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KNOT CONCORDANCE AND HOMOLOGY SPHERE GROUPS
PAOLO ACETO AND KYLE LARSON

ABSTRACT. We study two homomorphisms to the rational homology sphere group
@%_). If ¢ denotes the inclusion homomorphism from the integral homology sphere
group O3, then using work of Lisca we show that the image of ¢ intersects trivially
with the subgroup of @% generated by lens spaces. As corollaries this gives a new
proof that the cokernel of v is infinitely generated, and implies that a connected
sum K of 2-bridge knots is concordant to a knot with determinant 1 if and only if
K is smoothly slice. Furthermore, if 8 denotes the homomorphism from the knot
concordance group C defined by taking double branched covers of knots, we prove
that the kernel of 8 contains a Z°° summand by analyzing the Tristram-Levine
signatures of a family of knots whose double branched covers all bound rational
homology balls.

1. INTRODUCTION

Some of the most interesting objects in low-dimensional topology are the groups
formed from the set of knots under the equivalence of smooth (or topological) con-
cordance, and from the set of R-homology 3-spheres under the equivalence of R-
homology cobordism (for some ring R). While progress has been made in answering
certain questions about these groups, we remain quite far from a satisfactory under-
standing of their structure. Here we focus on the smooth knot concordance group C,
the integral homology sphere group ©3, and the rational homology sphere group @%
(see Section [2] for precise definitions).

The double branched cover of a knot in S? is a rational homology sphere, and in
fact this operation gives a homomorphism g: C — @(3@. On the other hand, since
a Z-homology sphere (respectively a Z-homology cobordism) is also a Q-homology
sphere (respectively a @Q-homology cobordism), there is an obvious homomorphism
P O3 — @%_) induced by inclusion. In this paper we consider properties of the kernel,
image, and cokernel of these two homomorphisms.

In [LisO7b] (following [Lis07a]), Lisca gives a complete description of the subgroup
L of @% generated by lens spaces. The image of ¢ and L are special subgroups in
©3, and so it is natural to study their intersection.

Theorem 1. (03) N L = 0.
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In other words, if a connected sum of lens spaces is rational homology cobordant
to any integral homology sphere, then it is rationally homology cobordant to S3 and
so bounds a rational homology ball. Conversely, if an integral homology sphere Y
is rational homology cobordant to a connected sum of lens spaces, then Y bounds a
rational homology ball.
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Since the image of v intersects trivially with £, we get that £ injects into the
cokernel of 1. A simple corollary of Lisca’s work is that £ is infinitely generated, and
so this gives a new proof that the cokernel of 1) is infinitely generated (the first proof
appears in [KL14] following earlier work of [HLR12]).

Corollary 2. The cokernel of 1 is infinitely generated.

Furthermore, since lens spaces arise as double branched covers of 2-bridge knots or
links, Theorem [1| yields the following corollary.

Corollary 3. Let K C S? be a connected sum of 2-bridge knots. Assume that K is
smoothly concordant to some knot J with det(J) = 1. Then K is smoothly slice.

The above result may be relevant in understanding the topological concordance
classes of 2-bridge knots. It is not known whether there exists a 2-bridge (or even
alternating) knot which is topologically but not smoothly slice. One way to exhibit
such an example is to find a non-slice 2-bridge knot K that is smoothly concordant to
some knot J with trivial Alexander polynomial. By the work of Freedman ([Fre82],
[FQ90]) J (and thus K) is topologically slice. Corollary [3|shows that there is no such
example.

Fintushel and Stern [F'S84] showed that the Brieskorn homology sphere ¥(2,3,7)
bounds a rational homology ball, and since (2, 3,7) has infinite order in ©3 we get
that the kernel of 1) is infinite. In fact the argument in [FS84] can be modified to show
that the figure-eight knot F is rationally slice, that is, E bounds a smoothly embedded
disk in a rational homology ball bounded by S? (see Cha [Cha(7]). It then follows
that the manifolds £, = Sf/n(E) defined by 1/n-surgery on E all bound rational
homology balls (see Proposition and hence are in the kernel of ¢ (note that
¥(2,3,7) = Ey). The integral homology sphere FE,, has nontrivial Rokhlin invariant
when n is odd, and hence this subfamily is nontrivial in ©3.

Each of these homology spheres F, can also be obtained by taking the double
branched cover of a knot, and so these knots belong to the kernel of 5. By studying
the Tristram-Levine signatures of the family {K,},>¢ (see Figure [I) whose double
branch covers are Fs, 1, we show the following.

Theorem 4. Infinitely many of the knots {K,} are linearly independent in C.

As an immediate corollary we get that the kernel of 3 is infinitely generated. Note
that this also follows from combining classical work of Casson and Harer [CH8I] and
Litherland [Lit79]. In particular, in [CH81] it was shown that the family of Brieskorn
spheres 3(2,2s — 1,2s + 1) with s odd all bound contractible 4-manifolds, and hence
are trivial in ©3 and ©. These manifolds are double branched covers of the torus
knots Ths—12s+1, and in [Lit79] it was shown that torus knots are linearly independent
in C.

In fact, a closer inspection of the proof of Theorem {4| yields a direct proof of the
following slightly stronger result.

Corollary 5. The kernel of B contains a Z*° summand.

The work of Lisca |[Lis07b] shows that Im(/) is infinitely generated by considering
the lens spaces that are double branched covers of 2-bridge knots. This also follows
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from [KLI14] and [HLR12], but in fact their work shows more. As we point out in
Section [2, the end result of these two papers is a family of rational homology spheres
{M,} that are linearly independent in ©, such that each M, is the double branched
cover of a knot and none are rational homology cobordant to an integral homology
sphere. Therefore the family {M,} shows that the group Im(3)/(Im(5) N Im(v))) is
infinitely generated.

The paper is organized as follows. In Section [2] we discuss related work to put
this paper into context. We provide basic terminology and state a crucial lemma on
integral lattices and lens spaces from [Lis07b] in Section [3| and in Section 4| we prove
Theorem [I] and Corollary [3] Finally, we prove our results relating to the homomor-
phism £ in Section [5

Acknowledgements. The authors would like to thank Marco Golla, Ahmad Issa,
Cagr1 Karakurt, Andras Stipsicz, and Saso Strle for helpful and encouraging conver-
sations, as well as Daniele Celoria for computer help. The authors also thank the
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2. BACKGROUND

Two knots K, and K; are smoothly concordant if there exists a smoothly and
properly embedded cylinder C' in S? x I such that C'N (S x {0}) is isotopic to Ky
and C' N (5% x {1}) is isotopic to K (equivalently if the connected sum —KyfK; is
smoothly slice, where — Ky denotes the mirror of K with opposite orientation). This
defines an equivalence relation, and the set of knots under this equivalence relation
forms an abelian group C called the smooth knot concordance group, where the group
operation is connected sum. The study of the knot concordance group has a long and
rich history, and we refer the reader to the introduction of [HKL16] for a brief survey
of known results.

In a different direction, given a ring R, the set of R-homology 3-spheres under
the equivalence relation of R-homology cobordismﬂ forms an abelian group where the
operation is connected sum. The most commonly studied groups are those corre-
sponding to R = Z,Q, or Z/2Z, and the resulting groups are denoted ©3 0%, or
S

A few properties of the integral homology sphere group ©3 are listed below.

e The Rokhlin invariant of a homology 3-sphere provides a homomorphism
©3 — 7Z/27. Hence any Z-homology sphere with nontrivial Rokhlin invari-
ant is nontrivial in ©3. Furthermore, the Ozsvath-Szabd correction terms
[OS03] provide a homomorphism ©3 — Z, and so any Z-homology sphere
with nonzero correction term (e.g. the Poincaré sphere (2, 3,5)) has infinite
order in ©3.

e In [Fur90] Furuta showed that ©3 contains a subgroup isomorphic to Z* and
hence is infinitely generated (see also [FS90]).

1A 3-manifold Y is an R-homology sphere if its homology with R coefficients is the same as that
of S3. A cobordism W between 3—manifolds Y; and Y5 is an R-homology cobordism if the induced
inclusion maps ¢;: H,(Y;; R) — H,.(W; R) are isomorphisms.
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e More recently Manolescu [Manl16] disproved the triangulation conjecture (fol-
lowing earlier work of Galewski and Stern |[GS80] and Matumoto [Mat78])
by showing that ©3 contains no elements of order 2 with nontrivial Rokhlin
invariant.

The last point illustrates the interest and difficulty in the open question of whether
there is torsion in ©3.

Among results regarding @(3@ we have Lisca’s complete description of the subgroup
L of ©F, generated by lens spaces (see [LisO7a] and [Lis07b]). Using a lattice-theoretic
obstruction based on Donaldson’s theorem [Don87], Lisca determined all the relations
in £ by showing exactly which connected sums of lens spaces bound rational homology
balls.

Kim and Livingston [KL14] showed that the cokernel of the map 1 defined in
the introduction is infinitely generated by strengthening a result due to Hedden,
Livingston, and Ruberman [HLR12]. In [HLRI12|] a linearly independent family of
topologically slice knots was constructed, none of which are concordant to a knot
with Alexander polynomial equal to 1. The double branched covers of these knots
were shown to be linear independent in ©3 Joz/Im(¢), and in [KL14] it was shown

that these manifolds are in fact linear independent in ©¢,/Im(1)). Note that the main
theorem of [KI.14] is also interesting here. The authors studied the cokernel of the
map @@%u ] @%, where the direct sum is over all primes, and showed that
the cokernel contains a free subgroup of infinite rank as well as infinite subgroups
generated by elements of order two or 3-manifolds that bound topological rational
homology balls.

Finally, we remark that ker(¢)) and Im(¢) remain quite mysterious. In fact, at
present it appears the only thing that can be said about the structure of these groups
is that ker(e)) contains a subgroup isomorphic to Z, Im(¢)) contains a Z summand,
and at least one of these is infinitely generated.

3. PRELIMINARIES ON INTEGRAL LATTICES AND LENS SPACES

An integral lattice is a pair (G, Q) where G is a finitely generated free abelian group
equipped with a Z-valued symmetric bilinear form @) : G x G — Z. A morphism of
integral lattices is a homomorphism of abelian groups which preserves the bilinear
forms. An embedding of integral lattices is an injective morphism. The standard
terminology for bilinear forms applies in the context of integral lattices in the obvious
way (e.g. positive definiteness, unimodularity, and so on).

Lemma 3.1. Let (G,U) be a positive definite unimodular lattice of rank n. The
following conditions are equivalent.

(1) (G,U) is isomorphic to the standard lattice (Z™,1);
(2) there exists an embedding (G,U) < (Z",1);
(3) for some m € N there ezists an embedding (G,U) — (Z™,I).

Proof. Clearly we only need to prove that (3) = (1). Suppose we are given an
embedding (G, U) < (Z™,I). Since this map is injective we must have m > n. Since
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(G,U) is unimodular we obtain a decomposition
(G, U) @ (G, U)*- = (Z™,1).

Any element in the standard basis of (Z™, I') must project to zero in either (G, U) or
(G,U)*. This shows that (G,U) = (Z", I) and that (G, U)*+ = (Z™ ™ 1). O

For any pair of coprime integers (p, ¢) with p > ¢ > 0, the lens space L(p, q) is, by
definition, the result of —%’—surgery on the unknot. Each lens space L(p, q) arises as
the boundary of the canonical plumbed 4-manifold P(p, q) via the plumbing graph

—ay —Qa2 —Qp,

Ipyi= ° ° - °

where the a;’s are uniquely determined by a; > 2 and

o 1 p
[a1,...,a,]" =y QQ_% =
The second integral homology group of P(p,q) equipped with its intersection form
is a negative definite integral lattice which we denote by (ZI',,, @,,) and call the
integral lattice associated with L(p,q). Since —L(p,q) = L(p,p — q) we also obtain a
dual negative definite integral lattice (ZI', ,—,, Qpp—q) associated with L(p,p — q).
Most of this terminology extends to connected sums of lens spaces. Given such a
connected sum # , L(p;, ¢;), the canonical plumbing graph is obtained by taking the
disjoint union of the canonical plumbing graphs associated to each summand. The
associated integral lattice is

(ZXpy 1590005 @orsassipmoan) = @(ZF%%, Qpias)-
i=1
Similarly we may extend the notion of dual lattice. The following crucial lemma is
implicit in [LisO7h].

Lemma 3.2. Let ', L(p;,q;) be a a connected sum of lens spaces. Assume that
the integral lattice (ZLy, g1:....pm.ans @orsgrsipm.gn) €Mbeds in the standard unimodular
negative definite lattice of the same rank and the same holds for its dual lattice.
Then, either one summand or the connected sum of two summands smoothly bounds
a rational homology ball.

4. HOMOLOGY SPHERES AND LENS SPACES
The following is a more precise statement of Theorem [I]

Theorem 4.1. Let £, L(p;, q;) be a connected sum of lens spaces. The following are
equivalent.

(1) 87 L(p;i, q;) smoothly bounds a rational homology ball;
(2) 8 L(pi, q;) is Q-homology cobordant to some integral homology sphere.
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IR

F1GURE 1. The knots K,,. The box represents n full left-handed twists.
Note that K is the torus knot T3 7.

Proof. Clearly we only need to prove that (2) = (1). Let P be the canonical plumbing
associated with f!' , L(p;, ¢;) and let W be a rational homology cobordism such that
OW = —# | L(p;,q;) UY, where Y is some integral homology sphere. Consider the
smooth 4-manifold X := P Uy W whose boundary is Y. It is easy to see that this
4-manifold has a negative definite unimodular intersection form. The second integral
homology group together with this intersection form is a unimodular negative definite
integral lattice (G, U) associated with Y. Similarily, let P* be the canonical plumbing
associated with —f7 , L(p;, ¢;) =t L(pi, pi—¢;) and define X* := P*Uy(—W) so that
0X =Y = —0X*. The smooth, closed 4-manifold X Uy X* is negative definite and
by Donaldson’s theorem has standard intersection form. In particular, by lemma (3.1,
the unimodular lattice (G, U) is standard (consider the inclusion X — X Uy X*). It
follows that the integral lattice associated with £, L(p;, ¢;) embeds in the standard
negative definite lattice of the same rank via the inclusion P — X. The same
argument shows that the integral lattice associated with £ | L(p;, p; — ¢;) embeds in
the standard negative definite lattice of the same rank via the inclusion P* — X*.
By Lemma up to rational homology cobordism we can remove either one or
two summands from our connected sum of lens spaces. Now we can iterate the whole
argument with this reduced connected sum. Eventually we will get an empty sum

(i.e. S?) and the conclusion follows.
O

Corollary [3] Let K C S® be a connected sum of 2-bridge knots. Assume that K is
smoothly concordant to some knot J with det(J) = 1. Then, K is smoothly slice.

Proof. Concordant knots have rational homology cobordant branched double covers
(see Proposition . Moreover, the determinant of a knot is the order of the first
integral homology group of its branched double cover. Recall that the branched double
cover of a 2-bridge knot is a lens space. It follows that the connected sum of lens
spaces (the branched double cover of K, say %(K)) is rational homology cobordant
to some integral homology sphere (the branched double cover of J). By Theorem ,
Y(K) bounds a rational ball and, by [Lis07a] and [LisO7b], K is smoothly slice. [
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5. THE DOUBLE BRANCHED COVER HOMOMORPHISM

Let K be a knot in S3, and let X denote its double branched cover. The following
familiar proposition establishes that the assignment K — Y g induces a well-defined
homomorphism §: C — @(‘a.

Proposition 5.1. If K is slice, then Xk bounds a rational homology ball. Further-
more, ZK}iK’ = ZKﬂEK/.

Proof. For the first assertion see for instance [CG86]. The second assertion follows
from the fact that the double cover of a 2-sphere branched over two points is again a
2-sphere. O]

Now recall the manifolds E,, = S? ) (E) defined in the introduction, where E is the
figure-eight knot.

Proposition 5.2. The manifolds E, all bound rational homology balls.

Proof. In |Cha07] Cha gives an argument (attributed to Cochran) showing how the
work of [FS84] can be modified to show that the figure-eight knot £ bounds a smooth
disk D in a rational homology ball B. A neighborhood vD of D is diffeomorphic to
D?x D and can be thought of as a 2-handle attached to B\vD, where the slice disk D
is the cocore of the 2-handle (and so F is the belt sphere). If we remove this 2-handle
and reattach it with a framing that differs from the original framing by n left-handed
twists, then the boundary will change by 1/n-surgery on E (if n is negative we change
the framing by |n| right-handed twists). Since we are just removing a 2-handle and
then reattaching it with a different framing, we are not changing the homology of
the 4-manifolds, and so the resulting 3—manifolds F, all bound rational homology
balls. (See [LM15] for more exposition of this operation, where it was called 2-handle
surgery. ) O

It may be worth noting that the rational homology balls constructed in Proposition
have 2-torsion in their second homology groups, and if n is odd they are necessarily
non-spin because they have nontrivial Rokhlin invariant.

Montesinos [Mon75] showed that any 3-manifold obtained by Dehn surgery on a
strongly-invertible knot can be realized as the double branched cover of a knot or
2-component link in S3. Since the figure-eight knot E is strongly invertible, we apply
his argument to show the following.

Proposition 5.3. The manifolds Fs,,1 are double branched covers of the knots K,
of Figure[]

Proof. The left-hand picture of Figure [2 shows an involution of S? (rotation by 180
degrees about the specified axis) taking £ to —E with two fixed points. In fact, this
picture shows that there is an induced involution on the knot complement Xg :=
S3\vE. Now E, is formed by gluing in a solid torus U to Xg, and Montesinos
[MonT75] showed that we can always arrange for the involution on the knot complement
to fit together with the hyperelliptic involution on U to give an involution on the
manifold obtained by the Dehn surgery. The quotient of U by the hyperelliptic
involution is a copy of B3, and in the middle picture of Figure [2| we see that the
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FiGUurE 3. Rational tangles corresponding to oo, +1, and ﬁ—surgeries.

quotient of Xg gives S3\ B3 = B3. The upshot is that F,, is a double branched cover
of B3U B? = S3, where the branch set is some rational tangle filling of the right-
hand picture of Figure [2| (to obtain the right-hand picture from the middle picture
we isotope the deleted 3-ball, dragging along the arc).

The appropriate fillings are illustrated in Figure [3, where the left-hand picture cor-
responds to S3, the middle picture corresponds to E; = (2,3, 7), and the right-hand
picture corresponds to Fy, 1 (we refer to [Aucl4] for more details on this procedure).
Lastly, one can check that substituting the tangle in the right-hand picture of Figure
into the right-hand picture of Figure 2| and performing an isotopy results in the
knots K, of Figure [1]

O

For a knot K in S3, with Seifert form S, we define the Alexander polynomial as
Ag(z) := det(zS — 271ST). With this definition Ag satisfies the following skein
relation

AL+ — AL_ = (iL‘il — l’)ALO,
where L., L_ and Ly are links that differ only in a small region as show in Figure
Ml Furthermore we can consider the Hermitian form (1 — w)S + (1 — @)ST for any
unit complex number w [Tri69]. The form is nonsingular when w is not a root of the
Alexander polynomial of K, and the signatures of these forms are called Tristram-
Levine signatures. If we define o,,(K) to be the average of the one-sided limits of these
signatures as we approach w, then o, is a concordance invariant for every w € S*
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A X (

F1GURE 4. The crossings corresponding to L, L_ and Ly, respectively.

I3 B B3 Ba Bs  Be

FIGURE 5. A basis for the first homology group of the Seifert surface of K,,.

(see, for example, [Gor78|), and in fact provide homomorphisms from C to Z. We use
these signatures to prove the following result.

Theorem . Infinitely many of the knots {K,} are linearly independent in C.
First we establish two technical lemmas.

Lemma 5.4. For each n € N and each w € S\ {1} such that A, (w?) # 0 define
1
F(w,n) = 2(Re(w) — 1) (1 —n+ nAK—(M)> .
AKo(wi)
We have
o if F(w,n) <0, then o,(K,) = 0,(Kp);
o if F(w,n) >0, then o,(K,) = 0,(Kpy) £ 2.

Proof. First note that since the Seifert form of a knot has even rank the expression
Ak (w?) makes sense even though w? is ambiguous.

In Figure [I] we see a natural Seifert surface for the knot K,,, consisting of three
stacked disks and 16 twisted bands. This is a genus 7 surface (non-minimal when
n = 0), and in Figure [5| we choose a basis for the first homology of the Seifert surface.
Let S,, denote the Seifert form for K, associated to this Seifert surface, oriented so
that in Figure[I] we are looking at the positive side of the disks. Choosing the ordered
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basis to be aq, -+, g, 81, , Bs, 71, V2, the corresponding matrix is
-1 0 0 0 0O 0O 1 0 0 0 0 0 0 ~1
1 -1 0 0 0 0 -1 1 0 0 0 0 0 0
o 1 -1 0 0 0 0 -1 1 0 0 0 0 0
o 0 1 -1 0 0 0 0 -1 1 0 0 0 0
o 0 0 1 -1 0 0 0 0 -1 1 0 0 0
o 0 0 0 1 -1 0 0 0 0 -1 0 0 0
o 0 0 0 0 0 -1 0 0 0 0 0 0 0
o 0 0o 0 0 0 1 -1 0 0 0 0 0 0
o 0 0 0 0 0 0 1 -1 0 0 0 0 0
o 0 0 0 0 0 0 0 1 -1 0 0 0 0
o 0 0 0 0 0 0 0 0 1 —1 0 0 0
o 0o 0o 0o 0 0O O 0 0 0 1 -1 0 0
o 0 0 0 0O O 0 0O 0 0 0 0 -—n n
o 0 0 0 0O 0 0 0 0 0 0 0 ntl -n—1

Note that the upper-left 12 x 12 minor coincides with the Seifert form for Ky = T3 7
associated to the Seifert surface obtained from Figure (1| after the obvious second
Reidemeister move. Let us indicate this form with M. We can write

det((1 = w) Sy + (1= @)ST) = \(w) - Aialw) - () - oo, ),
where A\j(w), ..., A\j2(w) are the eigenvalues of the Hermitian form (1 — w)M + (1 —

W)MT | and py(w,n) and pe(w,n) are eigenvalues that depend on n. Since the signa-
ture o,,(K,) is the sum of the signs of the eigenvalues we have

0u(Kn) — 0u(Ko) = sign (un(w,n)) + sign (p2(w, n)).
Therefore o,,(K,,) = 0,(Ky) if 1 (w,n) and ps(w, n) have different signs, and o,,(K,,) =
0u(Ko) £2 if py(w,n) and pe(w,n) have the same sign. We conclude then by showing
that F(w,n) = py(w,n) - pa(w,n).
We have

det((1 —w)S, + (1 —w)ST) = (1 — w)** det(S, + 1:—255)
= (1 —w)** det(S, —@Sh)
=w'(1 —w)"*det@ 28, — w257
=0'(1—w)™ det(w%Sn - w’%Sf)
=w(1— w)MAKH(u)%).

Similarly we get det((1—w)M +(1—@)MT) = @5(1 —w)'2Ag, (w?). Now the quantity
p1(w,n) - po(w,n) is the quotient of these two determinants and so we obtain
1
2 Ak, (W?)
Ay (w?)

Here we use the skein relation as follows. In Figure [6] we have chosen a crossing so
that L_ (pictured) corresponds to K, 1, L, corresponds to K,, and Ly corresponds
to a 2-component link L that does not depend on n.

Applying the skein relation recursively we see that Ay, (w2) = A

Ko
w?)AL(w?), and furthermore (w2 —w?)AL(w?) = A, (W2) — A (w

(1) pa(w,n) - pow,n) = (1 — w)

(w%)—i-n(w_% —
1
3

. Using these
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r

-n+1
_/\_

F1GURE 6. The chosen crossing for the skein relation.

two identities, from we obtain

O

Lemma 5.5. There exists ly > 0 and a sequence {w;} C S' converging to —1 such
that for every l > ly the following conditions are satisfied:
o 0, (Ky)=0,(Ky) £2 for allm >1;
o 0,,(Kpy) =0,,(Ko) forallly <m <.
Ag, (6%)
it

Proof. Consider the function ¢(t) = . Explicit computations using the Seifert

KO €
forms introduced earlier show that
Ak, (z) = 212 —g10 g6 gt 1t 6 10 12

Ak, (z) = 2072 — 3210 4+ 28 + 228 — 3zt + 22 + 1+ 2 -3t + 20 0 + 278 — 32710 4 2712,

Substituting = = e and simplifying we get
(t) B 4 cos6t — 6cosdHt + 2cosdt +4cos3t —6cos2t +2cost + 1
I\ = 2cos6t —2cosht +2cos3t —2cos2t + 1 '

One can check that g(m) = 1, ¢'(7) = 0, and ¢”(7) < 0. It follows that there exists
an € > 0 such that ¢(¢) is continuous and monotonically increasing on the interval
[m — e, m|. Therefore there exists an [y and a sequence {t;};~;, C [r — ¢, 7] such that
g(t) = 1—%. For each | > [y we choose s; such that ¢;_; < s; < t; and define w; := €.
Now assume that m > [, we have

F(w;,m) =2(Re(w;) — 1)(1 —m+mg(s;)) >0
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since g(s;) < g(sm) < g(tm) = 1 — L. By Lemma 0w (Km) = 04,(Ko) £ 2.
Similarly if ly < m < [ then F(w;,m) < 0 and, again by Lemmal[5.4] we conclude that
le(Km) = Uwz(KO)'

O

Observe that we can choose the w; in Lemma such that the Seifert forms (1 —
wi)Sm + (1 —@;)SE are nonsingular, and therefore we do not have to deal with one-
sided limits as in the definition of o,,. Now we are ready to prove Theorem [4

Proof of Theorem[f} We will show that the set { K}~ is linearly independent in C,
where [y is the positive integer defined in Lemma Assume, by contradiction, that
there exist nonzero ayq, ..., «ay such that the knot ﬁiLzloziK 1, 1s slice, where each [; > [
and are ordered such that I; > [;_;. Recall that for torus knots the signatures o,
can be described explicitly ([Lit79]). In particular o, (Ky) # 0 for [ sufficiently large.
Choose h > [, such that o,, (Ky) # 0. By Lemma [5.5[ we have

L
0= Owy, (ﬁiLzlaiKli) = Ouw, (K()) Z&i'
i=1
It follows that oy + - -+ 4+ a7, = 0. Now set k = [;,. Again, by Lemma [5.5, we have
L—1
0= ka(ﬂiLzlaiKli) = Ouwy, (KlL)aL + 0wy (KO) Z Q.
i=1

The two equalities imply o, (K;, ) = 0, (Ko) which contradicts Lemma |5.5| O
Theorem 4| together with Propositions|5.2|and [5.3[shows that ker(3) contains a free

and infinitely generated subgroup. In order to get a Z> summand we need a slightly
different family of knots.

Proof of Corollary[j. Consider the family of homomorphisms {%% }isi, as in Lemma
5.5, This gives a homomorphism

_ 0 1 1
g ker(f) — 72> K}—)(§awl0+1(K),...,§awl0+k(K),...).

In order to conclude the proof it suffices to show that & is surjective. It would then
follow that we have a short exact sequence 0 — kerg — kerf — Z*° — 0, and
since Z*> is free abelian the sequence splits. For this purpose, consider the knots
Jn = K, — Ky with n > [;. By Lemma [5.5, we have

1

E(Jn) - 5( wzo+1<Kn) - 0w10+1 (K(])? s 70w10+k (Kn) - Uw10+k (K(])? s )

n—lo
—
=+(1,...,1,0,0,...).

Here we use the fact that o, (K,) = 0,,(Ky)£2 for all | < n, and that the sign of the
+2 is constant for fixed n. Hence we can arrange that &(J, & J,—1) maps to e, _,,
where e,,_;, is the (n —ly)-th element of the standard basis of Z>, and this concludes
the proof. O



[Aucl4]

[CGS6]

[CHS1]
[Cha07]
[Dons7]
[FQ9O]
[Fres?]

[FS84]

[FS90]
[Fur90]

[GorT78]

[GSS0]
[HKL16]
[HLR12]
[KL14]
[Lis07a]
[LisO7b]

[Lit79]

[LM15]
[Man16]

[Mat78]

[Mon75]

KNOT CONCORDANCE AND HOMOLOGY SPHERE GROUPS 13

REFERENCES

David Auckly, Two-fold branched covers, J. Knot Theory Ramifications 23 (2014), no. 3,
1430001, 29. MR 3200493

A. J. Casson and C. McA. Gordon, Cobordism of classical knots, A 1la recherche de la
topologie perdue, Progr. Math., vol. 62, Birkhduser Boston, Boston, MA, 1986, With an
appendix by P. M. Gilmer, pp. 181-199. MR 900252

Andrew J. Casson and John L. Harer, Some homology lens spaces which bound rational
homology balls, Pacific J. Math. 96 (1981), no. 1, 23-36. MR 634760

Jae Choon Cha, The structure of the rational concordance group of knots, Mem. Amer.
Math. Soc. 189 (2007), no. 885, x+95. MR 2343079 (2009¢:57007)

Simon K. Donaldson, The orientation of Yang-Mills moduli spaces and 4-manifold topology,
J. Differential Geom. 26 (1987), no. 3, 397-428. MR 910015

Michael H. Freedman and Frank Quinn, Topology of 4-manifolds, Princeton Mathematical
Series, vol. 39, Princeton University Press, Princeton, NJ, 1990. MR 1201584

Michael H. Freedman, The topology of four-dimensional manifolds, J. Differential Geom.
17 (1982), no. 3, 357-453. MR 679066

Ronald Fintushel and Ronald J. Stern, A p-invariant one homology 3-sphere that bounds
an orientable rational ball, Four-manifold theory (Durham, N.H., 1982), Contemp. Math.,
vol. 35, Amer. Math. Soc., Providence, RI, 1984, pp. 265-268. MR 780582 (86f:57013)

, Instanton homology of Seifert fibred homology three spheres, Proc. London Math.
Soc. (3) 61 (1990), no. 1, 109-137. MR 1051101

Mikio Furuta, Homology cobordism group of homology 3-spheres, Invent. Math. 100 (1990),
no. 2, 339-355. MR 1047138 (91c¢:57039)

Cameron McA. Gordon, Some aspects of classical knot theory, Knot theory (Proc. Sem.,
Plans-sur-Bex, 1977), Lecture Notes in Math., vol. 685, Springer, Berlin, 1978, pp. 1-60.
MR 521730

David E. Galewski and Ronald J. Stern, Classification of simplicial triangulations of topo-
logical manifolds, Ann. of Math. (2) 111 (1980), no. 1, 1-34. MR 558395 (81£:57012)
Matthew Hedden, Se-Goo Kim, and Charles Livingston, Topologically slice knots of smooth
concordance order two, J. Differential Geom. 102 (2016), no. 3, 353-393. MR 3466802
Matthew Hedden, Charles Livingston, and Daniel Ruberman, Topologically slice knots with
nontrivial Alexander polynomial, Adv. Math. 231 (2012), no. 2, 913-939. MR 2955197
Se-Goo Kim and Charles Livingston, Nonsplittability of the rational homology cobordism
group of 3-manifolds, Pacific J. Math. 271 (2014), no. 1, 183-211. MR 3259765

Paolo Lisca, Lens spaces, rational balls and the ribbon conjecture, Geom. Topol. 11 (2007),
429-472. MR, 2302495 (2008a:57008)

, Sums of lens spaces bounding rational balls, Algebr. Geom. Topol. 7 (2007), 2141—
2164. MR 2366190 (2008m:57018)

Richard A. Litherland, Signatures of iterated torus knots, Topology of low-dimensional
manifolds (Proc. Second Sussex Conf., Chelwood Gate, 1977), Lecture Notes in Math.,
vol. 722, Springer, Berlin, 1979, pp. 71-84. MR 547456

Kyle Larson and Jeffrey Meier, Fibered ribbon disks, J. Knot Theory Ramifications 24
(2015), no. 14, 1550066, 22. MR, 3434552

Ciprian Manolescu, Pin(2)-equivariant Seiberg- Witten Floer homology and the triangula-
tion congjecture, J. Amer. Math. Soc. 29 (2016), no. 1, 147-176. MR 3402697

Takao Matumoto, Triangulation of manifolds, Algebraic and geometric topology (Proc.
Sympos. Pure Math., Stanford Univ., Stanford, Calif., 1976), Part 2, Proc. Sympos. Pure
Math., XXXII, Amer. Math. Soc., Providence, R.I., 1978, pp. 3-6. MR 520517 (80e:57019)
José M. Montesinos, Surgery on links and double branched covers of S3, Knots, groups,
and 3-manifolds (Papers dedicated to the memory of R. H. Fox), Princeton Univ. Press,
Princeton, N.J., 1975, pp. 227-259. Ann. of Math. Studies, No. 84. MR 0380802



KNOT CONCORDANCE AND HOMOLOGY SPHERE GROUPS 14

[OS03]  Peter Ozsvath and Zoltédn Szabd, Absolutely graded Floer homologies and intersection forms
for four-manifolds with boundary, Adv. Math. 173 (2003), no. 2, 179-261. MR 1957829

[Tri69] Andrew G. Tristram, Some cobordism invariants for links, Proc. Cambridge Philos. Soc.
66 (1969), 251-264. MR 0248854

ALFRED RENYI INSTITUTE OF MATHEMATICS, BUDAPEST, HUNGARY
E-mail address: aceto.paolo@renyi.mta.hu

MICHIGAN STATE UNIVERSITY, EAST LANSING, MICHIGAN
E-mail address: larson@math.msu.edu



	1. Introduction
	Acknowledgements

	2. Background
	3. Preliminaries on integral lattices and lens spaces
	4. Homology spheres and lens spaces
	5. The double branched cover homomorphism
	References

