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Spectrum of rotating black holes and its implications for Hawking radiation
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The reduced phase space formalism for quantising black holes has recently been extended to
find the area and angular momentum spectra of four dimensional Kerr black holes. We extend
this further to rotating black holes in all spacetime dimensions and show that although as in four
dimensions the spectrum is discrete, it is not equispaced in general. As a result, Hawking radiation
spectra from these black holes are continuous, as opposed to the discrete spectrum predicted for
four dimensional black holes.

I. INTRODUCTION

Several different approaches have shown by now that the quantum mechanical spectra of black hole observables
(such as area, charge and angular momentum) are discrete [1-3]. Among them, the reduced phase space quantisation
technique of Barvinsky et al [2] confirms an earlier conjecture by Bekenstein and collaborators that the area spectrum
of quantum black holes is indeed discrete as well as equispaced [4]. The last property makes a rather interesting
prediction that Hawking radiation from black holes will have a noticeably discrete spectrum, which can have interesting
experimental consequences [5]. The results were extended to the case of charged black holes, which yielded a separate
discrete spectrum for the electric charge. The area spectrum was slightly more complicated in this case, although the
uniform spacing property remained intact. These spectra were re-derived from algebraic approaches in [6, 7].

Recently the above formalism was extended by Gour and Medved to rotating (uncharged) black holes in four
spacetime dimensions [8] (and to rotating charged black holes in [9]). They showed that the corresponding area
spectrum is also discrete and equispaced: A = 87 (n + m + 1/2) where n and m are non-negative integers. While n
signifies the departure of the black hole from extremality, m measures the classical angular momentum of the black
hole. In this paper, we extend their formalism to include 3-dimensional BT Z black holes as well as 5 and higher
dimensional Myers-Perry type rotating black holes with multiple angular momenta parameters. We show that while
the area spectrum is discrete in each case, in general it is not equispaced. In particular, the 3 and 5 dimensional black
holes have a non-uniform area spectrum. We also show that this makes Hawking radiation from these black holes
continuous, as opposed to the discrete radiation spectrum characteristic of black holes of uniformly spaced area.

This paper is organised as follows. In the next section, we review some thermodynamic properties of the BT Z black
hole and derive the quantum mechanical spectra of its area and angular momentum. In section (III), we consider
the 5-dimensional rotating black hole with 2 angular momentum parameters and derive the corresponding spectra.
Then in section (IV), we derive the area spectrum for six and higher dimensional black holes, whose area spectum is
shown to be quite distinct from black holes in lower dimensions. In section (V), we study the implications of the area
spectrum that we found for Hawking radiation, and show that in most cases the radiation spectrum is a continuum,
unlike that for four dimensional black holes. We conclude with a summary, some open questions as well as some
observations regarding adiabaticc invariants in quantum gravity in section (VI).

II. BTZ BLACK HOLES

First, let us consider a BTZ black hole, which is a solution of three dimensional Einstein equations with a negative
cosmological constant A = —1/¢2. Tts horizon radii, area, entropy, Hawking temperature, angular velocity and the
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first law of black hole mechanics that it satisfies are given by [10]
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dM = Ty dSpg +Q dJ , (6)

where « is the surface gravity at the horizon and following [10] we have assumed that the three dimensional Newton’s
constant G3 = 1/8. In the extremal limit 7, = r_ one has:

| M [J 2J 2
Me=J, (TJr)emtr_g 7— ﬂ y Acgtr =T 7 s Sextr = 2T 7; (7)

where we have assumed J > 0 without loss of generality.

To derive quantum mechanical spectra, we start with the complete set of commuting observables (M, J) and their
conjugates (ITps,I1;). Since IIj; has the interpretation of difference between Schwarzschild times across a spacelike
slice extending from the left to the right wedge of a Kruskal diagram, following [2, 8], we impose the periodicity
condition:

<

2

to incorporate the thermodynamic nature of the system under consideration. Next, we make the following transfor-
mation to a new set of phase space variables (X, Px) which automatically incorporate the above periodicity:

X = \/ cos (ITprk) (9)
T

B(M,J)

Px = sin (I k) (10)

where B(M, J) is an hitherto unknown function. Computation of Poisson bracket yields:

k 0B
{X’PX}_EW (11)

From (6) it follows that if the function B(M, J) is chosen such that:
B(M,J)=S(M,J)+ F(J)=2AM,J)+ F(J), (12)

where F'(J) is arbitrary, then the above Poisson bracket becomes unity and the transformation (M, ;) — (X, IIx)
is indeed canonical. With this choice, squaring and adding (9) and (10), we get:

2A(M, J) + F(J)

X2+ P2 =
+ Py -

(13)

Noting that for a given .J, since the horizon area A cannot be less than A..+, given in (7), it follows that V J > 0, the
(X, Px) phase space has a ‘hole’ centred at the origin and with radius Min (2A(M, J) + F(J)) = 2A4cqr(J) + F(J) =
2m\/2J/20 + F(J) removed from it. Although this gives rise to quantisation ambiguities, these can be eliminated by
the following unique choice of F":

2J

F(J) = -2m\| 7. (14)



such that:

B(M,J) =2A(M,J) —2r % (15)

and

X2+P§:w_21/%. (16)
7r

Quantisation is now straightforward with the replacements: X — X and Px — Px = —id/0X. The LHS of (16) is
recognisable as the Hamiltonian of a harmonic oscillator of mass= 1/2 and angular frequency = 2. This results in the
following spectra for entropy and horizon area:

2J 1
A—m 7—77<n+§) . (17)
Next, the quantisation of angular momentum follows from the usual identification in 3-dimensions: J = —i0/0¢,
resulting in eigenfunctions: v, = exp(im¢) with eigenvalues m = 0,1,2,.... Thus the final spectrum of area is:
2 1
A-w(n—i— Tm+§> . nym=0,1,2,... (18)

where it is understood that the area above (and in subsequent sections) is measured in Planck units. Note that it is
discrete, but not equispaced. It will be shown in section (V) that this will have important consequences for Hawking
radiation. Also note that m = 0 (no rotation) reduces the above spectrum to the equispaced spectrum conjectured
in [4]. However, unlike the non-rotating case, or those that result from the recent identification of black hole quasi-
normal modes with Hawking radiation frequencies (see e.g. [3, 11]), Eq.(18) does not have the multiplicative factor
of In(2) or In(3) in front. Moreover, our ‘ground-state area’ is non-vanishing, suggesting that the the end stage of
Hawking radiation is a Planck sized remnant. The above two features are generic for black holes in arbitrary spacetime
dimensions, as will be seen in subsequent sections.

III. FIVE-DIMENSIONAL ROTATING BLACK HOLES

We now extend our results to five-dimensional rotating black holes. As suggested from the approaches in [2, §]
and in the previous section, the first step towards quantizing black hole horizon area is to find a set of mutually
commutating operators and their conjugates. A naive extension of the analysis in the preceeding section fails for
d > 4, since the different components of angular momenta fail to commute. However, as shown in [8] this problem
can be readily cured by replacing the usual angular momentum components by the Euler components of angular
momentum, which mutually commute [12]. Here we extend that analysis to d = 5 black holes which has two rotation
parameters [13]. The key observation that makes this possible is that the relevant rotation group SO(4) is isomorphic
to SU(2) x SU(2). Defining the rotation and Lorentz generators in 5-spacetime dimensions:

. 1 . . .
L, = 561‘3‘ij/@, K; = My 1,5,k=1,2,3 (19)
where,
M,uu = _i(xuav - xva,u) pov=1,2,34, (20)

their commutation relations follow:

[Li, L;] = ieiji L, Li, Kj] = i€iju Ky, (K, K;] = i€ijuLy, - (21)
Next, defining two new angular momentum operators Ji and J, as
jli = (Li + Kl) , (22)

j2i =



it can be shown that
[jli, jlj] = ieijkjlka [Jai, j2j] = iEijkak, [jli, j2j] =0. (24)

giving two copies of the SU(2) algebra. Accordingly, defining two copies of the analogs of Euler components of the
angular momenta, Ja;, Jgi, Jyi, (i = 1,2), as follows:

cos aq

Ji1 = —cosajcotfBi1dy, —sinaiJg, + M‘Jw 5 (25)
) sin o

Ji2 = —sinaj cot 1y, +cosardg, + S (26)

J13 = Jal ) (27)
. CoS Qg

Ja1 = —cosagcot Bady, —sinasJs, + mlp ; (28)

Joo = —sinas cot 62Ja2 + cos 042Jﬁ2 + SI.nﬂJ’Yz s (29)
sin By

Joz = Ja, (30)

where the six coordinates o, §;,7i, @ = 1,2 are 5-dimensional analogues of Euler angles in four dimensions. Finally,
we define the two ‘classical angular momenta’:

1
Jicn = Ji + Jiy + Jiy = —— 3 [J2, + J2 —2c0s Brda, Iy, ] + J3, (31)
sin” 01
1
Jscr =Jh + 3y + I3y = —5— 5 [J2, + J2, — 2c08 Baday Iy, + TG, (32)
sin” Do

Now the above two angular momenta are related to the ones that enter the five dimensional black hole metric in the
following way [14]:

1

Jyp = 3 (Jici + Jaci) (33)
1

Jy = 3 (Jrict — J2c1) (34)

which in turn defines the parameters a and b as:

2
2
Jy = gMb , (36)
implying:
2
Jicr = §M(a—|— b) (37)
2
JQCZ = §M (a — b) . (38)
The two horizons are roots of the equation
(r* +a*)(r* + %) —wr?*=0. (39)

The resulting thermodynamic quantities are (with M = 3% ):

22 = p—a® =02+ +/(u— a2 —b2)2 — 44202 (40)
972 2 b2
A=TEh L 2 (41)
K ri+a ri+0b
A
Sy = (42)
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K :2Ti+a2+b2—u

Ty = — 43
" 27 2mpry (43)
a

0, = — 44
¢ r2 + a? (4
0 . (45)

v 2 + b2
dM = Ty dSpm + Q¢ dJy + €y dJy (46)
(47)

From (40) the extremality bound follows:

p > a® + b+ 2|ab) or equivalently,
27Tm
M3 > §(J£+J3,+2|J¢Jw|). (48)
From (40), (41) and (43) it follows that:
A = 22 plr, ri — (ab)? 7 (49)

2r2 +a? + 02 —p (ri+a?)(ri +0?)

— a2 —b2)* = (2ab)?
S ) (2ab)? 0

which along with Eq.(40) implies the following conditions in the extremal limit (T = 0):

no= (a+b)? (51)
9

2 = b = — . 2

Text |CL | 4M2|J¢J¢| (5 )

Thus, from (49) it follows that that the horizon area in the extremal limit is:

Aezt = 87T J¢J¢, = 47T\/ |J12(Jl — J220l| = Aext (JICI, JQCZ) . (53)

Now, it can be seen from (31)and (32) that J%, commutes with J,; and J,;, for i = 1,2. Thus, one can
choose as canonical variables the following set: (M, Jici, Jay, Jvyi s J2c1, Jas, Jv,) With the corresponding conjugates
(IIar, 11y, , g, , I, , I, , 11, , 1L, ) respectively. As before, we impose the periodicity (8), which is now incorporated
by the following transformation:

X_\/B(MaJlClw]al;J'yl;JQChJaQ;J'yz)

™

cos(ITysk) (54)

Px = \/B(M’ 1ot Jar sy ooty Jan, Jra) sin(Ilrk) - (55)
™
Computation of Poisson brackets yields once again:
{X, Px} = %g—ﬁ ; (56)
which now implies:
B = E[A(M, Jici, Jact) = Aeat (11, J2ci)] s (57)
where we have set G5 = 1. Squaring and adding (54) and (55):
X%+ P% = ﬁ[A(M, Jict, Jact) — Aext(Jict, Jaci)] = 0 . (58)

Quantising as before, we now get:

1
A—Aewtzgw(nJrE) . n=0,1,2,-- (59)



It may be noted that the above equation has the same form as the corresponding equation in the d = 4 case
(Eq.(43) of [8]). The distinction between that case and the current one lies in the difference in the functional form of
extremal entropy and the resulting difference that arises on quantisation. Now, since (25)-(30) remains valid when the
classical quantities are replaced by their corresponding operator counterparts [8, 12], together with the replacement:

Joi — —i% ,a = a, 3,7, one obtains the following relations for i = 1, 2:

~ 1 ~ N A~ A ~
J% = e~y [J2, + J2 —2cos Bida, Jy,] + I3, (60)
J2 = JA IR+ T, (61)
R R d
and J%, — J? = cot ﬁia_ﬁ- . (62)

Since all the operators in the set {jl, jg, lel and jgc[} commute with jal. and j%, (i = 1,2), both sets of eigenvectors
{1915 325 Jars Jass Iy I  and {|Jict, Jocit, Jays Jags Jyis Jvs) b are complete and an element of one can be expressed
as a superposition of the elements of the other:

|chla Jaci, Jal ) Jaz’ J’Vlv ']’Y2> = Z OleéJlCLchz (jl,jz, Jici, J2Cl) |j17j27 Jal > Jazv ']’Yl7 J’y2> ; (63)
J1,J2
To compute the eigenvalues of J;c;, consider the eigenfunction with zero eigenvalues for o; and v;: ¥z, ,,0,0,0,00 =

(a1, B1,71, a2, B2, v2|J101,0,0,0,0,0). Then, from (60):

. . o2
2 2 _ 2
Jic1¥ 1,01,0,0,0,00 = I3, ¥ 7,¢1,0,00,00 = “r ¥ 7,61,0,0,0,0,0 = M5 VY 7,0,,0,0,0,0,0 - (64)
1

With the usual identification for Euler angles, 3; + ™ = m — (3;, we get:

U Jic0,0,0000 ~ cos(mifBi) , m;=0,1,2.--
with J;cr = m; . (66)
The additional fact that ¥;; 90,00 is a symmetric function of 3 together with equation (63) rules out the half-odd

integral quantisation of J;c;. Thus we are left with Eq(65) as the correct quantisation condition. This implies, from
(33) and (34) that:

1

J¢ = §(m1+m2) (67)
1

Jw = §(m1—m2),mi:0,1,2.--- (68)

Using (53), the final result of the area spectrum is

1 1
A—87r(n+§\/|m%—m§|+§) , n,mi,mo=0,1,2,--- (69)

Thus we see that the five-dimensional Kerr black hole area spectrum is also quantized but not equally spaced.
Equispaced spectrum can arise as a special case however, either when m; = 0 (or mg = 0) or when my = mg. The
latter case implies .Jy, = 0, corresponding to a single parameter five dimensional black hole. We will examine in section
(V) the effects of quantized area spectrum on Hawking radiation.

IV. SIX AND HIGHER DIMENSIONAL ROTATING BLACK HOLES

The situation simplifies drastically for six and higher dimensions because of the absence of an extremality bound.
The number of angular momentum parameters a;’s for the d-dimensional Kerr black hole will be [(d — 1)/2](square
bracket denotes integer part). For simplicity, we consider the metric component of a single angular momentum
parameter Kerr black hole- that is, a; = a = 2J/M where M = u(d — 2)(27) @ Y/2/{T[(d — 1)/2]167G} and a; = 0
for 2 <4 < [(d—1)/2] [13]:

Y =5 (r2 + a2) —
~ rd=5 (12 4 a2 cos20)

g (70)



mu

FIG. 1: Plot of r4 vs p for d =6,7,...,10 for a = 1. The highest graph corresponds to d = 6 and the lowest to d = 10.

It follows that for d > 6, the horizon condition g"" = 0 is satisfied for some 0 < r < oo for any given value of ¢ and M.
In other words, the black hole angular momentum is in no way contrained by its mass and in fact can be arbitrarily
large. Moreover, for a fixed a, for u < a, we see that the horizon radius shrinks to zero. This can also be seen from
Fig.1, where the outer horizon radius has been plotted against the black hole mass for 6 < d < 10 Thus, there is no
‘minimum’ horizon area for a fixed a, and the function F(J) can be chosen to vanish. Consequently, the equivalents
of (54)-(55) read as:

AM, J) cos(ITyk) , (71)
4w
AR, J) sin(Ilpx) . (72)
47
where
OIl/Or — 2ur
= gl d=odd (73)
Oll/Or — i
= 72}”" lry d = even (74)

d—1
and I = ng] (r* 4+ a?). Once again (71)-(72) incorporate the natural periodicity condition (8) and the transfor-
mations are canonical. Squaring and adding:

A=dm (X*+P3) . (75)

Quantisation yields:
1
A, =8m n+§ , n=0,1,2,---. (76)

Remarkably, angular momentum plays no role in area spectrum in d > 6, and the above spectrum is identical to the
neutral black hole spectrum found in [2]. The Hawking radiation spectrum is not the same however, as will be shown
in the next section. It would be interesting to investigate other physical significances that this equispaced spectrum
might have.

V. HAWKING RADIATION FROM ROTATING BLACK HOLES

An important consequence of a strictly equispaced area spectrum is a markedly discrete spectrum for Hawking
radiation [2, 4, 5]. Consider for example the area spectrum of a d = 4 Schwarzschild black hole. Using A = 47r7°i =



16w M2, the lowest Hawking radiation frequency wy emitted due to a transition of this black hole from an excited

state to its next lower state (on = —1, |JA| = 87 from (76) ) is given by:

[0A| 1
=— =277 77

3270 aM (77)

and all higher frequencies will be multiples of the above. Comparing with Wien’s law for frequency of maximum

intensity of blackbody radiation:

WQ:|6M|:

Wmaz ~ TH ) (78)

we see that the wy ~ wpar. Thus there will be only a few visible spectrum lines in Hawking radiation even for
a macroscopic black hole, leading to the aforementioned conclusion. The qualitative picture remains unchanged for
Reissner-Nordstrom black holes as well [2]. Next we examine the impications for rotating black holes.

A. BTZ black hole

In this case, it follows from (18) that for an emitted quantum of Hawking radiation:

om
0Spr = 20A =2m |on + —] 79
i b+ (19)
Replacing dM — wy and plugging in the expression for Q from (5) in the first law (6), we get:
27T
wo = 27Ty on + \/W_H + mn 5 (80)
22 (n /224 1)2)
Next, consider an emission line for which én = 0 and |ém| = 1, and the black hole to be ‘macroscopic’, for which
n > m > 1. Then:
27T
= m -0 (81)

o Vaim 2 (n+ 27’”+1/2)2

implying that the radiation spectrum is quasi-continuum, quite different from the d = 4 case and exactly as predicted
by the original Hawking analysis. We will return to the case dn # 0 for this and other black holes in the concluding
section.

B. Four dimensional Kerr black hole

Here we use the spectrum found in [8], namely:

A=87r(n+m+%> Cn,m=0,1,2,-- (82)
Jor = m (83)
implying
0A =8m (0n+dém) , dn,om=0,1,2--- . (84)
Once again, using (82)-(83), the first law and Q = a/(r3 + a?), we now get:
wo = 27Ty on+ | 20Ty + —; o T — | om (85)
T (ntm+3)+ 57
In this case, for [0m| =1 (and for any finite dn), we see that:
wo ~ 21Ty (86)

and the Hawking radiation spectrum is once again discrete and identical to the Schwarzschild (and Reissner-
Nordstrom) black hole spectrum (77).



C. Five dimensional rotating black hole

From the five dimensional area spectrum (69), the first law and the expression for the angular momenta (44-45),
we get:

+ (mg — —myg) (87)

wo = 21Ty (|5n| + ma0ma — m2|5m2|> 3 |: (m1 4+ ma)d(mq +ma)

mZ — m2 8M |2 + 9(m1 + m2)2 /16 M2
where we have assumed without loss of generality that m; > msy. As for BTZ, consider an emission characterised by:
on = 0 (signifying A — A+ remaining unchanged) and concentrate on the second term within the parenthesis, since
the last term is in any case negligible for very large M. We see that for any given e < 1 , if

2
5m1:(@) L2 (m) 1 by m(@) s | (88)
my Omeo mo mi

then
wo=2me Ty — 0 (89)

Notice however that both |§m; | > 1. This implies, along with (88) and |dma| < ma, that ma < m; < m3. That
is, unless the two angular momentum parameters are hugely disproportionate, such that the second inequality in the
above is violated (or when m; = 0 or mg = 0), the radiation spectrum is a quasi-continuum, as was the case in three
dimensions. Since these black holes are natural candidates in certain brane world scenarios, it is possible that the
above observations will have experimental signatures from the four dimensional (brane) point of view.

D. Six and higher dimensional rotating black hole
From (76) and the first law, we get:

a
wo = 27TTH on + m om . (90)

Note that, as for d = 4 Schwarzschild black holes, the first term implies a discrete spectrum. But unlike that case,
here an additional parameter dm (dm;,i = 1,2,[d — 1]/2 in general) enters the problem. Recalling that there is no
extremality bound for d > 6, if the black hole is such that a > r; and the black hole to be macroscopic, then for
dn =0, |dm| = 1, we have:

1
wp=—- —0. 91
0= (91)
It is easy to see that similar conclusions will follow for a < r1 as well as a =~ r. Thus we see that the single
angular momentum Kerr black holes in d > 6 shows continuous Hawking spectrum in spite of the area spectrum
being equispaced. It remains to be checked whether this property holds even if we include more angular momentum
parameters.

VI. CONCLUSIONS

In this paper, we have extended an earlier formalism by Barvinsky et al, adapted to Kerr black holes by Gour
and Medved to include rotating black holes in all spacetime dimensions. This was done in three steps. First, the
method was applied to 3-dimensional BT Z black holes with one angular momentum parameter, where the observables
A and J were mutually commuting. Second, it was applied to 5-dimensional rotating black holes with two angular
momentum parameters. Using the fact that the corresponding rotation group SO(4) = SU(2) x SU(2), and using the
technique of [8] in which the Cartesian components of angular momentum are replaced by the mutually commuting
Euler components, we were able to quantise the the two angular momentum components and arrive at the spectrum
of horizon area of these black holes. Finally six and higher dimensional black holes were studied with one angular
momentum parameter, since this was sufficient to demonstrate its essential difference with lower dimensional black
holes,
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The horizon area spectra for the above black holes were found to be quite different from that in d = 4. In
particular, we found that both for d = 3 and 5 the spectrum is no longer equispaced (except for the special case
when the two angular momentum parameters were equal in d = 5). A direct consequence was that Hawking radiation
spectrum from these black holes are practically continuous (for large black holes), as opposed to the distinctly discrete
spectrum predicted for d = 4 black holes which can carry angular momentum or charge. The situation was even more
interesting for d = 6, in which case although the spectrum turned out to be equispaced, the Hawking radiation
retained its continuous nature. Although it may seem that there is an additional discrete spectrum for all the cases
considered when dn = 1, this does not affect our conclusions in any way, since the superposition of a discrete and a
continuous spectrum is a continuum, the greybody factors being the same for each case. Such closeness of radiation
spectra from higher dimensional black holes with the semi-classical Hawking analysis may lead one to speculate that
brane world black holes are more fundamental, since Hawking’s result is expected to be valid for macroscopic black
holes. In fact one of the proposed brane world scenarios requires the spacetime dimension of our universe to be at
least six [15], for which we have seen that interesting conclusions follow for rotating black holes. However, further
investigations are required before arriving at a definitive conclusion. In any case, phenomenological implications of
our higher dimensional results seem worth investigating.

We conclude with an observation related to adiabatic invariants in quantum gravity. Motivated by some thought
experiments, it was conjectured by Bekenstein that black hole horizon area is an adiabatic invariant in quantum
gravity, i.e. it remains unaffected by small changes in black hole parameters. In [2] an explicit proof of this conjecture
was presented for spherically symmetric uncharged black holes, while in the presence of a charge @ it was shown that
A — Acztr (Q) was an adiabatic invariant. We show here that a similar result follows. For periodic systems, it is well
known that the quantity:

I= 7{ PxdX (92)

is an adiabatic invariant, where (X, IIx) are usual phase-space coordinates [16]. It follws that for harmonic oscillator
like Hamiltonians as in (16), (58) and (75), the corresponding adiabatic invariants are:

7 = Az AwnD) gy
iy
A=A (Jic1, Jaci) _
- o (d=5)
A
= d> .
87 (d26)

Note once again that as for charged black holes, upto d = 5, the ‘excess-area’ above extremality is an adiabatic
invariant, while for d > 6, the horizon area itself is the invariant, as conjectured by Bekenstein. It will be interesting
to study the most general case of charged and rotating black holes to see what the adiabatic invariants are for such a
system.
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