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Abstract

An error correction model is specified having only exact identified parameters, some of
which reflect a possible departure from a cointegration model. Wald, likelihood ratio,
and Lagrange multiplier statistics are derived to test for the significance of these
parameters. The construction of the Wald statistic only involves linear regression, and
under certain conditions the limiting distribution of the Wald statistic differs from the
limiting distributions of the likelihood ratio and Lagrange multiplier statistics. A special
ordering of the variables is recommended so that equal limiting distributions of the three
different test statistics are obtained. The applicability of the derived testing procedures is
illustrated using real demand for money, real GNP, and bond and deposit interest rates
from Denmark.
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1. Introduction

Recently, several models and estimation methods have been introduced for
the analysis of multivariate economic time series where each of the individual

* Corresponding author.

We are indebted to Peter Boswijk, Soren Johansen, and Katarina Juselius for their valuable
comments and suggestions which significantly improved the initial manuscript. We also like to
thank Rob Engle, Clive Granger, Cheng Hsiao, Andre Lucas, Francoise Maurel, Neil Shephard,
Bent Sorensen, Jim Stock, two anonymous referees, and other participants of seminars at Brown,
CENTER, CORE, Harvard, INSEE, Oxford, USC, and the Universities of Kopenhagen, Michigan,
Pennsylvania, and San Diego for other comments and discussion.

0304-4076/94/807.00 © 1994 Elsevier Science B.V. All rights reserved
SSDI 030440769301561 Y



62 F. Kleibergen, H.K. van Dijk/Journal of Econometrics 63 (1994 61-103

series exhibits a possibly nonstationary character but a linear combination may
be stationary (see, e.g., Box and Tiao, 1977, Engle and Granger, 1987; Stock
and Watson, 1988; Boswijk, 1990; Johansen, 1991a, b; and Phillips, 1991). The
distinction between the nonstationary individual series and the stationary lincar
combinations of these series is especially relevant for long-term prediction
purposes. Examples of series which may be nonstationary individually and may
behave stationary as linear combinations are long- and short-term interest rates
(see Engle and Granger, 1987) and real demand for money, real GNP, and
interest rates (see Johansen and Juselius, 1990).

The methods for analysing possibly cointegrated time series differ in several
aspects. There are methods (Engle and Granger, 1987; Boswijk, 1990) which are
based on single-equation analysis, while others (Box and Tiao, 1977; Stock and
Watson, 1988; Johansen, 1991a; Phillips, 1991) make use of a complete system
analysis. The distinction between testing for cointegration in single equations or
multiple equations is crucial because in multiple-equations analysis one has to
overcome a certain identification problem. The methods in the literature which
test for cointegration in multiple-equations systems rely on ‘data-parametric
techniques’ as principal components and canonical correlations. The method
proposed in this paper solves the identification problem by a parametric
restriction on the unknown parameters of the equation system (see Kleibergen
and van Dijk, 1993a). The exact identification of the equation system parameters
allows one to find Maximum Likelihood (ML) estimators and perform the
likelihood-based testing procedures, i.e., Wald, Likelihood Ratio, and Lagrange
Multiplier. The cointegration testing procedure is based on the addition of
parameters to a cointegrating Error Correction Model and testing the signifi-
cance of these additional parameters. The cointegration tests are therefore
related to the *Error Correction Tests’ referred to by Davidson et al. (1978).

The contents of the paper are organized as follows. In Section 2 the parametric
specification of a possibly cointegrating Error Correction Model is introduced.
Wald, Likelihood Ratio (LR), and Lagrange Multiplier (LM) statistics to test
the null hypothesis of cointegration against the alternative of stationarity are
constructed in the third section. In Section 4 the limiting distributions of the
different parameter estimators and test statistics involved in the construction of
the Wald statistic are discussed. It is shown that the regression-based cointegrat-
ing vector estimator has a biased limiting distribution and that the limiting
distributions of the regression-based cointegrating vector estimator and the
Wald statistic change when there is a certain rank deficiency in the long-run
multiplier matrix of the data-generating process. Apart from these limiting
distributions, a test procedure which allows for sequential testing for the number
of cointegrating relationships using the Wald statistic is constructed. The
importance of Granger long-run causality which affects the interpretation of
certain outcomes is discussed, and to prevent these interpretation issues, the
series are suggested to be ordered according to their Granger long-run causal
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relationships. The fifth section contains the limiting distribution of the LM
statistic which is equal to the limiting distribution of the LR statistic. It is also
shown that the equality of the limiting distributions of the Wald, LR, and LM
statistics for cointegration testing does not always hold. In Section 6 the
cointegration testing procedures are applied to the Danish series of real demand
for money, real GNP, and bond and deposit interest rates for which another
cointegration study by Johansen and Juselius (1990) exists. The sensitivity with
respect to the chosen variable ordering and test statistic is investigated for these
series. The seventh section concludes.

We end this introduction with a notational remark. To save on indices, the
data series are depicted as row vectors in the formulas contained in this paper.
Also the common expression for the long-run multiplier af’ is replaced by fa,
where f stands for the cointegrating vectors.

2. Specification of a parametric error correction model

Cointegration in Vector AutoRegressive (VAR) models amounts to a rank
deficiency of the long-run multiplier matrix, which is defined as the sum of
different parameter matrices (see, e¢.g., Engle and Granger, 1987). A class of
models which is observationally equivalent with the standard VAR models and
for which the long-run multiplier is directly estimable is the class of Error
Correction Models (ECM). When there is cointegration, the ECMs are only
defined in terms of stationary variables which is another attractive property.
A standard formulation of a pth-order k-dimensional ECM (see, e.g., Johansen,
1991a) reads

Ax I (Ly=c+td+ x,-, 1T+ ¢, t=1,...,T, (1)
p-1
r@=1I— Y =T, @
i=1
where x,, 1 = 1,..., T, denotes a 1 x k row vector of time series generated by the

ECM.

The cointegration literature focuses on the parameter matrix II because,
assuming that all roots of the implicit VAR polynomial lie outside the unit circle
or are equal to 1.0 (nonexplosive finite cyclical behaviour), the nonstationary
character of the analysed series x, is determined by I1. If the rank of IT is equal to
r which is less than k, the implicit VAR polynomial contains k — r unit roots and
IT can then be specified as the product of two full-rank &k x r matrices,

I = fa, B,as kxr. (3)

The time-series x, are said to be cointegrated with cointegrating vector f, if
0 < r < k. Cointegration implies that the variables X, are nonstationary while
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the variables X, are stationary (see Engle and Granger, 1987). Because the
number of parameters in fu (2kr) does usually not equal the number of param-
eters in IT (k?), one is confronted with an identification problem when testing
for the number of cointegrating vectors or estimating the cointegrating vectors.
The methods proposed in the literature so far overcome this identification
problem in the manner outlined in the introduction. An alternative manner to
overcome the identification problem is by choosing a suitable decomposition of
the long-run multiplier IT (see Kleibergen and van Dijk, 1993a). The resulting
specification of I is strictly parametric and allows for the construction of the
likelihood-based cointegration testing principles — Wald, LR, and LM. This
model specification is closely related to the incomplete simultaneous-equations
model (see Kleibergen, Urbain, and van Dijk, 1993). The likelihood analysed by
Johansen (1991a) is also similar to the likelihood resulting from an incomplete
simultaneous-equations model which shows that the result is quite natural. The
decomposition of IT reads

_ | L 0 %
N L . I

:[ X1t %12 ], (5)
— Baotyy = Baotia + 22

where B, (k — ryxr, xy: rxr, ay; rx(k—r), ozy (k~r)x(k—r) are all
unrestricted.

When «,, =0, IT has a lower rank value and the specification of IT = fx is
similar to the specifications used before with 8 = (I, — 5) and a = (a;; %;2).
When «,, # 0, the interpretation of § does not correspond with a cointegrating
vector. Tests for the number of cointegrating vectors can be performed by
testing whether «,, = 0 for different values of .

When [7;; has full rank, there is a one-to-one correspondence between the
elements of IT and 4, f§, and ML estimators of the parameters of x and 8 can be
obtained from the ML or Ordinary Least Squares (OLS) estimators of I1,

= (6)

ﬁ_[qu 1?12]: OA(11=Aﬁ11: A&IZZﬁIZL .
H?_l 11, ,322 _Hzlnfxly &22=H22—H21H1‘11le.

Estimators of the parameters of « and S can also be constructed using
a two-step procedure. In the first step of this procedure, an estimator for the
cointegrating vector is constructed. In the second step, the estimated cointegrat-
ing vector, ﬁz, 1s used to determine the difference between the estimated model
and a cointegration model. The two-step procedure also shows the change in
interpretation which occurs with respect to some of the deterministic compo-
nents once unit roots are assumed to be present.



F. Kleibergen, H.K. van Dijk/Journal of Econometrics 63 (1994) 61103 [N

(1) Estimate

AX, = 1¢; + tdy + ZI; + (X, xz)_,,[gﬂ + &
=70 + (X, + X [y ap) , + weqary + tdyogy Jogy + &
=ZI + [(X) — Xof2)-p— tpq — 7]y, + &1 (7)
Construct
fr= — My 01, o= — &AL, 8= —dIT), &y =M,,. (8)

{2) Estimate

i
AX, = 1cy + 1ds + ZT5 + (X, XZ)AP[sz:I .
22

= Z0 + [(Xy = X2B2)_p — thy — 10Ty + 1(cy + f112412)
+1(ds + S1y2) + (X3)_p(Taz + Batis) + &2
= ZT; + [(X) = X2f2)_p— 1ty — 8]y + tley — &13710052)
+ 1(dy ~ dyitens) + (X2)- T2z — 21811 ar2) + &3
= ZI; + [(X1 — X2B2)p— 1ty — 16, Joyy + 111z + 76,
+ (X3)-p%2 + &2, 9

where Z=(dX ;.. 4X -, r=0.. 1), t=010...T), X=X, X3} e=
(61 &) €1, X1 Txr; g5, X5 Tx(k~r). When a,, =0, the constant term
parameter in the second set of equations, u,, has the interpretation of a linear
growth term parameter, while the trend parameter, §,, measures the ‘quadratic
growth’. More generally, the deterministic components estimated in the second
step induce deterministic behaviour which is of a higher order when «;; = 0,
while the deterministic components estimated in the first step, {3, o), still have
the same kind of interpretation. The subtle interpretation of the different
deterministic component parameters can also be obtained by constructing the
implied vector moving average representation of X, when a,, = 0.

Theorem [. When p=1 and %,, = 0, the implied Vector Moving Average
(VM A) representation of the system equation (1) becomes

t
Xt:C+tD+t2E+ Zgli(ﬁz Ik.,r)‘+‘U11P(L), (]O)
=1

1
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where
C=(—y I, — &)U, — D1) a2 + X20) (B2 i)
+ G + Y, — DN, — &))" + Wod40),
D= (uy + i, — @1) gy + 302) (B2 L)) + (8, 0),
E = 30282 -,
Vo= —0dip,,

=1 t-n-1 1—1
vi P(LYy= ) vin ), @ oafr Iy) + ( > vi-i P 0>,
n=1 =0 i=0

Dy = (I, + a1, — a12f8,),
W1 =011, + %y — 22f2) — 12f,

Vi, = ey — €282

PrOOf Respecify the ECM, AX, :(Xlt_XltﬂZ — My — 151)(111a12)+
120 I, _,) + 1650 I, _,) + ¢,, as the observationally equivalent invertible VAR
model, (X1, — X2z — p1 — 101) AX) (I — L((®7 0 (%2 0)) = (Y1 p)
+ t(f; 63) + (vy, £2,), and invert this latter model to obtain the VMA specification.

3. Likelihood-based cointegration test statistics

In the proposed parametric cointegration model, tests for cointegration with
r cointegrating vectors (k — r unit roots) correspond with testing the hypothesis
Hy: 2,5 = 0 against the alternative hypothesis of stationarity H,: 2,, # 0. Given
that the hypothesis only concerns a directly estimable parameter, we can apply
the three likelihood-based testing principles, i.e., Wald, LR, and LM, for testing
the hypothesis of cointegration versus stationarity. Except for certain specific
conditions, each of the three different testing procedures leads in large samples
to the same kind of inference. We proceed with the construction of each of the
three different test statistics.

First, the Wald statistic for testing for cointegration is constructed. A general
formula of the Wald statistic to test the hypothesis Hqy: 8 = 6, against Hy: 0 # 0,
(see Engle, 1984) reads

tw = (0 — 00)1(0)(0 — 0). (11)

where AI(é) stands for the information matrix evaluated in the ML parameter
point ). The model for testing the cointegrating relationships has an one-to-one
correspondence with the linear ECM. When the disturbances ¢,,t = 1,..., T, are
independently normally distributed with mean zero and covariance matrix
Q (which is assumed throughout the whole paper), the information matrix of the
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parameter [T in the ECM reads
Iivee(IT) = (Q7'®X' , Mg w)X ), (12)

where My =1, — V(V'V)" 'V, Q=T "AX'My w x ,AX, W=( 1), and
V' =(Z W). The information matrix of the transformed parameters can be
obtained by constructing the quadratic form of the Jacobian matrix of the
transformation of the original parameters towards the transformed parameters
with respect to the information matrix of the original parameters,

£ (T IO _ (o ' (FInln(0)) (O
S P\aver ) \av on oy J\o¢
_(ony on
= (ae'> ’(”(0))<aa'>' (13)

The Jacobian matrix of the transformation from (vec(Il,;) vec(ll,,)
vec(IT,,) vec(Il;;)') to (vec(ayy) vec(ay ;) vec(f,) vec(as,)) (see Magnus and
Neudecker, 1988, for details on matrix differential calculus) reads
vec(lly,) veclIly,) vec(Il, ) vec(Il,,))

O(vec(xy () vec(oy,) vec(f,) vec(as,)')

10)

J1,poy = 2

1, 0 0 0
— 0 | (P 0 0 ) (14)
—(IL,®f2) 0 — (0 @1y -,) 0
0 =, ®B2) —@102®L-) Th-nu-n

The information matrix of the parameters («;, % 5. 8. ®»,) can be obtained by
constructing the quadratic form of the Jacobian matrix in (14) with respect to
a slightly respecified information matrix (12), which has to be respecified because
the ordering in vec(IT) does not correspond with the ordering used to construct
the Jacobian matrix. The information matrices of the different parameters a,,
%12, B, and «;, can then be constructed from the joint information matrix by
calculating the inverses of the diagonal blocks of the inverse of the joint
information matrix (partioned inverses),

1(5(11) = (éf1l®(x1),—pM(z w (xz),,,)(Xl)—p) = 1(1:111)~ (15)
1(&12) = (QE21®(X1)L[JM(Z w (XZ;,I,)(Xl)—p) = I(nlz)s (16)
1(/))2) = (92/1191711&11®(X2)LpM12 w (Xl’xzﬂz)fp'(XZ)fp)’ (a7

1(0222)= —&;11&12 /é —ifllilz !
Ik*r Ik*r

®(X5)" Mg w (Xlxz/lzj,,)(XZ)p>v (18)
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Where éll = T_lAXllM(Z w X_p)AXl and ézz = T_IAXEM(Z w X_p)AXZ' The
Wald statistic to test the hypothesis of r cointegrating relationships, Hy: a5, = 0,
against Hy: «,, # 0 then becomes

tw = vec(da2)'T(d22) vec(dss)

- tr - &1_11&12 lé - &;11&12 ot
Ik*r Ik—r

X 85, (XZ)I—pM(Z w (X1X2B2)_p)(X2)p&22:|

_a-1p N R Sl B -1
—tr Atz gl Tt ) e e |, (19)
Ik—r Ik‘r

where &, are the residuals from the second set of (k — ) equations when a5, # 0
and &, are the residuals when a,, = 0. The formula in (19) shows close resem-
blance with the well-known F statistics in the general linear model and only
differs from these F statistics in the sense that a different covariance matrix is
used to account for the uncertainty of f§, used in the second set of equations.

The likelihood ratio statistic is straightforward to calculate and equals the
Johansen trace statistic (Johansen and Juselius, 1990). Given normally distrib-
uted errors, one can derive that the LR statistic is equal to

e = T In[1Q/12]], (20)

where Q=T 'AX'M(; w x1-xpy_AX and B, is estimated using the ML
estimator of 8, when a,, = 0. We note that the ML estimator of f, when
®,, = 0 cannot be constructed by means of linear regression. It needs to be
calculated using some other technique like for example canonical correlations
(see Johansen, 1991a).

The Lagrange multiplier statistic for testing for cointegration is somewhat
more difficult to construct analytically than the LR statistic. A standard formula
of the LM statistic to test the hypothesis Hq: 8 = 6, against H: 6 # 8, (see
Engle, 1984) reads

0 Inl(8y) | |0 Inko
rLM{’;;)] 160,) [*%)} @1)

The information matrix of a», used in (21) has to be constructed in a different
manner than the information matrix in (18) because a5, = 01in (21). The suitable
information matrix of «,, for (21) is proportional to the information matrix of
a parameter o, stemming from an auxiliary regression of &, on (X ,}_ ,, where &,
are the residuals of the second set of (k — r) equations resulting from the
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estimated ECM with «,, = 0. The information matrix of «,, reads

1(35) = (@37 X2 oMz w x,-x:80_)(X2)- ), (22)
0 Inl(ay; = 0) , .
mz:cz—z)’ = vec[(X2)" p M@ w x,~x:p0- p4X 22321 (23)

The LM statistic for testing for r cointegrating relationships then becomes
fim = tr [éleAxle(z w (x,—x2ﬂ2)_,,)(X2)—p
XX -y Mz w o, - x50 N X2)-p) (X))
XMz w (xpxzﬂz),p)AXz]
= T[tr Q5,122 — 222)]
= T[(k — 1) — tr(@37Q22)], (24)

where !522 =T 'UXMz w Xy - X8, 4 X2 and B, is estimated using ML for
both equations simultaneously under the assumption that «,, = 0. As shown
in (24), the LM statistic can be computed from an auxiliary regression of (X ;) _,,
on &,.

For most stationary models it is known that the limiting distributions under
H, are the same for the Wald, LR, and LM statistics (see Engle, 1984). In the
following sections each of the test statistics is discussed in more detail, and it is
shown that the LR and LM statistics have equal limiting distributions under H,
while the limiting distribution of the Wald statistic is different when the de-
composition in (4) is invalid, i.e., when I, has lower rank.

4. Wald statistic using two-step estimators

The construction of the Wald statistic (19) exactly follows the two-step
estimation procedure (7)—(9). At first the cointegrating vector including the
optional deterministic components is estimated using the first set of equations.
Conditional on the estimated cointegrating vector (including its deterministic
components), in the second step the departure from a cointegration model is
estimated. Since the different estimators and test statistics are constructed in two
distinct steps, we discuss the convergence behaviour of the estimators and test
statistics for each step separately.

4.1. Limiting behaviour of the two-step cointegrating vector estimator
The limiting behaviour of the two-step cointegrating vector estimator is

discussed for four different Data Generating Processes (DGP). These four
DGP’s cover the cases that a cointegrating vector is estimated while (i) the
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process is stationary, (ii) the process is cointegrated and a;; has full rank,
(iii) the process is cointegrated while «;; = 0, and (iv) the process is difference-
stationary.

(i) If the process is stationary, standard asymptotic theory can be applied.

lim TY2(fT — M) =n0, Q0™ ", Q= lim T X" Mg wX_, (25
where = indicates weak convergence (see Billingsley, 1968); in fact, the conver-
gence behaviour is even somewhat stronger as indicated here. The cointegrating
vector estimator f,( = — [1,,11,}) equals the ratio of two estimators, both of
which have a normal limiting distribution. We note that the asymptotic theory
to be applied to the cointegrating vector estimator f, is identical to the
asymptotic theory developed by Phillips (1989) to describe the limiting behavi-
our of the estimators in an incomplete simultaneous-equations model. When
I1,, has full rank, the limiting distribution of f, becomes

lim TV2(F, + My 15 =000, 117" Q0 1T @3, (26)
where Py = limy. . T Y (X2)" )Mz w (x, - x,)_ (X2) . It follows from Phil-
lips (1989) that certain linear combinations of f§, converge to noncentral Cauchy
distributed random variables when 11, has a lower rank value. The expression

for the convergence behaviour of 8, when Ty =0 (I1,;, = — B,0,, = 0) reads
lim f, = n(0, 24, ®Q::1)M0. 21, ®Q; 1) 27)

where Q;; ; = Q;; — 0,;Q,;' Q- and the two normal distributed random variables
are of course not independent. Because of the correlation between the two
normal distributions, f§, converges to a noncentral Cauchy distribution. Note
that I1,, =0, I1,; = 0 implies a lower rank value of IT and consequently
cointegration. The limiting distribution in (27) refers to a stationary model,
however. Thus, it does not correspond with the case IT1,; =0, IT,; = 0. The
importance of a full rank value of I1, is, however, most easily understood under
stationarity, and from the stationary case it can be extended to the case of
nonstationarity (see below).

(i) Under nonstationarity the asymptotic results become somewhat more com-
plicated and amongst others depend on the deterministic components which are
present in the DGP and the estimated model. The asymptotic distribution of the

cointegrating vector estimator (5 4} J,) will therefore be discussed for three
different structures of the deterministic components in the DGP.
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Theorem 2. When the DGP (7)~(9) is such that ay, =0 and ay; full rank, the

7 AT

limiting distributions of the cointegrating vector estimator (B [} 0,) for the proper
value of r become:

(1) When p, #0, 6, =0, 6, =0, and the estimated model does not contain
a linear time trend, d, = 0, the limiting behaviour of 8, follows:

lim T T2/ BLBL (B2 — B2)

VBLBLY 0 - >1
= — F'F

[ 0 mﬂiﬂmh](g

1 1
X l:(gF’dUlz) + ( gF’dU2>Q221 921](11-11 .

(2) When p, =0, 6, =0, 6, =0, and the estimated model does not contain
a linear time trend, d, = 0, the limiting behaviour of (f, fi}) follows:

. B B,
Than}cT<|:T‘1/2ﬁl - T—1/z'u1
Q.12 0 1 -1
=% e
0 1 {\o
1 1
x [(jG’dUu> + <_| G’dU2>Q221921]x11\.
0 . 0

(3) When u, #0,0, #0, 6, =0, and the estimated model does contain a linear
time trend, d, # 0, the limiting behaviour of (f5 [y o) follows:

ﬂZ ﬁZ
TlifalcT T2, |—| TY%5,
T || T

=[5 () [ (jrroves)

1
+ < EH/dUz>9221921j|°‘1_11 s
0
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where F=((P— ([ P()dt) (Q—[;01)d), G=(Sy21), H=(S71),
P:Snzélzz(ﬁz LBz Li-D)v Q@ =rtua(By Li-) (B2 Li-Yps S~
WO, I_,), Sz1~ W0, I, 1), S22 = (S21 $22), S22~ W(0, 1), S, ~ W(0, I,),
W(0,1;) is a jth-dimensional Brownian wmotion with mean zero and
covariance matrix I; defined on (0,1); @)=t 1t)=1 O0<t
<l; U=(U,Uy)=S8z"% 2=BQB B=(B0OIL-)) S=(5 5:)
Uia=U = U235 %5, v (k=rxk—r—1), such that p,(; -,
(B2 -y =0.

Note that just like in Phillips and Durlauf (1986) and Johansen (1991a), the time
indices in most of the processes are skipped.

Proof. See Appendix.

When a,, =0, the OLS regression estimator of the cointegrating
vector, fi, = — 1:1211:11‘11, is, in general, not equal to the ML estimator of
B,. Phillips (1991) shows that only the ML estimators, under the imposition
of the proper number of unit roots, have unbiased limiting distributions,
while estimation of the unit root parameters leads to biased limiting
distributions. The limiting distribution of the cointegrating vector
estimator, B,, is biased as a consequence as can also be concluded from
Theorem 2. Because F and U, in the first part of Theorem 2 are dependent,
while F and U, , are independent, there will be a bias in the limiting
distribution of #, unless Q,, = 0, i.e, X; and X, are weakly exogenous. The
estimator B, does therefore not belong to the so-called Locally Asymptotic
Mixed Normal (LAMN) family, but is a member of the Limiting Gaussian
Family (LGF). As a result of the biased limiting distribution of 8, test statistics
using elements of 8, will not have a x* limiting distribution as is the case for
estimators belonging to the LAMN family. The test statistics using f#, will have
noncentral y? limiting distributions for which almost no tabulated critical values
exist. As a consequence testing hypotheses formulated on elements of f, is
recommended to be performed using ML estimates of f§, obtained under the
imposition of the hypothesized number of unit roots. These kind of test statistics
namely have central y? limiting distributions (see Johansen, 1991a; Phillips,
1991). ~

The first part of Theorem 2 also shows that the limiting distribution of 8, will
be normal when a linear time trend is present and r = k — 1. The approximation
of this limiting distribution by the empirical distribution of §, in small samples
is, however, quite inaccurate unless the linear time trend dominates the stochas-
tic trend considerably. -

Although the limiting distribution of §, is biased, the order of convergence
indicates that f, is still a superconsistent estimator of $,. This phenomenon is
also visible in Fig. 1, where the distribution function of 8, for a nonstationary
bivariate DGP with one cointegrating vector and o, # 0 is drawn for different
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Fig. 1. Distribution functions ﬁz = — IT,,11{;! for bivariate DGP with one cointegrating vector
and T = 100 (—), 250 (--), 500 (--); B, =2

numbers of observations. Fig. 1 shows that the convergence of LBA , towards 3, is
very fast, which indicates the superconsistent convergence of f,.

(iii) As shown in Theorem 2, the limiting distribution of f, depends quite
crucially on «;;. When o, has a lower rank value, the convergence behaviour of
f2 changes quite dramatically. For stationary processes we showed that, when
o;; =0, B, will be inconsistent and f, converges to a Cauchy distributed
random variable. For the stationary model with o, full rank, the order of
convergence of 8, is proportional to 7%/%. So when o, converges from a full
rank value to zero, the order of convergence of f, decrcases by a factor
proportional to T'2. For nonstationary processes the decrease in the conver-
gence behaviour turns out to be proportional to the same kind of factor, 7V/2.
The order of convergence of f, when a;, has full rank is proportional to T such
that the resulting degree of convergence of §, when a;; = 0 will be proportional
to TV2,

Theorem 3. When the DGP (7)—(9) is such that a, = 0 and oy, = 0, the limiting
distribution of B, for the proper value of r becomes:

When i, # 0,6, =0, 8, = 0, and the estimated model does not contain a linear
time trend, d| = 0, the limiting behaviour of 8, follows:
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Proof. See Appendix.

Theorem 3 shows that f, is no longer a superconsistent estimator of f3,, but
a consistent one when %, becomes equal to zero. Similar arguments can be
derived when ay; # 0, but has a lower rank value. The cointegrating vector
estimator f, is in that case superconsistent in certain directions, while in other
directions it is only consistent (see also Phillips, 1989, where a similar phenom-
enon is discussed for the incomplete simultaneous-equations model). Note that
also, when o, = 0, there is still one direction in which f§, converges supercon-
sistently, i.e., the direction of the linear trend term pu,.

Although f3, is still a consistent estimator of , when «;; = 0, the limiting
distribution indicates a very slow convergence because it is very fat-tailed. The
limiting distributions are namely equal to the product of a function of Brownian
motions with nonzero mean (unless Q,, = 0) and the inverse of a normal
distributed random matrix with mean zero. In case that both processes would be
normal, the resulting product would have a noncentral Cauchy distribution,
whose probability density function has fat tails resulting in an infinite mean and
variance. The random process described by the limiting distribution will have
even fatter tails than the mentioned noncentral Cauchy because the tail behav-
iour of the Brownian motion functional exceeds the tail behaviour of a normal
probability density function. So the mean and variance of the limiting distribu-
tion will be infinite. Also the mode of the limiting distribution is unlikely to be
equal to zero because of the nonzero mean of the Brownian motion functional.
To show the convergence of f, when oy, = 0, we simulated series from a bivari-
ate DGP with «;; = 0 for different sample sizes. In Fig. 2 the distribution
functions of f; are shown for three different sample sizes. Through the fat tails of
the limiting distribution there is only a very small degree of visible convergence.

One can conclude from the slow convergence of f§,, when a,, = 0, that one
should try to have an ordering of the variables such that «;, is likely to have
a full rank value for the hypothesized number of cointegrating vectors.
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1 2 3

Fig. 2. Distribution functions ﬁz for bivariate DGP with one cointegrating vector and o, = 0,
T = 100 (—), 250 (--), 500 (-); B, = %

As shown in the Appendix, the limiting distribution of &,,( = [T,,) is a
normal probability density function in case of the proper number of
unit roots even when o, = 0. To show the limiting behaviour of &, in
Figs. 3 and 4, the distribution function of the ‘t-values’ for the hypothesis,
Ho: &, = )4, for a bivariate DGP with one cointegrating relationship for
oy # 0(Fig. 3) and «,, = 0 (Fig. 4) are shown. In these figures the ‘t-values’ are
shown because we want to focus on the normality issue of limiting distribution,
which through the convergence of &,, towards x,, becomes less visible if we
choose to analyse the distribution of &,.

Fig. 3 shows that the distribution of &, converges quite fast to a symmetric
(normal) distribution function when o;; # 0, while the distribution of &,
converges much slower when «;; = 0. Only for T = 500 does the distribution
function of %, seem to be symmetric when «;, = 0. This indicates that the
limiting distribution of 4, is indeed normal regardless of the true value of x,;,
but that the small sample approximation of the limiting distribution does
depend on the true value of «, ;. The distribution functions do indicate however
that an ordering of the variables using the t-values might be a good heuristic
strategy for prevention of calculation of cointegrating vectors when x,; = 0 or
lower rank and that the limiting distributions of the test statistics for testing the
rank of ay,( = IT,,) are y°.

(iv) When the process is difference stationary, the long-run multiplier matrix, I1,
equals zero. In case of no incorporation of any deterministic components in the
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Fig. 3. Distribution functions (&;, — a,,) (var(d,))” "/ for bivariate DGP with one cointegrating
vector and a;, # 0, 7T = 100 (—), 250 (--), 500 (--}

DGP and the estimated model, the limiting distribution of f1, = (T}, M,,)
then becomes (see Phillips and Durlauf, 1986)

1 -1 1
Jim T, =Q Y < jS's) < jS'ds) QY2(1, 0y, (28)
i 0 0

where S ~ W(0, I,). These models, where IT = 0, are known as spurious regres-
sion models, and it is known that cointegrating vector estimators converge to
random variables for these spurious regression models (see Phillips, 1989). Just
like the other cointegrating vector estimators, the estimator f, = — IT,, /T
converges to a random variable when IT = 0,

N R . n . -1
711111ﬁ2 = 111m _HZIHI_I’ = — |:hm THZl:H:TI‘lm THII:I

T—-w

- [(0 Ik_,)Q"/Z’(}S’S)_l(}S’dS)Q”Z(I, 0)']
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x [(1, 00172 ( }S's>_1 ( jl"S’dS) QV2(1, 0)]_ B (29)
o] 4]
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Fig. 4. Distribution functions 2, (var(d,;)” '/?) for bivariate DGP with one cointegrating vector
and oy; = 0, T = 100 (—), 250 (--), 500 (--)

covered with the four different cases discussed. The convergence propertles of
the cointegrating vector estimator ﬂz for other cases are usually equal to linear
combinations of the discussed limiting distributions.

4.2. Limiting behaviour of the Wald statistic for cointegration

The discussion of the limiting distributions of the Wald statistic and the
estimator &,, is again performed along the lines of the four different DGP’s
discussed in the former section.

(i) When the process is statlonary, Hap # 0 and the limiting distribution of
&y, = f1,, — I, [I{'[1,, = [1,, + B,I1,, is again normal in case of a full rank
value of IT;, and noncentral Cauchy when IT,; = 0. The limiting distribution of
the Wald statistic will be noncentral ¥* in this case because vec(&,,) (19) is not
taken in deviation from its mean vec(a,,) but in deviation from zero.

(ii) The limiting distributions under a nonstationary DGP again depend on the
deterministic components present in the DGP and the estimated model. Because
of the change in the interpretation of certain deterministic components once unit
roots become present (a;, =0), it is common practice to jointly test for
unit roots (¢, = 0) and equality to zero of certain deterministic component
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parameters, u,, 0,. The Wald statistic to test these hypotheses again stem from
formula (19) where only &, ( = disturbances second set of equations when Hy, is
true) and &, ( = disturbances second set of equations when H; is true) need to be
changed for (19) to be applicable to the case of joint testing for deterministic
components and unit roots. The limiting distributions of the estimator measur-
ing the departure from a cointegration model, &,,, and the Wald statistic,
incorporating deterministic components for some instances, for the three differ-
ent DGP’s of Theorem 2 then become:

Theorem 4. When the DGP (7)—(9) is such that 2,, = 0 and oy, full rank, the
limiting distributions of the parameters reflecting a departure from a cointegration
model and the Wald statistic for testing such departures become:

(1) In the DGP 1 from Theorem 2, the limiting behaviour of 4, follows:

Tlillgt’T(}' T 2uh) BB 45,
YBBy 0 :](1 )" (1 ) /
Nk F'F F'ds | Q12
[ 0 2B g g

(5 e}

The limiting behaviour of the Wald statistic to test the hypothesis Hy: 25, = 0
under the DGP 1 from Theorem 2 follows:

1 1 /1 -1 1
lim tw :>tr<§ V/d522) <§ V/V> <j V’dSzz)
T o 0 0 0

(2) In the DGP 2 from Theorem 2, the limiting behaviour of (&5, [i5) follows:

T N L jl’G’G o }G'ds Qy2
el L T2, | T Lo 1\ 5 5
9 0 I. .
I, 0 Aig Xg2 |-
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The limiting behaviour of the Wald statistic to test the hypothesis Hy: 255 = 0,
Uz = 0 under the DGP 2 from Theorem 2 follows:

1 t/ 1 -1 1
lim tw =tr ( j G’dS22> < j G/G> ( jG’dSzz).
oo 0 0 0

(3) In the DGP 3 from Theorem 2, the limiting behaviour of (85, 5'2)’fbllows:

. OA(22 QZ—ZI/Z 0 ; ! ! : ’
}%T[Tl/z(;z]:[o X gEE (j)EdS Q12
0 L7 -,
k—r

The limiting behaviour of the Wald statistic to test the hypothesis Hy: o, = 0,
0, = 0 under the DGP 3 from Theorem 2 follows:

1 (/1 -1 /1
lim ty :tr(fE’dSu)<fE’E> (jE’dS“>,
T-o 0 Y 0

where V= ((S;; — f(l)su(t)df) (r— féf(t)dt))» E=((S22 — f(l) S12(2)de)
(t — j; (t)dr)).

Proof. See Appendix.

Theorem 4 shows that, when o, has full rank, the limiting distribution of tyw
under Hq equals the limiting distribution of the Johansen trace statistic for
testing the same kind of hypothesis (see Johansen, 1991a,b). Thus the asymp-
totic critical values of the Johansen trace statistic tabulated by Johansen and
Juselius (1990) can be used as asymptotic critical values for the Wald
statistic.

The approximation of the small sample distribution of &,, under DGP 1 by
the limiting distribution of &,, from Theorem 4 is often inaccurate. In the limit
the deterministic trend dominates the stochastic trend, but this does in general
not hold for small samples. The small sample distribution of the Wald statistic
to test the hypothesis Hq: o,, = O for series whose stochastic trend is not dom-
inated considerably by their linear trend, is as a consequence often much
better approximated by (§55,dS,,) ([S52 §52)7" ([S52.dS,,), where S,, =
Sy, — jSZZ(t)dt (see also Johansen and Juselius, 1990).

The same kind of arguments made to explain the bias in the limiting distribu-
tion of ff, can again be made concerning the limiting distribution of &,,. The
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bias in the limiting distribution of &, is of course very natural given that &, is
an unit root estimator and that estimation of unit roots leads to biased limiting
distributions (see Phillips, 1991). Just like §,, &, is a superconsistent estimator
of its true value o,,( = 0) when a5, is estimated for the proper number of cointe-
grating vectors.

(iii) As shown in Theorem 4, the limiting distribution of «,, depends on o,
while the limiting distribution of the Wald statistic, tw, seems to be insensitive to
;1. The question is therefore: what happens with the limiting distribution of 4,,
and tw when oy; has a lower rank value or is equal to zero?

Theorem 5. When the DGP (7)~(9) is such that a5, = 0 and oy, = 0, the limiting
distribution of 41, and tyw for the proper value of r can be characterized as:

When u, #0,0, = 0,6, =0,r = k — r, and the estimated model does not contain
a linear time trend, d, = 0, the limiting behaviour of &, follows:

lim 72 (y T ;) B B2,

T—wo

- V’BILBJ_V 0 : 7 >41<1 ' ) 1/2 '
[ 0 uzﬂlﬂlu’z}(iFF JFds J2TR A, 0

1

X [} (X (nByds)Q'2(1, 0)} (var(X, a2 .
]

The limiting behaviour of the Wald statistic to test the hypothesis Hy: a5, =0
under the DGP outlined above follows:

1 ’ 1 1 -1
Tow 0 0 0 0

X ﬁ Y(t)’dSlilfll ( i W’dSl>/>_ 1 ( i W’dSl>.

Proof. See Appendix.

Theorem 5 shows that «,, is no longer estimated superconsistently because
the order of convergence is now proportional to TV, except for the direction of
the linear trend term. As shown in the proof of Theorem 5, the limiting
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Fig. 5. Distribution functions Wald statistic, ty, for bivariate DGP with u, # 0, y, =0, a;, = 0,
T = 100 (~), 500 (), limiting (—)

distribution of &, = 1, + ﬁzﬁ 12 1s proportional to the limiting distribution of
f>when oy, = 0and r = k — r. This results from the consistent estimation of §,
when «y; = 0, while 8, is estimated superconsistently when o« has full rank. As
a consequence the limiting distribution of ty is also affected by the limiting
distribution of f8,, which does not occur when f§, is estimated superconsistently.
In the former section we showed that the limiting behaviour of f, is even more
volatile than a noncentral Cauchy random variable when «;; = 0. The same
holds as a consequence for d,, such that, although &, is a consistent estimator,
it will converge only very slowly. The limiting distribution of the Wald statistic
in Theorem 4 does not depend on «,,, but Theorem 5 shows that the limiting
distribution of the Wald statistic changes when o,y =0 and r = k — r. The
inverse normal random variables, already appearing in the limiting distributions
of B, and &,, when a;; = 0, also enter the limiting distribution of the Wald
statistic when «,; = 0. The same kind of results can be derived for a,; lower
rank and/or r # k — r, in which cases the limiting distributions will be equal to
a mixture of the limiting distributions stated in Theorems 4 and 5. As a con-
sequence the Wald statistic for cointegration shows the well-known property
that the Wald statistic is not invariant under parameter transformations (see
Cox and Hinkley, 1974). Different orderings of the analysed series may lead to
different limiting distributions of the Wald statistic for cointegration.

To show the consequences of these results for the small sample distribution of
the Wald statistic, in Fig. 5 the empirical and limiting distributions of the Wald
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statistic to test the hypothesis Hy: 5, = 0, i, = 0in DGP 2 from Theorem 2 are
shown. The distributions shown in Fig. 5 indicate that the limiting and empiri-
cal distributions of the Wald statistic indeed change considerably when a;; = 0
or has a lower rank value compared with the distributions associated with full
rank values of ay, shown in Fig. 7.

The problems arising with the empirical and limiting distributions of the
Wald statistic, tw, again emphasize the importance of a proper ordering of the
observed variables such that the resulting o, parameter will have a full rank
value for the proper number of unit roots.

(iv) Unlike the cointegrating vector estimator, [?2, for a difference-stationary
process, the unit root estimator, d,5, 1s still (superjconsistent. The cointegrating
vector estimator, f8,, tries to estimate the nonexisting stationary relationships,
while &,, estimates the existing unit roots in the process. The (in)consistency of
the two different estimators is explained by these arguments. The limiting
distribution of 4,, can directly be obtained from Theorem 5 when neither the
process nor the estimated model contain any deterministic components,

1 -1 /1
Tlim Td:, =0 I;-,) <Q" ”2’< jS'S) ( ISHS)Q”Z(O Ik_,)’)
- 0 0

1 -1 1
—© Ik,)Q”Z'( 55'5) (jsus)gl/m, 0y
0

0

1 ~1 1 -1

x [(1, 0)Q V¥ ( | S’S) ( §S'ds>91/2(1, 0)']
0 4]

x (I, 0) (sr W'( }S’S)l ( fS'ds>91/2(o Ik,)’>. (30)
(4] 4]

The discussion of the two-step estimation/testing procedure so far has been
focused on theoretical issues. In the following section practical aspects of the
two-step procedure will briefly be discussed.

4.3. Two-step procedure in practice

In Fig. 6 a flow diagram of the two-step estimation/testing procedure is
shown. The flow diagram shows the different steps of a sequential testing
procedure for the number of unit roots, cointegrating vectors, and the resulting
structure for the deterministic components. The optional structure for the
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Fig. 6. Flow diagram for sequential cointegration testing

deterministic components is put between braces ({ }) to indicate that one can
choose the proper specification for the analysed series.

The two-step estimation procedure developed and discussed in the former
sections and shown in Fig. 6 is by no means unique. In case of testing for
r cointegrating relationships in k different series,

K1 K
|:r] < Tk — r)!>’

different variable orderings exist, each of which leads to different two-step
estimators. The question now is in which instances these two-step estimators
could lead to different conclusions. In the former section we saw already that o,
lower rank could give different kind of results, and that one should order the
variables such that oy, has full rank for the hypothesized number of cointegrat-
ing vectors. As shown, test statistics testing hypotheses on «;, have limiting x>
distributions such that tests on «,, are easily performed. The remark that x,
should have full rank for the presumed number of cointegrating vectors is quite
important because, if one starts a sequential testing procedure for testing for unit
roots, one starts with testing whether the hypothesis Hy: ¥ = k — 1 (number of
cointegrating vectors equal to total number of series minus one) can be rejected
and, if not, one proceeds with testing the hypothesis Hy: r = k — 2. If the true
number of cointegrating vectors is less than k — 1, the true value of 2, used in
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this first step of the sequential testing procedure has a lower rank value. These
situations should not give any problems for the suggested testing procedure.

Another difficulty which may arise concerns the Granger long-run causality
relationships between the different analysed variables. For example, if k = 2r,
two possible decompositions of the long-run multiplier IT are

L, —7 Ky 0
H = H = s ] . = 3
fa e ’ [ 0 I, g K21 K22

':Hu H12] — l: Gt ®X12 :lz |:K11 — V1K21  — V1K22:I 31)
Iy, I, ~ Baoyy %22 — Battys Kz K22 .

Testing the hypothesis of r cointegrating relationships or kK — r unit roots can
now be performed using o,, and x,, [there exist even [¥] — 2 different other
parameters on which the hypothesis of r cointegrating relationships can be
formulated, but because of expository purposes we just focus on a,, and k,,]. In
the former sections we saw that, when «,, has lower rank and a,, full rank, it is
preferred to test the hypothesis using o,, and vice versa. This is, however, not
the only circumstance in which a certain specification is preferred. Another
reason for preferring a particular specification depends on the Granger long-run
causality relationships. Assume for (31) that X, Granger long-run causes
X, ,, #0,but X, does not long-run Granger cause X ,, IT,, = 0 (see Urbain,
1992). The parameters used in (31) then become

H:[Hn 0 ]:
11y, I,
oy =1, a,=0, B,= ‘Hzlnfll, o3y = I;,,

Ky =I5, 7,=0, Koy = I, Kyy = Iy,

(32)

Testing hypotheses using a,, = II,; is still a proper cointegration test. When
testing hypotheses using x;, nonrejection of r cointegrating vectors again raises
some problems. When k,, = I1; becomes equal to zero, there is no cointegra-
tion between X, and X, because X, is difference-stationary and X, is stationary
when JI,, has full rank. To check for these kind of problems_one should
therefore always test whether the cointegrating vector estimators f8, and j, are
different from zero. If B, and 7, are not different from zero, also o, and x,, need
to be tested and have nonnormal limiting distributions in that case. The tests on
B2, 71 can be performed using the standard formula of the Wald statistic, (11),
and the definition of the information matrix of f,, (17). As pointed out in the
former section, the limiting distributions of the Wald statistics for f§, are
noncentral x2, but large values of the Wald statistics will indicate significant
values of §,, y;. To partly circumvent the problem of both the lower rank values
of a1, and the Granger long-run causality, a heuristic ordering of the variables
using the t-values and parameter estimates of the long-run multiplier IT can be
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very practical. We suggest therefore to order the variables in X = (x;...,X;)
such that each variable Granger long-run causes at least one of the variables in
the preceding columns and each variable is Granger long-run caused by at least
one variable from a latter column. So X should at least Granger long-run cause
one of the variables in X4, ..., X;_ and X, should Granger long-run cause X ;.
Also X, should at least be Granger long-run caused by one variable from
X,,...,X, and X, _, should be Granger long-run caused by X,. The Granger
long-run causality condition can also be reflected as: n;; # O for at least one i and
one j with, j > i,j = 2, ..., k. To finish with a cointegrated system for which a,,
has full rank, the variables in X should be ordered such that not only the
Granger long-run causality ordering is kept but that also the upper diagonal
elements of IT are likely to be different from zero.

The ‘data-parametric’ cointegration testing techniques discussed in a former
section, like Johansen’s procedure, do not suffer from these causality issues
because they do not normalize the system (and consequently put a causality
ordering on the variables) a priori. These methods work with non-identified
cointegrating vectors however, and if one wants to put an identifying structure
on the cointegrating vectors, the same kind of problems arise.

5. Limiting distributions of the likelihood ratio and Lagrange multiplier statistics

The asymptotic theory to be used for the estimators and test statistics used in
the construction of the LR and LM statistics for cointegration has to a large
extent been documented in the literature so far. The LR statistic, for example,
equals the Johansen trace statistic whose limiting distributions are discussed in
Johansen (1991a, b) and equal the limiting distributions of the Wald statistic, tw,
when oy, has full rank. The limiting distribution of the cointegrating vector
estimator when o;, = 0 is discussed in Johansen (1991a) and Phillips (1991). The
cointegrating vector estimator used in both the LR and LM statistic is estimated
under the imposition of the tested number of unit roots such that it belongs to
the LAMN family. As a consequence test statistics which test hypotheses on the
cointegrating vector estimator have central y? limiting distributions contrary to
the limiting distributions of the test statistics using the two-step cointegrating
vector estimator which are noncentral y*. The only limiting distributions which
are not documented in the literature concern the limiting distribution of the LM
statistic and the estimator measuring the departure from the cointegration
model used for the construction of the LM statistic.

Theorem 6. When the DGP (7)—(9) is such that a,, = 0, the limiting distributions
of the parameters resulting from an auxiliary regression reflecting departures from
a cointegration model and the Lagrange multiplier statistic for testing such
departures become:
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(1) In the DGP 1 from Theorem 2, the limiting behaviour of &5, follows:

1 -1 1 ‘ 0
lim 7 T4, 2 = 7 ta) (f Br ) (5 F’ds)gm[ J
T—x 0 0 Ik*r

The limiting behaviour of the LM statistic to test the hypothesis Hy: o5, = 0,
under the DGP I from Theorem 2 follows:

1 ’ 1 -1 1
T 0 0 0

(2) In the DGP 2 from Theorem 2, the limiting behaviour of (&5, fi5) follows:

) &22 Q;zlf’z 0 1 -1 1 0
lim T G'G G'ds jQ'? .
T1~I>rclz(: [T‘I'Q/jz} :I:O 1:|<£ g Ik—r

The limiting behaviour of the LM statistic to test the hypothesis Hy: %5, = 0,
w2 = 0 under the DGP 2 from Theorem 2 follows:

1 C 1 “1/1
lim ¢ty :>tr<j G'dSZZ) <§ G’G) (j G’dSzz).
T 0 0 0

(3) In the DGP 3 from Theorem 2, the limiting behaviour of (35, 5/2)'fbllows:

. iZZ Q*ZIZ,'Z 0 1 -1 1 ’ O
lim T « ' E'dS JQ1? .
o [Tl'yzézjl - |:0 1 g BE £ ¢ I,

The limiting behaviour of the LM statistic to test the hypothesis Hy: o3, = 0,
0, = 0 under the DGP 3 from Theorem 2 follows:

1 ! 1 -1 1
llm tLM :>tr<f E’dSzz) <£ E’E) <§ EldS22>
T 0 ) 0

Proof. Straightforward using Appendix, and auxiliary regression using the
model &, = {1y + 185} + (X3)- %22 + V2, where &0 T'x(k — r) are the (k —r)
residuals of the equations of 4X, resulting from the estimated cointegration
model containing r cointegrating vectors [ (k — r} unit roots] and &,,, {i,, and
5, are the OLS estimators of the parameters in the auxiliary regression model.
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Fig. 7. Empirical distribution function tw (—), tyg (--), Ly (-) for bivariate model corresponding
with DGP 2, with 2, #0

(X ; not necessarily needs to correspond with the variables multiplied by f, in
the cointegrating relationship.)

Theorem 6 shows that the well-known phenomenon that the Wald, LR, and
LM statistics have the same limiting distribution under hypotheses which imply
stationary series extend towards hypotheses which reflect a certain amount of
nonstationarity when «, has full rank. The limiting distribution of &,, shown in
Theorem 6 is unlike the limiting distribution of &5, discussed in Theorems 4 and
S independent from the values of «;; and «;,. This is the result of the indepen-
dent estimation of &,, from a;; and o, ,, while &,, = T,, — IT,, /17,1, partly
is a function of the variables (= I1;{) and a,( = I1,,).

Although the limiting distributions of the Wald, LR, and LM statistics for
cointegration are the same when a,, has full rank, in small samples the results
from the three statistics will differ. To get an idea to what extent the different
cointegration testing statistics could differ we simulated the empirical distribu-
tion of the three different test statistics for a bivariate DGP with one cointegrat-
ing vector (DGP 2 from Theorem 2) and 100 observations, with «; # 0 (Fig. 7)
and x,, = 0 (Fig. 8). Fig. 7 shows that for «;, # 0 the empirical distribution
functions of the three different statistics are almost the same (and almost equal
to their limiting distribution), while the empirical distribution of the Wald
statistic differs from the other two distributions when a,; = 0, as was to be
expected. Fig. 7 also shows that, when «;; has full rank, the well-known
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0 2 4 6 8 10 12 14

Fig. 8. Empirical distribution function tw (—), tyg (-), tLy (-) for bivariate model corresponding
with DGP 2, with a4y, =0

inequality relationship for standard linear models, ¢y < t1r < tw, also tends to
hold for the cointegration tests. Although the results obtained from the three
different statistics will not differ much when the DGP corresponds with the
model under Hy, the power functions of the three different statistics could differ
considerably. Because of the vast number of reasonable alternatives for which
the power of the different statistics could be calculated, we did not perform such
an exercise.

6. Application

To show the applicability of the derived testing procedures, we applied the
method described in the former sections on a set of data series. The data set
consists of real demand for money, real GNP, and bond and deposit interest
rates in Denmark, starting in the first quarter of 1974 and ending in the last
quarter of 1987 (55 observations). These series are used to be able to compare
the results from the testing procedure proposed in this paper with the results
obtained by Johansen and Juselius (1990) in their cointegration study of these
four series.

The results in Table 1 are obtained under the same conditions, lag length
(p = 2), and seasonal dummies as in Johansen and Juselius (1990). Also the
hypotheses, which are tested by the Wald, LR, and LM statistics, are the same as
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Table 1
Cointegration characteristics for real demand for money (m2), real GNP (y), bankdeposit rate (iy),
bond rate (i,) in Denmark

Am2 Ay Ai, Aig
m 0.8 0.19 0014  — 0.0037 ]
(—203) (=204  (041) (—o016 | ™
0.11 —031 —0018 0.020
. (091) (2.51) (—037) 0.67) Y
IT=1" _104 o066 0082 o4 |,
(—295) (1.82) (0.58) (1.60)
064 —0.65 —0.17 - 031 i
(147) (—146) (—096) (—287)
Number of cointegrating relationships:
0 1 2 3
tw 61.1 17.8 131 0.06
IR 49.1 19.1 8.69 235
fim 40.6 159 2.73 0.005
Crit. (95%) 534 35.1 20.1 9.09
Estimated cointegrating vector:
m2 y ip iy con
Two-step 1.0 0.61 - 576 3.53 8.76
(1.53) (—372) (1.61) (3.70)
ML 1.0 1.03 — 519 4.19 6.05
(5.29) (—6.12) (2.65) (5.01)

The critical values are obtained from Johansen and Juselius (1990, Table A3).

tested in Johansen and Juselius, ie., cointegrating relationships containing a con-
stant term while the series do not contain a linear time trend (DGP 2, Theorem 2).

The testing procedure is started with the construction of an ordering of the
analysed series using the estimated value of the II matrix. The constructed
ordering corresponds with the ordering of the series in the estimated IT matrix.
The constructed ordering assures the condition that each series is likely to
Granger long-run cause at least one series from a preceding column, while the
o1, matrix for the presumable number of cointegrating vectors (one or two?)
probably has a full rank value. Using the mentioned ordering, the suggested
testing procedure in Fig. 6 is started with decreasing values of the number of
cointegrating relationships. The estimated values of the Wald, LR ( = Johansen
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Table 2
Sensitivity cointegration statistics for chosen variable ordering for Danish series
Ordering 0 1 2 3
m2, y, iy, ia tw 61.1 17.8 13.1 0.06
tim 40.6 15.9 2.73 0.005
v, m2, i i tw 61.1 28.5 13.1 0.06
tim 40.6 15.7 2.67 0.003
iy, ¥, M2, iy tw 61.1 17.1 7.48 0.06
v 40.6 15.0 3.24 0.004
igs Iy, y, M2, tw 61.1 26.8 5.00 0.10
fim 40.6 153 5.73 0.57

trace), and LM statistics lead to a certain amount of ambiguity with respect to
the (non)rejection of the hypothesis of zero cointegrating vectors. Using the
asymptotic critical value, the Wald statistic clearly rejects the hypothesis of zero
cointegrating vectors with 95% significance, while the LR and LM statistics are
both below their 95% asymptotic significance levels. So, although the asymp-
totic distributions of the Wald, LR, and LM statistics under the hypotheses of
cointegration are the same, in small samples the results from the three different
statistics can differ substantially. This shows again how careful one has to be
with the application of asymptotic theory in small samples. The weak foundation of
the cointegration hypothesis indicated by the LR and LM statistics is of course not
surprising given the small ‘t-values’ of the elements of the long-run multiplier I7.
In Table 1 an ordering of the variables was used which was derived from
‘pre-testing’. In the analysed example the Granger long-run causality relation-
ships are rather clear because the real variables (m2, y) are not likely to Granger
long-run cause the monetary variables (i, iy), while the opposite relation is much
more likely. The question is how sensitive the results are for the chosen ordering
of the analysed series because for most other series these relationships tend to be
much less clear. To show this sensitivity for the analysed series we calculated the
statistics for four different variable orderings which are shown in Table 2.
The LR statistic is not contained in Table 2 because of its invariance with
respect to the chosen ordering of the variables. Although the values of the Wald
statistic tend to be sensitive to the ordering chosen, the conclusions with respect
to the (non)rejection of certain hypotheses are not affected by the chosen
ordering. The conclusions obtained from the use of the Wald statistic for the
analysed series seem to be quite robust with respect to the chosen variable
ordering. Yet, one has to bear in mind that Fig. 8 shows that lower rank values
of o, tend to decrease the value of the Wald statistic. This may also explain the
small values of certain Wald statistics. The LM statistic seems to be almost
insensitive with respect to the chosen ordering, as was to be expected because
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the limiting distribution of the LM statistic is independent from the value of
other parameters (except o, of course).

7. Conclusions

The paper shows how one can construct Wald, LR, and LM statistics to test
for cointegration using a parametric ECM. The calculation of the Wald statistic
only involves linear regression, while the LM statistic stems from an auxiliary
regression once one has estimated a cointegration model. The LM statistic is
therefore an interesting and easy to calculate diagnostic. For the calculation of
the critical values, the limiting distributions of these statistics were constructed,
which turn out to be equal to one another when o, has full rank, while the
limiting distribution of the Wald statistic changes when 2, has a lower rank
value. The application of the three cointegration statistics to a Danish data set
shows, however, that although the hmiting distributions are the same, the
conclusions stemming from the use of the different statistics can be quite
different from one another. This shows how careful one has to be with the use of
asymptotic theory in small samples.

In future work, the parametric cointegration model will be examined for series
which have a more complicated nature like, for instance, series with hetero-
scedastic or nonnormal distributed disturbances. The limiting distributions of
the Wald, LR, and LM statistics are invariant under a certain degree of
heteroscedasticity/nonnormality, but the testing procedures will lose power
when one neglects to model the heteroscedasticity/nonnormality properly. In
the parametric cointegration model it seems less difficult to jointly test for
cointegration and model heteroscedasticity/nonnormality than in the ‘data-
parametric’ cointegration techniques used in the literature. We emphasize this
point because in recent work on unit roots in univariate models the presence of
unit roots turned out to be quite sensitive to the incorporation of heteroscedas-
tic or nonnormal disturbances (see Kleibergen and Van Dijk, 1993b). It is shown
there that the probability of an unit root in the US treasury bill rate increases
considerably when heteroscedasticity and nonnormality are properly modelled.
Another interesting issue which also seems to be more straightforward to
conduct in the parametric cointegration model concerns the issue of the recur-
sive calculation of the test statistics. This is a topic of further research.

Appendix
Some of the proofs in this appendix are informal (heuristic). For more formal

definitions of certain arguments we refer to Billingsley (1968), Phillips and
Durlauf (1986), Phillips (1992), and Johansen (1991a, b).



92 F. Kleibergen, H K. van Dijk/Journal of Econometrics 63 (1994) 61-103
Proof of Theorem 2 (only the first part is proved)

To construct the limiting distribution of the cointegrating vector estima-
tor , i, = — I1,, [17, at first we construct the limiting distribution of the
least-squares estimator, /T, = (X'_ M, X _,) ' X_ M, AX, of I, = (ITy; T4,
in the model (for simplicity p = 1 which does not affect the limiting distribu-
tions).

AXy=ci+ X (I + e, E((1r62) (€1:820)) = 2, Vi, = &1 —~ €282,
AXz =y + X—IHZ + &5, é”((vl,f:Z,)'(v“ez,)) =2X= B,QB,

n={,1,) = I: *Irﬂz:|(0€11 ay2), B = |: -—Irﬁz:l’ BL= l:ii :I,

I =X_MX_) 'X_MAX,
= (B By D)((B By DYX_ M. X (B By D)™
(B By DYX" M, 4X,,
B = (B0 I,-))), D =B DBiy=0,

My(1)  Mi(1)  Mys(13)
(B By DYX' ;M X_ (B By D)=|M>(1) M;(2) M2(23) ],
M3i(13) M35(23) M3503)

where M;(k), Q;;(k), O;(k) represent the T*th-order convergence behaviour of the
M;;, Qi;, O; block matrices. Using the convergence behaviour of the different
block matrices, the limiting distribution of the inverse of moment matrix
(B By DYX'_ 1M, X (B B.y D) can be constructed,

(B By DYX_ M X_(B By D)~ *
0u(=1) Q-2 Qi13(—2)
= Q21( - 2) sz( -2 st( - 2%) .
031(—23) Q3 =23 Qs3(—3)
The limiting behaviour of (§ 5,y D)’X'_{M,4X can be represented as
BBy DYX_ M AX, = (B By DYX" {M(X_ Botyy + &1)
M (Do + 0,(3)
=| Mzi(Doyy + Ox(1)
M;i(1Dayy + 05(1%)
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Because the first part of the limiting matrix of (8 By D))X_ M, AX, is
proportional to the first column of the moment matrix (8 S,y D) x
X" M, X_ (B By D), the limiting form of the product of ((f .y D)X,
x M, X _ (B By D))" ! and (B By D)X M,AX, becomes

%11 01:(— 1)0,(})
’> 0 —I + ’Vsz( —2)0,(1) + Qa3(— 212‘)03(112')—|-
L0 ] [0u(=20.01) + Qusl —3)0x1)
The limiting form of the least squares estimator /T, then becomes
11 Q1i(— 1)0,(3)
BBy D) | O |+] Q2 —2)0(1) + Qa23(—23)05(13)
0 032 — 2D0,(1) + Qs3(—3)05(13)

a + Qi — 104B)
— Ba(oy1 + Q1i(— 1)04(3))

[sz( - Q23— 2i)—| [ 0,(1) “
L3 — 22) 033(—3) | Los(lz)JJJ

while the limiting form of the cointegrating vector estimator [;2 = —I1,,11;}
becomes equal to

Bz = - ﬁ21ﬁfll
= l:ﬁz(au +01:1(—1)0,(3)
@ u,)[sz(—2) 0:3( =28 1[0:(1) }]
10s2(=20) Qs3(=3) J[0s(13)
Xy + Qi (— 10, (37!

0 N,)[sz( ~2)  Qy(=24][0:)
P1052(=28) 053(-3) || 05019

j'(au"‘Qu( 10,6))"

02:(=2)  Qaa( =29 |[02(1) ] _

=f2— u)[ aii
P02 0aa(-3) |[osap |

To construct the exact functional expression for the limiting distribution of /f 2

we need to construct the functional forms of Q,,, Q,3, @33, and 05, O; (see also
Phillips and Durlauf, 1986; Johansen, 1991a),
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r T
[P [P0
Tlim T 2By T'2DYX_ MX (7 T7'2D) = ? (1) )
[oP jQ0
0 0
1 —
<jP’dS>
i T T = (25
) )
<I Q_’dS>
0
Him T T2 B Butf — B2) = — lim T TV20) BB 1)
|:Q22( 023(—2b) :|[02(1):| _
x 1 | %
052(—2) Q53(—3) 05(13)
r r -1 .
PP | P 5
C[vBBy 0 fPP PO fPas|
- 0 P B | S S (1) YL B oy
i jQ/P j‘Q,Q J'Q_'ds
0 0 0
L ](1 F’F> <1 F’dS>zl'2 gt
21,
[ .szﬁﬁulz 5) i Ba)ors
7’,[3, ﬂ_L/ <1 FF> <1 F’dS)Z‘l’zK K711 i —1
/ r B2)
[ 1Bl ﬁmj i g sKg ', B2)
VLB ](1 FF>A [<1 U >
[ Hz/ﬁﬁulz { g 1.2
1
+ <§ F/dU2><2221221 + [f2>:|o<11
VBB 0 }(1 F,F>1[<1 U )
= e JFaU
1
+ (j F’dU2>sz‘QZI:\cxf,‘,
0
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where

U=(S; $)Z17, Ui,=U; — U232,

—

P=P—[P(nd, ©Q=0Q-[0©dr,

0

Koo |t 0 P 0
Tl -0 Lo : 5% L

TV, Bh) = Q12(1, 0).

O ey =

Proof of Theorem 3

When Ay = 0,

3 | , [0Q220-2) Qaa(— 25):|
2= 200(— 1013 — G
B [[3 Q1 )01z — (7 NZ)[Qsz( _ 2%) 01s( = 3)

0(1) o
xbﬁw}gm—nm@)}

L [Q220-2)  Qaal =257 [0,(1) ] o 1]
= —7 U2 1 =103 >
%(”{%PEQﬂJme%@“)(M

-1
lim T X MX_B=var(X,p) < <Tlim T0,,(— l)) ,

T—w

lim 7 20,() = lim 77 '2f'X". ;Mey =n(0, @1, ® var(X,f))

T—x

= [(X()pydSQ'(1, 0y,

lim T120,,(— 1)0,() =00, 2,; ® (var(X,) ")

1

= (var(X,f))"" <§ (X(t)ﬁ)’dS)Q"'z(Ir 0y

o}

< lim Tl/z(&ll — 111).

T—-«
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The limiting distribution of §, then becomes

lim 72(y T'2uy B BB — Ba)
vBLBLY 0 ( , >
= — F'F
[ 0 #2ﬂlﬁ¢ﬂ§] g

1 1
Xl:(j‘F’dU12>+<j F’dU2>QZZXQZI:|
0 0

x [0(0,Qy; @(var(X 1, — Xz — 1y))"H]™!

_[vBiBLy 0 C)
l: 0 Hzﬁl[ﬁ#ijl(tj)FF)

1 1
x [( j F’dU1_2> + ( § F/dU2>QZ‘21921:|
0 o]

X [(i (X(t)ﬁ)’dS>Q”2(1r 0)1 (var(X.p)).

0

Proof of Theorem 4 (only the first part is proved)

Thf; T(y Tl/z#lz)/ﬁlﬂi(ﬁzz + Biay2)

. [v'/f;[m 0 } (} F'F>l (} F’dS)Q“Z(O L)
0 waBLBims 0 o

lim TG TV25) BuBL(Baz = Boon)

oy . 1 -1 1
L [y ﬁgﬁu 0 ] (; mw) (; F'ds>m2(1, Oyayyea,s
0

wf By [\ o
lim 7y TYV2ps) BB by = }Lm T TV ) BBl 22 + Baotaz)

+ (,325‘12 — Bro45)]
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’ l N 0 1 , -1 1 , 12
= ’[Yﬂoﬂ y mﬂiﬁmJ(!”) <§FdS>Q/
0 1],
L[ Lo i |

1
Tll_{r}n T2y TV uh) (X2)- M, ;- xpy X2 T'?uy) = (I F/F),

a—14 i Aa—14 -1
. . —dyé ~[ —agtd
lim ty = limtr SR Fo) 1
T—x T Ik,', Ik—r

X &5, (X,)- 1 M, (X, —X/Jz),.)(Xz)—loA‘zz
— tr] 1im — G118, ,é — 81181, -1
T-o Iy, Ii-»
x [ lim 7(y T”zu’z)’ﬂlﬁﬂ?zz] [ lim 72 T2 (X2)"

XMy x,-xpy_ (X2 (¥ TI/Z#E):' [Thj{‘lo T(y Tl/z#'z)'ﬂlﬁﬂzz]

1 ’ 1 -1 1
=>tr<j F’dSzz) < i F’F) (j F'dS,,
0 0 4]
1 ’ 1 -1 1
=>tr<j V’dSZZ) <j' V’V) (f V’d822>.
0 () ]

Proof of Theorem 5

When o, =0and r=k —r,

TILH; Tl/z(}' Tl/zlilz)’ﬂlﬁi(ﬁzfin — Baoi2)

C[yBBy O SRS
[ 0 uzmma](!F i )

X [(I F'dS)Ql/Z(I, 0)[n(0,2,; ® (Var(X:ﬁ))‘)]”]oclz
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VBLBLY O -1 - 1 /
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1 -1
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N/",ﬁ/J.ﬁﬂ/’ 0 -1 1
= F'F F' Q12 Ly
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lim T2 T2 pa) BB 182z

T-x

= lIm TY2(y T2 o) [(MT25 + Baty,) + ([gz&u — fru12)]
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- _ v BBy 0 e ) 1/2 /
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