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The purpose of the present paper is to introduce two subclasses of p-valent functions by using the integral operator and to investigate

various properties for these subclasses.

1. Introduction

Let &/(p) denote the class of functions of the following form:

f@=2"+Y a2, (peN={123.}),
j=1

which are analytic and p-valent in the open unitdiscU = {z €
C : |z| < 1}. Let 2, (p,y) be the class of functions g analytic

in U satisfying g(0) = p and
2 — .

J %‘d@skm (z=re’9;k22;03y<p).
0 Y

2)

The class &, (p,y) was introduced by Aouf [1] and we note
the following:

(i) the class P (1,y) = P (y) was introduced by Pad-
manabhan and Parvatham [2];

(ii) the class 2(1,0) =
(315

(iii) P, (p,y) = P(p,y) is the class of functions with pos-
itive real part greater thany (0 <y < p);

(iv) P,(1,y) = P(yp) is the class of functions with positive
real part greater thany (0 <y < 1);

(v) 2,(1,0) = &P
real part.

P, was introduced by Pinchuk

is the class of functions with positive

From (1), we have g € 2, (p,y) if and only if there exists
91> 9, € P(p,y) such that

g(z)=<§+%>91(2)—(l4f——>gz( ), (zel). (3)

It is known that [4] the class 2 (y) is a convex set.

Motivated essentially by Jung et al. [5], Liu and Owa [6]
introduced the integral operator Qg)P A (p) = d(p) (a >
0; B> —p; p € N) as follows:

Q,f (2
(Pl ) 5[0 2 s oo,

f(2) (=0).

(4)

For f € d/(p) given by (1) and then from (4), we deduce that
ITa+ﬁ+p)§:I%ﬁ+p+ﬂ e
T(B+p) ST (a+prpr)) P°

(a=0;8>-p).
(5)

Qg pf (2) = 2P+

It is easily verified from (5) that (see [6])

Q@) = (a+ B+ p) QL f (&)~ (ot B QG f ().
©)
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We note that (i) the one-parameter family of integral operator
Qg = Qp was defined by Jung et al. [5] and studied by Aouf

[7] and Gao et al. [8].
(ii) Consider

c+p

QS @ =Ey (@=L [ f@dr (> -p),

(7)

ZC

where the operator F_, is the generalized Bernardi-Libera-
Livingston integral operator (see [9]).

We have the following known subclasses §.(p,y) and
G (p,y) of the class Z(p) for 0 < y, 5 < p, and k > 2 which
are defined by

scpn={reap): L eo,(op.zen}.
(/')
G (py)=1fed(p): NIt P (p,y),z €Ut

(8)

Next, by using the integral operator Qf ,, we introduce
the following classes of analytic functions for 0 < y < p and

k>2:
S (posy) = {f e (p): Qs ,f (@) € S (1)}
G (pasy) ={f e 4 (p): Q5,f (2) € Gy (p.y)}

We also note that

€)

fe@ipan) =L espan.

In particular, we set (1, a5 p) = Si(o;y) and G (1, a5 9) =

G (o p).
The following lemma will be required in our investigation.

Lemma 1 (see [10]). Let u = uy + iu, and v = v, + iv, and let
W(u,v) be a complex-valued function satisfying the following
conditions:

(i) Y(u,v) is continuous in a domain D € C%;
(ii) (0,1) € D and ¥(1,0) > 0;
(iii) R{Y(iu,,v,)} > 0 whenever (iuy,v,) € D and v; <

-(1/2)( + u3).

Ifh(z) = 1+ ¢z +6z" +--- is analytic in U such that
(h(2),zH (2)) € D and R{¥(h(z),zh (2))} > 0 forz € U,
then R{¥(h(z), zh'(2))} > 0 in U.

Lemma 2 (see [11]). Let p(z) be analytic in U with p(0) = a
and R{p(z)} > 0, z € U. Then, fors > 0and u € C\ {-1},

R {p(z) + ;Z(IZ’) (fL} >0, (lzl<r), (1)
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where 1, is given by

_ | +1]
\/A + (A2 |2 —1])"?

7o A=2(s+1)7+ I[/l|2 -1,

(12)
and this radius is the best possible.

Lemma 3 (see [12]). Let y be convex and let g be starlike in U.
Then, for F analytic in U with F(0) = 1, ((y = Fg)/(y * g)) is
contained in the convex hull of F(U).

In this paper, we obtain several inclusion properties of
the classes & (p,a;y) and E(p,«;y) associated with the

operator Qf .
2. Main Results

Unless otherwise mentioned, we assume throughout this
paperthatk >2,0>0,8>0,0<y < p,and p e N.

Theorem 4. One has

Sk(pa+ly) c Si(pay). (13)

Proof. We begin by setting

z(QgJ;f(z)),
— Pr = — h
ng;)lf (Z) (p Y) (Z) + Y

k1
(5D G-nm@en W

ko1
-(§-3)1-nm@ .
where /; is analytic in U with /;(0) = 1,i = 1,2. Using the
identity (6) in (14) and differentiating the resulting equation
with respect to z, we obtain

2(Q5, 1) {
Ot flz) ~y)h
«fo |7 (P-1)h()
(p-v)2h (2)
(P—V)h(2)+y+a+/3} € P (py)-
(15)
This implies that
zhi (2) N
h; (z) + G- @y arp €eP, (zelU;i=1,2).
(16)

We form the functional ¥(u, v) by choosing u = h;(z) and
Y= zh; (2):

v

(p-Vuty+a+p

Y (u,v)=u+ (17)
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Clearly, the first two conditions of Lemma 1 are satisfied.
Now, we verify condition (iii) as follows:

m{w(iuz,vl)}:m{(p_y)iuzviy+oc+ﬁ}

(18)
(y+oc+ﬁ)(l+u§) 0
<0.
2[(p-7)'u3 + (y+a+p)]
Therefore applying Lemmal, h; € % (i = 1,2) and

consequently h € &, for z € U. This completes the proof
of Theorem 4. O

Theorem 5. One has

G (pa+Ly) cCr(posy). (19)
Proof. Applying (10) and Theorem 4, we observe that

feC(pa+ly)
! !
= % € Sc(pa+ Ly = % € Se(pasy) (20)

= feC(pay),
which evidently proves Theorem 5. O

Theorem 6. If f € S, (p,a;y), then F, p(f) e Sip o
y) (¢ > 0), where the generalized Libera integral operator F, ,
is defined by (7).

Proof. Let f € $(p,a;y) and set

2(Q,Fep (1) (@)
Qg,pFC,p (f) (Z)

=(p-y)h(2)+

=<§+§ﬁuhywmw+w
-(§-3)1-nm@ e,

4

(21)

where h is analytic in U with 4(0) = 1. From (21), we have
Qe (@) = (4 p) QG pf () - <QfFop (1) (2).
(22)

Then, by using (21) and (22), we obtain

Q,f @

PG, (@

Taking the logarithmic differentiation on both sides of (23)
with respect to z and multiplying by z, we have

1 (AQr@)
p-v v

Qs ,f (2)
=h(z)+

(p-y)h@ +y+c  (23)

(24)
zh (2) .
(p-y)h@E@) +y+c

This implies that

zhl{ (2)
{hi(z)Jr (p-y)hi(2)+y+c

} €eP, (zelUi=12).
(25)

We form the functional ¥ (u, v) by choosing u = h;(z) and
V= zh£ (2):

b

Ywuvy=u+ - ——.
(p-y)uty+c

(26)

Then clearly W(u, v) satisfies all the properties of Lemma 1.
Hence, h; € & (i = 1,2) and consequently h € 9, for z €
U, which implies that Fc,p(f) € Si(p, o). L]

Next, we derive an inclusion property for the subclass
(o y) involving F_ ,(f), which is given by the following
theorem.

Theorem 7. If f € € (p,a;y), then F. ,(f)
y) (c = 0), where F cp i defined by (7).

€ Cgk p, (644

Proof. By applying Theorem 6, it follows that

!

z
fE%@mw¢¢%e&@mw

!
=:a4%)e&@ww

(by Theorem 5) (27)
!
z( F,
— L) g, iy
p
= F,(f) € G (pasy),
which proves Theorem 7. O

Theorem 8. If f € G (p,a + L;y), for z € U, then f €
@ (pasy) for

|+ 1]
A+ (42 - 2 -1

where A = 2(s + 1)*+|ul* =1, with u = ((y+a+p)/(p—y)) # -
and s = (1/(p — y)). This radius is the best possible.

|z| <1y =

(28)

Proof. Let f € G (p,a + 1;) for z € Uand let

Qi f(2))

@@ =(p-y)h(@)+y

k 1
-5 D) e-nm@n @

‘(IZC - —){(p V) (2) + 7}



where h; is analytic in U with k;(0) = 1 and R{h;(z)} > 0 for
i = 1,2. Using the identity (6) in (29) and differentiating the
resulting equation with respect to z, we obtain
!
1| #(Q,f @)
p-vy 50 (2)

(1/(p-y)) zh' (2)
h@+((y+a+B)/(p-v)

-(5+3) {hl A (z)(j/(éﬁ _— ;;)l;/((i— y))}

(&2 s
(1/(p - ) zhy (2) }

@+ ((yra+B)/(p-7))
(30)

where R{h;(z)} > 0 fori = 1,2. Applying Lemma 2 with s =

(y+a+pB)/(p-y)andpu=((y+a+pB)/(p-y)+ —1,we
get

=h(z)+

ER{hi(z)+ (1/(p-))zh; (2) }>0

hi@)+((y+a+B)/(p-v))

for |z| < 7,

(31)

where r, is given by (28). This completes the proof of
Theorem 8. O

Theorem 9. Let ¢ be a convex function and f € §,(e; 7).
Then G € §,(a;y), where G = ¢ * f.

Proof. Let= ¢ * f.Then
Qs,G(2)=Qp, (¢* f)(2)=¢(2) Q5 ,f(2). (32)

Also, f € 8y(a;y). Therefore, Qg , f € 8,(y). By logarithmic
differentiation of (32) and after some simplification, we
obtain

2(Q2,G(2) ¢+ F@)Q,f(2)
pQ;,G2)  $(2)*Qf f(2)
where F = Z(Qg,pf(z))l/PQz)Pf(z) is analytic in U and

F(0) = 1. From Lemma 3, we can see that z(Qg’PG(z))'/
pQ%,PG(z) is contained in the convex hull of F(U). Since

z(Qg,pG(z))’/ pQE,PG(z) is analytic in U and

2@ @)
pQ,w(2)

(33)

>

FU)=Q= e2() ¢ (34)

then 2(Q} ,G(2))'/pQf; ,G(2) lies in Q; this implies that G =
¢ fedwy). ]

Remark 10. Putting p = 1 in the above results, we obtain
corresponding results for the operator Qg.
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