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THE SUP-NORM PROBLEM FOR GL(2) OVER NUMBER FIELDS

VALENTIN BLOMER, GERGELY HARCOS, PETER MAGA, AND DJORDJE MILICEVIC

ABSTRACT. We solve the sup-norm problem for spherical Hecke—-Maafl newforms of square-free level for the
group GL(2) over a number field, with a power saving over the local geometric bound simultaneously in
the eigenvalue and the level aspect. Our bounds feature a Weyl-type exponent in the level aspect, they
reproduce or improve upon all known special cases, and over totally real fields they are as strong as the best
known hybrid result over the rationals.

1. INTRODUCTION

1.1. The sup-norm problem. The sup-norm problem has taken a prominent position in recent years at
the interface of automorphic forms and analytic number theory. It is inspired by a classical question in
analysis about comparing two norms on an infinite-dimensional Hilbert space: given an eigenfunction ¢ on
a locally symmetric space X with a large Laplace eigenvalue A and ||¢||2 = 1, what can be said about its
sup-norm ||@||eo?

This question is closely connected to the multiplicity of eigenvalues [41], and it is motivated by the
correspondence principle of quantum mechanics, where the high energy limit A\ — oo provides a connection
between classical and quantum mechanics. The sup-norm of an eigenform with large eigenvalue gives some
information on the distribution of its mass on X, which sheds light on the question to what extent these
eigenstates can localize (“scarring”). Despite a lot of work from different points of view, in the case of
a classically chaotic Hamiltonian (for instance when X is a compact hyperbolic manifold), the relation
between the classical mechanics and the quantum mechanics in the semi-classical limit is currently not
well-understood. This goes by the name quantum chaos. We refer the reader to the excellent surveys
[39, 40] and the references therein for an introduction to this topic and further details.

Purely analytic techniques can be used to give a best-possible solution to the sup-norm problem on a
general compact locally symmetric space X of dimension d and rank r: one has [41]

(L.1) [B]lo0 <x AE@=/4

and this bound is sharp as it is attained, for instance, for the round sphere. (The symbol < is introduced
formally at the end of Section 2.) The bound is local in nature, in that its proof is insensitive to the global
geometry of X, and in general it still allows for significant concentration of mass at individual points. In
many cases, in particular for compact hyperbolic manifolds, a stronger bound is expected. The sup-norm
problem aims at decreasing the exponent in (1.1) or in a refined version thereof.

The beauty of the sup-norm problem lies in particular in the fact that it is amenable to arithmetic
techniques when the manifold is equipped with additional arithmetic structure. Two classical examples
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in dimension 2 are the round sphere X = S? = SO3(R)/SO2(R), realized as a quotient of the projective
group of units in the Hamilton quaternions, and the modular surface X = SLy(Z)\H?, where H? denotes
the Poincaré upper half-plane of complex numbers on which SLs(R) acts by hyperbolic isometries. In
both cases, there is an arithmetically defined family of Hecke operators commuting with the Laplacian, so
that it makes sense to consider joint eigenfunctions. A combination of analytic and arithmetic techniques
led to a significant improvement of (1.1) for joint Hecke-Laplace eigenfunctions on these two arithmetic
surfaces [24, 47]: namely,

||¢Hoo <. /\5/244-5

holds for every e > 0. For applications, for instance in connection with Faltings’ delta function [25, 26, 27],
it is also important to consider the dependence of the implied constant in (1.1) with respect to X, in
particular as X varies through a sequence of covers. A typical situation is the case of the congruence
covers

(1.2) Lo(N)\H? — SLy(Z)\H?,

where I'g(V) is the usual Hecke congruence subgroup consisting of 2 x 2 integral unimodular matrices with
lower left entry divisible by N.

Following the original breakthrough of Iwaniec and Sarnak [24], a lot of effort went into proving good
upper bounds (and also lower bounds, but this is not the focus of the present paper) for joint eigenfunctions,
in a great variety of situations and with various applications in mind: see for instance [3, 4, 5, 6, 7, 10, 18,
19, 20, 28, 31, 38, 45, 46, 51]. The results fall roughly into two categories. On the one hand, one can try
to establish bounds as strong as possible. Somewhat reminiscent of the subconvexity problem in the theory
of L-functions, this often leads eventually to a “natural” exponent that marks the limit of techniques of
analytic number theory. For example, in the case of the congruence cover (1.2) for N a square-free integer,
Templier [46] proved the important benchmark result

(1'3) H(b”oo <. )\5/24+€N1/3+6,

improving simultaneously! in both aspects on the generic local bound A/#N1/2. On the other hand, one can
also confine oneself to some small numerical improvement over the trivial bound, but use techniques that
work on very general spaces X. Here the most general available result is due to Marshall [31] for semisimple
split Lie groups over totally real fields and their totally imaginary quadratic extensions (CM-fields).

1.2. General number fields. In this paper, we address both points of view, and for the first time we
address the sup-norm problem for the group GLo over a general number field F' of degree n = r1 + 219
over Q, with ry real embeddings and r, conjugate pairs of complex embeddings. From the perspective of
automorphic forms, this is certainly the natural framework, and there is little reason to treat the ground
field Q separately. The underlying manifold is then a quotient of the product of r; copies of the upper half-
plane H? and ry copies of the upper half-space H3, so it has dimension d = 2r; + 3ry and rank r = r1 + ry
(cf. (1.1)). As is well-known, the passage from Q to a general number field introduces two abelian groups,
the finite class group and the (except for the imaginary quadratic case) infinite unit group. As has been
observed in many contexts (e.g. in the context of cubic hypersurfaces [8] and the Ramanujan conjecture
[2]), these groups cause considerable technical difficulties for arguments of analytic number theory; the
general strategy is always to use an adelic treatment to deal with issues of the class group and to use
carefully chosen units in order to work with algebraic integers whose size is comparable in all archimedean
embeddings. Our paper provides a general adelic counting scheme for such situations, see Section 6.
However, in our case the difficulties go much deeper than dealing with the class group and the unit
group. As soon as F' has a complex place, the formalism of the amplified pre-trace formula leads to
counting integral matrices v € My(0op), which lie suitably close to a certain maximal compact subgroup
of GLy(Fy), and whose entries are described by conditions involving real and imaginary parts at each
complex place separately. If F' is not a CM-field, there is no global complex conjugation (see e.g. [36]),

1See also Remark 7 in Subsection 10.3.
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and hence the global counting techniques that work over number fields like Q or Q(7) break down in the
general situation. In fact, the maximal compact subgroups of GLg(F ) cannot be defined over F' unless
I is a totally real field or a CM-field.

Another difficulty is signified by a fundamental difference between PSLs(R) and PSLy(C). On the one
hand, every arithmetic Fuchsian subgroup of PSLy(R) is commensurable with SO* (L) for a suitable lattice
L in a quadratic space V of signature (2, 1), upon identifying SO™ (V) with PSL2(R). On the other hand,
an arithmetic Kleinian subgroup of PSLy(C) is commensurable with SO (M) for a suitable lattice M in a
quadratic space W of signature (3, 1), upon identifying SO™ (W) with PSLy(C), if and only if it contains
a non-elementary Fuchsian subgroup [29, Theorem 10.2.3]. These special Kleinian subgroups are already
known to behave distinctively for the sup-norm problem [33], and they can be described in terms of the
invariant trace fields and quaternion algebras; in particular, their trace field is a quadratic extension of the
maximal totally real subfield.

For a general number field F', these structural features make the sup-norm problem in many ways a very
different problem. Therefore, we introduce a number of new devices into the argument to leverage the
specific interplay between the maximal compact subgroups of GLa(F) and the arithmetic of F. In the
hardest situation in our counting problem, F is not totally real, and the field element ¢ := tr(7)?/ det(7y) is
bounded in F, and very close to being totally real. In this case, we combine two observations that appear
to be novel in this context. On the one hand, we exploit a certain rigidity of number fields (see Section 7)
to show that £ lies in a proper subfield of F. However, the denominator of £ is arithmetically controlled
by our specific amplifier (see Section 9), so £ € F must be an algebraic integer. This is already a very
strong conclusion when coupled with the boundedness of £ in Fi; however, except for special number fields
F, we do not know how to deal with the non-parabolic cases £ # 4. On the other hand, by artificially
extending the spectrum, we can improve the performance of the pre-trace formula on the geometric side
so that v € May(op) is also localized modulo some auxiliary ideal q. Specifically, we can ensure that ~ is
locally parabolic modulo q. As a result, £ € 4 4 q, which forces £ = 4 when the norm of q is large. In
conclusion, in the hardest situation we can eliminate all but parabolic matrices, which are relatively simple
to count. We refer the reader to Lemma 17 for a precise version of this argument, as well as to Lemma 16
for another application of the realness rigidity of number fields.

The precise setup of extending the spectrum and hence localizing v modulo q is described in Sections 2
and 3, with a special view toward treating the units in og efficiently. Indeed, there is a natural ambiguity of
det(7y) by units modulo squared units, while our congruence conditions force the units that appear here to
be quadratic residues modulo ¢; we can choose ¢ in such a way that these units are automatically squared
units. Thus the success of our method rests on three pillars: passage to a suitably chosen congruence
subgroup, a carefully designed amplifier equipped with arithmetic features as described in Subsection 9.3,
and the rigidity results for number fields mentioned above. At the technical level, we rely heavily on Atkin—
Lehner operators (see Section 4) and the geometry of numbers (see Section 5), which allow an efficient
counting of the matrices v in Section 10.

In retrospect, the general idea of extending the spectrum to thin out the geometric side of the pre-
trace formula is not unprecedented, the most spectacular example being Iwaniec’s approach [21] to the
Ramanujan conjecture for the metaplectic group (see also [44] for another example). We believe that our
variation of it, based on arithmetic properties of a certain congruence subgroup and the underlying number
field, introduces a novel and flexible tool into the machinery of the sup-norm problem that may be useful
in other situations.

As another useful feature, our argument also uses positivity more strongly than the previous treatments.
Rather than carrying out an exact spectral average, we use positivity of our operators to establish a pre-trace
inequality. This streamlines the argument substantially, e.g. we do not even have to mention Eisenstein
series and oldforms. A similar idea in the context of infinite volume subgroups was used by Gamburd [15].

Finally, we mention that in Section 8 we develop a uniform Fourier bound for spherical Hecke-Maaf}
newforms for the group GL9 over a number field, which might be of independent interest.
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1.3. Main results. Our main result is a solution of the sup-norm problem for GLs over any number field
simultaneously in the eigenvalue and the level aspect, provided the level is square-free. In certain cases, we
recover a Weyl-type saving, the strongest bound one can expect with the current technology. To formulate
our results, we introduce the tuple

)\ = (Al, e 7A7‘17A7‘1+17 e 7A7‘1+7‘2)

of Laplace eigenvalues at the ry real places and the ro complex places, and we write

r1 r1+72
(1.4) Moo =M [Me,  Pe:=]]x,  Re= J] A
j= j=r1+1

As usual, empty products are defined to be 1. We also denote by A'n the norm of an integral ideal n (see
Section 2 for further notation).

In classical language, we are looking at a cusp form ¢ on a congruence manifold X (see Section 2 for
precise definitions). The connected components of X correspond to the ideal classes of F: they are left
quotients of (H?)™ x (H3)"2 by I'g(n) and related level n subgroups (cf. [42]). Assuming that ||¢[lz = 1
holds with respect to the probability measure coming from invariant measures on H? and H?, the generic
local bound reads

19lloc < e L= (N)1/2F2,

Theorem 1. Let ¢ be an L?-normalized Hecke-Maaf3 cuspidal newform on GLg over F of square-free
level n and trivial central character. Suppose that ¢ is spherical at the archimedean places. Then for any
€ >0 we have

||¢Hoo <<F’€ |/\|C5>é24+a(Nn)1/3+a + |>\|]§/8+a|/\|1/4+a( )1/4-{-&“

We emphasize that this result is new with any exponent less than 1/2 over A'n, any exponent less than
1/4 over |A|g, and for any number field F' other than Q and Q(4) (cf. [46, 3]). In particular, for totally real
fields this is the proper analogue of (1.3). In view of the above remarks on the difficulties with general
number fields, it is remarkable that the methods in the level aspect — which historically appeared to be
the harder parameter — are flexible enough to produce a Weyl-type exponent in a general setup.

For a general number field F', the strength of Theorem 1 in the eigenvalue aspect |\~ depends on the
relative sizes of |A\|g and |A|c. It is particularly strong for totally real fields; for other fields, it fails to
solve the sup-norm problem when |\|¢c gets large relative to |A|gr and A'n. The next theorem, in which Fj
denotes the maximal totally real subfield of F', fixes this issues by saving in all aspects for any number
field other than a totally real field.

Theorem 2. Suppose that [F : Fy] = 2. Then, under the same assumptions as in Theorem 1, we have

[¢lloc <Fe (\)\\%2/\/11) —SEEA T
In the special case [F : Fy] = 2 this bound reads
[ lloo e [AZLPHFE(NR)P/12He,

so Theorem 2 improves on [3, Theorems 2-3] even in the case F' = Q(i), and the proof differs substantially
in several aspects. Further, Theorem 2 with any exponent less than 1/4 over |\|« is new for any non-CM-
field. For a sequence of fields with [F : Fy] — oo, the exponents of |\ and A'n degenerate to 1/4 and
1/2, respectively, but this defect only impacts the |A|c-aspect due to the uniform exponents in Theorem 1.
It would be desirable to treat all number fields on equal footing (as was accomplished in other contexts
such as [2, 8]), but for that a new idea (or a completely new method) would be needed to handle more
efficiently the difficulties described in the previous subsection.

Recently, Assing [1] extended Theorems 1 and 2 to arbitrary level and central character by combining
the ideas of the present paper with the methods of Saha [38]. In Assing’s results, the dependence on the
Laplace eigenvalues and the square-free part of the level is the same as ours, and this is coupled with
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a rather good dependence on the (remaining) square part of the level and the conductor of the central
character.

Convention. In this paper, we regard the number field F' as being fixed, and we allow all implied constants
to depend on it (unless we emphasize the opposite).

Acknowledgement. We thank the referee for a thorough reading and several constructive remarks.

2. BASIC SETUP AND NOTATION

Let F be a number field of degree n = ry + 2ry over Q with ring of integers o and different ideal 0.
The completions F, at the various places v are equipped with canonical norms (or modules) as in [50]. In
particular, at an archimedean place v we have |z|, = |z|"**®l where | - | denotes the usual absolute value.
We reserve the symbol p to the prime ideals of 0, and we use it to label the non-archimedean places of F
in the usual way. For each prime p, we fix a uniformizer w, € o, of po,. As usual, we define the adele ring
of I' as a restricted direct product

/
A= Fy x Agp, Fy = HFU, Agp = H B,
P

v]oo
and we write accordingly

|$|A = |xoo|oo : |xﬁn|ﬁn7 |$oo|oo = H |xv|va |xﬁn|ﬁn = H |xp|p

v|oo p

for the module of an idele z € A*. We further decompose the archimedean module as

(2.1) [ZTosloo = [Zos|r - [Tec]c, |ZoolR = H |2, |Zoolc = H |517v|2-

v real v complex

This is consistent with (1.4). We introduce the following notation for the closure of o in Agy:
p

We call a field element x € F* totally positive if x, > 0 holds at every real place v. We denote the
group of totally positive field elements by F, and the group of totally positive units by 0. We choose a
set of representatives 61,...,6;, € A for the ideal classes of F'; without loss of generality, they lie in o.

As mentioned in the introduction, we can fix a square-free ideal ¢ C o0 in such a way that the only
elements of 0* that are quadratic residues modulo q are the elements of (0*)2. Indeed, if u is a non-square
unit, then F' (\/ﬂ) /F' is one of the finitely many quadratic extensions corresponding to the square classes in
0% /(0*)2. Moreover, for any prime p that is inert in this extension, u is a quadratic non-residue modulo p.
So if we choose an inert prime for each of the mentioned extensions, and q is divisible by all these primes,
then q has the required property. We fix such an ideal q once and for all, with the additional requirement
that

(2.3) Nq > 300"

We can clearly think of g as a function of F. (For concreteness, we could pick g so that its norm is minimal,
and with additional constraints we could even pin down ¢ uniquely).

We fix a square-free ideal n C o0, and we consider the corresponding global Hecke congruence subgroup
O2(R)  for v real,
Us(C)  for v complex,
GLa(0p) for ptn,
Ko(poy) for p[m,

(2.4) K =[] K. with K, =
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where
b

is the subgroup of GLa(0y) consisting of the matrices whose lower left is entry divisible by po,. As explained
in the introduction, we need to enlarge our spectrum a bit. With this in mind, we introduce

K, f ,
(2.5) K =[] K with K = orvia
. Ki(poy) forp|q,

where
b
Ki(poy) := {<‘CI d) € GLa(0p) : a—d € poy, c€ pop}

is the subgroup of Ky(poy) consisting of the matrices whose diagonal entries are congruent to each other
modulo poy.

We fix a Haar measure on GLy(A), and we use it to define the Hilbert space L?*(X), where X is the
finite volume coset space?

(2.6) X := GLo(F)\ GLy(A)/ Z(Fy).

All the other L?-spaces in this paper will be regarded or defined as Hilbert subspaces of Lz(X ). We
consider a spherical Hecke—Maafi newform ¢ on GLo over F' of level n and trivial central character. By
definition, ¢ : GLa(A) — Cis a left GLa(F)-invariant and right Z(A)K-invariant function that generates an
irreducible cuspidal representation 7 of GLs over F' of conductor n. It spans the one-dimensional newspace
7/, and it corresponds to a pure tensor ®,¢, of local newvectors ¢, € w5 (cf. [34, Cor 2], [13, Th. 4], [9,
Th. 1]). In particular, ¢ is a cuspidal eigenfunction of the Hecke algebra for K (as defined in Section 3).
Inspired by Venkatesh [48, Subsection 2.3], we regard ¢ as a square-integrable function on the coset spaces

(2.7) X:=X/K and X :=X/K".

More precisely, we identify L?(X) and L?(X”) with the right K-invariant and right K’-invariant subspaces
of L?(X) defined above.

In adelic treatments, one usually divides by Z(A) instead of Z(F,), especially if the central character
is assumed to be trivial. Dividing by the smaller group Z(Fy) in (2.6) makes the spaces in (2.7) larger
and separates the infinite part and the finite part nicely. The cost to pay is that one has to deal with
a bigger automorphic spectrum: instead of the trivial central character, one needs to consider all ideal
class characters as central characters®. Introducing the ideal g, i.e. switching from X to X”, allows one to
work with Hecke operators of smaller support (see Section 3), which is immensely beneficial for our matrix
counting scheme (see Section 10). However, this has a similar effect (already for FF = Q) of enlarging
the automorphic spectrum. Indeed, the resulting quotients X and X are orbifolds with finitely many
connected components. The connected components of X correspond to the ideal classes of F', while those
of X° correspond to certain cosets of the ray class group modulo q. More concretely, reduction modulo g
embeds U := 0% /(0*)? into V := (0/q)*/(0/q)*? by our choice of g, and each connected component of X
is covered by exactly [V : U] connected components of X > under the natural covering map X’ — X.

For a ramified place v (i.e. for v = p dividing the level n), the matrix A, := (wp 1) € GLa(F,) normalizes
K,. The group K generated by K, and A, contains the center Z(F),), and K}/ Z(F,)K, has order 2.
By multiplicity one and the assumption that the central character of ¢ is trivial, we infer that the right
action of K on ¢ is given by a character K — {£1}. It follows that |¢| is right invariant by the global
Atkin-Lehner group K* := [[, K}, where we put K := Z(F,)K, for all unramified places v, including

2For any ring R, we denote by Z(R) the matrix group {(3 2) ia € R }
3This subtlety enters in (3.13), where we assume that gcd(l, m) is a product of principal prime ideals.
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the archimedean ones. That is, for the purpose of studying the sup-norm ||¢||-, we can regard |¢| as a
square-integrable function on the coset space

(2.8) X* = GLy(F)\ GLy(A)/K*.

We emphasize again that we regard L*(X*), L?>(X), L?(X”) as Hilbert subspaces of L?(X), and we assume
that ||¢||2 = 1 holds in all these spaces.

We allow all implied constants depend on the number field F', hence also on the auxiliary ideal q chosen
above for F. Accordingly, A < B means that |A| < C|B] holds for a constant C' = C(F') > 0 depending
on I, while A <g B means the same for a constant C' = C(F,S) > 0 depending on F and S. If S is
a list of quantities including e, then it is implicitly meant that the bound holds for any sufficiently small
€ > 0. The relation A < B means that A < B and B < A hold simultaneously, while A <g B means that
A <g B and B <g A hold simultaneously. Finally, inspired by [3, 19], we shall use the notation

(2.9) A<xB &L A< B\ (Wn),

which will be in force for the rest of the paper.

3. HECKE ALGEBRAS AND THE IDEA OF AMPLIFICATION

While our newform ¢ lives naturally on the space X, and in fact |¢| is well-defined even on the space
X*, it is convenient to view ¢ as a function on X” which is equipped with more suitable operators for the
purpose of amplification.

The groups Z(Fu)K and Z(Fy) K’ contain the central subgroup (cf. (2.2), (2.4), (2.5))

(3.1) 7 = 7(Fud) = [ [ 2(F) [] Z(op),
v|oco p
hence we can identify X with I'\G/K, and X° with T'\G/K”, where
(3.2) G = GLy(A)/Z, I':= GLy(F)Z/Z = GLa(F)/ Z(0).

In particular, we can identify the functions on X (resp. X°) with those functions on G that are left I'-
invariant and right K-invariant (resp. right K I’-invariant). Accordingly, we have an inclusion of Hilbert
spaces, each defined via the Haar measure that we fixed on GLy(A),

(3.3) LX) < L*(X") < LA(I\G) < L*(X).

We define the Z(F)-invariant norm

ay|? + |bo]? + leul? + |dy|? a b
lowl = TR TR IRE (20 € cnar),

v]oo
and we say that f : G — C is a rapidly decaying smooth function if the following properties hold for
9 = Joofin, Where g0 € GLa(Fi) and gan € GLo(Agy):

e f(g) is compactly supported in gg,, and it is locally constant in gg, for any fixed goo;
e ||9s0||Y f(g) is bounded for any N > 0, and f(g) is C*™ in go for any fixed ggy.

We denote by C'(G) the convolution algebra of these rapidly decaying smooth functions on G. For f € C(G)
and ¢ € L*(T'\G), we consider the function R(f)y € L*(I'\G) given by

By @ewE = [ eveay = [ setewa= | (1) vt v
That is, R(f) is an integral operator on I'\G with kernel
(3.5) k(ey) = fla ).

el
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Then R(f1 * f2) = R(f1)R(f2) for f1, f» € C(G), and the adjoint of R(f) equals R(f) with

flg):=flg™"), geq.

We shall define convenient subalgebras of C'(G) in terms of the restricted product decomposition

1T _ GLy(Fy)/ Z(F,) for v | oo,
(3.6) ¢= 1:[ G, G {GLQ(FP)/Z(Up) for v 1 co.

We choose a Haar measure on each of the groups GLa(F},) so that their product is the Haar measure we
fixed on GL2(A) earlier, and the measure of GLa(0,) within GLy(F}) is 1. We define C'(G,,) and its action
fo = R(f,) on L}(T'\G) similarly as for C(G), but with integration over G, instead of G. The restricted
tensor product of these algebras is the C-span of pure tensors ®, f, such that f, € C(G,) for all places v
and f, is the characteristic function of GLy(0,) for all but finitely many primes p. We regard this product
as a subalgebra of C'(G) in the usual way, namely by identifying ®, f, with the function z — [], f,(2y) so
that also R(®,f,) = [[, R(fv); the products are finite in the sense that the factors equal the identity for
all but finitely many v’s.

We write GLg(0,) for Ma(0,)NGLa(F,), and we define Ko(poy) as the subsemigroup of GLy(0,) consisting
of the matrices with lower left entry divisible by p and upper left entry coprime to p. In accordance with
(2.4) and (2.5), we consider the following two open subsemigroups of G:

Gy for v | oo,
(3.7) M =[] M, with M, := < GLy(0p)/ Z(0,) for pfn,
v Ko(poy)/ Z(op)  for p | u;

‘ M, for v1q
3.8 M = Mz with Mz = ’
() 11 {Kl<pop>/z<op> for p| .

Note that M (resp. M b) is left and right invariant by K (resp. K b). Finally, we define the Hecke algebra
for K, and the unramified Hecke algebra at q for K°, as the restricted tensor products

/
H = ® % with % = C(Kv\Mv/KU)7

A= Q) A with H = C(K\M?/K).

These algebras have a unity element, unlike C(G) or C(G,).

Note that 7 acts on L?(X), and " acts on L?(X"), through f + R(f). There is a C-algebra
embedding ¢ : #° < # such that any f € J#” acts on the subspace L?*(X) of L?(X") exactly as
L(f) € A does. We define this embedding as ¢ := ®yt,, by choosing an appropriate C-algebra embedding
Ly jfj}b — A at each place v. For v t q, the local factors jﬁ,b and 7, are equal, so we choose t,
to be the identity map. For v | g, the local factor %b is isomorphic to C, so there is a unique choice
for ¢,. From now on, we use the usual convention that the subscript “co” collects the local factors at
v | 0o, while the subscript “fin” collects the local factors at v t oo. Then, in particular, we can talk about
the C-algebra embedding tg, : %"n > M. Under this embedding, thinking of %, (resp. ,%’}ﬁl) as a
subalgebra of C(Kg,\Gfn/Kpn) (resp. C(K} \Gean/K2,)), the constant function vol(K} )~! on a double
coset beingbein - Mgn becomes the constant function Vol(Kﬁn)_1 on the double coset Kg,g9Kg, C Mgy
In the next two paragraphs, we introduce the Hecke operators for X in terms of .#%,, and the (unramified

at q) Hecke operators for X in terms of .%,. Our presentation is based to some extent on [42, Section 2]
and [43, Ch. 3].
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For any nonzero ideal m C o, we consider the Hecke operator Ty, := R(ty) on L?(X), where ty, € Sy,
is given by

(3.9)

tw(z) = (Nm)~12vol(Kg,) ™' for z € Mg, and (det z)o = m,
w0 otherwise.

We note that here the determinant of x € M(6)/Z(0) is an element of 6/(6*)? rather than an element of
0, but still it determines a unique ideal in o that we denoted by (det z)o. We also need the supplementary
operator Sy := R(sy) on L?(X), with sy € %, defined as follows. First we assume that m is coprime to
the level n. We take any finite idele p € A representing m, i.e. m = po, and then we put

vol(Kgn) ™t for z € (* ) Kan/ Z(0),
Sm(zx) ==

(3.10) .
0 otherwise.

The function sy, € 4, is independent of the representative u, because Kg, contains Z(0), and Sy, agrees
with the right action of (“ u)- In particular, Sy, commutes with the Hecke operators. Using that L?(X)
consists of functions invariant under Z(F F.0), we see that Sy, only depends on the ideal class of m, and
it is the identity map whenever m is principal. If m and n are not coprime, then we define sy (hence

also Sp) to be zero. The Hecke operators commute with each other as a consequence of the following
multiplicativity relation, valid for all nonzero ideals I,m C o (cf. [42, (2.12)]):

(3.11) tok by = Z Se * i /62, therefore, Tl = Z SeTimye2-
€| ged(f,m) ¢l ged(L,m)

In addition, if m is coprime to the level n, then we have that ¢ty = sy * tm, whence T, is a normal operator,
and it is even self-adjoint when m is principal.

For any ideal m C o coprime to ¢, we define the functions t]bn, S]b.n € %bn in the same way as ty, Sm € Gn,
but with Kg, and Mg, replaced by K2 and M;  (cf. (3.9)-(3.10)). In particular,

(3.12) £ (z) = {(Nm)—1/2 vol(Kj,)™ for x € M}, and (detz)o = m,
. b () :

0 otherwise.

The corresponding operators on L?(X”) are T%, := R(t}) and S% := R(s%). Then in fact tg,(t2) = tm
and Lﬁn(S]b,n) = Sy under the C-algebra embedding tg, : %"n — Hfn, hence (3.11) implies the analogous
relations
t? * t‘b11 = Z sp % t?m/ég, therefore, T[bT]E1 = Z SET[En/EQ.
€| ged(l,m) €| ged(l;m)
An important special case is when ged ([, m) is a product of principal prime ideals not dividing ng. In this
case, the above relations simplify to

(3.13) st = Z t?m/éz, therefore, T, = Z T[Iin/g2-
€| ged(f,m) £ ged(lm)

In addition, if m is coprime to ngq, then we have that tlr’n = slb11 * t?m whence Tﬁl is a normal operator, and it
is even self-adjoint when m is principal.

Let f € 2 be arbitrary. As ¢ € L?(X) is a newform of level n, we have R(f)¢ = c(f)¢ for some c(f) € C.
The same conclusion also holds for f € #°, because in this case «(f) € #, and R(f)¢ = R((f))¢.
Moreover, if f = ®,f, is a pure tensor from .7, then R(f,)¢ = c(f,)¢ for some c(f,) € C, and ¢(f) =
[1, c(fv); there is a similar decomposition ¢(f) = ¢(foo)c(fan) for partial tensors f = foo ® fan € %ﬁi@%’ﬁ"n.
In particular, ¢ is an eigenfunction of each Hecke operator Ty, with eigenvalue

(3.14) A(m) == c(tm),

and for m coprime q it is also an eigenfunction of Tllfl with the same eigenvalue.
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Now we describe along these lines the idea of amplification, a technique pioneered by Duke, Friedlander,
Iwaniec, and Sarnak [11, 14, 24] to prove efficient bounds for automorphic L-functions on the critical line,
and also for |¢(g)| at a given g € GLg(A). Assume that f € J#” is such that the operator R(f) on
L?(X?) is positive. Then the eigenvalue ¢(f) is nonnegative, and the orthogonal decomposition L?(X") =
(Co) + (Co)* is R(f)-invariant (because R(f) is self-adjoint). Any 1 € L?(X”) decomposes uniquely as
Y = 91 + 19, where 11 € Co and ¥y € (Cop)*L, and therefore

(R(f), o) = (R(f)br, 1) + (R(f)2, ¥2) = (R(f)vb1,¢n)-
On the right hand side, we have explicitly 11 = (¥, ¢)¢, hence flipping the two sides we obtain

(O, &) < (R(F)e, ).
The inner products and also R(f)i can be expressed as integrals over X° (cf. (3.3)~(3.5)), yielding

oAf) [ OB eI dady < [ y(an) ()T dody
X x X X x X

We can use this inequality to estimate the value |¢(g)| at the given point g € GL2(A) as follows. Note
that the integrals are over a rather concrete space: an orbifold with finitely many connected components.
We take a basis of open neighborhoods {V} C X’ of the point TgZK” € X’ (the image of the coset
gZ € @), and we let ¥ = ¢y € L*(X°) run through the corresponding characteristic functions. Then we
get by continuity, as V approaches the point T'gZK® € X?,

c(£)(|¢(9)]* + o(1)) vol(V x V) < (kf(g, g) + o(1)) vol(V x V).

We conclude

(3.15) (o9 < kplg.9) =D flg ™ v9).

vel

This is the pre-trace inequality mentioned in the introduction. The idea of amplification is to find, in
terms of ¢, a positive operator R(f) as above such that c(f) is relatively large, while the right hand side
is relatively small. By dividing the last inequality by ¢(f), we see that such an operator gives rise to an
upper bound for |¢(g)|. We note that the above argument goes back to Mercer [32]; see especially the end
of Section 6 in his paper, and see also [37, Section 98] for a modern account.

4. TWASAWA DECOMPOSITION MODULO ATKIN-LEHNER OPERATORS

In the next two sections, we establish a nice fundamental domain for the space X* (cf. (2.8)), which
is the natural habitat of |¢|. We start by developing a variant of the usual Iwasawa decomposition for
GL2(F},). The results are probably known to experts.

First we recall the action of GLg(R) on the hyperbolic plane H?, and the action of GLy(C) on the
hyperbolic 3-space H3. We identify H? with a half-plane in the set of complex numbers C = R + Ri,

(4.1) H? :={zx+yi:z2cR, y>0}cCC.

A matrix (¢%) € GL3 (R) of positive determinant maps a point P € H? to (aP + b)(cP + d)~! € H?,
while (7! ) € GL2(R) maps it to —P € H?. This determines a transitive action of GLy(R) on H?, and
by examining the stabilizer of the point i € H?, we see that

(4.2) H? = GLy(R)/ Z(R) Oz(R).
Similarly, we identify > with a half-space in the set of Hamilton quaternions H = R 4+ Ri + Rj + Rk,
(4.3) H ={r+yj:zecC, y>0}CH.
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A matrix (2Y) € GL3 (C) of positive real determinant maps a point P € H? to (aP + b)(cP +d)~' € H?,
while any central element (“,) € GLy(C) fixes it. This determines a transitive action of GL2(C) on H?,
and by examining the stabilizer of the point j € H?, we see that

(4.4) H? = GLy(C)/ Z(CT) Uy(C).

The following two lemmas provide explicit local Iwasawa decompositions; in particular, Lemma 1 (with
y > 0) explicates the isomorphisms (4.2) and (4.4). Recall that K = Z(F,) K, for v | cc.

Lemma 1. Let v | oo be an archimedean place. Any matriz (‘Z 3) € GLo(F,) can be decomposed as

¢ Y- 9

where* (y gf) € P(F,) and k € K. Moreover, the absolute value of y is uniquely determined by

lad — be|
4.6 =05

Proof. Existence with a unique y > 0 is clear from our remarks above, especially from (4.2) and (4.4).
Equation (4.6) is well-known: we multiply both sides of (4.5) with its conjugate transpose. We have
ke (“ u)KU for some u € F*, and then we get

|al? + [b]? * (| lyl* + |z«
* le|2 +1d]* ) — |u|? T 1)

It follows that |u|? = |¢|? +|d|?, while taking the determinant of both sides reveals that |ad — bc|> = |u|*|y|?,
and the claim follows. O

Lemma 2. Let v =p be a non-archimedean place. Any matriz (‘Z 2) € GLa(F,) can be decomposed as

¢ Y- 9

where (y :f) € P(F,) and k € K. Moreover, the p-adic absolute value of y is uniquely determined by

iyl = {](ad — be)/ ged(c, d)?], when |c|, < |d|, or p{n,

4.8
(48) |y (ad — be)/ ged(c, d)?|,  when ||y = |d|, and p | n.

Here, ged(c,d) stands for any generator of the oy-ideal co, + doy. Similarly, the image of k in the group
K}/ Z(F,)K, is uniquely determined, namely

Z(F,)K, v < |dlo :
(49) . {( ) when |c|y < |d|s or pfn

Z(F,)K,A, when |c|, = |d|, and p | n.

Proof. First we show that a decomposition of the form (4.7) exists with a y-coordinate satisfying (4.8) and
a k-component satisfying (4.9). We start with the decomposition, valid for d # 0,

<Z Z) _ <(ad—bc)/d2 b{d) (i d>_

This is of the form (4.7) as long as |c|, < |d|, and p t n, or |¢|, < |d|, and p | n (because n is square-free).
Moreover, the y-coordinate equals here (ad — bc)/d?, and also co, + do, = doy, by |c|, < |d|,, which verifies
(4.8) for this particular case. Similarly, the k-component equals here (¢ ;) € Z(F,)K,, so that (4.9) holds

AFor any ring R, we denote by P(R) the matrix group {(g g) ta,d € R*)be R}.



12 VALENTIN BLOMER, GERGELY HARCOS, PETER MAGA, AND DJORDJE MILICEVIC

as well. The two cases in which we have established (4.7) can be summarized as the case of |c/w|, < |d|y,

where we put
{1 for p {n,
w =

wy, forp|n.

Assume now that we are in the complementary case |c/wl, > |d|, (including the case d = 0), so that in
particular |c|, > |d|,. We consider the decomposition

()G o))

By our initial case, the first factor on the right hand side has a suitable decomposition
b a/w\ (y =z i
d c/w) 1

. (ad — be) Jw _ w(ad — be)
’ (c/w)? 2 ’

a b\ [y =z 1
(e 0= )
and this is a suitable decomposition upon regarding the product of the last two factors as a single element
k € K}. Moreover, co, + do, = co, by |c|, > |d|,, hence (4.10) verifies (4.8) for this particular case.
Similarly, k € Z(F,)K, shows that k € Z(F,)K, or k € Z(F,)K,A, depending on whether p {n or p | n,
and so (4.9) holds as well.

Now we prove that the p-adic absolute value |y|, and the image of k in the group K/Z(F,)K, are
constant along all decompositions (4.7) of a given matrix (¢Y) € GLy(F,). In other words,

<y1 931) ky = <y2 3312> o

for y1,y2 € F)}, x1,x9 € Fy, k1, k1 € K implies that
yi/y2 €0 and  koki!' € Z(F)K,.

with k € Z(F,)K,, z € F,, and

(4.10)

Therefore,

Rearranging, we get that

<y1/y2 (1 —i’Ez)/y2> _ <y2 3312> - <y1 3311> — hokT .

In particular, both sides lie in P(F,) N K which, by inspection, equals Z(F,)P(o,). It follows that
y1/y2 € o) and koky ' € Z(F,) P(0p) C Z(F,)K,. The proof is complete. O
5. GEOMETRY OF NUMBERS AND THE FUNDAMENTAL DOMAIN
We start this section with a simple but useful observation about balancing infinite ideles with units.

Lemma 3. Let y,z € FZ be two infinite ideles such that |y|eco = |2|oo. Then for any positive integer m,
there is an m-th powered unit t € (0”)™ such that

[tyolo <m 200, v | co.

Proof. We fix m, and we look for t € (0*)™ in the form ¢ = v with u € 0*. The infinite idele s := z/y €
FJ satisfies |s|o = 1, and the conclusion can be rewritten as

mlog(|uly) = log(|sy|v) + Om (1), v | 0o.
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Let us introduce the notation
(5.1) l(z) = (log(\xvlv))vloo € HR, zeF.
v]oo
Then, {l(u) : u € 0*} is a lattice in the hyperplane
(5.2) W::{wGHR: Zwvzo}
v]oo v]oo

by Dirichlet’s unit theorem (cf. [50, p. 93]). As the vector I(s)/m lies in W, there exists a lattice point [(u)
within O(1) distance from it. Multiplying by m, we get the required conclusion in the stronger form

mlog(|uly) = log(|sy|v) + O(m), v | oo.
The proof is complete. U

Remark 1. Applying Lemma 3 with m = 1 (or its proof if more geometric features are needed), we see that
E%/0* has a fundamental domain lying in {y € FX : |ys| < |[yoo|"/™ for all v | co}. We recall here that
n=[F:Ql, and |y,|y» = |y,| when v is a real place, but |y,|, = |y»|? when v is a complex place. Switching
to m = 2, we see the same for F/(0*)?, or (mutatis mutandis) for F /o and F /o’ (cf. Section 2).

By Lemmata 1 and 2, any global matrix g € GLg(A) can be decomposed (non-uniquely) as

(5.3) g= (y ff) k.

where (Y1) € P(A) and k € K*. Moreover, its height
ht(g) == lyla = [ [ lvolo

and the image of k in the group K*/Z(A)K = [],,{#1} are uniquely determined. By using the ideal
class representatives 01, ...,0, € A introduced in Section 2, we can refine (5.3) and obtain a convenient
fundamental domain for X* (cf. (2.8)).

Lemma 4. Any g € GLa(A) can be decomposed as

()0 D)

where (*5) € P(F), (Y1) € P(Fx), and k € K*. Moreover, the possible modules |y|« that occur for a
given g € GLa(A) are essentially constant, namely ht(g) < |y|oc-

(1 #\;

where (g:{;) € P(A) and k € K*. We can write j = tf;yy’ with some t € F*, y € FX, v/ € 6%, and a
unique index i € {1,...,h} depending on the fractional ideal gg,0. Here 6 is as in (2.2). In addition, as
F + F is dense in A (see [50, Cor. 2 to Th. 3 in Ch. IV-2]), we can write & = s + t;(z + 2’) with some
s€ F,z € Fy, and 2’ € 0. Therefore,

()= D) =0 ¢ e D),

On the right hand side, the second and third factors commute, while the fourth factor (call it k') lies in
K*, hence (5.4) follows with k := k'k € K*.

Proof. By (5.3), we have a decomposition
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The second statement is straightforward by the fact that (5.4) is an instance of the Iwasawa decompo-
sition (5.3). Indeed,
ht(g) = [tyfila = |ybila = |yloolila = [Yloc-
Here we used that |[t|4 =1 due to t € F* (see [50, Th. 5 in Ch. IV-4]). O

In contrast, the module |y|o can vary considerably if we allow any matrix v € GLo(F') in place of
(*$) € P(F), and it will be useful for us to take |y|. as large as possible in this more general context.

Lemma 5. Any g € GL2(A) can be decomposed as

(5:5) g=" (y f) <0i 1> k,

where v € GLo(F), (Y1) € P(Fx), and k € K*. Moreover, among the possible modules |y| that occur
for a given g € GLy(A), there is a maximal one.

Proof. By Lemma 4, or alternatively by Lemma 1 and strong approximation for SLs(A), a decomposition
of the form (5.5) certainly exists. Let us now fix any decomposition as in (5.5), and consider the alternative

decompositions
P AN Y
=1 (M) (" )

where 7 € GLy(F), (¥ f) € P(F), and k € K*. Tt suffices to show that there are only finitely many

possible values of ||« that exceed |y|oo. So we assume that |§]oo > |y|co, and rearrange the terms to get

P D)= 0 Ee

Then, with the notation (‘C’ 3) =771y € GLy(F) and k' := kk—' € K*, we have

O )-C 0 )

Multiplying both sides by a suitable matrix in Z(F'), we can further achieve that the greatest common
divisor co + do equals 60,,0 for some m. Now we calculate the height of both sides, using Lemmata 1-4.
On the right hand side, we get < |§|oo by Lemma 4. On the left hand side, the product of the local factors
|ad — be|, coming from (4.6) and (4.8) equals 1 by ad — bc € F* (cf. [50, Th. 5 in Ch. IV-4]). The product
of the other factors coming from (4.8) is =<, 1 due to finitely many possibilities for the pair (6;,6,,) and
the fact that (y gf) has no finite components. So we can focus on the remaining factors coming from (4.6),
and we conclude that
|Yloo

Hv|oo(‘cvy1)’2 + ’cvxv + dv’2)
Along these lines, we also see that the fractional ideals co and do together with the denominator on the
left hand side determine |g|o up to <, 1 choices, so it suffices to show that these quantities only take
on finitely many different values. At any rate, the right hand side exceeds |y|o by assumption, hence we
immediately get

(5.6) [T eool® + leomy + o) < 1.

v]oo

[FoR] —n [loc-

If ¢ = 0, then (5.6) yields |d|o <x 1, so in this case there are <, 1 choices for the fractional ideal do C 6,,0
and its norm |d|~, whose square is apparently the left hand side of (5.6). If ¢ # 0, then (5.6) yields
|cy|oo < 1, so in this case there are <, 1 choices for the fractional ideal co C 6,,,0. Let us fix a nonzero
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choice for co (including an arbitrary choice of the generator ¢; however, none of the implied constants below
will depend on this choice). Dividing (5.6) by the squared norm |c|%, (which is > 1), we get

(5.7) Lol + la + dufen )P <y 1.

v]oo
The factors are >, 1, hence @, +dy /¢, <ny 1 for all v | co. Using also d/c € (6,,,0)(co) ™1, we see that d/c
as an element of A lies in a fixed compact set, so there are finitely many choices for d/c and consequently

for d as well. In the end, the left hand side of (5.7) takes on finitely many different values, and the same
is true of the left hand side of (5.6). The proof is complete. O

By Lemma 5, any double coset in X* can be represented by a matrix of the form (y gf) (9" 1), where
(y Qf) € P(Fx) and |y| is maximal. We shall call such matrices special. We can further specify these
representatives by observing that, for any unit ¢ € 0* and any field element s € 6;0,

(0D )= =) ) ),

Indeed, the leftmost matrix lies in GLy(F') and the rightmost matrix lies in K*, hence we can replace y by
tooy and x by too® + Soo without changing |y|.o and the double coset represented. In particular, we can
restrict y € FX to a fixed fundamental domain for F /o* and x € F to a fixed fundamental domain for
F/6;0. We can further tweak y € F by replacing each component y, by its absolute value |y,|, thanks
to the observation

(5.8) <yv/lyv| 1) ek, v|oo.

Again, |y|eo is invariant under such a replacement. In this way, using appropriate fundamental domains
for FZ/o* and F,, /0;0, we obtain a set of representatives F(n) C GLg(A) for X* consisting of special
matrices (Y1) (‘gi 1) such that the components of y € F and = € F, satisfy (cf. Remark 1):

(5.9) 0<yy=yl/" and z,<1, v | 0.

By possibly shrinking F(n) further, we could get a true fundamental domain for X* (i.e. a nice subset of
GL2(A) representing each double coset in X* exactly once), but the above construction is sufficient for our
purposes.

Now we consider the 2n-dimensional R-algebra

(5.10) M:=[][c ] &
v real v complex

which becomes a Euclidean space if we postulate that the standard basis (the union of the bases {1,i}
and {1,1, j, k} of the various factors C and H embedded into M as subspaces) is orthonormal. Within this
space, we consider the generalized upper half-space (cf. (4.1) and (4.3))

(5.11) He=[][# J[ #°

v real v complex
and to each special matrix (Y1) (% ) € F(n), we associate the point (cf. (5.9))
(5.12) P = P(z,y) := H {zy + ypi} X H {zy +yj} €H

v real v complex
and the 2n-dimensional Z-lattice
(5.13) A(P):={cP+d:c,d€o} C M.
Note that a given point P € H corresponds to at most h elements of F(n) in the above sense.

The next lemma, a generalization of [3, Lemma 2], shows in terms of these lattices that F(n) has good
diophantine properties.
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Lemma 6. Let (Y1) (% 1) € F(n) with corresponding point P = P(x,y) € H. Then the lattice A(P) C M
and its successive minima mq < mo < -+ < Moy, satisfy:

(a) mima - man X [Yloos

(b) !y\oo > m%" > (Nn)~h

(c) m X X My and My X My X0 X Moy

(d) in any ball of radius R the number of lattice points is < 1 + R*(Nn)Y/? + R*"|y|}.

Proof. (a) Let {uq,...,u,} be a Z-basis of 0. Then {uq,...,un,u1P,...,u, P} is a Z-basis of A(P), and
calculating its exterior product coupled with Minkowski’s theorem [16, Th. 3 on p. 124] shows that

mama -+ Map < VO(M/A(P)) = [ylos VOL(Fio/0)* < [yloc.

(b) The bound |y|so > m3™ is clear from part (a), so it suffices to show m2" > (Nn)~!. Let (c,d) € o?
be any pair distinct from (0,0). We choose any pair (a,b) € F? such that ad — bc # 0, and we consider the
translated matrix (“ 2) (y gf) (91' 1) € GLa(A). According to Lemma 4, we have a decomposition

a b\ (y x\ (0; [t s\ (y T\ (0; k
c d 1 1) 1 1 1)
where (*§) € P(F), (V%) € P(Fx), and k € K*. The key observation here is that (Y7)(% ) and

(v7) (% . ) represent the same double coset in X*, hence |§|oo < |y|oc by the very assumption (Y1) (% ) €
F(n). Now we proceed somewhat similarly as in the proof of Lemma 5. That is, we calculate the height of
both sides, using Lemmata 1-4. On the right hand side, we get < |§|o by Lemma 4. On the left hand side,
the product of the local factors |ad — bc|, coming from (4.6) and (4.8) equals 1 by ad — bc € F* (cf. [50,
Th. 5 in Ch. IV-4]). The product of the other factors coming from (4.8) is > (Nn)~! due to the facts that
¢,d € o are integers and (y :f) has no finite components. So, we can focus on the remaining factors coming

from (4.6), and we conclude that
|ylooWn)~!
TLojoo (eotol® + leoms + du[?)

o < [iloe < ol

Comparing the two sides,
H(|vav|2 + |Cvxv + dv|2)[F”:R] > (/\/’n)‘l
v]oo
Regarding the left hand side as a product of >
and geometric mean readily yields

(Stewmn +levr + ) > (W

v]oo

F, : R] = n factors, the inequality between the arithmetic

U\oo[

The sum on the left hand side equals the squared Euclidean norm |[cP + d||?, hence we conclude
P + d|I*™ > (Nn)~!

This holds for all pairs (c,d) € o2 distinct from (0,0), so m3" > (Nn)~! as stated.

(c) Tt suffices to show that m, < m; and mg, < m,1, and for this we utilize the left o-invariance of
A(P). To prove the first relation, we take a nonzero lattice point @ € A(P) of Euclidean norm at most
mq. Then 0@ is an n-dimensional sublattice of A(P) with Z-basis {u1Q,...,u,Q}, where {uy,...,u,} is
a Z-basis of 0 as before. Therefore,

my, < max{[lui Q... [[un @I} < |QI < My

To prove the second relation, we take Z-independent lattice points Q1,...,Qn+1 € A(P) of Euclidean
norms at most m, 1. At least two of these, say @ and @', must be o-independent, and then 0Q + 0Q’ is a
2n-dimensional sublattice of A(P) with Z-basis {u1Q, ..., u,Q,u1Q’, ... ,u,Q"}. Therefore,

maon < max{[lu1Qll, ..., [unQll, [l @, ., un @[} < max{[|QI, |Q"I} < M.
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(d) Let B € M be any ball of radius R > 0 (with respect to the Euclidean norm). Then, by a lattice
point counting argument using successive minima (see e.g. [3, Lemma 1]),
R2 R2n

R
#(AP)NB) <1+ — + I S
mi mimes mims - - Moy

Denoting by t; the degree k term, we can estimate by part (c)
k/n

o< Jtn < max(1,t,) when 0 < k < n,
k _
tn (tzn/tn)(k m/n < max(ty,, ta,) when n < k < 2n,
hence our bound simplifies to
R™ R2n

#(A(P)NB) <1+ + :
mimsa---Mp mimsa---Map

The first denominator is > (N n)_l/ 2 by part (b), and the second denominator is < |y|s by part (a), so
the stated bound follows. O

6. COUNTING THE FIELD ELEMENTS

In this section, we collect some convenient counting bounds in the number field F'. These bounds are
rather standard but indispensable for our goals, and we present them in a consistent adelic language.

Lemma 7. Let t € A* be an arbitrary idele. Then

(a) #{x € F* : |z|, < |ty|v for all places v} < |t|a;
(b) #{x € F* : |x|y < |ty|o for all v | 0o and |x|y, = |ty]s for all v{oo} <. |t|; for every e > 0.

Proof. (a) Let S be the set in part (a). If S is empty, we are done. Otherwise, we fix any element Z € S. By
assumption, the idele s :=t/z € A* satisfies 1 < |s,|, for all places v. Moreover, any = € S is determined
by the field element u := x/% € F*, which in turn satisfies |u|, < |s,|, for all places v. Now we consider
a fundamental parallelotope P for Fi,/o. Then, P := P x 0 (cf. (2.2)) is a fundamental domain for A/F
(see [50, Prop. 6 in Ch. V-4]). The translates u+ P (with u as before) have pairwise disjoint interiors and,
for a suitable idele y € A* depending only on P, they all lie in the adelic box

B :={z € A:|z|y < |ypsy|y for all places v}.

Here we used that |s,|, > 1 for all places v, and we remark that we can take y, = 1 at the non-archimedean
places v. An adelic volume calculation now gives

#S <p #Svol(P) < vol(B) = |ys|a <p |s|a = |t|a,

and the bound (a) follows.

(b) Let S be the set in part (b). If S is empty, we are done. Otherwise, we fix any element z € S. By
assumption, the idele s :=t/z € A satisfies 1 < |s,[, for all v | oo and 1 = |s,], for all v { co. Moreover,
any = € S is determined by the field element w := z/Z € F*, which in turn satisfies |ul, < |sy], for all
v | oo and |u|, = |sy|, = 1 for all v {oco. The second relation implies that u € 0* is a unit, while the first
relation implies the lower bounds

fulo = TT lula' = T Iswla' = Isel, - sl 0] oo,
w|oo w|oo
wH#v wH#v
In short,
log([svlv) —log(|s[eo) < log(lulv) <log([sulo), v | oo

With the notations (5.1)—(5.2), the vector [(u) lies in a fixed ball of radius < log(|s|~) intersected with a
fixed lattice in W by Dirichlet’s unit theorem (cf. [50, p. 93]), hence the usual volume argument yields

#l(u) < 1+ (log [s]oc) ™™ W < [s]5, = [sla = [t
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However, u is determined by I(u) up to a root of unity (cf. [50, Th. 8 in Ch. IV-4]), so the bound (b)
follows. O

We shall use Lemma 7 in the following classical formulation.

Corollary 1. Let y € F be an infinite idele, and let m C F' be a nonzero fractional ideal. Then

(a) #{x € F* :|x|, <|yolv for allv| oo and xo Cm} < |y|oo/Nm;
(b) #{z € F* : ||y < |yp|v for all v | 0o and zo = m} < (|y|eo /N M) for every e > 0.

Proof. We take any finite idele z € AY such that m = zo, and we write t := yz € A*. Clearly, |y|, = |to]o
for all v | oo, while zo C m (resp. zo = m) is equivalent to |z|, < |ty|, (resp. |z, = [ty]y) for all v { co.
Moreover,
[tla = [Yloo H |zu]0 = ’y‘oo/-/\[(zo) = ’y‘oo/-/\[m
vfoo

Hence the bounds (a) and (b) are immediate from the corresponding parts of Lemma 7. O

Remark 2. Tt is a valuable feature of Lemma 7 that the bounds only depend on the module |¢|4. This type
of result proved to be useful in earlier investigations of the sup-norm problem; for instance, [5, (4.1)—(4.2)]
constitute a special case of Lemma 7 and Corollary 1.

7. REALNESS RIGIDITY OF NUMBER FIELDS

This section is devoted to the proof of the following result which will be used in the proof of Theorem 2,
whose germ is the argument at the beginning of Subsection 11.2 in [3].

Lemma 8. Let Fy be the mazximal totally real subfield of F, and put m := [F : Fy]. Let & € F be such that
F = Fy(&). Suppose that o = €/1, where €,1 C o are integral ideals. Suppose we have the bounds

(7.1) &) <A and |Imé&,| < AV, v oo,
where A > 1 and 6, > 0 are arbitrary. Then
(7.2) 1< (24" W)™ Vglc.

Remark 3. The assumption F' = Fj(§) serves convenience. Without it, (7.2) still holds with m being the
degree of £ over Fy, and with |d|c replaced by the relevant subproduct restricted to the places of F' that lie
over the complex places of Fy(§). In this more general formulation, the result says that if £ € F'is “close
to being totally real”, then it is totally real. Thus the result expresses a certain “rigidity of realness” in
number fields.

Remark 4. If F = Q(i), and £ = k/\ with x, \ € Z[i] satisfying |x| < |A\| < A, then the above statement
says that if |Im¢| < A~2 with a sufficiently small implied constant, then & € Q. This is precisely the
crucial input in [3, Subsection 11.2], which in this special case is completely elementary.

Proof. We shall assume that m > 2, because (7.2) is trivially true for m = 1 (in this case the right hand

side equals 1). Let F' be the Galois closure of F' with ring of integers 0, and consider the Galois groups
G:=Gal(F/Q),  H:=Gal(F/Fy), I:=QCal(F/F).

Note that I < H < G, and

(7.3) [G:1I]=[F:Q]=n, [G:H|=[Fy:Q] =n/m, [H : I =[F : Fy) = m.

Indeed, the elements of I\G correspond to the n embeddings F' < F, the elements of H \G correspond to

the n/m embeddings Fy — F, and the elements of T \H correspond to the m conjugates of £ over Fy via
the right action o — £ of H on . In particular,

p(x) = [ (x-¢)

acl\H
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is the minimal polynomial of £ over Fj (a separable polynomial of degree m), and

A= ] (&-¢)

o,BeI\H
a#p

is the discriminant of p(X). Note that right multiplication by any o € H permutes the elements of
I\H, hence H fixes A, and so A € Fy*. The key to deriving (7.2) is to examine the absolute norm
|NF0/Q(A)| € Q*, which is a positive rational number.

Fixing an embedding ' < C, we get that (cf. [50, Cor. 3 to Prop. 4 in Ch. III-3])

Nee@)|= T [a7= I II &7 -¢7

YyEH\G a,feI\H yve H\G
B

The products ary and S~ run through distinct representatives of I'\G such that Hay = H (7 (namely Hary
and H (3~ are equal to H+), hence they correspond to distinct embeddings o, 7 : F' < C which agree on Fj.
We infer

(7.4) INeo@)|= [ l€-¢)
o,TC;i‘:}(C

g TFO =T TFO

On the right hand side, there are (n/m)m(m — 1) = n(m — 1) factors by (7.3), all of which are at most
2A by the first part of (7.1). By definition, each complex place v of F' can be identified with an unordered
complex conjugate pair {o,7} of distinct embeddings 0,7 : F' — C. For such a pair {o,7}, we have
{€7,¢7} = {&,,&,}, while the condition o [g,= 7 |g, is automatic as Fp is totally real (the restricted
embedding Fy < R corresponds to the real place of Fy below v). Hence each complex place v of F
contributes two factors |€, — &,| to the product in (7.4), and these are at most 241/5, by the second part
of (7.1). Bounding the other factors |£7 — £7| in (7.4) by 24 as remarked initially, we obtain in the end

(7.5) |Ngyjo(A)] < (24)"7D5|/2.

On the other hand, denoting & := €6 and [ := [5, the nonzero fractional ideal in F' given by

AT @P)= J] (-)EP)c [ EF+re?)cs
a,BEINH a,BEI\NH a,BEI\NH
B o B
is integral, hence its norm is at least 1. The norm of each factor [*I° C 6 on the left hand side equals
NN (P) = (NT)? = (WiFr],
hence we get
1< [Ny g ()| W2 DIFF) = N o ()| (V2m-DIFEa],
Raising the two sides to power [F : Fy]~!, and combining with (7.5), we conclude

1< [Ny, jo(A)[WH2m=D < ((24)"(V1)2) V512,

Finally, by squaring the two sides, (7.2) follows. g
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8. THE FOURIER BOUND

We denote by t, € RURi: the spectral parameter of ¢ at the archimedean place v, so that the Laplace
eigenvalue of ¢ at v equals

(8.1) A, = {1/4 + 12 when v is real,

1 +4t2  when v is complex.

The archimedean Ramanujan conjecture states that t, € R, while it is known [2, Th. 1] that
ty € RU[-7/64,7/64]i.

For convenience, we also introduce the tuple T := (Tv)v|oo, where

(8.2) T, := max(1/2, |t,]) = v

The aim of this section is to prove the following bound.

Lemma 9. Let (Y]) € P(Fx) and i € {1,...,h}. Then for any e > 0 we have

(33) o (" D) (")) < (s i)™ e,

Proof. Our starting point is the Fourier—Whittaker decomposition (cf. [30, Subsection 2.3.2])
(5.0 (V) (") -0 X S waa),
1 1 .
0#ne; To-1 N (ni2)

Here, 0 is the different ideal of F, p(0) is a nonzero constant (“the first Fourier coefficient”), A\(m) are the
Hecke eigenvalues introduced in (3.14),

1/2

Solv K, Cri&ol) ) real
WO = [[Wal6). Wil = { FUREEIO2
vleo T2t (i 72 v complex,

is an L?-normalized (weight zero) Whittaker function for an appropriate Haar measure on FX, and
W(E) = H o2mikw H e27ri(§v+§_v)
v real v complex
is the corresponding (appropriately normalized) additive character on Fi.
The local Whittaker function W, satisfies (even for T, = 1/2)
min(T/%, T/ |2nlg,| - TV, lel < T,
e_ﬂlfvlv |£v| > Tv7
as follows from [4, p. 679] and [17, Prop. 9], upon noting that |Im(t,)| < 1/2 since A\, > 0 (cf. (8.1)). We
fix an € > 0 for the rest of this section. Then, by [30, Prop. 2.2, (2.16), (3.5), Prop. 3.2] and the fact that
¢ is a newform, we also have
(8.6) Tl (N) ™ < |p(o)| <e [T5 (N n)=.

Multiplying y € FX and = € F, by a given unit from 0* leaves the bound (8.3) unchanged, hence we
may assume that

(8.7) [Yolo = [Ty |8 W=/ 108 Tl g | oo,

(8.5) Wy(&) < {

To see this, we apply Lemma 3 with m = 1 and observe that the product of the right hand side over all
v | 00 equals |y|o. We may further assume that y, > 0 for all v | oo, thanks to (5.8).
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We estimate the sum on the right hand side of (8.4) by the Cauchy—Schwarz inequality as
1/2 1/2

no; 2
s < 2 An60) S Wy [T+ gl |

n 1+|n 2
0¢n66;10*1| oo Tojoo (1 + oyl 0#£ne; o1 vloo

and we claim that the first factor satisfies

[A(n;0)|?
Y Z 5z <e [T/ylo(Nn)=.
0;&7166;1071 |n|oo Hv|oo(1 + |nvyv|y) €

To see this, we fix a nonzero principal fractional ideal m C 6, 12-1 along with a nonnegative integral vector
1= (I,) € N>} " and we estimate first the contribution of the n’s lying in

(ne 71 2% <1+ |nyyyly < 2™ for all v | 0o and no = m}.
By part (b) of Corollary 1, this contribution is
|A(mb;0)/? ol o .
<. | POIOETT 520 ) e { (vl TT 2

v]oo v]oo

Summing over all pairs (m, 1), we infer that the left hand side of (8.9) is indeed

<yl D PA(mo:0)* 11 i 27l | < | Tyl (Nn)®
€ y o0 (Nm)1+€ g y o0 bl
0#mCo; o1 vjoo \lv=1

since the m-sum is <. |T|5,(Nn)¢ by Iwaniec’s trick [22, pp. 72-73].
To estimate the second factor in (8.8), we decompose F into generalized boxes

Foé = Ul(k)v I(k) == Hlv(kv)a
k

v]oo

where k = (k,) € Z{¥1°°} runs through integral vectors, and the local components are defined as

T, T,
Ly(ky) = {§UEFUX :kvy_ <|&| < (kv"‘l)y_}a ky, > 1;
v Ty Ty
Iy(ky) =< & € FS &) < — and — Ky, < |[&] — < —ky+15p, k, < 0.
Yo 27 Yy

It is easy to see that I(k) = () unless k, > —|T,/y, | for each v | co. Correspondingly, we have

(8.10) > WP A+ el = ) > W (ny) 2 T (1 + Inuyelo) ™.
0#£n€0; o1 v[oo k=(kv)  nef; 'o-1nI(k) v[oo
kv>—\_Tv/va

Then the inner sum (the contribution of a given k) is

SHO7 0T NIK) x sup (W) [T+ [neyelo)®
ned; o—1nI(k) vloo

We shall estimate both factors on the right hand side by a product of local factors over v | oco. For
estimating the lattice point count, we consider a fundamental parallelotope P; for the fractional ideal
0, 19=1. We can and we shall assume that P; contains the origin and has diameter D; < 1. Then we
observe that

U m+P)cik), J&) =]] k).

ned; o 1nI(k) v|oo



22 VALENTIN BLOMER, GERGELY HARCOS, PETER MAGA, AND DJORDJE MILICEVIC

where the union on the left hand side is disjoint, and the local components are defined as

T, Ty
Jv(kv) = {fv e F,: kv_ - Dz < ’&)’ < (kv + 1)— +Dz}7 kv = 1;
Yu Yv
Ty
Jv(kv)::{fveFv:_kv_Dig ‘gv‘_2y <_kv+1+Di}7 kvgo-
TYv

Using vol(F;) > 1 and D; < 1, it is now clear that
#(6; 07 N I(k)) < vol(J (k) = [ ] vol(Ju(ky)) < [T folkw),

v|eo v|eo
where
fo(ky) == 1+ Ty /Yo, v real and k, > 1;
fo(ky) =1, v real and k, < 0;
fo(ky) == k(14 Ty /y3)?, v complex and k, > 1;
folky) =14+ T, /ys, v complex and k, <0
By (8.5), we also have
sup (W (ny)]? T+ Inuyolo)® < T go(ko),
ned; o-1NI(k) vloo vloo
where
go(ky) = |k T |25 e 2k To ky > 1;
go(ko) 1= | T3 min( T2, T2 k| =17, oy <0,
By distributivity, we infer that the right hand side of (8.10) is
(8.11) < Yo (A | =TT Do folk)gu(k)
k@k—zt(ilfﬁqu v[oo voo \kv=—|Tv/yo]
The local factor at a real place v is
< i(kmff(l+Tv/yv)e—2“”v + Zoj T min(Ty, Ty 2 kool ~H12) < THE(T, P + T fy),
ky=1 ko=—1Tv/yv |

as follows by estimating the minimum in the second sum by T, 3 for k, = 0 and by T, / 2|k‘vyv|_1/ 2 for
k, < 0. Similarly, the local factor at a complex place v is

00 0
<D (koTy) ko (14 Ty fy)?e 2™ T 4 N T+ T, /o) min( T3, T2 Ry | 2)
ky=1 ko=—|Tv/yv |

<e Tj&(l + Tv/yv)(Tj/?’ + To/yw) < Tj&(Tvl/g + Tv/yv)2 < Tfe(Tg/g + Tg/yg)
All in all, the local factor at each archimedean place v is
<e |Tv|12;€(|Tv|11;/3 + [ To/Yolv)-
We conclude, by (8.10) and (8.11),
®12) Y Wy P [T+ nyels)®™ < [T IR (Tl + 1T0/yolo) < ITIE(TIE? + T/yl0),

0#ne; a1 vjoo vloo
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where we used the balancing assumption (8.7) in the last step as follows:
Yoo < ITlié?’ = |TU|11,/3 < |Ty/yyly for all v | 0o,
yloo = |T2L3 = T, |13 > T, /yo ), for all v | co.

Substituting (8.12) into (8.8), and also using (8.9) and (8.6), we obtain finally

o (" )" 1)) e (s 1mlils) e 1ol ooy

> 1+12e+¢

< (ITIA0 + 1T /912 (W)™,

Replacing € by €/13 completes the proof of (8.3). O

Remark 5. Lemma 9 is close to optimal when |y| is around |T'|, but it does not capture the exponential
decay of ¢ in the cusps. This result, however, suffices for our purposes, and in combination with Lemma 5,
it yields a bound for |¢(g)| at any g € GLa(A).

9. THE AMPLIFIER

In Section 3, we have seen that any function f € 2 such that the operator R(f) is positive can be used
to bound |¢(g)| at a given point g € GLa(A) (cf. (3.15)), complementing the Fourier bound of the previous
section (cf. Remark 5). In this section, we construct this amplifier as a pure tensor f = foo ® fgn, where
foo € A2 and fg, € e%’}_ibn Then, R(f) is the product of the commuting operators R(f) and R(fan),
hence it is positive as long as both R(fy) and R(fa,) are (cf. [37, Section 104]).

9.1. The archimedean part of the amplifier. In Section 5, we introduced the generalized upper half-
space H (cf. (5.11)) as a subset of the Euclidean space M (cf. (5.10)), and we identify it with G, /K via
(4.2), (4.4), (2.4), (3.6). In particular, the left action of G on H is given by generalized fractional linear
transformations. For a point P = (P,)y|o € H as in (5.12), we write I(P,) for y,, and we define

(9.1) uy(Py, Qy) = B - Qu]* PQeH
Y 2%(PU)%(QU)7 ) Y
where || - || stands for the Euclidean norm (length) in the corresponding C or H component of M. Then

U = (Uy)y|oo 18 & point-pair invariant on H x H, i.e. it is invariant under the diagonal left action of G.

We define fo(g) in terms of the nonnegative vector u(gi,4), where ¢ := P(0,1) € #H corresponds to
the identity element of Gu (cf. (5.12)). Specifically, in the next subsection, we shall choose® a smooth,
compactly supported function k, : [0,00) — R for each v | 0o, and we put for g € G,

(9'2) foo(g) = H fv(gv)7 fv(gv) = kv(uv(gvivyiv))'

v]oo

That is, R(foo) = R(®y|scfv) = Hv|oo R(fy,) is the product of the commuting operators R(f,), hence it is
positive as long as the factors R(f,) are (cf. [37, Section 104]).

We determine k,(u) in terms of its Selberg/Harish-Chandra transform h,(t) on H? or H? (depending
on the type of v), which is necessarily holomorphic, even, and rapidly decaying in every strip | Im(t)| < A,
and it is real-valued on R U Ri. We shall focus on the strip |Im(¢)| < 1, because for the positivity of
R(f,) it suffices that h,(t) has positive real part there. Indeed, in this case h,(t) is the square of an even,
holomorphic, rapidly decaying function h,(t) in the strip | Im(t)| < 1, which is real-valued on RU (—1,1)i,
therefore R(f,) is the square of the corresponding self-adjoint operator R(f,).

5The notations fv, gu, kv are independent of those in the previous section. Hopefully, this does not cause confusion.
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9.2. Selberg/Harish-Chandra pairs. We fix once and for all a holomorphic, rapidly decaying function

(9.3) j:{teC:|Im(t)] <1} = {z € C:Re(z) >0}
satisfying the symmetries
(94) i) = i(t) = j(~1).

We assume, further, that its inverse Fourier transform
~ 1 0 .
() = — j(t)edt, r € R,
@) =5 [t

is smooth and supported in [—1,1]. Such a function j(t) certainly exists, and we provide an example based
on the original construction of Iwaniec—Sarnak [24]. We take a smooth, even, not identically zero function
m : R — R supported in [—1/2,1/2] with Fourier transform

m(t) := / m(z)e " dzx, t e C,
and we define j(t) as the convolution

i(t) = /OO sech (”(tz_ 3)> m(s)2ds,  |Tm(t)] < 1.

—00

Then j(z) is the product of 2sech(z) and the self-convolution (m % m)(x), and the required properties of
j(t) and j(x) are straightforward to verify.
After this preparation, for each archimedean place v | oo we consider the even holomorphic function

(9'5) hv(t) = j(t_Tv) +j(t+Tv)y

where T, is defined by (8.2). Then, in accordance with [23, (1.64)] and Lemma 5.5 in [12, Ch. 3], we obtain
the inverse Selberg/Harish-Chandra transform k,(u) of h,(t) in three steps:

(9.6) 9o(x) 1= hy(z) = 2cos(Tyx)j (), qv(w) = %gv(mv log(Vw + 1+ vVuw)),

[o¢] / /
(9.7 ky(u) == —a(w) dw for v real, ky(u) == —6(1/2)
w/2 T\/w —u/2 T
In checking these formulae, it is good to keep in mind the following. For v real, w in [23, (1.64)] is u/2
here. For v complex, h(1 + t?) and g(x) in [12, Ch. 3, (5.32)] are h,(t/2) and 2g,(2z) here, while k(x)
and Q(cosh(z)) in [12, Ch. 3, (5.35)] are k,(z — 1) and 4q,(w) here, upon writing cosh(z) as 1 + 2w, i.e.
=2 log(\/w + 1+ \/@) The next lemma summarizes the properties that we need of these functions.

for v complex.

Lemma 10. The function hy(t) is holomorphic, even, and rapidly decaying in the strip |Im(t)| < 1. It
is positive on RU (—1,1)i, and it has positive real part in the strip |Im(t)| < 1. Moreover, at the spectral
parameter t, of ¢ (cf. (8.1)) it satisfies the bound

(9.8) hy(ty) > 1.

The inverse Selberg/Harish-Chandra transform ky(u) of hy(t) is smooth, real-valued, and supported in [0, 1].
Moreover, it satisfies the bound

(9.9) ko (1) < min <|TU|U, |Tv|}/2|u|;1/4) . w0

Proof. 1t is clear by our construction that h,(t) is even, holomorphic, and rapidly decaying in the strip
|Im(t)| < 1. It is also clear by (9.3) and (9.5) that h,(t) has positive real part in the strip |Im(t)| < 1.
From (9.4) it follows that h,(t) is real on RU(—1, 1)z, hence in fact it is positive there. In particular, h,(t,)
is positive. Now we prove (9.8). If |t,| < 1/2, then T;, = 1/2 by (8.2), hence h,(t,) lies in a fixed compact
subset of C, and (9.8) follows. If |t,| > 1/2, then ¢, € R and T, = |t,| by (8.2), hence hy(t,) > j(0), and
(9.8) follows again.
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It is clear by our construction that k,(u) is smooth and real-valued. It is also clear by (9.6) that g,(z)
is supported in [—1,1], hence k,(u) vanishes when u > 2sinh?(1/2). This shows that k,(u) is supported
in [0,1]. Finally, we prove (9.9). For a real place v, we follow closely the proof of [24, Lemma 1.1], so we
shall be brief. By (9.6) we have

aw(w) <1 and gy (w) < min(Tf,va_lﬂ),
hence by (9.7) we have, for any v > 0 and n > 0,

0 _ o (¢t 2 n oo
ey (1) = / M dt = / —|-/ < 771/2 min(Tg,Tvu_lﬂ) + 7]_1/2-
0 71'\/l_f 0 n

Choosing 71 := min(TUQ,Tvu_l/Q)_l, the bound (9.9) follows. For a complex place v, the bound (9.9) is
immediate from (9.6) and (9.7), since in this case

p(u/2) < min(TE, Tvu_l/z) = min <|Tv|v, |Tv|11/2|u|;1/4> .
The proof is complete. U

9.3. The non-archimedean part of the amplifier. Let Cy > 2 be a sufficiently large constant depend-
ing only on the number field F', and let

(9.10) Co < L < |T]oo(Nn)

be a parameter to be optimized later®. We consider all the totally split principal prime ideals in o coprime
to nq which are generated by an element from F N (1 + q) and whose norm lies in [L,2L], and for each
of them we choose a totally positive generator

(9.11) le FXn(1+q).

For each rational prime that occurs as a norm here, we keep exactly one of the I’s above it; furthermore, by
restricting [ to an appropriate fundamental domain for Ff / oi, we can and we shall assume that [, =< LY/"
holds for each archimedean place v (cf. Remark 1). We denote the set of these prime elements [ € o by
P(L). If the constant Cy > 2 in (9.10) is sufficiently large, then P(L) is non-empty and its cardinality
satisfies

(9.12) #P(L) = L/log L

by the extension of Dirichlet’s theorem’ to narrow ray class groups [35, §13 in Ch. VII], since q is a fixed
ideal depending only on F.
Inspired by [49, (4.11)], and using the notation of (3.12) and (3.14), we set

(9.13) T, = sgn(A(mo)) for m € o coprime to nq,
(9.14) fon = ( Z xltlb0> * < Z xltlbo> + ( Z xlztlb20> * ( Z :Elztlb%).
leP(L) 1eP(L) leP(L) leP(L)

Clearly, R(fsn) is positive, because it is a sum of squares of self-adjoint operators (cf. Section 3):

(9.15) R(ftn) = < > xleo>2+< >, xlchzo>2.
)

leP(L) leP(L

6See also the first sentence in Section 11.

"For the purposes of this paper, the following weaker version of (9.11) would suffice: for each real v | co the sign of I, € F)
is constant, and for each p | q the square class of I, € o; is constant. Hence, by the pigeonhole principle, we could do with
Dirichlet’s theorem for the class group only, and we could even avoid this variant by allowing a more general amplifier.
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In addition, by the multiplicativity relation (3.13), we can linearize the quadratic expression (9.14) as

Siepr) (@i +a), m=1L

1 = ) = R )

(9.16) = Y wat) v e d Tl =Ty, m =Ly for some I, 1y € P(L)

‘ 0£meo e " Zi2T;2, m = 1313 for some 1,1y € P(L);
0, otherwise.

It follows from (9.13), (9.15), and the discussion of Section 3, that R(fan)¢ = ¢(fan)¢ holds with
1 !
(9.17)  o(fan) = < > Alo)] ) < Z IA(1%0) ) 5( > Ao + |A(z2o)|> > g(#P(L))z.
1eP(L) leP(L 1eP(L)

In the last step we used the bound [A(lo)| + \)\(120)] > 1/2 which follows from (3.13).
9.4. Reduction to a counting problem. Combining (8.1), (8.2), (9.8), (9.17), we see that
c(f) = e fan)e(foo) = c(fan) [ holte) > c(fan) > (#P(L))*,

v]oo
hence (3.15), (9.10), (9.12) imply for the ampliﬁer f € #” constructed above (cf. (2.9), (8.2)) that
Lo(9))> <Y flg v9).
yerl’

We recall that v runs through the elements of GLa(F') modulo Z(0) (cf. (3.2)). Now we fix a special matrix

(9.18) g = (y f) (‘gi 1) e F(n)

and the corresponding point P = P(z,y) € H as in Lemma 6. Then, by (9.2) and (9.16), the previous
inequality becomes

ol < 3 lunl Xt ()5 (1)) Wtar ).

0#meo ~yel

where
(9.19) k(u(yP, P)) = [ ko (us(w P, Py)).
v]oo

Assume that v € I' contributes to the inner sum for a given nonzero integer m € o. By (9.16) and (9.11),
m is totally positive and congruent to 1 modulo g, and by (3.7), (3.8), (3.12), ~ is represented by a matrix
(2b) € GLy(F) satisfying

a,d € o, a—dE€Eq, b € 60, ceﬁfl(nﬂq), ad — bc = mu for some u € 0.

Here we have that bc € q, hence ad — be € a® + q, and so the unit u € 0* is a quadratic residue modulo q.
By the choice of q (cf. Section 2), we see that u = v? for some v € 0%, and our relations become

a,d € o, a—dEe€aq, b € 0,0, cEH[l(nﬂq), ad — be = mv? for some v € 0*.

Multiplying (‘C‘ 2) € GLy(F) by the inverse of (” U) € Z(o) does not change the class v € T' represented,
nor does it change any of the congruence conditions on the entries a, b, ¢, d, so we can and we shall assume
that v = 1. Looking at the range of t°,, (cf. (3.12)), we arrive at

|wm|
(9.20) L2|p(g)> < vol(KL,) u(vP, P))|,
! 07%1260 V 'yel"z(z:m
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where

(9.21) T(i,m):= {(Z Z) € GLo(F): a,d€o, a—deq, be bo, ceﬁfl(nﬂq), ad—bc:m}.

We note that the entry b here is always integral, because our ideal class representative #; € A lies in 6
(cf. Section 2). Most of the time we shall ignore the condition a — d € q. It will only become important in
Lemma 17, which is the cornerstone for the proof of Theorem 2.

We now associate to each v € I'(i,m) a certain dyadic

0= (5v)v|oo = (2ku)v\oo € (0’4]0‘00

with the property that the contribution |k(u(yP, P))| to the right-hand side of (9.20) can be estimated in
terms of |§|o. Pick any v € T'(4,m), and for each v | co consider the smallest integer k, € Z such that

max (T;2,uv(’vav, Pv)) < 2k
We can restrict to the case k, < 2, because otherwise u,(y,P,, P,) > 4 (noting that 7,2 < 4), and hence
k(u(yP, P)) = 0 by (9.19) and Lemma 10. Denoting 6, := 2** for a moment, we have either 7,2 > §,/2
or uy(Yy Py, Py) > 0,/2, hence in both cases we get by (9.9)
b (100 (Y Py Po)) < Ty 2100 1.
This in turn implies, by (9.19),
(9.22) k(u(vP, P)) < [T|716]7*.

In (9.20), we rearrange the matrices v € I'(i,m) according to their integral vectors k € Z{¥1°°} and we
group together the nonzero integers m € o with the same number of prime factors (0 or 2 or 4 prime factors
in P(L) as in (9.16)). To summarize our findings, we define for any j € {0,1,2} and for any nonnegative
vector 0 = (0y)yjoos

(9.23) M(L,j.8) =# | {’y € (i, H1)  uo (70 Py, Py) < 6, for all v | oo} .
l,la€P(L)
We observe that in (9.20) we have, by (2.4), (2.5), (2.9),
vol(Kp,) ™ = vol (Kgn) ™' [ 1K, 1 K] < vol(Kgn) ™' < A,
pla
while also w; < L and w,,, < 1 for m # 1 by (9.13) and (9.16). We conclude, also using (9.22),

1/2
9 |T|o6 M(L,0,6) M(L,1,6) M(L,2,9)
sow ¥ < 20.0) | ML) M2

(9.24) [¢(9)]

kez{vloo}
Ty 2<8,=2Fv<4

We stress here that ¢ € GLa(A) is a special matrix of the form (9.18). It remains to bound the matrix
counts M (L, j,d) for the special 2-adic vectors 6 = (Jy)y|oc as above. This is the subject of the next section.
10. COUNTING MATRICES

We shall analyze in depth the matrices v = (¢ %) € GLa(F) counted by M (L, j,8) for some
(10.1) d = (00) oo with 0 <9, <4,

which we assume for the rest of the paper. We recall the definitions (9.21) and (9.23). In particular, the
determinant [ := ad — bc is totally positive: it is of the form [ = ]} with l1,ly € P(L), hence it satisfies®
l, =< L?*/" for each archimedean place v | co.

8H0pefully7 the typographical similarity of [, and [, l2 will cause no confusion.
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10.1. Estimates on matrix entries. We claim that the following inequalities hold true at any archimedean
place v | 0o, with absolute implied constants (which are independent of the number field F', the auxiliary
ideal q, etc.):

(10.2) leo Py + dy| = |L,|'/2(1 + O(1/5,)),

(10.3) leo Py — ay| = [L|"*(1+ O(/5y)),

(10.4) cotpy < |lo]'?,

(10.5) 2e,2y — ay + dy < |1]'/2,

(10.6) ay + dy < |2,

(10.7) c—|§—|y2 — coh + (ay — dy)zy + by < Yol * /60,
(10.8) — o+ (ay — dy) 2y + by < Yol

20,Ty — Ay + dy

Vi

(10.9) Re< ) < /0y,

(10.10) Im <a”\;%d”> < /3.

Here /I, denotes either of the two square-roots of [,. At the complex places, these bounds follow from [3,
Section 6] upon noting that ¢, < 1. We show below that these bounds also hold at the real places.
Let v be a real place. We restrict ourselves to I, > 0, which is the only case needed for this paper, but
we stress that the bounds also hold when [, < 0; we omit the proof for this case in order to save space.
Starting from 7, P, = (ay,P, 4+ b,)/(cy Py + dy), it follows that

S(wh) Ly
S(Py) Hcvpz)'|‘d1)H27

and so

Cx x 2 1/2 2

S lPy) = S(2)] _ 1 |l - [ev Py + do|
23 (70 Po)SS(Py) 2 | llew Py + do| |lv|1/2

0y = Uy(Vo Py, Py) =

This gives (10.2) immediately, and also (10.3) upon noting that wu,(v, Py, P,) = uy(Py, v, P,). By
considering Im(c, P, + dy), we obtain (10.4) from (10.2) upon noting that ¢, < 1. By considering
Re(ey Py + dy) + Re(ey, Py, — ay), we obtain (10.5) and (10.6) from (10.2) and (10.3) upon noting that
0, < 1. Using also

 Nlay Py + by — c,P? — d,P,|?

51} = uv(VvPv,Pv) = 2l y2 5
vJv

we obtain (10.7) and (10.9) by considering the real and imaginary parts of the complex number in the
numerator. Finally, (10.8) is a consequence of (10.7) coupled with (10.4) and ¢, < 1, while (10.10) is
trivial as its left hand side vanishes.

Remark 6. As noted in the beginning of this subsection, all implied constants are absolute here. In
particular, our arguments yield the following explicit version of (10.6):

(10.11) lay 4 dy| < 17|1,]Y/2.
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10.2. Preliminary bounds. We shall use part (a) of Corollary 1 several times below, whenever we need
to count lattice points in a box.

Lemma 11. We have
M(L,0,8) < 1+ |yloo|6]3%.

Proof. Combining (10.4) with part (b) of Lemma 6, we see that the number of possibilities for ¢ is
#e< 1+ JyldWn) ™ <« 1.

For a fixed ¢, the number of possibilities for the difference a — d can be bounded similarly, using (10.5),
namely

#(a—d) < 1.
For a fixed pair (¢,a — d) and [ = det~y = 1, the number of possibilities for b is, by (10.7),

H#b < 1+ [y]oo| 157
Finally, the quadruple (¢,a — d,1,b) determines (c,a — d, ad,b), and the latter determines (¢, a,d,b) up to
two choices. Hence we conclude the proof by multiplying the above bounds. O

Let My(L,j,d) and M;y(L,7,9) be the number of matrices v = (CC” Z) € GLo(F) counted by M(L,j,0)
with ¢ = 0 and ¢ # 0, respectively.

Lemma 12. For j € {1,2} we have
MO(L7j7 5) < L2 + L2+j’y‘oo‘5‘ééz

Proof. For the determinant [ = l{l% with I1,ly € P(L), there are < L? choices. Let us fix the determinant;
then by [ = ad there are < 1 possibilities for the ideals ao and do. On the other hand, (10.2) and (10.3)
imply that a,,d, < |l,|'/2, hence by part (b) of Corollary 1 there are < 1 choices for the pair (a,d). Fixing

this pair, the number of possibilities for b is < 1 + L]]y\oolélclf by (10.7), and we conclude the proof by

multiplying the above bounds. O

10.3. Parabolic matrices. Let us write
MI(L7j75) :MQ(L7j75)+M3(L7j75)7 J € {172}7

where Ms(L, j,0) and Ms(L,j,0) stand for the number of parabolic and nonparabolic matrices counted
by Mi(L,j,6), respectively. Here we call a matrix ~ parabolic if (tr)? = 4det~. The main result in this
subsection is the bound for Ms(L, j,d) in Lemma 14. Estimates for M3(L, j,0) are the subject of the next
subsection.

Lemma 13. Let j € {1,2}. Then My(L,j,6) = 0 unless |§]o > L™ |y|32.

Proof. Assume that v = (2%) € GL(F) is a matrix counted by My (L, j,0), so that ¢ # 0 and (a + d)? =
4(ad—bc). Then ~ has a unique fixed point in HU F,, namely the field element (a —d)/(2¢) € F embedded
in F,. For convenience we write p := a — d and ¢ := 2¢, and we extend these elements to an invertible
matrix (°, ) € GLa(F).

By Lemma 4, and recalling again (9.18), we have a decomposition

. ?)@ D)= )

~) ), and k € K*. Multiplication on the left by ( ) ! does not affect the

where (IE §) e F), ( vz
T) nd SO we may assume that s,r € F' have been chosen so that

bottom row of (

o1z GO )= )0 W)
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Furthermore, by changing k if necessary, we may assume that g, > 0 for any archimedean place v | oo (cf.
(5.8)). Note that |y|os = [loc by (YT)(% ) € F(n).

With such a choice of (fq _pr) and k, we set o := psiqr (ZZ) € GLa(F) for the corresponding inverse,
and we examine the parabolic matrix o~ 'yo € GLy(F) by looking at its infinite and finite component
separately. The infinite component has (unique) fixed point co, which implies readily that

(10.13) o yo = <A l;,) € GLy(F)

with A2 = [. In particular, A € F implies A € o (i.e. | is a square). We claim that b’ € ;0. Note that
b’ # 0, because ¢ # 0; therefore, this will furnish the useful bound |b'|, > 1.
To justify the claim, we start by observing that (10.12) yields

(s =\ (6 0,
Uﬁ“‘(—q p>ﬁn_< 1>kﬁ“< 1)
-1 (0 92_1 a b 0; 1 61
(0 VU)ﬁn—< 1 kﬁn 1 c d o 1 kﬁn J 1)

As the determinant ad — be is coprime to n, our assumptions (cf. (9.21)) yield for the middle part

(9;1 1) <Z Z)ﬁn <02- 1) e T Maop) T %5

pin pln

The set on the right hand side is normalized by the Atkin-Lehner group K := Hp K, hence we infer

@aome () we (V)

By (10.13), this implies b’ € 0;0 as claimed.
Looking at the infinite component again, (10.12) shows that o~'P = P, where P = P(x,) € H is as
before, and P := P(z,7y) € H. With this notation, we get for any archimedean place v | co,

/
Uy (’vaa Py) = uy (U_I’vaa U_lpv) = UU(U_IVUpvypv) = Uy <<)\ lj\) pvypv> .

Bounding the left hand side by §, and evaluating the right hand side via (9.1), we get with the usual absolute
value in each archimedean completion F, that 6, > |b}|?|\o| 729, 2. In particular, |§|s > |V JgOL_Q] |72
However, as we have remarked earlier, |b|o > 1 and |y|oo = |7]oo, and therefore [§]o > L% |y| 2. O

We recall now the notation
s =10l - [0, 10le = [ 6, 1olc= ] o
v real v complex

which is a special case of (2.1).
Lemma 14. For j € {1,2} we have
My (L, 5. 8) < I3[ ol (Vm) .

Remark 7. This result is a number field version of [46, Lemma 4.4]. Unfortunately, we were unable to
reconstruct the proof of Templier’s lemma. It remains unclear to us how the referenced argument in [18]
would generalize to produce the bound of [46, Lemma 4.4], as there does not appear to be an obvious
reason why the number of scaling matrices o, is uniformly bounded. Here we give a simple but robust
proof of an alternative bound that suffices for our purposes and would also suffice for [46].
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Proof. Assume that v = (2%) € GLy(F) is a matrix counted by My (L, j,0), so that ¢ # 0 and (a + d)? =
4(ad — bc). Then, as in the previous proof, the determinant | = ad — be is a square, and a + d = 2\ holds
for one the two square-roots A of [. At a real place v, we can estimate ¢, by (10.2) and (10.9) as follows:

(vav)2 = |cy Py + dv’2 — (comy + dv)2 = )‘12;(1 + O(\/a))z - )‘12;(1 + O(\/a))2 < )‘12;\/57

and hence

(10.14) Colp < LIMEL/A,
At a complex place v, we record the simpler and weaker bound (10.4):
(10.15) Colp < LI

For a fixed ¢ # 0, the identity (a — d)? + 4bc = 0 shows that the integer a — d is divisible by a fixed ideal
of norm at least (AV(co))'/2, hence by (10.9) and (10.5) combined with part (a) of Corollary 1, there are

#la—d) < 1+ DI (N (o))

choices for this integer. We estimate the total number of pairs (¢,a — d) by summing these bounds over
all nonzero elements ¢ € 6, 'n that satisfy (10.14) and (10.15), collecting first the pairs corresponding to a
given fractional ideal co, and then applying part (b) of Corollary 1 for each such subsum. In this way we
get, for any € > 0,

I 2 O il i -

\y[1+5(./\fn) + | |1/2+€( ) Nn ’

where in the last step we have bounded |Y|oo from below by invoking Lemma 13. Finally, the trace a+d = 2\
can be chosen in < L7 ways, so by (a — d)? + 4bc = 0 the total number of possibilities for the parabolic
matrix vy is

#(c,a—d) %

#(e.a—d.a+d) < L9 ol (Wn) ™!
The proof is complete. U

10.4. Generic matrices. Again, we shall use part (a) of Corollary 1 several times below.

Lemma 15. We have
L5/2\5\;&/4 L4‘5‘R’5’%/4

10.16 Ms(L,1,6) < L?
(10.16) sl 1,0) < L7 pa Nn
LYo?  L8lelold”
) < 2 R C .
(10.17) Ms(L,2,0) < L + e v

Remark 8. Our proof actually shows that (10.16) holds for M;j(L,1,6) in place of M3(L,1,6), but we
preferred the current formulation for harmony.

Proof. Let j € {1,2}. If M3(L,j,0) vanishes, then the bound stated for it holds trivially. Otherwise, we
fix some ¢ # 0 that occurs in M3(L, j,0). By (10.4), the number of possibilities for ¢ satisfies

L’
(10.18) He ————
[Yloo (V1)
We denote by Ms(L, j,0,c) the subcount of Ms(L,j,d) with the given ¢, and we shall subdivide it as
(10.19) Ms(L,j,6,c) ZMg *, 1) ZMg(*,n, p) = Z Ms(*,n,p,q)
n n,p,q

where % abbreviates “L, j,0,¢”, and n = (n,), p = (py), 4 = (¢,) are vectors in 7w complex}t gatisfying

12

(10.20) Ny, Duy v <K Oy v complex.
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The role of the parameters n, p, q is to partially localize [, a — d, a + d at the various complex places, so
that we can make the most of the bounds collected in Subsection 10.1.
The components of n € Z{? complex} gatigfy
0 < ny <21/ 0y, v complex,

and we denote by M;5(x,n) the subcount of M3(x) with the additional condition
(10.21) npy/ 0y < arg(ly) < (ny + 1)/ 0y, v complex,

for the determinant | = ad — be. If M3(*,n) vanishes, then we subdivide it trivially as

Mg(*,n) = Mg(*,n, 0) = Mg(*,n,0,0) =0.

) counted by M3(x,n). Any matrix v = (%) counted by Ms(*,n)

an bn

Otherwise, we fix a matrix v, = (% »

is determined by the differences
(10.22) a=a—an, d =d—dy, b :=b—by.
By (10.21), the determinants [ := det~ and [, := det vy, satisfy

by oo Vi I, |2
10.23 — — —— K \/J, and = + O(\/6y), v | 00,
(1023) ] Tl <V Vi ims Vo), vl

with a suitable choice of the square-roots, upon noting that our determinants are totally positive. Using
Ly, Inw < L¥/™ and y, = \y[éé" (cf. (5.9)), the first part of (10.23) combined with (10.4) and (10.7) yields

(10.24) (al, — d)z, + b, < LIy | \/5,, v | 00,
while the second part of (10.23) combined with (10.9) and (10.10) yields

a, —d! al +d,
(10.25) Re ( |, Im | =" | < /Iy, v | 0.
AV ln,v ln,v

We complement these bounds with the simpler relations that follow from (10.5) and (10.6),

I / /
(10.26) Im <““ d”), Re <“”+d”> <1, v|c.

ln,v n,v

Of course, the above bounds for imaginary parts are trivial at the real places.
Now we denote by M3(*,n,p,q) the subcount of Ms(*,n) with the additional conditions

n,v

I
(10.27) o/, < Im <av l d”) < (po + 1)\/0y, v complex;

ln,v

/ !
(10.28) g /0y < Re <av s d”) < (qv + 1)\/5y, v complex.

By (10.26), M3(x,n, p,q) vanishes unless p,, ¢, < 5;1/2, so we shall restrict to p, q € Z{v complex} gatisfying

an,p,q bn,p,q

this condition. If M3(x,n,p,q) # 0, then we fix a matrix v pq = ( Sy q) counted by Ms(*,n,p,q).

Any matrix v = (‘; 3) counted by Ms(*,n,p,q) is determined by the differences

"o.__ " L—
a’ :=a— anp.q, d" :=d—dnp.q, b" :==b—bnpq-

We remark that with (10.22) and the analogous notation

, Py— , Py— , Py—
Cme’q «— an’p7q - an7 n7p’q «— dl’Lp,q - dl’l7 bl’l,p,q «— bl’l,p,q - bl’l7
we can also write
n__.1r__ 1 no__ g g "ol gt
@ =0 = 0npq A" =d —dy g b" =0 —bypg
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The point is that (10.24)-(10.28) also hold with (ay, ;o) dn p.q: Pnp.q) 0 Place of (a’,d’,0'). In order to

balance out the different sizes of d, at the various archimedean places, we fix a totally positive unit s € o

such that (cf. Remark 1)
SU\/E = |5|Cl>é(2n)’ v | 00,

and we switch to the variables

a:= sa’, d = sd’, b:=sb’
By (10.24), these scaled differences satisfy
(10.29) (@ — o)y + by < Ly LP[01LCW, v | oo,
and by (10.25)—(10.28) they also satisfy
(10.30) Gy — d, < LI/™|6|1/20) and  a, +d, < [V/"s,, v real;
(10.31) Gy — dy < LI/™|6)1/ ) and Gy + dy < L "s,0/6,, v complex.

By (10.29) and the first parts of (10.30)-(10.31), the Euclidean norm of the lattice point (a—d)P+b € A(P)
(cf. (5.13)) can be bounded as

|(@— d)P +b|| < LI/ |y| X" |81,
and hence by part (d) of Lemma 6,
#(@ — d,b) < 1+ L7[y|oo |62 (N 1) /2 4 L [y|oo 6] .
In addition, by the second parts of (10.30)—(10.31),
(10.32) #(a+d) < 1+ L6
b

Let us assume |[§|c > L~% for a moment. Then, as any matrix v = (CC” d) counted by Ms(*,n,p,q) is
determined by the triple (@ — d, b, a + d), we see that

My(x,m,p, @) < L7012 (14 L lyloc 12 (N2 + Ly |ocfdl-c )
We combine this bound with (10.18)—(10.20). Using also part (b) of Lemma 6, we obtain
L s

M;3(L,j,0) < NCORTL <1+Lj|y|oo|5|(1)é2(/\/n)l/2 +L2j|y|oo|5|oo>
Yloo |5|(C
o L R | Leleis
161/ (Mn)l/2 Nn
2j L5513/
(10.33) L Plldle
|5|<1c/4 Nn

In the last step, we dropped the middle term, because it is the geometric mean of the other two terms.
The obtained bound is valid under the assumptions (10.1) and |§|c > L=,

We shall use (10.33) for ;7 = 1 only, because for j = 2 we can do without (10.32), hence also without
the second parts of (10.30)—(10.31), by the following observation. For any matrix v = (2%) counted by
M3(x,m), the determinant | = [2(3 is a square and (a — d)? + 4bc # 0. The identity

0# (a—d)? +4bc = (a+d)?—4l = (a+d— 24l (a+d+ 2ls)

combined with (10.6) implies that each pair (a — d, b) gives rise to < 1 choices for a + d. Indeed, there are
< 1 choices for the ideals (a+d42l1l3)o as their product is a fixed nonzero ideal of norm < L*. Using part
(b) of Corollary 1, and again keeping in mind (10.6), for each choice of ideals there are < 1 possibilities
for their generators a + d £ 2l1ly € o0, which in turn determine a + d. So, in the case of j = 2, we only
need the first parts of (10.30)—(10.31), along with (10.29). Hence, instead of M3(x,n,p,q), we consider
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M;3(*,n,p) defined as the subcount of Ms(*,n) with the additional condition (10.27), and we obtain an
improved version of (10.33) even without the assumption |0|c > L~2/:

L2

1 2 1/2 1/2 4
M5(1:2:0) < gy e (1 Dl 0 4 Ll
L L +L4yay§&/2 L9166/
A |5|<1c/2 (Nn)l/2 Nn
L2 LRl
10.34
(10.34) NITE N

In the last step, we dropped the middle term, because it is the geometric mean of the other two terms.
The obtained bound is valid under the assumption (10.1).

Now we derive (10.16) from (10.33) specialized to j = 1. If [§]c > L72|0|z"(A'n), then (10.33) is
applicable, and the second term dominates in it, so (10.16) follows. If |d|c < L™2|5|z" (An), then we can
replace each ¢, by some 6, < Sv < 4 so that

0| = |6z and 0|c = min (1672, L72[d]z" (M'n)) .

As (10.33) is applicable with § in place of §, we obtain

R N A L5253/
M3(L,1,8) < M3(L,1,6 c  J |
3( ) ) 3( )<< |5|1/4 Nn < |S|é:/4 < + (Nn)1/4

and (10.16) follows again.
Finally, we derive (10.17) from (10.34). If ||c > L™*|8|z*(Nn), then the second term dominates in

(10.34), so (10.17) follows. If |8|c < L~*|8|g" (N'n), then we can replace each §, by some 6, < 6, < 4 so
that

10|z = |6]r and 0|c = min (167, L™4|5|z " (Wn)) .
Applying (10.34) with § in place of §, we obtain

L2 LoPllfl” L 1419l
Ms(L,2 M;(L,2 = L* +
3( ) 75) 3( 5) |5|1/2 Nn < Sé/z < (N )1/27
and (10.17) follows again. O

Our final two lemmas are the main applications of the rigidity Lemma 8. Lemma 17 below is the crucial
input for the proof of Theorem 2 and the only point where the congruences in the matrix count imposed
by the ideal q become relevant. Let Fjy be the maximal totally real subfield of F'; and put m := [F : Fp|.

Lemma 16. Suppose that F' is not totally real, i.e. m > 2. Then
L2m+1|5|R|5|é/4
Nn ’

Remark 9. Our proof actually shows that this bound holds for M;(L, 1,6) in place of M3(L,1,d), but we
preferred the current formulation for harmony. The result is the precise analogue of [3, Subsection 11.1],
but the present proof is very different and applies to all number fields without any special treatment of
CM-fields. The bound is sharp for very small distances and is responsible for a strong exponent of |T'|o
in Theorem 2. In fact, by arguing similarly as in Lemma 17 with Fy := Fy((a + d)?/l), we can prove that
M3(L,1,6) = 0 unless 1 < L3™=D|5|c. We do not see how to exploit this conclusion in the context of
estimating M3(L,1,0) in the endgame in Section 11, so we omit this statement and its proof.

Ms(L,1,8) < L + L[5 % (5| /* +
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Proof. The proof shares several common elements with the proof of Lemma 15, so we shall be brief at
certain points. If M3(L,1,d) vanishes, then the stated bound holds trivially. Otherwise, we fix some ¢ # 0
that occurs in M3(L, 1,6). By (10.4), the number of possibilities for ¢ satisfies (10.18), where we set j := 1.
We denote by Ms(L, 1,4, c) the subcount of M3(L,1,) with the given ¢, and we split it as

(10.35) M3(L,1,6,c) = Ms(x) = Ms(*,0) + M3 (*, 1),

where x abbreviates “L, 1,4, ¢”, and the subsums M3(x*,0) and Ms(x, 1) refer to two complementary ranges
described in (10.36) and (10.39) below.
Specifically, M3(x,0) denotes the subcount of Ms(x) satisfying the additional condition

(10.36) |2cx —a+deo < 1
In order to estimate Ms(x,0), we shall subdivide it as
M3 *, 0 ZMg * 0 n q)
ng

where n,q € Z{vcomplex}t gre ag in the proof of Lemma 15, and M3(%,0,n,q) denotes the subcount of
Ms(*,0) satisfying (10.21) and (10.28). By (10.36), the number of choices for a — d is < 1. For fixed ¢,
a—d, n, q, (10.29) and (10.32) give

1/2

#b < 1+ LlylsoldX?  and  #(a+d) < 1+ L[5|<7

Let us assume [§|c > L™2 for a moment. As the triple (a — d,b,a + d) determines the matrix v = (¢})
counted by Ms(%,0,n,q), we see that

18] 1/2

(10.37) Ms(+,0) = > Ms(+,0,n,q) <
n,q

1/2) _ 2 1/2
P (14 Llyloelol?) = L+ L2lyloold122

For a general 0 = (Jy)y|o0, We Obtain

(10.38) Ms(%,0) < L+ L2yloold152 + Llylooldlg .

Indeed, if |§|c > L~2, then this is obvious by (10 37). If |6|c < L2, then we can replace each &, by some
9y < Sv < 4 so that WR — |0|r and |0|c = L~2. As (10.37) is applicable with & in place of 4, and the left
hand side of (10.37) is non-decreasing in |§|c, the bound (10.38) follows again.

We turn to the analysis of M3(x, 1), which we define as the subcount of Mj3(x) satisfying the additional

condition

(10.39) [2cx — a4 d|s > 1.
We subdivide Ms(%,1) in terms of dyadic vectors z = (z,) € N{vIoo},
(10.40) Ms(*,1) ZM?, (x,1,2),

where M3(%,1,z) denotes the subcount of Ms3(*,1) with the additional condition

1 zy|2¢pxy — ay + dy| 1 zp|2¢pmy — ay + dy)
10.41 — < <1 for v real, - < <1 for v complex.
(1041) 3 Cill[2 V5, 2 ANEE P

Here, C; > 0 is the maximum of the two implied constants in (10.5) and (10.9), so that (10.40) holds with
dyadic vectors z € N¥I¢}, By (10.39) and (10.41), either M3(x,1,2) is empty or |z|s < L]é]l/z and hence
by 1, = L*™ the number of choices for a — d is

(10.42) #(a —d) < L|s|/>
Fixing a — d and combining (10.9) with (10.41), a moment of thought gives that

(10.43) arg(l,) = 7 4 2arg(2c,zy — ay + dy) + O(2,1/3,)  (mod 27), v complex.

7 -
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At this point the stage is set for the application of realness rigidity, Lemma 8. We write

1/r2
v [ (o)),

where Cy > 0 is a sufficiently large constant (depending only on F') to be chosen shortly. Inequality (10.43)
states that arg(l,) belongs to a fixed interval of length < 2,/9, for every complex place v. We split each
of these intervals into subintervals (v, j,) of length at most /8, /N, where j, < z,N is a positive integer.

Then, writing j := (j,), the total number of combinations of these subintervals at the various complex
places can be bounded as
(10.44) # < |2l 2N™ < [z (1 4 L2m=D) yay}c“‘) .

We claim that for each combination j, there exists at most one determinant [ = l1ly with [;,ly € P(L)
such that arg(l,) € I(v,j,) for all complex places v. Indeed, let | = l1ly and " = I}l} be any two such
determinants, and let ¢ := I’/l be their ratio. Then, arg(l,) and arg(l}) differ by at most /3, /N at every
complex place v, and hence by the definition of P(L) in Subsection 9.3,

& <1 and Im§v<<\/$/N, v | 0.
Consider the number field F; := Fy(§). If F = F}, then Lemma 8 is applicable, and we obtain
1 < L8m=1 5|0 /N2 < 1/C4.

By choosing the constant Cy > 0 to be sufficiently large, this inequality is impossible, hence Fj is a proper
subfield of F. We claim that £ € 0. We can write {op, as a ratio a/b of nonzero coprime ideals a,b C o, in
Fy. Then o is the ratio (ao)/(bo) of the nonzero coprime ideals ao, bo C o in F', and therefore bo divides
lo. By the definition of P(L), lo is a product of totally split prime ideals such that distinct prime ideal
factors lie above distinct rational primes, hence we infer that bo = 0. As a result, £ € ao C 0 is an integer
as claimed. By switching the roles [ and I/, we also see that ¢! € 0, i.e. € € 0% is a unit. However, again
by the definition of P(L), this forces £ =1, i.e. I =1".
By the previous paragraph, we have (cf. (10.44))

# < # < 2l (1+ 220t
Moreover, by (10.7), for each fixed pair (a — d,[) we have (noting that ¢ is also fixed)

#b < 1+ Lly|oo|6]X2.

As the triple (a —d, 1, b) determines the matrix v = (‘C’ Z) counted by Ms(x,1,z) up to two choices, we see

by (10.42) and our last two bounds that

LIS 1/2
M, 1,2) < B (g 20Dl (14 Liylolol L2)
alelal:

Summing up over all dyadic vectors z € N{¥°°} we infer

m— 1/2,¢1/4
. Moo 1) (L4 222 (14 Zhlol12)
Finally, combining (10.18), (10.35), (10.38), (10.45), and using also part (b) of Lemma 6, we obtain
L 1/2
MA(E1,6) € —— e (L Pyl + Lyl
$(5:1,0) < (g (B4 PPlee L2 + Lyl 12"
L 1 1/2) g1 /4

—— _(L+L*™ Y ) 1+ Lyl |0]2/2
+ e (LB ) (1 Livlold1?)

I,2m+1 |5|R|5|é/4

Nn

< 1;2 + 1;2ﬂ1|5|§/2|5|é/4 +
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The proof is complete. U
Lemma 17. We have M3(L,2,6) = 0 unless
(10.46) 1 < L3m=D|5)c.

Proof. Assume that v = (24) € GLy(F) is a matrix counted by Ms(L,2,6). Recall that the determinant

is of the form | = 1212 with 1,1l € P(L). We observe that
a+d

(10.47) ¢ = €F
Il

satisfies, by (10.11) and (10.10),

(10.48) |€y| <17 and Im¢, < /0y, v | 0.

Consider the number field F} := Fy(§). If F' = F, then Lemma 8 is applicable, and we obtain (10.46) from
(10.47) and (10.48). Otherwise, Fy is a proper subfield of F. We claim that £ € 0. If £ = 0, then the claim
is trivial. If £ # 0, then we can write o, as a ratio a/b of nonzero coprime ideals a,b C o, in Fj. Then
€o is the ratio (ao)/(bo) of the nonzero coprime ideals ao,bo C 0 in F', and therefore bo divides [;l30. By
the definition of P(L) in Subsection 9.3, l1l20 is a product of totally split prime ideals such that distinct
prime ideal factors lie above distinct rational primes, hence we infer that bo = 0. As aresult, £ € ao C o is
an integer as claimed. By a —d € q and bc € q (cf. (9.21)), we even see that 2 —4 = ((a —d)? +4bc)/l € q.
Now &2 — 4 € q is nonzero (because «y is nonparabolic), hence its norm [¢2 — 4| is at least A'q. However,
this is impossible by (2.3) and (10.48) as the following short calculation shows:

300" S Nq < €% — 4l = [] 162 —4l, < J] 127 + 4]0 = 293"
v]oo v]oo

The proof is complete. O

11. THE ENDGAME

Theorems 1 and 2 are trivial when |T|o(ANn) is bounded, hence we can assume that || (A1) is
sufficiently large in terms of the number field F. We recall (9.24) in the form

TIX? (M(L,0,6) M(L,1,6) M(L,2,05)
111 2 < ‘ s Yy 3 Ly 3 “y
( ) |¢(9)| < (Nﬂ) 6:(86135,‘00 |5|(1)é4 < I + I3 + IA > ’

T[2<6U<4 for all v|oo

where L is an arbitrary amplifier length satisfying (9.10). We note that the vector § satisfies

(11.2) TR < Ple,  |TIE < ldle.
First we prove Theorem 1. For j € {1,2} we have:
M(L,0,0) < 1+ |y|oo|5|},é2 by Lemma 11,
My(L,j,9) < L2+j]y\oo\5\1/2 by Lemma 12,
M(L,3,6) < L3J\5\3/4\5\1/4( Nn)™t by Lemma 14,
Ms(L,1,8) < L2 + L2158/ (M) =14 4 L4662/ (Wn) ! by Lemma 15,
Ms(L,2,8) < L + LY8|E > (Nn) Y2 + L816]a 8|/ > (Mn) by Lemma 15.

From (11.1) and (11.2) we infer

T
Pl 1 713421y +

Nn (Nn)l/2

2ipl/2 M2
|¢<g>|2<wn>< LT |<c)
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We equate the first and third term by choosing L := |T |;1X/>6 (Mn)Y/3, and then our bound becomes
1/421/2
(11.3) 0l9) < ITIL2Nw) 2+ T T2 (Vw4

as long as |y|o < |T|<1>é3 (NMn)~1/3, but (11.3) remains true in the opposite case by Lemma 9. This completes
the proof of Theorem 1.
We prove Theorem 2 following a similar strategy. For j € {1,2} we have:

M(L,0,8) < 1+ |y|sol6]}/? by Lemma 11,
My(L, 5,0) < L? + L¥|y| 0| 0| 1L2 by Lemma 12,
My(L,j,8) < L8161/ (W)~ by Lemma 14,
Ms(L,1,8) < L2 + L¥™8| 181 + L2™6]w|6]¥* (Am) by Lemma 16,
Ms3(L,2,6) < L* + L2m+2](5]1/2](5]1/4( Nu)~1/2 4 Lﬁ\d\R\d\(lcm(Nn)_l by Lemmata 15 and 17,

where m = [F : Fy] > 2, and we inserted the factor L2(m—1) ]6](%/4

term on the last line. From (11.1) and (11.2) we infer

g N L Ylo (Nu)1/2 )

> 1 artificially (cf. (10.46)) in the second

Introducing the constant C5 := 2"Cy (cf. (9.10)) and choosing
L := min <(|T|00Nn) m=2 CO4|T|538 4>

we obtain

(11.4) #(9) < (IT]ocNn)

=

(GEURaRIaSay

as long as |y|e < \T]1/4 but (11.4) remains true in the opposite case by Lemma 9. Using also (11.3), we
can strengthen (11.4) to

?(9) < (|T|scN )

(SIS

(7o) 4 min (171257, () ).

However,
2m—2

1

_ 1 _ 1 2m—1 5o __ 1
min <|T|008m8,(./\/’n)—%> < <|T|008m8> <(N’n)_%)2m71 _ (|T|00Nn) 8m74’
hence in fact our bound simplifies to

1__1
$(9) < (IT|oeNn)2 " 5m=7,
This completes the proof of Theorem 2.
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