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Abstract

At a moisture content that corresponds to the so-called pendular regime, granular assemblies are
subjected to the development of inter-particle capillary forces. These forces provide a tensile
resistance at the particle level, which results into a cohesion shear strength at the macroscopic
scale. Granular assemblies with non-perfectly wettable particles show a non-zero contact angle
between the liquid bridge and the particle surface. It is worth mentioning that such an angle is an
intrinsic property of the particle pair in contact and the liquid bridge. Its value has a significant
effect on the magnitude of the capillary force and its behaviour as a function of the particle
separation distance. This study is mainly motivated by the large range of values of the contact
angle observed experimentally. In this paper, the governing equations for non-perfectly wettable
granular assemblies in the pendular regime are first developed using the toroidal approximation.
A robust numerical procedure is then proposed to solve these equations. Experimental validation
of the numerical model shows that the capillary forces are predicted with a very good accuracy.

The influence of the contact angle on the predicted inter-particle capillary force is also discussed.

Keywords

Granular assemblies; Capillary forces; Non-perfectly wettable particles ; Toroidal
approximation
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1 Introduction

Since the fundamental theories on capillary cohesion developed by Haines [1, 2] and
Fisher [3, 4] and further developments by later scholars such as Carman [5], Rose [6] and
Mason and Clark [7], investigations on the magnitude and stability of capillary forces are
still of interest in various fields. To date, the particular case of equal size particles has
received much more attention, especially in various attempts to develop theoretical
predictions of capillary forces. For instance, the study by Lian et al. [8] was limited to this
particular context, although stability and non-perfectly wettable particles have been
taken into consideration. A work undertaken by Willet et al. [9] provided an interesting
experimental basis for validation, although no control of the contact angle was
performed in these experiments, which were conducted with remarkable care to
maintain perfect surface condition of the tested particles. Willet et al. [9] performed
numerical predictions of capillary forces for equal sized particles. They also extended
their approach to unequal size particles using Derjaguin approximation. Schwarze et al.
[10] implemented a simple liquid bridge model, based on Willet et al. [9] approximate
model, into a software package based on discrete element method (DEM) in order to
simulate shear cell experiments. More recently, Harireche et al. [11] proposed a toroidal
approximation of capillary forces for polydisperse granular assemblies. Their model was
successfully validated for a wide range of particle polydispersity against the
experimental data obtained by Willet et al. [9]. However, the framework they proposed
was limited to perfectly wettable particles. In the present work, the toroidal model
proposed by Harireche et al. [11] is extended to non-perfectly wettable granular
assemblies. This study is particularly motivated by the wide range of values of the
contact angle observed experimentally. In the present paper, the toroidal model is first
presented in the general context of non-perfectly wettable particles. Governing
equations are developed within the frame of a normalised geometry and are valid for
any particle-pair and liquid bridge configuration. A robust numerical procedure is then
proposed to solve the resulting non-linear system, which consists of five equations. The
five unknowns characterise the particle pair and liquid bridge geometry and the
equations must be solved for given values of the contact angle, liquid volume and

particles’ separation distance.
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2 A toroidal model for non-perfectly wettable
particles

2.1 Normalised geometry of particle-pair and liquid bridge

The toroidal approximation of the liquid bridge assumes the meridian profile of the
liquid-air interface to have a circular shape. In the present study, the contact angle 0 is
considered as an intrinsic property of the particle pair and liquid bridge and is assumed
to be independent of the separation distance d (Fig. 1). The particle-pair consists of two

grains P, and Pg of spherical shape with radii R and Rs (Ra2> Rs).

In order to obtain relations that are independent of the geometry and configuration of
the particle pair, all length measures are normalised with respect to the radius Ra of the

largest particle and we denote r the ratio of particle radii.

r= i—i (1)
The normalised geometry of a non-perfectly wettable (6£0) particle-pair and liquid
bridge is illustrated in Figure 1. In this normalised geometry, the half-filling angles are
denoted y and y respectively and d is the inter-particle separation distance. The circular
arc representing the profile of the liquid bridge has a centre Q with coordinates £and 7
in the rectangular system of coordinates with origin at the centre A of particle Pa. The
circle used to model the meridian profile of the liquid bridge crosses the two particles.
The tangents to the liquid surface and to the particle surface at the intersection point
make an angle, which is referred to as the contact angle and is denoted as 6. According

to the Toroidal approximation, the external radius of curvature p of the liquid bridge is

constant. The internal radius of curvature has a minimum value, p;, =7 — p at the

bridge neck.

Denoting V,, the liquid volume in the liquid bridge, the non-dimensional expression of

this volume is

V=7 (2)
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Harireche et al. [11] derived two limit configurations which present lower and upper
bounds to the normalised liquid volume. These two limit configurations define a
maximum value, pmax and a minimum value, pmin for the external radius of curvature.
These values are only valid for the perfectly wettable case but, as will be seen later, they
are important to the solution procedure of the general problem. Expressions of these
maximum and minimum radii of curvature pmax and pmin have been obtained in

Harireche et al. [11].

2.2 Normalised capillary force

Fisher [3] derived an expression where the capillary force F is the sum of two forces due
to surface tension ¢ and matric suction s,. In the present model, the capillary force is

obtained at the bridge neck where the scaled internal radius of curvature is p.

F= 272'(RA:0i )‘7 + ”(RApi )2 Sy (3)
The method adopted here evaluates the solution at the bridge neck and is referred to as
the“gorge” method. This method has been proven to provide the most accurate
estimate of the capillary force, compared to the evaluation of this force at the three-

phase contact line, for example. This conclusion has been verified by Lian et al., [8].

The matric suction is expressed in terms of surface tension and curvature radii of the

liquid bridge, according to the so-called Laplace-Young equation below:

SERS
Ry Rup,

The normalised capillary force is denoted FC* and its magnitude at the bridge neck is

defined by combining equations (3) and (4).

=_n
Fo="(1-p) )
Yo,
The capillary force at the bridge neck is given by

F. = 7R,oF, (6)



O©CoO~NOOTA~AWNE

115
116

117
118
119

120
121

122

123

124

125

126

127

128

129

130

131

132
133
134
135
136

137
138

139

2.3 Fundamental equations governing particle pair, liquid bridge and
capillary force

In the general context of non-perfectly wettable particle-pair (Fig. 1) the liquid bridge
geometry and hence, the magnitude of the capillary force, is affected by the five
parameters: p,&, 1,y , y . For a given normalised liquid volume, a normalised

separation distance and a contact angle, these parameters are uniquely determined by

the following five conditions:
y(x,) =siny ; X, = COSy/ (7)
y(Xg) =rsin y; Xg =L—rcosy (8)

where L =1+d +r is the normalised distance between particles’ centres.

y(x,)=—tand,; 5A:%—(6’+z//) (9)

Yy (X5) =tan &, ; 5y :%—(0+z) (10)

[Ichosz ﬂyde) —V,: —V; =Vv: (11)
cosy

where V,:and V; are the volumes of the spherical caps on particle P, and particle Pg

respectively (Fig. 2).
V= %(3%2 +h), 1=AB (12)

Ya=Y(Xa), ¥Ys =Y(Xg), hy =1-cosy, hg =r(l—cos y) (13)
Conditions (7) and (8) correspond to the expressions of the coordinates of points A and
B where the extended arc representing the liquid bridge profile crosses the two
particles’ circular contours (Fig. 1). Conditions (9) and (10) correspond to the required
contact angle 0 at points A and B. Condition (11) corresponds to the required normalised

liquid volume. Note that all these conditions are expressed in the normalised geometry.

After evaluating the integral term in equation 11, this equation can be rewritten under

the form:

”(Fv(XB) - FV(XA))_V; _V; :Vv: (14)
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Where
F (X) = 1 3 2, 2 2 X—¢&

() = =2 (X= &)+ (x= )7 + p7) = (X = &)1 — y) + " arctan oy |
If not impossible, an analytical solution to the non-linear system of equations 7-10 and

14 would be very difficult to obtain. Such a solution has not been attempted in the

present work; we rather propose the numerical procedure described in the next section.

3 Numerical procedure for the calculation of the
capillary force

For a given configuration of the particle-pair, defined by the parameters I andd and a

contact angle 0, the present numerical approach provides an approximation of the

capillary force, F; developed by a liquid bridge of normalised liquid vqumer:.

Equations 7-10 and 14 can be cast under the form:

f (X)=0,a=1..5 (16)
Where
XT = (X4, Xg,&,17,9) (17)

Note that for convenience, we use X,and Xgas primary unknowns instead of the half-
filling angles y and y . Functions f; can be easily identified. For completeness, these

functions are provided in appendix 1. The Jacobian matrix of system (16) is defined by

p= e (18)
X,

and is provided in appendix 2.

For a given contact angle @, the interval [0, @]is divided into N-1 increments[6.,6, ],
n=1,..,N —1such that 6 =0and the contact angle increment, A@=6,,, -6, is
constant. At the first increment, the calculation process starts with a trial solution X®
that corresponds to €, =0. Such a solution can be obtained using the secant procedure

proposed by Harireche et al. [11]. It is important to note that for this first step where the

contact angle is zero, the liquid bridge profile corresponds to the perfectly wettable
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case. In this particular case the circle representing the liquid bridge in the normalised
geometry is tangent to the particle pair. Such a circle is uniquely determined by the

radius, which can be used as the primary unknown in this particular case.

The solution X? at @, = @, + A@is then calculated using a Newton-Raphson iterative

process starting from X as an initial guess. Once convergence is achieved, iterations for
the next contact angle increment start with X? as the initial guess. The algorithm

provided in appendix 3 outlines the main steps in the calculation procedure.

4 Validations and discussion

Predictions based on the theoretical procedure presented in previous sections have
been compared to the experimental data provided by Rabinovich et al. [12]. In these
experiments, capillary forces were measured between glass spheres 38 -70 um in
diameter (Fig. 3). White mineral oil of “sharpening stone” grade was used to form the
liquid bridge between the two spheres. In all experiments the smaller sphere has a
radius of 19 um and the contact angle is 10°. The liquid surface tension is 27.5 mN/m. In
experiments 1, 2 and 3 the radius of the larger sphere has values 35 um, 32.5 um and
27.5 um, respectively. The liquid volume has values 2x10% nm3, 12x10® nm? and 36x108
nm3, respectively. Figure 3 shows a very good agreement between the measured
capillary forces and those predicted by the model developed in this study. As mentioned
by Rabinovich et al. [12], there are maxima in the magnitude of the capillary force
present at small separation distances (less than 10 nm), which are not clearly seen on
the experimental data reproduced in Figure 3 because of the large scale of the abscissa.
According to these authors, these maxima are believed to be due to contact angle
hysteresis. The same phenomenon has been reported by Willet et al. [13].For
comparison predictions by the proposed analytical expressions in Rabinovich et al. [12]
are also depicted in Figure 3 (dashed lines). It is evident that this expression has
overestimated the capillary force in all three cases and the proposed model in this study

is in a better agreement with the experimental data particularly for curves (1) and (2).

It should be noted that Rabinovich et al. [12] have used “fitting values” for surface
tension within the range 24-28 mN/m instead of the constant value of 27.5 mN/m. This
fitting range corresponds to a percentage error of 10%. In the present work, for a fair

comparison, a constant value of surface tension of 27.5 mN/m is used to calculate
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capillary forces in both models for the three experiments (Fig. 3). Furthermore, since the
analytical expression proposed by Rabinovich et al. [12] does not take into account for

polydisperse assemblies, an effective particle radius is used in the calculations.

5 Parametric study of the developed model

In order to investigate the effect of the contact angle on the inter-particle capillary
force, we carry out a set of qualitative simulations using the model developed in this
study. To this effect, the combining effects of the contact angle with separation
distance, liquid volume, and the ratio of particle radii, on the capillary force are

considered.
5.1 Effect of contact angle and separation distance on capillary force

A particle pair with radii 2.381 and 1.588 mm (r = 0.667) and an inter-particle liquid with
a surface tension of o =2.06 x10>N/mm and a volume of V, =1.32x1072 mm?3is

considered. The effect of contact angle on the inter-particle capillary force is shown in
Figure 4. The figure shows that by increasing the contact angle, the capillary force is
reduced; a similar trend to those reported in Willet et al. [9]. It is interesting to note that
such effect is much more pronounced at small separation distances and is significantly

reduced as the capillary bridge rupture distance is approached.
5.2 Effect of contact angle and liquid volume on capillary force

In this section we consider same particle pair as in section 5.1 above. The inter-particle
liquid is also assumed to have same properties as in section 5.1. Two different contact
angles (0 and 40 degrees) and two different scaled liquid volumes (V*, = 0.0001 and V*,,
= 0.001), making a total of four simulation scenarios, are considered. Figure 5 shows the
results of these simulations. It is clear from this figure that while the initial capillary
force is governed by the contact angle, the rate at which the inter-particle force
decreases for an increasing separation distance depends on the liquid volume. In all
cases the cubic root of the liquid volume provides a very good approximation of the

rupture distance regardless of the contact angle values.

5.3 Effect of contact angle and ratio of particle radii on capillary force
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Figure 6 shows the model predictions for three different ratios of particle radii, each at
two different contact angles. This figure shows that, regardless of the contact angle, the
capillary force increases as the ratio of particle radii increases. The difference in capillary
force for different ratios of particle radii fades away as the separation distance
increases. However there is a clear difference between force-separation curves
corresponding to contact angles of 0° and 40°. This shows the importance and influence
of contact angle on the capillary force. For instance, at a very small separation distance,
the capillary force corresponding to r = 1 for a zero contact angle is more than four times

bigger than the same radii ratio but a contact angle of forty.

6 Concluding remarks

By extending the toroidal approximation to non-perfectly wettable particles, the current
model covers a wide range of soil mineral grains and liquids. Cases such as perfectly
wettable granular assemblies and equal size particles are also recovered as special cases.
The numerical approach developed in the present paper can be easily implemented and
used to generate solutions for various particle-pair and liquid bridge configurations. The
numerical procedure has been built on the special case of perfectly wettable particles
for which a robust secant method has been proposed by Harireche et al. [11]. Such a
special case is used to start an iterative process where the contact angle is divided into
small increments within which Newton-Raphson typical iterations are performed until
convergence is achieved. The current model has been validated against the
experimental data provided by Rabinovich et al. [12]. The case where the contact angle
with each particle is different has not been taken into consideration in the present
paper. However, as can be seen from conditions (9) and (10), different values of the

angle 6 would need to be considered in these two equations and appropriately reflected

in the expressions of functions f,and f, and in the components J,,and J,, (a=1,...,5)

of the Jacobian matrix.
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Expressions of functions f,, @ =1,...,5, involved in equations 7-10 and 14.
f(X)= (X = &) +(ya—1)" - p*

f,(X)= (X =&)* +(¥g =1)* = p°

fa(X) =(s&—cm)x, +(c&+5sm)y, =S
f,(X)=(sL+s&+cn)xg +(cL—c&+sn)yy —L(SE+cn)—s
fs(X) = 7[R, () = F, (x)]-Va =Vg -V,

In the expressions above, F,(X), VI*, | = A Band V‘;are defined by (15), (12) and (2),

respectively. The parameters Cand S correspond to COS(&) and Sin( &), respectively.

Appendix 2

Expression of the components of the Jacobian matrix defined by equation 18.

X
Ju= 2y_A77_2§? Ji, =05 5= 2(§_XA); Jia :2(77_ yA); Jis=—2p;

A

L—Xg

J21=0; Jzz Z—ZU( j_2§+2|—? ‘]23:2({:_)(8); 324:2(77_3/3);

Ye

A

J,,=0; J42=(CL—C§+S77)[L_XBJ+(SL+S§+C77); J3 =SXg —Cy; — Ls;
B
Ju=CXg +sy; —Lc; J,=0;

J61=0; 35, =0; Iy = (Y — YaNYs + Ya —47);
i =7xe (4 Vo) =X+ ya) = &(ya - va)+ ﬂpz[arctan[—XB _gl—arctan(—);‘\ _éﬂ

Yo =71 AT T
Jgs = 27pXg — X, ]+ Zﬂp{arctan (XB—_éJ —arctan [—XA — éﬂ :
yB - 77 yA - 77

11
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Appendix 3

Algorithm for the numerical procedure to solve equations 7-10 and 14.

(1)

(2)
(3)
(4)

(5)

(6)

(7)

(8)

(9)

(10)

Obtain X® using the secant procedure proposed in Harireche et al. [11] and set

X©O = x®

Set increment counter to zero: inC =0
Perform a new increment: INC <—inc +1
Set iteration counter to zero: i =0

Perform a new iteration: i «i+1

5 - -
Obtain AX by solving: > J (X ™)AX, = f,(X"™), a=1..5

b=1

Obtain f (XV)=f (X' +AX), a=1..5

Check convergence: ||F|| <Tol; where F™ = (f,(X©),..., f,(X®)) and Tol is
typically 10°®.

If (convergence) Then set X @ = X and Go to (3)

Else Goto (5)

END

12



Figure (2nd revision)

Figure captions:

Figure 1. Normalised geometry of a non-perfectly wettable particle-pair and liquid bridge
Figure 2. Liquid bridge: Normalised water volume and spherical caps.
Figure 3. Model validation against the experiments and analytical expression reported by

Rabinovich et al. (2005) for a contact angle, 6 = 10°.
Experiment (1): Ra=35um, V=2x108 nm3,
Experiment (2): Ra=32.5um, Vy=12x108 nm3,
Experiment (3): Ra=27.5um, Vw=36x108 nm3.

Figure 4. Effect of various contact angles on inter-particle capillary force (Vw=1.32x102 mm?3,

o =2.06 x10™°N/mm, Ra = 2.381 mm and R = 1.588 mm)

Figure 5. Scaled capillary force as a function of the scaled separation distance for values of the
contact angle, 0 = 0° and 6 = 40° and scaled liquid volumes, V*,, = 0.0001 and V*,, =

0.001 (o = 2.06 x10°>N/mm, Ra = 2.381 mm and Rg = 1.588 mm).

Figure 6. Scaled capillary force as a function of the scaled separation distance for values of the
contact angle, 6 = 0° and 0 = 40° and ratios of particle radii, r=1/2,r=2/3andr=1
(Vw=1.32x102 mm?, o = 2.06 x107° N/mm).
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