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Linear Parametric Sensitivity Analysis of the
Constraint Coeflicient Matrix in Linear Programs

Rob A. Zuidwijk*
September 22, 2005

Abstract

Sensitivity analysis is used to quantify the impact of changes in the ini-
tial data of linear programs on the optimal value. In particular, parametric
sensitivity analysis involves a perturbation analysis in which the effects of
small changes of some or all of the initial data on an optimal solution
are investigated, and the optimal solution is studied on a so-called critical
range of the initial data, in which certain properties such as the optimal
basis in linear programming are not changed. Linear one-parameter per-
turbations of the objective function or of the so-called ”right-hand side”
of linear programs and their effect on the optimal value is very well known
and can be found in most college textbooks on Management Science or Op-
erations Research. In contrast, no explicit formulas have been established
that describe the behavior of the optimal value under linear one-parameter
perturbations of the constraint coefficient matrix. In this paper, such ex-
plicit formulas are derived in terms of local expressions of the optimal value
function and intervals on which these expressions are valid. We illustrate
this result using two simple examples.

1 Introduction

Sensitivity analysis is used to quantify the impact of changes in the initial data
of linear programs on optimal solutions, whenever they exist. In particular, para-
metric sensitivity analysis involves a perturbation analysis in which the effects
of small changes of some or all of the initial data on an optimal solution are
investigated, and the optimal solution is studied on a so-called critical range of
the initial data, in which certain properties such as the optimal basis in linear
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programming are not changed [2]. In general, one may consider parameterized
linear programs

Z(\) = max{c(\) 'z : A\)x =b()\), x >0}, (1)

in which A runs through a subset A of a metric space, and where A : A — R™"
b: A — R"” and ¢ : A — R” are functions. We may assume without loss of
generality that A()A) has full rank m for all A € A and that m < n. Indeed, any
linear program of the form

Z(\) = max{c;(A\) Tz 0 Ai (V) < by(N), x> 0},

can be rewritten as in (1) with rank A(\) = m, by putting

S

AN = (A L )e s =a, e = (V) e ().
The parameterized linear programs
Z(\) = max{c’x : Az =b()\), x > 0},

and
Z(\) = max{c(\) 'z : Ax =b, x > 0},

where b(\) = b+ Ad and ¢(\) = ¢ + Ae are linear perturbations, are well under-
stood; see for example [4]. In this study, we consider the case

Z(\) = max{c’z : ANz =0b, x>0}, (2)

where A(A\) = A+ AF is a parameterized set of m x n matrices with a one-
dimensional parameter A\ € A C R. The initial data ¢ € R™ and b € R™
are fixed. We study local behavior of the function Z : A — R. It has been
observed that Z is locally rational; for a brief survey, see [2]. In this paper,
this observation is extended to an explicit description of the rational functions
involved using realization theory; see [1]. The set-up of this paper is as follows.
In the remainder of this section, notation is fixed. In Section 2, we provide an
introduction to realization theory for scalar rational functions. In Section 3, we
apply realization theory to parametric sensitivity analysis in order to derive the
main result of this paper. We illustrate the main result using two simple examples
in Section 4.

The symbol I, denotes the m x m identity matrix. In case the size of the
identity matrix is not relevant or obvious, we use shorthand notation /. If B is a
square matrix, then p(B) C C indicates the resolvent set of B consisting of those
complex numbers p for which uI — B is invertible, and the spectrum or the set
of eigenvalues o(B) of B consists of those complex numbers p for which the set
of equations Bx = px has a nonzero solution x.
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2 Realization Theory

In this section, we discuss realization theory for scalar rational functions. In
Chapter 3 in [1], a more extensive discussion can be found on realization theory
for functions which are matrix or operator valued. A fundamental observation
in realization theory is that when b,¢ € R™ and A an m X m matrix, then the
function

fO) =14+ X" (L, +2A) 1

is a rational function that can be described completely in terms of eigenvalues
of two matrices. In order to prove this, we use a property of the determinant,
namely det(/ + BC) = det(/ + CB) whenever both BC and CB are square
matrices, not necessarily of the same size. We arrive at

f(A) =det f(A) =det(1+ A" (I, + AA) b)) = det (L, + bc' (I, + NA) ™) =
det(f, + A(A+bc"))  det(l,, + AAX)

det(l,, + AA)  det(l,, + \A)’
where we have written AX = A + bc’. More explicitly, when oy, ..., a, are the
eigenvalues of A and af, ...« are the eigenvalues of A*, counted according to
their multiplicities, then
7 1+ Ao
AN=|]— 3
=11 8

Observe that when A and A* have no common eigenvalues, then the number
m of factors in the enumerator and denominator on the right hand side of (3)
is minimal. Conversely, when f()\) is given by (3), then we may construct a
realization

fO) =1+ A1, + MA) 1,
where b,c € R™ and A € R™™ are given by

1 0 - 0 0 ap — ag
0 .. .. 0 ap — aj
0 -+ - 0 1 0
_ao _al o .. ... _a/m71 1 amfl —_— a/;;_l
The parameters aj and a; for k =0,...,m — 1 are derived from
TTO+20) =14 amr(—A L+ X)) =1+ aX (=M~
j=1 k=1 J=1 k=1



For a given rational function, the realization parameters A, b, ¢ are not unique.
First of all, the size m of the matrix A can be minimized by cancellations whenever
A and A* have common eigenvalues. Further, given realizations

f()\) =1+ /\C{(Im + )\Al)_lbl =1+ /\Cg(fm + /\Ag)_lbg
of minimal size m, there exists an invertible m x m matrix S, such that ¢! = ¢I'S,
Ay = S71A;S, and by = S7'by; see Chapter 3 in [1]. In other words, minimal
realizations, i.e. realizations of minimal size, are mutually similar.

3 Parametric Sensitivity Analysis

In order to introduce the concept of basic feasible solutions of the linear program

(2), we provide some notation. Given 7 : {1,...,m} — {1,...,n} injective, we
define

E7r = ( ew(l) eﬂ(m) ) R™ — ]Rn,
Ar(\) = AN E; : R™ - R™, and ¢, = ETc € R™. We assume that 7 is strictly
increasing. We define 7 : {1,...,n —m} — {1,...,n} as the strictly increasing

mapping such that ran(r) Uran(w) = {1,...,n}. If A (\g) is invertible for a
fixed A\g € A and if A;(N\)7b > 0, then x,(\g) = ErA-(N\o) 'b is a basic feasible
solution to the linear program

Z(\o) = max{c'z : A(\)x = b, >0}, (4)

and all basic feasible solutions to this program arise in this manner; see for
example [4]. Moreover, z,(\g) provides an optimal solution to the program if
and only if the reduced costs satisfy

C; — C?;Aﬂ()\o)_lAﬁ()\o) Z 0.

We now study the local behavior of the function Z in a neighborhood of A\q. Let
7 be given such that z,()\) is an optimal solution to (4), i.e. Z(\g) = ¢ zr(No),
which is equivalent to

(1) Az(No) = Ar + Ao F; is invertible,
(2) ZL'TF(A()) = Eﬂ—Aﬂ—()\(ﬁilb >0,
(3) L — LA (Ng) 1 Ax(Xg) > 0.

We aim to identify the neigborhood A O A; 3 Ao, on which an optimal solution
to (2) is given by Z(\) = cTx,()) for all A € A,. Equivalently, we put

(1) Az(\) = A; + AF} is invertible,



(2) 22(\) = ExA(\)'b > 0,
(3) L — AN Ax(N) 2 0

for all A € A;. We remark that in principle, the neighborhood A, may turn out
to be a single point, i.e., A, = {A\o}. The method presented here does not relieve
this issue, which may result in computational inefficiencies in the degenerate case;
see [4].

We shall translate the conditions (1-3) in terms of properties of eigenvalues
of specific matrices using realization theory as discussed in Section 2.

Condition (1) We first discuss the condition
det A, (\) = det(A; + A\F) # 0.

Note that
det(A; + AF,) = det(Ar(Ao) + (A= X)) Fr) =

1
(A= Ao) - det(A(Ag)) - det (A,T()\o)_le — ﬁlm) :
o —
which implies that A;(\) is invertible if and only if
1
A R
AO_)\GP( 71'()\0) 71')7

which comes down to the fact that

1+aj()\_)\0)7é07 jzla"'ama (5)

where ay, ..., a,, are the eigenvalues of A, (o) 1 F;.

Condition (2) In order to translate the second condition, observe that for 1 <
q < m, the inequality e} A-(A)~'b > 0 holds true if and only if

B T ) 2L A=A 20
+ (A= A)el A, (N) b{glj Nz

Further,

1+ (A=Xo)el Ar(N) 710 = 14+ (A= Xo)et (I + (A= Ao) Ar(Xo) ' Fr) " Ar(No) ' =

ﬁ1+(>\—)\0) 0
1 1—|'()\—)\0)Oéj7

where 3,..., 55, are the eigenvalues of Ar(Xo)™"(Fr + be]). This implies

LA =20)855 [ >1, A=X >0 (©)
LT+ (0= 2)ay L <1 A=Xh<0

s



Condition (3)
For p € ran(7), we find that

cp — cEAL(N)Ha, +\f,) >0

can be rewritten as

1 1
T+(A=Xo)cE A (N) ot " {14 (A=)t Ar(N) M ap + Xofp) } < optl—rr,

A— A—Xo

or

ﬁ1+(A—Ao)v;j 1 ﬁH(A—AoW

A , (7)
i 1+(/\—>\0)Ozj )\_)\szl 1+()\—>\0)Oéj P )\—)\0
where 7, ..., 7,5, are the eigenvalues of Ar(Xo) ™! (Fr + fpck), and 6,1,...,0),,
are the eigenvalues of A, (\o) " (Fr + (ap + Aofp)cl).
In case (5), (6), and (7) hold true, we find that
L+ (A= 20)Z(A) = 14+ (A= Xo)er (Im + (A = Xo)Ar(Xo) " Fr) T A (o) 10 =

L+ (A= Ao)af

e 14 ()\ - )\0)06]' ’
where ay,...,q,, are the eigenvalues of A (\g) " 'F,, and af,...,a% are the
eigenvalues of A;(\o) 1(Fy + bcl). This implies

Z(\) = L —1]). 8

We introduce a short-hand notation where we define real polynomials Pr()\) =
[T, (1 + ¢A). In terms of these polynomials, we get

1 [ Po(A— o)
2N =55, (PaM—Ao) _1>

for A € A, A # Ao, for which
(1) Pa<)\ — )\0) > O,

x > P,(A—=Xo), A> X B
(2) Pﬁq(A_)\(]){SPa()\_)\O)’ )\§>\0 7q_17"'7m'

(3) Ppx(A—Xo) + 125 s, (A= Ao) < <c,, Y14 ﬁ) Po(A—Xo) for p € ran(7).



4 Illustrative Examples

In this section, we illustrate the results from the paper using two simple examples.

Example 1 The family of linear programs which maximizes x; + 2x, under the
constraints xo + s1 = 2, x1 + Axo + 59 = 2, and w1, 9, S1, S2 > 0, is parameterized
with the parameter A > 0. We rewrite the linear program as in (2) with data

0 0 00 0O
A—<1 1)’ F—<0100>’
b= ) d"=(1200).
We start with A\g = 0. The maximum value 6 is attained at the vertex (xy, T, s1, $2) =

(2,2,0,0) which corresponds to m(1) = 1 and 7(2) = 2, since z; and x, are
nonzero. We get

0 1 00 1
e (Vo) w0 h) e (3)

The eigenvalues of
1. (01

read a; = ay = 0, so that Condition (1) is satisfied automatically. To verify
Condition (2), we compute the eigenvalues of

O =

1

0
2
2

_ 21
Ar(No) HE, +bel) = ( 5 0 ) ,
which read 3,1 = 1 — /3 and 5 = 1+ /3, and of

A0 ) = ().

which read (21 = 0 and (y9 = 2.

Condition (2) is equivalent to A < 1. Verification of Condition (3) requires
the computation of the eigenvalues of some more matrices. These matrices with
their eigenvalues are

_ 01
Aﬂ'()\o) 1(F7T +f3CZ) = ( 0 0 ) y M1 = 07 7,2 = O:

_ 01
Aﬂ'()\o) 1(F7T + f4CZ) = < 0 0 ) ) Y21 = 07 V2,2 = 07

1
Aﬂ<)\0)_1(F7r + (CL3 + )\0_}03)0?) = ( (1) 9 ) s 51’1 =1- \/5, (5172 =1+ \/§,
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_ 1 3
Aﬂ'()\o) 1(F7r + (a4 + >\0f4)02) = ( 0 0 ) ) 52,1 =1, 52,2 = 0.

Condition (3) comes down to A < 2. We have established that A\, = [0,1]. To
derive the optimum value as a function of A € [0, 1], we compute the eigenvalues
of the matrix

o o (25
Ar( X)) (Fr 4+ bey ) = ( 5 4 )
being oy =3 + V11 and ay =3 — V11. As a result, we get
ZA) = (14 (A= X)al )14+ (A= X)ag) =6 — 2.

We continue with A\g = 1, for which the maximum value is equal to 4, at-
tained at the vertex (0,2,0,0) which is a degenerate basic feasible solution. We
choose 7(1) = 2 and 7(2) = 3, providing a nontrivial interval on which the local
behavior of the optimal value can be defined. The eigenvalues and corresponding
restrictions on A are summarized in Table 1.

ar=1,a,=0] 1,1 =3, f12=0, Ya=172=0,01,1=3,012=0,
Ba1 =1/2(1+ 2\/7) Vo1 =1,722=0,001=23,000=0
Bon = 1/2(1 —iV7)
A>1 A<2

Table 1: eigenvalues and corresponding restrictions on A with Ay =1

By computing o =5 and a3 = 0, we establish that Z(\) =4/ for 1 <\ < 2.

As we continue with Ay = 2 with maximum value equal to 2 and vertex
(2,0,2,0), hence 7(1) = 1 and 7(2) = 3, we arrive at eigenvalues and correspond-
ing restrictions on A as summarized in Table 2.

ar =0, =0 51,1 = 2, 51,2 =0, 71 = 1, 7,2 = 0, 51,1 =32, 51,2 =0,
52,1 =2, ﬁ2,2 =0 72,1 = 0, V2,2 = 0, 52,1 =1, 52,2 =0
A>2

Table 2: eigenvalues and corresponding restrictions on A with \g = 2

By computing oy = 2 and o = 0, we establish that Z(\) = 2 for A > 2. We
observe that Z(\) is a piecewise rational function; see Figure 2.

Example 2 The family of linear programs which maximizes x; + x5 under the
constraints —x1 + 2o + 51 = 1, 21 — Axgs + S0 = 1, and x1, 29, 81,52 > 0, is



Figure 1: optimal value function Z(\)

parameterized with the parameter A € R. We rewrite the linear program as in

(2) with data
-1 110 0 0 00
A_(l 001)7 F_<0—100>’

b=} c'=(1100).
(1) =i

We start with \g = 0 for which the maximum value is equal to 3, attained at the
vertex (1,2,0,0), hence 7(1) = 1 and 7(2) = 2, providing a nontrivial interval
on which the local behavior of the optimal value can be defined. The eigenvalues
and corresponding restrictions on A are summarized in Table 3.

a1 =0,a2=—-1|p11=14 bi2=—4 | 111=0,n2=—1, 011 =1, 012 = —1,
52,1 =0, 52,2 =1 V2,1 = 0, V2,2 = -1, 52,1 =1, 52,2 =0
AF#1 -1<A<1 -1<A<1

Table 3: eigenvalues and corresponding restrictions on A with Ay =0

By computing a7 = 1 and o) = 1, we establish that Z(\) = 222 for -1 < X < 1.

We continue with Ay = —1 for which the maximum value is equal to 1, attained
at the vertex (1,0,2,0), hence 7(1) = 1 and 7(2) = 3, providing a nontrivial
interval on which the local behavior of the optimal value can be defined. The
eigenvalues and corresponding restrictions on A are summarized in Table 4.



a; =0, =0 51,1 =1, 51,2 =0, 11=-1,Mm2=0, 51,1 =1, 51,2 =0,
52,1 =0, ﬂ2,2 =2 V2,1 = 0, V2,2 = 0, 52,1 =1, 52,2 =0
A< -1

Table 4: eigenvalues and corresponding restrictions on A with \g = —1
By computing a5 = 1 and a5 = 0, we establish that Z(\) = 1 for A < —1. For
Ao > 1, no feasible optimal solution will be found
Z(\)

6 -

Figure 2: optimal value function Z(\)
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