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ABSTRACT

On Non-Vanishing of Certain L-Functions
Shahab Shahabi
Department of Mathematics and Computer Science
University of Lethbridge
M. Sc. Thesis, 2003

This thesis presents the following:

(1) A dctailed exposition of Rankin’s classical work on the convolution of two mod-

ular L-functions is given;

(ii) Let S be the class of Dirichlet series with Euler product on Re(s) > 1 that can
be continued analytically to Re(s}) = 1 with a possible pole at s = 1. For F,G € S,
let ¥ ® G be the Euler product convolution of F and G. Assuming the existence of
analytic continuation for certain Dirichlet scries and some other conditions, it is proved
that F' ® G is non-vanishing on the line Re(s) = 1;

(ili) Let Fn be the set of newforms of weight 2 and level N. For f € Fy, let
L(sym? f, s) be the associated symmetric square L-function. Let s, = g, + ity with
1 — 4 < og < 1. It is proved that

CSQ,ENI_E S #{f S j:N: L(Syl’llz f:- SO) % 0}

for prime N large enough. Here € > 0 and C, . is a constant depending only on sy and
€.
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NOTATIONS

flz) < g(x)or f(z) = O(g(x)) if there exists a constant C such that |f(x)| < Cg(z)
(=)

f(x) ~ g(z) as z — +oo if mgrfwm =1

¢(s): the Riemann zeta-function; page 2.

x: a Dirichlet character; page 2.

g.c.d.(a,b): the greatest common divisor of o and b; page 2.

Yo: the trivial character; page 3.

L, (s): the Dirichlet L-function associated to a character x; page 3.
7(z): number of primes < x; page 3.

[(s)

6(x): the classical theta-function; page 4.

A(s) == 72T (%) ¢(s); page 4.

H: the upper half-planc; page 6.

GLI(R): the multiplicative group of 2 X 2 matrices with real entries and positive

: the gamma-function; page 4.

determinant; page 6.

H: HJQ{oc); page 6.

“|¢”: the stroke operator; page 6.

[' = SLy(Z): the multiplicative group of 2 x 2 matrices with integer entries and
determinant 1; page 6.

Gy = e%; page 7.

as(n): the n-th Fourier coefficient of a cusp form f; page 7.

Fo(N): the subgroup of I' = SLy(Z) consists of matrices (a;;),, ., in which az is
divisible by N; page 7.

Mi(N): the space of modular forms of weight £ and level N; page 7.

Sk(N): the space of cusp forms of weight & and level N; page 7.

{f,9): the Petersson inner product of f and g in S(N); page 8.

Dy(N): a fundamental domain for T'y(N); page 8.

e(2) := €%7%; page 8.

L¢(s): the L-function associated to a cusp form f; page 8.

ag(n): the n-th normalized Fourier cocfficient of a cusp form f; page 8.

i



W the Atkin-Lehner involution; page 8.
SH(NY: the (—l)g-eigcnspace of Wy in Sy(NV); page 9.
S (N): the (—1)5 ! -cigenspace of Wy in Sx(N); page 9.

—&

Agp(s) = (%) I'(s)Ls(s); page 9.
L5 (s): the twisted L-function associated to f and x; page 9.

a | b: a divides b; page 10.

a tb: a does not divide b; page 10.

T, (pt N),U, (¢ | N): the Hecke operators; page 10.

d{n): the number of positive divisors of n; page 11.

¢, and &, (p 1 N): roots of the quadratic equation 1 — as(p)z + «* = 0; page 11.
SA4(N): the space of oldforms of weight & and level N; page 12.

Spev(N): the space of newforms of weight £ and level V; page 12.

Fu: the set of normalized newforms of weight & and level N; page 12.

A(z) = e [, (1 — e272)™; the discriminant function; page 13.

E{z,s): the Epstein zeta-function; page 17.

O(w) = O(z,w): the theta-function; page 18.

f: the Fourier transform of f; page 18.

|Af: the determinant of a matrix A; page 19.

diag[ai, ..., a,): the diagonal matrix with entries a,, ..., a,, on its main diagonal; page
19.

J: the Jacobian matrix; page 19.

&(z,8) = (%) N ['(s)E(2, s); page 21.

8(£,9) == y" 2f(2)g(2); page 23.

L(f % g,s): the Rankin-Selberg convolution; pages 12 and 24.

L{f ® g, s): the modified Rankin-Selberg convolution; page 24.

{n(s): the Riemann zeta-function with the Euler p-factors corresponding to p | N
removed; page 24.

20 = ¢]
1
Fy(z,8) =1+ ————; page 26.
mz::l n; Nz + n|*
g.c.d.(nmN)=1
['.o: the stabilizer of oo under the action of [ on upper half-plane; page 26.
7 a set of representatives for right cosets of [', in T'y(N); page 27.

p{n): the Mobius function; page 28.
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o(s) = (&) TEIs 1k DL(f@g9)

= (%) TP (s + k — 1w (25) (S X g,5); page 30.
: the symmetric square L-function associated to a normalized eigenform
f; page 35.
Loo(sym?, ) := 72T ()T (A=) T (%), page 36.
A(sym? f,5) := N* L., (sym?, s)L(sym? f, 5); page 36.
S: the Selberg class; page 38.
ap(n): the n-th coeflicient of the Dirichlet series F'(s); page 38.
bp(p*): the p*-th coefficient in the p-factor of the Euler product of F(s); page 38.
S: the class of Dirichlet series defined in Section 3.2; page 38.
F(s) := F(3); page 39.
(F ® G)(s): the Euler product convolution of F' and G; page 39.
L(F ® G, s): the L-convolution of F and G; page 54.
L(f,s): the formal L-series attached to an arithmetic function f{n); page 55.
(f * ¢){(n): the Dirichlet convolution of two arithmetic functions f(n) and g(n);
page 55.

f(c) g(s)ds: the contour integral; page 61.

T k-1
Wyr = (Elklg)! <f f): page 68.
dmn: the Kronecker symbol; page 69.
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Chapter 1

Introduction and Statement of
Results

An L-function is, informally, a Dirichlet series » -7 | a,n~° that extends analytically
to the whole complex plane and satisfies a certain symmetric relation (i.e., functional
equation). The study of these complex functions is intimately related to some im-
portant problems in arithmetic and geometry. In particular, the investigation of the
zeros of L-functions has played a significant role in the development of modern number
theory.

In the first section of this chapter we give a brief historical account of the non-
vanishing of L-functions and the close connection of these functions with classical
distribution problems in number theory. Through this we try to provide enough moti-
vation for the reader to follow the subject. Since our focus in this thesis is mostly on
the non-vanishing of L-functions associated to modular forms, a summary of the basic
definitions and results in the subject of modular forms is given in Section 1.2. Section

1.3 is devoted to a summary of the main results of this thesis.

1.1 Riemann Zeta-Function and Dirichlet /-Functions

The proof of infinitenecss of primes goes back to Fuclid’s time. However, it was Euler

who, for the first time, studied this discretely natured problem by continuous tools. To



do this he introduced the zeta-function

for the real variable s > 1.
Euler observed that this function has a product representation in the form of

()= [ @=p)7"

p prime

for s > 1. Such a product is called an Fuler product. By taking the logarithm of both
sides of this product, applying the expansion

—log(1 — ) =iﬁ;
k=1

and using the divergence of the harmonic series, Euler showed that

i (S5 ) -0

p k>2

He argued that since the sccond sum is convergent for s = 1, then

. 1
on ( 2 E) - o
p prime

This proves the existence of an infinite number of primes, and proves further that the
series 3 p~! diverges.

After Euler it was Dirichlet who made major progress in this subject. His investi-
gation in the problem of distribution of primes in arithmetic progressions led him to
the notion of a character x, which now bears his name.

A Dirichlet character x (mod b), is a complex function defined on integers such
that for any m and n,

(i) x{mn} = x{m)x(n);

(i) x(n + b) = x(n);

(#ii) x(n) # 0 if and only if g.c.d.(n, b) = 1.

'g.c.d.(a,b) stands for the greatest common divisor of ¢ and b.




If x(n) =1 for any n with g.c.d.(n, &) =1, then x is called the trivial character (mod
b} and it is denoted by xo.
Dirichlet realized that in order to study the distribution of primes in an arithmetie

progression with common ratio b, one needs to consider the following infinite serics

LX(S) = z XT(;)

for s > 1. This is known as a Dirichlet L-function. It turned out that for any x, Ly(s)
has the following Fuler product

Ly(s) = [ = x(p)p™)™",
P
and for any nontrivial character x, L, (s) has a finite value at s = 1. By using these facts
about L,(s), Dirichlet proved that there are infinitely many primes in an arithmetic
progression a, a + b, a +2b,---, when g.e.d.(a, b) = 1. The central idea in the proof
of Dirichlet’s Theorem is that for any character ¥ # v,

L (1) #0.

It is accurate to say that this is the first non-vanishing theorem of this type in the
history of number theory.

In 1859, twenty years after Dirichlet’s work, Riemann published a short and very
inspiring article about the problem of the distribution of prime numbers and its con-
nection with the zeta-function. More than half a century ago, Legendre and Gauss
independently conjectured that the number of primes in the interval [1, z], for large
x, behaves like ——. More precisely, if we define

log x
w(x) = Z 1,

plx
P prime
then (2)]
. Tx)1og.r
lim ) 0BT _ 1.
E—00 T

This is the celebrated Prime Number Theorem. Note that log here stands for natural
logarithm.



In his paper, unlike Euler and Dirichlet, Riemann considered ((s) as a complex
variable function. Today, this function in called the Riemann zeta-function. In this
seminal paper, known as Riemann’s Memoir, he cutlined a project to prove the Prime

Number Theorem. Riemann first started with the definition of the gamma-function at

r (%) = /oe ezt
0

Using the change of variable t — 7nz, multiplying both sides by 7~2n~* and taking

int )
oint -,
point 5

sum over n's, for Re(s) > 1, he arrived at

7 il (%) {(s) = /000 (m%_l ie’mz“‘") dzx. (1.1)

Then he utilized the classical theta-function

Bla)= > e

n=—co

It was proved by Jacobi that #(x) has the following transformation property,

1 L
g (5) =z? #(x)
valid for £ > 0.

Riemann applied this property of é#(z) in (1.1) to derive the following integral

representation for the zeta-function,

i (5) e = [ e (5 1am )y 1

B(z) —

1
where w(z) = . From this he concluded that the zeta-function extends ana-

lvtically to the whole complex plane, except for a simple pole at point s = 1. He also
proved that the zeta-function satisfies the following functional equation

As) = A(1 - ) (1.2)

where

Als) = 5T (-) ¢(s).
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In the rest of his paper, Riemann made six conjectures, some about concrete proper-
ties of ¢(s), and others relating the zeta-function to the distribution of prime numbers.
By the late nineteenth century, four of these conjectures were proved, and as a result,
the proof of the Prime Number Theorem was established.

The Prime Number Theorem can be considered as a prototype example that de-
scribes the connection between the distribution problems arising in number theory and
the non-vanishing of various L-functions of number theory. One of the main steps in
the proof of the Prime Number Theorem by Hadamard and de la Vallée Poussin in
1896 was the fact that {(s) has no zeros on the line Re(s) = 1. It is not difficult to
prove that the Prime Number Theorem implies the non-vanishing of {(s) on the line
Re(s) = 1. The question arises whether the Prime Number Theorem can be proved
using just the fact that {(s) has no zeros on the line Re(s) = 1. This was answered
affirmatively around 1930 by the work of Wiener using Fourier analysis. So one can say
that the Prime Number Theorem is equivalent to the non-vanishing of the Riemann
zeta-function on the line Re(s) = 1.

The Riemann conjecture about the place of zeros of the Riemann zeta-function is in
fact much stronger. This deep conjecture, known as the Riemann Hypothesis, asserts
that apart from the trivial simple zeros at points s =0, -2, —4,- -, all the other zeros
of {(s) lie on the vertical line Re(s) = §. The proof of this conjecture would resuls
in the Prime Number Theorem with the best possible error term. More precisely,
assuming the Riemann Hypothesis, one can show that there is a constant C, such that
for large x,

T
| < Cat log? z.

Im(z) = logz

The functional equation for Dirichlet L-functions was first given by Hurwitz in 1882,
although he confined himself to real characters. For a general non-trivial character y,
one can prove that L, (s) has an analytic continuation to the whole complex plane, and
it satisfics a certain functional equation. A similar statement is true for L,,(s). The
only difference in this case is that L,,(s) has a simple pole at point s = 1.



1.2 Modular Forms

In this section we recall those basic definitions and fundamental results about modular
forms and related topics that we will use in this thesis. As we do not give any proofs
here, this section will be very concise. The interested reader can consult {11] or [21]
for details.

1.2.1 Basic Definitions
Let H denote the upper half-plane
H={z=z+iy: z€R, y>0}

Let GLI (R) be the multiplicative group of 2 x 2 matrices with real entrics and positive
determinant. Then GLJ (R) acts on H as a group of analytic functions

'zHaz-I-b _fa b
T cz—i—d’nf_ c d

) € GLI(R).

Let H* denote the union of H and the rational numbers Q together with a symbol oo
(or ioc). The rational numbers together with oo are called cusps.

Let f be an analytic function on H and & a positive integer. For

b
7= ( ¢ ) € GLI(R)
¢ d

:cl "

define the stroke operator “|;” as

(e = (et o +-ay74 (22,

Sometimes, we simply write fly for f|.v. Note that (f|v)|c = fiye.

Let I’ = SLy(Z) be the multiplicative group of 2 X 2 matrices with integer entries
and determinant 1 and let I be a subgroup of finite index of it. Suppose f is an
analytic function on H such that f|y = f for all v € I, Since IV has finite index,

11\ (1 m
01 0 1
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for some positive integer M. Hence f(z 4+ M) = f{z) for all z € H. So f can be
expressed as a function of ¢,, = eg%, which we will denote by f. More precisely, there
is a function f such that

f(z) = f(qu)-
The function f is analytic in the punctured disc 0 < lgae] < 1. If f extends to a
meromorphic (resp. an analytic) function at the origin, we say, by abuse of language,
that f is meromorphic (resp. analytic) at infinity. This means that f has a Laurent
expansion in the punctured unit disc. Therefore, f has a Fourter expansion at infinity

in the form of
o0

FE =T = Y angl, g =e™

n=-—0cQ

where G;(n) = 0 for all n < ng (ng € Z) if f is meromorphic at infinity; and éz(n) = 0
for all n < 0 if f is analytic at infinity. We say that f venishes at infinity if ay(n} =0
for all n < 0.

Let ¢ € I'. Then o 'T"o also has finite index in T and (f|o)|y = flo for all
v € 07'1"g. So f|o also has a Fourier expansion at infinity. We say that f is analytic
at the cusps if f|o is analytic at infinity for all ¢ € T. We say that f vanishes at the
cusps if flo vanishes at infinity for all o € I

Now for N > 1, let

PD(N)_{(‘i Z) € SLo(Z); =0 (mod N) }

Note that I';(/V} is of finite index in I'.

A modular form of weight k and level N is an analytic function f on H such that

(i) flv = f for all 7 € Lo(N);

(ii) f is analytic at the cusps.

Such a modular form is called a cusp form if it vanishes at the cusps.

The modular forms of weight & and level N form a finite dimensional vector space
M;:(N) and this has a subspace Si (V) consisting of cusp forms. Note that since (j 17?)
is the same as () %) in Io(N), (i) shows that My(N) = {0} if k is odd. So from now
on we assume that & is even.



Also, one can define an inner product called Petersson inner product on Si(N) by

. Ry i dody
(fg) = / /D o S

where Dy( V) is a closed simply connected region in H with the following two properties:
(1) For any z € H there is a v € I'o(N) and a z; € Do(N) such that z = vy(z);
(11) If z; = y(22) where z1, 2o € Dy(N) and v € I'y(N), then z; and 2, are on the
boundary of Do(N). Dy(N) is called a fundamental domain for I'y(N).

1.2.2 [L-Function of a Cusp Form

Let f € Sp(N). Since (é }) € [y(N}, the Fourier expansion of f at infinity is in the
form of

F(2) =) as(n)e(nz), efz) =™

Attached to f, we define the L-function associated to f by the Dirichlet series

Li(s)=) 4sln)

s
n=1

where af(n) = afk(_j) forn=1,2,3,--.

n 2
It can be shown that L;(s) represents an analytic function for Re(s) > 1. This is

a consequence of the fact that for any € > 0, as(n) = O(n)? (see Theorem 1.4).

0 -1
Wy = .

This is not an element of I" unless N = 1. However,

Let

WyTa(N)W;! = Ty(N).

Moreover, f|W2 = f. W, is called the Atkin-Lehner involution. Note that since

f = fiWy defines a self-inverse linear operator on Sy (N), it decomposes the space of

2This means that there exists a constant C such that |a;{(n)} < Cnf.



cusp forms Sip(N) to two complementary subspaces corresponding to the eigenvalues
+1. Set

SHN) = {F e Sy W = (-1if},
Si (V) ={F €SNy FIWy = (-],
and notice that Sy(N) = S7(N) @S, (N). The following Theorem of Hecke guarantees

the analytic continuation of L;(s) for f € Si(N).

Theorem 1.1 (Hecke) Let f € SF(N). Then L;(s) estends to an entire function

2

—3
and Ap(s) = (\/ﬁ) ['(s)Ly(s) satisfies the following functional equation

Af(S) = :|:Af(1 - S).
The root number of L(s) is the sign appearing in the functional equation of Lg(s).
Corollary 1.2 Let f € Sy(N). Then Lg(s) extends to an entire function.

Note Our definition of S, (N) and S, (N) is slightly different from the conventional
ones that denote them as subspaces corresponding to the eigenvalues +1 and —1 for
operator Wy, so for £ odd, our SE(N) is the conventional S7(N). In our notation
N} f(N ) is the sct of cusp forms whose L-functions have root number £1, respectively.

Let x be a Dirichlet character (mod ¢). The twisted L-function associated to f &
Se(N) and y is defined by the absolutely convergent series

b = 35

for Re(s) > 1. One can show that if x is primitive®, then

o

fulz) =) as(n)x(n)e

n=1

2minz

is a cusp form of weight &k and level ¢*/N. So in this case, the twisted L-function is the
same as the L-function associated to the cusp form f,, and hence it has an analytic
continuation to the whole complex plane.

3This means that the period of y is exactly q.



1.2.3 Hecke Operators

Let f € My(N). Let p and ¢ be primes such that p { N and ¢ | N.* The Hecke
operators T, and U, are defined by

- 0) & 1 e
f1T, =pt" [fJ(g 1)+;f|(0 p)]

sl (s )]

We can show that f | T, f | U, are also modular forms of weight & and level N, and
furthermore they are cusp forms if f is a cusp form.

Let f € Sip(N). We will say that f is an eigenform if f is an eigenvector for all
the Hecke operators {T, (p{ N), U, (¢ | N)}. The following theorem gives the main
property of eigenforms.

Theorem 1.3 (Hecke) The following conditions are equivalent.
(i) f is an eigenform and a;(1) = 1.
(i) Coefficients as(n) satisfy the following three properties:
(a) They are multiplicative, i.e., if g.e.d.(m,n) = 1, then af(mn) = ap(mlag(n);
(b) For ¢ | N, a;(q') = as(q)F;
(¢) For p{ N, ap(p') = ap(plas(p™') — ay(p'~2).
(#ii) L#(s) has a product of the form

Li(s) =[] (0 —asl@)g™®) "] (A - as@lp™ +p7%) ",

g|NV PN

which converges absolutely for Re(s) > 1.

We call the product given in part (i) of the above theorem an Fuler product. Also
any f satisfying the above equivalent conditions is called a normalized eigenform. It
can be proved that if f is an eigenform, then as(1) # 0. So we can always assume that
an eigenform f is normalized.

4Here a | b means that a is a divisor of b and a{ b means that a is not a divisor of b.

10



The coeflicients of modular forms satisty some important inequalities. The following
statement, known as the Ramanujan-Petersson Conjecture, gives the best possible

bounds for the coeflicients of cusp forms.
Theorem 1.4 (Deligne) (i) If [ is a normalized cigenform, then
|ag(n}| < d(n)

where d(n) is the number of the divisors of n.
(i) If f is a cusp form, then for any e > 0,

as(n) < nt.b

Now suppose f is an eigenform. From the above inequality it follows that if p { N,
then a¢(p) can be written in the form of

ar(p) =€ + &

where ¢, € C and |¢p| = 1. In fact, €, and €, are the roots of the quadratic equation
1 —as(p)z+2*=0.

Corollary 1.5 If f is a normalized eigenform, then its L-function has the following
Euler product, valid for Re(s) > 1,

Lis) = [ - asp)p) ' ] - ™) 0 —gp~*) 7"

PN PN

Inspired by the above theorems we may think of finding a basis for Sx(/V) consisting
of eigenforms for all the operators {T, (p 1 N), U, (¢ | N), Wy}. We can show that
there exists a basis for Si(/V) consisting of eigenforms for all the operators {7}, (p {
N)} and the operator Wy (sce [5], Lemma 27). The existence of such a basis is the
consequence of the fact that {7, (pt N), Wy} form a commuting family of Hermitian
linear operators (with respect to the Petersson inner product) and therefore from a
theorem of linear algebra (see [8], p. 207, Theorem 8) the space of cusp forms is
diagonalizable under these operators. Unfortunately the operators {U, (g | N)} are not

%ar(n) < n° means that there exists a constant C' > 0 such that |af(n)| < Cn¢.

11



Hermitian for S;(V) and we can not diagonalize Si(/N) with respect to the operators
{T, (pt N), Uy (g | N), Wy}. However, we may find such a basis for a certain subspace
of Si(N).

It can be proved that the Fourier coefficient ay{n) of a normalized cigenform f is
real. This is a consequence of the fact that the operators {7, (p 1 N)} are Hermitian,
and the fact that the coefficients a;(g) (¢ | N) are real (see [3], p. 147, Theorem 3).

1.2.4 Oldforms and Newforms

In [5] Atkin and Lehner constructed a subspace of Si(N) that is diagonalizable under
the operators {7, (p1 N), U, (¢ | N), Wy}. More precisely, they showed that there
exists a subspace of Si(N) whose eigenspaces with respect to the Hecke operators
{T, {(p 1 N)} are one dimensional. We call such a property, for a subspace of Si(V),
“multiplicity one”. Now since the operators {U, (¢ | N), Wy} commute with the
operatars {T,, (p 1 N)}, an eigenform for the operators {T, (p{ N)} is an eigenform for
the operators {U, (¢ | N), Wy} too.

Let N'| N (N' # N) and suppose that the {¢;} is a basis consisting of eigenforms
for the operators {7, (p { N')}. It can be proved that if d is any divisor of % then
gi(dz) € Sp(V). Set

SI(N) = span {g,-(dz) forany N'|N (N'#N), d] %} )

We call SM(N) the space of oldforms. Its orthogonal complement under the Peters-
son inner product is denoted by Sp®¥(N) and the eigenforms in this space are called

newforms. So we have

Sk(N) = SP4(N) @ Spe(N).

Since the space of newforms has multiplicity one, the set of normalized newforms of
welght & and level N is uniquely determined. We denote it by Fy. From the above
discussion it is clear that if f € Fy, Ly(s) satisfies a functional equation and has an
Euler product on the half-plane Re(s) > 1.

12



1.3 This Thesis

The second chapter of this thesis gives a detailed exposition of Rankin’s classical work

on the convolution of two modular L-functions. For the modular L-functions Ls(s) =
Do ap(mn™ and Ly(s) = 32070 ag(n)n™, let

L(fxg,8) = iw-

This is called the Rankin-Selberg convolution of L;{s) and Ly(s). In [19] Rankin estab-
lished the analytic continuation and the functional equation of L(f x g,s). A detailed
proof of Rankin’s Theorem is given in Chapter 2 (sec Theorem 2.12).

Rankin’s Theorem has numerous number theoretic applications. In [18], Rankin
used this theorem to prove the non-vanishing of the modular L-function associated to
the discriminant function

owis T 2minz |24
A(z) = e 1 — eg"mn2
(2) E( }
on the line Re(s) = 1. In fact, Rankin’s argument establishes the non-vanishing of
L-functions associated to eigenforms for the points on the line Re(s) = 1, except the
point s = 1. In [17], Ogg proved that the same result is true for s = 1. Moreover, he
showed that if {f, g) = 0, then L{f x g,1) # 0.

In Chapter 3, inspired by Ogg’s theorem on non-vanishing of Rankin-Selberg con-
volutions at the point s = 1, we prove two general non-vanishing theorems for the
convolution of two general Dirichlet scrics. One of the main themes of Chapter 3 is
that the existence of analytic continuation for certain Dirichlet series is closely related
to the problem of non-vanishing of L-functions on the line Re(s) = 1. To describe our
results, we need the following four definitions.

(i) Let S denote the class of Dirichlet series F(s) = >.o°  ap(n)n~* with the following
properties:
(a) For Re(s) > 1, F(s) has the Euler product

F(s) = Hexp (Z bF(Pk)> :

ks
k=1 p

13



(b) For any € > 0, ap(n) = O(n);
(c) F(s) has an analytic continuation to the line Re(s) = 1, except for a possible
pole at s = 1.

(i} For F € 8§, we define

(i) For F, G € 8, the Euler product convolution of F and G is defined as

(F®@G)s) = Hexp (Z w) .

ks
k=1 p

(iv) For F € § and og < 1, we say F' is ®-simple in Re(s) > oy (resp. Re(s) > o),
if F & F has an analytic continuation to Re(s) > a¢ (resp. Re(s) > oq), except for a

possible simple pole at s = 1.

Scction 3.3 deals with the non-vanishing of the Euler product convolution FF ® G
on the line Re(s) =1 (s # 1). We prove the following,

Theorem 3.10 Let F, G € § be @-simple in Re(s) > 1 and let t # 0. Then

(i) (F® F)(1+it) # 0.

(ii) If F = F, G = G, and if F ® G has an anaolytic continuation to the line
Re(s) =1, then (F @ G){(1+ i) #0.

In Section 3.4 we derive a similar non-vanishing result for s = 1. We prove the
following.

Theorem 3.15 Let oy < 1, and assume the following:

(i) F & Fand G ® G can be extended analytically to the half-plane Re(s) > oy,
except for a (possible) simple pole at s = 1;

(i) FF & G has an analytic continuation to the half-plane Re(s) > og;

(i1i) At least one of FQ F, G®G, or F®G has zeros in the half-plane Re(s) > ay.
Then (F & G)(1) # 0.

We will see that the non-vanishing of various L-functions of number theory will be
simple consequences of these theorems. In particular, these results establish the non-
vanishing of L(s), Ls,(s) and L(f x g, 3) on the linc Re(s) = 1. We also observe that,

14



for a non-real character x, the non-vanishing of L,(s) on the line Re(s) = 1 (s # 1)
does not follow from Theorem 3.10. In order to deal with this problem, in Section 3.5,
inspired by a theorem of Ingham [9], we prove a general non-vanishing theorem for the
Dirichlet series with completely multiplicative coefficients. More precisely, we prove
the following,

Theorem 3.22 Let F, G € 8§ be two Dirichlet series with completely multiplicative
coefficients. Also assume the following:

(i) F and G are @-simple in Re(s) > 3,

(1) F ® G has an analytic continuation to Re(s) > L;

(iit) (F ® G) ® (F ® G) is analytic for Re(s) > 1 and has a pole at 5 = 1.
Then, (F @ G)(1+1it) # 0 for all t.

Note that this theorem will imply the non-vanishing of L,(s) on the line Re(s)} = 1
(s #1).
Chapter 4 is related to the symmectric square L-function associated to a newform f

of level NV defined by
L(sym?® f,s) = CC’f::f(zss))][,(f x f,8).

The non-vanishing of L(sym? f, s) inside the critical strip (i.e., the strip 0 < Re(s) < 1)

is the main focus of this chapter. More specifically, we are interested in the following
problem.

Problem Let s be a point inside the critical strip and Fy be the set of normalized

newforms of weight k and level N. Then, what can we say aboul the

#{f € Fy: L(sym? f,s0) # 0}

for large N7

This is a challenging problem. The Generalized Riemann Hypothesis predicts that for
all f € Fn and 7 < Re(so) < 1, L(sym® f, 50} # 0. However, we are very far from
a proof of this conjecture. Probably the most interesting known result related to the
above problem is a result of Kohnen and Sengupta [12]. They prove that for any given
5o inside the critical strip, we can find an integer ky such that, for all & > ky, there
exists a newform f for which L(sym? f,sy) # 0. This is a nice result, however, it does

15



not directly address the above problem, since in our case the weight is fixed while
Kohnen and Sengupta vary the weights.

In the final chapter of this thesis, we prove a partial result related to the above
mentioned problem. More precisely, for a fixed point sy inside the strip 1 — ﬁ <
Re(s) < 1, we find a lower bound in terms of prime N for the number of weight 2
newforms f for which L(sym? f, sy) # 0. The main step in the proof of such a result is
establishing an upper bound for the mean values of the symmetric square L-functions

in the critical strip.

From now on let Fy be the set of newforms of weight 2 and prime level N. In
Section 4.4, we derive an upper bound for the following mean square of symmetric
square L-functions

Z |L(sym? f, 59) .

JeFn
In [10], Iwaniec and Michel proved such an upper bound in the case of Re(sq) = 5. We
closely follow their approach, and show that a similar result is true for a point inside
the critical strip. We prove the following.

Theorem 4.1 Let 3y be a point in the strip % < 09 = Re(sy) < 1. Then,
Z |L(sym? f, s¢)|> < |so|*"% N'+e
f€FN
for any € > 0. The implied constant depends only on e.
In Section 4.5, we combine this theorem with a known result about the values of

the symmetric square L-functions on average to find a lower bound in terms of NV for
the number of newforms f for which L{sym? f, sy). We have the following.

Theorem 4.10 Let N be a prime number and let sq = oy + ity with 1 — 4%; < oy < 1.
Then for any € > 0, there are positive constants Cs, . and C} . (depending only on so

and €), such that for any prime N > Cj , there exist at least Cy, N'™ newforms f

of weight 2 and level N for which L(sym? f, sy) # 0.
Finally, the following will be a simple corollary of our result.
Corollary 4.11 For any so = 0¢ + ity with 1 — é < gg < 1, there are infinitely many

symmetric square L-functions associated to newforms f such that L(sym? f, s¢) # 0.
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Chapter 2

Rankin-Selberg Convolution

In 1939 Rankin published two papers about modular forms and the behavior of their
coefficients ([18], [19]). These papers have played a very influential role in the history
of modular forms. In his second paper, he introduced the notion of the convolution of
two L-functions associated to modular forms, known as Rankin-Selberg convolution.
The main goal of this chapter is to give an exposition of Rankin’s work. Section 2.2
is devoted to this. In order to study the Rankin-Selberg convolution, we need some
basic properties of the Epstein zeta-function. We will discuss these properties in the
first section. Also in the last section we will introduce the symmetric square L-function
associated to an eigenform, as we need it in the final chapter of this thesis.

2.1 Epstein Zeta-Function

In this section we introduce the Epstein zeta-function and will establish its basic prop-

erties. We will use these results in the next section. Qur account will be brief.

Definition 2.1 For any z =z + 1y € H and for s = o +it € C, we define the Epstein
zeta-function by

' 1
E(z ) = Z |mz + n|?

where the dash means that m and n run through all integer pairs except (0, 0).
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It can be proved that for any z € H, the above double series is absolutely and
uniformly convergent in the half-plane Re(s) > 1, and therefore E{z,s) is an analytic
function of s on this half-plane (see [4], p. 7).

Our goal here is to prove that the Epstein zeta~-function has an analytic continuation
and it satisfies a functional equation. Both of these statements are consequences of the

transformation property of the following theta-function.

Definition 2.2 For w > 0 and z = x + 1y € H, the theta-function ©(w) is defined by

the following infinite sum
O(w) = Oz, w) = Z'exp {—Ehnz + n|2} :
m,m y

Here dash has the same meaning as in the definition of E(z, s).

The first target here is to establish the transformation property of &{w). To do
this, first we recall some facts about the Fourier transform. For simplicity, we set

27iz

e(z)=e

Definition 2.3 Let f : R" — C be bounded, smooth (i.e., all partial derivatives exist
and are continuous), and rapidly decreasing (i.e., for any N, |x|¥ f(x) tends to zero
when |x| goes to infinity). The Fourier transform of f is defined by

fly)= fR“ e(—x'y) f(x)dx.

and “t" stands for transposition.

It can be proved that for f(x) = e ™™ we have f = f (see [11], p. 83). Recall that
throughout this chapter w is a positive real number.

Lemma 2.4 Let A be a real symmetric matriz of size n with positive eigenvalues, and
let

g(x)=e (%thAx) = TR Ax

18



Then we have

H ] 1 % oot A—
e (%}’tA_l}f) = |A|_% (—) em oY ATy
W w

Here, |A| is the determinant of A.

O
o
e
L —
Il
-
1
[SIE
AN
£
N

Proof By the principal axis theorem (see {8], p. 323, Theorem 4), there exists an

orthogonal matrix I/ such that
A=U'DU

where D = diag[\1, ..., Ay is a diagonal matrix and A;’s are the eigenvalues of A. Let

B = diag[vV/M, o, VAU = (b5 )nxcn

B is invertible and A = B*B. Consider the change of variable u = w3 Bx, and let
v = w3 (B*)"ty. We have the following

L, .-
uiu = wxtAx, viv=y'A"ly, x'y =u'v.
w

Also for the Jacobian matrix 7 we have
du; L 1
J B (%j)nxn a (w bz])ﬂx:n = B?

du = | J|dx = w? |B|dx = w?|A|7dx.

and therefore

Applying this change of variable in the Fouricr transform of g yields

aly) = /ne(—xty)e"“’xmxdx

/1)
= 4|2 (_) / e(—u‘v)e ™ du
W R”
a3 (2 F
=l (1) fw)
() e
w
1 % Mol A—1
= |A|"2 (_1.) e~ WY ATY
w
The proof is complete. O
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Proposition 2.5 The theta-function O(w) satisfies the following transformation prop-

erty
11 6(w) :5- (1+@ (5))

Proof In Lemma 2.4 put
I 2
A= ( )

where z = x + iy € H. A has positive eigenvalues and we have

1 e
A—-lz( v Jﬂ%)’ n=2, |Al=1,
¥

<@ | ‘c:|5‘*_
@ R

Y
and so
(}(X) _ 8—1rwx*.4x _ e—ﬁyﬂzm%—mzl2
b - - ¥
iy) = Lezvay = Lo-dener,
W W

By applying the Poisson summation formula, i.e.,

3 glm)= )" g(m),

meZl meZ’

(see [11], p. 83), we have

_ 2 1 _ — 2
E :6 p Imatnl® _ ¥§ :6 yu!m nz
w
R

m,n

1+@(w):$(1+6(%)).

The proof is complete. 1

or

In the sequel, we also need to know how ©(w) behaves at infinity. It can be proved
that ©(w) has exponential decay. More precisely, by approximation methods, one can
show that for —1 < Re(z) <1,

O(w) <« (1 Fw oyt 4 y_%w_%) (e‘ﬁéﬁ -+ e_%) X (2.1)
(See [19], p. 359, Lemma 3).

Now we are ready to prove the main result of this section.
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Proposition 2.6 (i) The Epstein zeta-function can be analytically continued to the
) , . T
whole complex plane, except for a simple pole at s = 1 with residue —.
(11} Put
-3
T
£(z,5) = (;) D(s)E(z,9).

We have the following integral representation for £(z, s)

£(z,5) = fl T Ow) (w4 - =

and so, £(z,s) is analytic everywhere, except for simple poles at s = 0,1 with residue
1 ‘
(111) £(z, 8) is unchanged under the replacing of s by 1 — s. This means that

£(z,8) =&(z,1—s).

In other words, the Epstein zeta-function satisfies the following functional equation

(%) romea = (5) 7 ra-pe -,

Y Y

Proof For Re(s) > 0, we have
o0
T'(s) = / e “u’ ldu.
0

We apply the change of variable u — %|mz + n|*w, to get

™ y 0 Tw 2

T(s) = (—) |z + n[‘“/ e~y Imenl st
Y 0

or

(—) |mz + 71|"23I‘(3) _/ e—T!mz-i—n\ o dw.
0

Y
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This implics
o) = (2) 1B

- () T e

- 5 (Z) r@hms i

= Z'f exp{—g|mz+n|2}ws"ldw.
N 0 Y

Now note that the inequality (2.1) allows us to interchange the order of summation

@R o

and integration. So

e = [

= f O(w)w* ™ dw

! -
Z exp {—%Unz + n|z} W tdw

e,

0
1 oo
= /@(w)ws_ldw-l-/ B (w)w* dw.
0 J1

Changing variable u — % and applying the transformation property of Proposition
2.5 yield

£(zy5) — ]lm(%(w)ws‘ldw-l-j:@ (%) (i)s_l (—%) du

_ [me(w)ws‘ldw+/]m {w(1+6(w) -1} (£)S+1dw
= ]1 " O(w)wdw + /1 " Ow)wdu + /1 o —w ) dw
8(81— 1)

- /] T 0(w) (0 w0 ) du + (2.2)

Note that the inequality (2.1) also shows that

/;OC |O(w) (@ + w™*)| dw
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0
< / (1 tw oy 4 y*%w’%) (eiﬁi + 6_%) (w"’l + w"’) dw.
1

After expanding the right-hand side, we come to a finite sum of integrals in the form

of
oC
/ e wbdw
1

where a € R™ and b € R. Since these integrals are convergent, the first summand on
the right-hand side of (2.2) is an entire function of s. This proves ({it).

The identity (2.2) also proves (44}, because the right-hand side of (2.2) is invariant

under the replacing of s with 1 — s.

To prove (i), note that by (ii) the only possible poles for E(z, s) are s = 0,1. At
s = 0 since both ['(s) and £(z, s) have simple poles with residue 1, E(z, s} is analytic
and E(z,0) = 1. At s =1, I'(s) has a value of 1 and £(z, s} has a simple pole with

residue 1. Therefore E(z, s) has a simple pole with residue T
U
This completes the proof. 0

2.2 Rankin-Selberg Convolution

Let z = x + 4y be a point in the upper half-plane H, and let s = ¢ + it be a point in
the complex plane C. Let

and -
9(2) = 3 dyln)erm
n=]
be cusp forms of weight k& and level N. We set
5(1,9) = ¥ 2 1(2)9(2).

Recall that for Re(s) > 1, the L-functions attached to f and g are defined by




and ”
Ls) = 3 4

n=1
where
ay(n) (1)
a’f(n) = fk_—_l_ s ag(n) = gk—l
n 2 n 2
forn=1,2,3,---.
Definition 2.7 The Rankin-Selberq convolution of L;(s) and Lg(s) is defined by
=~ af(n)ay,(n
1) - 32 D

The modified Rankin-Selberg convolution of Ls(s) and L,(s) is defined by
- ap{n)ay(n)
ns

L(f ® g,5) = Cw(25)L(S x g,5) = (n(25) Z

% —1
1 1
where (n(s) = E = H (1 - E) is the Riemann zeta-function with the
PN

n=1
g.e.d.(n,N)=1
Euler p-factors corresponding to p | N removed.
The main goal of this section is to study the analytic propertics of L(f x g,s). We
will see that the analytic continuation and the functional equation of the Epstein zeta-

function E(z, s) will result in the analytic continuation and the functional equation for

the Rankin-Selberg convolution L(f x ¢, s).
In Proposition 2.9 we will relate the Rankin-Selberg convolution L{f X g,5) to a

double integral on a certain region of the upper half-plane. To do this we need the

following lemma.

Lemma 2.8 For any fized y > 0,
-“47T'R,J.

: f(2)g(z)dz = Z ér(n)a,(n)e

1
2 n=1



Proof We have

1 1 oQ e o)
f f(Rglz)de = f i (Za.f(m)e%imwwzag(n)ezm(mm) dz
- - n=1

1
2 =1

3

(Z &f(m)mezm(’"”)me_z’r(mm)y) dx.

m=1 n=1
Interchanging the order of summation and integration yields

1

‘/5 f(Z)ﬁdaﬁ = i i (af(m)me—2n(1n+n)yf§ eZvri(m—n)xdm)

1 —
z m=1n=1

b=

The proof is complete. O

Proposition 2.9 For Re(s} > 1 we have the following integral representation for the
Rankin-Selberg convolution L(f x g, s)

(A7) (s + k= DI(f x g,5) = f f ¥ 2 (2)g (2 dady
S

-/ [ y*6(f, g)dady

where S is the strip x| < 3 and y > 0.

Proof We have

(4ﬁ)—s—k+lr‘(s + k- l)L(f X g, 3) = (4ﬂ.)—s—k+1[w(s +k— 1) i af(nrf);g(n)

_ f: {&f (Z’ZW (47r);:—k+1r(8 h 1)}

n=1
oo

= 3 {asm)a ) s + k- 1)}
n=1

Note that by the change of variable { — 4nny, I'(s + k — 1) can be written as

Fs+k-1)= (4wn)“+k‘1f e~y sh=2 g,
0
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So

(4m) (s + k= 1)L{f x g,8) = Z{ as(n

foo e—4wnyys+k—2} d’t}
n=1 0
50 00
— / ys+k 2 {Z —47my} dy
0 v

Now by applying Lemma 2.8 we ge’b
o0 1
@m0 (s + k— DL(f x g,5) = f y e {f f(Z)g(Zde} dy

= /f s+k=2 £ ) g(2)dady
= f/;ysfF(f,g)dﬂ:dy-

This completes the proof. O

Our next step is to rewrite the double integral in the statement of the previous
proposition as a new integral on a fundamental demain for To(N).

Lemma 2.10 We have

[[vetrgusiy= [ a(s,9)Pu(z 5)dsdy
R Do(N)

1
zs—l-f-z Z m

n=——aoc
gcd(n mN)=1

and Dy(N) is a fundamental domain for I'y(N).

Iew={yel: 'yoo:oo}:{(é f) beZ}.

'y is a subgroup of T" and it is clear that the strip S = {(z,y) : |z] <3, y > 0}isa

where

Proof Let

fundamental domain for I'. For any two matrices v=(*}) and v'= ( i d’) in GLy(Z),
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the right cosets I'ney and [y’ are equal if and only if (¢, d) = £(c’,d"). So the right
cosets of ['y, in [(N) arc in one to one correspondence with the pairs (¢, d). Therefore
we can choose a set of representative T for the right cosets of ', in ['g(N) as follows:

T={0,1D}U{(c.d): ¢>0, Nle, {c,d) =1}.

We claim that for any pair (¢, d) in 7, there is a unique transformation

az; + b
czy +d

Yed : 21 —> 2=

that maps Do(V) into S. This is true for the pair (0,1). For other pairs in 7, note

that since oo € Dy(N),
1

a
Zl = < =
‘ c‘ Mealoo)] < 3.

This shows that ¢ > 2; and since ad — be = 1, equality holds only if c = 2, a = £1. We
consider two cases.

If ¢ > 2, then there is exactly one solution in a, b of the equation ad — bc = 1 for
which [—

C
either of the lines |z| = 4, the whole of 7, 4Do(V) lies in §.

If ¢ = 2, then @ = £1. Suppose that, for example, 7.4 takes oc to the cusp —%

and takes Dy(N) into S. Then the transformation 7, 4(21) + 1 has the same ¢, d and

maps Do(N) outside S (touching the line z = 3}, and therefore corresponds to the

1
<3 Since v, 4Dy(N) has the unique cusp % in .S, and this cusp is not on

other solution. Hence exactly one of the transformations 7, 4(21) or 7. 4(z1} +1 has the
desired property. The claim is proved.
This shows that the strip S can be written as the disjoint union of v, 4D (N)’s

U Ye,aDa{ V).

{cd)eT

Therefore, we have

// §(f, g)dzdy = Z f[/,cdDo(N] f; g9)dzdy.

(e d)eT
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az, + b

Now let 2y = z) + ty;. Changing variable z) +» z = p— yields
Zaliny
Y o(f, g)dzdy = // ( ) (£, g)dz1di
//S {C§T po(ny \ €21 + dJ?
- [ (w0 ¥ | s
Do(N) (ed)ET iCZ] + d| §

By considering the definition of 7 in the last integral, we have

u > (o0} o0 1
Yy o(f, g)dedy = /f y*o(f,gyql-+ 5 ¢ dzdy
/f? (9) Do(N) 9) Z; d:z_m |cz -+ df?*

Nle g.e.d.(d,e)=1

= /f y°0(f, 9)Fn(z, s)dzdy.
Do(N)

The proof is complete. 0J

Now we will show that Fy{z, s) has a rcpresentation in terms of the Epstein zeta-
function. First we reccall the definition of the Mdbius function.
The Mébius function p(n) is defined by

1 fn=1
pn) =< (=1 fn=ppe-p,, 2 #pj
0 otherwise.
Lemma 2.11 We have
(d N
2n(28)Frn(z,8) = ﬂ—)E(—z, $).

s d

d|N

Proof The idea is to evaluate the double sum

' 1
8= Z |mNz + n|?s

m,n
g.c.d.(n,N)=1

in two different ways.
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On one hand we have

S = 2 e
2wt L 2 NP

g.c.d.(n,N)=1 m#£0  g.c.d.(n,N)=1

= Hw(2s) +QZ Z |mNz+n|23

m=1ln=—

k=1 m=1 n=—00
g.c.d.(n,m)=k

Note that since g.c.d.(n, N) = 1, then g.c.d.(n m) = g.c.d.(n,mN). So

1

k=1 m=1 n=—oo
gcd(ﬂ.mN)—

1

n=—00
gcd (n,mN)=1

= 20n(25)Fy(z, s).

On the other hand by applying the classical identity

Z“(d):{ 1 ifnzll

0 otherwise
dln

(see [15], Exercise 1.1.1), we have

! 1
S:ZWZ#(CE)

m,n dlg.c.d.(r,N)
= > DY s
o “ |mNz + nyd*

n
where ny = 7 S0

_ pd) L
¥ = Z{ d?s Z I'm%r-z+n1|2-“}

05(7.0)),
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This completes the proof. O
We are ready to prove the main result of this chapter.

Theorem 2.12 (Rankin) The Rankin-Selberg convolution L(f x g, s) has the follow-
tng properties:
(1) The series

L(.fxg,S):Z?’_{m?i‘:ﬂ

is absolutely and uniformly convergent for Re(s) > 1.

(it) L(f % g, s) has a meromorphic continuation to the whole complex plane.

(iit) L(f x g, s) is analytic at s = 1 if (f,g) = 0. Otherwise, it has a simple pole at
point s = 1 with the residue

_ 12(4m)*!
" T O NE-DLa- y /fDU(N)é(f,y)dxdy

_ 12(4x )1
= NG D=5

(iv) Let

L(f ® 9,5) = Cr(29)L(f x g,5) = (u(25) 3 S0
be the modified Rankin-Selberg convolution and for Re(s) > 1, let

o —2s
D(s) = (\/—N) (s)M(s+k—-1DL{f®g,s)

o2 \ %
— (ﬁ) [(s)[(s +k — 1)}(n(25)L(f x g, 9).

Then both L{f @ g,5) and ®(s) are entire functions if {f, g) = 0. Otherwise, they are
analytic everywhere cxcept that L(f & g,s) has a simple pole at point s = 1 and P(s)
has simple poles at points s =0 and 1.

(v) If N = 1, then the function ®(s) ts invariant under the replacing of s by 1 — s,
ie.,

B(s) = O(1 - 3).
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Proof (i) Suppose that ¢ = Re(s) > 1+ ¢ > 1. By Deligne’s bound (sec Theorem
1.4), we know that |as(n}], |a,(n)| < n?/%. So,

>

n=L

5/2

OOTL
<2

=1

as(n)ay(n

o0

1
2 e

n=1

[

This completes the proof of (i).
(11) & (iv) By Proposition 2.9 and Lemma 2.10, we have

or \
d(s) = (ﬁ) I'(s)F(s+&—1L(f®g,s)

- (—j%) r(o)ow(25)(4m)*# | ] V'8(f, g)dedy
= (4m)*? (—) 5)0n(2s) ffpo 9)Fn(z, s)dzdy.

Applying Lemma 2.11 in the previous integral yields

o = O (5) 10 [[ ot 2 (e (o)) et
(28 (5 ()
Finally by (2.2), we obtain
- S g o
_ (472“ ffé O(N( (. 0) [ 6(w)(w5“1+w3)) dedydu

le

L
+ g)dzdy. 2.3
2.5 S - 1 Z Do(N) ( )

d|N
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Note that by (2.1), the integral in the first summand of the right-hand side of (2.3) is
dominated by a finite sum of integrals of the form

/f v*6(f, 9) (/ e‘““’wbdw) dxdy
Do(N) 1

for A € R. These integrals are all convergent, because f and g vanish at all the cusps
of Dy(N). Therefore the first summand in 2.3 is an entire function of s. This proves

(11} and ().
(11¢) If we multiply both sides of (2.3) by s — 1 and then let s — 17, we get

lim (s — 1) (j—ﬁ) D)5 1k ~ DCn(25)L(F x g, 5)

(472’“12# /]D 5(f, 9)dwdy

d|N O(N)

and therefore

r = Res(L{f x g,s),1)

12(47)k~1 [/
6(f, g)dzdy.
Nk = I TN+ ) J S po)

This completes the proof of part (%4).
{v) Let N = 1. We can simplify (2.3) to

o = U / / . (5(f,g) s e(w)(w”—lw—S)) ddyd
23 (s—1 /:[1)0(1) (/, g)dzdy.

At a glance we realize that the right-hand side of this equality is invariant under the

replacing of s with 1 — s. Therefore
P(s) = ®(1 — ).
In other words, L(f x g, s) satisfies the following functional equation
(2m) T(s)0(s + k — 1)Cn(28)L(f x g, 5)
= (2m)27I0(1 — )Tk — s)¢w(2 — 25)L(f x g,1 — 5).

The proof of the theorem is complete. (W
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In the rest of this section, we will study the Euler product of the Rankin-Selberg
convolution of two modular L-functions. Let f(z) = Y00, as(n)e*™* be a cusp form
for Iy(N), and let Lg(s) = >~ ap(n)n~* be its associated L-function. From Theorem
1.3, we know that L;(s) has an FEuler product if and only if f(z) be an eigenform.
The next proposition will establish the Euler product of the modified Rankin-Selberg
convolution of the modular L-functions associated to two eigenforms f and g. To derive
the desired Euler product we need the following lemma.

Lemma 2.13 Let f and g be two normalized eigenforms in To(N), and let
—sy—1 _an—1 - a1
L) = [ (L= as0)p™) " [T (1 -0 *)™ (1 — &™)
pIN N

and

Ly(s) = H (1 - ag(p)in_s)_l H (1 - 5191073)_1 (1 - 5;719_5)_1
PN

pIN
be their assoctated L-functions, where e,+€ = as(p), 5p+5p = a4(p) and |¢,| = |6,| = 1.
Then, for Re(s) > 1 and pt N, we have the following identity

(1 _ pf‘z.s)fl i af(pk)ag(pk)

ks
k=0 p

s\ -1 gyl .| e gyl
= (L —ep™) (L—ebp™) (L-&0p™") " (1-&d0p~") .
Proof Letp{ N. We recall that the coefficients ay(n) and a,(n) satisfy the following:

as(p*) = ar(p)as (") - as (%),

k—l) k—'Z)‘

ag(p*) = ag(p)ay(p*™1) — ay(p

Applying the above identities repeatedly yields

a;(0*)a,(p*) — ap(p)as(p* )ag(p)a, (") + (ap(p)? + ay(p)® — 2) ay(p*2)a,(p*?)

—a;(PYas(p* )a,(0)a, (") + ay (PP May (1) = 0. (2.4)
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Also by using the above relations between the coefficients a;(p), a,(p) and the complex

units €,, d,, we have

(1 - Epfspp_s) (1 - Epgpp_s) (1 - Epépp_s) (1 - EPSPP_S)

=1—ap(p)ag(p)p™* + (as(p)* + ay(p)’ — 2) ™ — as(play(p)p™> +p™*.  (2.5)

Putting together (2.4) and (2.5), and following a tedious calculation, we arrive at

-3 I = —8 - 5 . —§ = a’f(pk)a’ (pk)
(1 — &™) (1= €pdpp ") (L — &0pp *) (1= &0,p7°) Z _pks_g'—
k=0
B 1
=1-o
which is equivalent to the statement of the lemimna.
This completes the proof. 0

Proposition 2.14 The modified Rankin-Selberg convolution of the modular L-functions
associated to two normalized eigenforms f and g has the following Euler product

Lf®gs) = [[0-a®app)™

pIN
X H (1- ‘5;:51:}!375)_1 (1 - fpgppis)_ll (1 - Epfsppis)_l (1-&dp )

-1

Proof First of all we recall that the coeflicients of eigenforms are multiplicative and
real (see Subsection 1.2.3). So we have

L(f®g,8) =Cw(2s) ] (i%@)

all primes \k=0
For p | N, since a;(p*) = a;(p)* and a,(p*) = a,(p)¥, we have
f: ag(p¥)a,(0*)  _ f: az(p)ay(p)*
k=0 pks k=0 pks

= (1 — a,f(p)ag(P)P_s)

Using this and applying the previous lemma, we attain the result. O
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2.3 Symmetric Square L-Function

The following lemma gives a new representation for the Rankin-Selberg convolution
L{f x f,s) of the modular L-function associated to an eigenform f with itself.

Lemma 2.15 Let f be an eigenform of weight k and level N. Then,

ap(n?)

L(f % f,5) = (n(s) > =2

nS

n=1
Proof On one hand, by the definition of

W= Y

n=l1
g.c.d.(n,N)=1

we have \
o0 P o0 b
w3 =30
n=1 n=1

where b(n) = ) a,(Z—Z).

d|n
g.c.d.(d,N)=1

On the other hand, we have

wor= Y (%)

dln
g.cd.{d,N)=1

(see [11], p. 163, Proposition 39). This completes the proof. 0

Inspired by the previous lemma, we define the main object of this section.

Definition 2.16 Let f be a normalized eigenform of weight & and level N. For
Re(s) > 1, the symmetric square L-function L(sym?® f,s) associated to f is defined

by

n

L(sym?® f, 5} = (n(25) Z af(T:'Q).
n=1
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Lemma 2.15 shows that the symmetric square L-function satisfies the following
Cv(s)L(sym® £, 5) = Cw(25)L(f x f,5) = L(f ® [, 5).

This identity, together with Theorem 2.12; establishes a meromorphic continuation of
L(sym? f, 5) to C. In 1975 Shimura [22] proved that the symmetric square L-function
in fact has an analytic continuation to the whole complex plane.
The value of L(sym? f,s) at s = 1 is of special interest. By part (441) of Theorem
2.12 and calculating the residue of {x{s) at s = 1, one can deduce that,
w{4m)¥

L(sym® f,1) = m(ﬁ f). (2.6)

The other important fact about the symmetric square L-function is that for square-
free IV, it satisfies a functional equation. Let

. 1 E—-1 k
Lo (sym?, ) = 75T (8+ ) r (L) r (5 h ) ;

2 2 2

and let
A(sym? f, s} = N°L.,(sym® s)L(sym? f, s).

Then the symmetric square L-function satisfies the functional equation
A(sym?® f,s) = A(sym® f,1 — s). (2.7)

In fact this functional equation can be derived from the functional equation for L({f ®
f,s) and the functional equation (1.2). In part (v) of Theorem 2.12, we established
the functional equation of L(f ® f,s) for N = 1. For square-free N, the proof of
the functional equation of L(f ® g,s), and consequently the functional equation of
L(sym? f, s}, is due to Ogg (see [17], Theorem 6, p. 311).
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Chapter 3

Non-Vanishing on the Line Re(s) =1

3.1 Introduction

Let f and g be two eigenforms with respect to the family of the Hecke operators for
T'y(N) (see Subsection 1.2.3). Let Ls(s) = Y oo as(nin™ and Ly(s) = 3 oe ag(n)n*
be the L-functions associated to f and g, respectively. Let

L(f 9.0, = (x(2) Y 220

be the modified Rankin-Selberg convolution of Ly(s) and L,(s). Let {f, g) denote the
Petersson inner product of f and g. In [17] (Theorem 4) the following is proved:

Theorem 3.1 (Ogg) If (f,9) =0, then L(f ® g,1) # 0.

In this chapter we prove similar non-vanishing results for a certain family of Dirichlet
series and their convolutions. The non-vanishing of many classical L-functions will be
simnple corollaries of our general theorems. Also as a consequence of our theorems, we
will be able to extend Ogg’s theorem to the line Re(s) = 1. We start by introducing
an important family of Dirichlet serics.

3.2 A Class of Dirichlet Series

In 1989, Selberg [20] considered a certain class of Dirichlet series and announced a
series of deep conjectures regarding the elements of that class.
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Definition 3.2 The Selberg class S is the family of functions F(s) of a complex vari-
able s satisfying the following properties:
(i) (Dirichlet Series): for Re(s) > 1,

where ap(l} = 1;

(ii) (Analytic Continuation): for some integer m > 0, (s — 1)™F(s) extends to an
entire function of finite order;

(iii) (Functional Equation): there are numbers @ > 0, a; > 0, r; € C with Re(r;) >
0 so that

®(s) = Q° Hr(a,,—s +r;)F(s)

satisfies the functional equation

B(s) = wdP(1 — s)

where w is a compler number with |w| =1 and ®(s) = ©(5);
(v} (Euler Product): for Re(s) > 1,

F(s) = Hexp (Z b};ﬁik))
P k

=1

where bp(p*) = O(p™) for some 8 < 1/2;
(v) (Ramanujan Hypothesis): for any fived € > 0,

ap(n) = O(n)
where the implied constant may depend upon e.

In our theorems, we only need to consider Dirichlet series that satisfy conditions
similar to (i), (iv) and (v). More precisely, we consider the following class.

Definition 3.3 The class 8 is the family of Dirichlet series F(s) = Y oo ap(n)n™
(Re(s) > 1) satisfying the following properties:
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(a) For Re(s) > 1, we have

=[] exp (i bF(,ka)) ;
P k=1 p
(b) For any fired € > 0,
ar(n) = O(n‘)

where the implied constant may depend upon e.
{c}) F'(s) has an analytic continuation to the hine Re(s) = 1, except for a possible
pole at point s = 1.

For F ¢ S, we write

Note that if F is analytic in a region A, then F is analytic in the region A = {5 : s € A}.
So, if A be a symmetric region with respect to the real axis (the case that we are dealing
with in this chapter), then the analyticity domain of F' and F' are the same. Also note
that if F' be the analytic continuation of f in a symmetric region, then F will be the
analytic continuation of f.

We continue by defining a convolution operation on .

Definition 3.4 For F, G € 8, the Euler product convolution of F and G is defined as
kbr(p*)be (p¥)
(F @ G){ H exp (Z ]

Lemma 3.5 For F, G in S, (F ® G)(s) is convergent for Re(s) > 1.

Proof First we show that |ag(n)| < ¢(e)n® implies

e () < LIEZ 1T 3.0

By taking logarithmic derivative of both sides of




we come o

F'(s) kbr(p*) logp
Fls) = P&
By cross multiplying and using the formula F'(s) = -3 "> wn)ﬁﬂ we get
, n
ap(n)logn = ZJbF(P])GF(—-) logp.
: »
wiin
In particular for n = p* we have
k-1
kbr(p*) logp = kap(p*)logp — Y jbr(p’)ar(p*~7)logp
=1

or

kbp(p*) = kar(p ZJbF(p’ ap(pt7).

We prove (3.1) by induction on k. For k = 1 we have ap(p) = bp(p) and (3.1) is
clear. Now suppose that (3.1) holds for all j < k ~ 1. We have

k—1
klor(p*)| < cl@kp® + ) jlbr(p?)le(e)p®=e

i=1

k-1
< ele)p® {k +) (2 - 1)}

< ele)pF(2k —1).

This proves (3.1) for any p and k.
Now we prove the lemma. Suppose that ¢ = Re(s) > 1+ 3e. By the inequality
le*] < el*l and by (3.1) we have

. (ika(Pkii’G(ﬂ“))r < e (iklbr I ’“)I)
k=1 p P

k=1
o< 2 Zke k
<€ exp (Z / )
k=1
Replacing 2% — 1 by 2% and using the expansion
22 2
—log(l—z)=z+§+§+--- (3.2)

40



valid for |z} < 1, we get

. kbp(pt)be(pF > 1 b
o (S HET) ¢ (524

k=1
-1
- (1_ 4 ) .
pa—Qc

4
Since 0 — 2¢ > 1+ ¢ > 1, the seriesz —-
e

is convergent. Therefore the product
P

I, (1 — pa—‘fgg) is also convergent, and nonzero (sce [1], p. 191). This implies that

eaie <[ (1-4%) <eo

The proof is complete. 0

In the following lemma we will show that ((s), Ly(s), Ls(s), Ly,(s) and L(f®g, s)
(for normalized eigenforms f and g) are all in 8. Note that the conditions (8) and (c)
in the definition of § are clearly satisfied for these Dirichlet series, so we only need to
check the condition (a) for them. Furthermore, we will establish the basic properties
of the Euler product convolution.

Lemma 3.6 (i) ((s) is in S, and for any F in S, we have
(F & ()(s) = F(s).
(i) For F' in S, we have
(¢ ® F)(s) = F(s).
(ii) If x is a Dirichlet character (mod g), then L,(s) is in S, and

(Ly ® Ly)(s) = Gls)-
(i) Let f be a normalized eigenform in Sg(N). Then L;(s) is in S, and

(L; ® Ly)(s) = Lyx(s)-

(v) For any two normalized eigenforms f and g in Sp(N), (Ly®L,)(s) isin S, and
(Ly ® Ly)(s) = L(f ® g,5).
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Proof (i) By using the expansion (3.2), we get

w = 1(-3)

P

1
= Hexp (wlog (1__3))
» P
1 1/2 1/3
oo (32200
o p D P

This shows that ((s) is in 8. For F € S, we have

(F®C)s)

(#1) Similarly we have

(€@ F)(s)

(Ly & Ly)(s)

= Hexp

p

>

k=1

kbp(p*) 2
pks




(iv) L; is in &, since by Corollary 1.5, we have

Ls) = [[(-ar@p™) [T &™) (1=&p™)"
N

pIN
2. as(p)*/k = (ck + & /k
Tl (S50 o (2952
We have
e E f k
e =Tl (L5521 Tl (5058

Also note that since a;(n) and x(n) are multiplicative,
— a;(0")x(p)’
Lix(s) =] (Z —
o =0 pl

If p | N, the corresponding p-factor for (L; @ L, )(s) is

— a7 (p)*x(p)* /& PN |

exp Z T = (1 - af(p)x(p)p )

k=1
and the corresponding p-factor for L;x(s) is also
0 RS,

as(p)'x(p) PN

3y %— = (1 —a;()x(p)p™) .
i=0

Now suppose that p + N. To prove that the corresponding p-factors in the Euler
products of (L; ® Ly }(s) and Lgxz(s) are equal, we need to prove that

e (f) (e + Es)x(p)k/k) _ 3 4"

ks ks
k=1 p k=0 P

These two quantities are equal if and only if the following equality holds

(1-&xp ) 1 -&x®r ) =) W
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or

(1 = a;()x(R)p~" + X(P)*p™™) i 5‘%@—)’“ =1,

After expanding, the left-hand side becomes

k+1 k+2

= a; (p*)%(p)
jj(kAF2)s

ks

or

o PX(p) _ ar(p)x(p) i (a;(**?) — as(P)as(p**") + as (0F)) X (P)***

1+
] k+2)s
p p* P p+2)

3

which is clearly equal to 1. Therefore (L; @ L, )(s) = L;5(s).

(1) On onc hand, from part (iv), we have

Ly(s) = Hep(z wilelk /’“)pr(kf;—(%*fp)“’)

oIV PN P
and - A
e (Z“g“’k /’“)Hexp( (5% + 35)/k )
pIN i P k=1 pre

So, we have

(LreL)s) = [Jew (g /"“)HeXp (Z f +f)(6’“+a)/k)

ks
pIN k=1 p
=[] - axp)agp)p=)™*
pIN
X (1 —€,0 ‘5)_1(1 — 6,0, *”)“1(1 — E,0 ‘5)_1(1 — &,0 ‘3)_1.
pOpD pOpD pUpD pO0pP
pIN

This shows that (L; ® L,){s) is in S.
On the other hand, from Proposition 2.14 we know that

L(f®gs) = [J0-a@aipp=)"

pIN
X H(l — ep(Spp_s)_l(l - epgpp_l)_l(l — Epﬁpp_s)_l(l — Epgpp_s)kl.

44



Thus, (L; ® Ly)(s)=L(f®g,s).

This completes the proof. O

3.3 Mertens’s Method

As we mentioned in Section 1.1, the main step in the proof of the Prime Number
Theorem is establishing the non-vanishing of the Riemann zeta-function on the line
Re(s) = 1. This fact was proved by Hadamard and de la Vallée Poussin in 1896. In 1898
Mertens gave a simpler proof for this fact. Mertens’s proof depends upon the choice
of a suitable trigonometric inequality. This line of proof is adaptable for establishing
the non-vanishing of various L-functions. In [18], Rankin used this method to prove
the non-vanishing of L;(s) on the line Re(s) = 1, 5 # 1, where f is an eigenform for
To(N). The proof of the following lemma, due to K. Murty [16], which is similar to
the Mertens’s proof, depends on a certain trigonometric inequality.

Lemma 3.7 Let f(s) be a complex function salisfying the following:
(i) f(s) is analytic in Re(s) > 1 and non-zero there;
(it) log f(s) can be written as a Dirichlet series

OObn

s
n=1

with b, > 0 for Re(s) > 1;

(#11) On the line Re(s) = 1, f(s) is analytic except for o pole of order e > 0 at
§=1.
Then, if f(s) has a zero on the line Re(s) = 1, the order of that zero is bounded by %.

Proof Suppose f has a zero at point 144ty (to # 0) of order k > §. Then e < 2k—1.
Now consider the function

a(s) = f()* fs +ito)* Fs 4 2itg)* 2. . f(s + 2kity)>.
g(s) is analytic for Re(s) > 1 and vanishes at s = 1 as
(4k)k — (2k + Ve > 4k — 2k + 1)(2k - 1) = 1.
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Note that for Re(s) > 1,

o 2k
log g(3) }:;j(zk+1+22 (2 +1— f)n -*’ﬁo).

n=1 i=1

o

Now let 8, = tglogn. Then for s =0 > 1,

log|g(o)| = Re(logg(s))
06 2k
= Z fL—Z (zk +1 +22(2k +1 —j)COSjGn) :
j=1

Applying the trigonometric identity

2% 2
2k+1+2z 2k+1—j)cosjf = (1+22c0339)

_] 1 j:].

in the previous equality yields

2
o0 bn k
log |g(c)| = Zn—— (I—I—ZZcostn) > 0.
n=1

j=1

Hence, log |g{o)| > 0 for o > 1, i.e., |g(a)| > 1. So

0=lg(1)] = lim |g(e)] > 1,

1t

which is a contradiction.
The proof is complete. O

Corollary 3.8 (i) {(1 +1it) £0 fort #£0.
(i1) For any Dirichlet character x (mod g), L, {1 + it} # 0 for ¢t # 0.

(iit) If x is complez (i.e., x #XJ, Ly{1) # 0.

Proof (i) We know that {(s) has an analytic continuation to the whole complex
plane, except for a simple pole at s = 1 (see Section 1.1) and is nonzero for Re(s) > 1.

Also by (3.2), we have
lOgC Z Z kpkq '

p k=1
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Therefore, by Lemma 3.7, we are done.
(1) Consider the following product

fls) = HLX(S)'

f(s) has an analytic continuation to the whole complex plane, except for a simple pole
at s = 1 {(which comes from L,,(s)), and is nonzero for Re(s) > 1. Now by applying
the orthogonality relations for characters (mod ¢), ie.,

ﬁzx(a):{ (1) if a =1 mod ¢

otherwise

(see [15], Excrcise 2.2.9), and for Re(s) > 1, we have

log f(s) = 3 logLy(s)

X
1
ok
pE=1 mod g

This is a Dirichlet series with non-negative coefficients. Thus, by Lemma 3.7, f(1+it) #
0 for ¢ # 0. This proves (ii).

{#ii) Suppose that for a complex character x;, L, (1) = 0. Thus, Ly (1) = 0. Since
X1 # X1, and since all factors L, (s) of f(s) are analytic at s = 1 except L, (s), we
conclude that f(s) is in fact analytic at s = 1 and f(1) = 0. This violates the statement
of the Lemma 3.7.
The proof is complete. 1

Definition 3.9 For F € § and 0y < 1, we say F is ®-simple in Re(s) > ag (resp.
Re(s) > op), if F® F has an analytic continuation to Re(s) > oy (resp. Re(s) > o),
ercept for a possible simple pole at s = 1.

The following theorem is the main result of this section.

Theorem 3.10 Let F, G € 8§ he ®-simple in Re(s) > 1 and t # 0. Then

(1) (F @ F)(1+it) £ 0.

(it) If F = F, G = G, and if F ® G has an analytic continuation to the line
Re(s) =1, then (F @ G}{1 +it) # 0.
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Proof (i) Let f(s) = (F ® F)(s). We have

logf(s) = ). Z klbr(p R

pkl
ZTES’

with ¢(n) > 0. So, f(s) satisfies the conditions of Lemma 3.7 with e = 1. Therefore, the
order of the vanishing of f(s) at point 144t is < 1. This means that (FQF)(1+it) # 0.

(i) Let

f(s) = (F @ F)(s)((F ® G)(s))*(G ® G)(5).

Since for t # 0, all the factors of f(s) have finite values at point 1 + it, in order to
prove that (F @ G)(1 - it) # 0, it suffices to show that f(1 + it) # 0. Note that

og /) = 5 S o35 M hele) | 9 Kol

P k=1 p k=l p k=1

wka ba
:ZZ +())

P k=l
S SEL

with ¢(n) > 0. So, f(s) satisfics the conditions of Lemma 3.7 with e < 2, and therefore,
the order of the vanishing of f{s) at point 144t is < 1. Now suppose that f{1+it) = 0.
Thus,

(F®F)(1+it) (F®G)(1+it)° (G®G)(1+1t) = 0.

Since by part (i), (F ® F){(1 +it) # 0 and (G ® G)(1 -+ it) # 0, it follows that
(F ® G)}(1 + it} = 0. This is a contradiction; otherwise, the order of the vanishing of
f(s) at point 1 + it should be 2.

This completes the proof. O

Corollary 3.11 If F = F € § is analytic and ®-simple in Re(s) > 1, then F(1+it) #
0 fort # 0.
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Proof This is a simple consequence of part (i) of the previous theorem with G(s) =
¢(s). O
Corollary 3.12 Let f € Si(N) be an eigenform for [o(N), let x be a real character
(mod g} end let t £ 0. Then

(i) Ly(1+it) # 0 and Lp(1 +4t) # 0.

(i) Ly, (1 +dt) #0.

(ii1) L(f ® f,1 +it) # 0 and L(sym?® f, 1+ it) # 0.

(iv) Suppose g € Sp(N) is also an eigenform for To(N). If {f,¢) =0, then L(f ®
g, 1 +1t) # 0.
Proof Without loss of generality, we can assume that f is normalized.

(i) Since Ly (s) (x # xo) and L;(s) are analytic on the line Re(s) = 1, by the
previous corollary, we have the desired result. Note that if x = xo, since (L,, ®
Lyo)(s) = [1,),(1 —p7*)¢(s), the result is clear by part (i) of Theorem 3.10 .

(i3) We know that L;(s) and L, (s) are in S. Since L;,(s) is the L-function associ-
ated to a cusp form (see Subsection 1.2.2}, so Ly, {s) is analytic on the line Re(s) = 1.
Therefore, by part (i) of Lemma 3.6 and part (i) of Theorem 3.10,

Lyy(14it) = (Ly @ Ly)(1 +4t) # 0.
(ii) Since Lg(s) € S has all the necessary conditions, by part (%) of Theorem 3.10,
we have
L(f® f,1+it) = (Lr ® L{)(1 +dt) # 0.
Also, since L(f® f, 8) = (n(2s)L{sym? f, s), we have the desired result for L{sym? f, 5).
(iv) Recall that the coefficients of eigenforms are real (see Subsection 1.2.3). If
{f,g9) = 0, by Theorem 2.12, we know that L(f ® g, s) is actually an entire function.
Therefore, by part (%) of Theorem 3.10, L(f ® g,1 + it) # 0.
This completes the proof. O

3.4 Landau’s Theorem

In the previous section we proved a general non-vanishing result on the line Re(s) =1
when s # 1. In this section, we consider the non-vanishing problem for s = 1. To do
this, our basic ingredient is the following lemma.
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Lemma 3.13 (Landau) A Dirichlet series with non-negative coefficients has o sin-

gularity at its abscissa of convergence.

Proof Let og be the abscissa of convergence for the Dirichlet series

and suppose that a{n) > 0. If f is not singular at oo, then there is a power series
representation for f

il
[~]s
L,
=
S
S
—~
)
I
Q
-
-

2 (=D Ry .
VT
k=0 )

Since 07 > g, by the well-known formula for the successive derivatives of a convergent

Dirichlet series, we can write

i o) — o) e= a(n)(logn)*
flo) — Z(( = S ”f&f))

:JO . a{n alnz—lcr log n)*
_ Sl o) lesy

However, since the last double series has non-negative terms, we are allowed to inter-
change the order of summation to get

. {a(n) = (o) — o) logn)*
flo) = Z(,fg,)Z(( kz g ))

n=1 k=0
Sl
=1
B ia n)
= n7 '



which is a contradiction with our assumption that gy is the abscissa of convergence of
the series.
This completes the proof. 0

Corollary 3.14 Let f(s) be a complex function that satisfies the following:

(1) f(3) is analytic on the half-plane Re(s) > ao;

(1i) log f(s) has a representation in terms of a Dirichlet series with non-negative
coefficients on the half-plane Re(s) > oy (01 > 0y).
Then f(s) # 0 for Re(s) > op.

oo cfn)
n=1 n?

Proof Let o be the largest real zero of f (op < 02 < 7). Since log f(s) = >

for Re(s) > oy (¢(n) > 0), and since log f(s) is analytic in a neighbourhood of the
segment 0y < 0 < gy, then by the previous lemma, we have

b CiT

log £ () = 3 <2

n?
n=1

for Re(s) > g5. Thus,

log|f(o)| = Re(log f(0))
= logf(o)
(o o)
= Z %2_) >0
n=1 "
for ¢ > 02. Therefore, |f(c)] > 1 for 0 > a@,. This contradicts the assumption
f(o2) = 0, and therefore f has no real zero ¢ > o0¢. So log f(s) is analytic on the
interval {gy, o1], and Lemma 3.13 in fact shows that log f(s) exists and is analytic for
Re(s) > 0p. This means that f(s) is non-zero for Re(s) > ay.
The proof is complete. O

Here, we prove the main result of this section.

Theorem 3.15 Let 0y < 1, and assume the following:

(i) F and G (as elements of S) are ®-simple in Re(s) > oy;

(i) F ® G has an anelytic continuation to the half-plane Re(s) > oy;

(iii) At least one of F®F, GRG, or F ®G has zeros in the half-plane Re(s) > oy.
Then (F® G)(1) # 0.
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Proof Suppose that (FF®@ G)(1} =0, and let

f(s) = (F® F)(s) (F®G)(s) (F®G)(s) (G&G)(s)

First of all note that F ® G is analytic for Re(s) > g¢. Since (F ® G)(1) = 0, then
(F®G)(1) = 0, and since s = 1 is a pole of order <1 for both F @ F and G ® G, we
conclude that f(s) is analytic at point s = 1, and therefore, analytic for Re(s) > q.
Now note that for Re(s) > 1,

p k=1 p k=1
kb k|ba(
+ z; Yy 'Gks
P 1 p k=1
_ o Klbe (p* +bG(P)|
o a(n
= ; .-

where a(n) > 0. So, f(s) satisfies the conditions of the Corollary 3.14 with o, = 1,
and therefore, f(s) # 0 for Re(s) > o0p. This contradicts our assumption in (7).
The proof is complete. J

Corollary 3.16 Let F € S be analytic and ®@-simple in Re(s) > L, then F(1) # 0.

L
27
Proof Let G(s} = {(s). Note that F ® G = F and G = G. Also notice that ((s)
has zeros in the half-plane Re(s) > 1/2. Thus, all the conditions of the Theorem 3.15
are met with op < 3. Therefore, F(1) = (F @ G)(1) # 0. a

Corollary 3.17 Let f,g € Si(N) be eigenforms for Uo(N), and let x be a Dirichlet
character (mod ¢). Then

(i) If X # Xo, then L, (1) # 0.

(ii) L;(1) # 0.

(i) Ly (1) #0.

(v} If (f,g9) =0, then L(f ®g,1) #0.

52



Proof (i) By part (i) of Lemma 3.6, we have

(Ly ® Lx)(s) = Qq(s)-

This shows that L, (s) satisfies the conditions in Corollary 3.16, and therefore L, (1) #
0.

(i1) By part (v) of Lemma 3.6, we have
(Ly ® Ly)(s) = L(f ® f,35).

This and Theorem 2.12 imply that L;(s) is ®-simple in Re(s) > 1/2. So by Corollary
3.16 we arc done.

(vii) Note that (L, ® L,)(s) and (L; ® Ls)(s) can be cxtended analytically to the
whole complex plane, except for a simple pole at s = 1. Also by part {iv) of Lemma
3.6, we have

Lix(s) = (Ly ® Ly)(s).

We know that Ly, € Sp(¢°N) (see Subsection 1.2.2). So, (L; ® L,)(s) has an analytic
continuation to the whole complex plane. Also note that (L, ® Ly)(s) = ¢,(s) has in
fact infinitely many zeros (see [7], p. 97}. So all the conditions of Theorem 3.15 are
met and therefore, L;, (1) = (L; ® L, )(1) # 0.

(v) Similar to the proof of part (i), we can show that the conditions (%) and (%) of
Theorem 3.15 are satisfied. The result will be obtained if we only show that L(f ® g, s)
has a zero in the complex plane. By (2.3), if {f, g) = 0, then

97 ~2s
D(s) = (\/_N) L(s)I(s+k—-1)L(fRy,s)

is analytic at s = 0. Since I'(s) has a pole at s = 0, then L(f ® ¢,0) = 0.
This completes the proof. ]

3.5 Ingham’s Proof

In the previous section we studied the non-vanishing of certain Dirichlet series at point
s = 1. Comparing the different methods we have applied in Sections 3.3 and 3.4, one
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realizes that the non-vanishing problem at point s = 1 has a distinct nature, and it
seems that Landau’s Theorem cannot be applied to prove non-vanishing results for
other points on the line Re(s) = 1. However, in this section, we will show that for
Dirichlet series with completely multiplicative coefficients, one can apply the technique
employed in the previous section to prove a non-vanishing result on the line Re(s) = 1.
Our result is a generalization of Ingham’s proof of the non-vanishing of the Riemann
zeta-function on the line Re(s) = 1 [9]. To do this, we start with the following defini-
tions.

Definition 3.18 Let F,G € S. Then the L-convolution' of F and G is defined by

X

L(F@G,s):zw.

ns
n=1

An arithmetic function f(n) ts colled multiplicative (resp. completely multiplicative)
if f(1) =1 and f(mn) = f(m)f(n) for all m and n with g.c.d.(m,n) = 1 (resp. for
all m, n).

Lemma 3.19 For F,G € S with completely multiplicative coefficients,
L(F ®@G,s) = (F ® G)(s).
Proof We have

WFeas = 3ot

— né
< ar(p)* (ac(p))
= 1;[ ; Pk

o ar(p) (3@) /¥
- oo |30

P k=1
= (F®G){s).

*We have chosen this name to distinguish this convolution from the Rankin-Selberg convolution.
Note that F(s) and G(s) are not necessarily modular L-functions.

ks
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The last equality is true since

P(s) = H(Z a‘;if)k)

and similarly

The proof is complete. O

Definition 3.20 If f(n) is aen arithmetic function, the formal L-series attached to
f(n) is defined by
= f(n
L(f,5) =3 L%,

ns
n=1

If g(n)} is also an arithmetic function, the Dirichlet convolution of f(n) and g(n) is
defined by

(f +9)(n) = 3" F(@d)g(3).

dln

It can be shown that the Dirichlet convolution of two multiplicative arithmetic functions
is multiplicative (see [3], Theorem 2.14, p. 35). The following identity of formal I-
series, due to J. Borwein and Choi [6], will be fundamental in the proof of the main
result of this section.

Lemma 3.21 Let fi, fo, g1, g2 be completely multiplicative arithmetic functions. Then
we have

i (fi x g} (m)(fo * g2)(n) _ L(f1fo, 5)L{g192, 5) L (192, S)L(fz.(h,s)'

n? L{fi1f29192,25)

n=1
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Proof We only need to prove that the corresponding p-factors in the Euler product
of both sides are equal.

First suppose that f; # ¢; (¢ = 1,2). Since both f; g, and fo+* g, are multiplicative,
the left-hand side has an Euler product with the p-factor

Lipy(s) = i (f+ 9) (0F) (f2 * g2) (P*)

ks
k=0 p

Also since all functions fifa. 9192 , fi92 , f2g1 and fi fag1 g2 are completely multiplica-
tive, the following fraction is the corresponding p-factor in the Euler product of the
right-hand side

1 — (fifoq192)(p)p %
(1~ ()@ = (g92)(P)p~)(1 = (frg2) (PP *}1 = (fagn) (P)p~*)

Now by using the following clementary identity

Ry (s) =

1— ab'z: + 1 ‘fd:c - 1—alfdz: - 1—b§c:n — 1 - a'deI:Q
(@ — ¢)(b— d) (1 —abx)(1 — cdx (1 — adz)(1 — bex)
and the fact that
_ fp)*! - ailp)*t!
fi * 91 fz —
( dgh; d filp) — 9:(p)

which comes from the complete multiplicativity, we have

o0

D (Fx @) (f2 + 02) ()P

k=0

_ = (fl(p)kH —gl(P)HL)( 2(P)k+1 - g(p )Hi) —ks
Z (D) - 6 @) () — @)

2ol (i F) ) + (9192) () = (ig2) () — (fag) (D)™ }p7*°

(f1(p) — ou(p ))(fz(P) 92(p))

(frf2Xp) + {grg2){p) _ (fige)(p) (fag)(®)
I—(fifedp)p° ' l—(;mg2Xplp°  1-{frg2)plp* 1-{fagi)(plp*

(f1(p) — g1 (@) fa(p) — g2(p))
1 — (fifegrp)(p)p %
(1 = (fif)(P)p~*)(1 — (9192) P}p~*)(1 — (frg2)()P~*) (1 - (fomn)(P)P~*)
= R(p)(S)A

L(p) (s)

I
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Now suppose that f; = g, and f; # g». The proof is similar to the previous casc.
The only difference is that this time one has to use the identity

(1—::1;1.)2 B (lffd:c)2 _ 1 — a®bdz?
b—d (1 - ab2)?(1 — adx)?’
Note that this also covers the case fi # ¢1, fa = ¢2.

Finally, if f; = g1, f2 = g2, one needs to employ the identity
14+abzr  1-a®s’

(1—abz)® (1 —abz)*
This completes the proof. U

We are ready to state and prove the main result of this section.

Theorem 3.22 Let F, G € S be two Dirichlet series with completely multiplicative
coefficients. Also assume the following:

(i) F and G are ®-simple in Re(s) > 3;

(it) F ® G has an analytic continuation to Re(s) > 3;

(1) (F Q@ G)® (F @ Q) is analytic for Re(s) > 1 and has a pole at s = 1.
Then, (F ® GH1-+it) # 0 for all t.

Proof Let

F(s) =3 20 Gy = 3 %o

and suppose that (F' ® G)(1 +1tg) = 0 for a real t;. Let

filn) = ap(r)n™™, fi(n) = ap(n)n™, gi(n) = ag(n), gs(n) = ag(n),

and for Re(s) > 1, consider the following Dirichlet series

f5) =3 MLE?LW _y Ui 91)(71?)12102 * ga)(n)

Since f; and f; are completely multiplicative, by Lemma 3.19 we have

ad 2
L(fif2,8) = Z W
n=1

= L(FQ®F,s)
= (F®F)(s)



Similarly, we can derive the following

L(g192,5) = (G®G)(s), L(fige,s) = (FOG)(s+ibo), L{fag,s) = (G F)(s—it),

and
L{f1f2192,25) = [(F ® G) @ (F & G)] (2s).
So, by Lemma 3.21 and for Re(s) > 1, we have

(F@ F)(s}{G®G)3)(F@G)(s+ite) (G & F)(s —itg)
(F&®G)®(F® G} (2s) '

f(s) =
Now by assumption of (F ® G)(1 + ity) = 0 we have in fact the analyticity of f(s) for

Re(s) > 5, and since the cocfficicnts in the series are non-negative, by Lemma 3.13 the
Dirichlet series representing f(s) is convergent for Re(s) > 7. So, for > 0, we have

N

However, since (F ® G) ® (F ® G) has a pole at 5 =1,

(F®G)@(Fed) (2 (%w)) =[(F®G)® (F®G)|(1+2n) — oo

1 =10
tim £ (5 47) =0

This completes the proof. O

as n — 0*. This shows that

which is a contradiction.

By choosing G(s) = {(s) in the previous theorem, we have

Corollary 3.23 Let F € S be analytic in Re(s) > 1 and assume that (F ® F)(s) is
analytic in Re(s) > %, except for o simple pole at s = 1. If the coefficients of F are
completely multiplicative, then F(1 4+ it) £ 0, for allt € R.

Note that the non-vanishing of L, (s) (x # xo) on the line Re(s) = 1, is a simple
consequence of this corollary.
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Chapter 4

Non-Vanishing of Symmetric
Square L-Functions Inside the

Critical Strip

4.1 Introduction

Studying the non-vanishing properties of L-functions inside the critical strip (i.e., 0 <
Re(s) < 1) is much more difficult than investigating the non-vanishing of L-functions
at the edge of the critical strip (i.e., Re(s) = 1). The Generalized Riemann Hypothesis
asserts that all L-functions should be non-vanishing on the strip % < Re(s) < 1.
However, we are very far from a proof of this conjecture. Even in the case of the
Riemann zeta-function, the current techniques of analytic number theory fail to prove
the non-vanishing of the zeta-function on a narrow strip adjacent to the line Re(s) = 1.
Nevertheless, there are results that establish the non-vanishing for infinite families of
L-functions. To prove such results, one should study the asymptotic behavior of the
values of L-functions on average.

In this chapter we prove a non-vanishing theorem for the symmetric square L-
functions associated to newforms of weight 2 and prime level N. The main step in the
proof of our result is establishing an upper bound for the mean values of the symmetric

squarc L-functions in the critical strip.



4.2 An Upper Bound for the Mean Square

Let Fy be the set of newforms of weight 2 and prime level N and let L(sym? f, s)
denote the symmetric square L-function associated to the newform f (see Section 2.3
and Subsection 1.2.4 for definitions). For a fixed point sq inside the critical strip, we
derive an upper bound for the following mean square of symmetric square L-functions

Z |L(sym?® f, s0)|*.

feFN

In {10], Iwanice and Michel proved such an upper bound in the casc of Re(sp) = 5. We
closely follow their approach, and show that a similar result is true for a point inside

the critical strip. The main result of this chapter is the following.
Theorem 4.1 Let 59 be a point in the strip % < gy = Re(sg) < 1. Then,

> |Lisym® £ s0)[” < Jsal*TENTH

feFn
Jor any € > 0. The implied constant depends only on .

To prove this theorem, we need several lemmas. The next section is devoted to the
proof of these necessary lemmas.

4.3 Lemmas

We start by finding a representation for L(sym? f, s¢) as a sum of two absolutely conver-
gent series. Recall that L. (sym?, s) is the product of gamma-factors in the functional
equation of the symmetric square L-functions (see Section 2.3).

—34
Lemma 4.2 Let A > 2 be an integer and let G(s) = cos (—W—S) . For any sq with

4A
0 < Re(sq) < 1, we have

tow 0= 35 00 (1) 4 33 0 ()
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where Lo ) )
w(8¥Ym-, s+ 8
V. = G
V) (2) ) Loo(sym?, sp)

and €(sg) = N'720L . (sym®, 1 — 59}/ Loo(sym?, sy). Here,

ds
Cn (289 + 25)y_""?

e

/(c) g(s)ds := TETDO ., g(c+ it)idt.

Proof By starting with the first sum in the right-hand side of the statement and
using the definition of V,(y), we have

= as(n?) ny = ap(n?) Loo(sym?, sy + 8) N\’ ds
Z Ve (W) a Z nso /(;)G(s) L (sym?, sq) G (280 + 2) (E) s

n=1 =1

= / G(s) Leolym’ 50 + 5) Z s’ )CN(ZS + 2s5)N* (is
(2)

Loo(sym?, sg) £ noots

Now by using the definitions of L{sym?® f, so) and A(sym® f, so) (see Section 2.3); and
using the functional equation (2.7), we obtain

i (), ( n ) = / G(s) Nt Loo(sym?, so + s)L{sym® f,s0+5) 1 ds
* (2) Lo (sym?, 8p) Neo s

/ Alsym® f,so+5) 1 ds
= Gis =
L, (sym?,50) N9 s
_ /G bymfl—s()—s) 1 ds

wo(8ym?, sg)  Nso 5~

Moving the line of integration to (—2) yields

oo
as(n?

Afsym® f,1 —s0) 1
Vel =) = G(0
0 (N) () Loo(sym?,sp) Nso
A(sym? f,1 —so—8) 1 ds
+ G(s —
(~2) (#) Leo(sym?,s9)  N*# s

Aot 1 s0—) 1 ds
., , a 3 —.
(Sym f, 5‘0) + 2 (5) Loo (syln2, 30) N g
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Now by applying the change of variable s v —u, we get

= as(n?

Alsym? f,1 —sp+u) 1 —du

)VSO (%) = Lsym® f,s0) — G(—u

) Lo (sym?, sp) Nso —y
= SVH12f Sg)
oolsym?, 1 — so + s)L(sym? f,1 — 8o +8) , 1 o5 1,8
~ G N2+ 28
Loo(sym?, s5) s

By changing the order of addition and integration in the above equality, the second
summand of the right-hand side becomes

A2 Loo(sym?,1 — sy) i as(n?)

oo
(2) Loo(sym?, 1 — s0)

which is equal to

This completes the proof. (]

In the sequel we need the following fact about the gamma-function, known as
Stirling’s formula. In any vertical strip |o| < q,

IT(o + it)| = V2re 2™H|t7=2 (1 + r (0, )

where r(o,t) = 0 as |t| = oo (see [15], Exercise 6.3.15).

In the next lemma we study the growth of V} (y).

Lemma 4.3 For any y > 0, and any sq = oo + ity with 3 < 0y < 1, we have
(i) Vi (y) < A(N)|sg| 24y,
(i) Voo (y) < d(N) (max{ﬁ y%} + 1) _

(iii) Vi (y) < d(N) (1 + ls?I%) log (2 + é)
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{iv} For j > 0, let V;((f)(y) denote the j-th derivative of V, (y) with respect to y.
Then,

—A
. . 1
Vil(y) < d(N)y™ (1+ yg) log (2+§)-

Sp

Here, d(N) stands for the number of divisors of N.

Proof (i) By shifting the line of integration to (A), and by using the definition of
the integral, we have

L (sym?, 5 + s9) _.ds
Ve (y) = G(s Cwn(28 + 280)y °—
W) (A) (#) Leo(sym?, so) ( 0 5
+oe Lo (sym?, A + it + ag + itp) , idt
= A4 i) =2 ’ 2A + 2it + 200 + 2ite)y~ A ——.
G ) T e ity N(BA 2it 200 + 2uto)y™
(4.1)

For the zeta-factor {x(s) in (4.1), we have the following estimation

C(2A + 200 + 2it + 2ity)

KN (204 + a0) + 2i(t + 10))| = T (1 peastmosizin)

< ¢(24) J[ |1 — p-@A+2e0s 2t 2i0))
p|¥
< H(l_}_pg(QAJr?oD))
pIN
< JJa+y
piN
< d(N).

By applying Stirling’s formula for L.-factor in (4.1}, we have

Lo (sym?, (A + ap) + it + t))
Loo(sym?2, aq + itg)

o % {A+eoqtitt+ito) I ( Atootittitg+1 )21-'( A+og+it+ifg+2 )
2 2

7-[-—%(0'0+’it0)1"( cro+ﬂ32to+1)2r(ao+i2to+2)
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2
(e-%frlu*;‘ |t |m;" ) e 5l I|L+to|—°—“‘£ =
3 2 2
—=2A

<7z

2
(g—%ﬂl%l[%j%‘l) el 9|t

3o+l 34
< ool ltrto]) [TH 0 ‘Htﬂ i
o 2
dag+1 34
S e TR TS L) I i WPRE™
—\° g 2t o

34
< |so| 2 g(t, s0)

where g(%, s0) has exponential decay when |{| — oo.
Applying the above estimates in (4.1) yields

+o0
_A . . 34 dt
Vo) <y /:OO |G(A+Zt)||60|zg(t,SO)d(N)—'\/ﬁ

This proves part (7).

(4) Shifting the line of integration to (—3), and calculating the residues at s = 0

aﬂd g = % — 8¢ yle].d
1 Loo(sym?, §) y* 3 !
VS i 7 2! G a P 1 P
o () (n(250) -+ (2 S“) Lo (sym?, 59) 5 — sp g ( P
Loo(symzs 5+ 80) —od8
250)y~°—. '
N . G(s) Lo (v 50 (v(2s + 2s0)y s (4.2)

We show that each summand of the above equality is bounded by a constant multiple
of

d(N) (max{’y%, y%} + 1) :
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For the first summand in (4.2), since 2 < gg < 1, we have

1¢(250)]
L1 = pm2e0)
< (oo [T 1(1 =)

(v (2s0)| =

pIN :

3 —2ag

< ¢ (5) H(l +p )
< d(N)

< d(N) (max{y%, yi} + 1) :

For the second summand in (4.2), we observe the following:

1 1 1
L (sym{ 5) <1 g L 1; H (1 — —) < d(N);

27 % pIN p
and
y80—§ = y‘m—% & max{y%, y%} 4 1.
iz —iz
Now using the definition of cos z = B for large ¢y, we have
G(% — 5) |ej—$(ao+a;ta) + e—j—;(ao+z'tu)|—3A

3 Jeg+1
e % ol o 24
ingp  wt imop | wi
|e( 4A “ﬂu} -|—e(_ 1A +E1Q)l_3‘4
<< 3r
e_dTltUi
t inop—2mt ino
ek (TR | o T |34
< - [to]
em Tl
<« 1.

Putting these together, we have

LOO r 2 l 3()*l
G(l—b'[)) (S}mz’Q) ;y - (l—l>
2 Loo(sym ?50) 5 — S0 N P

A
A
2
VaiunY
=
£
ey
-
<
[
_|_
ja—y
L
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The cstimation of the integral

Loo(sym?, 5 + sp) ds
G Sl (25 + 280)y~* —
(-3 (5 Lo (sym2, s¢) (2 + 250}y §
+oo 1 Loo(sym?, =1 + it + gy + itg) L, idt
= G{—= +it - : — 1+ 2it + 200 + ity )y M ,
o ( 2 ) Lo (sym?, oq + itg) G 0 o)y -%+zt

in (4.2), is very similar to the onc which we had in part (7). The main difference is
that this time we have to estimate the zeta-function inside the critical strip. By the

classical inequality

C(s) = O(t3)

1
for o = Re(s) > ; and large t (see [15], Exercise 4.2.4), since 3 <20 —1<1, we
cbtain

=

Loo(5ym2, s + 5p) L ds
S T T

< d(N) (max{y%, y§}+1).
This completes the proof of part (ii).

(#44) If y is large, log(2 + %) is bounded (for example, by log 3). Also

-4 —A
yg ~ {14 y3 _
|s0]2 |0]2

So, we can replace the upper bound in (i) by (%). If y is near to 0, the upper bound
is justified since (1 + Y g)”1 is bounded by 1, and max{y%, y%} + 1 is bounded by

EAE

log(2 + i) This completes the proof of part (7).
(iv) Let
Loo(sym?, s + sg) 1
= G(s)——— 25 + 250) ~
gn (s, sq) (s) Loo(symZ, 50) Cn(2s + 30)3
We have

Vi, (y) = ] g (5, 80)y*ds.
{2)
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Now we prove, by induction, that for any n > 0,

Vi) = (1) /( RECTNCRAIE (4.3)
J(D

where I,(s) is a polynomial of degree n, and for any n,
Pryi(s) = (s + n)Pa(s).

For n = 0 the statement is true with Py(s) = 1. Assuming (4.3) and taking derivatives,
we get

V() = p(o1yry et ] Bu(s)an s, sojy™"ds
(2
— (—I)Ry'”] sPn(s)gN(s,so)y_’—lds
(2)
= (! / (5 4+ 1) Pa(s)gn (s, s0)y~*ds
(2}

= (=1)*HMy™0 D P, (s)gn(s, so)y " ds.
(2)

Now similar to the proof of the previous parts, one can show that

, . 1
VO () < d(N)y (1 + —ylg)—Alog(z +2)

8g|2
The implied constant depends upon N, sy and j.

The proof of the lemma is complete. ]

In the proof of our main theorem we need a smooth partition of unity. The next
lemma will guarantee the existence of such a partition.

Lemma 4.4 There exists ¢ non-negative C*° function h with support (1, 2|, such that

for any x > 0,
b z
Z h(m) =1.

k=—o00
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Proof We know that there is an absolutely increasing and ¢ function A : [1, v/2] —
[0, 1] such that

h(1) =0, h(v/2) =1, h'(1) = K'(v/2) = 0.
We extend the domain of A to [v/2, 2] by setting

h(z)=1- h(%)

where z € [V2, 2]. For z € R\ [1, 2] we put A{z) = 0. It is apparent that A is
non-negative, smooth on R, and that for any 1 <¢ < V2,

h(t) + h(v/2t) = 1. (4.4)

We claim that A satisfies the desired identity. To do this, first notice that for any z > 0,
N . Y +141) .
there is a unique n € Z such that 22 <z < 2 = . Note that

h(g%)%@ = 25 <z <27 = k=n-1, n.

Therefore, by (4.4), we have

o0

k=—o00

The proof is complete. O

In the proof of Theorem 4.1, we need some facts from the theory of modular forms.
We start by the following definition.

Definition 4.5 For a cusp form f € Si(N) of weight k and level N, let

(47)k-1
(i~ 2)!

where {f, f) stands for the Petersson inner product.
The next two lemmas give estimates for the values of wy.

Lemma 4.6 For a newform f € S3(N), we have

wy < N(log N)>.
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Proof By (2.6) and for £ = 2, we have

N
wy = ﬁL(sym2 f,1).

By applying the Phragmén-Lindelof theorem for L(sym? f, s), and for Re(s) = 1 (see
[13], p. 336),
L(sym? f,1) < (log N)*.

This completes the proof. -

Lemma 4.7 We have

Zw =1+0O(N -1,

feFN

Proof Let agp(n) denote the n-th normalized Fourier coefficient of f. We have,

Z —af;;rz))raj}()n) = dypn + O (N_% (g.c.d.(m, n))%\/frﬁ)
feFn "

(see [14], Proposition 1). Here

P 1l ifm=n
Tl 0 fm#n

is the Kronecker symbol. Putting m = n = 1 in the above formula implics the result.
The proof is complete. O

4.4 The Proof

To start the proof of our main theorem, we need one more ingredient. The proof of
the following theorem is very long and technical. So, we only state it without proof.

Theorem 4.8 Let sq be a point inside the critical strip. Also let g be a smooth function
with support [1, 2] satisfying
g(j)(a:) < |sg |J‘

for any 7 > 0. For X > 1 we define the partial sums
=2 o’
n
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and their mean square

S(X) = z wi S (X))
feFn
Then we have

S(X) < s (NX)(NTIX? + X)
for any € > 0. The implied constant depends only on €.
Proof See [10], Theorem 5.1. O

We are ready to prove the main theorem of this chapter.

Proof of Theorem 4.1 Let € be the reciprocal of a natural number bigger than 2 and
let A=3+ ?_ It is plain that
€

1 A+e
AeN 0 -
c N, <6<2’A—2

Now write L(sym? f, sp) = L1{f, s0) + L2(f, s0) + Ls(f, s0) + L4(f, s0), where

irs= 3 40, (1)

nSNH‘E

wir = 3 0 (3).

> N1de

oo Liso(sym?, 1 — 54) as(n?) n
L — N12e eV Yo Ly (—)
s(/, 50) Leo(sym?,50) £~ ni=% I AN/

9o Loo(sym?, 1 — 5) ar(n?) 7
L ' — Nl 25p 0 ' f R
4(f: 90) Loo(sym2, 50) Z ‘/l—so ( )

=1-+4e.

Our first goal is to estimate the L;(f, 59)’s. We start with L,(f, sp). By Deligne’s
bound (see Theorem 1.4), and part (i) of Lemma 4.3,

L(fys0)l = | Y MVSO(%)

nxNte e
las(n?)! n
<yl (ny)
= )
d 2 A N
< Y (fn)d(N) 'S;’lz —log (2+—).
n2N1+‘ n (|50'2 + ﬁ) n
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Since =1+ ¢, we have

A-2
n> Nt «— % > (n’N9)*
By using the classical inequality
d(n) < n’
for any & > 0 (see [15], Exercise 1.3.2), and by ignoring |sy|3 in the denominator, we
get
n® 1
Lo(f,0) < d(N)so]*" D — OL
n>N1te N
d(N)|so|?" 1 1
< AN)lsl*t D] e
n> Nlte
d(NV)]so|2? 1
- Ne z; n2+mo—e
n>Nlte
d(N){so]2#
b2l 4.5
< N (4-)
With a similar argument we attain
d(N)N1200 | L (sym?, 1 — 5) 34
L 1— 2
4(f, 80) < Ne Loo(symzvsﬂ) | Sﬂl
d(N) N2
< SN i, (456)

This is true, since by Stirling’s formula, the ratio of the L. -factors is bounded.

To estimate L, (f, sp}, we first rewrite it as a new sum involving the function A in
Lemma 4.4. For simplicity, we use X for 2¥/2. Using the main identity for 4 in Lemma
4.4, we have

Li(f,s0) = Y M% (jz_)

nso N
'n.<_:N1+E

- > () 5 3)

n< Nl+te k=—00

= > s () (5):

n<Nl+te k
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In the last equality, since one sum is finite, we can interchange the order of the addition.
Note that the support of & is [1, 2], so, we can assume that X < n < 2X. Also, since
n > 1, k is in fact > —1. Therefore,

Lt = ¥ Y S0 (3)n(3)

(o v+ ) e
= N|Su|% X a(n‘Z)VSO n h n
k>’zl d(N) [1+ X5 _Alog 2+ %) X<nz<zx e (N) (X)
\ Nlso|2
[
_ ¥ d(N)log (2+YA Y ayn)g (%) |

k2=t yso {14 X X<n<2X
\ Nlso|2Z

g(x)ﬁd(’\r) (l+ [qd%)_Alog(Zﬁ-%) " (N )h( )

To be consistent with the notations of Theorem 4.8, we put

= as(n*)yg (%) :

where

So,
d(N)log (2 + &
L1(f,Sn)=Z ( )og( +§)Sf§({f)'
k>—1 (1+ X )
N|30|3

In a similar fashion

Loo(sym?, 1—30) Z d(N) log 2+ )Sf(X)

Ly(f, s0) = N2 VY RETI
Loo(sym?, s) = (1+ X ) X1-s0
N|1-s0!%

By the Cauchy-Schwarz inequality

4
Z f',' 30
i=1
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So, we have

3wt Lisym® £, s0)

=ay

€Y WL f, o)+ D witLa(f, so) P+ ) wi ' ILs(f, s0) P+ Y wrtLa(f, s0) [
f f f f

Now we estimate the above four sums. For the first sum, by applying the Cauchy-
Schwarz inequality, we deduce

> Wit LS, o) = wa Z )1og(2+§)sf(g{)
f

A
k> 1 1 + X Xbu
Nlso|2

d?(N)1
< wal Z ( )Og Z|X20'[)

i k>-1 14 X k>-1
N\.Sl(:.l‘g

< &Ny ;Oi e+% QA > 5 (Zw 1|sf(X)|2).

szl( N|S % k>— 1

(4.7)

It can be shown that the function ¢(z) satisfies the conditions of Theorem 4.8. More-
over, note that the conditions n < N'*¢ and X < n < 2X imply that

-1 <k <2(l+¢€)log, N.

So, by applying the result of Theorem 4.8 in (4.7), we deduce

|soPH(NX)S (NI X2 + X)

Sep Ll < EWN Y
f

k>—1

< |sgteNe. (4.8)

Here we are using the fact that % < 0 < 1. For convenience, whenever it is necessary,

we replace a constant multiple of € with e,
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Also note that (4.5) and Lemma 4.7 imply

24\?
ijille(f,so)IZ < wf—l (&V}\Iffﬂ“)
f

f
_ dz(N)|50|3A -1
- Ne Wy
F
< ISU|3ANk(
< [so[* N, (4.9)

In a similar fashion we derive the following inequalities
D Wil lLa(f, s0)P < |1 — solreniaeete
!
& |so*t<NF, (4.10)
and

> Wil Lalf,s0)F < fso N, (4.11)
f

Considering (4.8), (4.9}, (4.10) and (4.11), we arrive at

Z wi [ Lsym® f, so)|* < |so|** N*.
feFn
Finally, by using the upper bound of Lemma 4.6, w; < N'*¢ we conclude that
D Ly fso)f = D wpwp!|L(sym® £, s0)

FeFy feFn

< UMY wi{Lisym? £ s0)f
JeFn
< |30|3‘4N1+‘ — |80|9+%j\r1+£.

The proof is now complete. O
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4.5 A Non-Vanishing Result

In this final section, we show how the combination of the main result of this chapter
(Theorem 4.1) with a known theorem about the values of the symmetric square L-
functions on average will lead to a non-vanishing result. In [2], Akbary proved the
following.

Theorem 4.9 Let N be prime, then there exists C > O such that for any s = op + il
with 1 — + < Re(s) < 1, we have

> Lisym® f,50) = (1 + s0)Cx(250) 4+ 0 ( T )

f 12 P52 PIT (52|

where the implied constant depends only on oy.
Proof See [2], Theorem 1 and formula (9). O
By using this theorem, we can prove the following.

Theorem 4.10 Let N be a prime number and let sy = oo + ity with 1 — ﬁ < gg < 1.
Then for any € > 0, there are positive constants Cy, . and Cy . (depending only on s¢
and ¢), such that for any prime N > C , there exist at least Cio e N ¢ newforms f

of weight 2 and level N for which L(sym? f, sy) # 0.

Proof By the asymptotic formula of Theorem 4.9, and by Cauchy-Schwarz inequality

we can write

2
N K Z L(sym? f, s¢)
feFn
< #{feFn: Lsym®f,50) #0} > |L(sym® f,sp)[*

FEFN
< # {f € Fy: L(sym? f,sq) # 0} |so|2A N 1TE

Thus,

4 {f e Fu: L(sym2 f,80) # 0} > |801|3A

The proof is complete. U

Ni=e,

[



Finally we present a non-vanishing corollary of our theorem.

Corollary 4.11 For any sy = oy + 1ty with 1 — ;115 < og < 1, there are infinitely many
symmetric square L-functions associated to newforms f such that L(sym? f, s0) # 0.

Proof Note that there are infinitely many (large) primes. So, applying the previous
theorem for newforms of different levels corresponding to different primes yields the
result.

This completes the proof. O
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