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Singularities and stable homotopy groups of
spheres. I
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Csaba Nagy, Andras Sziics and Tamés Terpai

Abstract

We establish an interesting connection between Morin singularities
and stable homotopy groups of spheres. We apply this connection
to computations of cobordism groups of certain singular maps. The
differentials of the spectral sequence computing these cobordism groups
are given by the composition multiplication in the stable homotopy
groups of spheres.

81 Introduction

We are considering stable smooth maps of n-dimensional manifolds into
(n+1)-dimensional manifolds with the simplest, corank 1 singularities (those
where the rank of the differential map is at most 1 less than the maximum
possible). These singularities, called Morin singularities, form a single infi-
nite family, with members denoted by symbols X0 (nonsingular points), 3

(fold points), X110 = 312 (cusp points), ..., 21"5"170 =%, ... (see M]).
A map that only has singularities X% with j < r is called a X!7-map, and
we are interested in calculating the cobordism groups of such maps. Two
Yl -maps with the same target manifold P are (3'"-)cobordant if there ex-
ists a ¥!7-map from another manifold with boundary into P x [0, 1] whose
boundary is the disjoint union of those two maps. Unless specified other-
wise maps between manifolds will be assumed to be cooriented, Morin and
of codimension 1 (that is, the dimension of the target is 1 greater than the
dimension of the source).

The cobordism group of fold maps of oriented n-manifolds into R**+1 —
denoted by CobSOEl’O(n) — was computed in [Sz5] completely, while that
of cusp maps, Cob® 021’1(71), only modulo 2- and 3-torsion.. Here we com-
pute the 3-torsion part (up to a group extension). We shall also consider
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a subclass of such maps, the so-called prim (projection of immersion) cusp
maps. These are the cusp maps with trivial and trivialized kernel bundle
of the differential over the set of singular points. The cobordism group of
prim fold and cusp maps of oriented n-manifolds to R"*! will be denoted
by Prim®?%19(n) and Prim®© 11 (n) respectively. We shall compute these
groups as well.

§2 Notation and formulation of the result

We shall denote by 7%(n) the nth stem, that is,
S _ s q
m(n) = qlg{)lownJrq(S )

Denote by G the direct sum € 7°(n). Recall that G is a ring, with mul-
n

tiplication o defined by the composition (see [To]). This product is skew
commutative: for homogeneous elements x and y of G

dimz-dimy

roy=(-1) you.

Recall that 7%(3) = Zs @ Zsg; the standard notation for the generator of
the Zs3 part is a1. By a slight abuse of notation we shall also denote by
a1 the group homomorphism of G defined by left multiplication by a1, i.e.
a1(g) = ajog for any g € G.

To formulate our results more compactly, we use the language of Serre
classes of abelian groups [S]. In particular, we will denote by Cy the class
of finite 2-torsion groups and Cio 3y will denote the class of finite groups
of order a product of powers of 2 and 3. Given a Serre class €, we call a
homomorphism f : A — B a €-isomorphism if both ker f € € and Coker f €
¢. Two groups are considered to be isomorphic modulo € (denoted by %)

if there exists a chain of €-isomorphisms that connects them. For example,
isomorphism modulo Cy; 3y is isomorphism modulo the 2-primary and 3-

. . dm m . .
primary torsions. A complex ... 3' Cp, by of maps is called €-exact if

both im(d,, o dp,+1) and ker d,, /(ker d,,, Nim d;,11) belong to € for all m.
Theorem 1. There is a Ca-exact sequence

0 — Coker (o : 7°(n — 3) — 7°(n)) — Cob¥95b1(n) —

— ker(oy : °(n —4) —» 7°(n — 1)) — 0.
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Remark. Recall that in [Sz5] it was shown that

Cob®Onti(n) = #%(n) @ w¥(n —4)
Ciz,3

(in particular Cob®?X11(n) is finite unless n = 0 or n = 4, when its rank is
1). Since oy is a homomorphism of order 3, Theorem [l is compatible with
this result.

Remark. Recall the first few groups 7°(n) and the standard names of the
generators of the 3-primary components:

n (o] 12| 3 J4|5]6] 7 [8]9] 10 | 11
7Ts(n) ‘ Z ‘ ZQ ‘ ZQ ‘ ZQ4 ‘ 0 ‘ 0 ‘ ZQ ‘ 224() ‘ Z% ‘ Z% ‘ Z(; ‘ Z56 X Zg
wms | 2] [ [Zslan) | ] ] [ Zslea) [ [ ] Zs(B)) [ Zolas)

Here and later we denote by GG3 the 3-primary partﬂ of the abelian group G.

For n < 11 the only occasion when the homomorphism «; is non-
trivial on the 3-primary part is the epimorphism 7%(0) — #°(3). Hence
Cob®P%l1(n)s = 75(n)3 & n°(n — 4)3 for n < 11 (in each case only one of
the summands is non-trivial).

83 Elements of stable homotopy groups of spheres
arising from singularities

83.1 Representing elements of G

The following is a well-known corollary of the combination of the Pontryagin-
Thom isomorphism and the Smale-Hirsch immersion theory:

Fact 1. The cobordism group of framed immersions of n-manifolds into
R™* is isomorphic to 7(n) for any k > 1.

An equivalent formulation is the following;:

Fact 2. The cobordism group of pairs (M™, F'), where M™ is a stably paral-
lelizable n-manifold and F is a trivialization of its stable normal bundle is
isomorphic to w(n).

These Facts follow from the so-called (Multi-)Compression Theorem:

Theorem 2 ([RS]). a) Given an embedding i : M™ — R™ x R¥ of a com-
pact manifold M (possibly with boundary) equipped with k linearly inde-
pendent normal vector fields vy, ..., vg, such that n > m, there is an

'the quotient by the subgroup of torsion elements with orders coprime to 3
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isotopy ®; of R™ x R¥ such that ® is the identity and d®1(vj) is parallel
to the jth coordinate vector e; of R*. The same statement stays true if
n=m and M has no closed components.

b) If some of the vector fields v1, ..., vy were already parallel to the cor-
responding vectors e1, ..., e, then the isotopy ® can be chosen to keep
them parallel at all times.

c¢) The isotopy ® can be chosen in such a way that for any point p € M and
any time to € [0,1] the tangent vector of the curve t — ®4(i(p)) at the
point @y, (i(p)) will not be tangent to the manifold 4, (i(M)). That is,
the map M x [0,1] — R™ x R¥ defined by the formula (p,t) — ®4(i(p))
1S an 1Mmmersion.

The part ¢) of the theorem is not stated explicitly in [RS], but the construc-
tion given in its proof satisfies it.
Before formulating a corollary that we shall use, note that given an
immersion i : M™ 9 R™ x R* with k independent normal vector fields vy,
.., U, one can consider an extension of i to M x D¥ for a small k-disc
DF = {(y1,. .., yx) : Zy? < ¢} for any sufficiently small positive e:

i: M x DF 45 R" x RF
(p7y17"'7yk +Zy]?}.7

Corollary. Given an immersion i : M™ % R™ x R* with k independent
normal vector fields vy, ..., vg that satisfiesm < n or where M has no closed
components and m=n, there is a reqular homotopy ®; : M x DF 9» R" x R*
such that ® = i and d®(v;) is parallel to the jth coordinate vector e; of
R¥,

Proof. Lift 7 to an embedding i : M x DF < R™ x R¥ x RY | adding normal
vectors Uy, ..., Uy parallel to the coordinate vectors of RY. Applying parts

a) and b) of Theorem I to 7 we obtain an isotopy ®, that keeps u1, ..., u N
parallel to their original direction. Then the projection of the isotopy <I>t 01
to R™ x RF restricted to M x 0 yields the required regular homotopy. [

§3.2 Framed immersions on the boundary of a singularity

We are going to establish a connection between singularities and stable ho-
motopy groups of spheres. Namely, we define elements of G that describe
incidence of the images of singularity strata.
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Example 1: Let us consider the Whitney umbrella map
o1 : R 5 R3, oy(t,z) = (¢, tz, 22).

(the normal form of an isolated X!’-point). The preimage of the unit 2-
sphere S? C R? is a closed curve a7 *(S?). The restriction of o to this curve
— called the link of the map o1 and denoted by do; — is an immersion. The
image o1(0; ! (5?)) is an immersed curve in S? with a single double point.
The orientations of R? and R3 give a coorientation on this curve. Hence
this curve can be equipped with a normal vector in S? and an additional
normal vector to S? in R?, resulting in an immersed framed curve in R?;
this represents an element of 7(1) that we shall denote by d'oy. It is easy
to see that d'oy # 0 (because this immersed curve in S? has a single double
point). Using the standard notation 7 for the generator of 7°(1) = Za, we
get that d'o; = 1.

Example 2: Let us consider the normal form of an isolated cusp-point

o9 : RY - R®
(tlatQati’nx) = (t17t25t3,21722)
zZ1 = tlx + t2I2

29 = l3x +.%'3

The link of this map is its restriction to 5 '(S*), where S* is the unit sphere
in R®. Note that o, 1(8%), which we shall denote by L?, is diffeomorphic to
S3. The link map dog = o9|s : L3 — S* is a fold map, it has only X0
singularities along a closed curve v. The image of this curve v in S* has a
canonical framing. Indeed, the map oo can be lifted to an embedding &5 :
R* < RS 59(ty,t2,t3,7) = (02(t1,t2,t3,2),7) such that the composition
of 69 with the projection R® — R is 9. Hence the two preimages of any
double point of oy near the singularity curve o2(y) have an ordering and so
one gets two of the normal framing vectors on the singularity curve oa2(7). In
order to get the third framing vector we note that oy(y) is the boundary of
the surface formed by the double points of do in S*. The inward-pointing
normal vector along o5 (7y) of this surface will be the third framing vector. (In
Appendix 2 we shall describe the framing that arises naturally on the image
of the top singularity stratum of a map obtained as a generic projection of
an immersion.) The curve oy(y) with this framing represents an element in
7%(1) that we denote by d'(o2). We shall show that d'(o9) = 0.

In the present situation we can construct one more element of G asso-
ciated to oo, which we shall denote by d?(c2). We construct this element
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(after making some choices) in 7%(3) = Zgy4 but it will be well-defined only
in the quotient group Zaos/Zs. The definition of d?(o3) is the following. By
a result of [Sz4] (that we shall recall in see also [Te]) a cobordism of
the singularity curve og(7y) can be extended to a cobordism of the link map
doy : L? — S*. In particular, since the (framed) curve o2(7) is (framed) null-
cobordant, the link map 0oy is fold-cobordant to an (oriented) immersion.
That is, there is a compact oriented 4-manifold W* such that OW* = L3UV3
and there is a 1%-map C' : (W4, L3, V3) — (81 x [0,1], 5% x {0}, 5* x {1})
such that the restriction C|;s : L3 — S* x {0} is doo and the restriction
Clys : V3 — 8% x {1} is an immersion, which we denote by &’cy. It repre-
sents an element in 7°(3) and its image in 7°(3)/Zs is independent of the
choice of C. The obtained element in 7%(3)/Zs is d?(o2).
For future reference we introduce the notation o3 for the map

oy =0 UC:D'UW* > DS=D> U S*x][0,1].
L3 L3 S4x{0}

Note that the two maps coincide on the common part L3 of their source
manifolds and the gluing can be performed to make ¢35 smooth.

We shall show that these stable homotopy group elements d' (1), d*(o2),
d?(o2) and other analogously defined ones can be computed from a spectral
sequence associated to the classifying spaces of singularities (d' and d? are
in fact differentials of this spectral sequence). Next we shall describe these
classifying spaces and the spectral sequence, first for the simpler case of prim
maps.

84 Classifying spaces of cobordisms of singular maps

Definition. A smooth map f : M™ — N"** is called a prim map (prim
stands for the abbreviation of projected immersion) if

1) it is the composition of an immersion g : M 9+ N x R! and the projection
7: N xR!—= N, and

2) an orientation is given on the kernels of the differential of f.

For maps between manifolds with boundary f : (M,0M) — (N,0N), we
shall always require that they should be regular, that is, f~*(ON) = OM
and the map f in a neighbourhood of 0M can be identified with the direct
product f|ans X idjp ) for a suitable positive €.
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Remark. Note that for a Morin map the kernels of df form a line bundle
ker df — X(f), where X(f) is the set of singular points of f. The conditions
1) and 2) ensure that for a prim map this bundle is orientable (trivial) and
an orientation (trivialization) is chosen (the same map f with a different
choice of orientation on the kernels is considered to be a different prim
map). The converse also holds: if a Morin map f : M™ — N"** is equipped
with a trivialization of its kernel bundle, then there exists a unique (up to
regular homotopy) immersion g : M 9+ N x R! such that f = 7 o g, where
7: N x R! = N is the projection.

Notation. The cobordism group of all prim maps of n-dimensional oriented
manifolds into R"*t! will be denoted by Prim®?(n). The analogous cobor-
dism group of prim maps having only (at most) ¥'C-singular points (i.e.
both the maps and the cobordisms between them are prim fold maps) will
be denoted by Prim® OEl’O(n). The cobordism group of prim cusp maps will
be denoted by Prim® 021’1(n), and the cobordism group of prim X'i-maps
will be denoted by Prim®° % (n).

Remark. One can define cobordism sets of prim X1 and ¥! (cooriented)
maps of n-manifolds in arbitrary fixed (n + 1)-dimensional manifold N™*!
(instead of R™1). The obtained sets we denote by Prim®?¥'0(N) and
Prim®9% b1 (N), respectively.

The classifying spaces

There exist (homotopically unique) spaces X210 and X! that represent
the functors
N — Prim%9s1O(N) and

N — Prim%9sbH(N)

in the sense of Brown representability theorem (see [Sw]), in particular

Prim*?s(N) = [N, X219 and
Prim*?sbH(N) = [N, X2,

We call the spaces X210 and X! the classifying spaces for prim fold
and prim cusp maps respectively. This type of classifying spaces in a more
general setup has been explicitly constructed and investigated earlier, see
[Sz2], [Sz1], [RSz], [Sz4], [Te].
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Key fibrations

For any space Y we shall denote by I'Y the space

Q*°S°Y = lim QIS

q—o0

A crucial observation in the investigation of these classifying spaces is the
existence of the so-called key fibrations (see [Sz4]), which in the present cases
states that there exist Serre fibrations

pj: X%l - ps%tt
of XX over I'S%*! with fibre XX1i-1. In particular, we have
o 7 : X2M0 T893 of X210 over I'S? with fibre I'S'; and

o Dy : X - TS5 of X2 over 'S5 with fibre X %10,

85 The spectral sequences

85.1 The first page

Let us denote by X; for i = —1,0, 1,2 the following spaces:
X_1= point; Xo = FSl; X = YZLO; Xy = xXxbl,

One can define a spectral sequence with starting page

—1 - = . .
E;;=miyin (X, Xi1), i=0,1,2, j=0,1,...

and converging to m,41(X9) = Prim S9%l1(n).
The existence of Serre fibrations described above implies that

=1 ; .
Ei,j = Fifj+1(FSQl+l) =7(j —1).

85.2 The geometric meaning of the groups and differentials
of the spectral sequence

Let X; denote the classifying space of prim X'i-maps, so that Prim%°%% (n) =

7rn+1(yi). The relative versions of the cobordism groups of maps can also

be introduced and they will be isomorphic to the corresponding relative

homotopy groups:
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Definition. Let (M™,0M) be a compact n-manifold with (possibly empty)
boundary. Let f : (M,0M) — (R, R") be a prim X!i-map for which
floar : OM — R™ is a ¥% map for some j < i. Such a map will be called
a prim (X%, %1)-map (recall that we always assume f to be regular in the
sense of the definition in .

If fo and f; are two prim (X!, %%)-maps of n-manifolds (Mg, M)
and (MP,0M;) to (R, R™), then a cobordism between them is a map
F: (N1 9N) — (R % [0,1], R" x [0,1]) (where N is a compact oriented
(n + 1)-manifold) such that ON = M 8]L\J40 Q" 81\U41 M where

a) @ is a cobordism between OMy and —0M;;

b) Flg:@Q — R™ x [0,1] is a prim X% -cobordism between folans, : OMy —
R™ x {0} and fl‘@Ml : 8M1 — R" x {1},

c) Fis a prim Xli-map.

Note that both the domain N and the target R":™! x [0,1] of F have “cor-
ners”: OMy L OM; and R™ x {0} UR"™ x {1} respectively. Near the corners
OMp and 0M; the map F has to be the direct product of the maps fo|ans,
and fi|gnr, with the identity map of [0,¢) x [0,¢).

The cobordism group of prim (!¢, $15)-maps of oriented n-manifolds to
(R, R™) will be denoted by Prim*© (21, $15)(n).

Analogously to the isomorphism Prim®°%' (n) 2 7, (X;) one obtains
the isomorphism

(*) PrimSO(Elia Elj)(n) = ﬂ—n—i-l(Yian)'

Remark. Note that X = I'S'. Indeed, X' = X9%-maps are non-singular,
i.e. immersions, and the classifying space for codimension 1 oriented immer-
sions is known to be I'S* (see e.g. [W]).

The fibration p; : (X;, X;—1) — ('S**! %) induces an isomorphism of
homotopy groups (p;)« : Tni1(Xi, Xio1) — T ([S%TY) = 7%(n — 2i).
The geometric interpretation of this isomorphism is the following: to the
cobordism class of a prim X'i-map f : (M,0M) — (R’fr“, R™) the mapping
(p;)« associates the cobordism class of the framed immersion f \211-( ) (the
framing is described in Appendix 2). Note that in particular this descrip-
tion implies that whenever two prim X!'*-maps of n-manifolds have framed
cobordant images of their 3'7-points, then they represent the same element
in Prim®© (2!, 2t-1)(n).
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The differential

d B =2 mii (X, Xic1) = By S migj1(Xio1, Xi-2)

is simply the boundary homomorphism 0 in the homotopy exact sequence
of the triple (X;, X;—1, X;—2). Composing d with the isomorphism (p,_1)«
one can see that if f : (M™,0M) — (R R") is a prim (S, 2li-1)-map
that represents the cobordism class [f] = u € mp41(X;, Xi-1) = Ei{n_i =
7%(n —2i), then d'(u) € 7°((n—1) —2(i — 1)) = 7%(n—2i+1) is represented
by the framed immersion f|Eli*1(f\aM) in R™.

There is an jltgnative description of d' that we shall use later as well.
Let « €~7rn+1(X¢,Xi,1) and f be a representative of u as above, and let
T and T be the (immersed) tubular neighbourhoods of the top singularity
strata X' (f) and f (Ell(f)) in~M and Rﬁfl, respectively, with the property
that f|r maps (7, 0T) to~(T, oT). Now f‘Elifl(flaT) :Sli-1(flor) — T is a
framed immersion into OT'. Note that the normal framing of f (E%-*(f|ar))
inside OT defines a framing of the stable normal bundle of f (S'i=1(f|s7))

because adding the unique outward-pointing normal vector of oT in Riﬂ
one obtains a normal framing in R, Hence f (S%-1(f|sr)) with the
given framing represents an element of 7%(n — 2i + 1); this element is d*(u).
The fact that these two descriptions of d!(u) yield the same element in
m%(n — 2i 4+ 1) follows from the fact that f (Eli*1f|M\T) is a stably framed
cobordism between the two representatives (here we use Fact .

This alternative description of d' actually generalizes to the higher dif-
ferentials as well (even though here we only consider d' and d?).

Turning to the differential d2, we first give a homotopic description (an
expansion of the definition, in fact). Let u € 7%(n —4) & 7,41 (X2, X1) =
E;,nfl be an element such that d'(u) = 0. Then u represents an ele-
ment of the page E° as well (no differential is going into the groups Fé*)
The class d?(u) € E[%,n is defined utilizing the boundary homomorphism
0 : Tni1(Xo, X1) — m(X1) as follows: since d'(u) = 0, the class du €
7 (X 1) vanishes when considered in m,(X1, Xo). Hence there is a class y
in 7,(Xo) whose image in 7,(X1) is Ou. The class y is not unique, but the
coset

[y] € Wn(Y())/im ((‘9’ P Thn4+1 (yl,YO) — WN(YO)) = Egm

is unique. By definition d?(u) = [y].
Geometrically, if f : (M,0M) — (R’}fl,R”) represents the class u €
Tn+1(X2, X1), then d'(u) = 0 means that f|xiopp @ BM0(0f) — R is
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a null-cobordant framed immersion (recall that Of is the restriction flgas).
This means that the classifying map S™ — X1 of 0 f becomes null-homotopic
after composition with p;, hence the classifying map itself can be deformed
into the fiber X. Since maps into X classify immersions, this deformation
gives a (prim X10-)cobordism of the prim X'%-map df : 9M — R™ to an
immersion that we will denote by g. The immersion g is not unique, not even
its framed cobordism class [g] € 7%(n— 1) is, but its coset in 7%(n—1)/im d*
is well-defined. This coset is d?(u).

Claim 1. For any u € 7°(n)
a) d3 pio(u) = dyo(02) ou

b) d5 yo(u) = d3 5(02) 0w

Proof. First we need a description of the composition product in the lan-
guage of Pontryagin’s framed embedded manifolds.

Given a € ©¥(m), S € 7°(n) let (M™,UP) and (N",V"™*P) be repre-
sentatives of o and 3, where M, N are manifolds of dimensions m and n
immersed to R™*P and R" TP, respectively, UP and V™? are their fram-
ings: UP = (u1,...,up); V™ = (v1,...,Um4p), where u;,v; are linearly
independent normal vector fields to M and N. These framings identify
open tubular neighbourhoods of M and N with M x R? and N x R™*?,

Now we put the framed immersed submanifold M of R™*P into each
fiber of the tubular neighbourhood N x R™*?. We obtain N x M as framed
immersed manifold in R**™*P_ This is the representative of a o 3.

Now we come to the proof of Claim [Ip). Let u be an element in
m(n) = My (X2, X1) and let f: (M, 0M) — (R, R"H) be a (rela-
tive) prim cusp map that represents a cobordism class corresponding to u.
The boundary of f is a prim fold map df = f!aM : OM — R, Let
$19(8f) be the manifold of fold points of df, and 0f (S10(9f)) be its im-
age. Since each normal fiber of £10(9f) is R?, and it is mapped by df to
the corresponding normal fiber R? of Of (21’0(8 f)) by the Whitney um-
brella map o1, so Jf (2170(8 f)) has a natural framing (see Appendix 2).
Then d'(u) is represented by this framed manifold 9f (1°(9f)).

Let us choose small tubular neighbourhoods T and T of S5 (f) in M
and f (SV1(f)) in RT’E’. T is immersed into R?F%, it is a D5-bundle over
YLL(f). Recall that f restricted to X3! (f) is an immersion. For simplicity of
the description we suppose that it is an embedding. We choose these tubular
neighbourhoods T" and T so that f maps T to T and 8T to OT. Now the map
f ‘ or 2 0T — oT is a fold map. Its singularity is a framed manifold clearly



12 Cs. Nagy, A. Sziics and T. Terpai

representing d' (o) o u. The above described framed manifold 0 (310(9f))
(that represents d'(u)) represents the same framed cobordism class as f|or :
OT — OT by the two alternative descriptions of d'. Hence d!(u) = d*(o2)ou.

The proof of b) is very similar. As before, for simplicity of the de-
scription of d? we suppose that f |21,1( ) is an embedding rather than an
immersion. Let T and T as above be the tubular neighbourhoods of Z11(f)
and f (Zl’l( f)) respectively. Note that (as shown in Appendix 2) T =
SU()x DY T=f (41(f)) x D and the map f|r : (T,0T) — (T,0T) is
the product map (f|21,1(f)) X 0.

Recall that in [§3| we defined a map o3 : D* LLJ W* — D3. Now we define
a map

P = Flsua % 03 S0 ¢ (DP W) o £ (514()  f

We will denote by 75 the source manifold of f* and by Ts the target manifold,
an enlarged tubular neighbourhood of f (Elvl(f)) in Rff‘r’. Then Of* :
0Ty = SV ) x V3 5 0Ty = f (ZH(f)) x S* x {1} is an immersion that
represents d?(o2) o u.

We claim that this immersion can be extended to a proper, regular cusp
map f* into the entire Rﬁ% without changing the singular set. Indeed, the
source manifold of 0f* has dimension n + 3, hence the image of Jf* is an
(n + 3)-dimensional complex (denote it by K), and it can be covered by a
small neighbourhood U in T 5 of K that deforms onto K. By Theorem
there exists a deformation of U (equipped with the outward-pointing normal
vector field) within Rﬁ% with time derivative nowhere tangent to the image
of U that takes U into R"** (and the normal vector field into the outward-
pointing vector field of R"*4). The trace of this deformation glued along
Of* to f* gives an extension F whose set of cusp points is the same as that
of f* and in particular represents u in G.

This construction shows that df* and (?F are cobordant as framed im-
mersions and therefore represent the same element in G; the statement b)

follows since Of* represents d?(o2) o u and df* represents d2 (u). O
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85.3 Calculation of the first page of the spectral sequence

Recall that

71 — —
B j=mipj(Xi, Xio1)

dl, = Tipjp1 (DSPHY) = w8 (j — ).
3 ZQ4 = ZQ ZQ . ) ]
dl,  dl, Hence on the diagonal j = 7 we
2| Lo <o ZLy<F- 7 have 7°(0) = Z with generator ¢;
d:} ) in Ellz represented by the map o; :
1| Zo +F+Z (D%, 8%~1) — (D%**! §2)) that has an
j=0 Z isolated X' singularity at the origin.
i=0| 1 2 On the line j =i 4t we have 7°(t).

The value dj ;(¢1) is nothing else but [9o1] = n € 7%(1) = Zs.

By Claim (1| we have diz(n) = dil(u) on=mnon+#0in 7°(2) (here and
later we refer the reader to [To, Chapter XIV] for the information that we
need about the composition product). Hence diQ is an isomorphism and it
follows that d%,g is zero (since db o d%ﬂ = 0). In particular, we have the
following lemma:

Lemma 3. The class d*(12), represented by the image o2() of the fold sin-
gularity curve on the boundary of the isolated cusp oo : R* — R®, vanishes.

In Appendix 1 we give an independent, elementary proof for this state-
ment.

§5.4 The second page (FQ d )

(RN

The differential di3 : Zy — Zo4 maps the generator non of 7°(2) to dil(Ll) o
non =mnonon and that is not zero ([To, Theorem 14.1]). Hence the group
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E(2)73 is ZQ4/ZQ = Zlg.

3 YADS 0 0
~ d§’2
2 0 0 Z
1 0 Z
j=0 Z
1=20 1 2

Now we compute the differential d%Q : Z — Ziz. Note that this is
precisely the computation of the cobordism class of the framed immersion

0’y of the 3-manifold V3 mentioned in

Lemma 4. d%,2 2 Z — Zis maps the generator to of E;Q = 7 into an
element of order 6.

Proof. By = m5(X, X1) = m5(I'S%) = 75(S%) = Z. Since db , is identically

ZeI‘O, ES,Q — E;g
Consider the following commutative diagram with exact row and column:

m4(X0)/ im (%(Yl,yo) 4 7T4(Y0))

]

75(X2) ——>75(X 2, X1) 2 Z m4(X1)
x l
m4(X1, Xo)

The generator tp of m5(X2, X1) = Z is represented by the cusp map oy :
(D%, L3) — (D%, 8%). Simple diagram chasing shows that the order of d?(i)
is equal to the order of Coker ¢. The latter is the minimal positive number
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of cusp points of prim cusp maps of oriented closed 4-manifolds into R®.
Indeed, ¢ assigns to the class of a map f : M* — R® the algebraic number
of its cusp points. This minimal number of cusps is known to be 6, see [Sz3|
Theorem 4].

O

Corollary. On the 3-torsion part, the differential d* acts as the homomor-
phism oy (as defined in[§3).

85.5 The spectral sequence for classifying spaces of arbitrary
(not necessarily prim) cusp maps

There are classifying spaces for the cobordisms of codimension 1 cooriented
arbitrary (not necessarily prim) X'i-maps as well. We denote these spaces
by X; = XX, with the convention that X_; = %. Here we will mostly
be interested in Xy, X7 and X5. The filtration X_1 C X9 C X; C X5
gives again a spectral sequence with Ezlj = Ty (X4, Xi—1) for i = 0,1, 2,
j=0,1,.... Analogously to the fibrations p;, we have fibrations

p: X1 — FT(261 @ 'yl) = I'S?2RP> with fibre X, and
P2 Xo = TT(3e! @ 291) = T'S3(RP>®/RP) with fibre X.

Here v! and &' are the canonical and the trivial line bundles over RP>,
respectively, and T stands for Thom space (recall that I' = Q>°S°). Note
that Xy = YQ =TSt

Observe that the base spaces of p; are different from those of p;. This
change is due to the fact that while the normal bundles of the singular-
ity strata for a prim map are trivial and even canonically trivialized (see
Appendix 2), for arbitrary cooriented codimension 1 Morin maps they are
direct sums of not necessarily trivial line bundles (see [RSz, Theorem 6] and
the definition of G°© that precedes it). The bundles 2c! ®~! and 3¢ @ 24!
are the universal normal bundles in the target of the fold and cusp strata
respectively.

Consequently we have:

Proposition 5. a) Ell,j € (.

b) Eil,j = Ez{j modulo Cy fori=0,2.

Proof. a) Since H.(RP*>;Z,) = 0 for p odd, the Serre-Hurewicz theorem
implies that 7 (RP>) € Co and therefore

Bl ; 2 715 (PSPRPY) = m5_1 (RP*) € Ca.
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b) Since the inclusion S = RP?/RP! — RP>/RP! induces isomorphism
of Z,-homologies (the groups H.(RP*>/RP?;7Z,) all vanish) for p odd,
we have

~ ~ ~ =1
Ep; = i1 (DS (RP/RPY)) 2 mj15(0S7) = By ;.
2

We also have Xy = X and consequently
1 ~ 7l

O

85.6 Computation of the cobordism group of prim fold maps
of oriented n-manifolds to R"*!

Theorem 6. a) Prim“9%10(n) C%’ ™ (n) @ 7 (n — 2).
2

b) Prim®9xb1(n) c >~ 7%(n)@ri(n—2)@n5(n—4).
{2,3}

Proof. We have seen that the spectral sequences computing Prim®9x10 (n)
and PrimSOZl’l(n) degenerate modulo C; and modulo Cyy 3y respectively,
because d! is multiplication by the order 2 element 1 and d? is multiplication
by an element of order 6.

The fact that the cobordism groups Prim®?%19(n) and Prim®? %11 (n)
are direct sums (modulo 2- and 3-primary torsion) can be shown in the same
way as in [Sz5, Theorem BJ]. Namely, the homotopy exact sequence of the
fibration p; : (X1, Xo) — I'S®

Tni1(Xo) = mner (X1) P 740 (03)

has a 2-splitting s, that is, there is a homomorphism s : m,,1(I'S3) —
7nt1(X1) such that (p;)« o s is the multiplication by 2. The construction of
s goes as follows: choose an immersion S? & R* with normal Euler number
2. Then its generic projection to R? will be a map v : S? — R3 with finitely
many Whitney umbrella points that inherit a sign from the orientation of
the kernel bundle, and the algebraic number of these points will be 2 (see
[L]). Now choosing any framed immersion ¢ : Q"2 9+ R"*! that represents
an element [q] in 7,41 (0'S?) = 7%(n — 2), the framing of Q defines a prim

fold map @ x S2 iy Q x R? 3 R*L. Tts class will be s([q]). The existence
of the 2-splitting map s implies part a).



Singularities and stable homotopy groups of spheres. 1 17

The existence of an analogous 6-splitting of the homotopy exact sequence
of the fibration py : (X2, X1) — I'S® is shown in [Sz5, Lemma 4]. It shows

that Prim®9x11(n) . ~ Prim®9%l!(n) @ °(n —4) and together with part
{2,3}
a) proves part b). O

Theorem 7. Let n, : 7*(n) — 7°(n + 1) be the homomorphism x +— no x.
Then the following sequence is exact:

0 — Cokern,_1 — Prim®°%%0(n) — kern,_» — 0

Proof. In the homotopy exact sequence of the pair (X1, X() the bound-
ary homomorphism is the differential d;, which by Claim (1| a) is just the
corresponding homomorphism 7. The statement follows immediately. O

Recall that for any abelian group G we denote by Gz its 3-primary part.

Theorem 8. The 3-primary part of PrimSOEl’l(n) fits into the short exact
sequence

0 — Coker (a1 : 7°(n —3) = 7°(n)); @ (7°(n — 2))3 —
— (Pri]rnSOEI’l(n))3 — (ker(aq : m¥(n —4) = 7°(n—1))); = 0

Proof. The spectral sequence E:] converges to Prim®?% 11 (n) and stabilizes
at page 3. Recall that on the 3-primary part d? can be identified with

the homomorphism «;. Hence the 3-primary parts (E?])g of the groups

-3

E; ;= Efj are the following:

(E0;), = (Coker (n : 7°(j = 8) = (7))
*) (E1)),= (G-
(B2;), = teexlon : (x°(i = 4) > 7 (G = D))

By general properties of spectral sequences it holds that if we define the

groups

Fy, = Primsozl’l(n) =pi1(X2)

Fy, =1im (PrimSOEl’O(n) — Primsozl’l(n)) =im (7Tn+1(yl) — 7rn+1(Y2))
X

Fy, =1im (WS(TL) — PrimSOEl’l(n)) =im (7Tn+1( 0) = 7Tn+1(X2))
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then

FQ,n/Fl,n - Eg?n72
Fin/Fon = an—l
Fon = Eq,,

We will show that the exact sequence 0 = (Fy )3 = (Fi.n)3 = (Fin/Fon)s =
0 splits and hence (Fi,)3 = (Fon)s @ (Fin/Fon)s. Then the exact se-
quence 0 — (Fin)s — (Fan)s = (Fon/Fin)s — 0 can be written as
0— (FO,n)?; D (Fl,n/FO,n)B, — (FQ,n)g — (FQ’n/Fl’n)g — 0, and substituting
(x) gives us the statement of Theorem

It remains to show that 0 — (Fp )3 = (Fin)s = (Fin/Fon)s — 0
splits. Consider the following commutative diagram:

™ n+2(Y2, Y1)
o=d!

Tnt1(Xo) —= mpi1(X1) Tn+1(X1, Xo)

Tn41(X2) == mpy1(X2) - Tn41(X2, Xo)
Consider the composition map Fi, — mpi1(X2) — mni1(Xa, Xo).  Its
kernel is the intersection kerr N Fy,; but kerr is the image of ﬂn+1(70),
which is Fp,,. Hence the map r lifts uniquely to a map j : Fi,/Fon —
Tni1(X2, Xo). Its image im j is a subset of imi due to the commutativity
of the right-hand square.

By Claim 1} in the (exact) rightmost column the map 0 (which can be
identified with d') acts on m,42(X2, X1) = m,12('S®) by composition from
the left by J[o2], which is zero. Hence the map ¢ is injective. Consequently,
the map j can be lifted to a map J : Fin/Fon — mnt1(X1, Xo) and compos-
ing it with the 2-splitting s gives us a map § = soj : Fin/Fon — mni1(X1)
such that pr o s is a 2-splitting of the short exact sequence 0 — Fp, —
Fin — F1,/Fyn — 0. This proves that on the level of 3-primary parts this
extension is trivial, as claimed.

O]
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§5.7 Computation of the cobordism group of (arbitrary) cusp
maps

Proof of Theorem [l The natural forgetting map Ellj — EZ1 ; induces a Co-
isomorphism for ¢ = 0,2, and Ellyj € Cy. Since the d' differential is triv-
ial modulo Cy for both spectral sequences, the map Efj — Elzj is a Co-
isomorphism for i = 0, 2.

Hence the differential d? restricted to the 3-primary part can be identified
in the two spectral sequences, and we obtain that (Efj)g = (EZ3]>3 s
(Eij)g for i = 0,2. The statement of the theorem follows analogously to
Theorem Rl O

86 Appendix 1: an elementary proof of Lemma

In this Appendix we give an elementary and independent proof of the fact
that the curve of folds on the boundary sphere of an isolated cusp map
oo : R* — R® with the natural framing represents the trivial element in
7TS(1) = ZQ.

o9 : RY = RO, a9(ty, ta, t3,2) = (t1,t2, t3, t1x + tox?, t3x + 23)

1 0 0 0

0 1 0 0
doo= (0 0 1 0

x a2 0ty + 2xty

0 0 z t3+ 322

The set of singular points of o9 is ¥ = {(—2xty, t2, =322, 1) | t2, 2 € R},
its image is X = 09(X) = {(—2xta, ty, —3x2, —tya?, —22°) | to, z € R}.

For a point p € R*\ ¥ the vector n(p) = (—x(t3 + 322), —2%(t3 +
3z%),x(ty + 2xt9),t3 + 322, —(t; + 2wts)) is non-zero and orthogonal to
the columns of dog, so it is a normal vector of the immersed hypersurface
2R\ ) C RS at o2(p).

>\ {0} is an embedded surface in R®, and it has a canonical framing:

Through each point p = (—2xt2,ts, —32%,2) € X\ {0} we can define
a curve p. = (—2xty, ta, —3x2 — 2,z + £) such that pg = p, %p; 0) =
(0,0,0,1) € kerdos, and o2(p:) = o2(p_c) = q.2, where g5 = (—2xta, ta, —32%—
8, —ta(x? — §), —223 + 26x). (Note that by taking this curve for each p we
have defined an orientation of the kernel line bundle of dos.)
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The first vector of the framing is the tangent vector of the image curve
qs:
_ 94
06

Since o2(p:) = 02(p—c) = q.2, in this point we have defined two normal
vectors of oo(R*\ ), namely

U1 (0) = (0,0,—1,t2,2$).

n(pie) = £e(—62% — 2e%, —62° — 1022, 2uty, 6, —2t9)+
+ &2 (—8x, —14a” — 222, 2t5,2,0).

The sum and the difference of these vectors are

n(pe) + n(p_.) = 2e%(—8x, =142 — 22, 2t5,2,0) and
n(pe) — n(p_.) = 2e(—6x? — 262, =623 — 10xe?, 2xto, 61, —2t5).

The last two vectors of the framing are the limits of (the directions of) these
vectors:
vy = (=322, =323, xty, 3z, —t9)

v3 = (—dx, =722, t3,1,0)

The following Claim implies that the framed curve o2 (7) is null-cobordant
(recall that v = o5, 1(S*) N D).

Claim 2. There is a smooth embedding F : D? = {(t3,z) | 3 + 2> <1} —
R® and a framing of F(D?) that extends oo 04 and the canonical framing of
3\ {0} restricted to o 0 i(SY), where i : ST = {(ta,z) |3+ 2> =1} = %,
i(ta, x) = (—2wtg, ta, — 322, 7).

Proof. We define such an F' and a framing:

These are smooth, and in the case t3 + 22 = 1 they coincide with the
previously defined map and framing. It is easy to check that F' is injective.
We need to prove that the differential of F' is injective, and the vectors really
form a framing, ie. that the partial derivatives of F' and vy, vo, v3 are linearly
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independent. Equivalently, the following matrix should be non-singular:

—2x 1 0 —a2 daty
to 0 3z atys 1-—1t3
M = 0 0 -1 t 2z
3— 3t§ — 622 —32% zts 3z —19
—4x —722  ty 1 0

det M = 1802® 4 568x5t3 + 323213 + 12025 — 197243 + 823 + 3t5+
+ 512t — 122242 — 2t5 + 242 — 23+ 3
= 50(22%t3 — )2 + 6(at3 — )2 + 2(t5 — t2)? +2(t5 — 1)*+
4 1802® + 568213 + 123215 + 12025 + 3243 + 22245+
+ 15 4+ 2t 4+ 1827 + 1
> 0.

Therefore M is always non-singular, and the proof is complete. ]

87 Appendix 2: the natural framing on the image
of the manifold formed by the X!’-points of a
cooriented prim map

Let us consider the map
or - (R?",0) — (RQT'H,O)
(tl, .. ,tQT_l,.:U) — (tl, ey toro1, 21, ZQ)

zn=tix+---+t,x"

Zg =trp1x+ -+ tor_qx" 1 "t
given by the Morin normal form of an isolated X' point at 0. Denote
by A,i1 the set of (r + 1)-tuple points, i.e. the points {p € R¥*! .
o, 1(p) consists of r + 1 different points}, and let A be the closure of A,.

Then A is homeomorphic to an r-dimensional ortant R”, with coordinates
ULy .oy Up,

RY = {(u1,...,up) tuj >0forall j=1,...,r}.

Figure|I}illustrates the case r = 2. Note that R”, has a natural stratification
(the strata are formed by points with the same set of strictly positive coor-
dinates). Moreover a homeomorphism ¢ : A — R’, can be chosen so that
the restriction of ¢ to each stratum is a diffeomorphism.
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R}

T2|t1=0,t2=0

Figure 1: The homeomorphism ¢ for r = 2.

We want to show that A has a (homotopically) canonical parallelization.
Clearly any such ¢ does give a parallelization pulled back from R”,. But there
are many possible choices of ¢ (even up to isotopy). We need to show that
there is a canonical (unique up to isotopy) such choice. For this purpose it
is enough to show that there is a canonical ordering of the 1-dimensional
edges of A, because if ¢ keeps the ordering of the edges (and it can be
chosen to do so), then it is isotopically unique. We shall consider o, as
a prim map, namely the projection of the immersion (t1,...,t—1,2) —
(o (t1,. .. top_1,2),x) € R¥*2, This gives an ordering of the preimages of
multiple points: for an (r + 1)-tuple point with preimages ay,...,a,41 we
assume that the indexing is such that ¢ < j if and only if z(a;) < x(ay).
If we choose a sequence (q,) € A converging to a point g € A\ 0 that lies
on a 1-dimensional edge, then the o,-preimages of the (r 4+ 1)-tuple points
o, Y qn) = {agn), . ,aﬁ)l} degenerate in the limit in the sense that there
is an integer s, 1 < s < r + 1 and there are two different points ¢ and @
with z(a) < z(a@) such that lim agn) =ga fori=1,...,s while lim agn) =a

n—oo n—oo
fori =s+1,...,7r+ 1. Hence to each edge we can associate an integer s,
1 < s <r+1, and thus we obtain an ordering of the edges of A. We choose
the map ¢ in such a way that it preserves this ordering of the edges.

Note that any automorphism of o, as a prim map keeps the ordering
of the edges of A. We call a pair (a, ) of germs of diffeomorphisms « :
(R",0) — (R",0) and $ : (R""1,0) — (R"™1,0) a prim automorphism of
the prim germ o, = 7o 6, : (R",0) & (R"2,0) — (R""10) if in addition
to being an automorphism of o, (that is, o, o &« = 0 0,) it preserves the
selected orientation of ker do,.(0), i.e. g—‘; > 0 (recall that %(0) =0).

Let now g : M™ 9 R"? be an immersion, where M is a compact
oriented n-dimensional manifold. Let f be the prim map f = w o g, with
7 R"2 5 R™! the projection that omits the last coordinate z,o in
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R™*2, Suppose that f is a X!*-map, that is, it has no ©% points for j > r.
The set of X'7-points of f will be denoted by X! (f), or ¥ for brevity. It is a
submanifold of M of dimension n — 2r. Tts image f(X'7(f)) (denoted by %)
is an immersed submanifold in R”*! and has codimension 2r + 1. We claim
that ¥ has a natural normal framing, unique up to homotopy. To simplify
the presentation of the proof, we will suppose that ¥ is embedded into R™*!
(as it locally is; in general, we would need to consider only the preimages of
multiple points that are close to the singular points in the source manifold).

There is a unique (up to isotopy) embedding 0 : ¥ x (—¢,¢) < R"*! (for
some small positive number ¢€) such that

o O(z,0) = f(z) for all x € 3,
e O(x,t) is an (r + 1)-tuple point of f for all 0 < ¢t < €, and

Choose any t* € (0,¢) and denote by X* the image set 6(X x {t*}). Clearly
it is enough to give a canonical normal framing of ¥*. Let A,;1(f) denote
the set of (r 4 1)-tuple points of f that lie in a tubular neighbourhood of 3.
There is a fibration A, y1(f) — X* with fiber A.

The normal bundle of ¥* in R"*! is the sum of its normal bundle in
A,;1(f) and the restriction of the normal bundle of A, 1(f) in R**! to
>*. The latter bundle is trivial, because it is the sum of the trivial normal
line bundles of the (r 4+ 1) non-singular branches of f that intersect at the
points of A,11(f) (and these branches have a canonical ordering by the
last coordinate of g). The former bundle is trivial because there exists a
canonical parallelization of A that is (homotopically) invariant under the
prim automorphisms of o,..

In other words, the target representation (assigning the map [ to the
automorphism (a, 3)) of the automorphism group (or, more precisely, the
maximal compact subgroup thereof) is trivial. Since we consider positive
codimensional stable maps, the target representation uniquely determines
the source representation (on the dense set of non-singular, non-multiple
points it clearly does) and therefore the source representation is also trivial.
That is, there is a canonical framing of the singular strata in the source as
well.
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