz(UY,,/P(k(«))). Suppose that 8 € rz(UY,, /P(k(«x))).
Then 8+~ & &% or B+~ € k(a) for all positive roots 7. By the definition of k(a) we have
B € ki(a) for some i or f = «a. Because rz(UY,,/P(k(«))) Nk(a) =B we have 8 = . Hence
{a} =rz(UY,/P(k(x))) so that condition (b) of Lemma 5.1 is satisfied with N = k(«) and the
claim follows. U

Next, we define a set w(a) € ®T \ k(). The definition of w(a) requires the concept of hooks.

DEFINITION 9. Let a € ®t. We call the set
h(a) ={y€®|a—v€ dT U{0}}

the hook corresponding to «. A subset h'(«) C h(a) is called a subhook of h(«) if « € b/ («)
and o —y € b/ (o) U{0} for all v € /().

The terminology hooks is motivated by the case that ® is of type A,; see [21, Section 3].
The following definition is in some sense dual to that of k(«).

DEFINITION 10. Let v € ®*. We define wy(ar) := {a} and for i > 1
wile)i=(J kB
BEW;—1(c)

Finally, we set w(a) := ;5 wi(a).
The set w(a) has the following interpretation in terms of the root poset (&%, <):
LEMMA 5.5. For all « € @ we have w(a) = {8 € &1 | 8 < a}.

Proof. C Let 8 € w(«). Then there is some ¢ such that § € w;(a). We use induction on 4
to show that 8 < a. If i = 0 we have § = a < « so that we can assume ¢ > 0. Hence there is a
root v € w;—1(«) such that 8 € h(v) and by induction we have § < v < a and therefore 5 < a.

D Let B € &' with 8 < . We can assume that 3 # a. By Lemma 2.2 there are v; € ®*
such that a = =71 =72 > -+ = vs—1 = s = B and y; — 7,41 is a simple root for all i. In
particular, 7,11 € h(~;) for all i. It follows that v; € w;(«) and hence 8 € ws(a) C w(a). O

If aj, € T is the highest root then Lemma 5.5 and the remarks after Lemma 2.2 imply that
w(ap) = dT.

LEMMA 5.6. For each a € @ we have: w(a) Nk(a) = 0 and w(a) Uk(a) = @F.
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Proof. 'We show w;(«) Nk(a) =0 for all i >0 by induction on i. By definition of n(«)
and k(a) we have o € k(«) so that we can assume ¢ > 0. Suppose that 5 € w;(a) Nk(a). By
definition of w;(«) there is v € w;_; () such that 8 € h(y). Since 3 € k(a) and k(a) < dT we
get v € k(a) which is impossible by induction. This proves w(a) N k(a) = 0.

We now show that m(a):= ®* \ w(a) is a normal closed pattern. Let 8 € m(a) and
v e ®T with B+~ € ®F. If B+~ € w(a) then 3 < B+~ =< a. Hence 8 < a and B € w(a),
a contradiction. Thus m(«) is a normal closed pattern not containing «. Since ¥ := {a}
is representable the maximality property of k(a) = k({a}) in Remark 2 (a) implies that
m(a) C k(a) and therefore + C w(a) U k(a). O

In analogy with k(«) and k(X) we want to replace the root a in w(«) by arbitrary
representable sets X.

DEFINITION 11.  For subsets ¥ C ®* we define w(X) 1= [J,cx w(a).

In particular, we have w({a}) = w(a). Statement (b) in the following proposition generalizes
Lemma 5.6 to arbitrary representable sets 3.

PROPOSITION 5.7. If X C ®T is representable then

(a) k() = Naex kla),
(b) w(X)Nk(X) =0 and w(X)Uk(Z) = dT.

Proof.  Suppose that § € w(X) N k(X). Then there is o € 3 such that 8 € w(«) and hence
B < . By Lemma, 2.2 there are roots v; € @+ suchthat 8 =79 <71 <72 < -+ < Ys—1 < Vs =
a and 7y; — ;1 1s a simple root for all 7. It follows that the roots 7y; belong to the normal closure
M of {8} in ®T. Since 8 € k(X) and k(X) <P+ weget a =5 € M C k(X). Thus € T N k(X),
a contradiction to Remark 2 (a). Hence w(X) Nk(X) = 0.

From Definition 11 and Lemma 5.6 we get

K C o\ w(®) = o\ (| wi) = @ \w@) = (ko) (1)

ael ageX acl
For all o€ X we have k(a)d®" and o ¢ k(a). Thus we have (), .5 k(o) T and
(Naes k(@) N = 0. From Remark 2 (a) we can conclude (), ¢y k() € k(3). Hence we have
equality in (5.1) and the claims (a) and (b) follow. O

In the following we give an interpretation of representable sets in terms of the root poset
(@1, <). This allows us to deduce the number of representable sets of size k for all k from
results in [9] and references therein. Recall that ® is an irreducible root system of rank n. An
antichain of the poset (<) is a subset A C ®* such that the elements of A are pairwise
incomparable. A variation of the next proposition for pattern subgroups if ® is of type A, was
already obtained by Isaacs in [26, Theorem 3.1].

PROPOSITION 5.8. For a subset ¥ C ®* the following are equivalent:
(a) X is representable.
(b) X is an antichain of the root poset (&7, <).

Proof. (a) = (b) Suppose that ¥ is a representable set and that a, 8 € ¥ with a # 5. We
need to show that o and § are not comparable, so suppose otherwise. Without loss we may
assume « < . The remarks after Definition 7 and Lemma 5.3 imply that 8 € n(«a) C k(X2),
hence k() N'Y # @ contradicting Remark 2 (a). Thus a and 3 are incomparable showing that
every representable set is an antichain.
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(b) = (a) Let 3 be an antichain. We claim that N := ®* \ w(X) is a normal closed pattern.
Let a € ®F and 3 € N with a+8€ ®". If a+8 ¢ N then o+ 8 € w(X). Hence there is
v € ¥ such that a4+ 8 € w(y). By Lemma 5.5 we have 8 < a+ § <. Thus § < v and then
B € w(y) € w(X) which is impossible since 8 € N = &+ \ w(X). This shows that N Qo+,

Let a be a maximal element of w(X) with respect to <. The definition of w(X) and Lemma 5.5
imply that a € X. Conversely, let a € ¥ and suppose that there is v € w(2) such that o < 7.
By the definition of w(X) there is 8 € ¥ such that v € w(8) and hence v < 8 by Lemma 5.5. It
follows that o < 8 contradicting the fact that ¥ is an antichain. Thus « is a maximal element
of w(X). This shows that the elements of ¥ are exactly the maximal elements of w(X). We
get from Lemma 3.4 that ¥ = rz(UY,,/P(N)) so that condition (b) of Lemma 5.1 is satisfied.
Hence ¥ is representable. |

We can now apply results of Cellini and Papi and Shi on the number of antichains in root
posets.

PROPOSITION 5.9. Let Ni(®) := |[{X C ®* | ¥ is representable and || = k}| be the num-
ber of representable subsets of size k of ®T and N(®):=Y, Ny(®) the number of all
representable subsets of ®. Then:

(a) Np(®) =0 for all k > n, i.e., |3| < n for all representable subsets Y. of ®+.
(b) For all k the number N (®) is the coefficient of t* in the polynomial N(®,t), where
N(®,t) is given by Table 1.

TABLE 1. Generating functions N(®,t) for the numbers Ni(®).

N(Ant) = Tiooam(iHGie

N(Bat) = Ypoo ()it

N(Cnt) = Tro (PP

NDwt) = e+ ()7 - 22 G (R

N(FEs,t) = 1+ 36t + 204t2 + 3513 + 204t + 36t° + ¢6

N(E7,t) = 1+ 63t + 546t2 + 14703 + 1470t* + 5465 4 63t0 + ¢7

N(FEg,t) = 1 4 120t 4+ 1540t2 + 6120t> + 9518t* + 6120t5
+1540t6 + 120¢7 + 8

N(Fy,t) = 1+ 24t + 55¢% + 24¢3 4 ¢4

N(Ga,t) = 1+ 6t +t2

(c) N(®)=T1[, e’jﬁrl, where ey, e, ..., e, are the exponents of the Weyl group W of ®

and h is the Coxeter number of W. The numbers N (®) for the various root systems are
given by Table 2.

TABLE 2. The numbers N ().

An Bn, Cn D, EG E7 E8 Iy GQ
el GeD) 6] dn=32 (2n-2) 833 4160 25080 105 8
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Proof. (c¢) We know from Proposition 5.8 that Nj(®) is the number of antichains of size k
of (&1, <). The antichains of (®T, <) are precisely given by Cellini and Papi in [5]. Also they
obtain the closed formula for the number N(®). We note that the numbers N(®) were also
obtained by Shi [34] on a case by case basis. This is part (c).

(a), (b) The Narayana polynomials and their coefficients were obtained by Panyushev in [33];
this is part (b) and also gives part (a). O

The numbers Ny (®) are called (generalized) Narayana numbers in Fomin and Reading [9].
The numbers N (®) seem to have wider significance. For example they appeared in a paper by
Djokovié¢ [8] on the enumeration of conjugacy classes of elements of finite order in compact and
complex semisimple Lie groups. Incidentally the numbers N(®) also count clusters in cluster
algebras and related objects; see [9] and the references therein. For other interesting connections
between classical combinatorial objects and the characters of U A, (q) see Marberg [29].

6. Single root characters

We keep the setting from the previous sections. In particular, g is a power of a prime p and
Y, (¢) is an untwisted Chevalley group defined over F, with an irreducible root system &.

We assume throughout this section that Hypothesis 1 holds.

For N = ®* we have rz(UY,,/P(N)) = 0. It follows from Lemma 5.1 that () is representable
and that Irr(UY,,)g = {1uy, }-

In what follows we investigate Irr(UY,, )y, when |X| = 1. We have already seen in Lemma 5.4
that {a} is representable for all @ € ®* and we gave a recursive description of k({a}) = k(«)
in Definition 8.

DEFINITION 12. For o € ®* we set Irr(UY,,)q := Irr(UY,) (). We say that a character
x € Irr(UY,,), is a single root character lying over a and that it is almost faithful at «. A
midafi character or just midafi for « is a character x € Irr(UY}, ), such that x(1) = min{« (1) |
P € Irr(UYy)a ). We set

™ 9(UY,,) := {x € Ir(UY;)o | x is a midafi for a}.

Note that g is fixed in Definition 12. The term midafi is an abbreviation for minimal degree
almost faithful irreducible. The origin of this terminology is the thesis [27] of the second author
where the term was first used in the case that ® has Dynkin type A,. To study single root
characters we will use the concept of arms and legs.

DEFINITION 13. Let @ € T and a(a),(a) C h(a).

(a) We say that a(«) is an arm and ¢(«) is the corresponding leg of h(c) if the hook h(a)
is the disjoint union h(a) = {a} Ua(a) U £(«) and
1) a(a)] = [((e)] and
2) for each 8 € a(«) there is a unique v € £(«) with 8+~ = «a.

(b) If a(a) is an arm of h(a) we call the set s(a):= &%\ a(a) of roots the source
corresponding to a. If additionally s(«) is a closed pattern then we call S, := P(s(«)),
the source group corresponding to a.

The terminology of hooks, arms and legs is motivated by the case that ® is an irreducible
root system of type A,; see [21, Section 3.3] and [27, Section 2.3].
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Note that Lemma 5.6 implies that we always have k(a) C s(a). We point out that the
definition above allows for 2™ choices for the set a(«), where m = (Jh(a)| — 1)/2. Relative to
a choice of a(«) the sets (o) and s(a) are unique. We discuss this in more detail at the end
of this section. The next lemma is needed for the classification of the midafi characters when
UY,, is of exceptional type and n > 4.

DEFINITION 14. Let o € ®. We call a subset a’(«) of a subhook h/(«) of h(«) an arm of
I («) if there is an arm a(a) of h(a) with a'(a) = a(e) N A/ («). In this case we call ¢'(«) :=
() \ (a/(a) U{a}) the corresponding leg of h'(«).

The following technical lemma will be used in Section 8. A stronger version for type A, is
implicitly contained in [27]. Recall that a p-group H is special if Z(H) = [H,H] = ®(H). If H
is special with |H| = ¢*™*! and Z(H) is elementary abelian of order ¢ = p®, then we say that
H is special of type ¢'+2™,

LEMMA 6.1. Let o, 8 € ®T. Let h(a) be the hook corresponding to o with arm a(a) and
leg {(cv), let h'(B) be a subhook of h($) with arm a'(3) and leg ¢'((3) and let h, 4 be the closed
pattern generated by h(a) U h'(B) U k(a). We define ([ 5 := {a, B} UL(a) U k(). Assume that
the following holds:

a) h(a)Uk(a), M(B8)Uk(a), @1\ a(a) are closed patterns.
b) hi5 \ a(a) normalizes {(a) U k().
(e) (h(a) Uk(a)) VA (B) =0.
d) The group H, := P(h(a)Uk(a))/P(k()) is special of type ¢*+219)| with [z, H,] =
Z(H,) for all z € Hy \ Z(H.y).
(e) The group Hj := P(h'(8) Uk(a))/P(k(cv)) is special of type g 21" B with [z, Hpl =
Z(Hp) for allx € Hy \ Z(Hp).
Set H|,5 := P(h,,5)/P(k(a)) and Li, 5 := P(¢,,5)/P(k()) and let p € Irr(L},5) with Xa,){g z
Ker(p) and [, cp(o) Xy € Ker(n). Then each ) € Irr(Hy 4, p) has degree ¢(1) > gl @)F1a’(B)]

Proof. To apply the Reduction Lemma 2.1 we introduce the following notation (only for
this proof):

o U:=Hg,
o Hi= P(W);\ a(a))/P(k(a)),
o X = H'yEa(oc) X,
e Y i= P(l{a) Uk(a))/P(k(a)),
o 7 :=X,, ~
e \:=puzand X = uzy.
Since k(«) is a normal closed pattern U is a quotient pattern group and it follows from (a) that

H is a subgroup of U. We know from Lemma 5.4 and Definition 6 (a) that Z is a subgroup of
U with Z C Z(U). It follows from assumption (b) that ¥ < H and we have ZNY = {1}. By
(2.1) the set X is a set of representatives for U/H. From assumption (b) and Lemma 3.3 we
get ZY S U. Since [ ¢o) Xy € Ker(p) we have Y C Ker()) and by (a), (d) we have YN #£ N
for all uw € X \ {1}. We also have | X| = |Y|. Thus we can apply Lemma 2.1.

Let v € Irr(H 5, 1). We consider the restriction ¢y of ¢ to H. Since Y < H the char-
acter ¢y has a constituent x € Irr(H/Y,\) with X5 Z Ker(x). We define Hj := P(h'(8) U
k(a))/P(k(a)). Note that assumption (c) implies that Hj is a subgroup of H. It follows
from assumption (e) that x(1) = xu; (1) > ¢! (®I. By Frobenius reciprocity ¢ is a constituent
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of xU. Since xY is irreducible by Lemma 2.1 we have 1) = xU and hence (1) = xY(1)
@@ (1) > gla@)+a’ B,

Rl

Using the theory developed in Sections 2-6 we can now study the single root characters
of UY,, for all irreducible root systems ®. In the following two sections we give a proof of
Theorems 1.1-1.3 on a case-by-case basis and construct the midafi characters in Irr(UY,,), for
all Dynkin types Y, all ranks n and all positive roots a. We now outline our approach, details
will be given in Sections 7 and 8.

Let ® be an irreducible root system and o € ®. By construction, the size of the
corresponding hook is of the form |h(a)| =1+ 2k for some nonnegative integer k. Hence,
there are 2¥ possible choices for the arm a(a) and the leg ¢(a), and in general, we could not
find a canonical choice. An important fact, which will be proved in Sections 7 and 8, is that
one can always choose an arm a(«) of h(a) with the following property:

(1) The source s(a) = @+ \ a(a) is a closed pattern.

In this case we can work with the source group S, = P(s(«)) and it follows from Lemma 5.6
that ¢(a) U k(a) C s(a). For us a good choice for a(«) is one in which condition (1) and the
condition

(2) The set (o) U k() is a normal closed subpattern of s(«).
are met. If for a root @ € @+ and for some choice of a(«) we achieve conditions (1) and (2),
then we define

Ty = So/P({a} Ul(a) Uk(a)).

We now show that conditions (1), (2) together with conditions (3) and (4) below suffice to
establish the description of Irr(UY, ), in terms of character correspondences as stated in
Theorems 1.1 and 1.3.

PROPOSITION 6.2. Let ® be an irreducible root system of type Y,,. Suppose that for some
root o € &+ of ht(a) > 1 and some choice of a(«) the following are true:
(1) The source s(a) is a closed pattern.
(2) (o) Uk(a) < s(a).
(3) h(a) Uk(a) is a closed pattern and a(a) normalizes {a} U £(o) U k(a).
(4) For each element y € (J[ ey Xy) \ {1} there is some root B € {(a) such that
{ly:2p(t)] [t € Fy} = Xo.

Then the map U, : Irr(T,) X Irr(X,)* — Irr(UY,,) o, with
(, A) — (Inﬂ%‘;,u - Inﬂi‘z ) UYn

is a one to one correspondence with the property W, (u, A)(1) = ¢l . 14(1). Moreover
Sa/Pl(a) Uk(a)) 2Ty x X4

Proof. We apply the Reduction Lemma 2.1. The role of U is played by the quotient pattern
group UY,,/P(k(a)) and the role of H is played by S,/P(k()). The role of X is played by
H’YEU«((X) X, the role of Y is played by H'yeﬂ((x) X, and the role of Z is played by X, where
we identify the root subgroups X, with their images in UY,, /P (k(c)).

Condition (a) of Lemma 2.1 is satisfied by Definition 6 (a) and Lemma 5.4. Hypothesis (2)
implies that condition (b) of Lemma 2.1 is satisfied. Combining hypotheses (2) and (3) implies
that a(a) normalizes {a} U ¢(a) U k() and {a} U l(a) Uk(a) < s(a). As @ = s(a) Ua(a) we
now see that condition (d) of Lemma 2.1 is satisfied. Conditions (c¢) and (f) in Lemma 2.1 hold
by the definition of a(a) and ¢(«).
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We still have to check condition (e) of Lemma 2.1. Let A € Trr(X,,)* and let A be the inflation
of A to ZY = Xa X P({(e) Uk(a))/P(k(c)). Suppose that there is 1 # 2 € (], cq0) X+) \ {1}
such that “A = A. Because the linear character A is nontrivial on X, there is some ¢ € F,
such that A(z4(t)) = Az (t)) # 1. By hypothesis (4) there is 5 € {(a) and ¢’ € F,; such that
[z,25(t') '] = x4 (t). Hence

Nas(t) = Mz~ ap(t)azs () as(t') = Maa®)N(@s(t) # Aza(t),

contradicting X = A. Thus we have *X # X for all z € (I ea(a) X+) \ {1}. Now the correspon-
dence follows from Lemma 2.1.
Finally we observe that hypotheses (1), (2) combined with Lemmas 3.3 and 5.1 imply that

So/Pl(a) Uk(a)) =T, x X,
completing the proof. |

We remark that generally the hypotheses (3) and (4) are easily verified and do not present
a serious obstacle.

If @ is a classical root system, i.e., ® is of type A,,, B,, C,, or D,,, then we show in Section 7
that it is always possible to make a choice for the arm of a root such that the hypotheses of
Proposition 6.2 are satisfied and for these Dynkin types we are able to derive some information
on the structure of T',.

However when @ is of exceptional type and rank > 4, then there exist roots in ® for which
no choice of the arm achieves the hypotheses of Proposition 6.2. For the exceptional types of
root systems one can always choose a(«) such that hypothesis (1) holds, but then, in general,

{(a) U k() is no longer normal in s(«). In this case we replace £(«) by a subset £(a) 2 ¢()
such that £(a) U k(a) < s(a), {a} Ul(a) Uk(a) < @T and such that the quotient pattern group
P(l(a) Uk(a))/P(k(c)) is abelian. Among all choices of the arm a(«) such that condition (1)
holds and such that /() has the properties just described we take one such that |¢(c)| is
minimal. For this choice we show, by restriction to a suitable subgroup, that each x € Irr(UY},)
with £(a) \ £(a) Z 1k(x) has a degree greater than ¢l*(®)!. The Reduction Lemma 2.1 then gives

a one to one correspondence
W Ir'™(T,) x Irr(X,)* — Ier™ 9 (UY,,) o,

where T, := S, /P({a} U f(a)Uk(a)). Hence for all irreducible root systems ® (the classical
ones and the exceptional ones) and all positive roots « we obtain a one to one correspondence

v Irrhn(Ta) x Irr(X,)" — Irrmida(UYn)a.

This leads to a construction of all midafis in Irr(UY,,), and allows us to compute their number
and their degrees if @ is of exceptional type. For each positive root a we call the ¢ — 1 irreducible
characters of UY,, in U({17 } x Irr(X,)*) the standard mifadis corresponding to a.

7. Hook subgroups and midafis in classical groups

In this section we prove Theorem 1.1. We will use the explicit construction of the root systems
® of types A, By, C, and D,, given in [23, 12.1]. As before, we use the following convention
to keep the notation simple: Suppose that N C S C &1 are closed patterns such that NV < S.
Since for each v € S\ N the root subgroup X, is mapped injectively into the quotient pattern
group P(S)/P(N) we will often identify X, with its image X, P(N).

We assume throughout this section that Hypothesis 1 holds.
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7.1. Type A

Let n be a positive integer. We construct a root system of type A, as in [23, Section 12.1]:
Let ey, e9,...,ep41 € R™*! be the usual orthonormal unit vectors which form a basis of R*+1.
Then ® :={e; —e;|1 <i# j<n+1} is aroot system of type A, and the set {a1,...,a,},
where «; := e; — e;11, is a set of simple roots. The corresponding set of positive roots is @+ =
{ei—ej|1§i<j§n+1}.

Let a = ¢; — e¢; € ®*. Obviously, the hook corresponding to « is

hao) ={atU{e; —eses —ej|i <s<j} (7.1)

The next lemma describes the closed patterns n(a) and k(«) for all positive roots a.

LEMMA 7.1. Let ® be a root system of type A,, as described above. For all positive roots
o = e; — e; the following are true:

(a) n(a), k(a) < 0¥,

(b) n(a) ={es—et|1<s<iandj<t<n+1}\{a},

(c) k(o) ={es—er|1<s<iorj<t<n+1}.

Proof. Part (a) was already shown in Section 5.

(b) By definition ng(a) = {e; —e;}. Let v = e, —e; € 7. Then v+ € ¢+ ifand only if | = ¢
or k= j. In the first case we have a4+ v = e, — ¢; and in the second case we have a 4y =
e; — e;. Thus,

ni(a) ={ex—ej|1 <k<i}U{e;—e|j<l<n+1}

Now let y=e5s—e; € @ and k <i. Theny + e, —e; € T ifand only if t = k or s = j. In the
first case we have v+ e, —e; = es — e; € nq1(«) and in the second case we have v+ e, —e; =
ex — e; where k < i and t > j. Similarly, v +e; —e; € ®T if and only if t =7 or s = [. In the
first case we have v+ e; — e; = e; — ¢; where s < i and [ > j and in the second case we have
v+e —e =e; —e €ny(a). It follows that

na(a)\ni(a) ={es —er|l1 <s<iand j<t<n+1}.

Finally, we see that for all v € ®* and 8 € na(«) \ n1(a) we have 3+ v € nay(a) and therefore
n(a) = ny1(a) Ung(a) and (b) follows.

(c) Let B=es—e;, € T where i < s <t <j. Then we have 3 € h(e; —e;) and e; —e; €
h(c) and hence 5 € w(a). Hence {e; — ;|1 < s <t < j} Cw(e) and Lemma 5.6 implies that
k(o) C{es—e|1<s<iorj<t<n+1}=:M.

We claim that M <®". Let B=es—e; €M, y=¢ —e; € T with B+ v € &T. By the
definition of M we have s < i or t > j. Suppose that s <i. We have t =k or s=10. If t =k
then 8+ v =es —e; with s < i and hence §+~v € M. If s =1 then 8+ v =¢e —e; with k <
l = s <iand again 8+ v € M. Suppose that ¢t > j. Again we have t = k or s = [. If t = k then
B+v=es—e withl>k=t>j and hence f+~v € M. If s=1 then 8+ v =e, —e; with
t > j and again 8+ v € M. Thus we have M < ®*. By the definition of M we have oo ¢ M.
Hence Remark 2 (a) implies that M C k(). Thus k(«) = M and (c) follows. O

In the following we study the hooks for type A, more closely. We define the arm a(«) and
the leg £(«) of h(a) as follows:

ala) ' ={e; —es|i <s<j} and {l(a):={es—e;li<s<j}
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Recall that a p-group P is special if ®(P) = [P, P] = Z(P) is elementary abelian or if P itself
is elementary abelian. As in [21] we say that P is special of type ¢'T2¢ if P is special with
1P| = g2+ and | Z(P)| = g.

We will show below that for each o € ®* the hook h(a) is a closed pattern. We call the
pattern subgroup H,, := P(h(«)) the hook subgroup corresponding to a.

LEMMA 7.2. Let ® be a root system of type A, as described at the beginning of this
section. For all « = e; — e; € T the following are true:

(a) The hook h(«), the arm a(«) and the leg ¢(a) are closed patterns.

(b) The canonical projection 7 :UA, — UA,/P(k(a)) maps the hook subgroup H, =
P(h(e)) injectively into UA, /P(k(«)) and w(Hy,) is normal in UA,,/P(k(«)).

(¢) The pattern subgroups P(a(a)) and P(¢(«)) are elementary abelian.

(d) If ht(a) > 1 then the hook subgroup H, is special of type ¢**?U~"=1) and [y, H,] =
Z(Hy) = X, for ally € Hy \ Z(H,,). More specifically: For eachy € H, \ Z(H,,) there
is some 3 € h(c) such that {[y,z5(t)] |t € F} = Xq.

Proof. (a), (c): Let 8,y € h(a). Then we have 8+ € ®F if and only if {8,v} = {e; —
es,€es — e;} for some ¢ < s < j and in this case 5 + v = a € h(a). In particular, we have 8 + v ¢
Ot if 8,7 € a(a) or if 8,7 € £(«). This implies (a) and (c).

(b) By Lemma 5.6 we have h(a) Nk(a) C w(a)Nk(a) = 0. Since H,, P(k(a)) are pattern
subgroups we get that the restriction of w to H, is injective.

Let 8 € h(a) and v = e —e; € P so that k < [. Suppose first that 3 = ¢; — es for some
i< s<j. Then 8+~ € ®* if only if s = k or [ = 4. In the first case we have S +~v=1¢; —¢; €
h(a) Uk(a). In the second case we have 4+ v = e — es € k() because k < i. Now suppose
that 3 =es —e; for some i <s < j. Then B+~ € ®* if only if s =1 or k= j. In the first
case we have 8 + v = e — e; € h(a) U k(). In the second case we have B+ v =es; —e; € k()
because [ > j. This proves (b).

(d) Suppose that ht(a) > 1. We have seen in the proof of (a) and (c) that for all 5,7 € h(a)
we have §+~ € ®F if and only if {3,7} = {e; — es,e5 —¢;} for some i < s < j and in this
case B+ v =« € h(a). It follows from Lemmas 3.3 and 3.4 that Z(H,) = [Ha, Ha] = Xa. So
H, is special. Now let y € H,, \ Z(H,). Note that H, \ Z(H,) # 0 since ht(a) > 1. We write
Y =11, en(a) @+(ty) as in (2.1). Because y & X, there is some 7 € h(a) \ {a} such that ¢, # 0.
Thus, 8 := o — v € h() and we get from Lemma 3.1 (a) that {[y,z(t)] |t € F,} = X,. O

The following lemma prepares a reduction result for Irr(UA,)s, the set of single root
characters of U A,, corresponding to positive roots «.

LEMMA 7.3. Let ® be a root system of type A, as described at the beginning of this
section. For all « = e; — e; € T the following are true:
(a) The source s(«) is a closed pattern.
(b) £() Uk(ar) < s(c).
(c) l(a)U{a}Uk(a)<dT.

Proof. (a) Let 8 =ep — e, 7 = e — ey € s(a). Suppose that S+ v € a(a). Then g+ =
e; —es for some 1 < s < j. Thus k =1 or k' =i. We can assume that k =4 and then k¥’ =1
and I’ = s. But then 8 = ¢; — ¢; where | = k' <1’ = s < j and hence § € a(a), a contradiction.
Thus B8+~ & ®F or B+ € s(a).
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(b) Let B =es — e; € £(a) wherei < s < j and let v = e, — e; € s(c). Then § + v € @ if only
if s =1or k = j. In the first case we have 5+ =e; —e; € £(a) Uk(c) because k # i. In the
second case we have 8+ v = e, — ¢; € k(a) because [ > j. This proves (b).

(c) We know from Definition 6 (a) and Lemma 5.4 that {a} Uk(a) <®* and we have seen
in (b) that s(a) normalizes ¢(a) U k(). By Lemmas 3.3 and 7.2 (d) the arm a(«) normalizes
£(a) U {a}. Since 1 = s(a) U a() the claim in (c) follows. O

By Lemma 7.3 (a) and (b) we can consider the source group S, = P(s(«)) and its quotient
pattern group S,/P(¢(a) Uk(a)). It follows from Lemma 3.3 that we can identify the root
subgroup X, with the quotient pattern group So/P(s(a)\ {a}). Lemmas 3.3 and 5.1 imply
that

Sa/P(l(e) Uk(a)) = To x Xq

where

To = P(s(a) \ {a})/P(t(a) U k(a)).
The group T\, is generated by the images of X, in UA,,/P(¢(a) U k(a)) where + is an element
of

(s(@)\ {a}) \ (£(a) Uk(a)) = &\ (a(c) U {a} Ut(a) Uk(a))
— &\ (h(@) Uk(a)) = {e, — e, |i < s <t < j}.

The set {es —e; | i <s<t<j} C®F isa closed pattern, and if j —i — 2 > 0 it generates a
root subsystem of type A;_;_» of ®. Thus

To2P{es—er|i<s<t<j})2UAj_is.

We can now give a recursive description for the single root characters of UA,:

PROPOSITION 7.4. Let ® be a root system of type A, as described above. For each root
a=e —ej € DT where 1 <i < j<n themap ¥, : Irr(Ty) x Irr(X,)* — Irr(UA,,) o with

(s A) — (Inﬂ%‘* e Inﬂi‘; ) UAn

~

is a one to one correspondence with the property Wo(u,\)(1) = ¢7="=1 - p(1). We have T,
UAj_i_2ifj—i—2>0and T, = {1} otherwise.

Proof. The content of Lemmas 7.3 and 7.2 (a) is that hypothesis (1), (2) and (3) of
Proposition 6.2 are satisfied, and the content of Lemma 7.2 (d) is that hypothesis (4) of
Proposition 6.2 is satisfied. This proves the correspondence. O

7.2. Type B

Let n > 2 be an integer. We construct a root system of type B, as in [23, Section 12.1]:
Let e, eq,...,e, € R™ be the usual orthonormal unit vectors which form a basis of R™. Then
O :={x(e;te;)|1<i#j<n}U{xe;|1<i<n}isaroot system of type B, and the set
{a1,...,an,}, where a; :=e; — ;41 fori =1,2,...,n — 1 and «, := e, is a set of simple roots.
The corresponding set of positive roots is @ = {e; £¢; |1 <i<j<n}U{e; |1 <i<n}.

The highest long root with respect to this base is e; + es whereas the highest short root
is e;. We note that the long roots of ® form a D,,-subsystem. Also we recall that the Chevalley
commutator relations imply that if « is short and S is long with a + 3 € &%, then [X,, Xg] C
Xa+pX2a+8, where a + 8 is short and 2a + 3 is long, and that when both o and 3 are short
with o+ 8 € ®F, then [X,, Xg] C Xo44, where a + 3 is long.
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From the explicit description of the root systems (or from the Dynkin diagram) we see that
{ag, as,...,a,} generates a root subsystem ®;: of type B,,_1 and that {1, as,...,@,—1} gen-
erates a root subsystem ®,, of type A,_1. We set &}, := &1, N &+, ¥, := &+ \ &f, and &/, :=
@, N®F, UF =&\ &, The sets ¥}, and ¥, are normal closed patterns. In fact, P(¥7],)
and P(\I/:,) are the unipotent radicals of the standard parabolic subgroups corresponding to
{ag,as,...,a,} and {a1,a9,...,a,_1}, respectively. Furthermore, the sets ®}, and ®, are
closed patterns and P(®},) 2 UB, /P(V]) 2 UB,_1 and P(®},) 2 UB,/P(V},) 2 UA,_;.

Let a € ®* and x € rr(UB,,),. Suppose that « € ®},. It follows from Lemma 5.4 and
Remark 2 (a), (c) that P(¥7,) C Ker(). Thus, we can identify x with a single root character
of P(®))2UB,/P(¥})~UB,_;. In this way, the classification and construction of the
elements of Irr(UB,,), are reduced to the case B,_1. Similarly, if a € ®, we can identify x
with a single root character of P(@:,) and thereby get a reduction to the case A, _1 which has
already been treated in Section 7.1. Hence, we only have to consider positive roots a which are
not contained in <I>1", uer i.e., the roots e; + e; where 1 < i < n and the root e;.

n’’

LEMMA 7.5. Let ® be a root system of type B,, as described above. For all positive roots
of the form o = e; + e; we have:

hia) ={e1 +e5,e1,e,}U{er —es,es+e; |1 <s<i}U{e; tes,e; Fes|i<s<n}.

Proof. First we observe that clearly eq,e; € h(e1 + ¢;), and that no other combination of
short roots can add to a.

Next let B8 = e, £ e;, 7 = ey € ®T. We see immediately that 84y & &+ or 8+ v is a short
root and therefore 8 + v # a. Hence, §,v & h(a).

Finally let 3 =e,*e;, v =€y ey € ® with s <t and s’ <t and 8+ =a. We see
immediately that one of the two + signs has to be a + sign and that the other one has to be
a — sign and that ¢ = ¢. Furthermore, we can assume s = 1 and s’ = 7. Hence

(8,7) € {(e1 —es,es+e) |1 <s<iori<s<npU{(e; +es e —es)|i<s<n}

and the claim follows. ]

We are now able to determine the patterns n(a) and k(«).

LEMMA 7.6. Let ® be a root system of type B,, as described above. For all positive roots
of the form o« = e1 + e; the following are true:
(a) n(a), k(a) <PT.
(b) n(a) ={e1 +es|1<s<i}.
(c) k(o) ={es+e |1 <s<t<i}.

Proof. Part (a) was already shown in Section 5.

(b) By definition ng(a) = {e1 + €;}. Let v € ®T. Fory = e; or vy = ej, + ¢; we have a + v & 7.

Therefore, o + v € ®* if and only if v = e, — e; for some 1 < s < ¢ and in this case we have
a+vy=e;+es. Thus, ni(a) ={e1 +es|1 <s<i}. Again, if v € ®T is of the form v = e,
then v+ (e1 +e5) € ®T. But if vy =e; ¢, € & then v+ (e; +¢e,) € T if and only if v =
et — e for some 1 < t < s and in this case we have v + (e1 + e5) = e1 + ;. Thus na (@) C ny(a)
and then n(a) = n1(«) and (b) follows.

(¢c)Let B =es.If s =1, then 8 € h(a) Cw(a). If s > 1, then 8+ (e; — e5) = €1 € h(«) implies
that 8 € w(a).
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Let B =es+ e € ®T where s <t and t >i. If s=1 then 8 € h(a) C w(«a). If s > 1 then
B € h(er + ;) and e1 + e; € h(«), hence 8 € w(a).

Now let 8 =es —¢; € T where s < t. If s =1, then 3 € h(e;) and ey € h(a). Thus, 8 €
w(a). If s > 1, then 5 € h(e; —e;) and e; —e; € h(er) and e; € h(a). Hence 8 € w(a).

It follows from Lemma 5.6 that

k(a) C{es+e|1<s<t<i}= M.

We claim that M <®T. Let 8 =¢,+¢;, € M, v € ®F with 3+~ € &T. It follows that v is
of the form v =e; —es with k < s <t <ior y=e,—e with k <t <. In the first case we
have 8+ v = e + e; with k < t < 4, in the second case we have 5+ v = ex + e5 with k, s < .
Thus, B + v € M in both cases. Thus we have M < ®*. By the definition of M we have o € M.
Hence Remark 2 (a) implies that M C k(«). Thus k(a) = M and (c) follows. This completes
the proof. ]

For a = e + ¢; € ®+ we define the arm a(«) and the leg £(a) of h(a) as follows:
ala) :={e;}U{e;tes |i<stU{er —es |1 <s<i} and
la) ={er}U{ertes|i<stU{es+e |1<s<i}.

As for type A,, we will show below that for each v € &t the hook h(a) is a closed pattern
and call H, := P(h(«)) the hook subgroup corresponding to a.

LEMMA 7.7. Let ® be a root system of type B, as described at the beginning of this
section. For all & = ey + e; € ®T the following are true:

(a) The hook h(«), the arm a(«) and the leg () are closed patterns.

(b) The canonical projection 7 :UB,, — UB,,/P(k(a)) maps the hook subgroup H, =
P(h(e)) injectively into UB,, /P(k(«)).

(¢) The pattern subgroups P(a(«)) and P(¢(«)) are elementary abelian.

(d) If ht(a) > 1 then the hook subgroup H, is special of type ¢**>"==1) and [y, H,] =
Z(H,) =X, forally € Hy, \ Z(H,). More specifically: For each y € H, \ Z(H,) there
is some B € h(a) such that {[y,z5(t)] |t € F,} = X,.

Proof. (a), (c): Let 8,7 € h(a). Then we have 3+~ € ®* if and only if {3,7} = {e1 —
es,€s +e;} for some s # 4, or {B,v} = {e1+es,e; —es} for some s > i, or {8,7} = {e1,e;}
and in all of these cases 8+ = « € h(a). In particular, we have 3+ & ®T if 3,7 € a(«) or
if 8,~ € ¢(«). This implies (a) and (c).

(b) By Lemma 5.6 we have h(a) Nk(a) C w(a) Nk(a) = 0. Since H,, P(k(a)) are pattern
subgroups we get that the restriction of m to H, is injective.

(d) Suppose that ht(«) > 1. We have seen in the proof of (a) and (b) that for all 8,y € h(«)
we have 8+ € &7 if and only if {8,7} = {e1 — es,es + €;} for some s # i or {B,7} = {e1 +
es,€; — e} for some s >4 or {B,v} = {e1,e;} and in all of these cases 8+~ =« € h(a). It
follows from Lemmas 3.3 and 3.4 that Z(H,,) = [Ha, Ha] = Xo. So H, is special. The remaining
part of the proof of (d) is analogous to the proof of Lemma 7.2 (d). O

LEMMA 7.8. Let ® be a root system of type B,, as described at the beginning of this
section. For all o = e + e; € ®T the following are true:
(a) The source s(a) is a closed pattern.
(b) 4(a) Uk(a) < s(a).
(c) l(a)U{a}Uk(a) T,
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Proof. (a)Let 8 € a(a) and v,+' € ®* such that 3 = v + +'. To prove that s(«) is a pattern
it suffices to show that v € a(«) or 7' € a(a).

Suppose that 5 = e;. Then {v,v'} = {e; — es, es} for some i < s and hence v € a(a) or v’ €
a(@). Suppose next that 8 = e; — es where 1 < s < i. Then {v,v'} = {e1 — e;,e; — €5} for some
1 <1< s<iand hence v € a(a) or 7' € a(a). Now suppose that 8 =e; + es where i < s <
n. Then {v,7'} = {e; + e,es —e;} for some i <! <n or {y,7'} = {es + e, e; — e} for some
i <l<nor{y,7}={es e;}. Hence in all three cases v € a(a) or ' € a(a). Finally, suppose
that 8 = e; — e; where i < s <mn. Then {v,~'} = {e; —e;,e; — es} for some i <! < s <n and
again v € a(«a) or 7' € a(w).

(b) Let B8 € £(«) and v € s(«) such that 8 + v € ®*. We have to show that 8+ v € £(a) U k().
If 8=es+e; where 1 < s < i then v has to be of the form v = e, —¢; where k < [. Thus
B+~v=er+e where 1 <k <ior f+v=es+ e where s,k < i. In the first case 8+ €
¢(cr) and in the second case 8+ v € k(«). Now suppose that 8 = e; + e; where s > i. Then
~ has to be of the form v = ex — ¢; where k <[ and 5+ v = e; + e where k # 1,4. Hence
B+ € k(a)Ul(a).

Now suppose that 8 =e; —e; where s > 7 and v =e, + ¢, where k <[ or v=¢;. Then
B+~v=e;+e, where k£ 1,ior 8+v=e;+e¢ wherel # 1,5 or 8+ =e;. Hence 8+ €
k(o) Uf(«). Finally, suppose that 8 = e; — es where s > i and v = e, — e; where k < I. Then
B+~ =-e; —e where [ >i. Thus 8+ v € £(«). Finally, suppose that § =e;. Then 8+~ =
e1 + e; where [ # 1,4. Hence 8 + v € £(«) U k(«), proving (b).

(c) In light of (b) it suffices to prove that a(«) normalizes (o) U {a} and this was already
shown in Lemma 7.7 (d). Hence (c) follows. O

REMARK 3. Note that, in contrast to type A,,, we did not claim in Lemma 7.7 that 7(H,)
is normal in UB,,/P(k(«)). In fact, for all 2 < ¢ < n the patterns h(a) and h(a) U k(o) are not
normal because (ez — €;) + (e; — ) & h(a) U k().

We can now establish our desired correspondence for long root subgroups of root systems of
type B,,.

ProprosSITION 7.9. Let ® be a root system of type B,, as described above. For each a =

e1 +e; € ®1 where 1 <i <n the map ¥, : Irr(T,) X Irr(X,)* — Irr(UB,,) o with
(s A) — (Inﬂ%:,u : Inﬂi‘”‘a \)UBn

is a one to one correspondence with the property W, (u, \)(1) = ¢®* ==L . u(1).

Proof. The content of Lemmas 7.8 and 7.7 (a) is that hypothesis (1), (2) and (3) of
Proposition 6.2 are satisfied, and the content of Lemma 7.7 (d) is that hypothesis (4) of
Proposition 6.2 is satisfied. This proves the correspondence. O

Our next result gives structural information concerning the group T,,. To this end we define
closed patterns

b, ;j = {er,er es | 1,5, t & {3,j}, and r < s}
where 1 <14 < j <n and,

ob(el —+ 61‘) = {61 —€iy..., €1 — 61'}.
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LEMMA 7.10. Let ® be a root system of type B, as described at the beginning of this
subsection. For all o = e + ¢; € ®T the following is true:
(a) Sa/P({(a) Uk(a)) = Sa/P(l(a))P(k(e)) = To x Xo.
(b) To = P(b1,;)/P(b1,; Nk(a)) x P(ob(c))/P(ob(a) Nk(c)).
(¢) Ifi < n then kob(a) :=b1; \ {er —es |1 <71 < s < i} is a closed pattern that is normal
in by; and P(kob(«)) centralizes P(ob(ex))/P(ob(a) N k(w)).
(d) Ifi € {2,3}, then kob(«a) = b1 4, k(o) = n(a) and

Ty 2UB, o x (UA;))"™!

(e) Ifi> 3 then P(b1;)/P(b1,; Nk(a)) is isomorphic to a quotient pattern group of UB,,_s.
(f) If i > 3 then P(b17i)/P(kOb(Oé) U (k;(a) N bl,i)) = UAi_3.

Proof. (a) follows from the definition of T, and Lemma 7.8 (b) and (c).

(b) By inspection, b1 ; N ({a} Ua(a)) =0 and ob(a) N ({a} Ua(a)) = 0. Hence, b1 ; U ob(a) U
L) Uk(a) C s(a) \ {a}. Thus

P(by1,; Uob(a))P(l(a) Uk(a))/P(l(a) Uk(r)) C Ty. (7.2)
By definition, ob(a) Ub; ; Uk(a) Uh(a) = T and therefore
bi; Uob(a) Uk(a)Ul(a) 2 @1\ ({a} Ua(a)) = s(a) \ {a},

and it follows that we have equality in (7.2). For all 8 € ob(«) and v € by ; we have § +~v & &7
or B+ €ob(a) and hence P(by;) normalizes P(ob(c)). By definition of ob(a) we have
ob(a) N by ; = 0 and thus T, is the semidirect product of P (b1 ;) P(¢(a) U k(c))/P(€(c) U k()
and P(ob( NP (l(a) Uk(ar))/P(£(e) Uk(cr)). Because by ; N 4(a) = 0 and ob(a) N 4(a) = 0 we
have P(b1;) N P(¢(a)Uk(a)) = P(b1; Nk(a)) and P(ob(a)) N P(4(a) U k() = P(ob(a) N
k(«)) which implies (b).

(¢) The only way to write e, — e, where 1 < r < s < 4, as a sum of two positive roots is e, —
es = B+ where {8,7} = {e, —er,er — e} for some r <t < s. Since by ; is a closed pattern
and 8,7 ¢ kob(«) it follows that kob(a) is a closed pattern which is normal in by ;. Suppose
that 8 =e, e € by, and v = e5 — ¢; € ob(a). Then B + v € ob(a) only if § = e, — e, where
1<r<s<i,ie.,if 8 &kob(a). This proves (c).

(d) For ¢ € {2,3} we have {e, — e, |1 <r < s < i} =0. Hence kob(c) = b1,; and the semidirect
product in (b) is a direct product. Now Lemma 7.6 (b) and (c¢) imply that k(a) = n(a).
Furthermore |ob(a)] =¢ — 1 and ob(a) Nk(a) = 0. Since P(ob(a)) is elementary abelian we
get P(ob(a))/P(ob(a) Nk(a)) = (UA;)"!. Because by ; Nk(a) =0 and by ; generates a root
subsystem of ® of type B,,_o we get P(b1;)/P(b1; Nk(a)) = UBp_s.

(e) follows from the fact that by ; generates a root subsystem of ® of type B,,_o.
(f) By definition of kob(«) the set by ; is the disjoint union of kob(«) and the set {e, —es |1 <

r < s < i}. The latter generates a root subsystem of ® of type A;_3. This completes the proof.
O

Finally we consider the highest short root « := e;. A simple calculation shows that:

LEMMA 7.11. h(el):{el,elfei,ei ‘ QSZSH}
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We define
ler):={e1 —e; | 2<i<n} and
ale1) :={e; | 2<i<n},

and remark that £(e;) is a closed pattern whereas a(e;) is a closed pattern only modulo k(a).

LEMMA 7.12. The following are true:

(a) n(er) ={er1+e- |1 <r<n}andk(er) ={e,+es|1<r<s<n}

(b) k(e1) is a normal closed pattern in ®.

(C) {61} U Z(el) U k(el) SI h(el) U k(el).

(d) The group P(h(e1) Uk(e1))/P(k(e1)) is special of order ¢'+2("=1) . Moreover modulo

P(k(e1)) [y, He,] = Z(He.,) = Xe, for ally € He, \ Z(He, ).
(e) s(e1) is a closed pattern.
(f) £(e1) Uk(er) < s(er) and s(er)/({er} Ul(e1) Uk(er)) is a closed pattern of type A, _s.

" = UAn_Q, SelLP(g(el) U k(el)) = Te1 X Xel.
The map V., : Irr(T,) x Irr(Xe, )* — Irr(UBy,)e, with

Sey Seq n
(1, A) = (Inﬂi1 e InﬂXC1 NUEB

—~ —~
o

— e —
S|
[

is a one to one correspondence with the property W, (u, \)(1) = ¢"~1 - u(1).

Proof.  (b) was already shown in Section 5.

(a) The fact that e; + e, is the sum of the two short roots e; and e, both of which lie in
h(e1) shows that ni(a) ={e; +e, | 1 <r<n} Cn(a). Now if y+v € ®T for v € T and
v € ni(a), then v = e, — e; and v + v € ny(a) so that n(a) = n1(a) is as claimed.

We note that w(e;) = ®* \ k(e1). Now we already noted that the only way to express e, as
a sum of positive roots is as (e, — es) + e5. Similarly the only way to express e; — e5 as a sum
of positive roots is as (e; — e,) + (e, — es) where r < s. Thus we see that w(e;) = {e; | 1 <i <
ntU{e; —e; | 1 <i<j<n} and thus k(eq) is as claimed.

(c) follows from the observation that e, + (e; —es) € ®T only if r = s in which case the sum
is equal to ej.

(d) follows from the observation that the sum of any pair of roots from a(e;) lies in k(ey) which
means that a(e;) is a pattern modulo k(eq). The proof of the second statement of (d) is as the
proof of Lemma 7.7 (d).

To prove part (e) we note that s(ep) contains all long roots of ®* and the root e;. The long
roots are the positive roots of a D,, root system and thus from a closed pattern. If 7y is a long
root, then ey + v & ®*. This shows (e).

To see the second part of (f) note that {e, —es|1 <r <s<n} =T\ (k(e1) Uh(er)). To see
the normality of the leg note that (e; —e,)+ 8 € ®T only if 8 € {e, —es, e+ |7 < s, 1 #
t}. Hence (e —e,) + S =e1 —e; or e1 + e; € £(e1) U k(eyr), which is our claim.

Now (g) follows from (f).
Finally (e), (f), (c) and (d) are the hypotheses of Proposition 6.2 and thus (h) follows. O

7.3. Type D

Let n > 4 be an integer. We construct a root system of type D,, as in [23, Section 12.1]: Let
€1,€2,...,e, € R" be the usual orthonormal unit vectors which form a basis of R"®. Then ® :=
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{x(e; te;)|1 <i#j<n}isaroot system of type D,, and the set {a1,...,a,}, where o; :=
e; —eiy1fori=1,2,...,n—1and o, 1= e,_1 + €y, is a set of simple roots. The corresponding
set of positive roots is @ = {e; £ e; |1 <i < j < n}.

From the explicit description of the root systems (or the Dynkin diagram) we see that

{ag,as,...,an,} generates a root subsystem @1/ of type D,,_1, that {a;, aa, ..., an_2,ay} gen-
erates a root subsystem ®(,,_1, of type A, _1, and that {al, Qs,...,0p,_1} generates a root sub-
system @, of type A,,_1. We set @, := &1, N dF, Uf := d+\ <I>;r,, ‘I’?% oy =Py NOT
\If(tl py = 0F \‘%_1)/7 and @, := @, N @, U = &+ \ &F,. Thesets U],, \I/?;L_l),, and U7,
are normal closed patterns. In fact, P(¥7), P(\Pa 1),) and P(V",) are the unipotent radicals
of the standard parabolic subgroups corresponding to {ag, as, ..., an}, {a1, as, ..., an_2,an},
and {a1,@9,...,a,_1}, respectively. Furthermore, the sets <I>1+,, <I>(+n_1 , and <I>:, are closed

patterns and P(®},) 2 UD,,/P(V],) 2 UD,,_; and P(®/,) =2 UD,,/P(V})=UA,_;.

Let a € ®* and x € Irr(UD,,),. Suppose that a € ®f,. It follows from Lemma 5.4 and
Remark 2 (a), (c) that P(¥],) C Ker(x). Thus, we can identify x with a single root character
of P(®,)=UD,/P(V],) = UD,_;. In this way, the classification and construction of the
elements of Irr(UD,,),, is reduced to the case Dn 1. Slmllarly, if v € <I>(n 1y Or @ € <I> we can

identify y with a single root character of P(® 1y ) respectively P(®,) and thereby obtain
a reduction to the case A,,_1 which has alreaéy been treated in Section 7.1. Hence, we only
have to consider positive roots o which are not contained in <I>1, U fIJE';L_l), U <I>n/, i.e., the roots
e1 + e;, where 1 < i <n. We observe that ® is a subsystem of the root system of type B,
described in Section 7.2. Thus most of what follows is a simple consequence of restricting from
type B, to type D,.

LEMMA 7.13. Let ® be a root system of type D,, as described above. For all positive roots
of the form o = e + e; where 1 < i < n we have:

ha) ={a}U{e; —es,es+e; |1 <s<itU{er Lese; Fes|i <s<n}

Proof. This follows from Lemma 7.5 via restriction. ]

Next we determine the closed patterns n(«) and k(«).

LEMMA 7.14. Let ® be a root system of type D,, as described above. For all positive roots
of the form o = e + e; where 1 < i < n the following is true:

(a) The sets n(«) and k(c) are normal closed patterns in ®7.
(b) n(a) ={e1 +es|1 < s <i}.
(c) k(o) ={es +e |1 <s<t<i}.

Proof. This follows from Lemma 7.6 via restriction. ]

Let o € ®T. As already mentioned above, if a € <I>(n 1y U @7, then the hook h(a), the arm

a(a) and the leg £(a) are defined as for type A,. Also if a € @, then we can assume recursively
that h(a), a(a) and £(«) are already defined. For o = e3 + ¢;, where 1 < i < n, we define the
arm and the leg as in Section 7.2 via restriction:

ala) :={e1 —es |l <s<i}U{e;tes|i<s<n} and
la) ={es+e|l<s<itU{ertes|i <s<n}
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As for types A, and B, we will see that for each a € ® the hook h(a) is a closed pattern.
We set H, := P(h(a)) and call it the hook subgroup corresponding to a.

LEMMA 7.15. Let ® be a root system of type D, as described at the beginning of this
section. For all « = e + ¢; € ®T the following are true:
(a) The hook h(«), the arm a(«) and the leg () are closed patterns.
(b) The pattern subgroups P(a(«)) and P(¢(c)) are elementary abelian.
(©) la(@)] = e()] = 20— i —2. |
(d) If ht(a) > 1 then the hook subgroup H, is special of type ¢**>"=1=2) and [y, H,] =
Z(H,) = X, forally € Hy \ Z(H,). More specifically: For each y € H, \ Z(H,) there
is some B € h(a) such that {[y,xz5(t)] |t € Fy} = X,.

Proof. This follows from Lemma 7.7 via restriction. O

LEMMA 7.16. Let ® be a root system of type D,, as described at the beginning of this
section. For all a = ey + e; € ®* the following are true:
(a) The source s(«) is a closed pattern.
(b) (a) Uk(a) < s(a).
(c) (o) U{a}Uk(a) < DT.

Proof. This follows from Lemma 7.8 via restriction. O

PROPOSITION 7.17. Let ® be a root system of type D, as described above. For each
a=ce; +e €PT where 1l <i <n the map ¥, : Irr(T,) x Irr(X,)* — Irr(UD,,)o with

(1, A) — (Inﬂ;u x Inﬂi-’z \)UDPn

is a one to one correspondence with the property W, (u, A\)(1) = ¢®"1=2 . u(1).

Proof. The content of Lemma 7.16 is that hypothesis (1), (2) and (3) of Proposition 6.2
are satisfied, and the content of Lemma 7.15 (d) is that hypothesis (4) of Proposition 6.2 is
satisfied. This proves the correspondence. |

We conclude this section by giving structural information concerning the group T',. For all
1 <i<nanda=e;+e; we define

dig={e,tes|1<r<s<nandr#i#s}and
ob(a) := &1\ (n(a) Uh(a) Udy;) = {e, —e; | 1 <7 <i} and
kob(a) :=di;\{er —es | 1 <7 < s <i}.

Note that dq; and ob(e; +¢;) are closed patterns for all 1 <4 <n and that P(ob(a)) is
elementary abelian. Furthermore, we have ob(a) N k(a) = 0.

LEMMA 7.18. Let ® be a root system of type D,, as described at the beginning of this
section. For all o = e +e; € ®T the following are true:
(a) So/Pl(a) Uk(a)) =2 Sy/P(a))P(k(a)) 2Ty x Xq.
(b) Ty = P(d1;)/P(dy,;Nk(a)) x P(ob(a))/P(ob(a) N k(c)).
(c) Ifi < n, then kob(a) is a closed pattern that is normal in d; ; and P(kob(c)) centralizes
P(ob(a))/P(ob(a) N k(a)).
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(d) Ifi=n then P(ob(a))/P(ob(a) Nk(a)) = {1}.

(e) Ifi € {2,3} and i =n then T, = {1}.
(f) Ifi € {2,3} and i < n then kob(a) = dy 4, k(o) = n(a) and

To=UD, 5 x (UA)" .

(g) Ifi > 3 then P(dy;)/P(dy,; Nk(a)) is isomorphic to a quotient pattern group of UD,,_s.
(h) If i > 3 then P(d171)/P(kOb(a) U (k(a) n dl,i)) = UAi_g.

Proof. This follows from Lemma 7.10 via restriction. ]

74. Type C

Let n > 3 be an integer. We construct a root system of type C,, as in [23, Section 12.1]:
Let e1,e9,...,e, € R™ be the usual orthonormal unit vectors which form a basis of R™. Then
O :={t(e;te;)|1 <i#j<n}U{E2e|1<i<n}isaroot system of type C,, and the set
{a1,...,a,}, wherea; :=e; —e;y1 fori =1,2,...,n — 1 and a, := 2e,, is a set of simple roots.
The corresponding set of positive roots is @7 = {e; £¢; |1 <i < j<n}U{2|1<i<n}.

The highest long root with respect to this base is 2e; = 21 + -+ - + 2,1 + i, Whereas
the highest short root is e; + e3. We note that the long roots of ® form a AY-subsystem. Let
a,B € & with o + 3 € ®T. We recall that the Chevalley commutator relations imply that if o
is short and § is long, then [X,, Xg] C Xo+sX2a+8, where a+ 3 is short and 2« + § is long,
and that when both o and 3 are short, then [X,, Xg] € X,43, where a+ 3 is short.

From the explicit description of the root systems (or from the Dynkin diagram) we see that
{ag, as,...,ay,} generates a root subsystem ®1: of type C,,—1 and that {a1, s, ..., a,—1} gen-
erates a root subsystem @, of type A,_1. We set @), := &, N &+, ¥, := &+ \ & and ¢/, :=
@, N®+, Uh =&\ &, The sets ¥, and ¥, are normal closed patterns. In fact, P(¥},)
and P(\IJ:,) are the unipotent radicals of the standard parabolic subgroups corresponding to
{ag,as3,...,a,} and {a1,q9,...,a,_1}, respectively. Furthermore, the sets ®}, and @, are
closed patterns and P(®f,) =2 UC,/P(¥],) 2 UC,_1 and P(®/},) 2 UC,/P(V},) 2 UA,_;.

Let o € @t and x € Irr(UC),)s. Suppose that « € <I>ir,. It follows from Lemma 5.4 and
Remark 2 (a), (c) that P(¥},) C Ker(x). Thus, we can identify y with a single root center
character of P(®},) = UC, /P(V}) = UC,_;. In this way, the classification and construction
of the elements of Irr(UC,, ), is reduced to the case C,,_1. Similarly, if « € ®}, we can identify
x with a single root center character of P(@Z,) and thereby get a reduction to the case A, _1
which has already been treated in Subsection 7.1. Hence, we only have to consider positive
roots a which are not contained in <I>1+, U <I>T+L,, i.e., the roots e; + e; where 1 < ¢ <n and the
root 2e;. We begin with single root characters lying above the highest root 2e;.

LEMMA 7.19. Let ® be a root system of type C,, as described above. For a = 2e; we have
h(a) ={2e1,e1 +es,e1 —es | 2 < s <n}. (7.3)
Proof. 'We observe that the sum of two long roots is never in ®T. Next we observe that the

sum of a long and a short root is either short or not in ®*. Thus if 2e; = 3 + v, then both 3
and ~ are short. This implies that 8 = e; 4+ e; and hence v = e; F e,. This proves our claim. []

We define the arm a(2e;) and the leg £(2e;) of h(2e;) as follows

a(2e1) :={e1 —es|1 <s<n} and £(2e;):={e1+es|l<s<n}.
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LEMMA 7.20. The following are true:

(a) n(2e1) = k(2e1) = 0.

(b) £(a) U{a} < h(a).

(¢) The group P(h(2e1)) is special of order ¢'*2("=1) Moreover [y, Hae,] = Z(Hae,) = Xoe,
for all y € Hae, \ Z(Hae, ).
s(2eq) is a closed pattern.
) £(2e1) <4s(2eq) and P(¢(2¢y)) is elementary abelian.
s(2e1) \ ({2e1} UL(2¢1)) is a closed pattern of type UC,_1, Taee, 2UC,_1, and

5261 /P(£(261)) = T261 X X2el-

—~
- O &
— Naw2

Proof.  As 2ey is the highest root of ®T part (a) is clear. Also we note that 2¢; is the unique
long root in h(2e;). The short roots in h(«) are all of the form e; + e, with » > 1 and thus sum
of two of these lies in ®* if and only if that sum is 2e;. This combined with Lemma 3.3 proves
part (b) and the first half of part (c). The proof of the Lemma 7.2 (d) carries over verbatim to
prove the second part of (c).

Now let B :=e; —es € a(2e1) and suppose that 8=+~ with 7,7 € ®T. As 8 € &,
we see that without loss y=¢€; —e, and 7' =e, —es with 1 <r <s. As v € a(2e;) this
proves part (d). Now if ey + e, e1 + €5 € £(2e1), then e; + e, +e1 +es =21 + e +es & DT,
and thus the Chevalley commutator relations imply that P(¢(2e;)) is elementary abelian. If
e1+es € £(2e1) and B € s(2e1), then e; +es+ 5 € T only if 3 =e, —es where r < s and
then ey + e + 8 € £(2e1) proving (e).

Finally we observe that

s(2e1)\ {2e1}Ul(2e1)) ={2¢;12<i<n}U{e,tes|2<r<s<n}

from which the claims in (f) follow. O

PROPOSITION 7.21. Let ® be a root system of type C,, as described above. For the root

a:=2e; € Pt the map U, : Irr(T,) X Irr(X,)* — Irr(UC,,) o with
(11, A) — (Inﬂ%‘; o - Infl3e X))V

is a one to one correspondence with W, (1, \)(1) = ¢" % - u(1), where T, 2 UC,,_;.

Proof. The content of Lemma 7.20 (d), (e), (b) and (c) is that hypothesis (1), (2), (3) and
(4) of Proposition 6.2 are satisfied. This proves the correspondence. The statement about the
structure of T, is the content of Lemma 7.20 (f). O

Next we consider the short roots o = e; + e; which are not contained in <I>;C U <I>:,.

LEMMA 7.22. Let ® be a root system of type C,, as described above. For all positive roots
of the form o = e; + e; we have:

hla)={a}U{e; —es,es +e; | 1 <s<i}U{erLes,e; Fes | i <s<n}U{2ee1 —e;}.

Proof. Let 8=2e;, B =ey ey € ®F with B+ 3 = a. Then 3’ = e; —¢; and 3 = 2e;.

Next let 8 =e, £ e, B = ey £ ey € &T such that B+ 3 = a. We see immediately that one

of the two = signs has to be a + sign and that the other one has to be a — sign and that ¢t = ¢’.
Furthermore, we can assume s = 1 and s’ = 7. Hence

(B,8") e{(er —es,es+ei) |1 <s<iori<s<nfU{(er+ese —es)|i<s<n}

and the claim follows. O



Page 32 of 57 FRANK HIMSTEDT, TUNG LE AND KAY MAGAARD

The contents of Remark 2 (¢) and Lemma 5.4 is that if x € Irr(XU),, then rk(y) = k(«).
Also recall that Lemma 5.6 states w(a) N k(a) = 0 for each o € T Using these two facts, we
can now describe the closed patterns n(a) and k().

LEMMA 7.23. Let ® be a root system of type C,, as described above and let a = e1 + ¢;.
The following are true:
(a) The sets n(«) and k(«) are normal closed patterns in ®7.
(b) n(a) ={e1 +es|1l <s<i}U{2e:}.
(€) k(o) =n(a)U{e, +es|l <r<s<itU{2e]|1l<r<i}.

Proof. Part (a) was established in Section 5.

(b) By definition ng(a) = {e1 +e;}. Let v =ex e, € . Then v+ € T if and only if
v=es —e; for some 1 < s <iory=e; —e;. In the first case we have a + v = e; + e5 where
1 < s < 4 and in the second case a + v = 2¢1. Now if 7/ = 2¢,., theny' +§ € ®* forall § = ¢, +
er. Thus, ny(a) = {e1 +es|1 < s <i}U{2e}. Again,if y = e, £ ¢, € DT theny + (e1 +€5) €
&7 if and only if v = e; — e, for some 1 < ¢ < s and in this case we have v + (e1 + e,) = e1 + e;.
Thus ns(a) = n1(«) and therefore n(a) = ni(«) and (b) follows.

(c) Let 8=e5+¢e; € ®T where s <t and t > i. If s =1 then 8 € h(a) C w(a). If s > 1 then
B € hier + e;) and e; + e; € h(a), hence 8 € w(a).

Let § = 2e5 with ¢ < s, then 8+ (e1 —es) = e1 + €5 € h(a) C w(a).

Now let S =es—e; € T where s <t. If s=1 then € h(a) Cw(a). If s>1 and t #1
then 8 € h(e; —e;) and e; — ¢; € h(a). Hence 8 € w(a). If s > 1 and ¢t = i then 8 € h(e; — ¢;),
e1 — e; € h(a) and so we have 5 € w(a). It follows from Lemma 5.6 that k(«) C {es +e:|1 <
s<t<i}U{2es|s<i}=:M.

We claim that M < ®F. Let B =¢, +e; € M,y € & with 8+~ € &T. It follows that + is
of the form v =e —es with k < s <t <iory=e, —e; with k <t <i. In the first case we
have 8+ v = e + e; with k < ¢ < 7, in the second case we have 8 + v = e + e, with k, s < i.
Thus, 8+ v € M in both cases. Let § =2¢e, € M, v € ®* with 8+~ € ®*. It follows that
v is of the form v =e; —es; with £k < s <14 and that 84+ v =ep + es; with k < s < i, hence
B+vyeM.

Thus we have M < ®*. By the definition of M we have a ¢ M. Hence Remark 2 (a) implies
that M C k(«). Thus we have k(o) = M and (c) follows. This completes the proof. O

We define
lep+e)={e1tes|i<s<njU{er—e}U{es+e |1<s<i}
and
aler +e;) ={e; Fes |i<s<npU{2¢}U{er —es | 1 <s< i}
As before we will show that for each o € &1 the hook h(«) is a closed pattern modulo k(«).

Call H, := P(h(a) U k(«))/P(k(a)) the hook subgroup corresponding to «, always bearing in
mind that we calculate modulo P(k(a)).

LEMMA 7.24. Let ® be a root system of type C,, as described at the beginning of this
subsection. For all « = ey + e; € ® the following are true:

(a) The hook h(«) U k(«) and the leg £(«) U k(«) are closed patterns.

(b) {a} Ul(a) Uk(a) < h(a)Uk(a).
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(¢) P(a(w)) is a pattern subgroup. It is isomorphic to a product of an elementary abelian
group of order ¢*=2 and a special group of order ¢'*2("=%)_ The center of the special
group is Xo.,.

(d) |a(a)| =2n—1i—1.

(e) If ht(a) > 1, then for each y € (I[,cq(a) Xy) \ {1} there is some B € {(c) such that
{g.2a(0) |1 € Fy} = X

Proof. (a), (b): Let 8, € h(a). We have 8+~ € &7 if and only if {3,7} = {e1 — es, 5 +
e;} for some s # i or {5,7} = {e1 —e;,es +e;} for some s # i or {B,7} = {e1 + es,e; — s} for
some s > i or {8,7} = {e; + es,e; — es} for some s > i or {B,7} = {e1 — e;,e; — es} for some
s>idor{B8,7} = {e1 + es,e1 — es} for some s > i or {B,7} = {2e;,e1 — e;}. In all of these cases
B+ 7 € h(a)Uk(a), and it follows that h(a) U k() is a closed pattern. We also see that for
all 8,7 € ¢(a) with 8+~ € &+ we have 8+ v € k(«). Hence ¢(a) U k() is a closed pattern
and (a) follows.

If 8 € h(a) and v € £(), then either §+ v € {®,2e1} or B+~ ¢ &, and (b) follows.

Also for f,v € a(a) we see that S+ € {2¢;} if 8,7 € ala)\ {e1 —es | s <i} and that
B,y & @t if B, € {e1 —es | s < i}. This shows (c).

(d) follows from (c).

Lastly suppose that ht(«) > 1. We have seen in the proof of (a) and (b) that for all 5,v €
h(a) we have 3+~ € ®T if and only if {3,7} = {e1 — es,es + ¢;} for some s # i or {B8,7} =
{e1 —e;,e5 + ¢;} for some s # i or {8,7} = {e1 + es,e; — es} for some s > i or {B,7} = {e; +
es,e; — es} forsome s > ior {8,7} = {e1 — e;,¢; — es} forsome s > i or {B,v} = {e1 + es,€1 —
es} for some s >4 or {8,7} = {2e;,e1 —e;}. In all of these cases 8+ v € {afU{e1 £es|i<
s <n}U{2e} Uk(x). It follows that Z(H,) = X, and that P({a} Ul(a)Uk(a))/P(k(a)) is
normal and elementary abelian. Now let y =[] ¢y 2+(ty) € (I eq(a) X+) \ {1} Because
y # 1 there is some 7 € a(«) \ {a} such ¢, # 0. If v # 2¢; then we pick 5 := o — v € h(w) and
we get from Lemma 3.1 (a) that {[y, zg(t)] |t € Fy} = Xo = Z(H,). Iy € Xoe, P{a} U l(a) U
k(a))\ P{a}Ufl(a) Uk(a)), then we pick 8 :=e1 — e; and again we get that {[y,z5(¢)] | t €
F,} = Xo = Z(H,). O

Next we show

LEMMA 7.25. Let ® be a root system of type C,, as described at the beginning of this
subsection. For all « = ey + e; € ® the following is true:

(a) The source s(a) is a closed pattern and k(a) C s(a).

(b) () Uk(a) < s(a).

Proof. (a) By Lemma 5.6 we have k(a)Na(a) C k(o) Nw(a) =0. Hence k(a) C T\
a(a) = s(a). Let 8 € a(a) and v,7" € T such that 8 =~ +7'.

To prove that s(«) is a pattern it suffices to show that v € a(a) or 4" € a(«). Suppose
that = e; — e, where 1 < s <. Then {v,7'} = {e1 —e1,e; — e} for some 1 <[ < s < i and
hence v € a(«@) or 7' € a(a). Now suppose that 8 = e; + e; where i < s <n. Then {v,7'} =
{ei+e,es—e} for some i <l <n or {y,y}={es +e,e; —e} for some i <l <n. Hence
in both cases v € a(a) or 7' € a(«). Next, suppose that 8 =e; —es; where i < s < n. Then
{7,7'} ={ei —ei,e1 —es} for some i <l < s<n and again v € a(a) or 7' € a(«). Finally,
suppose that 8 = 2e;, then {v,7'} = {e; + es,e; — es} for some i < s < n. But then we have
v,7" € a(a). This proves (a).
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(b) Let B € ¢(a), v € s(a). First suppose that 8 = e; + es where i < s <n. Then 8+ € &+
only if y =€, —e, with i Z7 < s (as e¢; — e5 € a(a)) and thus B+ =e1 + e, € k(a) Ul(a).

Next suppose that 3 = e; — e; where i < s <n. Then 8+~ € & only if v = e, + e, with
i#r (ase; +es €ala)) ory=es—e withs <r. Thus B+v=e1 +e, € k(a) Ul(a) or B+
v=e1 —er € La).

Next suppose that 8 = e, + ¢; where s < i. Then 8+~ € ®T only if y = ¢, — e, withr < s
ory=e,—e; withr <i. Thus B+~v€{e,+es | r<s<itU{e +e;|r<i}Ck(a)Ulla).

Finally suppose that 8 =e; —¢;. Then 8+~ € ®T only if y = e; +¢; or e; + e, with r <
or e; — e, with r > i. As v € s(a) we see that v =e; + e; or e; + e, with r < 4. Thus 4+~ €
{2e1}U{er +e | r<itU{er —er |r>i} Ck(a)Ul(a).

Now (b) follows. O

PROPOSITION 7.26. Let ® be a root system of type C, as described above. For each
a=-e;+e € DT where 1 < i <n the map U, : Irr(T,) x Irr(X,)* — Irr(UC),) o with

(1, A) (Inﬂ% e Inﬂ}g(‘; \)YAn

is a one to one correspondence with the property W, (i, \)(1) = ¢®» =1 . u(1).

Proof. The content of Lemma 7.25 (a), (b) is that hypothesis (1) and (2) of Proposition 6.2
are satisfied, and the content of Lemma 7.24 (b) and (e) is that hypotheses (3) and (4) of
Proposition 6.2 is satisfied. This proves the correspondence. ]

We now derive some structural information about T,,. To this end we define closed patterns
cij={2e, e, tes |1 s, t&{i,j}, and r < s}
where 1 < i < j <n and
oble1 +e;) :={ea—e;,...,e;_1 —e;f and kob=rc1; \ {e, —es |1 <r < s <i}.
Also we define T, := S, /P({a} U l(a) Uk(a)).

LEMMA 7.27. Ifa=e; + e;, then So/P(l(a) Uk(a)) = S, /P(l(a)) 2Ty x X, and T, is
a semidirect product of P(ob(a)) with P(c1,)/P(c1,; Nk(e)), where ¢1; is as above. Moreover
the following are true.
(a) The kernel of the action of P(c;;) on P(ob) is P(kob).
(b) Fori >3, P(c1,i/(c1,i Nk())) = UCh—2/Zi—2(UCh—2),
(c) Fori >3, P(c1,;)/P(kob) 2UA;_s,
(d) Ifi =2, then kob = c1 2, 0b =0, k(a)) = n(a) = {21}, and T, 2 UC,,—o.
(e) Ifi =3, then kob = c1 3, k(a) = {2e1,2e3, €1 + €2}, and

To 2UC,_2/Z(UCn_2) X Xey—ey-

Proof. The fact that S, /P(¢(c)) 2 T, x X, follows from the definition of T, and parts (a)
and (b) of Lemma 7.25.

(a) The set ob(a) is the set of roots of ® which are not contained in k(a) U h(a) U cy ;.
Notice that ob(«) is normalized by ¢; ;; proving the first part of (a).

For the second part we observe that no root of ¢; ; has e; in its support. Thus the only roots
from ¢;; that can be added to an element of ob(a) to yield an element of ®* are of the form
e, —es where 1 < r < s < 4. This yields the second part of (a).

(b) We note that ¢; ; C @}, and so our claim follows from Part (c) of Lemma 7.23.
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(c) We observe that r,s # 1,4 then (e, —es) + (e —e;) € Pt if and only if 1 <7 < s = k.
Next we note that (e, + es) + (ex, — €;) € @ for all 7, s # 1,0 and that e, + (ex — ¢;) & ®T for
all r # 1,4. Thus (c) follows.

(d) and (e) follow from (a), and Lemma 7.23. O

We can now complete the proof of Theorem 1.1.

Proof. (of Theorem 1.1) The theorem follows from Propositions 7.4, 7.9, Lemma 7.12 (h)
and Propositions 7.17, 7.21 and 7.26. |

8. Single root midafis of exceptional groups

In this section we deal with the case that the root system & is irreducible of type Eg, FEr, Es,
F, or G5 and prove Theorems 1.2 and 1.3. We will use the explicit construction of these root
systems given in [23, Section 12.1]. We assume the setting and notation from Sections 2-6.

We assume throughout this section that Hypothesis 1 holds.

8.1. Types Eg, E7, Eg

We deal with the types Eg and F; by considering suitable root subsystems of a root system
of type Es. The root system of type Fg is constructed as follows (see [23, Section 12.1]): Let
e1,es,...,es € R® be the usual orthonormal unit vectors which form a basis of R® and let ®g
be the union of the sets {£(e; £e;)|1 <¢# j <8} and

1
{§(iel +ey +e3teytestegter+eg)|the number of minus signs is even}.

Then ®g is is a root system of type Eg and the set {1, ..., ag}, where

ap = 5(61+68762763764765766767), Qg :=e1 +ea, a3 := ey — ey,
Qy = €3 — €z, (5 I= €4 — €3, Qg := €5 — €4, 7 = €5 — €5, (g = €7 — €g,

is a set of simple roots. The corresponding set of positive roots is
1
df ={eite;|1<] <’iS8}U{§(i61i62i63i64i65i€6i67+€8)}

where the number of minus signs of the coefficients of the vectors in the second set is even.

The subsystem of ®g generated by {a1,...,as} is a root system of type Eg which we denote
by ®g, whereas the subsystem generated by {aq,...,ar} is a root system of type E; which
we denote by ®7. For i € {6, 7}, the set {a,...,q;} is a set of simple roots for ®; and ® :=
<I>§ N @, is the corresponding set of positive roots. For a € <I>:r we always take k(a) with respect
to ®g in this section.

We number the positive roots of ®g according to Table A.1. This table contains the following
information: The first column fixes the notation for the positive roots of ®g. The second column
lists the coefficients m; when the root o; = Z?Zl mj o  is written as a linear combination of

the simple roots asq, ..., ag. The third column expresses the root «; as a linear combination of
the vectors eq, ..., eg and the last column contains the height ht(«;). For example, the positive
root agg is

agg=1-a1+2-a0+2-a3+3-as+2-a5+1-a5+0-a7+0-ag

1
:5(614‘62"'63"'64"’65_66_67+68)
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and we have ht(agg) = 11. In particular, we have

UEg = H X, UE; = H X, and UEs= H X,.

acdd acds acdS

Let i € {6,7}. By factoring out the unipotent radical ]_[,qu)+\<b+ X, we can identify the
group U FE; with a factor group of U Eg in a natural way and it follows from Remark 2 that for
each a € ® we have & \ & C k(a).

To formulate the next result we introduce the following set of positive roots:

normal . F+
R6/7/8 = dg \ {aus, ass, as7, asg, a0, a6, A7, 70, 71, A2, 73, 76, Q7T

arg, Qigp, (X83, (X84, (U85, (Xg6, (X87, (U8Y, (Xg9, (X9, V91, (X92, (Y94, (l95, (X98,
Qlg9, (100, X102, X103, (104, X105, X106, X107, (108, 109, X110, X111,

113,114, @115, X116, X117, 04118}-

The next proposition includes a construction of all single root midafis of the groups U Eg, U E7,
U Eg and proves Theorems 1.2 and 1.3 for root systems & of type Eg, F7 and Eg. The proof of
the proposition is based on computer calculations. These calculations are carried out with the
help of computer programs which we have implemented in CHEVIE [10], [30].

We proceed as follows: Let i€ {6,7,8} and let a € ®7. We choose an arm a(a) =
{ai,, iy, ..., ;. } of the hook h(«) such that the indices iy,42,...,%, are given by the second
column of Table A.2 in the appendix. The corresponding leg is £(a) = {a — v | v € a(«)} and
the source is s(a) = @7 \ a(a). By computer calculations using CHEVIE we will show that
s(a) is a closed pattern. We know from Lemma 3.3 that we can identify the root subgroup X,
with the quotient pattern group S, /P(s(a) \ {a}) of the source group S, = P(s(«)).

Suppose that a € @ \ Rg%W. Let l(a) := {(a) U{aj,,a,, ..., ;,} where the indices
1,72, - - -, J¢ are the maxima of the sets of integers given in the thlrd column of Table A.2. By
computer calculations using CHEVIE we will show that £(a) U k(a) < s(a), that the quotient
pattern group P({(a) U k(a))/P(k(c)) is abelian and that £(a) U {a} U k(a) < @ Hence, we
obtain the quotient pattern group

Ty = Sa/P({a} Ul(a) Uk(a)).

Now suppose that a € ®; N Rg‘/’?/“sal Again using CHEVIE we will show that ¢(a) U k(a) <
s(a) and that ¢(a) U {a} U k(a) < ®; so that we can consider the quotient pattern group

Ty = So/P({a}Ul(a) Uk(a)).

PROPOSITION 8.1. Let i € {6,7,8} and let ®; be a root system of type E; as described
above. For each positive root a € <I>+ the following are true:

(a) If o€ ®F \ Rporal then W, : '™ (T, ) x Irr(Xo)* = Ir™ (U E;), with

(s A) = (Inﬂ%‘ 1 - Inﬂ}(';";Y NUE

is a one to one correspondence.
(b) If v € RpZO! then Wy, : Ire(To) X Irr(Xa)* — Iir(UE;) o with
(1, A) = (Inﬂ%:,u . Inﬂ?{; )Y E

is a one to one correspondence.
The number [Irt™9*(UE;),| of midafis for o is given in the second and the fifth column of
Table 3 and the degree x(1) for xy € Irr™9*(UE;),, is given in the third and the sixth column
of Table 3.



Degree

Number of midafis
q—1

Root
(6%))
Qg
Qg

, 7,8} and let o € @j be a positive root. By definition, all midafis
Degree

(UE;)q have the same degree; this is the number given in the third and the sixth

q23 .
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Table 3: Numbers and degrees of the midafis for roots a; € @y .

Number of midafis
q—1

Qs
Qs

The roots in ®F, @ \ &F, &7 \ &, respectively, are separated from each other by horizontal
a1

lines in Table 3 and Table A.2.

REMARK 4. Let i € {6

X E Irrmida
Root

column of Table 3. For example: [Irr™ 9% (U Eg)q,,.| = ¢®(q — 1) and each x € ™ 9*(UEg)a,,,

has the degree x(1)
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Table 3 (cont.)
Root Number of midafis Degree Root Number of midafis Degree

Qg7 (q -1) q’ Q68 q7(q -1) q’

arg q9(q -1 q" orrs ¢°(q—1) q"
Qg ¢“(g—1) q*° ary (¢g—1) g
ars ’(g—1) g a7 g —1) g
g1 ®lg—1) q*? o3 q"°(¢—1) q*
gy ®qg—1) q"? Qi ¢°(q—1) q"
agy ¢°(g—1) q* Qs ¢°(¢—1) q*
Qg ¢(g—1) gt Qg1 #(g—1) g
g2 (g—1) q* g4 ¢°(q—1) q'°
Qg5 ’(g-1) q*° Qg #(g—1) q*°
Q9g qg(q -1) 1116 Q99 qg(q -1) qw
Q100 (18((1 -1) q16 Q101 qs(q -1) q17
Q102 (g—1) g’ Q103 ’(¢g—1) q’
104 elg—1) q'® 105 (¢ —1) q*®
106 ®lg—1) q'® 07 ®lg—1) q"
Q108 qg(q -1) q19 Q109 qg(q -1) q20
Q110 qg(q —1) QQO Q11 qg(q —1) q21
Q112 qg(q —1) q21 Q113 qg(q —1) q22
o114 ®(g—1) q* Q115 #(g—1) q*
o116 ®lg—1) > o117 ®lg—1) q*
o118 Alg—1) q* 19 *(qg—1) ¢
Q120 q7(q -1 428

Proof.  (of Proposition 8.1) The proof is carried out by computer programs which we have
implemented in CHEVIE. In particular, for all computations with roots we use these CHEVIE
programs.

normal

(a) We demonstrate the proof only for a = aq15 € @4 \R6/7/8 . The proof for the other

roots in <I> \Rg°§7‘sal is similar. Let o = a115. Using the data in Table A.1 we see that the

hook correspondlng to a is

h(a) = {y € ®F | There is 9/ € ®F such that v ++' = a115.}
= {az, a3, a9, 17, (23, a5, 30, 33, 38, V41, Ql4a, Qa6 50, U515 N,
Qs7, 58, (g4, Q65 , (69, 71, 72, Q75,5 QU78, 8D, (X81, (ig4, U85, (g6, (Y90,
Q91, (93, 95, 97, 98, X100, X101, X102, X104, X105, X107, X108 X109,

04112,C¥11370é114,04115}~

According to Table A.2 we make the following choice for the arm and the leg of the hook h(«):

a(a) = {ag, az, ag, aq7, ags, (s, 30, (033, 38, Q41 , ad, 046, (L50, Ol51 5 (lsa, OU57,
58, 64, OG5, QU715 Q72,5 OU78, (U84 } 5

U(o) = {9, 75, g0, g1, g5, (e, Qlgp, (U915 (X93, (g5, ALy, g8, (100, AU101, AU102,
Oé104,01105,04107,04108,01109,04112,04113,a114}~

Using CHEVIE we verify that s(a) = ®3 \ a(a) is a closed pattern and using Definition 8 we
get k(o) = {a116, 117, @118, 119, Q120 }- In particular, we have £(a) U k(a) C s(«). The normal
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closure of £(a)) U k(a) in s(a) is £(a) U k(a) where
U(a) = {asg, aga, ag9, @103, 106, 110, @111} U £()

and using CHEVIE we verify that £(a) U {a} U k(a) < ®F. Also by a direct calculation we see
that h(a) U k(o) is a closed pattern. We set

So = P(s(a)) and H, := P(h(a)Uk(a))/P(k(a)).

We claim that H, is special of type ¢'t214()| = ¢1+2:23 and that [z, H,] = Z(H,) = X, for all
x € Hy \ Z(H,). The proof is analogous to that of Lemma 7.2 (d): A direct calculation shows
that for all 7,7 € h(a) with v+~ € ®F we have v+’ € {a} Uk(a). It follows that X, C
Z(Ha) and [Hq, Ho] € Xo. Now let € Hq \ Xo. We write @ =[] ¢y, 24(ty) as in (2.1).
Because = ¢ X, there is some v € h(a) \ {a} such that ¢, # 0. Thus, v/ := a — v € h(a) and
we get from Lemma 3.1 (a) that {[z, 2. (¢)] |t € Fy} = Xo = Z(Hy) =[x, Ho| = [Ha, Ho] =
®(H,). So H, is special of type g T2l = 14223 Note that this argument also shows that
a(a) Uk(a) and £(a) U k() are closed patterns and that the quotient pattern groups P(a(a) U
k(a))/P(k(a)) and P(¢(a) Uk(a))/P(k(a)) are abelian groups.

To apply the Reduction Lemma 2.1 and Lemma 6.1 we introduce the following notation
(only for this proof):
U = UBs/P(k(a)),

=S4 :=54/P(k(a)) CU,

o H

o /:

o X = Hlea(a)X7 cu,
oY

[ )

Irr(U)g = {x € Irr(U) | Xo € Ker(x)},
where X, denotes the image of X, in U.

We have just seen that X is an abelian group and it follows from (2.1) that X is a set
of representatives for U/H. A direct calculation shows that for all v, € £(a) such that v +
7' € & we have v+ ' € k(a). Thus Y is abelian. By Lemma 5.4 and Definition 6 (a) we
have Z C Z(U). We have Y < H and ZY < U because /(o) Uk(a) < s(a) and £(a) U {a} U
k(o) 4 ®f . Furthermore we have Y N Z = {1} because a ¢ {(a). Hence, the conditions (a)-
(d) in Lemma 2.1 are satisfied. Suppose that A € Irr(Z)* and let A be the inflation of A to
ZY = 7 x Y. Suppose that there is 2 € X \ {1} such that *A = X\. Hence we have AMu®) =
A(u) for all u € ZY. In particular, A(u®) = A(u) for all u € L, := P({(a) U k(v))/P(k(a)) and
therefore A\([u,z]) = 1 for all u € L,,. It follows that [u,z] € Ker(A) for all u € L, and then also
[2,u] = [u, ]! € Ker()\) for all u € L. Since X is abelian and Z C Z(U) we get that [z,u] €
Ker()\) for allu € X ZL, = H, and hence Z = [z, Hy] C Ker(\). Thus 1 = A\(Z) = A(Z) which
is impossible since A is nontrivial. Hence, also condition (e) of Lemma 2.1 is satisfied.

It follows from Lemmas 3.3 and 5.1 that H/Y =T, x X, where

Ty = So/P({a}Ul(a)Uk(a)),
and the Reduction Lemma 2.1 gives a one to one correspondence
T, Irr(To) X Irr(Xa)* = Irr (U)o NIee(U, 1y), (1, A) (Inﬂ% e Inﬁ)}ga)\)U.

We are interested in the characters x € Irr(U), such that the degree x(1) is minimal. Let d :=
min{x(1) | x € Irr(U)4} and Irr™9*(U),, := {x € Irr(U) | x(1) = d}. For every A € Irr(X,)*
we have

Yo (p, A)(1)

~ {: [U: H] = ¢*» = ¢* if yis linear, (8.1)

> ¢ if p is nonlinear.

Let x € rr(U), \ Irr(U, 1y). We claim that (1) > ¢?3. There are exactly ¢ — 1 irreducible
characters of H, not having X, in their kernel, namely the characters (Inﬂ§ZXL“ M) where
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A € Trr(X,,)*. Each such character has degree ¢l*(®)| = ¢%3. Since X,, Z Ker(x) it follows that
x € Irr(U, 11, ). Thus the restriction x|zy has an irreducible constituent i € Irr(ZY, 1 ).
Note that [ is a linear character since Y and ZY = Z x Y are abelian. Since x € Irr(U),,
ZY QU and Z C Z(U) we have X, € Ker(fi) and since x € Irr(U, 1y ) we have fily # 1y. It
follows that there is some root

B e Z(CY) \Z(a) = {04897a947 Qg9, (103, X106, X110, 04111}

such that Xg Z Ker(z). We only demonstrate the case § = ai9s. The other cases are similar.

We choose the subhook h'(8) = {as,a103,8 = @106} according to Table A.2. A direct
calculation shows that h'(8) Uk(«) is a closed pattern so that condition (a) of Lemma 6.1
is satisfied. The fact as + a93 = 8 implies that the group HJ := P(h'(8) U k(a))/P(k(a))
satisfies condition (e) of Lemma 6.1. We have already seen above that H, satisfies condition
(d) of Lemma 6.1 and also condition (c) is obviously satisfied. As in Lemma 6.1 let h;, 5 be the
closed pattern generated by h(a) U h'(8) U k(a) so that

h:m = {2, a3, a5, a9, a17, a3, 25, 30, 133, 38, Q41, ad, Q46 V50, A51, N,
Qi57, (58, 064, (65, (X9, CU71, (U72, Qirs, U785 (X80, 081, (X84, (igs, (V86 5 (90,
91, 93, (95, (X97, 98, (X100, X101, 102, X103, X104, X105, X106, X107,
@108, 109, V112, 113, 114, 115, V1165 117, V118, X119, V120 ) -
A direct calculation shows that h/, 5 \ a(a) normalizes £(a) U k(a) so that also condition (b)
of Lemma 6.1 is satisfied. Define £ 5 := {a, 8} Ul(a) Uk(a) and L],z := P({,5)/P(k(a)) as
in Lemma 6.1. Let p:= fi|r, . Since fi is a linear character we have p € Irr(L[,5) and the

properties of ji imply that . satisfies the assumptions in Lemma 6.1. Because 4 is a constituent
0fX|leﬁ there is a constituent ¢ € Irr(H,,4, 1) of X|H;ﬁ and Lemma 6.1 gives us x(1) > (1) >

g1 > 42 In particular, we get that the degree x(1) is not minimal among the degrees of
the irreducible characters in Irr(U),.

Using a similar argument for the other roots 8 € £(a) \ £(a) we get that x(1) > ¢ for all
x € Irr(U), \ Irr(U, 1y). Tt follows that d = ¢** and

L™ (U) = {x € r(U)a | x(1) = ¢**} C Ir(U)a NIrx(U, 1y).

Hence ¥, maps Irr'"™(T,) x Irr(X,)* one to one onto the set of irreducible characters in
Irr(U),, of minimal degree. Identifying the irreducible characters of U with their inflations to
UFs we see that the map ¥, defined in part (a) of the proposition maps Trr'™(T,) x Trr(F,)*
one to one onto Irr™ 9% (U Fg),. This completes the proof of part (a) of the proposition.

b) We demonstrate the proof only for a = aji9 € & N Rrormal e proof for the other
y 8 6/7/8

roots in (Iﬁr N Rg‘/)?/nsal is similar. Let o = aj12. Using the data in Table A.1 we see that the

hook corresponding to « is
h(a) = {vy € ®F | There is 9/ € ®F such that v ++' = a112.}
= {a23 a0, 17, 18, o5, (26, (X32, (X33, (X34, (40, 41, (42, (48, Oi49, (50, (55,
a56, g1, (G2, (UG8, (XG9, (X74, AT5, (X80, (X81, (X85, (X86, (X9, (¥90, (¥91, (X93, (X94,
(95, 98, (499, (100, (102, (4103, U105, 11065 V1085 V1105 V112 }-

According to Table A.2 we make the following choice for the arm and the leg of the hook h(«):

a(a) = {04270410, 17, (18, (25, (26, (X32, (X33, (X34, (V40 , (41, (42, (V48, (49, (V50,
0455,(34567@6170562a046870474}7
5(04) = {069,a75,a80,a817Olssn0186,0489,0490,049170@37O¢947a95,0498,0499,0é100,

102, @103, X105, X106, X108, a110}~
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Using CHEVIE we verify that s(a) = ®3 \ a(a) is a closed pattern and using Definition 8 we
get

k(a) = {0497, @101, X104, @107, X109, X111, X113, (114, A115, X116, X117, (118,

01119,04120}-

In particular, £(a) U k(a) C s(«). Using CHEVIE we verify that £(a) U k(o) < s(a), that £(a) U
{a}Uk(a) Q@7 and that for all v,7" € f(a) with v+~ € ®F we have v+ € k(a). Let
a(a) = {as,, @iy, ..., a5} where i3 <iy < --- < i,. Again using CHEVIE we see that for all
gk €{1,2,...,r} with k > j we have o, + (o — ;) & ®F or a;, + (a — ;) € k(). We set
Sa = P(s(a)). To apply the Reduction Lemma 2.1 we introduce the following notation (only
for this proof):

U:=UEs/P(k(a)),

H:=S,:=5,/Pk(a)) CU,

Z =X, CU,

X = nyea(a) X"/ < U’

Y := P({(a) Uk(a))/P(k(cr)) C U,

Irr(U)g = {x € Irr(U) | Xo € Ker(x)},

where X, denotes the image of X, in U.

It follows from (2.1) that X is a set of representatives for U/H. By Lemma 5.4 and
Definition 6 (a) we have Z C Z(U). We have Y <9 H and ZY < U because £(a) U k(a) < s(a)
and £(a) U {a} Uk(a) < @ . Furthermore we have Y N Z = {1} because a ¢ £(a). Hence, the
conditions (a)-(d) in Lemma 2.1 are satisfied.

Suppose that A € Irr(Z)*. Let A be the inflation of A to ZY = Z x Y. Note that ) is a linear
character. Suppose that there is z € X \ {1} such that *\ = A. Because X is nontrivial on X,
there is t € Fy such that A(z4(t)) = AMza(t)) # 1. It follows from Lemma 3.1 (a) that there is
some root 7 € ¢() and an element t' € F, such that [z, 2z, (t') 1] = z4(t). Hence

Ny (1) = A 2y () @ ()7 -2 (1) = Maa ()M 2y (1) # May (1)),

contradicting A = A. Hence, the condition (e) of Lemma 2.1 holds. The condition (f) of
Lemma 2.1 is also satisfied because |X|= g™ =Y. Tt follows from Lemmas 3.3 and 5.1
that H/Y 2 T, x X, where

Ty = So/P({a}Ul(a)Uk(a)).
Now the Reduction Lemma 2.1 gives the one to one correspondence
Uy Irr(To) x Ire(Xo)* = Ir(U)a, (1, A) = (Infif - Infi A

Identifying the irreducible characters of U with their inflations to UFEg gives the one to
one correspondence ¥, defined in part (b) of the proposition. Note that the bijection ¥,
maps Irr'™(T,) x Irr(X,)* onto Irr™9%(U E;),. This completes the proof of part (b) of the
proposition.

Using Lemma 3.3 we can easily compute |Irr"™(T)| = |Ta/[Ta, Ta]| and get
|Irrmida(UEg)a| = |\Ila(Irr1in(Ta) x Irr(Xo)")| = |Irrli“(7a)| - |Ire(Fy) ™|
= [ ()] - (g — 1),

For every x € Irr™%(U Eg),, we have x(1) = W, (1, \)(1) for some linear character y of T, and
A € Irr(X,)* and hence

X(1) = Wa(u, A)(1) = [UEs : Sa] - p(1) - A(1) = ¢,
This gives the entries in Table 3 and completes the proof of Proposition 8.1. |



Page 42 of 57 FRANK HIMSTEDT, TUNG LE AND KAY MAGAARD

REMARK 5. Let i € {6,7,8} and let a € ®; be a positive root.

(a)
(b)

We could not find a canonical choice for the arm a(«). However, in some sense the
choices in Table A.2 are best possible; see Remark 7.
For roots a € ® N Rg?;r/nsal Proposition 8.1 (b) reduces the classification of the midafis
in Irr (U E; ) o to the character theory of the subquotient T',,. We illustrate by the example
o= a9 = %(el +es+estes+es+eg+er+eg) for i =8 how information on the
structure of T, can be obtained. The following are true:
(1) n(a) ={es+e; |1 <j <7} = {3, a115, 2116, ¥117, 118, 119, X120}
(2) k(o) ={este; |1 <j <7} = {agr,ai01, 2104, 107, X109, 111, X113,

Q114, Q115, O116, 117, Q1185 (119, V120 }
(3) ala) ={ei +e; | 1 <j<i<T}={az,ai,r, aig, a5, az, 32, A33,

@34, 040, 41, 042, U8, Cl49, (U505 U535, (U565 L6 1, (X625 UG8, (V74
4) o) = {%(:I:el testeztestestegter+es)|exactly two signs

are negative} = {agg, a7s, g0, 81, g5, Aig6, U89, (490, 91, (193,

Q94, 95, (198, (199, (V1005 (4102, (1103, 1055 1065 (4108, 110 } -
Equations (3) and (4) are the result of the calculation recorded in Table A.2. The other
equations can be confirmed by our CHEVIE programs, but they can also be proved by
hand: (1) follows from the equation

egzl:ej = %(:l:@l:l:"'zl:ej_lzl:ej:|:6j+1"':|:67+€8)

“F%(:Fel:F"':Fejfl:tej:Fej+1"':Fe7+e8)~
For (2) we observe that Z(UEs/P(n())) = Xo, Xeg—e,- Factoring out X.,_., and
repeating yields the claim after seven iterations.
We now define the following subsets of ®g :

ag :={e; —e; |1 <j<i< T} ={as, a4, 05, a6, a7, 08,11, 012, 013, 14,
041570119704207042130422a0427,052870¢29704357043630443}3
V= {%(:I:el tegtestestesegter+es) | exactly two + signs}
= {Cn,0497011670124,0431,0439,0447},
f= {%(iel tegtestestestegter+es)|exactly four + signs}

= {04237030,a37,043870444,0445,(1467a51,a52,0553,0454,%77&587@59,04607
Q63, Op4, g5, 66, Ae7, 70, 71, O72, (73, (76, QU77, Q78, (X79, (V82,
Qig3, gy, (g7, gy, (192, 0496}-

With this notation we observe that s(a) = k(o) U{a}UasUv U fUl(a). Also let K
denote the standard Dz-parabolic subgroup of Eg(q) with Levi decomposition K =
Q@ x D (with respect to our choice of the root datum). Then

Z(Q) = P(k(e), Q/2(Q) = P({a}UvU fuUl(a)Uk(a))/P(k(a))

and (X, | v € a(a) Uag U (—ag)) is a maximal parabolic subgroup of D with Ag-Levi
factor A := (X, | v € ag U (—as)) and unipotent radical P(a(c)). We remark that Z(Q)
is the natural module and Q/Z(Q) is a half-spin module for D. Hence both are
elementary abelian. With these facts at our disposal we can now observe:

(1) H, = P(h(«)) is a special group which is normalized by P(ag),

(2) P(v):=PwUk(a))/P(k(a)) and P(f):= P(fUk(a))/P(k(a)) are elementary

abelian and centralize each other,
(3) P((cr)) := P(l(cr) UK(x))/P(k(cv)) is normalized by P(ag) and centralized by

P(v) x P(f),
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(4) A normalizes P(v) and P(f), -

(5) P(v) is the natural module for A and P(f) is the alternating cube of the natural
module, L

(6) T = (P(0) x P()) % Pla),

(7) P(vUag) = UAr(q).

8.2. Type Fy

We construct a root system of type Fy as in [23, Section 12.1]: Let e1,eq,e3,e4 € R* be
the usual orthonormal unit vectors which form a basis of R%. Then @4 := {+(e; e;) |1 <i #
j<A4U{te;|1<i<4}U{i(te; L extegtey)} is aroot system of type Fy and the set
{a1,...,a4}, where a1 := ey —e3, as :=e3 —eq, a3 :=ey4, and oy := %(el — ey —e3—ey), 18
a set of simple roots. The corresponding set of positive roots is

1
fI)Zf:{6i:|:ej|1§i<j§4}U{6i|1§i§4}U{§(61:|:62:|:63:|:e4)}.

We number the positive roots of &, according to Table A.3. This table contains the following
information: The first column fixes the notation for the positive roots of ®4. The second column
lists the coefficients m; when the root o; = Z?:l mj oy is written as a linear combination of
the simple roots a1, as, az, ays. The third column expresses the root «; as a linear combination
of the vectors ey, eq, es,e4 and the last column contains the height ht(«;). For example, the
positive root aqg is

1
041921-011+2~042+3'Oz3+1-054=5(614—624—634—64)

and we have ht(aqg) = 7.

The construction of the single root midafis of the group UF} is similar to the one for UFE;:
Let Ryormal .= & \ {agg, g2} and let o € @ . We choose an arm a(a) = {a;,, @iy, - - ., @, } of
the hook h(«) such that the indices 41,42, ...,4, are given by the second column of Table A.4
in the appendix. We define and construct the leg ¢(«), the source s(«), the source group S,
the enlarged leg £(c) and the quotient pattern group T, of S, in the same way as for UFE;
(distinguishing the two cases a ¢ Ry°™2! and o € Ryormal),

PRrROPOSITION 8.2. Let ®4 be a root system of type Fy as described above. For each positive
root a € ®F the following are true: o .
(a) If a € ®F \ R}o™! then W, : Irr'"™(T,,) x Trr(X,)* — ™9 (U Fy),, with

(1, A) — (Inﬂ%’ i Inﬂf(‘l \)UE

is a one to one correspondence.
(b) If a € Ryo™™al then U, : Irr(T,) x Irr(X,)* — Irr(UFy), with

(1, A) (Inﬂ%‘” e Inﬂ}g(‘*0 DY

is a one to one correspondence.
The number [Irt™ (U Fy),| of midafis for « is given in the second and the fifth column of
Table 4 and the degree x(1) for x € Ir™*(UF,), is given in the third and the sixth column
of Table 4.
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Table 4: Numbers and degrees of the midafis of UFy.

Root Number of midafis Degree Root Number of midafis Degree

o q—1 1 a9 qg—1 1

as qg—1 1 oy q—1 1

as g—1 q Qg qg—1 q

a7 qg—1 q ag q(g—1) ¢
ag qlg—1) q a1 qlg—1) g
aqq qg(q - 1) q2 12 q2(q - 1) 93
Qi3 q(g—1) ¢ Q14 Plg—1) ¢
ais ¢(g—1) q* a6 *(g—1) ¢
o7 q*(g—1) ¢ g q*(g—1) ¢
g Plg—1) q° Qg q*(g—1) q¢*
Q2] qg(q - 1) ‘17 Q22 q4(q - 1) q5
Q23 g*(¢—1) q° a2 ¢*g—1) q

Proof. The proof consists of computer calculations carried out by the CHEVIE programs
mentioned in Section 8.1. The proof is analogous to the proof of Proposition 8.1 with Table A.2
replaced by Table A.4. |

8.3. Type G,

We construct a root system of type Ga as in [23, Section 12.1]: Let e, ez, e3 € R? be the
usual orthonormal unit vectors which form a basis of R3. Then &, := +{e1 —ea,e5 —e3,e1 —
e3,2e1 —eg — e3,2e3 — €1 — e3,2e3 — €1 — e2} is a root system of type G2 and the set {ay, as},
where a1 :=e; —es and ag := —2e; + e3 + e3, is a set of simple roots. In particular, aq is a
short root and «s is a long root. The corresponding set of positive roots is

OF = {a1, 0,3 1= a1 + g,y = 207 + g, a5 1= 301 + qg, a6 = 31 + 2}

The construction of the single root midafis of the group UG} is similar to the case a € Rpermal

for UFE;: We define arms of the hooks for the positive roots as follows
alar) :=alag) :=0, alas) :=alayg) :=alas) :={a1}, alag) = {as,as}

with corresponding legs £(c;). Let o € ®J . It is easy to see that s(a) := ®5 \ a(a) is a closed
pattern and that ¢(a) U {a} Uk(a) < @] so that we can consider the quotient pattern group

T. := P(s(a))/P({a} Ul(a) U k(a)).

PROPOSITION 8.3.  Let @2 be a root system of type Go as described above. For each positive
root a € ®F the map ¥, : Irr(T,,) x Irr(X,)* — Iir(UG2), with

(1, A) (Inﬂ%‘;u . Inﬁi‘; N U
is a one to one correspondence. The number [Irt™9*(UGy),| of midafis for the root a is given

in the second and the fifth column of Table 5 and the degree x(1) for x € Irr™*(UGy), is
given in the third and the sixth column of Table 5.
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Table 5: Numbers and degrees of the midafis of UGs.

Root Number of midafis Degree Root Number of midafis Degree

oq q—1 1 s q—1 1
as q—1 q ay q(g—1) q
s ¢*(g—1) q o q(g—1) ¢

Proof. The proof is analogous to the proof of Propositions 8.1 and 8.2 (but the calculations
can be carried out by hand). U

REMARK 6. It turns out that the group 7', is elementary abelian for all a € <I>§r so that
we have Irr(UGy)q = Ir™9%(UGY), for all a € ®F. Tt follows that the only characters x €
Irr(UG2) which are not single root characters and are not covered by Proposition 8.3 are the
trivial character and the linear characters x € Irr(UG3) with |rs(x)| = 2.

REMARK 7. Let i€ {2,4,6,7,8} and ®; a root system of type Ga, Fy, Eg, E7, Fs,
respectively, with set of positive roots <I>2' as in 8.1-8.3. We use the notation from 8.1-8.3.
The arms a(a) in Tables A.2, A.4 and Section 8.3 are chosen such that for all a € ®; the
following condition is satisfied:

(1) The source s(a) = @} \ a(a) is a closed pattern.

For all roots a € ®; N R°™™al the choice of a(a) in Tables A.2, A.4 and Section 8.3 implies
that the corresponding leg ¢(«) satisfies the following condition

(2) L(a) Uk(a) <s(a).

Now suppose that a € @ \ Riormal (where R3o™al .= &7). In this case there is no choice
of a(a) such that (1) and (2) are satisfied simultaneously. For each choice of a(a) with
corresponding leg ¢(«) such that condition (1) is satisfied let M be the normal closure of
{(a) Uk(a) in s(e) and define ¢(a) := M \ k() so that £(a) 2 £(a). For all o € & \ Rpormal
the choice of a(a) in Tables A.2 and A.4 implies that /() has the following properties:

(3) £(a) Uk(a) < s(a), {a}Ul(a)Uk(a)Q®* and the quotient pattern group P(£(a)U

k(a))/P(k(a)) is abelian.
Among all choices of the arm a(«a) such that conditions (1) and (3) hold the choice in Tables A.2
and A.4 minimizes |¢(a)|. This is achieved as follows: Let

I, == {(aj,aj) €} x & | aj + ajy = a and j < j'}.

Among all pairs (o, /) € II, we choose the (unique) pair where the first index j is maximal
(since the roots of each root system are labeled by increasing height this guarantees that both
ht(a;) and ht(c;) are “not too small”). Write (vy,+’) for this pair of roots.

For each choice of a(a) we have heart(a) := ®; \ h(a) C @] \ a(a) = s(a). Let N, be the
normal closure of {7} in the closed pattern generated by heart(a) U {7} and N, the normal
closure of {7’} in the closed pattern generated by heart(a) U {7'}. Suppose that the arm a(a)
is chosen such that the conditions (1) and (2) or that the conditions (1) and (3) hold. Then we
have either v € £(a) or v/ € ¢(cx). In the first case we have N, N h(a) C ¢(a) and in the second
case N N h(a) C £(a). Hence in both cases we have N, N Ny N h(a) C £(a). This reduces the
number of possible choices for ¢(a)) and hence a(«) such that the conditions (1) and (2) or the
conditions (1) and (3) are satisfied considerably.



Page 46 of 57 FRANK HIMSTEDT, TUNG LE AND KAY MAGAARD

Then we do an exhaustive search over the remaining possibilities to filter out those choices
which satisfy conditions (1) and (2). If there is such a choice then we know that o € Rpermal
and we choose a(«) such that conditions (1) and (2) hold. If there is no such choice then we
know that a € ;7 \ RI°'™al and we run through all possibilities satisfying conditions (1) and
(3) and choose a(a) so that |¢(«)| is minimal.

We consider the example ¢ = 8 (that is, ®; is of type Eg) and a = aj15. The hook h(a)
was already determined in the proof of Proposition 8.1. We have |h(«)| = 47. Hence there are
2(IR()I=1)/2 = 923 — 8388608 possible choices for the arm a(«). The pair (o, a;) € II, with
maximal first index j is (v,v) = (ars5, ars). Using the CHEVIE programs we get

N, N Ny N h(a) = {ase, 2o, Q91, o5, Ao, 100, X101, X102, Q1045 X105, X107,
108, 109, 112, 113, (114 }-

It follows that there are at most 223~ IN+NN/Nh(a)] — 92316 — 97 — 198 possible choices such
that conditions (1) and (2) or (1) and (3) are satisfied. Testing these 128 possibilities we see
that there is no choice of a(«) such that the conditions (1) and (2) are satisfied simultaneously.
Thus o € ®F \ Rg;’;‘/ngal. Furthermore we see that for all choices of a(a) such that the conditions
(1) and (3) are satisfied simultaneously we have |[¢(a) \ £(a)| > 7. Hence the choice of a(a) in
Table A.2 minimizes |{(c)].

8.4. Proof of Theorems 1.2 and 1.3

We can now complete the proof of the main results stated in the introduction:

Proof. (of Theorem 1.2) Let ®; be a root system of type Eg, E7, Es, Fy or G2 as in
Sections 8.1-8.3 and a € ®. If i # 2 and « € ®; \ RI™3! then the statement of the theorem
follows from Proposition 8.1 (a) and Proposition 8.2 (a).

Suppose that i =2 or that a € RP*™al Considering degrees we see that the one to one
correspondences W, in Propositions 8.1 (b) and 8.2 (b) and in Proposition 8.3 map Irr'™(T,,) x
Irr(X,)* onto Irr™9*(UY;),,. This completes the proof of Theorem 1.2. O

Proof. (of Theorem 1.3) The theorem follows from Propositions 8.1 (b), 8.2 (b) and
Proposition 8.3. |

Acknowledgements. We thank the referee for a careful reading of the manuscript as for
saving the authors from incorrect attributions concerning the numbers N (®) .

Appendix

Table A.1: Positive roots in the root system ®g of type Fjs.

Root Linear combination Linear combination of eq, ..., eg Height
of simple roots
1304050l l7 Ly
a1 10000000 %(61—62—63—64—65—66—67+68) 1
Qo 01 0000O0O0 e1+ e 1
Qs 001000O0O0 —e1 +ea 1
ay 000100O00O0 —eg +e3 1
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Table A.1 (cont.)

Root Q] Qa3 5 QU7 Qg Linear combination of eq, ..., eg Height
as 000010O00O0 —e3 + ey 1
Qg 000001O00O0 —eq +e5 1
ay 0000O0O0T1O0 —es5 + €6 1
asg 0000O0O0O0CTI1 —eg + e7 1
Qg 10100000 %(—61+€2—63—64—65—66—€7+88) 2
@10 01010000 e +es3 2
a1 00110000 —e1 +e3 2
12 00011000 —eg + €4 2
a3 00001100 —e3 +e;5 2
14 00000110 —ey + €5 2
15 0000O0O0T1T1 —es + ey 2
16 10110000 %(—61—€2+63—€4—65—66—€7+68) 3
ay7 01110000 ea +e3 3
Qai1g 01011000 e1 +eq 3
Q19 00111000 —e1 + ey 3
a0 00011100 —eg + €5 3
2] 00001110 —e3 + €6 3
29 00000111 —eq + €7 3
93 11110000 Llei+ex+es—eqs—e5—eg—er+eg) 4
o4 10111000 5(—61—62—634—64—65—66—67+€8) 4
a5 01111000 €2+ €4 4
Q26 01011100 e1tes 4
Qo7 00111100 —e1 +ée5 4
Qg 00011110 —e2 + €6 4
Qo9 00001111 —es3 +e7 4
30 11111000 %(61+€2—63+64—€5—€6—67+€8) 5
Q31 10111100 5(—61—62—63—€4+65—66—€7+68) 5
Q39 01121000 e3 + €4 5
33 01111100 €2 + €5 5
Q34 01011110 €1+ e )
Qa5 00111110 —e1 + e 5}
36 00011111 —eg + er 5
37 11121000 l(61—62-1—634-64—65—66—87—|—€8) 6
3g 11111100 ?(61+62—€3—64+65—€6—87+68) 6
39 10111110 5(—61—62—63—64—65+€6—€7+88) 6
Q40 01121100 e3 +es 6
41 01111110 €2 + €6 6
(7D 01011111 e + ey 6
Q43 00111111 —e1 ter 6
Q44 11221000 %(—614—62—&-634—64—65—66—€7+€8) 7
Q45 11121100 s(e1 —ea+e3—egs+es —eg—er+eg) 7
Q46 11111110 ?(61+€2—€3—64—65+66—67+68) 7
o7 10111111 5(—e1—ex—e3—es—e5— e+ er+ eg) 7
48 01122100 e4 + €5 7
Q49 01121110 es3 + eg 7
a5 01111111 e+ er 7
os1 11221100 L—e1+ex+es—eqs+e5—es—er+es) 8
a5 11122100 5(61—62—63+64+65—66—€7—|—68) 8
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Table A.1 (cont.)

Root 1 Qa3 5 Qg QU7 Qg Linear combination of eq, ..., eg Height
053 11121110 1(er —ea+e3—es—es5+eg—er+eg) 8
[6%:7) 11111111 5(61+62—€3—€4—65—€6+67+68) 8
Qa5 01122110 €4+ €6 8
a5 01121111 e3 + ey 8
ast 11222100 L—e1+ey—es+es+es—eg—er+eg) 9
s 11221110 i(—61—1—62—|-eg,—64—65—1—66—67—1—68) 9
Q59 11122110 s(e1 —ea—e3+eg—e5+eg—er+eg) 9
60 11121111 s(e1 —eat+e3—eqs—e5 —es+er+eg) 9
g1 01122210 es + eg 9
Qgo 01122111 eqs +er 9
a3 11232100 Li—e1 —eytes+es+es—es—er+eg) 10
Qg4 11222110 i(—61—|—€2—634—64—65-1-66—67—|—68) 10
Qg5 11221111 i(—61—|—€2-‘r€3—64—65—(36—i-67—|—68) 10
Qg6 11122210 i(61—62—63—64-1-65—’-66—67—‘y—68) 10
Qg7 11122111 %(61—62—63+64—65—66+67+68) 10
[0 731 01122211 es5 + er 10
Qg9 12232100 l(61-‘1-62—|—63—|—€4+€5—66—67—‘y-(38) 11
a7 11232110 i( 61—62+€3+84—65+€6—67+68) 11
ar 11222210 i( 61+62—€3—84+65+€6—67+68) 11
a9 11222111 i( 61+€2—€3+84—65—€6+67+68) 11
a3 11122211 ;(61—62—63—64+€5—66+67+63) 11
(6% 2] 01122221 eg + er 11
ars 12232110 Ller+extestes—es+es—er+es) 12
a7g 11232210 i( 61—62+€3—64+€5+€6—67+€8) 12
a7 11232111 i( 61—€2+€3+64—€5—€6+67+€8) 12
a7y 11222211 i( 61+62—€3—64+€5—€6+67+€8) 12
Qarrg 11122221 i(61—62—63—64—(35—|—66—|-€7—‘y-€8) 12
ago 12232210 i(61-1-624—63—64-{-654-66—(57—‘y—(38) 13
gl 12232111 i(61-‘1-62—|-63—|—€4—(35—66—|—€7—‘r€8) 13
g9 11233210 i( 61—62—€3+64+65+€6—67+68) 13
g3 11232211 i( 61—62+€3—64+65—€6+67+68) 13
g4 11222221 i( 61+62—€3—84—65+€6+67+68) 13
ags 12233210 i( +€2—83+64+€5+66—67+63) 14
age 12232211 i(1-‘1-62—|-63—64-1-65—66—|—€7—‘y—€g) 14
gy 11233211 i( 61—62—€3+84+65—€6+87+68) 14
ags 11232221 i( 61—€2+€3—84—65+€6+87+68) 14
agg 12243210 i(61—62—i—eg—|—64-i-€5—|-66—67—%—63) 15
Qg0 12233211 i(61-‘1-62—63—|—64+€5—66—|—67—‘y—€3) 15
Qg1 12232221 i(61-‘1-624-63—64—65—’-664—67—"-63) 15
Qg9 11233221 %( 61—62—€3+64—65+€6+67+68) 15
Qg3 12343210 %( 61+€2+€3+64+65+€6—67+68) 16
Qg4 12243211 ?(61—€2+€3+64+€5—66+67+68) 16
Qg5 12233221 ?(61+€2—63+64—65+66+67+68) 16
Qgg 11233321 5( 61—62—63—64+65+66+67+68) 16
Qg7 22343210 —er + eg 17
g8 12343211 %( 61+62+€3+e4+65—€6—|—67+68) 17
Qg9 12243221 ?(61—€2+63+64—€5+66+67+63) 17
100 12233321 5(61+€2—63—64+€5+66+67+63) 17
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Table A.1 (cont.)

Root Q1] i i3 QL4 5 Qg QU7 Qg Linear combination of eq, ..., eg Height
Q101 22343211 —eg 1+ e 18
Q102 12343221 L—e1+extes+eqs—es+eg+ertes) 18
103 12243321 5(61*62+637€4+65+66+67+68) 18
104 22343221 —es + e 19
Q105 12343321 L—e1+eyt+es—eq+es+eg+ertes) 19
Q106 12244321 5(61—62—63+€4+65+66+€7+68) 19
Q107 22343321 —e4 + g 20
Q108 12344321 %(—61 + ey —e3+eq4+e5+eg +€7+68) 20
109 22344321 —es3 + eg 21
o110 12354321 %(—61 —eg+e3+e4+e5+ e +€7+68) 21
Q111 22354321 —eg + €3 22
o112 13354321 %(61+€2+63+64+€5+€6+67+€8) 22
113 23354321 er + €g 23
114 22454321 —e1 + eg 23
Q115 23454321 es +eg 24
o116 23464321 es + eg 25
o117 23465321 eq + es 26
o118 23465421 es5 + eg 27
Q119 23465431 €6 + €3 28
Q120 23465432 er +eg 29

Table A.2: Arms and subhooks for roots o € <I>§r.

Root Arm a(a) Subhooks 2/ ()

DN OO WTTN O OOt W

Q20
Q23
Q24
Q25
Q26
Qo7
Q30
31

O© Ul = = Ot = =
N O

w w
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Table A.2 (cont.)

Root Arm a(a) Subhooks h'(3)

32 4,10, 11, 12

Q33 2, 3, 6, 13

sy 1,4,10,12,18

ass 1,2,6,9,13

Q40 4,6,10,11,17

s 3,9,11,16,17,19

s 1,4,6,10,16,20 {2,24,30}, {2,27,33}

Qs 5,12,13,18,19, 20

st 3,6,9,11,16,17,23

5o 1,5,12,13,18,20, 26

sy 3,5,9,13, 19,24, 25,30 {6,32,40}, {1,40, 45}

63 4,11,12,16,19, 20, 24, 27, 31

069 2,10,17,18, 23, 25, 26, 30, 32, 33

Q7

14 6

21 5, 7

o8 4, 7, 12

34 2, 7, 10, 14

Q35 3, 7, 11, 14

39 1,7,9,14,16

1 2,3,7,14,21

Qg 1,2,7,9,14,21

Qg 4,7,10,11,14,17

as3 1,4,7,10,14, 16,23 {11,21,35}, {2,35,41}

ass 5,7,12,18,19, 25, 32

ass 3,7,9,11,14,16,17,23

5o 1,5,7,12,18,21,28, 34 {9,20,31}, {2,31,38},
{4,38,45}

61 6,13,14, 20,21, 26, 27, 28

s 3,5,7,9,19,21, 24,25, 30 {11,34,49}, {11, 38,51},
{1,49,53}

66 1,6,13,14, 20,21, 26, 28, 34

Qo 4,7,11,12,16, 19, 24, 32, 37, 44 {10,21, 34}, {3,34,41}
{1,41, 46}

an 3,6,9,13,14,21,27,31, 33, 38 {7,40,49}, {1,49,53},
{5,49,55}, {1, 55,59}

ars 2,7,10,17, 18, 23,25, 30, 32, 37, 44

e 4,6,11,14,16, 20,27, 28,31, 35,39 {12, 33,48}, {1,48,52},
{7,48,55}, {3,52,57}
{1,55,59}, {3,59, 64}

aso 2,6,10, 14,17, 23,26, 33, 38, 40, 45, 51 {7,48,55}, {1,55,59},
{3,59,64}, {4,64,70}

g2 5,12,13,19,20, 21, 24,27, 28, 31, 35, 39

ass 2,5,13,18,21, 25,26, 30, 33, 34, 38, 41, 46 {12,51,63}, {7,63,70}
{6,70,76}

o 4,10,12, 18, 20, 26, 28, 32, 34, 37, 40, 45, {5,51,57}, {5,58, 64},

Qg3

49,53
3,11,17,19,25,27, 32, 33, 35, 40, 41, 48,

{6,64,71}
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Table A.2 (cont.)

Root Arm a(a) Subhooks h'(3)
49,55, 61
g7 1,9,16, 23, 24, 30, 31, 37, 38, 39, 44, 45, 46,
51,52,53

o

a5 7

Q22 6,8

Q29 5,87 13

Q36 4,8, 12, 15

Q42 2, 87 107 15, 18

43 3,8,11,15,19

(o704 1,8,9,15,16,22

Q50 2,3,8,15,22,29

54 1,2,8,9,15,22,29

56 4,8,10,11,15,17,22

(o} 1,4,8,10,15,16,22,23 {11,29,43}, {2,43,50}

Q62 5,8,12,15, 18,19, 25, 32

Q5 3,8,9,11,15,16,17,22,23

Q7 1,5,8,12,15,18, 24, 30, 37 {19,22,43}, {2, 43,50},
{4,50,56}

s 6,8,13,20,26,27, 33, 40, 48

a7 3,5,8,9,15,19, 24, 25,29, 30 {11,38,51}, {11, 42,56}
{7,51,58}, {1,56,60}

73 1,6,8,13,20, 22,26, 29, 36,42 {9,28,39}, {2,39,46},
{4,46,53}, {5,53,59}

74 7,14,15,21, 22,28, 29, 34, 35, 36

ary 4,8,11,12,15, 16,19, 24, 32, 37,44 {10,29,42}, {3,42,50},
{1,50,54}

78 3,6,8,9,13,22,27,29,31, 33,38 {11,42,56},{11, 46, 58},
{1,56,60}, {5,56,62},
{5,58,64}, {1,62,67}

Q79 1,7,14,15,21, 22,28, 29, 34, 36,42

gl 2,8,10,15,17,18,23, 25, 30,32, 37,44

g3 4,6,8,11,16,20,22,27,31,40,45,51 {10,29,42}, {3, 42,50},
{1,50,54}, {12, 50,62},
{1,62,67}, {12,58, 70},
{3,67,72}

- 3,7,9,14,15,21, 22,29, 35, 39, 41, 46 {8,49,56}, {1,56,60}
{5,56,62}, {1,62,67}
{6,62,68}, {1,68,73}

g6 2,6,8,10,17,22,23, 26, 33, 38, 40, 45, 51 {15,48,62}, {1,62,67}
{3,67,72}, {18,58, 75}
{4,72,77}

agy 5,8,12,13, 19,20, 24, 27,31, 48, 52, 57,63 {15,26,42}, {3, 42,50},
{1,50,54}, {4,50,56},
{1,56,60}, {3,60,65}

s 4,7,11,14,15, 16,22, 28, 35, 39, 49, 53, 58 (8,34, 42}, {3,42,50}

{1,50,54}, {8,55,62}
{1,62,67}, {6,62,68}
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Table A.2 (cont.)

Root Arm a(a) Subhooks h'(3)
13,67,72], {1,68,73),
(3,73,78)
00 2.5.8,13, 18,25, 26, 29, 30, 33, 38, 48, 52, 57 {10, 43,561,{1,56, 60},
{3,60,65}, {10,64,75},
{12,65,77},{6,75, 80},
(6,77,83)
a1 2,7,10,14, 15, 17, 22, 23, 34, 41, 46, 49, 53, 58 (8,55,62}, {1,62,67}
{6,62,68), {3,67,72}
(1,68, 73}, {4,72,77}
(3,73, 78}, {4,78,83)
oiga 5,7,12,15,19, 21,24, 28, 29. 35, 36, 39, 43, {13,49,61},{1,61, 66},
47 (8,61,68), {3,66,71}
{1,68,73}, {4,71,76},
(3,73,78), {4,78,83}
g 4,8,10,12, 18, 20, 26, 32, 37, 40, 45, 48, 52, 63, (11,29, 43}, {1,43,47}
69 (2,43,50}, {1,50, 54},
{11,54,65}, {5,65,72),
{6,72,78)
o5 2.5.7,15,18,21, 25,29, 30, 34, 41, 46, 55, 59, (8,49, 56}, {1,56,60},
64 {3,60,65}, {8,61,68},
{1,68,73}, {8,70,77}
(3,73,78}, {10, 71,80},
(8,76,83}, {8, 80,86},
(8,82,87}, {14,77,88}
o6 6,13, 14,20, 21,22, 27, 28,29, 31, 35, 36, 39, 43,
47
cios 3.8,11,17, 19, 25,27, 32, 33, 40, 44, 48, 51, 57, (9,36,47), {2,47, 54},
63, 69 {4,54,60}, {5,60,67}
{6,67,73)
a0 4,7.10,12, 15, 18,28, 32, 34, 36, 37, 42, 49, 53, (8,58,65), {8,61,68},
55,59 (5,65, 72}, {1,68, 73},
(11,66, 76}, {8,71,78}
{2,76,80}, {5,76,82},
(8,76,83), {14, 72,84}
{2,82,85), {2, 83,86},
{5,83,87}, {2,87,90}
awo  2,6,13,14,21,22, 26,29, 33, 34, 38, 41, 42, 46, (20, 58,76}, {5, 76,82},
50, 54 (8,76,83), {5,83,87}
(7,83,88), {5,88,92)
arr 1,8,9,16,23,24,30,31, 37,38, 44,45, 51, 52,
57.63,69
aws  3,7,11,15,17,19, 25,32, 35,41, 43, 44, 49, 50, (9,61, 71}, {4,71,76},

55,56, 62

(8,71, 78}, {14,67,79},
{2,76,80}, {5,76,82},
{4,78,83}, {2,82,85}
{2,83,86}, {5,83,87}
{4,85,89}, {2,87,90},
{4,90,94}
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Table A.2 (cont.)

Root

Arm a(a)

Subhooks h'(3)

@103

Q104

@105

@106

Q107

@108

@109

110

111

1,6, 10, 14, 20, 22, 26, 28, 34, 36, 40, 42, 45, 49,
53,56, 60

1,7,9,15, 16,23, 24, 30, 37, 39, 44, 46, 53, 58,
59,64, 70,75

3,6,11,14, 17,22, 27,33, 35, 40, 41, 43, 49, 50,

51,56, 58, 65

5,12,13, 18, 20,21, 26, 28, 29, 34, 36, 42, 48,
52,55,59, 61,66

1,6,9,14, 16,22, 23, 31, 38, 39, 45, 46, 47, 51
53,54, 58, 60, 65

3,5,13,19, 21,25, 27,29, 33, 35, 41, 43, 48, 50,
55,57, 62, 64, 72

1,5,9,13,21,24,29, 30, 31, 38, 39, 46, 47, 52,
54,57,59, 64,66, 71

4,11,12,19, 20,27, 28, 32, 35, 36, 40, 43, 48,
49,55, 56,61, 62, 68, 74

1,4,12,16,20, 24, 28, 31, 36, 37, 39, 45, 47,
52,53, 59, 60, 63, 66, 67, 70

{13,58, 71}, {8, 71,78,
{12,71,82}, {7, 78,84},
{2,82,85}, {8,82,87}
{2,87,90}, {7,87,92}
{2,92,95}

{8,66,73}, {3,73,78}
{4,78,83}, {2,83,86}
{5,83,87}, {2,87,90}
{4,90,94}, {3,94,98}
{13,53,66}, {8,66,73},
{7,73,79}, {13,70,82}
{2,82,85}, {8,82,87}
{4,85,89}, {2,87,90}
{7,87,92}, {4,90,94},
{2,92,95}, {4,95,99}
{8,64,72}, {4,72,77}
{6,72,78}, {2,77,81}
{4,78,83}, {7,78,84},
{2,83,86}, {4, 84,88}
{2,88,91}

{13,70,82}, {2,82,85}
{8,82,87}, {4,85,89}
{2,87,90}, {7,87,92}
{3,89,93}, {4,90,94},
{2,92,95}, {3,94,98}
{4,95,99}, {3,99, 102}
{6,59,66}, {6,67,73}
{6,70,76}, {7,73,79}
{2,76,80}, {6,77,83}
{2,83,86}, {7,83,88}
{12,80,89}, {2, 88,91}
{8,89,94}, {7,94,99}
{6,99,103}

{8,70,77}, {2,77,81}
{6,77,83}, {2,83,86}
{7,83,88}, {12,80,89},
{2,88,91}, {3,89,93}
{8,89,94}, {3,94,98}
{7,94,99}, {3,99,102}
{6,99,103}, {3,103,105}
{10,57,69}, {7,69,75}
{6,75,80}, {8,75,81}
{5,80,85}, {6,81,86}
{5,86,90}, {7,86,91}
{5,91,95}, {6,95,100}
{6,72,78}, {6,75,80}
{8,75,81}, {7,78,84},
{5,80,85}, {6,81,86}
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Table A.2 (cont.)

Root Arm a(a) Subhooks h'(3)
{5,86,90}, {7,86,91},
{11,85,93}, {5,91, 95},
{8,93,98}, {6,95,100},
{7,98,102}, {6,102,105},
{5,105,108}
o112 2,10,17,18, 25,26, 32, 33, 34,40, 41, 42,48,
49, 50, 55, 56,61, 62, 68, 74
113 1,2,10, 18, 23, 26, 30, 34, 37, 38,42, 45, 46, {17,82,93}, {8, 93,98},
52,53, 54,59, 60, 66,67,73,79 {7,98,102}, {6,102,105},
{5,105,108}, {4,108,110}
o114 3,9,11,16,19,24,27,31, 35,39, 43, 44,47, {8,75,81}, {6,81,86},
51,57,58,63,64,70,71,76,82 {5,86,90}, {7,86,91},
{4,90,94}, {5,91,95},
{4,95,99}, {6, 95,100},
{4,100,103}, {5,103,106}
Q115 2,3,9,17,23,25,30, 33, 38,41, 44, 46, 50, 51, {10, 82,89}, {8,89,94},
54,57,58,64,65,71,72,78,84 {7,94,99}, {6,99, 103},
{5,103,106},{11, 106,110},
{1,110, 111}
116 4,10,11,16,17,23, 32, 37,40, 44, 45,49, 51, {2,82,85}, {2,87,90},
53, 56, 58, 60,63, 65, 70,76,77,83, 88 {2,92,95},{2,96, 100},
{12,100, 106},{3,106, 108},
{1,108,109}
Q117 5,12,18,19, 24,25, 30, 32, 37, 44, 48,52, 55, {13,88,96}, {2,96,100},
57,59,62,63,64,67,69,70,72,75,77,81 {4,100, 103}, {3,103,105},
{1,105,107}
o118 6,13, 20, 26,27, 31, 33, 38,40, 45, 48, 51, 52, {2,88,91}, {2,92,95},
57,61,63,66,68,69,71,73,76,78, 82,83, 87 {4,95,99}, {3,99, 102},
{1,102,104}
Q119 7,14,21,28, 34,35, 39,41, 46,49, 53, 55, 58,
59,61, 64,66,70,71,75,76, 80,82, 85,89, 93,
97
Q190 8,15,22,29,36,42,43,47,50, 54, 56, 60, 62,
65,67,68,72,73,74,77,78,79, 81, 83, 84, 86,
87,88
Table A.3: Positive roots in the root system ®4 of type Fy.
Root Linear combination Linear combination of ey, e, e3, €4 Height
of simple roots
Q1030
1 1000 €o — €3 1
(%) 0100 €3 — €4 1
(0% 0010 €q 1
Qg 0001 %(61—62—63—64) 1
(671 1100 €9 — €4 2
Qg 0110 es 2
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Table A.3 (cont.)

Root 1 Qip30uy Linear combination of ey, es, €3, €4 Height
(04 0011 %(61 — €2 —63—|—84) 2
ag 1110 €9 3
Qg 0120 €3+ eq 3
10 0111 %(61 — €2 + €3 — 64) 3
11 1120 s+ ey 4
Q12 1111 l(61 +eo —e3 — (:’4) 4
Q13 0121 5(61 —eg +e3+ (:’4) 4
Q14 1220 es + e3 )
Q15 1121 %(61 + e —e3 + 64) )
A16 0122 €1 — €y )
a7 1221 %(61 +e2 + e3 — 64) 6
Q18 1122 €1 — €3 6
19 1231 %(61 +extestey) 7
Q20 1222 €1 — €4 7
Q21 123 2 €1 8
99 124 2 €1+ eq 9
o3 1342 e+ es 10
Qo4 2 34 2 e1 +eo 11

Table A.4: Arms and subhooks for roots o € .

Root Arm a(a) Subhooks h'(3)
ai
a2
a3
Qg
Qs
Q6
a7

11,13 {6,12,17}, {4,17,20}

Q

=

ot
HMCOC:O[\DOJ)—‘[\?%\:—‘[\DOJ}—\H[\DOJH%OJL\D

5
7
7
,5,10 {1,13,15}
6
9
9
8
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10.
11.
12.
13.
14.
15.
16.
17.

18.
19.

20.
21.

22.
23.

24.
25.
. I. M. IsaAcs, ‘Counting characters of upper triangular groups’, J. Algebra 315 (2007) 698-719.
25,
29.
30.

31.
. I. PAK and A. SOFFER, ‘On Higman’s k(U (Fq)) conjecture’, Preprint, 2015,

33.

34.
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