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Abstract

We consider the one-dimensional Landau—Lifshitz—Gilbert (LLG) equation, a
model describing the dynamics for the spin in ferromagnetic materials. Our
main aim is the analytical study of the bi-parametric family of self-similar
solutions of this model. In the presence of damping, our construction provides
a family of global solutions of the LLG equation which are associated with
discontinuous initial data of infinite (total) energy, and which are smooth and
have finite energy for all positive times. Special emphasis will be given to
the behaviour of this family of solutions with respect to the Gilbert damping
parameter.

We would like to emphasize that our analysis also includes the study of
self-similar solutions of the Schrodinger map and the heat flow for harmonic
maps into the 2-sphere as special cases. In particular, the results presented
here recover some of the previously known results in the setting of the 1D-
Schrodinger map equation.
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1. Introduction and statement of results

In this work we consider the one-dimensional Landau-Lifshitz—Gilbert (LLG) equation
m, = fM X Mg —am x (M X M), seER, >0, (LLG)

where m = (m;, my, m3) : R x (0, co) — S? is the spin vector, 8 > 0, & > 0, x denotes
the usual cross-product in R?, and S? is the unit sphere in R>.

Here we have not included the effects of anisotropy or an external magnetic field. The
first term on the right in (LLG) represents the exchange interaction, while the second one
corresponds to the Gilbert damping term and may be considered as a dissipative term in the
equation of motion. The parameters 8 > 0 and o > O are the so-called exchange constant and
Gilbert damping coefficient, and take into account the exchange of energy in the system and
the effect of damping on the spin chain respectively. Note that, by considering the time-scaling
m(s, t) — m(s, (@ + B2)!/%t), in what follows we will assume w.l.0.g. that

a, Bel0,1] and o>+ B =1. (1.1)

The LLG equation was first derived on phenomenological grounds by Landau and Lifshitz to
describe the dynamics for the magnetization or spin m(s, ¢) in ferromagnetic materials [16,30].
The nonlinear evolution equation (LLG) is related to several physical and mathematical
problems and it has been seen to be a physically relevant model for several magnetic materials
[24,26]. In the setting of the LLG equation, of particular importance is to consider the effect
of dissipation on the spin [11, 12,34].

The Landau-Lifshitz family of equations includes as special cases the well-known heat-
flow for harmonic maps and the Schrodinger map equation onto the 2-sphere. Precisely, when
B = 0 (and therefore « = 1) the LLG equation reduces to the one-dimensional heat-flow
equation for harmonic maps

m, = —m X (M X M) = My, + |M,|°m (HFHM)
(notice that |m|?> = 1, and in particular m - m,; = —|m,|?). The opposite limiting case of the
LLG equation (that is « = 0, i.e. no dissipation/damping and therefore 8 = 1) corresponds to
the Schrodinger map equation onto the sphere

m, = M X My. (SM)
Both special cases have been objects of intense research and we refer the interested reader
to [18,19,27,31] for surveys.

Of special relevance is the connection of the LLG equation with certain nonlinear
Schrodinger equations. This connection is established as follows: let us suppose that m is
the tangent vector of a curve in R3, that is m = X, for some curve X (s, t) € R3 parametrized
by the arc-length. It can be shown [12] that if m evolves under (LLG) and we define the
so-called filament function u associated with X (s, ¢) by

us, 1) = c(s, tye! o 1@ndo (1.2)

in terms of the curvature c and torsion T associated with the curve, then u solves the following
non-local non linear Schrodinger equation with damping

iy + (B — ic)uy, + % <ﬁ|u|2 + 2 / Im(iin,) — A(t)) =0, (1.3)
0

where A(¢) € R is a time-dependent function defined in terms of the curvature and torsion
and their derivatives at the point s = 0. The transformation (1.2) was first considered in the
undamped case by Hasimoto in [23]. Notice that if « = 0, equation (1.3) is the well-known
completely integrable cubic Schrodinger equation.
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The main purpose of this paper is the analytical study of self-similar solutions of the LLG
equation of the form

- s
m(s,t) =m (ﬁ) , (1.4)
for some profile 7 : R — S?, with emphasis on the behaviour of these solutions with respect
to the Gilbert damping parameter « € [0, 1].

For a = 0, self-similar solutions have generated considerable interest [9, 14,20, 27,28].
We are not aware of any other study of such solutions for ¢ > 0 in the one-dimensional case.
Self-similar solutions for the harmonic map flow in higher dimensions have been investigated
by Germain and Rupflin [ 15] (equivariant self-similar solutions of expander type, i.e. ¢t > 0), by
Biernat and Bizon [6] (expanders and shrinkers) and Bizon and Wasserman [7] (non-existence
of shrinkers for high dimensions). Lipniacki [32] and Van Gorder [36] have studied self-
similar solutions for a related model with non-constant arc-length introduced in [33]. On the
other hand, little is known analytically about the effect of damping on the evolution of a one-
dimensional spin chain. In particular, Lakshmanan and Daniel obtained an explicit solitary
wave solution in [11, 12] and demonstrated the damping of the solution in the presence of
dissipation in the system. In this setting, we would like to understand how the dynamics of
self-similar solutions to this model is affected by the introduction of damping in the equations
governing the motion of these curves.

As will be shown in section 2 self-similar solutions of (LLG) of the type (1.4) constitute
a bi-parametric family of solutions {1, « }¢,.« given by

- - N
mco,a(s9 t) = M¢y,a <

)

where 7., o is the solution of the Serret-Frenet equations

co > 0, o €[0,1], (1.5)

m' = cn,
A = —cih+1b, (1.6)
b = —1n,

with curvature and torsion given respectively by

_a? Bs
CC(),D((S) =o€ 4, TC(],O{(S) = 77 (17)
and initial conditions
Mg, o(0) = (1,0,0), 7 q(0) =(0,1,0), Bcg,a(o) = (0,0, D). (1.8)

The first result of this paper is the following:

Theorem 1.1. Let o € [0, 1], co > 0° and M. be the solution of the Serret—Frenet system
(1.6) with curvature and torsion given by (1.7) and initial conditions (1.8). Define rchO,a (s, t) by

o - N
Mg, o (S, 1) = Mgy o < t > 0.

7)

Then,
(i) The function M, o is a C*(R; S?)-solution of (LLG) on R x R*.

+

3 The case co = 0 corresponds to the constant solution for (LLG), that is

Mey,q(s, 1) =m (%) =(1,0,0), Yo € [0, 1].
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ms m3 ms
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() o =0.01 (b) a=0.2 () a=04

Figure 1. The profile 17160,0, for ¢y = 0.8 and different values of «.

(ii) There exist unitary vectors Aif),a = (Aico,a

convergence holds when t goes to zero:

)§=1 € S? such that the following pointwise

oL Af . ifs>0,
lim mg, o(s, 1) =4 - (1.9)

=0t A” if s <0

co,o? )

where A, , = (AT,CU’(X, —AE’CO’O[, —A;CO’O[).
(iii) Moreover, there exists a constant C(cy, «, p) such that for all t > 0
- - - L

Meya (o 1) = AL 4 X0.00) () = Agy o X(—0.0) Dl Lr®y < Clco, @, p)t?», (1.10)

forall p € (1,00). In addition, if « > 0, (1.10) also holds for p = 1. Here, xg denotes
the characteristic function of a set E.

The graphics in figure 1 depict the profile m, 4 (s) for fixed co = 0.8 and the values of
a =0.01, = 0.2 and & = 0.4. In particular it can be observed how the convergence of i1,
to g;ﬁa is accelerated by the diffusion c.

Notice that the initial condition

Mg (5,0) = AL L X(0.00)(8) + Ary o X(—o0.0) (5), (1.11)

has a jump singularity at the point s = 0 whenever the vectors A:O,a and A;M satisfy

-, -
/acma 5£ [;cma'

In this situation (and we will be able to prove analytically this is the case at least for certain
ranges of the parameters « and c(, see proposition 1.5 below), theorem 1.1 provides a bi-
parametric family of global smooth solutions of (LLG) associated with discontinuous singular
initial data (jump-singularity).

As has been already mentioned, in the absence of damping (o = 0), singular self-similar
solutions of the Schrodinger map equation were previously obtained in [20, 28] and [9]. In
this framework, theorem 1.1 establishes the persistence of a jump singularity for self-similar
solutions in the presence of dissipation.

When o = 0, the stability of the self-similar solutions was considered in a series of papers
by Banica and Vega [3-5]. The stability in the case o« > 0 is a natural question that will be
discussed elsewhere.

Some further remarks on the results stated in theorem 1.1 are in order. Firstly, from the
self-similar nature of the solutions m,, 4 (s, ) and the Serret—Frenet equations (1.6), it follows
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that the curvature and torsion associated with these solutions are of the self-similar form and
given by

Bs
2t
As a consequence, the total energy E(f) of the spin m,, (s, ) found in theorem 1.1 is
expressed as

Cora(5.1) = %e*% and  Toa(s,1) = (1.12)

1 [ ) L[,
E(t):z N |my (s, 1)] ds:E _wct,oya(s,t)ds

1 [ o2\
_ _/ (C_Oe—m) ds=c |2, a>0, t>0. (1.13)
2 ) 5 \/; ot

Itis evident from (1.13) that the total energy of the spin chain at the initial time # = 0 is infinite,
while the total energy of the spin becomes finite for all positive times, showing the dissipation
of energy in the system in the presence of damping.

Secondly, it is also important to remark that in the setting of Schrodinger equations, for
fixed @ € [0, 1] and ¢y > 0, the solution m,, 4 (s, #) of (LLG) established in theorem 1.1 is
associated through the Hasimoto transformation (1.2) to the filament function
L0 (—arip)

Ucya(S,1) = , (1.14)

which solves

2
Co

iu,+ (B —ic)ug + % (,3|u|2 +2a /s Im(uu,) — A(t)> =0, with A@t) = -
0
(1.15)

and is such that at initial time ¢t = 0

Uy (8, 0) = 2co+/ 7 (a + 1) dp.

Here 3, denotes the delta distribution at the point s = 0 and /7 denotes the square root of a
complex number z such that Im(,/z) > 0.

Notice that the solution u,, 4 (s, t) is very rough at initial time, and in particular u, (s, 0)
does not belong to the Sobolev class H* for any s > 0. Therefore, the standard arguments
(that is a Picard iteration scheme based on Strichartz estimates and Sobolev—Bourgain spaces)
cannot be applied at least not in a straightforward way to study the local well-posedness of
the initial value problem for the Schrodinger equations (1.15). In the case @ = 0, A(f) = 0
and when the initial condition is proportional to the Dirac delta, Kenig, Ponce and Vega [25]
proved that the Cauchy problem for (1.15) is ill-posed due to some oscillations. Moreover,
even after removing these oscillations by introducing an appropriate non-trivial A(¢), Banica
and Vega [3] showed that the associated equation (1.15) (witho = 0 and A(¢) = c(z)/t) is still
ill-posed. The existence of solutions of the Scrodinger equations (1.15) associated with initial
data proportional to a Dirac delta opens the question of developing a well-posedness theory
for Schrodinger equations of the type considered here to include initial data of infinite energy.
This question was also addressed by Vargas and Vega in [37] and Grunrock in [17] for other
types of initial data of infinite energy (see also [2] for a related problem), but we are not aware
of any results in this setting when o > 0 (see [19] for related well-posedness results in the
case o > 0 for initial data in Sobolev spaces of positive index). Notice that when o > 0, the
solution (1.14) has infinite energy at the initial time; however, the energy becomes finite for
any r > 0. Moreover, as a consequence of the exponential decay in the space variable when
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a>0,uqq() € H"(R), forall t > 0 and m € N. Hence these solutions do not fit into the
usual functional framework for solutions of the Schrodinger equations (1.15).

As already mentioned, one of the main goals of this paper is to study both the qualitative
and quantitative effect of the damping parameter o and the parameter ¢y on the dynamical
behaviour of the family {M, ¢}¢,.o Of self-similar solutions of (LLG) found in theorem 1.1.
Precisely, in an attempt to fully understand the regularization of the solution at positive times
close to the initial time + = 0, and to understand how the presence of damping affects the
dynamical behaviour of these self-similar solutions, we aim to give answers to the following
questions:

Q1: Can we obtain a more precise behaviour of the solutions i, (s, f) at positive times ¢
close to zero?

Q2: Can we understand the limiting vectors Ai ., in terms of the parameters ¢y and o?

In order to address our first question, we observe that, due to the self-similar nature of these
solutions (see (1.5)), the behaviour of the family of solutions rﬂ%,a (s, t) at positive times close
to the initial time ¢ = 0 is directly related to the study of the asymptotics of the associated
profile ., o (s) for large values of s. In addition, the symmetries of 7, o (s) (see theorem 1.2
below) allow to reduce ourselves to obtain the behaviour of the profile mi,, o (s) for large positive
values of the space variable. The precise asymptotics of the profile is given in the following
theorem.

Theorem 1.2 (Asymptotics). Lera € [0, 1], co > 0 and {My.a, eyas ECO,D[} be the solution of
the Serret—Frenet system (1.6) with curvature and torsion given by (1.7) and initial conditions
(1.8). Then,

(i) (Symmetries). The components of Mi¢, o (S), fiey.o(s) and ch,a (s) satisfy respectively that

® My ¢.a(8) is an even function, and m ., o (s) is an odd function for j € {2, 3}.
® Ny a(s) and by ¢ o (s) are odd functions, while nj . o(s) and bj . «(s) are even
functions for j € {2, 3}.

(ii) (Asymptotics). There exist a unit vector A:TW e S? and é:;a € R3 such that the following

asymptotics hold for all s > sop = 4,/8 + 6(2):

- A+ 2c0 7, —as?/4 e 7
Meya(s) = Al o — — B 4@ (asin(¢(s)) + B cos(¢(s)))
S

Ccp,o Ccp,o
26‘(2) R ) efotsz/4
—as”/2
_S_ZA:Ovae + 0 ( S3 5 (116)
2¢ efutsz/4
Moya(s) = By, sin(@(s)) + —"Ajo a0 ( 5 ) , (1.17)
, s : s
2¢ efaxz/4
> - - 0 = —as?
by (5) = Bl c0S(®(9)) + == A pe*/+ 0 ( — ) : (1.18)

Here, sin(q;) and COS((];) are understood acting on each of the components of (5 =

(¢17 ¢2s ¢3)7 with

s2/4 e—Zaa
$i(s) =a; +,8/ 1+¢} do, je{l,2, 3}, (1.19)
53/4 o
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+
for some constants ap,dx,az € [0,2m), and the vector BL «
= (A}, )i by

M—((l (AT (. )D'2 (= (A D2 (= (AL D).

As we will see in section 2, the convergence and rate of convergence of the solutions
M, .« (s, 1) of the LLG equation established in parts (ii) and (iii) of theorem 1.1 will be obtained
as a consequence of the more refined asymptotic analysis of the associated profile given in
theorem 1.2.

With regard to the asymptotics of the profile established in part (ii) of theorem 1.2, it is
important to mention the following:

is given in terms of

C(J[l

(a) The errors in the asymptotics in theorem 1.2-(ii) depend only on ¢y. In other words, the
bounds for the errors terms are independent of o € [0, 1]. More precisely, we use the
notation O (f(s)) to denote a function for which exists a constant C(cy) > 0 depending
on ¢y, but independent on «, such that

1O (f(s)I < Cleo)l f(s)], foralls > so. (1.20)

(b) The terms ACW, B:Oa = (B*)J 15 B}’ sin(a;) and B}’ cos(a;), j € {1,2,3}, and the
error terms in theorem 1.2-(ii) depend continuously on « € [0, 1] (see section 3.3 and
corollary 3.14). Therefore, the asymptotics (1.16)—(1.18) show how the profile ., o
converges to m., o0 as « — 0% and to m,,; as @ — 17. In particular, we recover the
asymptotics for 77!60,0 given in [20].

(c) We also remark that using the Serret—Frenet formulae and the asymptotics in theorem 1.2-
(ii), it is straightforward to obtain the asymptotics for the derivatives of m,, 4 (s, £).

(d) When o = 0 and for fixed j € {1, 2, 3}, we can write ¢; in (1.19) as

2

6i(s) =a; + SZ +c2In(s) + Ceo) + O (é) ,

and we recover the logarithmic contribution in the oscillation previously found in [20].
Moreover, in this case the asymptotics in part (ii) represents an improvement of the one
established in theorem 1 in [20], in terms of the order of the polynomial asymptotics.
When o > 0, ¢; behaves like

4 os

2 —as?/2
gb,(s)=a,+ﬁi+C(o¢,c0)+0(e . ) (1.21)

and there is no logarithmic correction in the oscillations in the presence of damping.
Consequently, the phase function (E defined in (1.19) captures the different nature of the
oscillatory character of the solutions in both the absence and the presence of damping in
the system of equations.

(e) When o = 1, there exists an explicit formula for me, 1, fie,.1 and bm 1, and in particular
we have explicit expressions for the vectors AL , in terms of the parameter ¢y > 0 in the
asymptotics given in part (ii). See appendix.

(f) At first glance, one might think that the term —ZC(Z)A:YO’ae’“SZ/ 2 /s2 in (1.16) could be

included in the error term O (e=**"/4/s%). However, we cannot do this because

efozsz/Z efasz/4

>

12
> , forall2 <s < (—> , a€(0,1/8], (1.22)
3a

N S~

and in our notation the big-O must be independent of «. (The exact interval where the
inequality in (1.22) holds can be determined using the so-called Lambert W function.)
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(9) Let B} g = &Bj sin(aj))izl, B} cos = (Bj cos(aj))j:,. Then the orthogonality of
Mep.as Ney.o @0d by, o together with the asymptotics (1.16)—(1.18) yield
A:(),oz : B:o,a,sin = Azo,ot : B:;J,a,cos = B(‘,‘:),(X,Sin ! B;,a,cos = 0’

which gives relations between the phases.

(h) Finally, the amplitude of the leading order term controlling the wave-like behaviour of the
solution 77, o (s) around Aia for values of s sufficiently large is of the order ¢ gmos’/4 /s,
from which one observes how the convergence of the solution to its limiting values Aj;’a
is accelerated in the presence of damping in the system. See figure 1.

We conclude the introduction by stating the results answering the second of our questions Q2.
Precisely, theorems 1.3 and 1.4 below establish the dependence of the vectors Afw in
theorem 1.1 with respect to the parameters « and cp. Theorem 1.3 provides the behaviour
of the limiting vector A:(,,a for a fixed value of @ € (0, 1] and ‘small’ values of ¢y > 0, while

theorem 1.4 states the behaviour of Ajo’a for fixed ¢p > 0 and « close to the limiting values
o =0and o = 1. Recall that A, , is expressed in terms of the coordinates of A}, , as

Apa= AT o =Ad o = Al ) (1.23)

(see part (ii) of theorem 1.1).

Theorem 1.3. Let a € [0, 1], ¢o > 0, and AY, , = (A,
theorem 1.2. Then A;O,a is a continuous function of co > 0. Moreover, if a € (0, 1] the

following inequalities hold true:

2 2
|AT —1|<ﬂ<l+ﬂ), (1.24)
o

1,co,0 Sa

Y3_, be the unit vector given in
j=1 8

2 2 ) R X
A — €0 < T, a <1+£+C0«/rr(l+a)>+( A ) |
o \/z 4 o 2 8 2\/5 Zﬁa
(1.25)
+ m C(Z)T[ C(Z)JT cgy-[ m 0(2)7'[ 2
3,¢0,a co——F—— <—+_ 1+_+CO + .
h V2 toevalo 8 2v2 242a
(1.26)
When @ = 0 or ¢ = 1, the vector A'jo’a = (A},co,a)izl is determined explicitly in terms

of the parameter ¢ (see [20] for the case @ = 0 and appendix for the case « = 1). Precisely,
denoting by I" the Euler Gamma function, we have

7c2
Al o=¢ 7, (1.27)
_Tq
Afo=1- 68 sinh(rre] /2)|coT (icd /4) + 26T (1/2 +ich/4)|?, (1.28)
T T
_Tq
Al o=1- 68 " sinh(wc2/2) eol(ic2/4) — 26~ AT (1/2 +ic2/4)]? (1.29)
Y T
and
AL | = (cos(coy/T), sin(cov/T), 0). (1.30)

The following result provides an approximation of the behaviour of A:O’a for fixed ¢y > 0
and values of the Gilbert parameter close to 0 and 1.
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Theorem 1.4. Let ¢y > 0, o € [0, 1] and X:O,a be the unit vector given in theorem 1.2. Then

K:fo.a is a continuous function of o in [0, 1], and the following inequalities hold true:

A%, — At ol < Clep) Valln(@)], foralla € (0,1/2], (1.31)
A2 o — AL | < Clep) VT —a, foralla e [1/2,1]. (1.32)

Here, C(cy) is a positive constant depending on c( but otherwise independent of a.

As aby-product of theorems 1.3 and 1.4, we obtain the following proposition which asserts
that the solutions My, 4 (s, 7) of the LLG equation found in theorem 1.1 are indeed associated
with discontinuous initial data at least for certain ranges of @ and cy.

Proposition 1.5. With the same notation as in theorems 1.1 and 1.2, the following statements
hold:

(i) For fixed o € (0, 1] there exists ¢, > 0 depending on « such that
/320,0( # AC_M forall ¢o € (0, cf).

(ii) For fixed co > 0, there exists aj > 0 small enough such that

/KZW # A;Oa forall a € (0,a).
(iii) For fixed 0 < co # k/m withk € N, there exists af > 0 with 1 — af > 0 small enough

such that
’K:@.a #* A;a forall a € (af, 1).

Remark 1.6. From (1.27)—(1.29) we get Aj 0 7’{’:‘};0,0](0" all ¢y > 0. Based on the numerical

0
results in section 5, we conjecture that A} , # A, , forall o« € (0, 1) and ¢y > 0.

We would like to point out that some of our results and their proofs combine and extend
several ideas previously introduced in [20] and [21]. The approach we use in the proof of the
main results in this paper is based on the integration of the Serret—Frenet system of equations
via a Riccati equation, which in turn can be reduced to the study of a second-order ordinary
differential equation given by

2 2
fr(s)+ %(Oﬂ +iB) f'(s) + %Oef%f(S) =0 (1.33)

when the curvature and torsion are given by (1.7).

Unlike in the undamped case, in the presence of damping no explicit solutions are known
for equation (1.33) and the term containing the exponential in the equation (1.33) makes it
difficult to use Fourier analysis methods to study analytically the behaviour of the solutions to
this equation. The fundamental step in the analysis of the behaviour of the solutions of (1.33)
consists in introducing new auxiliary variables z, & and y defined by

z=If% y =Re(ff") and h=Tm(ff")

in terms of solutions f of (1.33), and studying the system of equations satisfied by these key
quantities. As we will see later on, these variables are the ‘natural’ ones in our problem, in
the sense that the components of the tangent, normal and binormal vectors can be written in
terms of these quantities. It is important to emphasize that, in order to obtain error bounds
in the asymptotic analysis independent of the damping parameter & (and hence recover the
asymptotics when o = 0 and o = 1 as particular cases), it will be fundamental to exploit the
cancellations due to the oscillatory character of z, y and .
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The outline of this paper is the following. Section 2 is devoted to the construction of the
family of self-similar solutions {m, ¢}c,.« Of the LLG equation. In section 3 we reduce the
study of the properties of this family of self-similar solutions to that of the properties of the
solutions of the complex second-order complex ODE (1.33). This analysis is of independent
interest. Section 4 contains the proofs of the main results of this paper as a consequence of
those established in section 3. In section 5 we provide some numerical results for A7, ,, as a
function of @ € [0, 1] and ¢y > 0, which give some insight into the scattering problem and
justify remark 1.6. Finally, we have included the study of the self-similar solutions of the LLG
equation in the case « = 1 in appendix.

2. Self-similar solutions of the LLG equation

First we derive what we will refer to as the geometric representation of the LLG equation. To
this end, let us assume that m(s, t) = X, (s, t) for some curve X (s, t) in R? parametrized with
respect to the arc-length with curvature c(s, ¢) and torsion t(s, ). Then, using the Serret—Frenet
system of equations (1.6), we have

My, = c,0 + c(—cm + TB),
and thus we can rewrite (LLG) as

9, = B(csb — cTi) + a(cTh + ¢,1h), Q2.1

in terms of intrinsic quantities c, T and the Serret—Frenet trihedron {m, &, B}.
We are interested in self-similar solutions of (LLG) of the form

- (s
m(s,t) =m <\_/E> 2.2)

for some profile m : R — S2. First, notice that due to the self-similar nature of m(s, ¢) in
(2.2), from the Serret—Frenet equations (1.6) it follows that the unitary normal and binormal
vectors and the associated curvature and torsion are self-similar and given by

- N S - - Ky
n(s,t) =n ($> , b(s, 1) =b (ﬁ) , 2.3)

1 s 1 s
c(s, t) = Ec(ﬁ) and T(S7t):$‘r<$>' (24)

Assume that m(s, ¢) is a solution of the LLG equation, or equivalently of its geometric version
(2.1). Then, from (2.2)—(2.4) it follows that the Serret—Frenet trihedron {m (-), 7(-), b(-)} solves

— %cfi = B(c'b — ctit) + a(cth + 7). (2.5)
As a consequence,
—%c =ac — Bct and B’ +act =0.

Thus, we obtain

Bs
7 )
for some positive constant cq (recall that we are assuming w.l.o.g. that @>+ 82 = 1). Therefore,
in view of (2.4), the curvature and torsion associated with a self-similar solution of (LLG) of
the form (2.2) are given respectively by

c(s) = co e_# and t(s) = (2.6)

(“2
o(s, 1) = %6_7 and (s, 1) = ‘Z—: o> 0. 2.7

1316



Nonlinearity 28 (2015) 1307 S Gutiérrez and A de Laire

Notice that given (c, T) as above, for fixed time ¢ > 0 one can solve the Serret—Frenet system
of equations to obtain the solution up to a rigid motion in the space which in general may
depend on 7. As a consequence, and in order to determine the dynamics of the spin chain, we
need to find the time evolution of the trihedron {m(s, ), (s, 1), b(s, )} at some fixed point
s* € R. To this end, from the above expressions of the curvature and torsion associatecl with
m(s, t) and evaluating the equation (2.1) at the point s* = 0, we obtain that m, (0, ) = 0. On
the other hand, differentiating the geometric equation (2.1) with respect to s, and using the
Serret-Frenet equations (1.6), the fact that ii, - i = 0, together with the compatibility condition
m,; = my,, we get the following relation for the time evolution of the normal vector

chi; = B(cgsb + c?>tm — ¢tb) + a((cT)sb — ccym + ¢, Tb).

The evaluation of the above identity at s* = 0 together with the expressions for the curvature
and torsion in (2.7) yield &, (0, t) = 0. The above argument shows that

m, (0, 1) = 0, 7,0,£) =0 and b,(0,1) = (M x 1),(0, 1) = 0.
Therefore we can assume w.l.o.g. that

m(0, 1) = (1,0, 0), 5(0,1)=(0,1,0) and b(0,1) = (0,0, 1),
and in particular

m(0) = m(0, 1) = (1,0,0), #(0) =1(0, 1) = (0,1,0), and 5(0) = b(0, 1) = (0,0, 1).
2.8)

Given « € [0, 1] and ¢y > 0, from the theory of ODEs, it follows that there exists a unique
{(Meg.a()s Hega (s beya ()} € (CP(R; SZ))3 solution of the Serret—Frenet equations (1.6) with
curvature and torsion (2.6) and initial conditions (2.8) such that

n-:l(?(),ﬂt J— ;l)L‘(),Otﬂ 77710@,01 L b(,‘(),()ta ﬁCo,O{ J— bCO,(X
and
- 2 = 2 7 2
|mco,ot| = |nco,a| = |bc0,ot| =1

Define mg, (s, 1) as

g (5, 1) = ey (%) . (2.9)
Then, Mg, q(, 1) € C® (]R; Sz) for all + > 0, and bearing in mind both the relations in
(2.3)-(2.4) and the fact that the vectors {/ g, (), fcy.a (), ECO,O,C)} satisfy the identity (2.5),
a straightforward calculation shows that m,, o is a C*(R; S?)-solution of the LLG equation
on R x R¥. Notice that the case ¢y = 0 yields the constant solution mg 4 (s, £) = (1,0, 0).
Therefore in what follows we will assume that ¢y > 0.

The rest of the paper is devoted to establish analytical properties of the solutions
{Mey.0 (85 1) }ep.a defined by (2.9) for fixed @ € [0, 1] and ¢y > 0. As already mentioned, due
to the self-similar nature of these solutions, it suffices to study the properties of the associated
profile m, 4 (-) or, equivalently, of the solution {m¢, o, ey by} Of the Serret—Frenet system
(1.6) with curvature and torsion given by (2.6) and initial conditions (2.8). As we will continue
to see, the analysis of the profile solution {7, «, fiCO,a, l;cw} can be reduced to the study of
the properties of the solutions of a certain second-order complex differential equation.
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3. Integration of the Serret—Frenet system

3.1. Reduction to the study of a second-order ODE

Classical changes of variables from the differential geometry of curves allow us to reduce the
nine equations in the Serret—Frenet system into three complex-valued second-order equations
(see [13,29,35]). These changes of variables are related to stereographic projection and this
approach was also used in [20]. However, their choice of stereographic projection has a
singularity at the origin, which leads to an indetermination of the initial conditions of some
of the new variables. For this reason, we consider in the following lemma a stereographic
projection that is compatible with the initial conditions (2.8). Although the proof of the lemma
below is a slight modification of that in subsections 2.12 and 7.3 [29], we have included its
proof here both for the sake of completeness and to clarify to the unfamiliar reader how the
integration of the Frenet equations can be reduced to the study of a second-order differential
equation.

Lemma 3.1. Let m = (mj(s));zl, n o= (n‘,»(s))iz1 and b = (bj(s))?:l be a solution of
the Serret—Frenet equations (1.6) with positive curvature ¢ and torsion t. Then, for each
j € {1, 2, 3} the function

fit) = ez o c@m@do i nj(s) = %
solves the equation
” . )Y\ . ()
f (S)+<lf(5)— C(S))fj(8)+ 7 Ji®) =0 3.1
with initial conditions
c(0)(n;(0) +ib;(0))

[0 =1 f;0=—"7 +m;(0))

Moreover, the coordinates of m, i and b are given in terms of f; and f ]/ by

fi®) HON
£i() c) fi(s) | e(s)?

4
c(s)?

1i(s)
fi(s)

'

(3.2)

2\ —1
) =1, nj@s)+ibj(s)=

mj(s)=2 <1+

The above relations are valid at least as long as m; > —1 and | f;| > 0.

Proof. For simplicity, we omit the index j, settingm = mj, n = n; and b = b;. The proof
relies on several transformations that are rather standard in the study of curves. First we define
the complex function

N = (n+ib)e' ot do (3.3)

Then N’ = itN + (n' +ib')e! /o @9 On the other hand, the Serret—Frenet equations imply
that

n +ib = —cm — itNe i h 7@do,
Therefore, setting

w — Ceif(;r(a)da
we get

N = —ym. (3.4)
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Using again the Serret—Frenet equations, we also obtain

1 — —
m' = E(WN + Y N). (3.5)
Let us consider now the auxiliary function
N
= . 3.6
= Tm (3.6)
Differentiating and using (3.4), (3.5) and (3.6)
, N Nm'
YT 1im d+emp
N om’
T l4m l+m
—
aa 14 <
=————(2 N).
3 am) 2mreN)

Noticing that we can recast the relation m? + n_2 +b*=1as NN = (1 — m)(1 +m) and
recalling the definition of ¢ in (3.6), we have ¢ N = 1 — m, so that

—
oY Y
"+ I+ =0, 3.7
g+t (3.7
Finally, consider the stereographic projection of (n, b, m) from the south pole
n+ib
= . 3.8
7 1+m (3:8)

Observe that from the definitions of N and ¢, respectively in (3.3) and (3.6), we can rewrite
n as

n= (pe—if(f r(a)do’
and from (3.7) it follows that 1 solves the Riccati equation
n’+irn+§(n2+l) —0, (3.9)
(recall that ¢ = ce’ o 7©)9%)_ Finally, setting
f(s) = exhic@n@dr, (3.10)
we get
2 /
n=2 3.11)
cf

and equation (3.1) follows from (3.9). The initial conditions are an immediate consequence
of the definition of n and f in (3.8) and (3.10).

A straightforward calculation shows that the inverse transformation of the stereographic
projection is

1 —|nl? 2Ren 2Imn
= —, n —= e —— = —F,
1+ nf? 1+ nf? 1+ nf?
so that we obtain (3.2) using (3.11) and the above identities. O

Going back to our problem, lemma 3.1 reduces the analysis of the solution {1, 7, I;} of
the Serret—Frenet system (1.6) with curvature and torsion given by (2.6) and initial conditions
(2.8) to the study of the second-order differential equation

S C2 2
7 (s) + 5(oz +iB) f/(s) + Z“e*” 2f(s) =0, (3.12)
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with three initial conditions: for (m, ny, b;) = (1,0, 0) the associated initial condition for

fiis

fi(0) =1, f{(0) =0, (3.13)

for (st na, b2) = (07 1, O) is
, ¢

O =1 £0) =7, (3.14)

and for (mj3, n3, b3) = (0,0, 1) is
ic

O =1 f0) = (3.15)
It is important to notice that, by multiplying (3.12) by e% £’ and taking the real part, it is easy
to see that

d 1 at 2 Cé 2

— | = — =0.

= [z(ez P+
Thus,

1 [ w2 2
E(s) 1= 3 (eZ|f/|2 + C4—0|f|2> = E,, Vs eR, (3.16)

with Ey a constant defined by the value of E(s) at some point sy € R. The conservation of
the energy E(s) allows us to simplify the expressions of m;, n; and b; for j € {1,2,3} in
the formulae (3.2) in terms of the solution f; to (3.12) associated with the initial conditions
(3.13)-(3.15).

Indeed, on the one hand notice that the energies associated with the initial conditions
(3.13)—(3.15) are respectively

E C(% E C(z) d E Cé (3 17)
) = — an = —, .

0,1 3 0,2 2 0.3 2

On the other hand, from (3.16), it follows that

-1
4 |f{|2(S) c2 )
(1 t s = 8E—°|fj|2(s), je{1,2,3).
e 5 1il7(s) 0.

Therefore, from (3.17), the above identity and formulae (3.2) in lemma 3.1, we conclude that
2 . 4 as2/4 r /
my(s) = 2| fi(s)|” — 1, ny(s) +iby(s) = ae J1(s) f1(s), (3.18)

2 -
mi(s) = |fi()* =1, nj(s)+ibj(s) = —e™ * fi(s) fi(s), je{2,3) (3.19)
Co J

The above identities give the expressions of the tangent, normal and binormal vectors in terms
of the solutions { f f}§=1 of the second-order differential equation (3.12) associated with the
initial conditions (3.13)—(3.15).

By lemma 3.1, the formulae (3.18) and (3.19) are valid as long as m; > —1, which is
equivalent to the condition | f;| # 0. As shown in appendix, for « = 1 there is § > 0 such
that m;(5) = —1 and then (3.18) and (3.19) are (a priori) valid just in a bounded interval.
However, the trihedron {m, 7, l;} is defined globally and f; can also be extended globally as
the solution of the linear equation (3.12). Then, it is simple to verify that the functions given
by the Lh.s. of formulae (3.18) and (3.19) satisfy the Serret-Frenet system and hence, by the
uniqueness of the solution, the formulae (3.18) and (3.19) are valid for all s € R.
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3.2. The second-order equation: asymptotics

In this section we study the properties of the complex-valued equation

2
F(s) + %(a +iB) f(s) + %‘)f(s)e*”z/2 —0, (3.20)

for fixed ¢cg > 0, @ € [0, 1), B > 0 such that o®> + B> = 1. We begin noticing that in the
case o = 0, the solution can be written explicitly in terms of parabolic cylinder functions
or confluent hypergeometric functions (see [1]). Another analytical approach using Fourier
analysis techniques has been taken in [20], leading to the asymptotics

—is?/4

) c Lo §
f(s) = Crel@/Pe) 4 0,7 o=@/ 4 (] /s2), (3.21)
S

as s — 00, where the constants C1, C, and O (1/s?) depend on the initial conditions and c¢y.
For o = 1, equation (3.20) can be also solved explicitly and the solution is given by

f@s) = 20 sin (c_o /S e o/ da) + f(0) cos <C—O [S e/ do> .
Co 2 0 2 0

In the case « € (0, 1), one cannot compute the solutions of (3.20) in terms of known functions
and we will follow a more analytical analysis. In contrast with the situation when o = 0, it is
far from evident to use Fourier analysis to study (3.20) when o > 0.

For the rest of this section we will assume that « € [0, 1). In addition, we will also
assume that s > 0 and we will develop the asymptotic analysis necessary to establish part (ii)
of theorem 1.2.

At this point, it is important to recall the expressions given in (3.18)—(3.19) for the
coordinates of the tangent, normal and binormal vectors associated with our family of solutions
of the LLG equation in terms f. Bearing this in mind, we observe that the study of the
asymptotic behaviour of these vectors are dictated by the asymptotic behaviour of the variables

z=|f’ y=Re(ff). and h=Im(ff) (3.22)
associated with the solution f of (3.20).

As explained in the remark (a) after theorem 1.2, we need to work with remainder terms
that are independent of «. To this aim, we proceed in two steps: first we found uniform
estimates for o € [0, 1/2] in propositions 3.2 and 3.3, then we treat the case @ € [1/2, 1) in
lemma 3.6. In section 3.3 we provide some continuity results that allows us to take « — 1~
and give the full statement in corollary 3.14. Finally, notice that these asymptotics lead to the
asymptotics for the original equation (3.20) (see remark 3.9).

We begin our analysis by establishing the following:

Proposition 3.2. Let ¢y > 0, « € [0, 1), B > 0 such that a® + B% =1, and f be a solution of
(3.20). Definez, yandhasz = |f|> and y +ih = f f'. Then

(i) There exists Ey > 0 such that the identity

Ul a2 G0y
—(e*> + - =E
2(6 1+ 1 0

holds true for all s € R. In particular, f, f', z, y and h are bounded functions. Moreover,
foralls € R

SE ! —as
I ()] < VCOO, |/ (5)] < V2Ege /4, (3.23)
8Ey 8E) 424
l2®)] < =5 and B+ 0)] < = e, (3.24)
0
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(ii) The limit
Zoo 1= lim z(s)
S—>00
exists.
(iii) Let y :=2Ey — c(z)zoo/Z and so = 4,/8 + c(z). For all s > so, we have
4 4 '
205) = 200 = =~ (ay + ) - s—’z'e—mz/2 + Ro(s), (3.25)
where

—as2/4

[Ro(s)| < C(Ey, co) (3.26)

s3

Proof. Part (i) is just the conservation of energy proved in (3.16). Next, using the conservation
law in part (i), we obtain that the variables {z, y, i} solve the first-order real system

7 =2y, (3.27)
2
y = 5%;; - a%y +e2 (2150 - %z) , (3.28)
S S
W =—B=y—azh. 3.29
ﬁzy @z (3.29)

To show (ii), plugging (3.27) into (3.29) and integrating from O to some s > 0 we obtain

z(s) — %/OS z(o)do = —% <h(s) — h(0) + % /OX oh(o) do) . (3.30)

Also, using the above identity,

I o) = -2 (hs)—n @)+ 2 [ oh)d 331
E(;/(;z(a) 0>_—@((s)— ()+5/;G(0) C7>~ (3.31)

Now, since from part (i) |A(s)| < 86% e—os?/ 4 bothh and & fos o h(o) do are bounded functions,

thus from (3.31) it follows that the limit of % fos z exists, as s — oo. Hence (3.30) and previous
observations conclude that the limit z,, := lim,_, o, z(s) exists and furthermore

§—>00

1 )
Zoo := lim z(s) = lim —/ z(o). (3.32)
s—=>o0 s Jo

We continue to prove (iii). Integrating (3.31) between s > 0 and +o0o and using integration
by parts, we obtain

1 [* . 4 [ h(o) 4h0) 2l [° o
zoo—;/() z(o)da_—E i 7da+ET—?|:;/(; Gh(a)do+‘/; h(a)do:|.
(3.33)

From (3.30) and (3.33), we get

__Ah@ 20 % 4 (% (o) -
Z(S)_ZOO__ETJ’-F : (O') U+EK 7 ( )

In order to compute the integrals in (3.34), using (3.27) and (3.28), we write
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Then, integrating by parts and using the bound for y in (3.24),

oo 2 y oy o ) e—omz/2 C(% % . s
h =—|-=+ = 4+ — _ —_2E, +0 _e—aa/z )
/s. @) B ( s /3 o? 4(Z°O 2 O/S o 2 [ o

(3.35)

Also, we obtain from (3.27)

* h(o) 2 Yy a [Ty %0 a2 C(z) *z —ac?/2
/S7ZE</S ;Jrg/s ;—250/5 — +3/S Ze . (336)

Multiplying (3.34) by 82, using (3.35), (3. 36) and the identity

00 o—ac’ 22 —aa2/2 —aa
a/ = —(n+ 1)/ , foralle >0, n>1, (3.37)
P on Sn+1 o+ T a2
we conclude that
2 2 SEO —as?/2
(@ +B7)(z — 200) = ——(Oty+ﬂh) —€
o0 o0 / o0 2
+8oc/ 24 8/ Loy 2cgf e /2, (3 + —3> . (3.38)
s O s O s o o

Finally, using (3.27) and the boundedness of z and y, an integration by parts argument shows
that

00 00 L/ 00
Y Yy Z y z o 6
8()[/Y (_)’—2+8\/Y ;:—40{;—8;—12s—4+8/\- Z<;+;) (3.39)

Bearing in mind that o> + 2 = 1, from (3.38) and (3.39), we obtain the following identity

8E > 6
Z—zoo———(oty+,3h) °e*“s2/2—4a%—8%—12%+8/ z(1+ )da
52 s 57 s s o3 od

> 2
+2¢} / e % (5 + —3> do, (3.40)
s o o

for all s > 0. In order to prove (iii), we first write z = z — Zoo + Zoo and observe that

® z 72— Zoo 40Zoo
8a —3=8a Tt
P P o s
® z ®Z—Zo Zoo
— = +—= and
PNCE P o3 4s
o0 o0
a2 o 2 a2 o 2 Zoo _pye2
/ e a0 /ZZ _+_3 :/ e a0 /Z(Z_Zoo) _+_3 +_ze s /2’
s o o s o o s

where we have used (3.37) in obtaining the last identity. Therefore, we can recast (3.40) as
(3.25) with

4oz — 7o 12
R(s) = —% - i—i - (Z / (2 — 200) ( ) do
2 o0 _ 2/2 o 2
+2€0/ e (2 — Z0) (— + —3> do. (3.41)
s o o

Let us take so > 1 to be fixed in what follows. For t > sy, we denote ||-||; the norm of
L>([t, 00)). From the definition of Ry in (3.41) and the elementary inequalities

o0 efowz/2 efasz/Z
Ot/ < , foralle >0, n=>1, (3.42)

oh = S”+l
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and

0 g—ao’/2 e—as?/2
/ < , foralla >0, n>1, (3.43)
P o" (n — 1)sn—1

we obtain

8liyll: 4

2 —at?/2
IRl < =5 + = (8+ ™) Iz = 2l

Hence, choosing so = 4,/8 + c(z), so that % (8 + cée"“z/z) < 1/2, from (3.24) and (3.25) we
conclude that there exists a constant C (Ey, ¢g) > 0 such that

C(Ey, co) e_m2/4
t 9

Iz — zeolls < foralla €[0,1) and ¢ > s,

which implies that
C(Ey, cp) e_w2/4
s

Finally, plugging (3.24) and (3.44) into (3.41) and bearing in mind the inequalities (3.42)
and (3.43), we deduce that

12(8) — Zoo| < , foralla €[0,1), s = s0. (3.44)

efOtSZ/4

|Ro(s)] < C(Eo, co) ; Vs =50 =4/8+c, (3.45)

§3

and the proof of (iii) is completed. ]

Formula (3.25) in proposition 3.2 gives z in terms of y and /. Therefore, we can reduce our
analysis to that of the variables y and # or, in other words, to that of the system (3.27)—(3.29).
In fact, a first attempt could be to define w = y + ih, so that from (3.28) and (3.29), we have
that w solves

. 2 / . 2
(we(a+tﬁ)s-/4> — o(atip)s?/4 (y _ %O(Z _ Zoo)) . (3.46)

From (3.44) in proposition 3.2 and (3.46), we see that the limit w, = lim,_, w(s)e(“+i/3)s2/ 4

exists (at least when « # 0), and integrating (3.46) from some s > 0 to co we find that

) e . c2
w(s) = ef(a+tﬂ)s2/4 <w* _ / e(fa+u3)crz/4 <V _ E0(Z _ Zoo)) dO') .
N

In order to obtain an asymptotic expansion, we need to estimate fsoo e(~a+ip)o?/ *(z — 2o0), for
s large. This can be achieved using (3.44),

e—omz/Z

do (3.47)

00
/ e(—ot+1ﬁ)02/4(Z _ Zoo) do

s

o0
< C(Ey, Co)/

o

and the asymptotic expansion

00 L—a0?/2
€ _ L —as?)2 1 2 8
do =e 2T 2t se T
g o as?  alst ods

However this estimate diverges as « — 0. The problem is that the bound used in obtaining
(3.47) does not take into account the cancellations due to the oscillations. Therefore, and in
order to obtain the asymptotic behaviour of z, y and & valid for all « € [0, 1), we need a more
refined analysis. In the next proposition we study the system (3.27)—(3.29), where we consider
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the cancellations due the oscillations (see lemma 3.5 below). The following result provides
estimates that are valid for s > s, for some s; independent of «, if « is small.

Proposition 3.3. With the same notation and terminology as in proposition 3.2, let

1 1/2
s; = max {4 8+cg,200(3—1) .

Then for all s > s,

s 2 —as?/2
¥(s) = e~ M sin(p(s1: 5)) — —Le= 24 0 [ & , (3.48)
s B2s?
2 —as?/2
h(s) = e~ cos( (51 5)) — 2P eo2 1 o & , (3.49)
s B2s?

where

s2/4 e—Zal
¢(s1;8) =a+p 1+¢} dt,
s3/4 t

a € [0, 2m) is a real constant, and b is a positive constant given by

2 0(2)
b = 2EO_ZZOO Zoo- (3.50)

Proof. First, notice that plugging the expression for z(s) — zo in (3.25) into (3.28), the system
(3.28)—(3.29) for the variables y and & rewrites equivalently as

2 2
y = %(,Bh —ay) + 20028 1 ay) + ye @2 4 R (s), (3.51)
S
W= —%(ﬂy +ah), (3.52)
where
c(z) 2 26(2))/6_““2
Ri(s) = —2e " 2 Ry(s) + ———, (3.53)
2 52
and Ry is given by (3.41).
Introducing the new variables,
u(t) =e”y2v1), v(t) =e"h2V1), (3.54)

we recast (3.51)—(3.52) as
u\  (aK BI+K)\ (u F
()= ") 0)-6) @s9

2 ,—2at —at —at

cie e e

K=" , F=y——+-—R 2V,

p Y NN 1(2/1)

where R is the function defined in (3.53). In this way, we can regard (3.55) as a non-
autonomous system. It is straightforward to check that the matrix

_ (aK B(+K)
A_<—ﬂ 0 )

with
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is diagonalizable, i.e. A = PDP~', with

0 _ok _iae 2K A
D = N P = zﬁ 2/3 9
0 A
1 1
K 22
Ay = aT:I:iﬁAl/z, and A=1+K—a4?. (3.56)

At this point we remark that the condition ¢ > #;, with #; := s7/4 and s; > 2co(,l8 — D2,
implies that

1
0<K(E—l)<1, Yt >, (3.57)
so that
(1=8% .o K K K 1 1
A=1+K—— K2 (1+=—+—|(1+=(1=-=)) ==, Vvi>n
4p? 2 28 2 p 2
(3.58)
Thus, defining
® = (@1, ) = P~ (u, v), (3.59)
we get
1 !/ 't ~
(e* Iy Dw) —e h?P ((P’l)/Pw + P’1F> , (3.60)

with F = (F,0). From the definition of w and taking into account that u and v are real
functions, we have that w; = @, and therefore the study of (3.60) reduces to the analysis of
the equation:

1 / 't
<e7L1 )“'a)l) = eijfl )“'G(t)’ (3.61)
with
G . oK’ B 7 B . F
() = lm(wl + o)) — E(a)l — 1) +lm-
From (3.61) we have
oy (1) = el ™ (a)l(tl)+a)oo —f e A*G(r)dr), (3.62)
t
with
o T
a)oozf e ™ G(r).
n
Since
_ iu v icKv 163
C()]—ZAI/2+E+4IBA1/2, ( )
we recast G as G = i(G + G, + G3) with
G, — aK'v ny aKv _ye ™ i G e R (212
= 4BA1/2 TAAN32 + 28 ) 2T S AL an 3T 52 A12 120775,
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Now, from the definition of K and A, we have

) 1 , 1\* 1
K'=—-K|2c0+-), K'=K 20+—-) +—=1,
t t 1?
, , a’K . 1\ 1 oa’K o, 1\?
A=K'|l1—— ) and A=K |20+ -] +—= 1l—— ) ——K (20+-] .
2p2 t 12 282 282 t

Also, since s; = max{4,/8 + 2, 2co(1/B — 1)V/?}, forallt > t; = s7/4, we have in particular
that7 > 8+ ¢l andt > c}(1/B — 1), hence

2 2 2
O _%9 (L ), ¢, (3.64)
B t \B t
and
2 2
' —% <1+L<C—°><3. (3.65)
48 48 \1B B
Therefore
2 1 2cke~2t /D 1
K| < e <T“+t—2>, IA'] < % (7“+t—2> (3.66)
and
24¢2 1
|AN| < jefhvt (g + _2) . 3.67)
B t ot

From proposition 3.2, u and v are bounded in terms of the energy. Thus, from the definition
of G and the estimates (3.57), (3.58) and (3.66), we obtain

C(Ey, co)e‘z‘” (Ol 1 )

GOl < == -

t 12
Since

)eifﬁ M| <, (3.68)

we conclude that

oo ot C E , [ee] 1 C E , —2at
/ eI G () dr’ < %/‘ o20t <E + _2> < %, (3.69)
: : T T
Here we have used the inequality
o0 n—2a0 —2at
o S —do<S— a1, (3.70)
p a” 2t"

which follows by integrating by parts.

In order to handle the terms involving G, and G, we need to take advantage of the
oscillatory character of the involved integrals, which is exploited in lemma 3.5. From
(3.58), (3.66) and (3.67), straightforward calculations show that the function defined by
f = y/@t"2A1/2) satisfies the hypothesis in part (ii) of lemma 3.5 with @ = 1/2 and
L = C(Ey, cp)/B. Thus invoking this lemma with f = y/(2¢t'/>A!/?) and noticing that

1 1
mzl'l' m—l
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and that
o’ K
! ] 1-a |K|‘1‘W _ 2V
A1/2 A2 )| T A2A2Z+ ] T Bt
where we have used (3.58) and (3.65), we conclude that
oo
7.[: Ay _ y 7/;11 Ay —at
/l e " Gy(t)dr = —2(a +i,3)t1/ze e Y+ Ry(1), (3.71)

with
C(Eo, co)e™
B213/2
For G5, we first write explicitly (recall the definition of R; in (3.53))
C%R()(Z«/;)Cimn cgye*S“’
ETIVCYNTZ 41312 A1/2

Using (3.45) and (3.58), we see that |G3.1(t)| < C(Ep, co)e */t?, so that we can treat this
term as we did for G, to obtain

|R2(1)] <

G3(t) =

= G3,1(l‘) +G3’2(Z‘). (3.72)

00 s C(E , —4at
f e ™Gy (r)dr| < % (3.73)
t
For the second term, using (3.58), (3.66) and (3.64), it is easy to see that the function f defined
by f = (cjy)/(@t>A1?) satisfies

C(Eo, o) / « 1
fOl < =35~ and |f/0)] < C(Eo.¢0) (ﬁ+ﬁ7)

as a consequence, invoking part (i) of lemma 3.5, we obtain

<o C(Ey, co)e ™
/t e MGy y(r)dr| < (;%—30/2 (3.74)
From (3.62), (3.68), (3.69), (3.73) and (3.74), we deduce that
" B+ia) _ . C(Ey, cp)e ™
w1 (1) = e ™ (w1 (1)) + wa) — "STe “ 4 Ry(t) with |R3(1)] < 0,3—2?
(3.75)
Now we claim that
[ ) t 3626—20({
e ™ = Cpee D+ H(t), with I(t) = / 1+K(o)do, |H®)| < Of
1
(3.76)
and
o 00 Kd ) 052 o'} KZ q
CQYCO = exXp 5'/;1 g | EXp —ZE/ZI m o .
Indeed, recall that 1, = %K + iBA!/% so that
el — oy 5 GBS A (3.77)

First, we notice that

t oo ,—2a0 o0 ,—2a0
K ) e 2 e
a| — =c — o .
n 2 f 20 ‘ 20
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Using (3.70) and the inequality |1 — e ™| < x, forx > 0, withx = c}a ftoo e \we can write

20 °
5 ooefhw
exp| — =1+ H;(),
P( Coa/l 20) 1(8)

2 ,—2at

|H1(t)|<604t . forallt > 0. (3.78)

The above argument shows that

with

It = T (14 Hy (1)), (3.79)
with H,(¢) satisfying (3.78).

For the second term of the eigenvalue, using the definition of A in (3.56), we write

iﬁ/tA'/zziﬁ t(A]/z—\/1+K)+iﬂ/t«/1+K

a2 t K2 t
- e ——— v1+K.
l4ﬁ/,] A+ (1+K)2 ”3/,1

Proceeding as before and using that |1 — e™*| < |x|, for x € R, and that

o0 KZ o0 ) . 00 6740#[ Cge—4at
of s ee] Keow=ad | S <8
we conclude that
&P A 06T I ST (1 4 Hy), (3.80)
with
) < D ae
16812 8t

bearing in mind (3.64). Therefore, from (3.77), (3.79) and (3.80),
e = Cu e O(1 + Hy(0))(1 + Ha(1)).

The claim follows from the above identity, the bounds for H, and H,, and the fact that C, ¢,
satisfies that |Cy.c,| = |e/1 **] < 2 (see (3.68)). From (3.75), the claim and writing

Covco (@1(11) + 00) = (be'") /2 (3.81)
for some real constants a and b such that b > 0 and a € [0, 2), it follows that
b, y(B+ia)e™ . C(Eo, co)e™™
— ZaiBIMra) _ SN T - "
o= o a e +R,, (1) with |R, (1) < e . (3.82)

The above bound for R, () easily follows from the bounds for R3(¢) and H (¢) in (3.75) and
(3.76) respectively, and the fact that

lwi (1)| < C(Ep, o), Vit (3.83)

This last inequality is a consequence of (3.54), (3.58), (3.63), (3.64) and the bounds for y and
h established in (3.24) in proposition 3.2.
Going back to the definition of w in (3.59), we have (u, v) = P(w, w»), thatis

u= =K ) = IA 20 — @) = 2Im(@r) + Ry(0),
2B (3.84)

v = (w1 +w1) = 2Re(wy),
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with
—aK 12
|R4(1)| = Re(w) +2(A77 — DIm(w;)
K A — 1]
< E|Re(w1)| 250 m@n)l
2c2e—2ut C(Ey, co)e >
< = (Re(@1)] + [Im(e))]) < ——2——,
Bt Bt
where we have used (3.58), (3.65), and (3.83). From (3.82) and (3.84), we obtain
u(t) = bsin(BI(t) +a) — ﬁ—/J;e_‘” + Rs(0),
_ BY
v(t) =bcos(BI(t) +a) — me + Rg (1),
with

|Rs(1)| + |Re(t)| < C(Eq, co)e ™ /(B°1).

The asymptotics for y and 4 given in (3.48) and (3.49) are a direct consequence of (3.54) and
the above identities and bounds.
Finally, we compute the value of b. In fact, from (3.48) and (3.49)

lim (y2(s) + h2(s))e™ /2 = b2.
§—>00
On the other hand, since y +ih = f f’ and using the conservation of energy (3.16)

(V2(s) + h2()) e/ = |y + ik 2 ()e™ > = | f(s)P1 f (5) Pe®* /2

2
= QE,— %"If(s)lz)lf(s)lz,

so that, taking the limit as s — oo and recalling that z = | f|?, (3.50) follows. O

Remark 3.4. From the definitions of b in (3.50), and be'“ in (3.81) (in terms of Cq.c,, @1(t1)
and wo, in (3.81)), it is simple to verify that b and be'® depend continuously on a € [0, 1),
provided that 7., is a continuous function of «. In section 3.3 we will prove that 7, depends
continuously on «, for a € [0, 1], and establish the continuous dependence of the constants b
and be'® with respect to the parameter o in lemma 3.13 above.

In the proof of proposition 3.3, we have used the following key lemma that establishes the
control of certain integrals by exploiting their oscillatory character.

Lemma 3.5. With the same notation as in the proof of proposition 3.3.
(i) Let f € C'((t;, 00)) such that
, o 1
lfOI< L/t and [f'(D| <L (t_“ + W) ,
for some constants L, a > 0. Then, forallt > t; andl > 1

> _f;: Ay —lat _ ] _f,ll Ay —lat
/t e e " f(r)dr = —(la " iﬂ)e e f(t)+ F(1), (3.85)
with

C(,a,cy)Le "

[F()] < T (3.86)
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(ii) If in addition f € C*((t;, 00)),

If'OI <L/t and | f"(0)] < L (t(% + L) ; (3.87)

ta+2

then
C(,a,co)Le™"

Pl =0 (3.88)
Here C(l, a, cy) is a positive constant depending only on l, a and cy.
Proof. Define A = X,. Recall (see proof of proposition 3.2) that
K 2K2 e—2at
=20 4iBAYV? and A=1+K— 2" with K=c
2 482

Setting R, = 1/A — 1/(iB) and integrating by parts, we obtain
l o _r 1
(1 * .ﬁ) / e lnteTr f(rydr = eI te T f (1) (? ¥ Rx)
1 l

i
o0 ot / A'/
+/t e I hg—lat (—lafR)\ +§ — ];—2) dt,

or, equivalently,

f efj“e’“’f(r) dr =

“htem f () 4 F (o),

la + 1/3
with
_ i — [ A —lat © —[Th i o
F(t)_la_”ﬂ(e 17e R)\f+./t e InlteTvt —lafR,\+7—)L2 dr ).
Using (3.58), (3.64) and (3.66), it is easy to check that for all # > 7,
B 20 1
A > E and |)] < 3c0 ; +t_2 . (3.89)
On the other hand,
iB— A f aK
R =" — (Bl1=A 1+ —),
iBA ,3 2
with, using the definition of A in (3.58) and (3.64),
2 2 2 2 2
%gc_o and |1_A1/2|_|l |\|1 A|<c_0 S (S %
2 2t 1+ Al2 t 4Bt \ Bt Bt
Previous lines show that
1R < 1048 (3.90)
M ,32l . .

The estimate (3.86) easily follows from the bounds (3.68), (3.70), (3.89), (3.90) and the
hypotheses on f. To obtain part (ii) we only need to improve the estimate for the term

[e ] - ’
/ e Ae_lo‘fi dz
‘ A

in the above argument. In particular, it suffices to prove that

fOOe j N 7[a-[f Leflat
i Py

<Cd,co,a)—— Brart”
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Now, consider the function g = f’/A. Notice that from (3.64), (3.89) and the hypotheses on
f in (3.87), we have

V2L

ﬂta+l

2 1 6L (c? 2 1
|g’(t)|<£L BRI B A ] “ oL
ﬂ ta+1 ta+2 ﬂ ﬂt tu+l l“+2

14L [ 2« 1
< 7 [LH'I + ta+2 :

Then, we can apply the identity (3.85) to the function g, witha = a + 1 and L =28L /B

18] <

(3.91)

and

*© —[TA —lat 2;_frl)‘+ ~lat 51\ 4 G(t
/t e e g (la+iﬂ)e e g () + G (1),

for some function G satisfying
C(,a,co)Le  28C(l,a+1,cy)Le '
pra = p2ra+l :
Therefore, using (3.68) and (3.91), we obtain
T 1 1 C(l, co, a)Le™'!
e f,l )»eflotrg + < ( Co CZ) (&
P ﬂta+l ﬁ2t0+l ﬁzta+1

as desired. O

G| <

, (3.92)

< C(l, ¢y, a)Le ™™ <

We remark that if « € [0, 1/2], the asymptotics in proposition 3.3 are uniform in o.

Indeed,
1 12
aerl%?l);ﬂ{él 8+c(2),2co<E—1) ]:4 8+cg=s0,

Therefore in this situation we can omit the dependence on s; in the function ¢ (sy; s), because
the asymptotics are valid with

s2/4 e—2at
G (s) := d(so; 5) =a+,3/ ,/1+c(2J ; de. (3.93)
s3/4

We continue to show that the factor 1/ in the big-O in formulae (3.48) and (3.49) are
due to the method used and this factor can be avoided if « is far from zero. More precisely,
we have the following:

Lemma 3.6. Leta € [1/2, 1). With the same notation as in Propositions 3.2 and 3.3, we have
the following asymptotics: for all s > sy,

a4 ZCY)/ s’ e—a52/2
y(s) = be ™ T sin(¢p(s)) — ——e ¥ /7 + 0 > , (3.94)
S S
) 2 —0132/2
h(s) = be /4 cos(¢(s)) — ﬂe_asz/z +0 <e 5 ) . (3.95)
s s

Here, the function ¢ is defined by (3.93) and the bounds controlling the error terms depend on
co, and the energy Ey, and are independent of o« € [1/2, 1).
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Proof. Leto € [1/2, 1) and define w = y +ih. From proposition 3.3 and (1.21), we have that
foralla € [1/2, 1)
lim we@ A’ /4 = pie~id, (3.96)
§—00
where a := a + C(a, ¢p), a and b are the constants defined in proposition 3.3 and C(«, c) is
the constant in (1.21). Then, since w satisfies

. / . cz
<we(a+l/3)s2/4) — e(—a+lﬁ)sz/4 (y _ ?O(Z _ Zoo)) , (397)

integrating the above identity between s and infinity,

LN 2 e o0 o\ 2 6'2
we @A/ — jpe=id _ / elTatiPlo/4 <J/ - ?O(Z - Zoo)> do.
s

Now, integrating by parts and using (3.42) (recall that 1 < 2«), we see that

00 o e(—a+ip)s?/4 e—as’/4
/ eI 4o — D (o + i) +0 : Vs > 5.
N

s S3

Next, notice that from (3.44) in proposition 3.2, we also obtain

00 o efasz/Z
/ e(-a+if)o /4(Z —2Zs0)do =0 2 , Vs > s.

s

The above argument shows that for all s > s¢

L~ 2 1 —as?/2
w(s) = i@ iy _ 2AHBY wep (e . ) ERT)
N N

The asymptotics for y and % in the statement of the lemma easily follow from (3.98) bearing
in mind that w = y + ik and recalling that the function ¢ behaves like (1.21) when « > 0. [J

In the following corollary we summarize the asymptotics for z, y and & obtained in this
section. Precisely, as a consequence of proposition 3.2-(iii), proposition 3.3 and lemma 3.6,
we have the following:

Corollary 3.7. Let o € [0, 1). With the same notation as before, forall s > sy = 4,/8 + 0[2),

) 2 7as2/2
y(s) = be * *sin(¢ (s)) — ﬂe*asz/z +0 (e 5 ) , (3.99)
S )
s/ 2BY _ap2 e—os’/2
h(s) = be™* " cos(¢(s)) — ——e "+ 0 — | (3.100)
S S

4b —as?/4 . 4)/3*‘”2/2 e—as’/4
2(8) = Zoo — e (asin(¢(s)) + B cos(P(s))) + S 0 RN

52 /4 e—2at
¢(S)=a+/3/ 1+c} dr,
s&/4 t

for some constant a € [0, 27),

where

2 12 2
C, C .
b=z <2E0 - Zozoo> . y=2E-Jae and zx = lim2().

Here, the bounds controlling the error terms depend on co and the energy Eo, and are
independent of « € [0, 1).
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Remark 3.8. Inthe case whens < 0, the same arguments to the ones leading to the asymptotics
in the above corollary will lead to an analogous asymptotic behaviour for the variables z, h
andy for s < 0. As mentioned at the beginning of section 3.2, here we have reduced ourselves
to the case of s > 0 when establishing the asymptotic behaviour of the latter quantities due to
the parity of the solution we will be applying these results to.

Remark 3.9. The asymptotics in corollary 3.7 lead to the asymptotics for the solutions f of the
equation (3.20), atleast if | f | 1= zééz is strictly positive. Indeed, this implies that there exists
s* = so such that f(s) # 0 for all s > s*. Then writing f in its polar form f = pexp(if),
we have p*0’ = Im(f f'). Hence, using (3.22), we obtain p = z'/* and 0’ = h/z. Therefore,
forall s > s*,

0(s) — O(s*) = / h©) 4. (3.102)

s* Z(U)

Hence, using the asymptotics for z and h in corollary 3.7, we can obtain the asymptotics for f.
Inthe case that o € (0, 1], we can also show that the phase converges. Indeed, the asymptotics
in corollary 3.7 yield that the integral in (3.102) converges as s — oo for o > 0, and we
conclude that there exists a constant 65 € R such that

> h
f(s) =z(s)?exp (i@oo —1 / ﬂ da) , foralls > s™.
s z2(o)
The asymptotics for f is obtained by plugging the asymptotics in corollary 3.7 into the above
expression.

3.3. The second-order equation. Dependence on the parameters

The aim of this subsection is to study the dependence of the f, z, y and & on the parameters
co > 0and o € [0, 1]. This will allow us to pass to the limit « — 1~ in the asymptotics in
corollary 3.7 and will give us the elements for the proofs of theorems 1.3 and 1.4.

3.3.1. Dependence on ae. 'We will denote by f (s, ) the solution of (3.20) with some initial
conditions f (0, ), f'(0, @) that are independent of «. Indeed, we are interested in initial
conditions that depend only on ¢y (see (3.13)—(3.15)). Moreover, in view of (3.17), we assume
that the energy Ey in (3.16) is a function of ¢y. In order to simplify the notation, we denote
with a subindex « the derivative with respect to o and by  the derivative with respect to s.
Analogously to section 3.2, we define

2(s,0) = |f(s, ), y(s,a) =Re(f(s, ) f'(s, ), h(s,a)=Im(f(s,a)f (s, )
(3.103)
and
Zoo(@) = vlir&|f(s,a)|2.

Observe that in proposition 3.2-(ii), we proved the existence of z.(«), for « € [0, 1). For
o € (0, 1], the estimates in (3.24) hold true and hence z(s, ) is a bounded function whose
derivative decays exponentially. Therefore, it admits a limit at infinity for all « € [0, 1] and
Zoo(1) is well-defined.

The next lemma provides estimates for z,, hy and y,.
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Lemma 3.10. Let @ € (0, 1). There exists a constant C(cy), depending on cy but not on «,
such that for all s > 0,

2 2
s 3 s 1 104
|za (s, )| < C(CO)mln{Jl—a+s’Ja(l—a)’a2¢1—a}’ (3.104)
2 2
as?/4 S 3 S
[V (s, )| + |he(s, @) < C(co)e™ mm{m+s Jad _a)}. (3.105)

Proof. By classical results from the ODE theory, the function f (s, @) is smooth in R x [0, 1)
(see e.g. [10]). Differentiating (3.12) with respect to «,

n S . ’ C(z) —as?/2
I+ E((x +ip) f, + Zfae =g, (3.106)
where
g(S,O[) - _ <1 _ l%) %f/ COS fe—as
Also, since the initial conditions do not depend on «,

fa(0,0) = f,(0,0) = 0. (3.107)
Using the estimates in (3.23) and that o> + 82 = 1, we obtain

lgl < C(co) (ﬂ —as?/4  2eas /2) , foralls > 0. (3.108)
Multiplying (3.106) by f ' and taking real part, we have

1 / 70(5 r!

50m5+—wﬁ+—am) 2 =Re(2f)). (3.109)
Multiplying (3.109) by 2e* */2 and integrating, taking into account (3.107),

e m|—2/‘””mwfmo (3.110)
Let us define the real-valued function n = | f,|e*"/4. Then (3.110) yields

2 * ao?/4
n (s)<2/ e |glndo, foralls > 0.
0

Thus, by the Gronwall inequality (see e.g. [8, Lemma A.5]),

n(s) < / e’ /*|g|do, foralls > 0. (3.111)

0

From (3.108), (3.110) and (3.111), we conclude that

2
UMW“+—mD <21 L2 + Iﬁﬂ

<4/ @’ /Aleindoe < 4| sup (o) (/ e“”2/4|g|do)
0 o€l0,s] 0

K 2
<4<f @0 /4|g|da> )

0

Thus, using (3.108), from the above inequality it follows
| e /* + %|fa| < C(co)/ (% +aze““2/4> do, foralls > 0. (3.112)
0
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In particular, for all s > 0,

52 3 52
+s57, ,
Vi-a \/a(l—a)}

2 2
! —as?/4 . S 3 s
| f, ()| < C(cole mln{m+s , a(l—oz)}’ (3.113)

()] < C(co)min{

where we have used that

N N

2 2

/ o2e ™ *do < s2/ e % /*do < s%/m/a.
0 0

Notice that from (3.107) and (3.113),

' Cco) [ 5 _aorss
| s)] </ oo <« S0 " 2gmartitg,
0 Ja(l —a) Jo
and
o0
2
/ o224 4o — O;//f’ G4
0
so that
C(co)
| fa($)] < m (3.115)

On the other hand, differentiating the relations in (3.103) with respect to «,

Zo| S 21ful If] 1Y +ihal < |ful L/ T+1f11f,]. (3.116)
By putting together (3.23), (3.113), (3.115) and (3.116), we obtain (3.104) and (3.105). U

Lemma 3.11. The function 7 is continuous in (0, 1]. More precisely, there exists a constant
C(co) depending on c( but not on o, such that

C(c
|Z00(02) — Zeo(@1)] < &Wz —ai|, forallog, oz € (0,1], (3.117)
Lo, o)
where
L(az, ap) := 0112053/2 (0113/2\/1 —ay +a;/2\/1 — a1> )
In particular,

1Z00(1) — Zoo(@)] < Clc))V/1 —a, foralle € [1/2, 1]. (3.118)

Proof. Let oy, ay € (0, 1], ; < «y. By classical results from the ODE theory, the functions
y(s,a), h(s,a) and z(s, @) are smooth in R x [0, 1) and continuous in R x [0, 1] (see
e.g. [10,22]). Hence, integrating (3.27) with respect to s, we deduce that

oo o0 o dy
Zoo(02) — Zoo(0t) = 2/ (s, @2) — y(s, 1)) ds = 2/ f @(S, w)dpds.  (3.119)
0 0 o
To estimate the last integral, we use (3.105)
) dy 52 a e—,u,sz/4
— (s, M)‘ du < C(co) du. (3.120)
/al du Vo Jo, 1=

Now, integrating by parts,

[05) 7[1.S2/4 5 2 [0%)
/ © du =2 <\/1 —ae A1 — aze’“232/4) — s_f VA /Le:”‘sz/4 du.
ap vV - 2] 2 3]
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Therefore, by combining with (3.119) and (3.120),

C o0

2o (@) — 2o (@) < (co) ( T m/ 2 ds — ST — o —Otzf 20-ws?/4 g )
NG 0

and bearing in mind (3.114), we conclude that

C(c) (Jl —ar - a2>

|Zoo (@2) — Zoo(@1)| <

N
which, after some algebraic manipulations and using that «¢;, oy € (0, 1], leads to (3.117). U

The estimate for z,, near zero is more involved and it is based in an improvement of the
estimate for the derivative of z..

Lemma 3.12. The function zs is continuous in [0, 1]. Moreover, there exists a constant
C(co) > 0, depending on cy but not on a such that for all « € (0, 1/2],

1200 (@) = 200 (0)] < C(co)/ar|In(@)]. (3.121)

Proof. As in the proof of lemma 3.11, we recall that the functions y(s, ), h(s, o) and z(s, o)
are smooth in any compact subset of R x [0, 1). From now on we will use the identity (3.40)
fixing s = 1. We can verify that the two integral terms in (3.40) are continuous functions at
o = 0, which proves that z., is continuous in 0. In view of lemma 3.11, we conclude that z
is continuous in [0, 1].

Now we claim that

PN PN T

do Ja

In fact, once (3.122) is proved, we can compute

C(co) for all « € (0, 1/2]. (3.122)

[Zoo (&) — 200 (0)]| = ‘/ —(M)dM

which implies (3.121).

It remains to prove the claim. Differentiating (3.40) (recall that s = 1) with respect to «,
and using that y(1, -), A(1, -) and z(1, -) are continuous differentiable in [0, 1/2], we deduce
that there exists a constant C(cy) > 0 such that

* ]
Cleo) / IGO0 — 20 (copv/adiing)] +2),
0 /M

dzeo

—( )| < Cleo) + 8|1 ()| + 23| ()], (3.123)
with
o0 o0 o0
1,(a)=/ i+a/ Z—"‘+6/ La (3.124)
1 o3 1 o3 1 od
and
o0 o0 o0
ba) = -2 / e 220 4 g / R ) / e 20?254 (3.125)
2 1 1 o 1 o3

By (3.24) and (3.104), z is uniformly bounded and z,, grows at most as a cubic polynomial,
so that the first and the last integral in the r.h.s. of (3.124) are bounded independently of
a € [0, 1/2]. In addition, (3.104) also implies that

1\'/? §3/2
el = lzal P12l < Cleo)(sH)2 <;> = cen’ (3.126)

which shows that the remaining integral in (3.124) is bounded.
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Thus, the above argument shows that
|11 ()| < C(co) forall « €[0,1/2]. (3.127)

The same arguments also yield that the first two integrals in the r.h.s. of (3.125) are bounded
by C(co)a~'/2. Using once more that |z,| < C(co)s’a~'/?, we obtain the following bounds
for the remaining two integrals in (3.125)

s > C(c *° C(c C(c
a/ e_ag /2Z_0t < ( 0) / ao_e_aGZ/z da — ( O)e_a/z < ( 0)
1 o a Ji

g Ve Vg
0 . C © a—ao?/2 1
P/ fwg%d4< @w/ 7 o < Clegy M@
1 o ﬁ 1 o ﬁ

and

In conclusion, we have proved that

b(@)] < C (o)
N \/& )

which combined with (3.123) and (3.127), completes the proof of claim. O

We end this section showing that the previous continuity results allow us to ‘pass to the
limit’ @ — 17 in corollary 3.7. Using the notation b(«) = b and a(«) = a for the constants
defined for « € [0, 1) in proposition 3.3 in section 3.2, we have

Lemma 3.13. The value b(w) is a continuous function of a € [0, 1] and the value b(o))e /4@
is continuous function of a € [0, 1) that can be continuously extended to [0, 1]. The function
a(a) has a (possible discontinuous) extension for o € [0, 1] such that a(x) € [0, 27).

Proof. By lemma 3.12, we have the continuity of z, in [0, 1]. Therefore, in view of remark 3.4,
the function be' is a continuous function of & € [0, 1) and by (3.50) b is actually well-defined
and continuous in [0, 1]. Writing
1

beia >

we deduce the continuity of be~/“ in the points where b does not vanish. If b vanishes in some
point of [0, 1), the continuity of b~ in that point easily follows from the continuity of b in
[0, 1].

It only remains to prove that the limit

L:= 111517 b(a)e @@ (3.128)

befia — b2 X

exists. If b(1) = 0, it is immediate that L = 0 and we can give any arbitrary value in [0, 27)
to a(l). Let us suppose that b(1) > 0. Integrating (3.97), we get

2
w(s)e(“”’s)“z/“ _ w(SO)e(a+iﬁ)x3/4 N /f e(—a+ip)o®/4 (y _ C_O(Z _ Zoo)) do
! 2 ’
50
and this relation is valid for any @ € (0, 1]. Let @ € (0, 1). In view of (3.96), letting s — oo,
we have

[} 2

ibe@C@) — y(50)e @i/ 4 / elmaHh)’/4 <y - %O(Z - zoo)) do, (3.129)
S0

where C(«, cp) is the constant in (1.21). Notice that the r.h.s. of (3.129) is well-defined for

any « € (0, 1] and by the arguments given in the proof of lemma 3.11 and the dominated

convergence theorem, the r.h.s. is also continuous for any « € (0, 1]. Therefore, the limit L in
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(3.128) exists and is given by the r.h.s. of (3.129) evaluated in o = 1 and divided by ie =€ (!:<0),
Moreover,

. —ia(w) L
lim e = —,
a1- b(1)
so that by the compactness of the unit circle in C, there exists 6 € [0,27) such that
e " = L/b(1) and we can extend a by defining a(1) = 6. O

The following result summarizes an improvement of corollary 3.7 to include the case
o = 1 and the continuous dependence of the constants appearing in the asymptotics on «.
Precisely, we have the following:

Corollary 3.14. Let o € [0, 1], B > O witha® + B2 = 1 and co > 0. Then,

(i) The asymptotics in corollary 3.7 holds true for all o € [0, 1].
(ii) Moreover, the values b and be™"* are continuous functions of a € [0, 1] and each term in
the asymptotics for z, y and h in corollary 3.7 depends continuously on o € [0, 1].
(iii) In addition, the bounds controlling the error terms depend on ¢y and are independent of
a € [0, 1]

Proof. Lets > s fixed. As noticed in the proof of lemma 3.11, the functions y(s, @), h(s, @),
z(s, o) are continuous in ¢ = 1. In addition, by lemma 3.13 be~i“ is continuous in & = 1,
using the definition of ¢, it is immediate that b sin(¢ (s)) and b cos(¢ (s)) are continuous in
o = 1. Therefore the big-O terms in (3.99), (3.100) and (3.101) are also continuous in o = 1.
The proof of the corollary follows by letting « — 17 in (3.99), (3.100) and (3.101). O

3.3.2. Dependence on cy. In this section, we study the dependence of z., as a function of
co, for a fixed value of . To this aim, we need to take into account the initial conditions given
in (3.13)—(3.15). Let us assume that f is a solution of (3.20) with initial conditions f(0) = k;
and f'(0) = kpcp, for some constants k, k; € C, with the corresponding energy Ey > 0
defined in (3.16). To keep our notation simple, we omit the parameter ¢y in the functions f
and 7. Under these assumptions, we have

Proposition 3.15. Leta € [0, 1]and ¢y > 0. Then 7« is a continuous function of ¢y € (0, 00).
Moreover if a € (0, 1], the following estimate holds

7OV P V2Escon FOWT|  (2Escon\
zoo—‘f(onm < = ,f(0)+m+< oo ) (3.130)

Proof. Since we are assuming that the initial conditions f(0) and f’(0) depend smoothly on
co, by classical results from the ODE theory, the functions f, y, h and z are smooth with respect
to s and ¢y. From (3.40) with s = 1, we have that z,, can be written in terms of continuous
functions of ¢y (the continuity of the integral terms follows from the dominated convergence
theorem), so that 7., depends continuously on cp.

To prove (3.130), we multiply (3.20) by e@+F)s*/4 5o that

2
(f/e(a+iﬁ)s2/4)/ _ _%f(s)e(—a+iﬁ)s2/4_

Hence, integrating twice, we have
f(s) = f(0)+G(s)+ F(s), (3.131)
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with

s 2 K o
G(s) = f/(O)/ ¢ @D/ 4 and F(s) = _%0/ e—(a+iﬂ)al/4/ eI/ 12y dr do.
0 0 0
22Eq
€o

Since by proposition 3.2 | f(s)| < , We obtain

2E s i V2E
IF(s)| < —OC"/ e*““z/“/ e drdo < Y200 T 313
2 0 0 2 o

Using (3.131) and the identity,

s+ 2 =z +2Re(@iz) + |22’ 21,22 €C,
we conclude that z(s) = | f(s)|* satisfies

2(5) = 1f(0) + G($)I> + 2Re(F (5)(f(0) + G(5))) + | F(s)I*.
Therefore, for all s > 0,

12(s) = [ £(0) + G()I’| < 2[F ()| |f(0) + G(s)| + |F(s)[*.
Hence we can use the bound (3.132) and then let s — co. Noticing that

o0

lim G(s) = f'(0 / et g — fr0) YT

lim G5) = 7'© | o= 1O
the estimate (3.130) follows. O

4. Proof of the main results

In section 3 we have performed a careful analysis of the equation (3.12), taking also into
consideration the initial conditions (3.13)—(3.15). Therefore, the proofs of our main theorem
consist mainly in coming back to the original variables using the identities (3.18) and (3.19).
For the sake of completeness, we provide the details in the following proofs.
Proof of theorem 1.2. Leta € [0, 1],¢o > Oand {0 (), icy.a (*)s bep. ()} be the unique
C*®(R; S?)-solution of the Serret—Frenet equations (1.6) with curvature and torsion (2.6) and
initial conditions (2.8). In order to simplify the notation, in the rest of the proof we drop the
subindices ¢y and « and simply write {m(-), 7(-), I;(-)} for {mey.o (), ey (), l;CO,a(-)}.
First observe that if we define {A71, 1\7, é} in terms of {m, n, l;} by
M(s) = (m(=s), —m(—s), —m(—s)),
N(s) = (=n(=s),n(—=s), n(—=s)),
B(s) = (=b(=$),b(=s),b(~s)),  s€R,
then {A71 , N , é} is also a solution of the Serret system (1.6) with curvature and torsion (2.6).
Notice also that

(M (0), N(0), B(O)} = {(0), 71(0), b(0))}.
Therefore, from the uniqueness of the solution we conclude that
M(s) = m(s), N(s) = 7i(s) and B(s) = b(s), Vs eR.
This proves part (i) of theorem 1.2.
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Second, in section 3 we have seen that one can write the components of the Frenet trihedron
{m, n, b} as

4 5, -
mi(s) =21 i) — 1, ni(s) +ibi(s) = aew " Fi(s) f1(), 4.1

2 Lo s
mi(s) = |fis)* -1, ni(s) +ibj(s) = —e*  fi(s) fi(s)., J €{2.3}, 4.2)
o

with f; solution of the second-order ODE (3.12) with initial conditions (3.13)—(3.15)
respectively, and associated initial energies (see (3.17))

c? c?
Ey, = §0 and Eji= §0 for je{2,3). 4.3)
Notice that the identities (4.1)—(4.2) rewrite equivalently as
4 o 4 o
mi co,a0 = 221 - ]s n,co,0 = C_Oeas /4 Y1, bl,(‘o,Dt = C_Oeas /4h11
i ) 4.4)
Miaa =2 =1 Mjca = €y bjaa= e hy je(2,3)

in terms of the quantities {z;, y;, h;} defined by
zi=1f. yi=Re(fif) and h;=Im(f;f).

Denote by z; «, a;, bj, y; and ¢; the constants and function appearing in the asymptotics of
{yj, hj, zj} proved in section 3 in corollary 3.14.
Taking the limit as s — +o0 in (4.1)—(4.2), and since |m(s)| = 1, we obtain that there

exists A* = (A1)}_; € S? with

At =271 00— 1, At =zj00— 1, for j € {2,3). (4.5)

The asymptotics stated in part (ii) of theorem 1.2 easily follows from formulae (4.1)—(4.2) and
the asymptotics for {z;, y;, h;} established in corollary 3.14. Indeed, it suffices to observe
that from the formulae for b; and y; in terms of the initial energies Ey ; and z; o given in
corollary 3.14-(i), (4.3) and (4.5) we obtain

2 C(% 2 2 C(% 2 2 C(% 2
by =—0—-(A))), by=—>0-(A7)), b3j=-—-(1-(43)), (4.6)
16 4 4
6‘2 6'2 C2
Y= —ZOAT, v = —EOA;, ys = —70A§. 4.7)

Substituting these constants in (3.99), (3.100) and (3.101) in corollary 3.14-(i), we obtain
(1.16), (1.17) and (1.18). This completes the proof of theorem 1.2-(ii).

Proof of theorem 1.1. Letw € [0, 1], and ¢y > 0. As before, dropping the subindices, we
will denote by {1, 7, b } the unique solution of the Serret-Frenet equations (1.6) with curvature
and torsion (2.6) and initial conditions (2.8). Define

Bis. 1) = <%) . @.8)

As has been already rgentioned (see section 2), part (i) of theorem 1.1 follows from the fact
that the triplet {7, 71, b} is a regular-(C*®(R; S?))* solution of (1.6)—(2.6)—(2.8) and satisfies
the equation

—%cﬁ = ﬂ(c’l; — ctit) +a(cth + ).
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Next, from the parity of the components of the profile 712(-) and the asymptotics established in
parts (i) and (ii) in theorem 1.2, it is immediate to prove the pointwise convergence (1.9). In
addition, A== (AT, —A3, —A%) in terms of the components of the vector At = (A*)

Now, using the symmetries of m(-), the change of variables n = s/ Jt t gives us
3

e8] 1/p
I8¢, 1) = A" X000 () = A X0y OllLrey = ) <2t‘/2 / Im () — A% dn) :
j=1 0
(4.9)
Therefore, it only remains to prove that the last integral is finite. To this end, letsy = 4,/8 + c(z).

On the one hand, notice that since m and A* are unitary vectors,
S0
/ [mj(s) — AP ds < 2s0. (4.10)
0

On the other hand, from the asymptotlcs for m(-) in (1.16), (1.20), and the fact that the vectors
A* and B* satisfy |A+|2 = 1and |B+|2 = 2, we obtain

o0 1/p 00 —as’p/4 1/p 00 L—as’p/2 1/p
(S €
(s) — AT|P 2
</so m;(s) — A% ds) §2«/§c0(a+ﬂ)</s0 5 ) +2€0(/;0 = )
C(co) / ey @11
+ . .
o . PER)

Since the r.h.s. of (4.11) is finite for all p € (1, 00) if « € [0, 1], and for all p € [1, co) if
a € (0, 1], inequality (1.10) follows from (4.9), (4.10) and (4.11). This completes the proof
of theorem 1.1.

Proof of theorem 1.3. The proof is a consequence of proposition 3.15. In fact, recall the
relations (4.5) and (3.17), that is

A =220—1 and  At=z0-1,  forjef23),
and
2 2
Em—? Eo,j=%0, for j € {2, 3},

Thus the continuity of A):TW with respect to ¢y follows from the continuity of z, in
proposition 3.15.
Using the initial conditions (3.13)—(3.15), the values for the energies Ej ; for j € {1, 2, 3},

and the identity

N N
Y2 (V1o —ivT=
Jav = g (Tre V).
Wwe now compute
1, if =1,
et cﬁ e
i)+ =1+ ”7«/1+a, if j =2, 4.12)
«/Ol+l/3

1+ 97 4 %’7«/1—0@ if j=3.

Then, substituting the values (4.12) in (3.130) and using the above relations together with the
inequality +/1 +x < 1 +x/2 for x > 0, we obtain the estirgates (1.24)—(1.26).

Proof of theorem 1.4. Recall that the components of A7, , are given explicitly in (4.5) in
terms of the functions z; ., for j € {1, 2, 3}. The contmulty on [0, 1T of AT, , as a function
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of o for j € {1, 2, 3} follows from that of z; ., established in lemma 3.12. Notice also that
the estimates (1.31) and (1.32) are an immediate consequence of (3.121) in lemma 3.12 and
(3.118) in lemma 3.11, respectively.

Proof of proposition 1.5. Recall that (see theorem 1.1)

C()Ct (Al ,C0,0° A;co a’ A;C[) Ot) (413)
with A7, the components of A . Therefore A+ o 7 AC‘ L Iff AT, # lor—1.

Parts (ii) and (iii) follow from the continuity of A o in [0, 1] established in theorem 1.4
bearing in mind that, from the expressions for A} 0.0 in (1.27) and A7 1col in (1.30), we have
that AT o # £l forallcy > 0 and AT | # :l:l if co # k/m with k € N.

In order to prove part (i), we will argue by contradiction. Assume that for some o € (0, 1],

. + _
there exists a sequence {cg , },en such thatcy,, > 0, cp, —> Oasn — oo and ACO’N = Ama

Hence from (4.13) the second and third component of ‘X:o,ma are zero. Thus the estimate (1.25)
in theorem 1.3 yields

2

/r(l+a) ¢, 7 cgnn . NZAOET)) g7

Co,n g - 1 + : =+ Co’n + > .
V2 TR 8 232 24/2a

Dividing by ¢o, > 0 and letting cp, — 0 as n — 00, the contradiction follows.

5. Some numerical results and open questions

As has been already pointed out, only in the cases @ = 0 and @ = 1 we have an explicit formula
for AJr « (see (1.27)—(1.30)). Theorems 1.3 and 1.4 give information about the behaviour of

Af for small values of ¢ for a fixed valued of «, and for values of « near to 0 or 1 for a
fixed valued of cy. The aim of this section is to give some numerical results that allow us
to understand the map (¢, ¢p) € [0, 1] x (0, 00) +> Ai « € S2. For a fixed value of «,
we will discuss first the injectivity and surjectivity (in some appropriate sense) of the map

co > A ., and second the behaviour of A o @8 o — 00. To compute the numerically value
of AC e
(1.6) with initial conditions (1.8). Then we approximate Afoa by the value of the solution
for some s large enough, depending on « and ¢y, to ensure that the solution has numerically
converged.

For fixed «, define 6, o to be the angle between the unit vectors AJr o and — A o, associated
with the family of solutions m,, (s, 7) established in theorem 1.1, that 18 O such that

we use the command NDSolve in Mathematica to solve the Serret—Frenet equation

C08(0p.0) = 1 — 2(AT, )% (5.1)

It is pertinent to ask whether 6., , may attain any value in the interval [0, 7] by varying the
parameter ¢y > O.

In figure 2 we plot the function 6., , associated with the family of solutions r_flcw (s, 1)
established in theorem 1.1 for¢ = 0, « = 0.4 and o = 1, as a function of ¢y > 0. The curves
0.0 and 6., are exact since we have explicit formulae for A+ o Whena =0and o =1
(see (1.27) and (1.30)). We deduce that in the case = 0, there i 1s a bljectlve relation between
co > 0 and the angles in (0, 7). In the case ¢ = 1, there are infinite values of ¢y > 0 that
allow to reach any angle in [0, 7]. If ¢ € (0, 1), numerical simulations show that there exists
0% € (0, ) such that the angles in (6}, ) are reached by a unique value of ¢y, but for angles
in [0, ;] there are at least two values of ¢y > 0 that produce them (See 6, ¢ 4 in figure 2).
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Co Co Co

Figure 2. The angles 6., , as a function of ¢y fora =0, =04 and o = 1.

These numerical results suggest that, due to the invariance of (LLG) under rotations®, for
a fixed ¢ € [0, 1) one can solve the following inverse problem: given any distinct vectors
A*, A~ € S? there exists co > 0 such that the associated solution ﬁlco,a (s, t) given by
theorem 1.1 (possibly multiplied by a rotation matrix) provides a solution of (LLG) with
initial condition

m(-, 0) = A* x(0.00) () + A_X(fm,O)(')~ (5.2)

Note that in the case o = 1 the restriction A* 7&} ~ can be dropped.

In addition, figure 2 suggests that A:TW #* A;W for fixed @ € [0, 1) and ¢y > 0. Indeed,
notice that A:ﬁw #* A;oa if and only if A; # %1 or equivalently cosf,,, # —1, that is
0o 7 7, which is true if @ € [0, 1) for any ¢y > 0 (See figure 2). Notice also that when
o = 1, then the value r is attained by different values of c¢y.

The next natural question is the injectivity of the application c¢ —> 6, 4, for fixed
a. Precisely, can we generate the same angle using different values of c¢y? In the case
a = 0, the plot of 6., in figure 2 shows that the value of ¢y is unique, in fact one has

‘2
following formula sin (6,,,0/2) = Ai,¢c0 = e 27 (see [20]). In the case @ = 1, we have
Sin (6,.1/2) = Ai,¢.1 = cos(coa/TT), moreover
Af =AY oy mys foranyk e Z. (5.3)

Co,l =

As before, if o € (0, 1) we do not have an analytic answer and we have to rely on numerical
simulations. However, it is difficult to test the uniqueness of ¢y numerically. Using the
command FindRoot in Mathematica, we have found such values. For instance, fora =04,
we obtain that ¢y &~ 2.1749 and ¢y ~ 6.6263 give the same value of Af ,,. The respective
profiles ., .4(-) are shown in figure 3. This multiplicity of solutions suggests that the Cauchy
problem for (LLG) with initial condition (5.2) is ill-posed, at least for certain values of cy.
This interesting problem will be studied in a forthcoming paper.

The rest of this section is devoted to give some numerical results on the behaviour of the
limiting vector A:O’a. In particular, the results below aim to complement those established in

theorem 1.3 on the behaviour of A , for small values of cp, when « is fixed.
4 In fact, using that
(Ma) x (Mb) = (det M)(M ™)@ x b), forall M € M33(R), a@.b e R®,

it is easy to verify that if m(s, ) is a solution of (LLG) with initial condition m?, then Mg := Rm is a solution of
(LLG) with initial condition ﬁl% := Rm®, forany R € SO(3).
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mo

(@) Mhey,0.4(+), with co & 2.1749 (b) Meg,0.4(+), With co ~ 6.6263

Figure 3. Two profiles i, 0.4(-), with the same limit vector AjU,OA.

We start recalling what is known in the extreme cases « = 0 and « = 1. Precisely, if
o = 0, the explicit formulae (1.27)—(1.29) for A;O’O allow us to prove that

0o=0 and lim A7 =1, (5.4)

cop—>00

Jm A5,
and also that {A;CO,0 2 ¢o € (0,00)} = (0, 1). When @ = 1 the picture is completely different.
In fact A;CO’I = 0 for all ¢y > 0, and the limit vectors remain in the equator plane S' x {0}.

The natural question is what happens with A:O,a when o € (0, 1) as a function of c¢y.
Although we do not provide a rigorous answer to this question, in figure 4 we show some
numerical results. Precisely, figure 4 depicts the curves A ., A* ;,and A* | . as functions
0,0. €o,V. €o,

of ¢, for ¢y € [0, 1000]. We see that the behaviour of A:W changes when « increases in the
sense that the first and second coordinates start oscillating more and more as o goes to 1. In
all the cases the third component remains monotonically increasing with ¢y, but the value of
A3 1000, S€€MS to be decreasing with . At this point it is not clear what the limit value of
A;CW as ¢p — oo is. For this reason, we perform a more detailed analysis of A;CO’Q and
we show the curves A;l’a, A;',lo’a, A;,IOOO,ot (for fixed @ € [0, 1]) in figure 5. From these
results we conjecture that { A3 ., Jep>0 18 a pointwise nondecreasing sequence of functions that
converges to 1 for any ¢ < 1 as ¢c¢ — oo. This would imply that, for « € (0, 1) fixed,
Aj .0 = 0ascy — o0, and since A .0 — 1asco — 0 (see (1.24)), we could conclude by
continuity (see the(zrem 1.3) that for any angle 6 € (0, m) there exists ¢g > 0 such that 6 is
the angle between A7, , and —A:O’a (see (5.1)). This provides an alternative way to justify the

surjectivity of the map ¢y +— on,a (in the sense explained above).
The curves in figure 5 also allow us to discuss further the results in theorem 1.4. In fact,
when « is close to 1 the slope of the functions become unbounded and, roughly speaking, the

behaviour of A% co.cc 18 10 agreement with the result in theorem 1.4, that is

;,co,ut ~C(co)vVl —oa, asa—1".

Numerically, the analysis is more difficult when o« ~ 0, because the number of

computations needed to have an accurate profile of A3 , increases drastically as & — 0%.
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Af A Af

(a) A’:O‘o.m (b) A;,o.4 (c) A:(J,[).s

Figure 4. The curves A:U.o,m’ Aqf,o,m and A:To,o,s as functions of ¢, for ¢y € [0, 1000].

0 1

Figure 5. The curves A} | , ,A3 |9 4> A3 1000« @ Tunctions of o, for @ € [0, 1].

In any case, figure 5 suggests that A , converges to A}  faster than \/a|In(e)|. We think
that this rate of convergence can be improved to «|In(«)|. In fact, in the proof of lemma 3.10 we
only used energy estimates. Probably, taking into account the oscillations in equation (3.106)
(as did in proposition 3.3), it would be possible to establish the necessary estimates to prove
the following conjecture:

AL

Cp,o

— A:O,0| < C(co)a|ln(a)|, fora € (0,1/2].
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6. Appendix

In this appendix we show how to compute explicitly the solution m,, 4 (s, ) of the LLG equation
in the case « = 1. As a consequence, we will obtain an explicit formula for the limiting vector
A} | and the other constants appearing in the asymptotics of the associated profile established
in theorem 1.2 in terms of the parameter ¢y in the case when o = 1.
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We start by recalling that if @ = 1 then 8 = 0. We need to find the solution {1, 71, b}
of the Serret—Frenet system (1.6) with c(s) = coe“‘z/ 4 ¢ = 0 and the initial conditions (1.8).
Hence, it is immediate that
m3=n350, b1=b250 and b3El.

To compute the other components, we use the Riccati equation (3.9) satisfied by the
stereographic projection of {n;, b;, m;} from the south pole

n;j + lb] .
N, =—-, for j e (1,2}, (6.1)
1+ m;

found in the proof of lemma 3.1. For the values of curvature and torsion c(s) = coe’sz/ 4 and
7(s) = 0 the Riccati equation (3.9) reads

?’); + l/’;ﬁ] + %)e_asz/‘l(n? +1)=0. (62)
We see that when o = 1, and thus 8 = 0, (6.2) is a separable equation that we write as

dnj _ _ﬂe—asz/él
n? +1 2 ’

so integrating, we get
Co
n;(s) = tan (arctan(n OB Erf(s)) , (6.3)

where Erf (s) is the non-normalized error function
s
Erf(s) = / e 4 do.
0

Also, using (1.8) and (6.1) we get the initial conditions 1;(0) = 0 and 7, (0) = 1. In particular,
if ¢q is small (6.3) is the global solution of the Riccati equation, but it blows-up in finite time
if ¢ is large. As long as 7; is well-defined, by lemma 3.1,

fi(s) = et e @,
The change of variables

1t = arctan(n;(0)) — %Erf(s)
yields

cos (arctan(n; (0)) — $ Erf(s))
cos(arctan(n;(0)))

s

s 2
f e*omz/4n.]- (0)do = —In
0 o

and after some simplifications, we obtain
€o €o . (Co
fis) = ‘cos (E Erf(s))) and f,(s) = )cos <? Erf(s)) + sin (; Erf(s))‘ .
In view of (3.18) and (3.19), we conclude that
mi(s) = 2| fi(s)|* = 1 = cos (co Erf(s)) and my(s) = | fo(s)|* — 1 = sin (co Erf(s)) .
(6.4)

A priori, the formulae in (6.4) are valid only as long as 1 is well-defined, but a simple verification
show that these are the global solutions of (1.6), with

ni(s) = —sin (co Erf(s)) and n,(s) = cos (co Erf(s)) .
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In conclusion, we have proved the following:

Proposition 6.1. Let « = 1, and thus B = 0. Then, the trihedron {1, e, 1, ECU,I} solution
of (1.6)—(1.8) is given by

%c0,1(5) = (cos(cq Erf(s)), sin(cg Erf(s)), 0),

ﬁm’] (s) —(sin(cq Erf(s)), cos(cy Erf(s)), 0),

bCo,l(S) (07 Os 1)’

for all s € R. In particular, the limiting vectors Af, | and A_ | in theorem 1.2 are given in
terms of ¢y as follows:

A% | = (cos(co/T), £ sin(eoy/T), 0).

Proposition 6.1 allows us to give an alternative explicit proof of theorem 1.2 when o = 1.

Corollary 6.2. [Explicitasymptotics when o = 1] Withthe same notation as in proposition 6.1,
the following asymptotics for {1, fic,.1, bey.1} holds true:

co,1 o, 1 3

R > 2¢o = R 2¢2 . e /4
P, (s) = AY | — 2 B! (e sin@) — —LAY e+ 0 ( ,
S ’ S S

- 2¢o - 2 22 -~ 2 6732/4
fe1(s) = BY | sin(@) + TA;’UJe’S " S—;B;),lefs /2sin(@) + O ik
be,1(s) = B[ | cos(a),

where the vectors A:O iy B:o yanda = (aj)3=1 are given explicitly in terms of co by

AL | = (cos(coy/T), sin(cov/T), 0), B}, | = (Isin(co/7)], [cos(cov/T)], 1),

3 . . T .
a = {7”, if sin(co/) > 0, 4 = {3, if cos(con/) =0,

d ay=0.
I sin(eoy/T) <0, Zif coslcoy/m) <0, 0@

Here, the bounds controlling the error terms depend on cy.

Proof. By proposition 6.1,

Mg, 1(5) = (cos(co/T — g Erfe(s)), sin(coa/T — co Erfe(s)), 0),
Hey.1(8) = —(sin(coa/7 — co Brfe(s)), cos(con/T — co Erfe(s)), 0), (6.5)
bey.1(s) = (0,0, 1),

where the complementary error function is given by

oo
Erfc(s) = / e *do = /7 — Erf(s).
It is simple to check that

v (200 4cp 24
sin(co Erfe(s)) = e—*/4 (ﬂ _I0 00 (c°)> ,
S

s 57
2¢2 82 56¢2 2
cos(co Erfe(s)) = 1 +e772 (‘% +=0_2D .0 (ié)) :
K s s s
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so that, using (6.5), we obtain that

2¢o 2 2¢? 2 e“z/“
my(s) = ny(s) = cos(co/m) + —e* *sin(co/m) — e /* cos(cov/T) + O -
S s s
) 2co _. 22 o, . g5/
ma(s) = —n1(s) = sin(coy/) — —e~* 4 cos(con/m) — —Le™*?sin(cov/m) + O | ——
s s s
The conclusion follows from the definitions of g:{) 1 B:Ol and a. O

Remark 6.3. Notice that a is not a continuous function of co, but the vectors (B;F sin(a f))3'=1
and (B} cos(a,-))?zl are.
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