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SOLUTION TO A PROBLEM OF BOLLOBAS AND HAGGKVIST ON
HAMILTON CYCLES IN REGULAR GRAPHS

DANIELA KUHN, ALLAN LO, DERYK OSTHUS AND KATHERINE STADEN

ABSTRACT. We prove that, for large n, every 3-connected D-regular graph on n vertices with
D > n/4 is Hamiltonian. This is best possible and verifies the only remaining case of a conjecture
posed independently by Bollobas and Haggkvist in the 1970s. The proof builds on a structural
decomposition result proved recently by the same authors.

1. INTRODUCTION

In this paper we give an exact solution to a longstanding conjecture on Hamilton cycles in reg-
ular graphs, posed independently by Bollobas and Haggkvist: every sufficiently large 3-connected
regular graph on n vertices with degree at least n/4 contains a Hamilton cycle. The history of
this problem goes back to Dirac’s classical result that n/2 is the minimum degree threshold for
Hamiltonicity. This is certainly best possible — consider e.g. the almost balanced complete bi-
partite graph or the disjoint union of two equally-sized cliques. The following natural question
arises: can we reduce the minimum degree condition by making additional assumptions on G? The
extremal examples above suggest that the family of regular graphs with some connectivity condi-
tion might have a lower minimum degree threshold for Hamiltonicity. Indeed, Bollobds [1] as well
as Héggkvist (see [7]) independently made the following conjecture: Every t-connected D-reqular
graph G on n vertices with D > n/(t + 1) is Hamiltonian." The case t = 2 was first considered by
Szekeres (see [7]), and after partial results by several authors including Nash-Williams [14], Erdés
and Hobbs [4] and Bollobés and Hobbs [2], it was finally settled in the affirmative by Jackson [7].
His result was extended by Hilbig [6] who showed that one can reduce D to n/3 —1 unless G is the
Petersen graph P or the 3-regular graph P’ obtained by replacing one vertex of P with a triangle.

However, Jung [9] and independently Jackson, Li and Zhu [8] found a counterexample to the
conjecture for ¢ > 4. Until recently, the only remaining case ¢ = 3 was wide open. Fan [5] and
Jung [9] independently showed that every 3-connected D-regular graph contains a cycle of length
at least 3D, or a Hamilton cycle. Li and Zhu [13] proved the conjecture for ¢ = 3 in the case when
D > 7n/22% and Broersma, van den Heuvel, Jackson and Veldman [3] proved it for D > 2(n+7)/7.
In [8], Jackson, Li and Zhu prove that if G satisfies the conditions of the conjecture, any longest
cycle C in G is dominating provided that n is not too small. (In other words, the vertices not in C'
form an independent set.) Recently, in [10], we proved an approximate version of the conjecture,
namely that for all € > 0, whenever n is sufficiently large, any 3-connected D-regular graph on n
vertices with D > (1/4 + ¢)n is Hamiltonian. Here, we prove the exact version (for large n).

Theorem 1.1. There exists ng € N such that every 3-connected D-regular graph on n > ng
vertices with D > n/4 is Hamiltonian.

Date: February 8, 2016.

The research leading to these results was partially supported by the European Research Council under the
European Union’s Seventh Framework Programme (FP/2007-2013) / ERC Grant Agreement n. 258345 (D. Kiihn
and A. Lo) and 306349 (D. Osthus).

IBollobés’s conjecture was stronger, with D > n/(t +1) — 1.

2there’s a mistake in Li’s survey where this result is quoted — it has 3n/22 which is of course smaller than n/4!
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Our proof builds on the results in [10]. In particular, it relies on a structural decomposition result
which holds for any dense regular graph: it gives a partition into (bipartite) robust expanders with
few edges between these® (see Section 3 and Theorem 4.4). [10] also contains further applications
of this partition result.

There are several natural analogues of these questions for directed and bipartite graphs. For
example, the following conjecture of Kiithn and Osthus [11] is a directed analogue of Jackson’s
theorem [7]. Further open problems are discussed in [10]. We say that a digraph G is D-regular if
every vertex has both in- and out-degree D.

Conjecture 1.2. Every strongly 2-connected D-regular digraph on n vertices with D > n/3 con-
tains a Hamilton cycle.

This paper is organised as follows. In Section 2, we discuss the extremal examples which show
that Theorem 1.1 is best possible. Section 3 contains a sketch of the proof of Theorem 1.1. Section 4
lists some notation, definitions and tools from [10] which will be used throughout the paper. The
proof of Theorem 1.1 is split into three cases, and these are considered in Sections 5-7 respectively.
Finally, we derive Theorem 1.1 in Section 8.

2. THE EXTREMAL EXAMPLES

In this section we show that Theorem 1.1 is best possible in the sense that neither the minimum
degree condition nor the connectivity condition can be reduced. The example of Jung [9] and
Jackson, Li and Zhu [8] shows that the minimum degree condition cannot be reduced for graphs
with n = 1 mod 8 vertices; for completeness we extend this to all possible n in the following
proposition. An illustration of their example may be found in Figure 1(i).

Proposition 2.1. Let n > 5* and let D be the largest integer such that D < [n/4] — 1 and nD
is even. Then there is an (|n/8] — 1)-connected D-regular graph Gy, on n vertices which does not
contain a Hamilton cycle.

Proof. Recall that a D-regular graph on n vertices exists if and only if n > D + 1 and nD is
even. For each n > 5, we define a graph G,, on n vertices as follows. Let Vi, V5, A, B be disjoint
independent sets where |A] = D, |B| = D — 1, and the other classes have sizes according to the
table below. Let A7, A be a partition of A so that )D/Q — |44

conditions below being satisfied:

is minimal subject to the parity

n D VAl V2| [Ax] | A,
8k +1 |2k 2k+1 | 2k+1 | even | even
8k +2 | 2k 2k +2 | 2k+ 1 | even | even
8k + 3 | 2k 2k +2 | 2k + 2 | even | even
8k +4 | 2k 2k +3 | 2k + 2 | even | even
8k +5 | 2k 2k + 3 | 2k + 3 | even | even
8k+6|2k+1|2k+3|2k+2|odd |even
8k + 7| 2k 2k +4 | 2k+ 4 | even | even
8k+8|2k+1|2k+4|2k+3 | even | odd

Note that |V;| > D + 1 for i = 1,2. Add every edge between A and B. First consider the cases
when D = 2k. Then |A;| is even for ¢ = 1,2. For each i = 1,2, add edges so that G,[V;] is
D-regular. Let M; be a matching of size |4;|/2 in G,[V;] and remove it. Let V/ := V(M;). So
[V/| = |A4;]. Add a perfect matching between V; and A;.

Now consider the case when D = 2k + 1. Then, by our choice of A; and V; we have that

|A;] = |Vi| mod 2. Fix V/ C V; with |V/| := |A;|. Define the edge set of G,[Vi] so that for all

3Deryk changed this sentence
4B|=D—-1s0oD—1=[n/4] —2>0s0on>5.
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FIGURE 1. Extremal examples for Theorem 1.1.
(i) is an illustration for the case n = 8k + 1. Here, each V; is a clique of order 2k + 1 with a
matching of size k removed.

x € V! we have dy, () = D—1 and for all y € V;\ V/ we have dy; (y) = D.5 Add a perfect matching
between V; and A,.

Then G,, has n vertices, is D-regular and has connectivity min{|A;|,|Az|} > [n/8] — 1.5 More-
over, G,, does not contain a Hamilton cycle because it is not 1-tough (G,, \ A contains more than
|A| components). O

There also exist non-Hamiltonian 2-connected regular graphs on n vertices with degree close to
n/3 (see Figure 1(ii)). Indeed, we can construct such a graph G as follows. Start with three disjoint
cliques on 3k vertices each. In the ith clique choose disjoint sets A; and B; with |A;| = |B;| and
|A1] = |As| = k and |Az| = k — 1. Remove a perfect matching between A; and B; for each i. Add
two new vertices a and b, where a is connected to all vertices in the sets A; and b is connected to all
vertices in all the sets B;. Then G is a (3k — 1)-regular 2-connected graph on n = 9k + 2 vertices.
However, G is not Hamiltonian because G'\ {a, b} has three components. One can construct similar
examples for all n € N.

Altogether this shows that none of the conditions — degree or connectivity — of Theorem 1.1
can be relaxed.

3. SKETCH OF THE PROOF

3.1. Robust partitions of dense regular graphs. The main tool in our proof is a structural
result on dense regular graphs that we proved in [10]. Roughly speaking, this allows us to partition
the vertex set of such a graph G into a small number of ‘robust components’, each of which has
strong expansion properties and sends few edges to the rest of the graph.

5Case 1: |Vi| odd. Since |Vi| > D + 1 and we have that |[V;| > D + 2. Add every edge with both endpoints

in V;. Find a Hamilton decomposition (i.e. (|V;| —1)/2 > (D + 1)/2 edge-disjoint HCs). Choose (D + 1)/2 edge-
disjoint Hamilton cycles Hi,..., H(pi1)/2- Each H; contains a matching of size [|V;|/2]. Let M C H(p,1)/2 be
a matching of size (|V;| — [4;])/2. Let Gn[Vi] := Hi U...UH(p_1y)2 U M. Case 2: |V;| even. Add every edge
with both endpoints in V;. Find a 1-factorisation. Choose D edge-disjoint perfect matchings Mi,..., Mp in this
factorisation. Let M C Mp have size (|V;| — |A;])/2. Let Gn[Vi]:= M1 U...UMp_1 UM.

6AL: calculation changed slightly. If n # 8k + 8, min{|A1],|42|} > k—1 > [n/8] — 1. If n = 8k + 8,
min{|A;|,|A2|} =k=n/8 — 1.
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There are two types of robust components: robust expander components and bipartite robust
expander components. A robust expander component G[U] is characterised by the following prop-
erties:

e for each S C U which is neither too small nor too large, the ‘robust neighbourhood” RN (S)
of S is significantly larger than S itself;
e G contains few edges between U and V(G) \ U.

Here the robust neighbourhood of S is the set of all vertices in U with linearly many neighbours in
S. A bipartite robust expander component G[W] has slightly more structure: G[W] can be made
into a balanced bipartite graph by removing a small number of vertices and edges, and sets in the
first class expand robustly into the second class. More precisely, if W has bipartition A, B and
S C A is neither too large nor too small, then RN(S) N B is significantly larger than S. (Note
that we do not require that sets in both vertex classes expand.)

We say that V = {Vq,..., Vi, W1,..., Wy} is a robust partition of G with parameters k, ¢ if it is
a partition of V(@) such that G[V;] is a robust expander component for all 1 < ¢ < k and G[W}]
is a bipartite robust expander component for all 1 < j < ¢. In [10] we proved the following:

(%) For all r € N and € > 0 and n sufficiently large, every D-regular graph G on n vertices
with D > (T_%l + &)n has a robust partition with parameters k, ¢, where k + 2¢ <.

In particular, the number of edges between robust components is o(n?) (see Theorem 4.4 for the
precise statement).

3.2. Finding a Hamilton cycle using a robust partition. Now suppose that G is a D-regular
graph on n vertices with D > n/4, where n is sufficiently large. Then (x) applied with r = 4
implies that G has a robust partition V with parameters k, ¢, where k + 2¢ < 4. This gives eight
possible structures, parametrised by (k,¢) € S<3 U Sy, where

Ses == {(1,0),(2,0),(3,0),(0,1),(1,1)} and Sy := {(4,0),(0,2), (2,1)}.

Note that the extremal example in Figure 1(i) corresponds to the case (2,1) and the one in
(ii) corresponds to the case (3,0). Also note that when D > (1/4 4 ¢)n, we have k + 2¢ < 3
and so (k,¢) € S<s. In [10], we proved that if G is 3-connected and has a robust partition V
with parameters k,¢ where (k,¢) € S<s, then G is Hamiltonian. In particular, this implies an
approximate version of Theorem 1.1. The proof proceeded by considering each possible structure
separately. Therefore, to prove Theorem 1.1, it remains to show that if G is 3-connected and
has a robust partition V with parameters k,¢ where (k,¢) € Sy, then G is Hamiltonian (see
Theorem 4.6). So the current paper does not supersede our previous result but rather uses it
as an essential ingredient. Again, we consider each structure separately in Sections 5, 6 and 7
respectively.

In each case we adopt the following strategy. Let V be a robust partition of G with parameters
k,¢. Kiihn, Osthus and Treglown [12] proved that every large robust expander H with linear
minimum degree contains a Hamilton cycle. This can be strengthened (see [10]) to show that one
can cover all the vertices of a robust expander with a set of paths with prescribed endvertices.
More precisely, one can show that each robust expander component G[V;] is Hamilton p-linked
for each small p and all 1 < ¢ < k. (Here a graph H is Hamilton p-linked if, whenever X :=
{z1,91,-..,2p,yp} is a collection of distinct vertices, there exist vertex-disjoint paths P, ..., P,
such that P; connects x; to y;, and such that together the paths Py, ..., P, cover all vertices of H.)
Balanced bipartite robust expanders have the same property, provided X is distributed equally
between the bipartition classes. This means that we can hope to reduce the problem of finding
a Hamilton cycle in G to finding a suitable set of external edges Eeyt, where an edge is external
if it has endpoints in different members of V. We then apply the Hamilton p-linked property to
each robust component to join up the external edges into a Hamilton cycle. The assumption of
3-connectivity is crucial for finding Feyt.
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However, several problems arise. When (k,¢) = (4,0), we have four robust components and
only the assumption of 3-connectivity, which makes it difficult to find a suitable set Fox; joining all
four components directly. However, we can appeal to the dominating cycle result in [8] mentioned
in the introduction, giving us a fairly short argument for this case. Note that the condition that
D > n/4 is essential in this case — 3-connectivity on its own is not sufficient.”

Now suppose that ¢ > 1, i.e. V contains a bipartite robust expander component. These cases
are challenging since a bipartite graph does not contain a Hamilton cycle if it is not balanced.
So as well as a suitable set Foyt, we need to find a set Ey, of balancing edges incident to the
bipartite robust expander component. Suppose for example that (k,¢) = (0,2) and G consists of
two bipartite robust expander components Wy, Wy such that W; has vertex classes A;, B; where
|A1| = |B:1] and |As| = |B2| + 1. Then we could choose Ey, to be a single edge with both
endpoints in As. A second example would be Ey, = {ajas,bial} where a; € A;, by € By and
as,ah € Ag are distinct. (Note that these are also external edges and in this case we can actually

take Fey U Fpa = {ajas,biab}.)® Observe that we need at least ’|A1\ - |B1|‘ + ‘|A2| - |B2\‘

balancing edges.”

Our robust partition guarantees that the vertex classes of any bipartite robust expander com-
ponent differ by at most o(n), so we must potentially find a similar number of balancing edges.
This must be done in such a way that P := Fuy U Fa can be extended into a Hamilton cycle. So
in particular P must be a collection of vertex-disjoint paths. We use the Hamilton p-linkedness of
the (bipartite) robust expander components to find these edges which extend P into a Hamilton
cycle. Consider the second example above, with P = {ajas,bia5}. Choose a neighbour by of ay in
By and let P’ := {ajaz2bs,biab}. Then the Hamilton 1-linkedness of Wi, Wa implies that we can
find a path P; with endpoints aj,b; which spans W7, and a path P, with endpoints a, bs which
spans Wy \ {az}. Then the edges of Py, Py, P’ together form a Hamilton cycle.”

It turns out that the condition that D > n/4 is crucial in the case when (k,¢) = (2,1) (see
Section 2) but its full strength is not required in the case when (k,¢) = (0,2).!' A sketch of the
proof in each of the three cases can be found at the beginning of Sections 5, 6 and 7 respectively.

4. NOTATION, DEFINITIONS AND GENERAL TOOLS

4.1. General notation. Given a graph G and X C V(G), complements are always taken within
G, so that X := V(G)\ X. We write G \ X to mean G[V(G) \ X]. Given H C V(G), we write
G\ E(H) for the graph with vertex set V(G) and edge set E(G) \ E(H). We write N(X) :=
Uzex N(z). Given z € V(G) and Y C V(G) we write dy (x) for the number of edges xy with
yey.

If S, T are sets of vertices which are not necessarily disjoint and may not be subsets of V(G), we
write eq(S) for the number of edges of G with both endpoints in S, and eg(S,T) for the number
of ST-edges of G, i.e. for the number of all edges with one endpoint in S and the other endpoint
in T. Moreover, we set G[S] := G[SNV(G)] and write G[S,T] for the bipartite graph with vertex
classes SNV (G), TNV (G) whose edge set consists of all the ST-edges of G. We omit the subscript
G whenever the graph G is clear from the context.

Given'? subsets X,Y of V(G), we say that P is an XY -path if P has one endpoint in X and

one endpoint in Y. We call a vertex-disjoint collection of non-trivial paths a path system. We will

7Probably D > n/4 — 1 or something a little smaller than n/4 is essential.

8] added this example to explain what balancing edges are.

INEW big modulus

10continuing the previous example (optional?). A picky reader might not like the fact we use the Hamilton
linkedness of W not Wa \ {a2}.

Hwe use 3-connectivity in all cases. It may not be necessary when (k,#) = (0,2) but we do use it. Should I
mention this?

2NEW: previously disjoint subsets
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often think of a path system P as a graph with edge set |Jp.p E(P), so that e.g. V(P) is the
union of the vertex sets of each path in P, and ep(X) denotes the number of edges on the paths
in P having both endpoints in X, and ep(X,Y) denotes the number of XY-edges in paths of P.13
By slightly abusing notation, given two vertex sets S and 7' and a path system P, we write P[S)]
for the graph obtained from P[S] by deleting isolated vertices and define P[S, T similarly.'* We
say that a vertex x is an endpoint of P if x is an endpoint of some path in P. An FEuler tour in a
(multi)graph is a closed walk that uses each edge exactly once.!®

We write N for the set of positive integers and write Ny := N U {0}. R>( denotes the set of
non-negative reals. Throughout we will omit floors and ceilings where the argument is unaffected.
The constants in the hierarchies used to state our results are chosen from right to left. For example,
if we claim that a result holds whenever 0 < 1/n < a < b <« ¢ <1 (where n is the order of the
graph), then there is a non-decreasing function f : (0,1] — (0,1] such that the result holds for
all 0 < a,b,¢ <1 and all n € N with b < f(¢), a < f(b) and 1/n < f(a). Hierarchies with more
constants are defined in a similar way. Given 0 < ¢ < 1 and = € R, we write [z]. := [z —¢€].

4.2. Robust partitions of regular graphs. In this section we list the definitions which are
required to state the structural result on dense regular graphs (Theorem 4.4) which is the main
tool in our proof. As already indicated in Section 3, this involves the concept of ‘robust expansion’.

Given a graph G on n vertices, 0 < v < 1 and S C V(G), we define the v-robust neighbourhood
RN, c(S) of S to be the set of all those vertices with at least vn neighbours in S. Given 0 <
v < 17 < 1, we say that G is a robust (v,7)-expander if, for all sets S of vertices satisfying
™ < |S] < (1 — 7)n, we have that |[RN, ¢(S)| > |S|+vn. For § C X C V(G) we write
RN, x(5) :== RN, g(x)(S5)-

The next lemma (Lemma 4.8 in [10]) states that robust expanders are indeed robust, in the
sense that the expansion property cannot be destroyed by adding or removing a small number of
vertices.

Lemma 4.1. Let 0 < v < 7 < 1. Suppose that G is a graph and U, U’ C V(G) are such that
G[U] is a robust (v, 7)-expander and [UAU'| < v|U|/2. Then G[U'] is a robust (v/2,27)-expander.

We now introduce the concept of ‘bipartite robust expansion’. Let 0 < v < 7 < 1. Suppose
that H is a (not necessarily bipartite) graph on n vertices and that A, B is a partition of V(H).
We say that H is a bipartite robust (v,7)-expander with bipartition A, B if every S C A with
TIA] < |S| < (1 — 7)|A| satisfies |[RN, g (S) N B| > |S| 4+ vn. Note that the order of A and B
matters here. We do not mention the bipartition if it is clear from the context.

Note that for 0 < v/ < v <7 < 7/ < 1, any robust (v, 7)-expander is also a robust (v, 7')-
expander (and the analogue holds in the bipartite case).

Given 0 < p < 1, we say that U C V(G) is a p-component of a graph G on n vertices if
|U| > /pn and e(U,U) < pn?. We will need the following simple observation (Lemma 4.1 in [10])
about p-components.

Lemma 4.2. Let n,D € N and p > 0. Let G be a D-regular graph on n vertices and let U be a
p-component of G. Then |U| > D — /pn.

Suppose that G is a graph on n vertices and that U C V(G). We say that G[U] is p-close to
bipartite (with bipartition Uy, Us) if

(C1) U is the union of two disjoint sets Uy and Uy with |Uyl, |[Us| > /pn;

(C2) ||Uh] = |Us]

(C3) e(U,Uz) + e(Us, Uy) < pn?.

< pn;

131 wrote ‘endpoints’ here rather than ‘endvertices’ since that is what we use previously. NEW def
l4pK changed this sentence
15T have removed the notions of U-anchored and U-extension.
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(Recall that U; = V(G) \ U; and similarly for Us.) Note that (C1) and (C3) together imply
that U is a p-component. Suppose that G is a graph on n vertices and that U C V(G). Let
0<p<v<7<1 Wesay that G[U] is a (p, v, T)-robust expander component of G if

(E1) U is a p-component;

(E2) G|U] is a robust (v, 7)-expander.
We say that G[U] is a bipartite (p, v, T)-robust expander component (with bipartition A, B) of G if

(B1) G[U] is p-close to bipartite with bipartition A, B;

(B2) G[U] is a bipartite robust (v, 7)-expander with bipartition A, B.
We say that U is a (p, v, 7)-robust component if it is either a (p, v, 7)-robust expander component
or a bipartite (p, v, 7)-robust expander component.

One can show that, after adding and removing a small number of vertices, a bipartite robust ex-
pander component is still a bipartite robust expander component, with slightly weaker parameters.
This appears as Lemma 4.10 in [10] and the proof may be found in [15].*¢

Lemma 4.3. Let 0 < 1/n < p < vy K v K 7 K a < 1 and suppose that G is a D-regular
graph on n vertices where D > an. Suppose that G[AU B] is a bipartite (p, v, T)-robust expander
component of G with bipartition A, B. Let A’, B" C V(G) be such that |[AANA’| + |BAB'| < yn.
Then G[A'UB'] is a bipartite (3ry,v/2,27)-robust expander component of G with bipartition A’, B'.

Let k,0,D € Ny and 0 < p <v <7 < 1. Given a D-regular graph G on n vertices, we say that
V is a robust partition of G with parameters p,v, T, k, ¢ if the following conditions hold.
(D) V={V,..., Vi, Wy,..., Wy} is a partition of V(G);
(D2) for all 1 <i <k, G[V;] is a (p, v, 7)-robust expander component of G;
(D3) for all 1 < j < ¢, there exists a partition A;, B; of W; such that G[W;] is a bipartite
(p, v, T)-robust expander component with bipartition A;, B;;
(D4) for all X, X’ € V and all z € X, we have dx(z) > dx/(z). In particular, dx(z) > D/m,
where m := k + ¢;
(D5) for all 1 < j < ¢ we have dp,(u)
v € By; in particular, §(G[4;, Bj])
(D6) k+20< (14 p'/3)n/D];
(D7) for all X €V, all but at most pn vertices € X satisfy dx(x) > D — pn.
Note that (D7) implies that | X| > D — pn for all X € V.
The following structural result (Theorem 3.1 in [10]) is our main tool. It states that any dense
regular graph has a remarkably simple structure: a partition into a small number of (bipartite)
robust expander components.

A, (u) for all w € Aj and da,(v) > dp,(v) for all

> d
> D/2m;

Theorem 4.4. For all o, > 0 and every non-decreasing function f : (0,1) — (0,1), there exists
no € N such that the following holds. For all D-regular graphs G onn > ng vertices where D > an,
there exist p,v with 1/ng < p<v <7; p< f(v) and 1/ng < f(p), and k,¢ € N such that G has a
robust partition V with parameters p,v, T, k, .

Let k£, e Npand 0 < p < v <7 <7 < 1. Given a graph G on n vertices, we say that U is a
weak robust partition of G with parameters p,v,T,1n,k, £ if the following conditions hold.!”
(DY) U ={Uy,...,Ux,Z1,...,Zs} is a partition of V(G);
(D2') for all 1 <14 <k, G[U;] is a (p, v, T)-robust expander component of G;
(D3’) for all 1 < j < {, there exists a partition A;, B; of Z; such that G[Z;] is a bipartite
(p, v, T)-robust expander component with bipartition A;, B;;
(D4') 6(G[X]) > nn for all X € U,

16pK replaced 4.12 with 4.10

1710 need to assume regularity. I have changed the definition to a weak robust partition of G instead of a weak

robust subpartition in G as this is what we always have here.
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(D5') for all 1 < j < ¢, we have 6(G[A;, B;]) > nn/2.

Using Lemma 4.2 it is easy to check that whenever p < p/ < v and G is a D-regular graph on
n vertices with D > 5y/p'n, then any weak robust partition of G with parameters p,v, 7,1, k, £ is
also a weak robust partition with parameters p’,v, 7,1, k,£. A similar statement holds for robust
partitions.®

A weak robust partition U is weaker than a robust partition in the sense that the graph is not
necessarily regular, and we can make small adjustments to the partition while still maintaining
(D1)—(D5') with slightly worse parameters. It is not hard to show the following (Proposition 5.1

n [10]).

Proposition 4.5. Let k, ¢, D € Ny and suppose that 0 < 1/n < p < v <7 <n<a?/2 <1.
Suppose that G is a D-regular graph on n vertices where D > an. Let V be a robust partition of G
with parameters p,v, 7, k, . Then V is a weak robust partition of G with parameters p,v,T,n,k,¢.

We also proved the following stability result (Theorem 6.11 in [10]). This implies that any
sufficiently large 3-connected regular graph G on n vertices with degree at least a little larger than
n/5 is either Hamiltonian, or has one of three very specific structures.

Theorem 4.6. For every e,7 > 0 with 27/3 < ¢ and every non-decreasing function g : (0,1) —
(0,1), there exists ng € N such that the following holds. For all 3-connected D-regular graphs G
on n > ng vertices where D > (1/5 + €)n, at least one of the following holds:

(i) G has a Hamilton cycle;

(ii) D < (1/4 + e)n and there exist p,v with 1/ng < p < v < 7; 1/ng < g(p); p < g(v),
and (k,0) € {(4,0),(2,1),(0,2)} such that G has a robust partition V with parameters
o, v, T, k, L.

4.3. Path systems and V-tours. Here we state some useful tools concerning path systems that
we will need in our proof. All of these were proved in [10].

A simple double-counting argument gives the following proposition (Proposition 6.4 in [10]).
We use it to guarantee the existence of edges in certain parts within a regular graph.

Proposition 4.7. Let G be a D-reqular graph with vertex partition A, B,U. Then
(i) 2(e(A) —e(B)) + e(A,U) —e(B,U) = (|A] - |B|)D

In particular,
(ii) 2e(A) +e(A,U) > (JA] - |B|)D

Suppose that G is a graph containing a path system P, and that V is a partition of V(G). We
define the reduced multigraph Ry (P) of P with respect to V to be the multigraph with vertex set
V in which we add a distinct edge between X, X’ € V for every path in P with one endpoint in X
and one endpoint in X’. So Ry(P) might contain loops and multiple edges.

Given a graph G containing a path system P, and A C V(G), we write

(4.1) Fp(A) == (a1, as)

when a; is the number of vertices in A of degree i in P for i = 1,2.'° Note that, if ep(A4) = 0,
then??

(4.2) ep(A, A) = ay + 2as.

The following lemma (Lemma 6.3 in [10]) is used in the case (k, ¢) = (4,0). An extension (Propo-
sition 7.15) is used in the case (k,¢) = (2,1).

I8DK: new sentences, need D > 5v/p'n instead of D > 2v/p'n to check (C1)

L9F’ for forbidden. This is a measure of how hard it is to extend P using edges in A (so it’s still an Euler tour,
etc.

205, if this quantity is big, it is hard to add edges in A. But we need fewer such edges because the contribution
from P itself is greater.
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Lemma 4.8. Let G be a 3-connected graph and let V be a partition of V(G) into at most three
parts, where |V| > 3 for each V€ V. Then G contains a path system P such that

(i) e(P) <4 and P C Uy ey GV, V];
(ii) Ry(P) has an Euler tour;
(iii) for each V€V, if Fp(V) = (c1,¢2), then ¢1 + 2¢5 € {2,4} and cg < 1.

Let £, e Ng,let 0 < p<v <7 <n<1andlet0<vy <1 Supposethat G is a graph on n
vertices with a weak robust partition V = {V4,..., Vi, Wh,..., W} with parameters p, v, 7,1, k, ¢,
so that the bipartition of W; specified by (D3') is A;, B;. We say that a path system P is a V-tour
with parameter ~y if

e Ry(P) has an Euler tour;
e for all X € V we have |V (P)N X| < yn;
e for all 1 < j </ we have |A; \ V(P)| = |B; \ V(P)|.*! Moreover, A;, B; contain the same
number of endpoints of P and this number is positive.
We will often think of Ry,(P) as a walk rather than a multigraph.?? So in particular, we will often
say that ‘Ry(P) is an Euler tour’.

We will use the following lemma (a special case of Lemma 6.8 in [10])*® to extend a path system
into one that satisfies the third property above for all A, B forming a bipartite robust expander
component.

Lemma 4.9. Let n,k,/ € Ng and 0 < 1/n < p < v < 7 < n < 1.2 Let G be a graph on
n wvertices and suppose that V := {Vi,..., Vi, Wq,..., Wi} is a weak robust partition of G with
parameters p,v,T,1n,k, . For each 1 < j </, let A;, B; be the bipartition of W; specified by (D3').
Let P be a path system such that for each 1 < j < £,

(4.3) 2ep(A;) — 2ep(B)) + ep(A;, W;) — ep(B;, W;) = 2(|4;] — | Bj]).
Suppose further that |V (P)NX| < pn for all X € V, and that Ry (P) is an Euler tour. Then G
contains a path system P’ that is a V-tour with parameter 9p.

The last result of this section (a special case of Lemma 5.2 in [10])?° says that, in order to find
a Hamilton cycle, it is sufficient to find a V-tour.

HES| Lemma 4.10. Let k,¢,n € Ny and suppose that 0 < 1/n < p,y < v <€ 7 K n < 1. Suppose that
G is a graph on n vertices and that V is a weak robust partition of G with parameters p,v,T,n,k,£.
Suppose further that G contains a V-tour P with parameter «y. Then G contains a Hamilton cycle.

5. (4,0): FOUR ROBUST EXPANDER COMPONENTS

The aim of this section is to prove the following lemma.

[@,0]

(4,00 | Lemma 5.1. Let D,n e Nand 0 < 1/n € p K v < 7 < 1. Suppose that G is a 3-connected
D-regular graph on n vertices with D > n/4. Suppose further that G has a robust partition V with
parameters p,v,7,4,0. Then G contains a V-tour with parameter 33/n.

We will find a V-tour P as follows. Let V := {V7,...,V4}. Suppose that there are 1 <i < j <4
such that G[V;, V;] contains a large matching M. We can use 3-connectivity with the tripartition
V=V U{V;UV;}\{V;,V;} to obtain a path system P’ such that Ry (P’) is a V'-tour. Then P’
together with some suitable edges of M will form a V-tour.

2lpk: previously had ”A;, B; contain the same number of vertices of P.”

221 don’t think there’s any reason to define (A, B)-balanced (and certainly not Endp (U),Intp(U)) since they
are only needed to state the definition of a V-tour.

23there we had a weak robust subpartition

24, and T are superfluous and only needed to define the WRSP

25¢there we had a weak robust subpartition
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Suppose instead that for all 1 < ¢ < j < 4, every matching in G[V;, V;] is small. In this case, we
appeal to the result of Jackson, Li and Zhu [8] mentioned in the introduction: any longest cycle
in G is dominating. Thus C visits all the V;. Moreover, since there are very few edges between
the V; it follows that most of the edges of C' lie within some V;. If we remove all such edges, what
remains is a V-tour.

Let V' be a partition of V(G) into three parts such that V is a refinement of V'. Then, by
Lemma 4.8, we can easily find a collection of paths P’ such that Ry (P’) is an Euler tour. The
following result will enable us to ‘extend’ P’ into P such that Ry (P) is an Euler tour.

Proposition 5.2. LetU be a partition of V(G). Let U,V €U and let U :=UU{UUV}\{U,V}.
Suppose that G contains a path system P’ such that Ry (P') is an Euler tour. Suppose further
that G[U, V| contains a matching M of size at least |V (P')N(UUV)|+2. Then G contains a path
system P with E(P) 2 E(P') such that Ry/(P) is an Euler tour and |V(P)NX| < |V(P)NX|+2
forall X €eU.

Proof. Note that there are at least two edges e, e’ of M which are vertex-disjoint from P’. Let
R’ := Ry(P’) and R"” := Ry (P’). We have that dg/(U) + dr/ (V) = dr (U UV) is even since R
is an Euler tour. Moreover, dr/(X) = dp~(X) for all X e U’ NU.

If both dr/(U) and dp/(V) are odd, let P := P’ U {e}.?® Otherwise, both dg/(U) and dg/ (V)
are even (but one could be zero). In this case, let P := P’ U{e, e’}.?" It is straightforward to check
that in both cases Ry (P) is an Euler tour. (]

A subgraph H of a graph G is said to be dominating if G\ V(H) is an independent set. In our
proof of Lemma 5.1 we will use the following theorem of Jackson, Li and Zhu.

Theorem 5.3. [8] Let G be a 3-connected D-regular graph on n vertices with D > n/4. Then any
longest cycle in C is dominating.

Proof of Lemma 5.1. Let C be alongest cycle in G. Then Theorem 5.3 implies that C' is dominating.
We consider two cases according to the number of edges in C' between classes of V.

Case 1. ec(U,V) > 12 for some distinct U,V € V.

Since C is a cycle we have that A(C[U,V]) < 2. Koénig’s theorem implies that C[U,V] has a
proper edge-colouring with at most two colours, and thus C[U, V] contains a matching of size at
least ec(U,V)/2 > 6.

Let V' :=VU{UUV}\{U,V}. So V' is a tripartition of V(G), and certainly |V| > 3 for each
V €V'. Apply Lemma 4.8 to obtain a path system P’ in G such that the consequences (i)—(iii)
hold.?® Then Ry~ (P’) is an Euler tour and (iii) implies that [V (P’) N X| < 4 for all X € V'.

Now Proposition 5.2 with V, V' playing the roles of U, U’ implies that G contains a path system
P such that Ry (P) is an Euler tour, and [V(P)NX| <6 for all X € V. So P is a V-tour with 6/n
playing the role of ~.

Case 2. ec(U,V) < 11 for all distinct U,V € V.

26Let R := Ry(P). Then dr(X) = dg/(X) for all X € U’ NU. Moreover dr(U) = dgs(U) + 1, and similarly
for V. Therefore every vertex in R has even positive degree. Furthermore, R is connected and so R is connected.
Note that U might be isolated in R’. Therefore R is an Euler tour.

2"Then dr(X) = dg/(X) for all X € U’ NU. Moreover dr(U) = dg:/(U) + 2, and similarly for V. The same
reasoning as above implies that R is an Euler tour. We also have that Intp(X) = Intp/(X) for all X € U, and
A(R) < A(R) + 2.

28NEW ‘consequences of’ everywhere...
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Let P be the collection of disjoint paths with edge set E(C)\ Uy ¢y, E(C[V]). For each V €V, let
Py = Uyey vy PIU, V). Then

(5.1) e(Pv)= Y ec(UV)<33
UeV\{V}

Suppose that [V(C)NV| < D —2p'/3n. Let X := V \ V(C). So X is an independent set in G.
Moreover, (D7) implies that, for all but at most pn vertices in @ € V', we have dy (z) > D — pn. In
particular, |V| > D —pn and so | X| > p!/3n. Thus there is some x € X such that dy (z) > D — pn.
Therefore x has a neighbour in X, a contradiction.

Thus |V(C)NV|>D —2p"/3n for all V € V. But

2AV(C)NV] = de(v) =2ec(V) +e(Py)
veV
and hence 1
ec(V) = V(C)NV| = Se(Pv) > D - 2030 — 33/2 > 0.

Thus E(C[V]) # 0 for all V € V. Tt is straightforward to check that this implies that Ry (P) is an
Euler tour.?? Finally, note that, for each V' € V, (5.1) implies that we have |V (P)NV| < e(Py) <
33. So P is a V-tour with parameter 33/n. O

6. (0,2): TWO BIPARTITE ROBUST EXPANDER COMPONENTS
The aim of this section is to prove the following lemma.

Lemma 6.1. Let D;n € N, let 0 < I/n < p < v < 7 < a < 1 and let D > an. Suppose
that G is a 3-connected D-regular graph on n vertices and that V is a robust partition of G with
parameters p,v,7,0,2. Then G contains a V-tour with parameter p1/3.

We first give a brief outline of the argument.

6.1. Sketch of the proof of Lemma 6.1. Let V := {W;, W5} be as above and let A;, B; be a
bipartition of W; such that |A;| > |B;| and G[W;] is a bipartite robust expander component with
bipartition A;, B; or B;, A;. (To be precise, G[W;] is a bipartite robust expander component with
bipartition Aw,, By,, where {Aw,, Bw,} = {A;, B;}.)*°

To prove Lemma 6.1, our aim is to find a ‘balancing’ path system P to which we can apply
Lemma 4.9 and hence obtain a V-tour. In other words, the path system has to ‘compensate for’
the differences in the sizes of the vertex classes A; and B; and has to ‘join up’ Wi and Ws. (This
also justifies why we do not specify whether G[W;] is a bipartite robust expander component with
bipartition Ai, Bi or Bi7 Al)‘ﬂ

One could try to first find a path system which balances W7, and then add additional edges so
that Wj is also balanced; however these additional edges may cause W3 to become unbalanced. So
one must find a path system P which simultaneously balances both components.

This is not too difficult if both A; and Ay contain sufficiently large matchings M; and My (see
Lemma 6.5). In this case, we use the 3-connectivity of G to modify M; U Ms to obtain P.

So suppose that this is not the case. Then (see Lemmas 6.4 and 6.12) we show that we can choose
C; € {A;, B;} for each i = 1,2 such that Vizing’s and Konig’s theorems on edge-colourings guaran-
tee the following: G[C4], G[C2], G[W1, A2] contain matchings M, Mo, M o respectively, such that

296t R = Ry (P). We have that P contains every edge of C' which does not lie within some cluster of the
partition. Now C meets every cluster of V, so for any V,V’ € V, there is a path P C C between a vertex of V' and
a vertex of V’/. Then P[V(P)] is a path system whose corresponding edges in R form a path between V and V'.
Thus R is connected. Moreover each V' € V has even degree in R. Therefore R is an Euler tour.

SONEW29/5

3INEW29/5
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the union R of these matchings balances both W7 and W5. However, two problems can arise: R
may not connect Wy and Wa (it might contain no Wi Ws-path) and it might contain cycles.

Therefore the bulk of the proof of Lemma 6.1 is devoted to choosing M, M> and M,  carefully to
avoid these problems. Observe that since we use Vizing’s and Konig’s theorems to find matchings,
we can actually find much larger matchings in H C G when A(H) is small, and thus choosing a
‘good’ matching is easier in this case. So most of the difficulty in the proof arises from the presence
of vertices of high degree.3?

6.2. Balanced subgraphs with respect to a partition. Consider a graph G with vertex par-
tition V := {Wy, W5}, where W, has bipartition A;, B; for i = 1,2. Write V* for the ordered
partition (A4, By, A2, Bs). Given D € N, we say that G is D-balanced (with respect to V*) if both
of the following hold.

(6.1) 2e(A1) — 2e(B1) + (A1, Wa) — e(By, W) = D(|A1| — |B1l);
26(A2) — 26(32) + 6(A27W1) — €(BQ,W1) = D(|A2‘ — |B2D

Proposition 4.7(i) easily implies that any D-regular graph with arbitrary ordered partition V*
is D-balanced.??

Proposition 6.2. Suppose that G is a D-reqular graph and let Ay, By, As, Bo be a partition of
V(G). Then G is D-balanced with respect to (A1, By, Ag, Bs).

The next proposition shows that, to prove Lemma 6.1, it suffices to find a path system P which
is 2-balanced with respect to V*, contains a W;Ws-path, and does not have many edges.

Proposition 6.3. Letn,D e Nand 0 < 1/n < p<y<<v K7 <K a<1l. Let G be a D-regular
graph on n vertices with D > an. Suppose further that G has a robust partition V := {W, W} with
parameters p,v,7,0,2. For each i = 1,2, let A;, B; be the bipartition of W; such that |A;| > \B |
and GIW;] is a bipartite (p,v,T)- robust expander component with bipartition A;, B; or By, A;.
Let P be a 2-balanced path system with respect to (A1, B, Aa, B) in G. Suppose that e(P) < yn
and that P contains at least one WiWs-path. Then G contains a V-tour with parameter 18.

Proof. Let p be the number of W7 Ws-paths in P. Any W;Ws-path in P contains an odd number of
W1Ws-edges. Since P is 2-balanced with respect to (Ay, By, A, Bs), we have that ep(Wy, Ws) =
ep(A1, Wa) —ep(By, Wa)+2ep(B1, Wa) is even. Hence p is even. Since p > 0, we have that Ry,(P)
is an Euler tour.

The hypothesis e(P) < vn implies that |[V(P) N V| < 29n for all V € V. Proposition 4.5
implies that V is a weak robust partition with parameters 2v, v, 7,@?/2,0,2. Thus we can apply
Lemma 4.9 with V, 0,2, W;,{4;, B;}, P, 2y playing the roles of U, k,¢,W;,{A;,B;}, P, p to find a
V-tour P’ with parameter 18v.3° O

The next lemma shows that we can find a D-balanced subgraph of G which only contains edges
in some of the parts of G. (Recall the definition of [-]. from the end of Subsection 4.1.)

Lemma 6.4. Let D € N be such that D > 20. Let G be a graph and let V* := (A1, By, A2, Ba) be
an ordered partition of V(G) with 0 < |A;| —|B;| < D/2 fori=1,2.3¢ Suppose that eq(A;, By) <
ec(B1, Az) and A(G[A;]) < D/2 fori=1,2.37 Suppose further that G is D-balanced with respect
to V*. Then one of the following holds:

32NEW 2nd paragraph onwards

33Proof of Prop 6.2: Let W; := A; U B;. Apply Prop 4.7(i) with A1, By, W playing the roles of A, B,U to get
the first D-balanced condition. Apply Prop 4.7(i) with Aa, Ba, Wi playing the roles of A, B,U to get the second
D-balanced condition.

34NEW29/5

35NEW29/5

36Deryk added this and D > 20, the latter ensures [e(A)/5]1/4 > [2e(A)/D]

37Added min deg condition for (ii).
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(i) fori=1,2, G[A;] contains a matching M; of size |As| — | B;i| < [eq(Ai)/5]1/4;

(ii) there exists a spanning subgraph G’ of G which is D-balanced with respect to V* and
E(G/) - E(G[Cl]) U E(G[CQ]) U E(G[Al U Bl7A2]), where C7 € {Al,Bl} and Cy €
{42, Bs}.

Proof. Observe that the graph obtained by removing E(G[A4;, B;]) from G for i = 1,2 is D-
balanced. So we may assume that F(G[A4;, B;]) = 0 for i = 1,2. Consider each of the pairs

{G[Al}a G[Bl]}> {G[AQ]a G[BQ}}a {G[Alv AQ]a G[Blv BQ]}v {G[Alv BQ]? G[Blv AQ]}

of induced subgraphs. For each such pair {.J, J'}, remove min{eg(J),eq(J')} arbitrary edges from
each of J,J' in G. Let H be the subgraph obtained from G in this way. Then H is D-balanced
and for each pair {J,J'}, we have that E(H[V(J)]) = 0 whenever eg(J) < eg(J') (and vice
versa). In particular, ey (A;, B2) = 0. Suppose that we cannot take G’ := H so that (ii) holds.
Then H C G[C1] U G[C3] U G[By, A2 U Bs] for some Cy € {A1,B;} and Cy € {As, By} with
eg(B1,Bs) > 1. So eg(A1,As) = 0. Let v; := D(|]4;] — |B;|) > 0. Since H is D-balanced we
have that 2ep (A1) — 2ey(B1) — ey (B1, A2 U By) = v; > 0. In particular, ey (A1) > ey (B1). So
eq(B1) =0. Let ¢t := ey (B1, Ag). Thus

(6.2) 2ey (A1) >v1 +t+1 and similarly
2€H(A2) > vy —t+ 1.

Suppose first that ¢ > vo. Then 2ey (A1) > v1 +v2+1. Since G is D-balanced, summing the two
equations in (6.1) implies that v1 +vq is even. Let Hp, 4, consist of vy arbitrary edges in H[By, As)
and let H 4, consist of (v1+v2)/2 arbitrary edges in H[A;]. In this case, we let G’ := Ha, UHp, 4,.
So (ii) holds.

Suppose instead that t < vy. First consider the case when ¢t = 0.3® Then (6.2) implies that
2ec(A;) > 2ep(A;) > v, + 1 for i = 1,2. Since A(G[4;]) < D/2, Vizing’s theorem implies that
G[A;] contains a matching M; of size®

] [P -

Note that the right hand side is at most [e(4;)/5]1/4.*° So (i) holds.

Therefore we may assume that ¢ > 0. Recall that v; = vo mod 2. We will choose Hp, 4, C
H[By, As] and Hs, C H[A;] for i = 1,2 by arbitrarily choosing edges according to the relative
parities of v; and ¢, such that the following hold:

e if vy + t is even then choose e(Hp, 4,) = t, 2¢e(Ha,) = v1 + t, 2¢(Ha,) = vo — t;
e if v; + ¢ is odd then choose e(Hp, 4,) =t —1,2¢(Ha,) =v1+t—1, 2e(Ha,) = vy —t+ 1.

These choices are possible by (6.2). We let G’ := Ha, U Ha, U Hp, 4,. Observe that G’ is
D-balanced. So (ii) holds. O

Observe that the subgraph M; U My of G guaranteed by Lemma 6.4(i) is a 2-balanced path
system. The next lemma shows that, when G is 3-connected, one can modify such a path system
into one which also contains paths between A; U B; and*! Ay U Bs.

38Previously the proof was wrong because we neglected this case.

39Deryk changed this

40LATE CHANGE: This is clear if e(4;) > 10, say. Note that e(A;) > D(|A;] — | Bi|)/2. So if e(A;) < 10 we
have e(A;) = 0. In this case the assertion is also clear. (It is necessary to observe this since the assertion would not
be true if, for example, e(4;) = 1.)

41This lemma has been moved forward (before it was the last of the section). Then the reader can always assume
that we are in case (ii) of Lemma 6.4 in the remainder of the section.



ensureconnected ‘

14 DANIELA KUHN, ALLAN LO, DERYK OSTHUS AND KATHERINE STADEN

Lemma 6.5. Let n,D € N and 0 < 1/n < v < 1. Let G be a 3-connected D-regular graph on
n wvertices. Let W1, Wa be a partition of V(G) and let A;, B; be a partition of W; for i = 1,2,
where |A;| > |B;|. Suppose that there exist matchings My, Ma in G[A1], G[Az] respectively so that
|Ai| —|Bi| = e(M;) < [e(Ai)/5]1/4 and e(M;) < yn fori=1,2. Then G contains a path system P
which is 2-balanced with respect to (A1, By, Aa, Ba) and contains a WiWa-path, and e(P) < 3yn.

Proof. Proposition 6.2 implies that G is D-balanced with respect to (Ay, By, Aa, Ba). Suppose that
there exist edges e € E(G[A1, Az]) and ¢’ € E(G[B1, Bs]). Then we can take P := M;UMyU{e, €'}.
We are similarly done if there exist edges f € E(G[A1, Bo]) and f' € E(G[B1, As]). If either of
these two hold then we say that G contains a balanced matching. So we may assume that G does
not contain a balanced matching. The 3-connectivity of G implies that there is a matching N of
size at least three in G[W7, Wa]. Since G does not contain a balanced matching, en(Cq,Cs) > 2
for some C; € {A;, B;}. So we can choose a matching N’ of size two in G[Cy,Cs]. Let D; be such
that {C;, D;} := {4;, B;}. Note that eq(D;1,D3) = 0 or G would contain a balanced matching.
Without loss of generality, we may assume that e(M;) < e(Ma).

Case 1. e(M3) > 0.

Note that 1 S €(M2) S €G(A2)/5 + 3/4 Thus42 eG(AQ) — €(M2) Z 46@(142)/5 — 3/4 > 0. So we
can always choose an edge e2 € E(G[Az]) \ E(Mz). If possible, let fo be the edge of My spanned
by V(N') N A,. If there is no such edge, let fo be an arbitrary edge in M. Let

[\ it -,
: My U {es} if Co = Bs.

Case 1l.a. e(M;) > 0.

Define eq, f1 and hence M/ analogously to eq, fo, M). Tt is straightforward to check that P :=
N’'U Mj U M} is as required in the lemma.

Case 1.b. e(M;) =0.

We have |A;| = |B;1|. Without loss of generality we may suppose that C; = A; or we can swap
A1, By. So eq(A1,Wa) > en(C1,C2) > 2. Since G is D-balanced and eg(B1,Cs) = eq(B1, Wa),
this in turn implies that 2eq(B1) + eq(B1,C2) > 2. If eq(B1) > 0 let e € E(G[By]) be arbitrary
and define P := N’ U M} U {e}. Otherwise, there exists e;o € E(G[B1,C2]). Let €}, € E(N') be
vertex-disjoint from eqs. If possible, let f} € E(Ms) be the edge spanning the endpoints of ey, €]
which lie in As; otherwise, let fi € E(Ms) be arbitrary. If Cy = Ag, let P := MaU{e12, €151\ {f5}-
If Cy = Bo, let P := MaU{es, €5} Tt is straightforward to check that in all cases P is as required
in the lemma.*3

Case 2. e¢(M;) = 0.

So e(My) =0 and |A;| = |B;| for i = 1,2. Without loss of generality, we may assume that C; := A;
(and hence D; := B;). Write {i,j} = {1,2}. Since G is D-balanced we have that
2eq(Ai) — 2ea(Bi) + ea(Ai, Aj) + ea(Ai, Bj) — ea(Bi, ;) = 0.
So 2eq(B;) + eq(Bi, Aj) > en(A1, As) > 2. Therefore either eq(B;) > 0 or eq(B;, A;) > 0 (or
both). So for i = 1,2, either we can find e; € E(G[B]) or e;; € E(G[B;, A,]) (or both). Note that
not both eq(Bi1, Az), ec(A1, Ba) can be positive since G does not contain a balanced matching.
Suppose that eg(Bi1),eq(B2) > 0. Let P := N’ U {e1,ea} as required. If eq(B;) = 0 or
ec(Bz2) = 0, then we may assume without loss of generality that eq(B;) > 0 and eg(B2, A1) > 0.
Let €}, € N’ be vertex-disjoint from eg;. Let P := {e1, €9, e21}. It is straightforward to check
that in both cases P is as required in the lemma. O

Llale <a+1-¢
43Dcryk changed the last 3 sentences
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6.3. Tools for finding matchings. Given any bipartite graph G, Konig’s theorem on edge-
colourings guarantees that we can find a matching of size at least [e(G)/A(G)]. The following
lemma shows that, given any matching M in G, we can find a matching M’ of at least this size
such that V(M) C V(M').

Lemma 6.6. Let G be a bipartite graph with vertex classes VW such that A(G) < A. Let M
be a matching in G with e(M) < [e(G)/A]. Then there exists a matching M' in G such that
e(M') = [e(G)/A] and** V(M) C V(M').

Proof. Let M’ be a matching in G such that V(M) C V(M’') and e(M') < [e(G)/A] is maxi-
mal with this property. Suppose that e(M') < [e(G)/A]. Since, by Konig’s theorem on edge-
colourings, G contains a matching of size [e(G)/A], this means that M’ is not a maximum match-
ing. So, by Berge’s lemma, G contains an augmenting path P for M’ i.e. a path with endpoints
not in V(M’) which alternates between edges in E(M’) and edges outside of E(M’). But then
P\ E(M’) is a matching contradicting the maximality of e(M"). O

We now show that given a bipartite graph G = (U, Z) and any partition V, W of Z, we can find
a large matching in G which has the ‘right’ density in each of G[U, V] and G[U, W].

Lemma 6.7. Let G be a bipartite graph with vertex classes U,V U W, where V.W are disjoint.
Suppose that A(G) < A. Let by, by be non-negative integers such that by +by < [e(G)/A], by <
[eq(U,V)/A] and by < [eq(U,W)/A]. Then G contains a matching M such that epr (U, V) = by
and ep (U, W) = by .4

Proof. By increasing by, by if necessary, we may assume that by + by = [e(G)/A]. Note that
either by = [eq(U,V)/A], or by = [eq(U, W)/A], or both. Suppose without loss of generality
that by = [eq(U,V)/A]. Choose a matching M’ in G of size [e(G)/A]. Let my = ep (U, V)
and let my := ep (U, W). Let k := by — my. Then

mwy = |—6(G)/A~| —my =by + by —my =bw + k.

If kK = 0 we are done, so suppose first that £ > 0. Apply Lemma 6.6 to obtain a matching Jy in
G[U, V] such that e(Jy) = by and V(Jy) 2 V(M'[U,V]). So [(V(Jv)\ V(M'[U,V])) NU| = k.
Thus we can choose a submatching Jy of M'[U, W] of size my — k = by that is vertex-disjoint
from Jy. Let M := Jy U Jw.

Otherwise, k < 0. Apply Lemma 6.6 to obtain a matching Jy in G[U, W] such that e(Jw ) = by
and V(Jw) 2 V(M'[U,W]). As above, we can choose a submatching Jy of M'[U, V] of size by
that is vertex-disjoint from Jy, . Let M := Jy U Jy . O

6.4. Acyclic unions of matchings. The next lemma shows that, in a graph with low maximum
degree, we can find a large matching that does not completely span a given set of vertices.*6

Proposition 6.8. Let 0 < 1/A < n < 1. Let G be a graph with A(G) < nA and suppose
that e(G) > 2nA. Suppose that K C V(G). Then there ezists a matching M in G such that
e(M) = [e(G)/A] and M[K] is not a perfect matching.

44DK: reformulated lemma and proof so that e(M’) = [e(G)/A] instead of e(M’) > [e(G)/A], since this is

what we need later on

45Can’t have ceilings for both. But that’s okay. Fact: if have b/ + ¢’ s.t. ' +¢’ = [b4c] and b’ < [b], ¢/ < [¢],
then either b’ = [b] or ¢ = [¢], or both.

460yr aim is to find a 2-balanced path system P in G that consists of matchings in and between A;, B1, As, Ba.
We require that P has a W;Wa-path. Suppose that we have added a matching N between A; and W to P, and
we now wish to add an additional matching M in G[A1]. Then M UN contains a W7 Wa-path unless M [V (N) N A1]
is a perfect matching.
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Proof. By Vizing’s theorem, G contains a matching M’ of size
(G) 1. [el6) ] [4@)]
AGY+1| ~ |3nA/2| — | A

Delete edges so that M’ has size [e(G)/A]+ 1. If M’ contains an edge with both endpoints in K,
remove this edge to obtain M. Otherwise, obtain M from M’ by removing an arbitrary edge. O

Proposition 6.8 and the following observation will be used to guarantee that, given a matching
M in G[Wh, As], we can find a suitable matching N in G[As] such that the path system M U N
contains a Wi As-path.

Fact 6.9. Let G be a graph with vertex partition U,V and let M be a non-empty matching between
UandV. Let K :=V(M)NV and let M’ be a matching in G[V] such that M'[K] is not a perfect
matching. Then M U M’ is a path system containing a UV -path.

Given a graph G with low maximum degree, vertex partition U,V and a non-empty matching
M in G[U, V], the next lemma shows that we can find matchings in G[U], G[V'] which extend M
into a path system P containing a UV-path.

Lemma 6.10. Let 0 < 1/A < n < 1. Let G be a graph with partition U,V and suppose that
A(G) < nA. Let M be a matching between U and V. Suppose further that eq(U) < eq(V) < nAZ2.
Then there exist matchings My, My in G[U], G[V] respectively such that
(i) P:= MU My UMy is a path system;
(i) e(My) < [eq(U)/A] with equality if ea(U) > /nA; and e(My) < [eq(V)/A] with
equality if eq(V) > /nA;
(iii) of M # 0, then P contains a UV -path.

Proof. If M = () then Vizing’s theorem implies that we can find matchings My, My of size
[eq(U)/A], Teq(V)/A] respectively. Then the consequences (i)—(iii) hold. So we may assume
that M # 0. If eq(U) < eq(V) < /nA, then we are done by taking My, My := (). Suppose
instead that eq(U) < \/nA < eq(V). Apply Proposition 6.8 with G[V], V(M) NV playing the
roles of G, K to obtain a matching My in G[V] such that e(My ) = [eq(V)/A] and My [V(M)NV]
is not a perfect matching. Fact 6.9 implies that we are done by taking My = ().

Therefore we may assume that \/7A < eq(U) < eg(V). Apply Proposition 6.8 with G[U], V/(M)N
U playing the roles of G, K to obtain a matching My in G[U] of size [eq(U)/A] such that
My [V (M)NU] is not a perfect matching. Let Py be the path system with edge set E(M)UE(My).
So Fact 6.9 implies that Py contains at least one UV-path P. Let ug € U and vy € V be the
endpoints of P. Let Y be the set of all those vertices in V' which are endpoints of a V'V-path in
PU. Now

(6.3) Y] < 2e(My) = 2[eq(U)/A] < 2[eq(V)/A].
Obtain G’ from G[V] by removing every edge incident with Y U {vy}. So?”

(@) > (V) ~nA(Y]+1)' 3 (1 - dyiec(V) > eo(V)/2
So G’ contains a matching of size
[e(G")/(nA +1)] = [e(G)/2nA] = [eq(V)/4nA] = [eq(V)/A].

Let My be an arbitrary submatching of this matching of size [eq(V)/A]. Let P := M UMy UMy.
Clearly (ii) holds. Observe that P has a UV-path, namely P. Hence (iii) holds. To show (i), it
is enough to show that P is acyclic. Suppose not and let C be a cycle in P. Now C contains at

4TLATE CHANGE: e(V) — nA(|Y| 4+ 1) > e(V) — nAQ[e(V)/A] + 1) > e(V) — nA(2e(V)/A + 3) = e(V)(1 —
2n) = 3nA > e(V)(1 —2n) — 3y/me(V) > e(V)(1 — 4y/n).
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least one edge e € F(My ). Then both endpoints®® of this edge belong to Y, and hence e ¢ E(G’),
a contradiction. O

The following is a version of Lemma 6.10 for sparse graphs which may have a small number of
vertices with high degree.

Lemma 6.11. Let 0 < 1/A < p < 1. Let G be a graph with vertex partition U,V and suppose
that A(G|U]), A(G[V]) < A. Let M be a matching between U and V such that e(M) < pA.
Suppose further that eq(U),eq(V) < pA2. Then, for any integers 0 < ay < [eq(U)/A] 1/4 and
0 <ay < [eq(V)/Alija, G contains a path system P such that
(i) P[U,V] =M and both of P[U],P[V] are matchings;
(11) GP(U) =ay, €7>(V) =ayy
(iil) if M # 0, then P contains a UV -path.

Proof. By removing edges in G[U] and G[V] we may assume without loss of generality that ay =
[ec(U)/Al1/4 and ay = [eq(V)/AT1/4. Choose n with p < n < 1. Let U':={u € U : dy(u) >
nA} and define V' analogously. Then 2eq(U) > >~ . du(u) > |U'|nA and similarly for V’, so

(6.4) UL V'] < V.

Let Uy := U\ U’ and Vp := V \ V'. Let H be the graph with vertex set V(G) and edge set
E(G[U))UE(G[Vo])UM. So Ex(U) = Eg(Up) and Ex (V) = Eg(Vy).*® Moreover, A(H) < 2nA.
Note that

(6.5) eq(Up) > eq(U) — A|U'| and  eq(Vo) > ec(V) — AV].

Assume without loss of generality that eq(Up) < eq(Vy). Apply Lemma 6.10 with H, M, U, V,2n
playing the roles of G, M, U, V,n to obtain matchings My, , My, in H[Uy| = G[Uy], H[Vp] = G[Vo]
respectively such that Py := M U My, U My, is a path system satisfying the consequences (i)—(iii)
of Lemma 6.10. So Py contains a UV-path if M # (. Moreover, e(My,) < [eq(Up)/A] with
equality if eq(Up) > v2nA, and e(My,) < [eq(Vo)/A] with equality if eq(Vy) > v/2nA. Thus
(6.6) [V (Po)l < 2e(Po) < 2(e(M) + [eq(U)/A] + [ea(V)/A]) < VpA.

For every u € U’ and v € V' we have that

(6.6) (6.4) ,
dug\v(po) (W), dvp\v(py) (v) = nA/2 > [U'[,|[V'].

%0 So for each u € U’, we may choose a distinct neighbour w, € Uy \ V(Py) of u. Let My :=
{uwy 1w e U} C GU', Uy \ V(Py)]. Define a matching My in G[V', Vo \ V(Po)] (which covers
V') similarly.

Let P := Py U My U My+. Note that P is a path system since Py is. Certainly P[U, V]| =
PolU, V] = M, so (i) holds. Suppose that eg(Up) > /2nA. Then

ep(U) = e(Muy) + (M) = [ea(Uo)/A] + |U7] 'S Tea(@)/A — U] + U]
— Tea(U)/A] > [ea(U)/AT u.
Suppose instead that eq(Up) < v/2nA. Then

|(65)

ep(U) 2 U] 2 [ec(U)/A = /2] = [ec(U)/Al1a

48Allan7 at least one rather than both? Deryk:‘at least one’ would make sense too, but I’d leave it as it is

4gedges of M may be incident to vertices in U’ U V'’ so we apply the sparse lemma to this H rather than
G[Uo] U G[Vo]

50recall that U’ MU = (). Deryk changed calculation slightly
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since /21 < 1/4. Analogous statements are true for ep (V). So by removing edges in ep(U), ep(V)
if necessary, we may assume that (ii) holds. Note that P has a UV-path if Py does (there is a
one-to-one correspondence between the UV-paths in P and the UV-paths in Py).%! O

6.5. Rounding. Given a small collection of reals which sum to an integer, the following lemma
shows that we can suitably round these reals so that their sum is unchanged.*® Lemmas 6.7 and 6.11
together enable us to find three matchings, one in each of G[W;], G[Ws] and G[W7, W3], each of
which is not too large, such that their union is a path system P. Lemma 6.12 will allow us to
choose the size of each matching correctly, so that P is 2-balanced.

Lemma 6.12. Let 0 < e < 1/2. Let aj,as,b,c € R with b,c > 0 and let x1, x5 € Ny. Suppose that
201 +b—c=2x1 and 2as+b+c=2x,.
Then there exist integers al,ah,b', ¢’ such that
2a) +bV —c =2x1 and 2ah+b + =21y,

where 0 <V < [b],0< < Je], v+ < [b+c]; and fori = 1,2, |a}] < [laille; and finally o >0
if and only if a; > 0.

Proof. Note that
(6.7) |2a1] + [b—c] =221 and |2az] + [b+ ¢] = 2.

In particular, either |[2a;|, [b — ¢] are both odd, or both even. The same is true for the pair
[2a2], [b+ c]. Let A; :==[2a;]/2 for i = 1,2. Let also

[b+c]+ [b—c| and O e [b+c] — [b—d.
2 2

Observe that {41, A2, B,C} C ZU(Z+ 1/2). Let i € {1,2}. Suppose first that a; > 0 (and so
Ai Z O) If a; — Lad S € then 2’7CL¢—|5 = ZLLLZJ = L2a1J = 2Al If a; — Lalj > ¢ then 2[0,1'}5 = 2’70,1] Z
|2a;] = 2A;. Therefore [A;] < [a;]e. Suppose now that a; < 0 (and so 4; < 0). If a; —|a;] <1—¢
then 2|a; +¢| = 2|a;] < |2a;] =2A;. fa; —|a;| > 1—e then 2|a; +¢| =2|a;] +2=[2a;]+1=
2A;+1since 1 —e > 1/2. Since —[—a;]. = |a; + €], this shows that —[—a;]. < [A;]. Altogether
this implies that

B .=

(6.8) |A;| < lai|]le when A; € Z, and
|A; +1/2| < [|as|]le when A; € Z +1/2.

We also have that

(6.9) B+C=[b+c¢] and B—-C=[b—c|.
Note that
(6.10) [2b] = [b+c+b—c] <2B<[b4+c+(b—c)|+1=[20]+1<2[b]+1;

2
[2¢] —1=[b+c—(b—0c)]| —1<2C < [b+c—(b—c)]| = [2¢] < 2[c].

51The UV-paths in P are not precisely the UV-paths in Py. E.g. if uPv is a UV-path in Py and u € U’ (a
vertex of large degree), then wyuPv is a (sub)path in P.

®2it is very important that we are able to round a; to at most [a;]e (rather than just an integer which is at most
[ai]). Then, if eq(A;) is very small, are not required to find any path-system edges in G[A;] (and indeed we cannot
necessarily find any such edges).
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It is straightforward to check that these equations (together with the definition of C') imply the
following:

(6.11) 0<B<|[b] when BeZ
0<B-1/2<[b] whenBeZ+1/2
0<C<][c] whenCeZ

0<C—-1/2<C+1/2<]c] whenCeZ+1/2.
Finally, note that (6.7) and (6.9) together imply that
(612) 2A1 +B*C:2£B1 and 2A2+B+C:2Z2

We choose a, ab, b, ¢ as follows:

a) al b d
(i) | Ay A, B C if [b+¢], [b—c] both even;
(i) | Ay +1/2 ]| A B—-1/2 | C+1/2|if [b+c] even, [b—c] odd;
(i) | Ay As+1/2 | B-1/2 | C—1/2|if [b+c] odd, [b— c] even;
(iv) | Ay +1/2 | Ao +1/2 | B-1 C if b> 0 and [b+c], [b— c] both odd,;
(v) | A1 —1/2| A2+1/2 | B Cc-1 if b=0 and [b+c], [b— ¢] both odd.

By the definition of A; we have for each ¢ = 1,2 that a; > 0 if and only if a; > 0. Then
{a},ab,t',c'} CZ and (6.12) implies that

20+ —c =221 and 245 +V + = 2zs.

Moreover, b/ +¢ < B+C = [b+c¢]. We claim that 0 < ¥’ < [b] and 0 < ¢’ < [¢] and |a}| < [|a;i]]-
for i = 1,2 respectively in all cases (i)—(v). To see this, suppose first that we are in case (iv). Since
b > 0, (6.10) implies that B > [2b]/2 > 0, so, since B € Z, B —1 > 0 in this case.

Suppose now that we are in case (v). Then [c], [—c] = —|c| are both odd. Therefore [c], |c]
are both odd so [¢] = |¢] =¢. Soc € Ny isodd, B=0and C =c¢. Thus C —1 > 0. Moreover
¢ =2A; — 2x1, so 2A; is odd and positive, which implies that A; — 1/2 > 0. Then (6.8) implies
that |A; — 1/2| < [|a|]..%®

In all cases (i)—(v), these last deductions together with (6.8)—(6.11) complete the proof of the
lemma. g

6.6. Proof of Lemma 6.1. Before we can prove Lemma 6.1, we need one more preliminary result
which®® guarantees a path system P that can balance out the vertex class sizes of the bipartite
graphs induced by the W;. If ep(Wy, Wa) = 0, then we will use 3-connectivity (via Lemma 6.5) to
modify P into a balanced path system which also links up the W;.

Lemma 6.13. Let 0 < 1/n < p < v <7< a<1 and let G be a D-regular graph on n vertices
with D > an. Suppose that G has a robust partition V := {Wy, Wa} with parameters p,v,7,0,2.
For each i = 1,2, let A;, B; be the bipartition of W; such that |A;| > |B;| and G[W;] is a bipartite
(p, v, T)-robust expander component with bipartition A;, B; or B;, A;. > Then
(i) G contains a path system P which is 2-balanced with respect to (A1, By, Aa, Ba) such that
e(P) < \/pn;
(ii) of ep (W1, Wa) > 0 then P contains a WiWsy-path;
(iii) fori = 1,2, P[W;] consists either of a matching in G[A;] of size at most [eg(A;)/5]1/4,
or a matching in G[B;] of size at most [eq(B;)/5]1/a-

53DK has changed the last 3 sentences slightly

54DK changed this para and replaced P[Wi,Wa] # 0 by ep (W1, W2) > 0 in the lemma below (and in the proof
of Lemma 6.1
55NEW29/5
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Proof. Write V* := (A1, By, A, B2). Let A := D/2 and note that
A(G[A]), A(G[Bi]), A(GIW1, Wa]) < A

for i = 1,2 by (D4) and (D5). Without loss of generality, we may suppose that eg(A1, B2) <
eq(B1, Az). Note that G is D-balanced with respect to V* by Proposition 6.2. Apply Lemma 6.4
to G. Suppose that the consequence (i) of Lemma 6.4 holds. Then G[A4;] contains a matching M;
of size |A;| — | B;| < [e(A;)/5]1/4 for i =1,2.56 Set P := M; U Ms. So (iii) holds, (D3) and (C2)
imply that (i) holds, and (ii) is vacuous.5”

So we may assume that the consequence (ii) of Lemma 6.4 holds. Let H be a spanning subgraph
of G which is D-balanced with respect to V* such that E(H) C E(G[C1])UE(G[Cs])UE(G[W1, A3])
for some C; € {41, B1} and Oy € {As, Bo}. Observe that

(6.13) e(H) < Z (ec:(Ai, B;) + e (Bi, A;)) (D3)§»(C3) 2m?.
i=1,2
For each H' C H and i = 1,2, define
(6.14) Ji(H) = en (Ai) — e (Bi).
Now (6.1) implies that, for any ¢t € Ng, H’ is t-balanced if
(6.15) 2fi(H') + en (A, W) — en (Bi, W) = t(|Ai| — | Bil)
for {i,7} = {1,2}. Observe that ey (C;) = eg(W;) = |fi(H)|. For i = 1,2, let
(6.16) a; == fi(H)/A.
Then the D-balancedness of H and (6.15) imply that
20, + HALAD _enlBLA) g,y
and 20,  UALAD) enBuds) oy gy

Apply Lemma 6.12 with a1,a2,em (A1, A2)/Aeq(B1, A2)/ A, |A1| — | B1], |A2| — | Ba|,1/4 playing
the roles of a1, as,b, ¢, x1, 22, ¢ to obtain integers a}, ab, V', ¢’ with

(6.17) |ai| < [laillija = [en(Ci) /ATy fori=1,2
(6.18) a; >0 ifand only if a; > 0;
0<V <Jeu(Ai,A2)/A]; 0 < < [ey(By,As)/A] and
(6.19) b+ < |—€H(W17A2)/A-|;
roundedl | (6.20) 207 + b0 — =2(|A1| — |B1]) and 2ah + b+ =2(|A2| — |Ba).

Apply Lemma 6.7 with H[W,, W1], Wa, Ay, By playing the roles of G, U, V, W to obtain a matching
M in H[Wy, W1] such that

wheresM (621) eM(Al, AQ) = eM(Al, WQ) = b/, 6M(B17A2) = ej\/j(Bl, WQ) =c
and ep(Wq,Bg) =0.

P0DK added < [eq(Ai)/5]1/4
5TLATE CHANGE: justification for (i).
58DK added (6.18) and referred to it later on
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Then (6.13)°° and (6.19) imply that e(M) = b + ¢ < [e(H)/A] < /pA.®° By (6.13) and
(6.17), we can apply Lemma 6.11 to H with /p, M, A, W1, Ws,|a}],|ay| playing the roles of
p, M, A U, V, ay,ay to obtain a path system P such that

(6.22) P[Wl, WQ] = M;
(6.23) ep(W;) = ep(C;) = |a;| fori=1,2;

P|C;] is a matching for i = 1,2, and if M # (), then P contains a W;Wa-path. So (ii) holds. (Note
that (6.23) follows from the fact that H[W;] = H[C;].) Moreover, (6.17) and (6.23) imply that the
matching P[C;] has size at most [ey(C;)/Al1/4 < [eq(Ci)/Al1/a < [ea(Cy)/5]1/4- So (iii) holds.
Equations (6.14), (6.16), (6.18) and (6.23) imply that

(6.24) fi(P) = a;.
Furthermore, by (6.21) and (6.22) we have
673(A1, Wg) — ep(Bl, WQ) =b—-¢ and ep(Wl, Ag) — 67)(W1, Bz) =b+c.

Together with (6.15), (6.20) and (6.24), this implies that P is 2-balanced with respect to V*.

Finally,
(6.17),(6.19) (6.13)
e(P) = |a| + |ay| + 0" + ¢ e(H)/A+3 < /pn,

as required. O

Proof of Lemma 6.1. Let V := {W;,Ws} and for ¢ = 1,2, let A;, B; be the partition of W;
guaranteed by (D3). If necessary, relabel A;, B; so that |4;] > |B;].%* Apply Lemma 6.13 to obtain
a path system P which is 2-balanced with respect to (A1, By, Az, B) such that e(P) < /pn.
Suppose first that ep (W7, Ws) > 0. Then P contains a W;Wa-path by the consequence (ii) of
Lemma 6.13. So we are done by Proposition 6.3. Therefore we may assume that ep(Wy, Wa) = 0.
The consequence (iii) of Lemma 6.13 implies that, for each i = 1,2, at least one of P[A;], P[B;]
is empty, and the other is a matching of size at most [eq(B;)/511 /4, [ec(Ai)/5]1/4 Tespectively.®?
The 2-balancedness of P implies that ep(A;) —ep(B;) = |A;|—|B;| > 0. So P = M; UM, for some
matchings M; C G[A;]. Apply Lemma 6.5 to obtain a path system P’ which is 2-balanced with
respect to (Ay, Bi, As, By) and contains a W1 Ws-path, and e(P) < 3,/pn. Again, we are done by
Proposition 6.3. (]

7. (2,1) : TWO ROBUST EXPANDER COMPONENTS AND ONE BIPARTITE ROBUST EXPANDER
COMPONENT

The aim of this section is to prove the following lemma.

Lemma 7.1. Let 0 < 1/n < p < v < 7 < 1. Let G be a 3-connected D-regular graph on n
vertices where D > n/4. Let X be a robust partition of G with parameters p,v,7,2,1. Then G
contains a Hamilton cycle.

This — the final case — is the longest and most difficult. This is perhaps unsurprising given
that the extremal example in Figure 1(i) has precisely this structure. Moreover, the presence of
a bipartite robust expander component means that the path system we find to join the robust
components needs to be balanced with respect to the bipartite component — the regularity of G
is essential to achieve this. On the other hand, since we have to join up three components, the 3-
connectivity of G is essential too. The main challenge is to find a path system which satisfies both
requirements simultaneously, i.e. one that is both balanced and joins up the three components.

59DK referred to (6.13) instead of (C3)

60,n2 /A = 2pn2/D < 2pn/a < 2pD/a? = 4pAJa? < VPA/2
6INEW 30/5

621 ATE CHANGE: swapped second A; and B;.
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We need to invoke the degree bound D > n/4 for this. We begin by giving a brief outline of the
argument.

7.1. Sketch of the proof of Lemma 7.1. Let X := {V{, V4, W'} % where G[V/] is a robust
expander component for i = 1,2, and G[W'] is a bipartite robust expander component. Let A’ B’
be a bipartition of W such that |A’| > |B’| and G[W] is a bipartite robust expander component
with bipartition A’, B’ or B’; A’. (To be precise, G[W’] is a bipartite robust expander component
with bipartition Ay, By, where {Aw, By} = {A’, B'}.)%* To prove Lemma 7.1, Lemmas 4.9
and 4.10 imply that it is sufficient to find an X-tour P such that

(X1) P contains few edges;

(X2) Rx(P) is an Euler tour;

(X3) 2ep(A’) —2ep(B')+ep(A",U") —ep(B',U") = 2(|A’| — |B’|) holds, where U’ := V{ U V3.
Note that (X1)—(X3) are independent of whether G[W'] is a bipartite robust expander component
with bipartition A’, B’ or B’, A’.%® Note that P-edges in G[A’, U'JUG[A’] count ‘positively’ towards
the goal of (X3), edges in G[B’,U’] U G[B’] count ‘negatively’, and all other edges are ‘neutral’.
Therefore a natural approach to construct an X-tour is to find two matchings M4s v in G[A', U’]
and My in G[A'] such that Puateh = Maryr U M4 is an X-tour (note that Ppaten is always a
path system). Unfortunately, this may be impossible. However, we can hope that there exists an
X-tour P most of whose edges lie in the union of two such matchings. In other words, we aim to
construct matchings M4, and M,y which come as close as possible to satisfying (X1)—(X3).

Note that with the above approach, the requirement (X3) translates to |Mas /| + 2|Mas| =
2(|A’'| —|B’|). By Proposition 4.7, any partition {U*, A*, B*} of V(G) satisfies

(7.1) 2eG(A") = 2e6(B*) + ec(A",U*) — eq(B",U*) = D(|A*| - |B*|).

To find My and My we will use Vizing’s theorem on edge colourings, which guarantees a
matching of size e(H)/(A(H)+1) in a graph H, and Konig’s theorem, which guarantees a matching
of size e(H)/A(H) in a bipartite graph H. Suppose first that

(MaxDeg) A(GIA",U')), A(GLA) < D/2.

This then implies that we can find M4/ 7 and M4+ such that

eq(A,U") n 2eq(A)

D/2 D/2+1°
which is nearly at least 2(|A’| — |B’|) by (7.1). So by removing edges of M/ and Mga/ if
necessary, we can ensure that |Ma/ /| and |M4/| are very close to the correct sizes. Unfortunately
M4y UM 4 may not satisfy (X2). In this case, we will modify M/ v UM 4/ to obtain the desired
P.

The above illustrates that (MaxDeg) is an important constraint, which we would like to achieve
and apply. However, our robust partition X does not necessarily satisfy (MaxDeg): by (D4),
A(GJA’,U']) could be as large as 2D /3, for example when a € A’ satisfies dy; (a), dy;(a),dp(a) =
D/3. For this reason, we will adjust the partition X slightly by moving a small number of vertices
to obtain a weak robust partition V := {V;, V5, W := AU B} (where each part corresponds to its
primed counterpart, and |A| > |B|) such that V does satisfy (MaxDeg). By Lemmas 4.10 and 4.9
it is still sufficient to find P with the properties above, with V replacing X.

We prove Lemma 7.1 separately in each of the following four cases:

(i) |A| —|B| > 2 and eg(A,W) is at least a little larger than 3D /2 (Subsection 7.5);
(ii) |A| —|B| > 2 and eg(A, W) is at most a little larger than 3D/2 (Subsection 7.6);
(iii) |A| —|B] =1 (Subsection 7.7);

|Mar | +2|Mar| >

63NEW entire proof sketch Sec 7.1
6INEW29/5
65NEW29/5
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(iv) |A] = |B| (Subsection 7.8).
The reason for these distinctions will be discussed at the end of Subsection 7.4. The full strength
of the minimum degree bound D > n/4 is only used in the last two cases.

7.1.1. A remark on a different approach. Suppose for instance that we have A(G[A’,U’]), A(G[A']) <
D/100 instead of (MaxDeg). Then we could find much larger matchings Ma/ s and My/, and
would have more freedom when choosing suitable edges from them to add to P. By (D7), there
are very few vertices in each component with many neighbours in other components, so moving
these vertices would not reduce our expansion parameters by much. So one could hope to proceed
as follows:

If there exists a € A’ with, say, at least D /100 neighbours in A’, move a to B’. If, for i € {1, 2},
there exists a € A’ with at least D /200 neighbours in V;, move a to V. If there exists v € V/
with at least D/100 neighbours in A’, move v to B’. After every step, we still have a weak robust
partition. Continue until we have a weak robust partition for which one of the following holds:

(a) A(GIA",U")), A(G[A)) < D/100 and |4 — |B| > 2.
(b) |A’| —|B’| € {0,1} and (MaxDeg) holds.
The idea would be that one could then replace cases (i) and (ii) above by the easier case (a).

However, such a process runs into difficulties as illustrated by the following example. Suppose
that we have started the process above with partition A/, B/ ,, U/, and have arrived at a partition
A’, B',U’ which satisfies the following properties: G[A’] contains a triangle ajasas € A’ such that
d(a;, A") =2, d(a;, B') = D/2 — 2 and d(a;,U’) = D/2 for each i < 3. Moreover, |A'| = |B’| + 2,
eq(A") = eq(B') + D/4, eq(A',U’") = 3D/2 and eq(B’,U’) = 0. (Note that (7.1) holds and
A(G[A",U’]) = D/2.) Thus we aim to move one or two vertices from A’. If we move a1 to B,
then 6(G[A’ \ {a1}, B’ U{a1}]) = 2 and so we no longer have a weak robust partition. If we move
ay to U', then dg(as, U’ U{a1}) = D/2 + 1, and so (MaxDeg) fails. A similar argument holds if
we move two vertices from A’ to other classes. If A(G[B’]) < D/2, then we could try to avoid
this issue by first moving two or three of the a; to U’, and then swapping A’ and B’ to obtain
a partition satisfying (b). However, since we might have moved several vertices a € A/, (which
might for instance satisfy d(a, A.,4) = D/5 and d(a, B.,;) = 4D/5) to B’ at some earlier steps, we
do not have any control on A(G[B’]). Thus it is not clear that we can swap A" and B’. Moreover,
one can modify the example to violate (MaxDeg) by a larger number, which is o(n) say.

7.2. Notation. Throughout®® the remainder of the paper, whenever we say that a graph G has
vertex partition V = {V;,Vo, W := A U B}, we assume that V(G) has a partition into parts
V1, Va, W, each of size at least |V(G)|/100 > 100, that A and B are disjoint and that |A| > |B|.
Moreover, we will say that G has a weak robust partition V = {V;,V,, W := AU B} (for some
given parameters) if V satisfies the above properties and is a weak robust partition of G such
that G[V1], G[V2] are two robust expander components and G[W] is a bipartite robust expander
component, and the bipartition of W as specified by (D3’) is A, B or B, A.5" We will use a similar
notation when V is a robust partition of G.

Given 0 < ¢ < 1 and A > 0, consider any graph G with vertex partition U, A, B such that
A(G[A]), A(G[A,U]) < A. We say that®®

(7.2) chara .(G) := (¢, m)

when ¢ := [eqg(A)/A]: and m is the largest even integer less than or equal to [eq(A4,U)/A]..
(Recall the definition of [-]. from the end of Subsection 4.1.) Given any path system P in G, we

66DK: rewrote this para. Formally we would need to be more careful, for example, we need that Lemma 7.11
also holds if the partition classes are slightly smaller than n/5, so that we can apply it later on to the partition V'
obtained from V by moving a few vertices (eg in the proof of Lemma 7.13). But I'd suggest to gloss over this...

6"NEW29/5

68DK had charp . (G) = chare (G) := (£, m) before, but I don’t think we ever use chare (G)
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write
bal| (7.3) balap(P) :=ep(A) —ep(B) + (ep(A,U) —ep(B,U))/2.

% When V = {V;, Vo, W := AUB} is a vertex partition of G, we take U := V1 UV; in the definitions
of chara . and balsp.

It may be helpful to motivate these two crucial pieces of notation. We think of ‘char’ as being
short for ‘character’. The character of G encodes what sort of V-tour P we can hope to find.
Typically, when G has character (¢, m), a V-tour will closely resemble the union of a matching of
size £ in G[A], and a matching of size m in G[A,U]. (Recall that, in a V-tour P, we have that
ep(W,U) is even.) The character of G together with Vizing’s and Ko6nig’s theorems guarantee that
we can find such matchings. The notion ‘bal’ is a measure of the ‘balancedness’ of a path system
P. One of our aims will be to find P with balag(P) = |A| — |B| (see (P2) below).”™

Given 0 < € < 1, A > 0 and a graph G with partition V = {V},V5,W := AU B} and
chara (G) = (¢, m), we will find a path system satisfying the following properties: !

(P1) e(P) <L+ m+6;"
(P2) balap(P) = |A] - |B];
(P3) Ry(P) is an Euler tour.

reduction

7.3. Preliminaries and a reduction. In this subsection we show that, in order to prove Lemma 7.1,
it is sufficient to prove Lemma 7.3 below. We then state some tools which will be used in the next
subsections to do so. The following observation provides us with a convenient check for a path
system P to be such that Ry,(P) is an Euler tour.”

Fact 7.2. Let G be a graph with vertex partition V into three parts.i Then, for a path system
P in G, (P3) is equivalent to the following. For each X € V, ep(X, X) is even and there exists
X' e V\{X} such that P contains an X X'-path.

The remainder of Section 7 is devoted to the proof of the following lemma, which states that
G contains a path system satisfying (P1)—(P3) (when the partition V and the parameters involved
are suitably defined).

aim| Lemma 7.3. Let n,D € N and {,m € Ng. Let 0 < I/n K p < v K 7 <K e 1. Let G be
a 3-connected D-reqular graph on n vertices where D > n/4. Suppose that G has a weak robust
partition V = {V1, Vo, W := AUB} with parameters p,v,7,1/16,2,1 such that |V1|,|V2| > D/2 and
|A| > |B|."™ Suppose further that A(G[A,Vy U Va]) < D/2, dv,(z:) > dy,(2;) for all z; € Vi and
all {i, j} = {1,2}, and da(a) < dp(a) for all a € A. Let charp/; .(G) = (¢,m). Then G contains
a path system P satisfying (P1)—(P3).

The following proposition gives bounds on ¢ and m when chara (G) = (¢, m).

ell| Proposition 7.4. Let n,D € Nand {,m € Ng. Let 0 < I/n K pK v K 7 L e, K 1 and
suppose D > n/4. Let G be a graph on n wvertices with weak robust partition V = {Vi, Vo, W :=
AU B} with parameters p,v,7,1,2,1. Suppose further that A(G[A]), A(G[A,V1 UW]) < D/2 and
that charp /o - (G) = (¢, m). Then £,m < 12pn.

%9we need balag(P) = |A| — | B| in order to apply Lemma 4.9 and modify P into a V-tour.
ONEW paragraph
"INote that P satisfying (P1)—(P3) is not a V-tour since we need to apply Lemma 4.9 first.
"2we do not need to explicitly parametrise the robust partition.

73DK had ”into at most three parts” before, but if |[V| =1 then the fact is not necessarily true

"We were claiming that a graph (cf. reduced graph) is connected if and only if each each vertex has non-zero
degree. This is only true for graphs with at most three vertices.

75DK: added |Vi|,|Va| > D/2. This of course follows since G[V;] is a robust component. But now we don’t have
to refer to Lemma 4.2 whenever we want to use this fact. Added the same condition in the Claim of the proof of
Lemma 7.1 below.
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Proof. (D3')7® implies that G[W] is p-close to bipartite with bipartition A, B. So eq(A)+eg(A, VU
Vo) < pn?. Thus ¢ = [2eq(A)/D]. < 3pn?/D < 12pn. An almost identical calculation gives the
same bound for m. O

We now show that, to prove Lemma 7.1, it suffices to prove Lemma 7.3.

Proof of Lemma 7.1 (assuming Lemma 7.3). Choose € with 7 < & < 1.77 Let X = {Uy, Uy, W' :=
A’ U B’} be a robust partition of G with parameters p, v, 7,2,1, where G[Ui], G[Us] are (p,v,T)-
robust expander components and G[W'] is a bipartite (p, v, 7)-robust expander component with
bipartition A’, B’ as guaranteed by (D3). We will alter X slightly so that it is a weak robust
partition and that additionally the degree conditions of Lemma 7.3 hold.

Claim. There exists a weak robust partition V = {V1,Va,W := AU B} of G with parameters
pY3 v/2,27,1/16,2,1 such that |Vi|,|Va| > D/2, |A| > |B|, A(G[A, V1 U Va)) < D/2, dy,(x;) >
dy,(x;) for all x; € Vi and {i,j} = {1,2}, and da(a) < dp(a) for all a € A.

To prove the claim, for i = 1,2, let X; be the collection of vertices = € U; with dﬁ(x) > pn. Then
(D7) implies that | X;| < pn. Let Y; := U, \ X;. Then each y € Y; satisfies

(7.4) dy,(4) = d(y) — diz x, (v) > d(y) — pn | X,] > d(y) — 2pm.

Let Ag be the collection of vertices a € A" such that dg7(a) > \/pn. Let A; := A"\ Ap. Define
By, B analogously. By (D3), G[W'] is p-close to bipartite with bipartition A’, B’."® Therefore
(C3) holds, from which one can easily derive that [Ag|,|Bo| < 2,/pn.™ Similarly as in (7.4), for
each a € A1 and b € By we have

(7.5) dp, (a) > d(a) —3\/pn and da,(b) > d(b) — 3/pn.
Let Vb = X1 UXQUAoUBo. Then
(7.6) Vol < 5/pn.

Among all partitions X|, X5, Ay, Bj) of Vp, choose one such that e(4A U B, V; U V3) is minimised;
and subject to e(AU B, V; UV5) being minimal we have that e(Vi, Va) +e(A) + e(B) is minimal,*°
where V; :=Y; UX/, A:= Ay UA[ and B := By UBj{. It is easy to see that daup(w) > dy,uv, (W)
for all w € Ay U Bg; dv,uv, (v) > daup(v) for all v € X[ U X5; dy, (vi) > dy; (v;) for all v; € X and
{i,7} = {1,2}; da(a) < dp(a) for all a € Af; and dp(b) < da(b) for all b € Bj. If v; € Y;, then
(7.4) implies that dy,(v;) > dy,(vi) > d(vi) — 2pn > d(vs)/2. So dy,(vi) > daup(vi),dy,(v;) for
{i,j} = {1,2}. Similarly, (7.5) implies that, for all w € A; U B; we have daup(w) > dy, v, (w);
for all a € A; we have da(a) < dp(a) and for all b € By we have dp(b) < da(b). Observe that
(7.4), (7.5) imply that |V;| > D — 2pn and |A|,|B| > D — 3,/pn respectively.*! Then the degree
conditions required in the claim hold, and they also hold with B, A playing the roles of A, B
respectively.®2 We now prove that V := {V;, Vo, W := AU B} is a weak robust partition with
parameters p'/3 1/2,27,1/16,2,1. Property (D1’) is clear. We now prove (D2). Observe that®3

e(Vi, ;) < e(Us. T7) + DIXi| + DIX!| < (p + 6/p)n? < pV/on?.

Therefore each V; is a p'/3-robust component of G. Note also that
(7.6)
[ViAU;| < [Vo| < 5y/pn < v|Usl /2.

76DK: new sentence

7TNeed to choose ¢ here since it is not defined in the statement of Lemma 7.1.

"8DK: had W, A, B before

1 say |Ag| > 2,/pn, then eq(A, B) > |Ag|\/pn/2 > pn?, contradicting (C3).

80this has been simplified

8ILATE CHANGE: swapped sentences round because we need |V;| > D/2 in addition.
82NEW 30/5

83DK: added +D|X;| to count e(Y;, V; N X;) in next inequality
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Lemma 4.1 implies that G[V;] is a (v/2,27)-robust expander. Therefore G[V;] is a (p'/3,v/2,27)-
robust expander component for ¢ = 1,2, so (D2’) holds. To prove (D3’), note that |[AAA'| +
|BAB'| < 2|Vy| < p/3n/3 where the final inequality follows from (7.6). Now Lemma 4.3 implies
that G[AU B] is a bipartite (p'/3, /2, 27)-robust expander component of G with bipartition A, B.
Thus (D3') holds. Finally, (D4’) and (D5’) are clear from the degree conditions we have already
obtained. Finally, if necessary, relabel A and B so that |A| > |B|. Then, as previously remarked,
the degree conditions of the claim hold.®* This completes the proof of the claim.

Given® the partition V of V(G), let £,m satisfy charp/; .(G) = (£,m). Let P be a path system
in G guaranteed by Lemma 7.3, i.e. P satisfies (P1)-(P3). Note®¢ that V' is also a weak robust
partition with parameters p/3,1/2,27,¢,2,1. So (P1) and Proposition 7.4 with p'/3, & playing®”
the roles of p,n imply that e(P) < 25p'/3n. Then, for each X € V we have that [V (P) N X| <
[V(P)| < 2e(P) < 50p"3n < p'/*n/9. So Lemma 4.9 applied with 2,1, W, {4, B}, P, p'/*/9
playing the roles of k, ¢, W, {Aj,Bj},P,pSB implies that G contains a path system P’ that is a
V-tour with parameter p'/4. Now Lemma 4.10 with P’, p'/3, p'/4,1v/2,27,1/16,2,1 playing the
roles of P, p,v,v,T,n, k,£ implies that G contains a Hamilton cycle. O

7.4. Tools. In this section we gather some useful tools which will be used repeatedly in the sections
to come. We will often use the following lower bounds for e (A), e (A, U) implied by chara . (G).°

Proposition 7.5. Let A;A’ € N and ¢,m € Ng. Let A'/A < e < 1. Suppose that G is a graph
with vertex partition U, A, B such that A(G[A]), A(G[A,U]) < A and chara .(G) = (¢,m). Then
eqg(A) > (U — 1A+ A" and eg(A,U) > (m —1)A+ A,

Proof. We have that £ = [eq(A)/A]: = [eqg(A)/A—¢c] sol—1 < eq(A)/A—e < (eq(A)—A")/A,
as required. A near identical calculation proves the second assertion. O

The path system we require will contain edges in G[A] and G[V; U V4, A], and will ‘roughly look
like’ a matching within each of these subgraphs. The following lemma allows us to find a structure
which in turn contains a large matching even if certain vertices need to be avoided.”®

Lemma 7.6. Let A,A’ € N and ¢ € Ny be such that L/AN N /A 1/AN <« 1. Let G be a graph
with A(G) < A, and let e(G) > ({ — 1)A + A’. Then G contains one of the following:"!

(i) a matching M of size £+ 1 and wv € E(G) with u ¢ V(M);

(ii) ¢ vertices each with degree at least A'.
Moreover, if £ > 1 and e(G) > LA+ 1; or £ =0 and e(G) > 2, then (i) holds.

Proof. We will use induction on ¢ in order to show that either (i) or (ii) holds. The cases £ =0, 1
are trivial. Suppose now that £ > 2.9 Suppose first that A(G) < A’. Then, by Vizing’s theorem,
E(G) can be properly coloured with at most A’ + 1 colours.”® Therefore G' contains a matching

84NEW 30/5

85DK: previously para started with ”Let A := D/2. Now (D3') implies that G[A U B] is p1/3-close to bipartite,

and therefore eg(A) + eq(A4, Vi UVa) < pt/3n2.”
6DK: new sentence

87DK: had 1/16 instead of & before

8SNEW29/5

89DK deleted A’/A < 1 in the next prop since we don’t need it

90DK: replaced 1/A < 1/A’ < 1 with A’/A,1/A’ < 1 in the prop and made similar changes in the statements
of the other lemmas (since both A and A’ will later be linear in n, we don’t have that 1/A <« 1/A’. We need
1/A’ < 1 in Lemma 7.6 since this doesn’t follow from ¢/A’ < 1 in the case when £ = 0.

9L ATE CHANGE: new wording.

92We cannot only suppose £ > 1 for the next part of the argument to work.

9BNow (£ —1)A — A’ > (£+ 1)(A’ 4+ 1). This wasn’t in a comment before.
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of size

eG) o [(=DA+A
el
So (i) holds. Thus we may assume that there exists z € V(G) with d(x) > A’. Let G~ := G\ {z}.
Then e(G™) > e(G) — A > ({ —2)A + A’. By induction, e(G~) contains either a matching M~ of
size £ and uwv € E(G™) with u ¢ V(M ™), or £ — 1 vertices of degree at least A’. In the first case,
choose y € N(z)\ V(M~) with y # v and let M := M~ U {zy}. Then (i) holds. In the second
case, z is our fth vertex of degree at least A’ in G, so (ii) holds.

For the moreover part, suppose now that £ > 1 and e(G) > ¢A + 1. Suppose that (i) does
not hold. Let x1,...,z, be ¢ distinct vertices of degree at least A’. Then e(G \ {x1,...,2¢}) >
e(G) — Al > 1. So G contains an edge e which is not incident to {z1,...,z¢}. We obtain

202

a contradiction by considering {e,z121} U {z1y1,...,2eye}, where z; € N(x1) avoids e and for
1 <@ < £ the vertices y; € N(x;) are distinct, and avoid e, z; and 1, ..., xy.
Finally, if £ = 0, then any two edges of G satisfy (i). |

Given an even matching M in G[A,V; U V3] and a lower bound on eg(A), we would like to
extend M into a path system P using edges from G[A] so that bal4p(P) is large. Lemma 7.6 gives
us two useful structures in G[A] from which we can choose suitable edges to add to M to form P.
The following proposition does this in the case when the consequence (i) of Lemma 7.6 holds.

Proposition 7.7. Let G be a graph with vertex partition X,Y. Suppose that G[Y] contains a
matching M’ of size £+ 1 and an edge wv with u ¢ V(M'). Let M be a non-empty even matching
of size m in G[X,Y]. Then G contains a path system P such that**
(i) PIX,Y]=M and P C M UM U{uv};
(ii) ep(Y) =L+ 1;
(i) P contains at least two XY -paths.

Proof. We will extend M by adding edges from M’ U {uv}, so (i) automatically holds. Note that
any path system P obtained in this way contains an even number of XY -paths. So it suffices to
find such a P with at least one XY-path. If M U M’ contains an XY -path, then we are done
by setting P := M U M’. So suppose not. Then M’'[V(M)NY] is a perfect matching M”. If
v € V(M"), let f be the edge of M" containing v. Otherwise, let f € E(M") be arbitrary. We
take P := M UM’ U {uwv} \ {f}. Now both of the two edges in M which are incident to f lie in
distinct XY-paths of P, so (iii) holds. Clearly (ii) holds too. O

Following on from the previous proposition, we now consider how to extend M into P when
instead the consequence (ii) of Lemma 7.6 holds in G[A].

Proposition 7.8. Let A’ € N and let £,m,r € Ng with A" > 3(+m. Let G be a graph with vertex
partition X, Y and let M be a matching in G[X,Y] of size m. Let {x1,...,2¢} CY such that
dy (z;) > A and [{x1,...,2¢} \ V(M)| > r. Then there exists a path system P C G[X,Y]UG[Y]
such that ep(Y) =L+ r, P[X,Y] = M and every edge of M lies in a distinct XY -path in P.

Proof. Since A’ > 3¢+ m, G[Y] contains a collection of ¢ vertex-disjoint paths Py, ..., P of length
two with midpoints 1, ..., xy respectively, such that V(P;) NV (M) C {z;}. For each z; € V(M),
delete one arbitrary edge from P;. Let P consist of M together with P;,..., P;. Then P is a path
system, and every edge of M lies in a distinct XY -path. Moreover, ep(Y) > 20— (0 —r) =L+ .
Delete additional edges from P[Y] if necessary. O

Proposition 7.9. Let 0 < ¢ < 1/3. Let a,b € R>¢ and let x € Ny. Suppose that 2a + b > 2.
Let o' := [a]c and let V' be the largest even integer of size at most [bl.. Then o', b > 0 and
2a’ + b > 2x.

94DK: added "at least” in (iii)
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Proof. Note that
2lale + [ble =2[a—e]+[b—¢€] > [2a—2e+b—¢€]| > [22 — 3¢] > 2.
This implies the proposition.®® |

Proposition 7.10. Let D € N and let 0 < ¢ < 1/3.9 Let G be a D-reqular graph and let
U, A, B be a partition of V(G) where |A| > |B|. Suppose that A(G[A,U)),A(G[A]) < D/2 and
that charp /o . (G) = (¢, m). Then £,m >0 and £ +m/2 > |A| — |B.

Proof. The consequence (ii) of Proposition 4.7 implies that 4e(A)/D +2¢e(A,U)/D > 2(|A| — |B|).
Apply Proposition 7.9 with 2e(A)/D,2e(A,U)/D,|A| — |B| playing the roles of a,b,z to obtain
a',b’. Note that '’ = ¢ and V' = m. O

We will first prove Lemma 7.3 in the case when |A| — |B| > 2. This constraint arises for the
following reason. We will show that we can find a path system P such that Ry (P) is an Euler tour,
but P is ‘overbalanced’. More precisely, balap(P) = £+ m/2, which is at least as large as |A| —|B|
by Proposition 7.10. We would like to remove edges from P so that (P2) holds, and Ry (P) is still
an Euler tour. However, there exist path systems Py such that balap(Py) = 2, Ry(P) is an Euler
tour, but any Py with E(Py) & E(Po) is such that Ry (Pg) is not an Euler tour. (For example, a
matching of size two in G[V}, A] together with a matching of size two in G[Va, A], such that these
edges are all vertex-disjoint.) So, if |A| — |B| < 2, we cannot guarantee, simply by removing edges,
that we will ever be able to find P’ with balap(P’) = |A| — |B| without violating (P3).

We will split the case when |A| — |B| > 2 further into the subcases m > 4 and m < 2, i.e. when
ec(A, V1 UVL) is at least a little larger than 3D /2, and when it is not. We will call these the dense
and sparse cases respectively.

7.5. The proof of Lemma 7.3 in the case when |A| — |B| > 2 and m > 4. This subsection
concerns the dense case when m > 4, i.e. when eg (A, V1UV3) is at least slightly larger than 3D/2.%7
Now G[A, V1 U V3] contains a matching M of size m. We will add edges to M to obtain a path
system P which satisfies (P1)—(P3). If M[A,V;] is an even non-empty matching for both i = 1,2,
then M satisfies (P3). In every other case we must modify M by adding and/or subtracting edges.
We do this separately depending on the relative values of eps(A4, V1) and ep (A4, V). We thus
obtain a path system Py which satisfies (P1) and (P3). Then we obtain P by adding edges to Py
from G[A] so that (P2) is also satisfied. We must pay attention to the way in which these sets of
edges interact to ensure that P still satisfies (P3).%
We begin with the subcase when ey (Vi, A), ear(Va, A) are both even and positive.??

Lemma 7.11. Let A,A’ € N, £ € Ny and m € 2N with A'JA,m/A'  L/N < 1. Let G be a graph
with vertex partition V = {V1, Vo, W := AU B}. Let M be a matching in G[Vy U Va, A] of size m,
and let M; := M[V;, A] and m; := e(M;). Suppose that {m1, ms} C 2N. Let e(A) > ({—1)A + A’
and A(G[A]) < A. Then G contains a path system P such that P C G[A] U G[A, V1 U Vo,
PlAVIUVL] = M, e(P) =+ m, Ry(P) is an Euler tour and balag(P) = £+ m/2. Moreover,
P contains at least one V; A-path for each i =1, 2.

Proof. We will find P by adding suitable edges of G[A] to M such that P contains at least one
V; A-path for each i = 1,2.1% Then by Fact 7.2 we have that Ry(P) is an Euler tour. Apply

95If [b]¢ is even, have a’ := [a]. and b’ := [b].. Otherwise, 2[a]c+[b]e is odd and at least 2z, so 2[a]e+[b]e—1 >
2z. Note that, since b > 0, [b]e = [b—¢] > [b—1/3] > [-1/3] = 0. But [b]. is odd so [b]c > 1. In this case we
have o’ := [a]s and b’ := [b]. — 1 (the latter assertion needs [b] > 1).

9DK deleted 1/D < 1

9t e (A,U) > 3D/2 + 2¢ then [eg(A,U) —e] > [3+¢] = 4.

98] added a mini sketch..

99DK: added the moreover part of the next lemma - useful for Lemmas 7.13 and 7.14

100DK: reformulated first sentence
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Lemma 7.6 to G[A]. Suppose first that the consequence (i) of Lemma 7.6 holds. Let M’ be a
matching of size £ + 1 in G[A] and let uv € E(G[A]) be such that v ¢ V(M’). Then

(7.7) balap(M UM’y =0+m/2+1 and e(MUM')=/{+m+1.

If M UM’ contains a V; A-path for both ¢ = 1,2 we are done by setting P := M U M’ \ {e} where
e € M’ is arbitrary. Suppose now that M U M’ contains a V; A-path but no V5A-path. Then
V(Mz)NACV(M'). Choose ey € E(M') with an endpoint in V(Mz). Then P := M UM’ \ {ea2}
contains a V; A-path for both 7 = 1,2, and (7.7) implies that bal 45 (P) = £+m/2 and e(P) = £+m,
as required. The case when M U M’ contains a Vo A-path but no V; A-path is identical.

So we may assume that M U M’ contains no V; A-path for both i = 1,2. Suppose that there is
ajas € E(M') with a; € V(M;). Then P := MUM’'\ {ajas} contains a V; A-path with endpoint a;
for ¢ = 1,2. Moreover, (7.7) implies that P satisfies the other conditions. Therefore we may assume
that M/ := M'[V(M;) N A] is a (non-empty) perfect matching for ¢ = 1,2. Choose f; € E(M])
for i = 1,2 such that v € V(f1) UV (f2) if possible. We set P := M U M' U {uwv} \ {f1, f2}
Note that every vertex in V(f;) \ {v} is the endpoint of a V; A-path in P. Then (7.7) implies that
balap(P) =balag(MUM')+1—-2=1{¢+m/2 and e(P) = { + m, as required.

Suppose instead that the consequence (ii) of Lemma 7.6 holds and let z1,...,z, be ¢ distinct
vertices in A with da(z;) > A’ forall 1 < ¢ < ¢. Apply Proposition 7.8 with G\ B, V,UVa, A, M, z;,0
playing the roles of G,X,Y, M, z;,r to obtain a path system P C G[A] U G[A4, V1 U V,] with
ep(A) =4, P[A, V4 UVa] = M and such that every edge in M lies in a distinct AV;-path in P for
some ¢ € {1,2}. Therefore Ry (P) is an Euler tour, e(P) = £+ m, and since V(P)N B = () we have
that balag(P) =€+ m/2. O

We now consider the case when ey (Vi, A), epr(Va, A) are both odd and at least three.

Lemma 7.12. Let A,A’ € N, £ € Ny and m € 2N with A"/A,;m/A (/N < 1. Let G be a graph
with vertex partition V = {V1,Va,W := AU B}. Let m < eq(V1 U Vs, A), eg(A) > (£ —1)A + A/
and A(G[A]) < A. Let M be a matching in G|V, UVa, A] of size m, and let M; := M[V;, A], m; :=
e(M;). Suppose {mi,ma} C 2N+ 1. Then G contains a path system P such that e(P) < £+ m,
Ry (P) is an Euler tour and balag(P) = £+ m/2.

Proof. We will find P such that ep(V;, A) = ep(V;, W) is even for i = 1,2, ep(V, V) = 0 and
such that for each X € V, there exists X’ € V \ {X} such that P contains an X X’-path. Then by
Fact 7.2 we have that Ry (P) is an Euler tour.

Let us first suppose that £ = 0. Since m < eq(V1UVa, A), there exists an edge et € G[V1UVs, A\
E(M). Suppose, without loss of generality, that et € G[V7, A]. Let e~ be an arbitrary edge in M,.
Let P := MU{et}\{e"}. Then Ry(P) is an Euler tour and balsag(P) = (m1+1)/2+(ma—1)/2 =
m/2, as required.

Therefore we assume that ¢ > 1. Apply Lemma 7.6 to G[A]. Suppose first that the conse-
quence (i) of Lemma 7.6 holds. So G[A] contains a matching M’ of size £+ 1. Note that it suffices
to find e; € M; for i = 1,2 such that M U M’ \ {e1, ez} contains a V;A-path for ¢ = 1,2. Then it
is straightforward to check that we are done by setting P := M U M’ \ {ej,ex}.

We say that zy € E(G[A]) is a connecting edge if x € V(M) and y € V(Ms). Suppose that M’
contains no connecting edge. So M U M’ contains no V;Va-paths. But an even number of edges
in M; lie in V;V;-paths of M U M’. Since m; is odd, there must be a V;A-path P; in M U M’ for
i =1,2. We are done by choosing e; € E(M;) \ E(FP;) arbitrarily.

Therefore we may assume that there exists a connecting edge ajas € M’, with a; € V(M;).
Suppose that there exists a second connecting edge ajab € M’, with a; € V(M;). Then we are
done by choosing e; € M; with endpoint a; and es € My with endpoint a). Therefore we may
suppose that ajas is the only connecting edge in G. Let P be the V;Vs-path containing a;as.
Let P := (M UM')\ {E(P)}. Then, for each ¢ = 1,2, either P’ contains a V;A-path P; 4, or a
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ViVi-path P; ;. In the first case, let e; be an arbitrary edge of M, that does not lie in Pi’A.101 In
the second case, let e; € E(P; ;) N E(M;) be arbitrary.1%?

Suppose instead that the consequence (ii) of Lemma 7.6 holds in G[4] and let xy,...,xs be £
distinct vertices in A with da(x;) > A’ for all 1 <i < /. Since £ > 1, we can choose e; € M; and
ez € My so that {z1,...,2¢} € V(M \{e1,e2}). Apply Proposition 7.8 with G\ B, V1 UVa, A, M \
{e1, e2}, i, 1 playing the roles of G, X, Y, M, x;, r to obtain a path system P C G[A]JUGI[A, V1 U V3]
such that ep(A) = €41, P[A, V1UV,] = M\ {ey, e2}, and every edge in M\ {eq, e2} lies in a distinct
AVj-path in P for some i € {1,2}. Then ¢(P) ={¢+m —1 and balyg(P) =L+ 1+ (m —2)/2 =
¢4+ m/2. Since P[A,V;] is an even matching for ¢ = 1,2 and P[V}, V5] is empty, we have that
Ry (P) is an Euler tour and we are done. O

We now consider the case when ey (Va, A) is odd and at least three, and epr(Vh, A) = 1.

Lemma 7.13. Let A,A" € N, ¢ € Ny and m € 2N with A'/A;m/A {/A < 1. Let G be a
3-connected graph with vertex partition V = {V1, Vo, W := AU B}. Let eqg(A) > (£ — 1)A + A’
and A(G[A]) < A. Let My be a matching in G[Va, A] of size m — 1 where 3 <m —1 < eg(Va, A)
and let e; € GV, A] be an edge not incident to My. Then G contains a path system P such that
e(P) <L+ m+2, Ry(P) is an Euler tour and balag(P) = £+ m/2.

Proof. We will find a path system P such that, for each X € V, ep(X, X) is even and there exists
X'’ € V\ {X} such that P contains an X X'-path. Then by Fact 7.2, Ry,(P) is an Euler tour. We
will choose P such that P[V; U Vo, W] is obtained from Ms U {e1} by adding/removing at most
one edge.'?® Since G is 3-connected, G contains an edge viv with v; € V; and v € Vo U AU B such
that vv; and e; are vertex-disjoint. We consider cases depending on the location of v.

Case 1. v € A.

If possible, let e; be the edge of My incident to v; otherwise, let es be an arbitrary edge of Mo.
Then we are done by applying Lemma 7.11 with My U {e1,v1v} \ {e2} playing the role of M.

Case 2. v e V5.

If possible, choose es € E(Ms;) whose endpoint vy € V3 satisfies v = v, otherwise let ey € E(Ma)
be arbitrary. Set Vi := Vi U{v,vo} and V3 := V5 \ {v,v2}. Observe that ey, uqe,}(A,V)) € 2N for
i=1,2. Let V' := {V/, V4, W}. Apply Lemma 7.11 with G \ {v1}, V{, V5, A, B, Ms U {e;} playing
the roles of G, Vi, Vs, A, B, M to obtain a path system P’ such that P’ C G[A] U G[A, V] U V],
PAVIUVY] = My U{er}, e(P') = £+ m, Ry (P’') is an Euler tour and balap(P’) = £ + m/2.
Moreover, P’ contains at least one V; A-path for each i = 1,2. Let'% P, be such a path.

Let P := P’ U {vv1}. Then e(P) = £ +m + 1 and balag(P) = £ + m/2. Moreover, each of
ep(Vi, Th) = ep (V1L V]) = 2, ep(Va, Vo) = epr (V4. V}) + 2 and ep(W,TW) = eps (W, TV) is even.
Now P is a Vo A-path in P. Similarly, if P, avoids e, then P; is a V3 A-path in P. If P; contains e
and vy = v, then vivP; is a Vi A-path in P. If vy # v then viv is a V; Vo-path in P.1% Therefore,
by Fact 7.2, Ry(P) is an Euler tour, as required.

Case 3. v € B.

Apply Lemma 7.6 to G[A]. Suppose first that the consequence (i) of Lemma 7.6 holds. Let M’ be
a matching of size £ + 1 in G[A] and let vw € E(G[A]) with u ¢ V(M'). Apply Proposition 7.7
with G\ B, Vi U Vo, A, My U {e1}, M’ u,w playing the roles of G, X,Y, M, M’ u,v to obtain a

101This is possible because P; 4 contains at most one V; A-edge and e(M;) > 3.

1021 ATE CHANGE: Else ¢; could have both endpoints in A.

103 ATE CHANGE: The previous sentence was wrong.

104DK: before we had ”Since P'[A, V1 UVs] = MaU{e1} we have that, for each ¢ = 1,2, P’ contains at least two
distinct AV/-paths. Therefore, for each ¢ = 1,2, P’ contains at least one AV/-path P; with V(P;) N{v,v1,v2} = 0.
But I don’t see why P’ contains at least two distinct AV/-paths.

105Note that v lies in a path of P’ iff v = va.
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path system Py such that Po[V3 U Vo, A] = Mo U {e1}; ep,(A) = £+ 1; and Py contains at least
two (V4 U Vz)A-paths. But Py contains at most one V; A-path, and hence at least one V3 A-path
P. Now the consequence (i) of Proposition 7.7 implies that ep(V2, A) = 1. So we can choose
e € E(Po[Va, A])\ E(P). Let P := PoU{v1v}\{e}. Then ep(X, X) is even for all X € {V;, Vo, W}
and P contains a V3 B-path and a V2 A-path. Moreover, balsg(P) = ep,(A)+ep, (A, V1UV2)/2—1 =
¢+ m/2, as required.

Suppose instead that the consequence (ii) of Lemma 7.6 holds. Then G[A] contains ¢ distinct
vertices x1,...,x¢ such that da(z;) > A’ for all 1 < ¢ < £. Choose e € E(G[Vz2, A]) \ E(Mz).
If £ = 0 then P := My U {ej,v1v,e} is as required. Suppose now that £ = 1. Let wy,y; €
Na(z1) \ V(Mz U {e1}) be distinct. Suppose that z; ¢ V(ep). If possible, choose e3 to be
the edge of M, that contains zi; otherwise, let e be an arbitrary edge of Ms. In this case
we let P := My U {e1,v1v,wiz1y1} \ {ea}. Suppose now that z; € V(er). In this case we let
P := MyU{e1,v1v,e}U{x1y1}. In all cases, we have that Ry (P) is an Euler tour, e(P) < £+m+2
and balyp(P) = m/2 + 1, as required.

Suppose finally that ¢ > 2. Then we can choose es € My so that {x1,...,2¢} € V(M2 U {e1}\
{e2}). Apply Proposition 7.8 with G\ B,V; U Va, A, Ms U {e1} \ {ea2},x;, 1 playing the roles of
G,X,Y,M,z;,r to obtain a path system Py in G[A] U G[4, Vi U Va] such that ep,(A) = £ + 1,
PolA, Vi U Vo]l = My U {er} \ {ez2}, and every edge in M U {e1} \ {ez2} lies in a distinct AV;-path
in Py for some i € {1,2}. Let P := Py U {viv}. Then e(P) =¢+m+1 and

balap(P) =ep,(A) + ep, (A, V1UV2)/2—-1/2=4+1+(m—1)/2—-1/2=0+m/2.
Note finally that Ry (P) is an Euler tour by Fact 7.2. O

We are now ready to prove a more general version of Lemmas 7.11-7.13 in which G[A, V; U V3]
contains an arbitrary even matching of size at least four.

Lemma 7.14. Let A,A’ € N, ¢ € Ny and m € 2N with A'/A,m/A (/A < 1 and m > 4. Let
A'JA < e < 1/3. Let G be a 3-connected graph with vertex partition V = {V;, Vo, W := AU B}.
Suppose that A(G[A]), A(G[A, V1 U Vz]) < A and chara (G) = (¢,m). Then G contains a path
system P such that e(P) < £+ m+4, Ry(P) is an Euler tour and balap(P) = £+ m/2.

Proof. Write U := V; U V5. Proposition 7.5 implies that
(7.8) eg(A) > (L —1)A+A" and eg(A,U) > (m—1)A+ A"

Recall also that m < [eq(A,U)/A] and m is even. Choose non-negative integers by, by such that
b; < [eq(A,V;)/A] for i = 1,2 and by + be = m. Apply Lemma 6.7 with G[A, U], A, V1, V5 playing
the roles of G,U,V,W to obtain a matching M in G[A, U] such that epr(A,V;) = b; for i = 1, 2.
Without loss of generality we assume that b; < by. Suppose first that b1,bs are both even and
positive. Then we are done by applying Lemma 7.11. If by, by are both odd and at least three, then
we are done by applying Lemma 7.12.19 Suppose that b; = 1. Then [eg(A4, V5)/A] > by =m —1
som—1< eg(A,Va). Therefore we can apply Lemma 7.13 with M playing the role of My U {e1}.
So we can assume that by = 0, and hence that M C G[A, Va]. Suppose that eg(A, V1) > 0. Then
there is an edge e € E(G[A,V;]) and m — 1 edges in M which are not incident with e. We are
similarly done by applying Lemma 7.13. The only remaining case is when eg(A,V;) = 0. Now
(7.8) implies that

(7.9) eg(A, Vo) > (m—1)A+ A

Since G is 3-connected, G[V1, V1] contains a matching of size three. So G[V1, V2 U B] contains a
matching of size three. Then at least one of G[V1, Va|, G[V4, B] contains a matching of size two.

Case 1. G|V, V3] contains a matching M* of size two.

106re(A,U)/A] < e(A,U) since e(A,U) > 3A + A/,
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Choose two distinct edges eg, €5, € E(M) such that |V (M*)N{vq, v5}| is as large as possible, where
vg, v are the endvertices of ey, e} in V5.197 Set V{ := Vi U{vg,v4} and Vg := Vo \ {vg, vh}. Observe
that epr(A4,V/) € 2N for i = 1,2 since m > 4. Let V' := {V{, V4, W}. Apply Lemma 7.11 with
G, V], V], A, B, M playing'®® the roles of G, Vy, Vs, A, B, M to obtain a path system P’ such that
P C GIAJUGIA, V] U], PI[A VI UVy] = M, e(P') = £ +m, Ry(P') is an Euler tour and
balag(P') = £ +m/2.1% Moreover, P’ contains at least one V; A-path for each i = 1,2. Let P; be
such a path. Then P; contains either es or e},. Without loss of generality we may assume that Py
contains es.

Let P := P'"UM*. Then e¢(P) = £+ m + 2 and balag(P) = £ + m/2. Moreover, each of
eP(Vlvvl) = 673’(‘/1/771/) = 2, 673(‘/2’72) = 673’(‘/2/772/) +4 and eP(WW> = e”l"(VVaW) is even.
Now P; is an VhA-path in P. If M* contains an edge e which avoids both vy, v5 (and thus is
vertex-disjoint from all edges in M), then e is a V;Va-path in P. If there is no such edge e, then
M* contains an edge e’ whose endvertex in V5 is v9. Then e’ U P is a V; A-path in P. Therefore,
by Fact 7.2, Ry(P) is an Euler tour, as required.

Case 2. G[V1, B] contains a matching M* of size two.

Apply Lemma 7.6 to G[A]. Suppose first that the consequence (i) of Lemma 7.6 holds. Then G[A]
contains a matching M’ of size £ + 1 and an edge uv with v ¢ V(M'). Apply Proposition 7.7
with G\ B,V; UV,, A, M, M’, u,v playing the roles of G, X, Y, M, M’ u, v to obtain a path system
Po such that Py[V3 UV, A] = M; Py € M UM’ U {uv}; ep,(A) = £+ 1; and Py contains at
least two VoA-paths. Let P := Py U M*. Then P contains at least two Vo A-paths and two Vi B-
paths (namely the edges of M*), so Ry(P) is an Euler tour. Moreover balyp(P) = ¢+ m/2 and
e(P) = { +m + 3, as required.

Suppose now that the consequence (ii) of Lemma 7.6 holds in G[A]. Assume first that £ > 2.
Let x1,...,xp be ¢ distinct vertices in A such that da(z;) > A’ for 1 < i < ¢. Since m > 4, we can
choose distinct ey, ea € M such that [{z1,...,z¢} \ V(M \ {e1,e2})| > 2. Then Proposition 7.8
applied with G\ B,V; U Vs, A, M \ {e1,ea}, x;,2 playing the roles of G, X,Y, M, x;, r implies that
there is a path system P’ C G[A] U G[A, V] U V5] such that ep/(A) = £+ 2, P[A, VL UV,] =
M\{ej, ea}, and such that every edge of M\ {e1, e} lies in a distinet AVz-path. Let P := P'UM*.
Then Ry (P) is an Euler tour, e(P) = £+ m + 2, and

balap(P) = epr(A) + epr (A, ViUVa) /2 — 1 =L+ 2+ (m—2)/2 — 1 =L +m/2.

Finally we consider the case when ¢ < 1. Lemma 7.6 applied to G[A4,V; U V5] and (7.9) imply
that G[A, V1 U V3] contains a matching M’ of size m together with a matching M ™ of size two
which is edge-disjoint from M’, such that both edges in M contain a vertex outside of V(M’).
Since eg (A, V1) = 0 by our assumption, we have M’ UM C G[A, V5].11° Suppose first that £ = 0.
In this case we let P := M'UM™TUM*. 1t is clear that Ry (P) is an Euler tour, e(P) = m +4 and
balsp(P) = m/2, as required. The final case is when ¢ = 1. Choose e € Mt and e’ € M’ such that
[V(e)n{x1}|+ |V (e')N{z1}| is maximal.''! So P’ := M'UM™\ {e, e’} is a matching of size m — 1
together with an extra edge, and xz; ¢ V(P’). In particular, P’ contains a V5 A-path P,. Since
m/A" <« 1, we can choose distinct vertices wy,y1 in Na(z1)\V(P’). Let P := P'UM* U{wiz1y1}.
Then P; is a Vo A-path in P and each edge of M* is a V; B-path in P. So Fact 7.2 implies that P
is an Euler tour. Moreover, balap(P) = m/2 + 1, and e(P) = m + 4, as required. O

The proof of Lemma 7.3 in the ‘dense’ case is now just a short step away.

107DK: reformulated that sentence

108DK had G\ E(M*) instead of G, don’t see why we have to delete M*

L09DK: changed the rest of Case 1, had ”Since P'[A, V] UVJ] = M, we have that, for each ¢ = 1,2, P’ contains
at least two AV/-paths P;, P].” before. I don’t see why this is true.

110Deryk added new sentence

HIPK: reformulated this sentence
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Proof of Lemma 7.3 in the case when |A| — |B| > 2 and m > 4. Let A := D/2. Observe
that da(a) < dg(a) for all a € A implies that A(G[A]) < A. Proposition 7.10 implies that
¢+ m/2 > |A| — |B|. Choose non-negative integers ¢ < ¢ and m’ < m such that m’ is even,
{'+m'/2 = |A|—|B| and m’ > 4. This is possible since |A|—|B| > 2. Let A’ := vn. Proposition 7.4
implies that £/, m’ < 12pn. Then A’/A < 1,m/ /A’ <« 1,0//A' < 1, A’/A < e. Apply Lemma 7.14
with ¢/, m’ playing the roles of £, m to obtain a path system P such that e(P) < £'4+m'+4 < f+m+4,
Ry (P) is an Euler tour, and bal(P) = ¢ +m’/2 = |A| — |B|. So (P1)-(P3) hold. O

7.6. The proof of Lemma 7.3 in the case when |A| —|B| > 2 and m < 2. We now deal with
the sparse case, i.e. when the largest even matching we can guarantee between A and Vi U V5 has
size at most two. For this, we need to introduce some notation which will be used in all of the
remaining cases.

7.6.1. More notation and tools. 1*? In the previous case when m > 4, G[A, Vi U V5] has a large
matching which we used to suitably connect components. In the case m < 2 we cannot rely on
this. So we use a ‘basic connector’. Roughly speaking, a basic connector P is a path system with
few edges such that Ry(P) is an Euler tour. So P satisfies (P1) and (P3), but not necessarily
(P2) (i.e. we might have balap(P) # |A| — |B|). We find a basic connector by Proposition 7.15
and then adjust it to satisfy (P2). Basic connectors will also be useful in the final two subsections,
i.e. Sections 7.7 and 7.8, which concern the case when |A| — |B| < 1.

Given a path system P, recall the definition of Fp(A) in (4.1). We say that P is a basic
connector'3 (for V = {V;, Vo, W := AU B}) if
(BC1) Ry(P) is an Euler tour;
(BC2) e(P) <4 and |balap(P)| < 2;
(BC3) ep(AUB) =0;
(BC4) if Fp(A) = (a1, az) then balap(P) € {a1 + 2a2 — 2,a1 + 2a3 — 1} and az < 1.
It can be shown that (BC1)—(BC3) imply (BC4) (cf. the proof of Proposition 7.15). Observe (BC3)
implies that if P is a basic connector, then

(710) 2ba1AB(73) = 67)(14, Viu Vé) — ep(B,Vl @] VQ) = a1 + 2as — 67)(B7Vv1 @] ‘/2>

Roughly speaking, the existence of a basic connector P follows from 3-connectivity. We would
like to modify/extend P into a path system P’ which balances the sizes of A, B, i.e. for which
balag(P’) = |A| — |B|."'* The following notion will be very useful for this. Given a graph G,
disjoint Ay, Ay € V(G) and t € Ny, we say that!!®

acc(G; Ay, Ag) >t

if G contains a path system P such that
(A1) e(P) =1,
(A2) dp(z2) = 0 for each x5 € As;
(A3) dp(z1) <1 for each x1 € Ay, and no path of P has both endpoints in A;.
y» 116

We say that such a P accommodates Ay, A, where ‘acc’ is chosen for ‘accomodating’.

H2A1LAN NEW

H3when G[V1U2, AU B] is very sparse, we need to start with such an object (guaranteed by 3-connectivity) and
adjust it as appropriate. When this graph is dense, we start with the large matching it contains and extend this
into an appropriate path system.

HApK. changed this sentence

115Deryk introduced this def instead of acc(G;c1,c2) since there was a mistake in the proof of Prop 7.19 (and
in the proof of Lemma 7.21)

L6NEW sentence
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In''7 a typical application of this notion, we have already constructed a path system P,. We
let A; be the set of all those vertices in A which have degree one in Py and As be the set of all
those vertices in A which have degree two in Py. Then, if acc(G[A]; 41, A2) > t, we can find a
path system P in G[A] with ¢ edges such that Py U P is also a path system.

We now collect some tools which will be used to prove Lemma 7.3 in the case when |A|—|B| > 2
and m < 2. The next proposition uses Lemma 4.8 to show that G contains a basic connector.

Proposition 7.15. Let G be a 3-connected graph with vertex partition V = {V;, Vo, W := AU B}.
Then G contains a basic connector P.

Proof. Apply Lemma 4.8 to G and V to obtain a path system P satisfying the conditions (i)—(iii).
We claim that P is a basic connector. Write Fp(A) = (a1,a2) and Fp(B) = (b1, b2). In particular,
(iii) implies that

(7.11) ap + by + 2(0,2 + bg) S {2,4}

and ag+b2 < 1. Note that (BC1) and (BC3) are immediate from (ii) and (i) respectively. Moreover,
(1) implies ep(AU B) = 0. So ep(A, V1 UVa) = a1 + 2a2 and ep(B, V1 U Va) = by + 2be. So (7.11)
implies that

QbalAB(P) =ay + 2ay — by —2by € {2(11 + 4as — 4,2aq + 4ag — 2}
and [2balap(P)| < 4, so (BC2) and (BC4) hold. O

By Proposition 7.15, we can find a basic connector Py in GG, which may not satisfy (P2). Our
aim now is to find a suitable path system P4 in G[A] so that Py U P4 satisfies (P1)—(P3). Let A;
be the collection of all those vertices of A with degree i in Py. The next result shows!'® that it
suffices to show that acc(G[A]; A1, As) > |A| — |B| — balag(Py).'*?

Proposition 7.16. Let G be a graph with vertex partition V = {V1, Vo, W := AUB}. Let Py be a
basic connector in G and for i = 1,2 let A; be the collection of all those vertices of A with degree
i in Py. Then, for any integer 0 < t < acc(G[A]; A1, A3), we have that G contains a path system
P such that Ry(P) is an Euler tour, balgp(P) = balap(Po) +1t and e(P) <t +4.

Proof. Let Pa be a path system in G[A] which accommodates Ay, Az such that e(P4) = ¢. Let
P := Py UP4. Properties (A2) and (A3) imply that P is a path system. It is straightforward to
check that (BC1) implies that Ry,(P) is an Euler tour. Moreover, balap(P) = balap(Py) +e(Pa),
as required. Finally, (BC2) gives the required bound on e(P). O

7.6.2. Building a basic connector from a matching. The next lemma shows that in the case when
G[A, V1 U V3] contains a matching of size at least three, we can obtain a basic connector with
additional useful properties.

Lemma 7.17. Let G be a 3-connected graph with vertex partition V = {Vi,Vo, W := AU B}.
Suppose that G[A, V1 U Va| contains a matching M of size three. Then one of the following holds:

(i) G contains a basic connector P with balag(P) > 1, and if Fp(A) = (a1, as), then a; > 2;

(ii) eq(A,V;) =0 for some i € {1,2}, and for each a € A, G contains matchings Mg 4, M, p
in G[A\ {a},V;], G[B,V;] respectively, where j € {1,2} \ {i}, each of which has size two.
In particular, P, := My 4 U M, g is a basic connector with balag(P,) =0, a ¢ V(P,) and
Fp(A) = (2,0).120

H7DK: changed this para

118y merged the two propositions that used to be here since the former was only ever used to prove the latter.

H9Deryk changed this sentence and rewrote prop, replacing acc(G[A];a1,az2) by acc(G[A]; A1, A2). We need
this strengthening in the proof of Prop 7.20

120mhis statement has been strengthened, and the proof has changed accordingly (last few lines). DK: changed
”moreover” to ”in particular”
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Proof. Without loss of generality we may assume that epr(A,V2) > epn(A4, V7). Suppose first
that eq(A, Vi) > 0. We claim that G[A, V] U V5] contains a matching M’ of size three such that
em (A, V1) =1 and epp (A, Vo) = 2. To see this, we may assume that we cannot set M’ := M, so
M C G[A,V3]. Let e; € E(G[A,V1]). Then V(e1) NV (M) C A. If possible, let ¢’ be the edge of
M incident to ep, otherwise let ¢/ € E(M) be arbitrary. Let M’ := M U{e1} \ {¢'}, proving the
claim.

Since G is 3-connected, there exists e € E(G[V1, V4]) that is not incident with the unique edge
e1 € M'[A,V;]. Let = be the endpoint of e that does not lie in V3. If x € V, then we can
choose ey € M'[A, V5] which is not incident with e and then P := {e, e, ea} is a path system with
balap(P) =1 and Fp(A) = (2,0). It is easy to check that P is a basic connector, so (i) holds. If
x € AU B then similarly P := M’ U {e} satisfies (i).

Suppose now that eg(A,Vy) = 0. Thus ep(A,V2) = 3. Since G is 3-connected, there is a
matching M’ of size three in G[V1,Vi]. Let E(M') = {e1,e2,e3} and let x1, 22, 3 respectively be
the endpoints of ey, e, e3 which do not lie in V;. Note that {1, 22,25} C B U V. Suppose first
that |[V/(M') N B| < 1. Without loss of generality we assume that {z1, 22} C Va. Let e,e’ € E(M)
be such that {z1,z2} Z V({e,e'}). Then P := {e,e',e1,e2} is such that balap(P) = 1 and
Fp(A) = (2,0). Moreover, P is a basic connector, so (i) holds. So without loss of generality we
may assume that |V (M')NB| > 2 and {1, 22} C B. Given an arbitrary a € A, choose e, e’ € E(M)
such that a ¢ V({e,e’}). Let M, 4 := {e, e’} and M, p := {e1,e2}. So (ii) holds.'*! O

We now show how this result implies that, whenever G[A, V; U V3] contains a matching of size
two, we are again able to find a basic connector with additional useful properties (though not as
useful as those in Lemma 7.17).

Lemma 7.18. Let G be a 3-connected graph with vertex partition V = {V;,Vo,W := AU B}.
Let M be a matching in G[A, V1 U Va] of size two. Then G contains a basic connector P with
balag(P) > 0, and if Fp(A) = (a1, a2), then a; > 1.

Proof. Write U := V4 U V4. Since G is 3-connected, G[A U B, U] contains a matching M’ of size
three. We claim that M U M’ contains a matching M™* of size three such that at least two of the
edges in M* lie in G[A,U]. To see this, assume that ey (A,U) < 1 (or we could take M* := M’).
Assume further that there is no edge e € E(M’) without an endpoint in V(M) (or we could take
M* := M U{e}). Then, if we write M := {au,a’uv'} where a,a’ € A and u,u’ € U, we have that
M’ consists of distinct edges e, €./, e incident with u, v’ and {a,a’} respectively. Suppose that
a € V(e). Then e € E(G[A,U]) and so e, e, € E(G[B,U]). Moreover, neither e nor e, is incident
with a’u’. We can set M* := {a’u/, e, e, }. If instead a’ € V(e), then we can set M* := {au, e, e, }.
This proves the claim.

If M* C G[A,U], we are done by Lemma 7.17. Otherwise, let bu be the unique edge in
M*[B,U] with u € U and b € B. Let A’ := AU {b} and B’ := B\ {b}. Apply Lemma 7.17
with G, M*, A’, B’ playing the roles of G, M, A, B. Suppose first that (i) holds. Then G contains
a basic connector P with baly g/ (P) > 1. But balyg(P) = bala g (P) — dp(b) if b € V(P) and
balap(P) = bala g/ (P) otherwise. If dp(b) = 1 then balyg(P) > 0, as required. Suppose that
dp(b) = 2. Write Fp(A’) := (a},a)). Thus af, = 1 by (BC4). Moreover, the consequence (i) of
Lemma 7.17 implies that aj > 2. Now a} + 2a, < balg/p/(P) +2 < 4 by (BC2) and (BC4), so
(a},a5) = (2,1) and balg g/ (P) = 2. Then balag(P) > 0, as required. Let Fp(A) =: (a1,a2). As
above, (a1,a2) € {(a} —1,4d5), (a},al —1),(a},a%)}. So ax > aj —1 > 1 by the consequence (i) of
Lemma 7.17. Suppose instead that the consequence (ii) of Lemma 7.17 holds. The ‘in particular’
part implies that G contains a basic connector P, with bala g/ (Py) = 0, Fp,(A) = (2,0) and
b ¢ V(Py). Then balyp(Py) = bala g (Pp), and Fp,(A) = Fp,(A’) as required. O

12116t P, := My UMp. Then balag(Ps) =0and a ¢ V(Ps) and Fp, = (2,0). Moreover, P is a basic connector,

so (ii) holds.
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7.6.3. Accommodating path systems. The following proposition gives a lower bound for acc(G; A1, As)
whenever G contains several vertices of degree much larger than |A;| + |As| (i.e. when the conse-
quence (ii) of Lemma 7.6 holds in G').1%2

Proposition 7.19. Let A’ € N and let £,a1,as € Ng be such that A’ > 30 + a1 + a>. Let G be a
graph and let X be a collection of £ vertices in G such that dg(x) > A’ for all x € X. Then for
all disjoint Ay, Ay C V(G) with |A;| = a; fori=1,2, we have

acc(G; A1, Az) > 20 — | X N Ay — 2| X N Azl

Proof. Write X := {x1,...,24}. Since A’ > 3¢+a1+as we can choose distinct vertices wy, ..., wg, y1, - . -

such that {w;,y;} C N(z;) \ (41 U A2 U X). For each 1 <14 < ¢, define

T;Yq if x; € Al;
(7.12) P=<0 if x; € Ag;

w;x;y; otherwise.
Then P := Ulgz‘gé P; is a path system which accommodates A;, Ay. Clearly
(7.13) acc(G; A1, A2) > e(P) =20 — | X N A1| — 2| X N Ay,
as required. O

The following proposition shows that, if A contains a collection X of vertices of high degree and
G contains a basic connector Py which does not interact too much with X, then we can extend Py
such that it still induces an Euler tour but balsp(Pg) has increased.

Proposition 7.20. Let A’ € N and let £,r € Ny be such that A’ > 3¢ + 4. Let G be a graph with
vertex partition V = {V1, Vo, W := AU B} and let Py be a basic connector in G. For i = 1,2, let
A; be the collection of all those vertices in A with degree i in Py. Let X :={x1,...,z¢} C A where
da(x;) > A’ for all 1 <14 < {. Suppose that X N Ay =0 and | X \ A1| > r. Then G contains a path
system P such that Ry (P) is an Euler tour, balag(P) = balap(Po) + £+ 1 and e(P) < L+7r+4.

Proof. Write Fp,(A) := (a1, a2). So |4;| = a; and hence ay + az = |V(Py) N A| < 4 by (BC2) and
(BC3). Therefore we can apply Proposition 7.19 to see that

acc(G[A]; A1, Ag) > 20 — | X NA | —2[XNA >20—(U—r)=L+r.
Then Proposition 7.16 implies that there exists a path system P as required. O

The following lemma gives lower bounds for acc(G[A]; A1, A2). Together with Proposition 7.16,
this will enable us to see ‘how far’ we can extend a basic connector. We show that acc(G[A]; A1, Az)
is ‘sufficiently large’ unless we are in one of two special cases.

Lemma 7.21. Let k € {0,1}, A, A’,¢ € N be such that £ + k > 2. Suppose that A'JAL/A <
1. Let G be a graph with vertex partition U, A and suppose that eq(A) > (¢ — 1)A + A’ and
A(G[A]), A(GIA,U]) < A. Let ay,as € Ng with a; > k and A" > 30+ a1 + as. Let Ay, Ay C A be
disjoint such that |A;| = a; fori =1,2. Then one of the following holds.
(I) acc(G[A]; A1, A2) > £ — a1 —2a2 + k + 2;
(I0) k=1, (a1,a2) = (1,0) and acc(G[A]; A1, Az) > L+ 1;
() k=1, 1 < lya; +az <2, eqg(A) < LA and acc(G[A]; A1, A3) > £ — as. Moreover, let
X:={x € A:da(x) > A’}. Then |X|=/{ and all edges of G[A] are incident with X.

122Deryk replaced acc(G;a1,a2) by acc(G; A1, A2) in the next prop and the rest of the section (the next prop

was wrong before).

» Ye
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Proof. Apply Lemma 7.6 to G[A]. Suppose first that (i) holds. Let M be a matching in G[A4] of
size £ + 1 and let uv € E(G[A]) be such that u ¢ V(M). Obtain M’ from M by deleting all those
edges with both endpoints in A; or at least one endpoint in As. Then M’ accommodates A;, Ay
by construction, so

(7.14) acc(G[A]; Ay, A) > e(M') > £+ 1 — |a1/2] — a.

If [a1/2] + a2 > k + 1, then (7.14) implies that (I) holds.

So suppose instead that [a1/2] 4+ a2 < k. First consider the case k = 0. Then [a1/2] + a2 =0
and hence (a1, as) = (0,0). Now A; = Ay =0, so M U{uv} is a path system which accommodates
Ay, Az, and e(M U {uv}) = £+ 2, so (I) holds.

Now consider the case k = 1. We have [a1/2] + a2 < 1. But a1 > k > 1 so (a1,a2) = (1,0).
Observe that acc(G[A]; A1, A2) > £+ 1 by (7.14). So (II) holds.

Suppose now that the consequence (i) of Lemma 7.6 does not hold in G[A]. Since ¢ > 1, we
have eg(A) < ¢A by the final assertion in Lemma 7.6. Let X := {z € A : da(z) > A’}. Then
|X| > ¢. Since the consequence (i) of Lemma 7.6 does not hold, we must have that |X| = ¢ and
that all edges of G[A] are incident with X.!23

Apply Proposition 7.19 to see that

acc(G[A];Al,Ag) Z 20 — |X N A1| — 2|X n A2| Z 20 — min{al,f — (ZQ} — 2(12
(7.15) =/{—a; —2as + max{l,a; + az} > ¥ — as.

124 Tn particular, if max{/, a; +as} > k+2, (7.15) implies that (I) holds. So we may suppose that
max{¢,a; +as} < k+1. Recall that k+¢ > 2 and a; > k in the hypothesis. Hence, we have k = 1
and so 1 < /¢, a1 4+ as < 2. So (III) holds. O

We are now ready to prove Lemma 7.3 in the case when |A| — |B| > 2 and m < 2. Roughly
speaking, the approach is as follows. Proposition 7.15 implies that G contains a basic connector
Po. When m = 2, Lemmas 7.17 and 7.18 allow us to assume that balag(Pp) is non-negative.
We would like to extend Py to a path system P in such a way that Ry (P) is an Euler tour and
balap(P) =€+ m/2 > |A| — |B|. Proposition 7.16 implies that, in order to do this, it suffices to
find a path system P4 in G[A] which accommodates A, As (where A; is the collection of all those
vertices in A with degree i in Py) and has enough edges. Now Lemma 7.21 implies that we can do
this unless m = 2, ¢ is small and (|A;|, |A2|) takes one of a small number of special values. Some
additional arguments are required in these cases.

Proof of Lemma 7.3 in the case when |A| —|B| > 2 and m < 2.1%5 Let k := m/2. Since m € 2N
we have k € {0,1}. Let A := D/2, A’ :=vn and U := V; U V4. Proposition 7.10 implies that

(7.16) (+k>|Al—|B| > 2.
Proposition 7.4 implies that £,m < 12pn. Then A’ /A (/A" ;m/A" < 1, A’/A < €. Proposition 7.5
implies that
(7.17) eq(A) > (l—1)A+ A" and eg(4,U)>(m—1)A+ A
By Proposition 7.15, G contains a basic connector Py. Further assume that balsg(Pg) is maximal,
and given balap(Po), a1 is maximal where Fp, (A) := (a1,az2). Let

t:=|A| —|B| — balap(Py).

Then (BC2) implies that ¢ > 0. In fact we may assume that ¢ > 1 as otherwise Py satisfies
(P1)—(P3). For i = 1,2 let A; be the set of all those vertices in A which have degree i in Py. So

123DK reformulated this sentence
124p _ g1 — 2a9 + max{{,a1 + a2} > £ — (a1 + a2) — a2 + (a1 + a2)
125pK changed quite a bit in this proof...
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|A;| = a;. Proposition 7.16 implies that, to prove Lemma 7.3, it suffices to show that
acc(G[A]; A1, Ag) > t.

(To check (P1), note that (BC2) and (7.16) imply ¢t < |A| — |B|+2<{+k+2</{+m+2)

Claim A.

(i) Suppose that k = 1. Then balag(Py) > 0, and if balap(Py) = 0 then a; > 1.
(i) a; > k.126

To prove Claim A(i), note that if & = 1 (and so m = 2), then (7.17) and Lemma 7.6 imply that
G[A, U] contains a matching of size two. Together with Lemma 7.18 and our choice of Py this in
turn implies Claim A(i). Claim A(ii) clearly holds if & = 0, so assume k = 1. If bal45(Py) = 2, then
a; > 1 by (BC4). Together with Claim A(i) this shows that we may assume that balap(Po) = 1.
By (BC4), we may further assume that (a1, a2) = (0,1). Then (7.10) implies that ep,(B,U) = 0.
But then Py has no endpoints in W = A U B, contradicting (BC1). This completes the proof of
Claim A.

Apply Lemma 7.21 with G\ B, A, U, Fp,(A), ¢, k playing the roles of G, A, U, (a1, a2), ¢, k. Suppose
first that (I) holds, so
(BC4),(7.16)
aCC(G[A};A17A2)Zé—a1—2a2+k+2 2 ‘A|—|B‘—ba,1AB(PO):t’
as required. Therefore we may assume that one of the consequences (IT) or (III) of Lemma 7.21
holds. So k =1 and therefore balag(Py) > 0 by Claim A(i). Suppose first that (II) holds. Then

(7.16)
acc(G[A]; A1, A2) > £+1 > |A|—|B| >t

as required. Therefore we may assume that (III) holds. So 1 < ;a1 4+ as < 2, eg(A) < LA and
acc(G[A]; A1, A2) > € —az. Let X := {z € A : da(x) > A’}. Then the consequence (III) of
Lemma 7.21 also implies that |X| = ¢ and all edges of G[A] are incident with X.

We claim that we are done if baly5(Py) # ag. To see this, suppose first that balap(Py) < as—1.
Since bal4p(Py) > 0 this implies that a; = 1 and balap(Py) = 0. But a; > k > 1 by Claim A(ii)
and a; + as < 2, s0o a3 = as = 1. This is a contradiction to (BC4). Suppose instead that
balAB(Po) > a9 + 1. Then

(7.16)
acc(G[A]; A1,A2) > L —as > L+ 1—balapg(Py) =L+1—(|A|—|B])+t > t.

Therefore we may assume that balsp(Py) = as. In particular, this together with (BC4) implies
that balsp(Po) € {0,1}. We claim that we can further assume that

(7.18) {=1|A]—|B|-1.
Indeed, to see this, note that by (7.16), it suffices to show that we are done if £ > |A| — |B|. But
in this case we have acc(G[A]; A1, A2) > £ —az > |A| — |B| — a2 = t, as required.

We will now distinguish two cases.

Case 1. G[A, U] contains a matching of size three.'?”

Recall that balag(Py) € {0,1}. So Lemma 7.17 and our choice of Py imply that a; > 2. Since
a1 + a2 < 2 we have that (a1,a2) = (2,0). Therefore balyp(Py) = a2 = 0. Now, by Lemma 7.17
and our choice of Py we deduce that there is some ¢ € {1, 2} such that for j € {1,2} \ {i} and for

126KS: We do need to prove the claim like this. Lemma 7.18 implies there exists P with balag(P) > 0 and

a1 > 1 (for this P). So this could only give us some P with balyp(P) = 0 and a1 = 1 (for this P). By our choice
of Po, we have that bal4g(Po) > 0. So we could have bal45(Po) > 1. But then the existence of P tells us nothing
about a; for Py, so this needs to be checked separately.

127KS: we can’t assume that balap(Po) < 0, as we could have (a1,az2) = (1,1).
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each a € A, there are matchings M, 4, M, g in G[A\ {a}, Vi], G[B, V}] respectively, each of which
has size two. Moreover, P, := M, 4 U M, g is a basic connector with balag(P,) = 0.

Let € X be arbitrary. (Recall that |X|=¢ > 1.) Apply Proposition 7.20 with P,, V (M, 4) N
A, 0, X, £,1 playing the roles of Py, A1, A2, X, £, to obtain a path system P in G such that Ry (P)
is an Euler tour, balap(P) = balap(Py) +£+1 = |A| —|B| (using (7.18)), and e(P) < £+5. Thus,
P satisfies (P1)-(P3).

Case 2. G[A,U] does not contain a matching of size three.

Together with Konig’s theorem on edge-colourings this implies that eq(4,U) < 2A.
Claim B. X NV (Py) = 0.

Since eg(A,U) < 2A, the consequence (ii) of Proposition 4.7 implies that

(7.18)
ec(4) = A(JA| = |B]) —ec(A,U)/2 = (LA

In fact, equality holds since eg(A) < ¢A by the consequence (III) of Lemma 7.21. Since all edges
of G[A] are incident with X and |X| = ¢ it follows that d4(z) = A = D/2 for all x € X. For all
xe€X,dy(x) =D —da(z) —dp(z) <D —2da(z) = D —2A = 0. The claim follows by (BC3).

Recall that we assume that ¢ > 1. Observe that, since balsg(Py) € {0, 1}, the definition of ¢ and
(7.18) imply that 1 <t <|A|—|B| =¢+1. Choose an arbitrary X’ C X with |X'| =¢—1. Apply
Proposition 7.20 with Py, X', ¢t — 1,1 playing the roles of Py, X, £, r to obtain a path system P in
G such that Ry (P) is an Euler tour, balap(P) = balap(Py) +t = |A| — |B|, and e(P) < £+ 5.
Thus, P satisfies (P1)—(P3). O

7.7. The proof of Lemma 7.3 in the case when |A| = |B|+1. Note that the extremal example
in Figure 1(i) satisfies the conditions of this case. Therefore the degree bound D > n/4 is essential
here. We will follow a similar strategy as in Section 7.6. We first find a basic connector Py and
then modify it to obtain a path system P satisfying (P1)—(P3). To be more precise, P will satisfy
e(P) < 6 and bal45(P) = 1. Throughout this section, we will assume that the basic connector Py
is chosen so that |balag(Py) — 1| is minimal. We will distinguish cases depending on the value of
balAB (730)

Let G be a D-regular graph with vertex partition A, B,U where |A| = |B| + 1. Then the
consequence (i) of Proposition 4.7 implies that

(7.19) 2eq(A) + eq(A,U) =2eq(B) + eq(B,U)+ D.

We will need the following simple facts for the case when |balap(Po)| = 2.1%8

Proposition 7.22. Let G be a 3-connected graph with vertex partition V = {V1, Vo, W := AU B}.
Then the following holds:
(1) if Py is a basic connector in G with balag(Py) = 2, then V(Py) N B =0 and Py[A, V] is
a matching of size two for each i = 1,2. In particular, Po[A, V1 UVs] contains a matching
of size three.
(i) if eq(B,U) > 0 and G contains a basic connector P} with balap(Py) = 2, then G also
contains a basic connector Py with balap(Py) = 1;
(iii) if eq(A,U) > 0 then G contains a basic connector Py with balap(Py) > —1;
(iv) if eg(A,U),eq(B,U) > 0 then G contains a basic connector Py with |balap(Pp)| < 1.

Proof. (i) follows immediately from (BC1)-(BC4). To prove (ii), note that by (i), for both i = 1,2
there are matchings M; C G[A, V] of size two such that P = My U Ms. Let e € E(G[B,U]) be
arbitrary. Without loss of generality, suppose that e € E(G[B,V;]). If possible, let e € E(M;)
be the edge incident with e; otherwise let ¢’ € E(Mj) be arbitrary. Then Py := (P U {e}) \ {€'}

128DK: changed (ii) and its proof



40 DANIELA KUHN, ALLAN LO, DERYK OSTHUS AND KATHERINE STADEN

is a basic connector with balsg(Ppy) = 1, as required. (iii) and (iv) follow from Proposition 7.15
together with an argument similar to the one for (ii).*?" O

The next lemma concerns the case when G[A, Vi U V5] contains a matching of size three. This
extra condition ensures the existence of a basic connector with useful properties of which we can
take advantage.'?’

Lemma 7.23. Let n,D € N be such that D > n/4 and 1/n < 1.3 Let G be a 3-connected
D-regular graph with vertex partition ¥V = {V1,Vo,W := AU B}, where |V;| > D/2 for i =1,2.
Suppose that |A| = |B|+1, that A(G[A, V1UW,]) < D/2 and that G[A, V1 UV3] contains a matching
of size three. Then G contains a path system P which satisfies (P1)-(P3).

Proof. Let U := V7 U Vo, Without loss of generality we may assume that eg(A, V1) < eq(A4, V2).
We will obtain P by adding at most two edges to a basic connector Py. Therefore e(P) < 6 so
(P1) will hold. We may assume that there does not exist a basic connector Py with balag(P}) =1
(otherwise we can take P := P}). Apply Lemma 7.17 to obtain a basic connector in G which
satisfies (i) or (ii).

Case 1. The consequence (i) of Lemma 7.17 holds.

So G contains a basic connector Py such that balap(Py) > 1 and, if Fp,(A) = (a1,as2), then a; > 2.
Thus balyp(Py) = 2 by our assumption. The consequence (i) of Proposition 7.22 implies that
V(Po) N B = . Furthermore, the consequence (ii) of Proposition 7.22 implies that eq(B,U) = 0.
Suppose that eq(B) > 1. For arbitrary e € E(G[B]) we have that P := PyU{e} satisfies (P1)-(P3).
So we may assume that eg(B) = 0. So (7.19) implies that

(7.20) 2eq(A) + eq(A,U) = D.

Moreover, for each b € B we have that Ng(b) C A and thus |[A| > D. So |B| > D — 1 and since
D > n/4 we have that |U| < 2D+1. We will only prove the case when |V;| = D—s for some s € Ny.
(The same argument also works for |V3| = D —s.) Recall that s < D/2 by assumption. Then every
vertex in V; has at least s + 1 neighbours in V3. Since eq(B,U) = 0 and eg(A, V1) < eg(A, Va)
we have that'??

_ (7.20)
eq(Vi,V2) > eq(Vi, Vi) —eq(A, V1) > (s+1)(D—s)—D/2> D/2.

Suppose that Py is a matching of size four in G[A,U]. Then, given any e € E(G[V1, V2]), we can
choose ¢; € Py[A, V;] such that e, e1, e5 is a matching of size three. Otherwise, the consequence (i) of
Proposition 7.22 implies that Py consists of vertex-disjoint paths uj a1, usas, viave, where v;, u; € V;
and a,a1,a2 € A. Since eq(V1,V2) > 2, we can pick e € E(G[V1,V2]) \ {uiuz}. It is easy to see
that we can similarly find e; € E(Py[A, V;]) such that e, e;, e2 is a matching of size three. In both
cases, P := {e, ey, ea} satisfies (P1)—(P3).

Case 2. The consequence (ii) of Lemma 7.17 holds.
Since eq(A4,V1) < eq(A,Vz) this implies that eq(Vi, A) = 0. Moreover, the consequence (ii)

of Lemma 7.17 ailso implies that, for each a € A, there are matchings M, 4, M, 5 in G[A\
{a}, V2], G[B, V1] respectively, each of which has size two. In particular eg(B,U) > 2.133 Suppose
that eq(A) > 0. Let aa’ € E(G[A]). Then P := M, 4UM, gU{aa’} satisfies (P1)—(P3). So we may

assume that eg(A) = 0. Then (7.19) implies that e (A, Vo) = eq(A,U) > D4eg(B,U) > D+2.134

The ‘moreover’ part of Lemma 7.6 with G[A, V3], D/2,2 playing the roles of G, A, ¢ implies that

1297 don’t think (iv) follows from the statements of (ii) and (iii)...

130pK: changed statement + proof of next lemma

BIDK added 1/n < 1 since we need 2/D = 1/A < 1 in order to apply Lemma 7.6

132for 0 < s < D/2 the function (s + 1)(D — s) — D/2 = —s2 + sD + D/2 is minimized if s = 0
133 ATE CHANGE: new sentence.

134, ATE CHANGE: New calculation, to save defining Pg.
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G|A, Vs] contains a matching My of size three and an edge zy with ¢ V(Ma). Let a € A be
arbitrary. Then P := M, p UM U {zy} satisfies (P1)—(P3). O

The following proposition will be used to find edges in G[A] which can be added to a basic
connector Py so that it is still a path system and Ry (Pp) is still an Euler tour. For example, if
a € A is such that dp,(a) = 2, then we cannot add any edges in G[A] which are incident with a.
(Recall that the partition given in Lemma 7.3 satisfies d4(a) < dg(a) for all a € A.)

Proposition 7.24. Let G be a D-regular graph with vertex partition A, B,U where |A| = |B| + 1.
Let a € A be such that da(a) < dg(a). Then

2ec(A\ {a}) + ec(A\ {a},U) > eq(B,U).
Proof. Note that!3>
2eq(A\ {a}) +eq(A\{a},U) =2eq(A) + eq(A,U) —2da(a) — dy(a)
> 2eq(A) +eq(A,U) —da(a) —dp(a) —dy(a)
=2eg(A) +eq(A,U)—D ng) eq(B,U),

as required. O

By Lemma 7.23, we may assume that G[A, V] U V5] contains no matching of size three. Then
the consequence (i) of Proposition 7.22 allows us to assume that balsg(Py) < 0 (or we are done).
In the next lemma, we consider the case when balap(Py) = 0.

Lemma 7.25. Let D € N. Let G be a 3-connected D-reqular'3® graph with vertex partition V =
{V1,Va, W := AU B}. Suppose that |A| = |B] + 1, A(G[A, V1 UVW,]) < D/2 and da(a) < dp(a)
for all a € A. Suppose further that G[A, V1 UVa] does not contain a matching of size three. Let Py

be a basic connector in G with balag(Py) = 0. Then G contains a path system P which satisfies
(P1)—(P3).

Proof. Let U := V; UVa. Since G[A, U] does not contain a matching of size three, Kénig’s theorem
on edge-colourings implies that

(7.21) ec(A,U) < D.

Property (BC4) implies that a1 + 2a2 € {1,2} and so Fp,(4) € {(2,0),(1,0),(0,1)}. We will
distinguish cases based on the value of Fp,(A).

Case 1. Fp,(A) = (2,0).

Then (7.10) implies that ep,(A,U) = ep,(B,U) = 2. Since Py is an Euler tour and e(Py) < 4
by (BC1) and (BC2), there are distinct vertices a,a’ € A, a collection of distinct vertices X :=
{u,v/,v,v'} CU with [ X NV;| =2 for i = 1,2 and b,b’ € B which are not necessarily distinct,
such that Py := {au, a’u’, bv, b'v'}.137

Observe that we are done if there exists e € E(G[A]) \ {aa’} since then Py U {e} satisfies
(P1)—(P3). So we may assume that F(G[A]) C {ada’}. Now

(7.21) (7.19)
2=¢ep,(B,U) <eq(B,U) < 2eq(B)+eq(B,U)+D—eq(A,U) =" 2eq(A) <2

Therefore we have eg(B) = 0, eq(A) = 1, eq(A,U) = D and eq(B,U) = 2, so E(G[B,U]) =
{bv,b'v'} and E(G[A]) = {ad'}.

I35 ATE CHANGE: Removed (i) from Prop.

136Deryk added D-regular

137The old proof didn’t work because I was assuming that b, b’ were distinct. So Case 1.b. below is essentially
the extra part.
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We will assume that either {u,u'} C V; and {v,v'} C Va; or {u,v} C V; and {u/,v'} C V5 since
the other cases are similar.

Case l.a. {u,uv'} CV; and {v,v'} C V5.

Suppose that eq(V1,V2) # 0. Let vivy € E(G[V1,V3]) with v; € V;. Choose e; € Pyl[A4, V1 \
{v1}] and ey € Py[B, Vo \ {v2}]. Then P := {e1,eq,v1v2,aa’} satisfies (P1)—(P3). Suppose that
eq(A, Vo) # 0. Let a"zo € E(G[A,Vs]) with a” € A and xo € Va. Choose ey € Py[B, Vo \ {x2}].
Then P := {au,a’'u’, a" 2, e2} satisfies (P1)—(P3). Therefore eq(AUVy, Va) = 0. So E(G[Va, Va]) =
{bv,b'v'}, contradicting the 3-connectivity of G.

Case 1.b. {u,v} CV; and {v/,v'} C V.

We may assume that b = b’ since otherwise P := PyU{aa’} satisfies (P1)—(P3). Since G[A4, U] does
not contain a matching of size three, every edge in G[A, U] is incident with at least one of a, a’, u, u'.
Suppose that there exists a” € A\ {a,a’} such that ua” € E(G). Then P := PyU{ua”,aa’}\ {ua}
satisfies (P1)—(P3). A similar deduction can be made with u’ playing the role of u. Therefore
every edge in G[A, U] is incident with a or a’. Since eq(A,U) = D we have dy(a),dy(a’) = D/2.

Suppose that eq(V1, Vo) # 0. Let vive € E(G[V4, Vo)) with v; € V. If v1 # u and ve # u then
P = {au,d'v,v1v9} satisfies (P1)—(P3). Therefore we may suppose, without loss of generality,
that v1 = u. Suppose that vy # u’. Then P := {a'u/,v1v2,bv,aa’} satisfies (P1)—(P3). Therefore
we may suppose that vo = uw. Thus uv’ € E(G). Since dy(a) > D/2, we can choose w €
Ny(a) \ {v,v',u,u'}. Suppose that w € V;. Then P := {aw,uu’,aad’,bv'} satisfies (P1)—(P3). If
w € Vo then P := {aw,uv’, ad’,bv} satisfies (P1)—(P3).

Thus we may assume that eg(Vi,V2) = 0. Choose Y, € {V1,V2} such that dy,(a) > D/4.
Note that there is always such a Y,. Define Y,/ analogously. Suppose that Y, = V;. Choose
w’ € Ny, (a’)\ {u,v}. Then P :=PyU {a'w'} \ {bv} satisfies (P1)—(P3). We can argue similarly if
Y, = Va.

Therefore we may assume that Y,y = V5 and Y, = V4. Suppose that dy, (a’) # 0. Let w’ €
Ny, (a’). Since dy, (a) > D/4, we can choose w € Ny, (a) \ {w'}.13® Then P := Py U {aw, a’w'} \
{au, bv} satisfies (P1)—(P3).139 So dy, (a’) = 0. Since every edge of G[A, U] is incident with a or a’,
we have that every edge in G[A, V4] is incident with a. We have shown that every edge in G[V;, Vi]
is incident with a or b, contradicting the 3-connectivity of G.

Case 2. Fp,(A) = (1,0).

Then (7.10) implies that eq(B,U) > ep,(B,U) = 1. So (7.19) and (7.21) give 2e¢(A) = D +
2eq(B) + eq(B,U) —eq(A,U) > 1. Let e € E(G[A]) be arbitrary. Then P := Py U {e} satisfies
(P1)—(P3).

Case 3. Fp,(A4) = (0,1).

Now (7.10) implies that ep,(B,U) = ep,(A,U) = 2. So (BC2) implies that ep,(V4,V2) = 0
and that there exist distinct v;,u; € V; for ¢ = 1,2, and b,b’ € B and a € A such that Py =
{v1b, v2b', uyaus}. Proposition 7.24 implies that 2eq (A \ {a}) + ec(A\ {a},U) > 2. Suppose first
that eq(A\{a}) > 1. Choose e € E(G[A\{a}]). Then P := PyU{e} satisfies (P1)—(P3). Therefore
we may assume that eq(A \ {a},U) > 2. Suppose there exists ¢’ € E(G[A\ {a},U \ {u1,uz}]).
Without loss of generality, suppose that e’ has an endpoint in V3. Then P := Py U {e’'} \ {v1b}
satisfies (P1)—(P3). Therefore we may assume that G contains an edge a’u; where a’ € A\ {a}. Let
Py :=PoU{a'u1} \ {aus }. Then P} is a basic connector with balap(P;) = 0 and Fp; (A) = (2,0).
So we are in Case 1. O

The next lemma concerns the case when balap(Py) = —1.

I38DK replaced w € Ny, (a) \ {w’,v} by w € Ny, (a) \ {w'}
139DK replaced P := Py U {a’w’'} \ {bv} by P := Py U {aw, a’w’'} \ {au, bv}
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Lemma 7.26. Let D € N where D > 12. Let G be a 3-connected D-reqular graph with vertex
partition V = {V1,Vo,W := AU B}. Suppose that |A| = |B|+ 1, A(G[A,V1 U V2] < D/2 and
da(a) < dg(a) for all a € A. Let Py be a basic connector in G such that |balap(Py) — 1| is
minimal. Suppose that balag(Py) = —1. Then G contains a path system P which satisfies (P1)—

(P3).

Proof. Let U := Vi U V4. Observe that G[A, U] does not contain a matching of size two since
otherwise Lemma 7.18 would imply that balap(Py) > 0. Therefore eq(A,U) < D/2, and so (7.19)
implies that

(7.22) ec(A) > D/4.

Write Fp,(A) := (a1, az2). Then (BC4) implies that a; + 2a2 € {0,1}. So (a1,a2) € {(0,0),(1,0)}.
Suppose first that (a1, a2) = (0,0). Then by (7.22), we can choose distinct e, ¢’ € E(G[A]). In this
case P := Py U {e, €'} satisfies (P1)-(P3).

Now suppose that (a1,az) = (1,0). Then (7.10) implies that

(7.23) eq(B,U) > ep,(B,U) = 3.

Let au be the single edge in Py[A, U], where a € A and u € U. Note that any edge in F(G[A \
{a},U]) is incident with u since G[A, U] contains no matching of size two. So eq(A\ {a},U) =
da\{q}(u). Thus Proposition 7.24 and (7.23) imply that

(7.24) QBG(A \ {a}) + dA\{a} (u) > 3.

Suppose first that d4(a) < 1. In this case, (7.22) implies that eq(A \ {a}) > D/4 —1 > 2. Let
e, e’ € E(G[A\ {a}]) be distinct. Then P := Py U {e, e’} satisfies (P1)—(P3).

Now suppose that da(a) > 2. Let a’,a” € N4(a) be distinct. Suppose that eq(A\ {a}) # 0.
Then we can choose e € E(G[A\{a}]), and P := PyU{ad’, e} satisfies (P1)-(P3). Suppose instead
that eq(A \ {a}) = 0. Then da\(4}(u) > 3 by (7.24), so there exists a* € A\ {a,a’,a"} such that
ua* € E(G[A,U]).*° We have that P := Py U {ua*,a’aa”} \ {ua} satisfies (P1)—(P3). O

We are now ready to combine the preceding lemmas to prove Lemma 7.3 fully in the case when
|Al = |B| + 1.

Proof of Lemma 7.3 in the case when |A| = |B| + 1. Let U := Vi U V,. Suppose first that
GJA,U] contains a matching of size three. Then we are done by Lemma 7.23, so assume not.
Proposition 7.15 implies that G contains a basic connector. Choose a basic connector Py in G
such that |balsp(Py) — 1| is minimal. Recall that (BC2) implies |balap(Po)| < 2. Since G[A, U]
does not contain a matching of size three, the consequence (i) of Proposition 7.22 implies that
balap(Py) < 1. We may assume that balap(Py) < 0 or we are done. Lemmas 7.25 and 7.26
prove the lemma in the case when balyp(Py) = 0,—1 respectively. So we may assume that
balap(Py) = —2. Thus, by (7.10), we have eq(B,U) > 4. Moreover, by the consequence (iii)
of Proposition 7.22 we may assume that eq(A,U) = 0. Now (7.19) implies eq(A) > D/2 + 2.
The ‘moreover’ part of Lemma 7.6 with G[A], D/2, 1 playing the roles of G, A, ¢ implies that G[A]
contains a matching M4 of size two and an edge aa’ with a ¢ V(M4). So P := Py U My U {ad'}
satisfies (P1)—(P3). O

7.8. The proof of Lemma 7.3 in the case when |A| = |B|. In this subsection we consider the
only remaining case of Lemma 7.3: when the bipartite vertex classes A and B have equal size. Our
aim is to find a path system P such that Ry (P) is an Euler tour, and balyp(P) = 0. As in the
previous section, we will appropriately modify a basic connector guaranteed by Proposition 7.15.
The degree bound D > n/4 is used again here.

early = Py U {ua ua} is a basic connector with balyg(Po) = —1 and a .
10¢1early P = P * b h balg (P dag¢ V(P
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Proof of Lemma 7.3 in the case when |A| = |B|. Let U := V; U Va. The consequence (i) of
Proposition 4.7 implies that

(7.25) 26@(/1) + eg(A, U) = 26@(3) + eg(B, U)

Proposition 7.15 implies that G contains a basic connector. Choose a basic connector Py in G such
that |balap(Po)| is minimal. Write Fp, (A4) := (a1, az).

Suppose first that eq(B,U) = 0.}41 Then

(7.10) (7.25)
2balap(Py) ="a1+2a2 =ep,(A,U) <eq(A,U) < 2eq(B).
(In particular, balap(Py) > 0.) Let E' C E(G[B]) be a collection of balsp(Py) distinct edges
(so |E'| < 2 by (BC2)). Then P := Py U E’ satisfies (P1)-(P3). Thus we may assume that
eq(B,U) > 1 and a similar argument allows us to assume that eg(A,U) > 1.

Together with the 3-connectivity of G, this implies that G[W, U] contains a matching M of size
two such that one edge is incident with A and one edge is incident with B.14? The consequence (iv)
of Proposition 7.22 and our choice of Py together imply that |balap(Po)| < 1. Without loss
of generality we suppose that balap(Py) = —1 (otherwise balap(Py) = 1 and we could swap
A and B, or balyg(Py) = 0 and we are done by taking P := Py). Then (BC4) implies that
(a1,a2) € {(0,0),(1,0)}. If eg(A) > 1 then, for any e € E(G[A]) we have that P := Py U {e}
satisfies (P1)—(P3). So we may assume that

(7.26) ec(A) = 0.

Claim 1. G[A,U] does not contain a matching of size two.

To prove the claim, suppose not. We will show that if G[A, U] contains a matching of size two, then
the minimality of [balap(Py)| will be contradicted. First consider the case when (a1, a2) = (1,0).
So ep,(A,U) = 1 and therefore ep,(B,U) = 3 by (7.10). But (BC2) implies that e(Py) < 4, so
ep,(V1,V2) = 0. Now by (BC1) we have that |V (Py) N V;| = 2 for i = 1,2, and dp,(v) = 1 for
all v € V(Py) NV;. In particular, ep,(V;, B) > 0 for both i = 1,2. Let e be the single edge in
PolA,U]. Without loss of generality, we may assume that G[A, U] contains an edge ¢’ which is
vertex-disjoint from e. (Otherwise, G[A, U] contains a matching av,a’v’ such that e = av’. Then
Pl =Py U {a'v'} \ {e} is a basic connector with balsp(P}) = balag(Py) and a’v’ is the single
edge in P)[A,U]; and av is an edge which is vertex-disjoint from a’v’.)**3 Suppose first that e’
has an endpoint in V;. If possible, choose f € E(Py[Vi, B]) which is incident with e’; otherwise let
f € E(Py[Vi, B]) be arbitrary. Then P := PyU{e’}\{f} contradicts the minimality of |balag(Po)|.
The case when €’ has an endpoint in V5 is similar.

Suppose now that (a1, a2) = (0,0). Then ep,(A,U) = 0 and hence ep,(B,U) = 2. Moreover,
Po[B,U] is a matching e, e’ since Py is an Euler tour by (BC1). Now dg,,(p,) (Vi) > 2 for i =
1,2, so ep,(V1,V2) > 1. But (BC2) implies that e(Py) < 4, so ep,(V1,V2) < 2. Suppose that
ep,(V1,Va) = 1 and let f € E(Po[V1,Vz2]). Then Py = {e, ¢/, f} is a matching of size three.
Moreover ep,(B,V;) = 1 for i = 1,2. If there exists e4 € E(G[A,U]\ V(f)) then we can replace
one of e,e’ by es to contradict the minimality of |balap(Po)|. Therefore there is a matching
{ea, ey} C E(G[A,U]) such that both e4, ¢/, are incident to V(f). Then they are vertex-disjoint
from {e, €'}, so P := {e, ¢, ea,¢€/,} contradicts the minimality of |balag(Po)|. Suppose now that
ep,(V1,V2) = 2. Then Py[B,U] C G[B,V;] for some i = 1,2. Without loss of generality we
assume that ¢ = 2. Suppose that there exists eq € E(G[A, V1]). Choose f € E(Py[Vi,Va]) that is
not incident to e4. Choose ep € E(Py[B,V2]) that is not incident to f. Then P := {e4, f,en}
contradicts the minimality of |balap(Py)|. Therefore we may assume that there is a matching

ipk changed this para

142G(W, U] contains a matching of size three by 3-connectivity. If it is contained in G[A,U] then replace one
edge by the edge in G[B,U]. and vice versa.

143this bracket is more detailed.
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M,y C G[A, V3] of size two. There is at least one V;Va-path in Py (which consists of a single edge
f). Choose e € M 4 which is not incident to f’. If possible, let eg be the edge of Py[B, V2] which is
incident to e; otherwise let eg € E(Py[B, V2]) be arbitrary. Then P := PyU{e}\ {ep} contradicts
the minimality of |balsp(Py)|. This completes the proof of the claim.

Therefore eg(A,U) < D/2 since A(G[A,U)] < D/2. So (7.25) and (7.26) together imply that
(7.27) e¢(W,U) = eq(B,U) — eg(A, U)+26g(14, U)<D.
Suppose first that |A4| = |B| = D — k for some k € N. Then (7.26) implies that, for all a € A, we

have dy(a) = D — da(a) —dp(a) > D — |B| = k. So eq(A,U) > klA|=k(D—-k) >D—-1,a
contradiction. So |A| = |B| > D and hence |[U| =n — |A| — |B] <n—2D < 2D since D > n/4.

Claim 2. There exists a matching M’ of size three in G[Vq, Va].

To prove the claim, assume without loss of generality that |V;| < |Va|. Then there exists s € Ny
such that |V;| = D — s. Recall from our assumption in Lemma 7.3 that'* |V;| > D/2. Suppose
first that s > 2. Then

Vil (7.27)
(7.28) ec<v1,va>zDv1|—eG<U,W>—2(;') Wil -+ 1) - D

> min{D?/4 — D/2,2D — 6} > D + 1.

Recall that dy, (z;) > dy, (x;) for all x; € V; and {i, j} = {1,2}. So A(G[V1,V5]) < D/2. Therefore
we are done by Ko6nig’s theorem on edge-colourings.

Thus we may assume that s € {0,1}. Let H := G[V1, V2]. Suppose that H contains no matching
of size three. By Konig’s theorem on vertex covers, H contains a vertex cover {v;, v;} where v; € V;,
v; € V; and 4, j are not necessarily distinct. So e(H) < dg(v;)+dg(v;). Note that the complement
G of G satisfies!*®

eg(V1) + eg(V2) = dgpy, (vi) + dgpyy(v) — 1= |Vi| = dv, (vi) + |Vj] — dv; (v;) — 3
>D — dVi (Uz) + D — dv] (’Uj) —5> dH(’UZ) + dH(’Uj) -5

(7.29) >e(H)-5.
Therefore by counting the degrees in G of the vertices in U, we have that
caUW) = > da()+ Y da(v) = 2e(H) = 2ea(Vi) — 2e6(V2)
veVr veVa

= ol - 2en) -2 ((51) = e+ () - eq0)

(7.29) Vi V-
=" ol - 10-2(151) -2 (")

= [Vil[(D— W) +[V2|(D — [Va]) + [Vi| + [V2| = 10 = 2D — 14,
a contradiction to (7.27).14¢ This proves the claim.

Recall that M is a matching of size two in G[W, U] with one edge incident to A and one edge incident
to B. Assume without loss of generality that eps(Va, W) > ep(V1, W). There exists e € E(M’)
which is vertex-disjoint from M. Suppose first that ey (Va, W) = 2. Let ¢ € E(M') \ {e}
be arbitrary. Then P := M U {e, e’} satisfies (P1)—(P3). Suppose instead that ep (Va, W) =
en(V1,W) = 1. Then P := M U {e} satisfies (P1)—(P3). This completes the proof of Lemma 7.3
in all cases. O

MADK rewrote this sentence

M5_1. if vv; € BE(G) and i = j.

M6y, (D = [Vi]) + |Val(D = |Va|) = 0 if s = 0 and is at least (D — 1) — (D + 1) = —2 when s = 1. Moreover,
Vil + |Va| > 2D -2
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8. THE PROOF OF THEOREM 1.1

We are now ready to prove Theorem 1.1. It is a consequence of Theorem 4.6 and Lemma 4.10
(both proved in [10]), as well as Lemmas 5.1, 6.1 and 7.1.

Proof of Theorem 1.1. Choose a non-decreasing function g : (0,1) — (0,1) with g(z) < z for
all z € (0,1) such that the requirements of Proposition 4.5 and Lemmas 4.10, 5.1, 6.1, 7.1 (each
applied, where relevant, with 1/32,1/4 playing the roles of n, «) are satisfied whenever n, p, v, v, 7
satisfy

(8.1) 1/n<g(p),g(7); py<gw); v<g(r); 7<g(1/32).
Choose 7,7’ so that

0<7 <7<g(1/32),407% and 7’ < g(7).
Define a function ¢’ : (0,1) — (0,1) by ¢'(x) = (g(x))>.**" Apply Theorem 4.6 with ¢’,7/,1/20
playing the roles of g, 7, ¢ to obtain an integer ng.14® Let G be a 3-connected D-regular graph on
n > ng vertices where D > n/4. We may assume that the consequence (ii) of Theorem 4.6 holds
or we are done. Thus there exist p,v with 1/ng < p <v <7/, 1/ny < ¢'(p) and p < ¢'(v); and
(k,0) € {(4,0),(2,1),(0,2)} such that G has a robust partition V with parameters p,v, 7', k, ¢ (and
thus also a robust partition with parameters p,v, 7, k,£).

Let v := p!/3. Note that n, p, v, v, T satisfy (8.1).19 Apply Lemmas 5.1, 6.1 in the cases when
(k,¢) equals (4,0), (0,2) respectively to obtain a V-tour of G' with parameter .15 Proposition 4.5
implies that V is a weak robust partition with parameters p,v,7,1/32,k,¢. Then Lemma 4.10
implies that G contains a Hamilton cycle. Apply Lemma 7.1 in the case when (k,¢) = (2,1) to
obtain a Hamilton cycle in G. This completes the proof of the theorem. O
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