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ABSTRACT. We consider equilibrium constrained optimization problems, which have a general for-
mulation that encompasses well-known models such as mathematical programs with equilibrium con-
straints, bilevel programs, and generalized semi-infinite programming problems. Based on the cele-
brated K K M lemma, we prove the existence of feasible points for the equilibrium constraints. More-
over, we analyze the topological and analytical structure of the feasible set. Alternative formulations
of an equilibrium constrained optimization problem (ECOP) that are suitable for numerical purposes
are also given. As an important first step for developing efficient algorithms, we provide a genericity
analysis for the feasible set of a particular ECOP, for which all the functions are assumed to be linear.

KEYWORDS. equilibrium problems, existence, mathematical programs with equilibrium constraints,
problems with complementarity constraints, bilevel programs, generalized semi-infinite programming,
genericity

1. INTRODUCTION

An equilibrium constrained optimization problem (ECOP) is a mathematical program, for which
an embedded set of constraints is used to model the equilibrium conditions in various applications.
This equilibrium concept corresponds to a desired state such as the optimality conditions for the
inner problem of a bilevel optimization model, the Nash equilibrium of a game played by rational

players, and so on. For an introduction to ECOP and many applications, we refer to [14].

This paper is concerned with the analysis of some structural properties of an ECOP. In order to
pursue this analysis, we frequently use standard terms from generalized convexity and set valued
analysis. For an unfamiliar reader, we have added an appendix section (Appendix A) that reviews

the definitions of these terms and we refer to this section in our subsequent discussion.

Let f : R*™™ — R, ¢ : R®*2™ — R be real valued functions and K : R* = R™ a set valued
mapping with closed values. A general form of an ECOP is now given by
min  f(z,y)
z’y
(11) S.t (.’L',y) €7

y € K(z)
é(z,y,v) >0, Yv € K(x)
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2 EQUILIBRIUM CONSTRAINED OPTIMIZATION PROBLEMS
where z € R™,y,v € R™ and the set Z C R®*™ is a closed nonempty set. The constraints
(1.2) $(z,y,v) >0, Vv € K(2),

depending on the parameter = and y, are called the parametric equilibrium constraints. For nota-
tional convenience, we now introduce the so-called graph(K) (see [2]) of the set valued mapping
K given by

graph(K) := {(z,y) € "™ 1y € K(2)}
and the set E C R™*™ defined by
E :={(z,y) € R"™™ : ¢(z,y,v) >0, Vv € K(z)}.
This notation allows us to denote the feasible set of (1.1) by
(1.3) F :=ZnNEnNgraph(K).

Hence, we can rewrite the ECOP as follows

(1.4) min f(z,y)
st (z,y) € F.

A frequently used instance of (1.2) arises when K (z) is a closed convex set for every z, and the
function ¢ is given by

(15) ¢(mayav) = <U - y,F(QS,y))

The parametric equilibrium constraints associated with the function ¢ in (1.5) and the closed convex
set K(x), are called the (parametric) Stampacchia variational inequalities. Moreover, it is well-
known (see [9]) that if the function y — F(z,y) in (1.5) is pseudomonotone (see Definition A.1),
then the function ¢ can be replaced by

(16) ¢($ayav) = <U - y,F(SU,’U))-

Accordingly, the parametric equilibrium constraints defined by the function ¢ in (1.6) are known
as the (parametric) Minty variational inequalities. Notice that in the literature an ECOP is called
a mathematical program with equilibrium constraints (MPEC) when ¢ has the form (1.5). In this
paper we have chosen the more general form (1.2) so that in addition to MPECs, our model also
includes bilevel programs and semi-infinite problems.

In Section 2 of this paper we investigate under which sufficient conditions on the set valued
mapping K and the function ¢, the set E N graph(K) is nonempty. In Section 3 we then study
under which conditions on K and ¢, the set E N graph(K) is closed and convex. In Section 4 we
derive different formulations of an ECOP as a nonlinear programming problem. We are especially
interested in formulations, which are suitable for numerical purposes. Finally, in Section 5 we give
a genericity analysis for the structure of the feasible set of a linear ECOP (where all the problem
functions are linear). This genericity analysis constitutes the first step towards developing efficient
algorithms.
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2. EXISTENCE OF FEASIBLE SOLUTIONS

In this section we are interested in some sufficient conditions, which guarantee that the equilib-
rium constraints, given by the set E N graph(K'), contain feasible points. By the definition of the
sets F and graph(K), it is clear that E N graph(K) # 0 if and only if there exists some z € R”
such that

V(¢,K(x)) == {y € K(z) : ¢(z,y,v) 20, Vv € K(z)} #0.
From now on, we fix z arbitrarily, define C € R®™ by C := K(z) and ¢, : R2™ — R by
¢z (y,v) := ¢(x,y,v), and assume that C' is nonempty and convex. Recall that by our general

assumption in Section 1, the set C' is also closed. First observe that
(2.1) V(¢z,C) = Nyec ®(v)
where the set valued mapping ® : C = C is defined by

2.2) ®(v) :={y € C: ¢, (y,v) > 0}.

In order to prove that the set V' (¢,,, C) is nonempty, we will apply to relation (2.1) the celebrated
K K M lemma discussed in the Appendix. If we additionally know that the set ®(v) is convex for
every v € C (this holds if the function y — ¢, (y, v) is quasiconcave (see Definition A.2) for every
v € C), then the K K M lemma is a direct consequence of the separation result for disjoint closed
convex sets in a finite dimensional vector space, and for this special case one can actually prove
a stronger result. Since this is not well-known, an elementary proof of this stronger result is also
listed in the Appendix B.

The proof of the next result follows immediately from Definition A.3 and A 4.

Lemma 1. [f the set valued mapping ® is given by relation (2.2), then the following conditions are

equivalent:

(1) The function ¢, : R%™ — R is properly quasimonotone (see Definition A.3) on C.
(2) The mapping ® is a KKM-mapping (see Definition A.4).

In general it is difficult to verify that the function ¢, is properly quasimonotone, or equivalently
(see Lemma 1), that ® is a KKM-mapping. Therefore, a sufficient condition involving a well-known

function class is given in the next lemma.

Lemma 2. If the function ¢, : R*™ — R satisfies ¢ (y,y) > 0 for everyy € C and v —
o+ (y,v) is quasiconvex (see Definition A.2) on C for every y € C, then the function ¢, is properly

quasimonotone on C.

Proof. Let {vy,...,u5} C C be given. Since the function v — ¢, (y,v) is quasiconvex on C' for

every y € C it follows for every y € C' that

maxi<i<k ¢z (Y, Vi) = MAXyeco({oy,...,vn}) Po (Y5 V)
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and this implies, using ¢, (y,y) > 0 for every y € C, that

maxi <i<k ¢$ (yavi) = MaAXyecco({v1,..-,vx }) ¢w (yav) >0

for every y belonging to co({v1, ..., vx }). Therefore we obtain that

infyeco(fos,...,un}) MAX1<i<k Gz (Y, vi) >0

and the result is verified. d

As an immediate consequence of Lemma 1 and Theorem B.3 (or B.4) of the Appendix, we now

have the following result.

Theorem 1. Lety — ¢, (y,v) be upper semicontinuous (see Definition A.5) for every v € C, then
the following statements hold:

(1) If the function ¢, is properly quasimonotone on C, then for every finite set {v1, ...,v} C C
we have
co({v1,--+ ,ue}) NN B (v;) £ 0.
(2) If additionally the function y — ¢4 (y,v) is quasiconcave on C for every v € C, then the
function ¢, is properly quasimonotone if and only if for every finite set {v1,...,ux} C C
we have

col{or, -~ vk }) NN, B(w;) # 0.

Proof. Since y — ¢, (y,v) is upper semicontinuous for every v € C, all its upper level sets are
closed. In combination with ¢, being properly quasimonotone, this implies by Lemma 1 that ® is
a KKM mapping with closed values. Applying now Theorem B.3 yields the first part. To show the
second part we observe that the quasiconcavity of the function y — ¢, (y,v) on C for every v € C,
ensures that the set valued mapping ® has convex values. Applying now Theorem B.4 shows the
second part. (]

By the above result, we know that every finite intersection Ny, cc®(v;), is nonempty. To show
that the intersection Nyecc®(v) is also nonempty (or equivalently, V(¢,,C) # 0), we need to
impose a compactness-type assumption.

Theorem 2. Suppose there exist some compact sets B C C and S C C satisfying

(2.3) infyep ¢z (y,v) <0

forevery y € C\S. If the function y — ¢ (y,v) is upper semicontinuous for every v € C and ¢,
is properly quasimonotone on C, then the set V (¢, C) is nonempty.

Proof. Since there exist compact sets B C C and S C C satisfying inf,ec g ¢, (y,v) < 0 for every
y € C\S we obtain that the set valued mapping ® given by relation (2.2) satisfies

(2.4) Nyes®(v) ={y € C :inf,ecp ¢, (y,v) >0} C S.
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Moreover, using y — ¢;(y,v) is upper semicontinuous for every v € C, we obtain that ® has
closed values and so by relation (2.4) the set N,ep®(v) is a closed subset of a compact set and

hence compact. This implies that the mapping ® : C\B = C given by
B(v) = 2(v) N (Nwes®(v))

has compact values. Since Nyec®(v) = Nyec\p®(v), it is now sufficient by the finite intersection
property of compact sets (see [15]) applied to the collection {®(v) : v € C'\B} to verify that the
intersection N¥_, ®(v;) is nonempty for every finite collection {v1, -+ , v} C C'\B. To show this,
let {v1,--- ,vx} C C\B be given and consider an arbitrary finite set {vgy1,--- ,vp4:1} C B. By
Theorem 1, it follows that

co({v1, .., vp41}) N (N @(v:)) # 0,

and since {v1, -+ , Vg4 } € BU{v1,- - , v}, this implies that
2.5) N1 Ov) #0
where

O(v) := ®(v) N (N, ®(v;) Nco(BU {v1,--- ,v1})).

Since the set B is compact, the set co(B U {v1,--- ,vi}) is also compact, and hence for every
v € B, the nonempty set ©(v) is compact. Using now again the finite intersection property for
compact sets applied to the collection {©O(v) : v € B}, we obtain by relation (2.5) that

(N1 @(vi)) Nco(BU w1, ,0x}) = NueBO(v) # 0,
and we have verified the desired result. O

Remark 1. If the set C' is compact, then clearly the compactness-type assumption listed in rela-
tion (2.3) is trivially satisfied by taking S = B = C, and so this condition is only nontrivial for
a noncompact, convex and closed set C. Moreover, it is straightforward to see that the typical
compactness-type condition used in the literature (see [8] and references therein) does imply rela-
tion (2.3). Actually, this compactness-type condition is a generalization of a similar condition for ¢
given by (1.5) (see [12]).

Before we conclude this section, we can illustrate our feasibility results on the Stampacchia
variational inequalities. It is clear that the function v — ¢, (y, v) in (1.5) is linear and the condition
¢2(y,y) > 0 holds. Thus, by Lemma 2, ¢, is a properly quasimonotone function. We make the
common assumptions as in the literature (see [8, 7]) and suppose that for an arbitrary z, the function
y — F(x,y) is continuous and the set valued mapping K has compact convex values (or assume
that the compactness-type condition (2.3) holds, see Remark 1). Then, as a direct consequence of
Theorem 2, we state that there exists a feasible solution for the Stampacchia variational inequality
problem. As a last note, it is well-known in the variational inequality literature that compactness-
type assumptions can be further relaxed by imposing additional assumptions on the function F' (see

[81).



6 EQUILIBRIUM CONSTRAINED OPTIMIZATION PROBLEMS

3. STRUCTURE OF THE FEASIBLE SET

Recall from (1.3) that the feasible set of an ECOP is given by
F =Zn Engraph(K).
In this section we analyze the topological structure of JF in order to state some conditions under

which the intersection E N graph(K) is closed and convex. We first start with stating the conditions
for closure.

Lemma 3. If the set valued mapping K is closed (see Definition A.6) and lower semicontinuous
(see Definition A.8), and the function ¢ is upper semicontinuous, then the set E N graph(K) is

closed.

Proof. Since the set graph(K) is closed by hypothesis, it is sufficient to show that the set E is
closed. Let (%y,yn) belong to E and suppose (%, yn) converges to (z,y). Choose any element
v € K(z). Since K is lower semicontinuous it follows that one can find some sequence v,, €
K (z,,) converging to v. Hence, ¢(Zy, Yn,v,) > 0 and by the upper semicontinuity of ¢ we obtain
that ¢(z,y,v) > 0. Since v is an arbitrary element of K (z) this implies that (x,y) € E and the
result is proved. O

In the next counterexample we illustrate that the condition for K being lower semicontinuous is
crucial in the above result.

Example 1. Consider the ECOP with ¢(z,y,v) = (v —y), K(z) = {1} U{v: —z < v < 0}
where z,y,v € R Then the equilibrium constraints v — y > 0,Vv € K () lead to the condition
—x > y forx>0
1 > y forx<0
So the points in {(z,y) : £ = 0,0 < y < 1} are boundary points of E but do not belong to E and
also the set E N graph(K) is not closed:

Engraph(K) = {(z,—z) : z > 0} U {(=,1) : z < 0}.

Let now K be defined explicitly by
3.1) K(z) = {v e R™ : G(z,v) <0},
where G : R*™™ — R? is a continuous function and v — G(z,v) is convex for every z € R”.
Clearly, the graph of K becomes
(3.2) graph(K) = {(z,v) : v € K(2)} = {(z,v) : G(z,v) < 0}.
In this case, the set valued mapping K has closed convex values. In the next result we specify

sufficient conditions for K to be lower semicontinuous.

Lemma 4. Ler the function G : R"*™ — R? be continuous, and assume that v — G(z,v) is
convex. If the set Ko(z) := {v € R™ : G(z,v) < 0} is nonempty for every x € R™, then the set

valued mapping K is lower semicontinuous.
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Proof. We will first show that the set valued mapping K is lower semicontinuous. Fix x € R™
and consider an arbitrary sequence z,, converging to x. For any v € Kq(z) it follows by definition
that G(z,v) < 0 and by the continuity of G this implies that there exists some ng € N such that
G(xn,v) < 0 for every n > mg. Hence it holds that v € Ky(z,) for every n > ng and so by
taking v, = v for n > mng we have verified that K is lower semicontinuous. Since the function
v = G(z,v) is convex for every z € R™ and K(z) is nonempty we obtain for every vg € Ko(z)
and v € K(x) that the convex combination vy := Avg + (1 — A)v belongs to Ko(z) for every
0 < A < 1. This implies that ¢l (Ko (z)) = K (x). Using now that lower semicontinuity is preserved
under taking closures we obtain that the set valued mapping K is lower semicontinuous. O

Next we study the convexity of the feasible set 7. We assume that graph(K) is convex and for
the convexity of the set E/, we prove the following result.

Lemma 5. Ifthe set valued mapping K is concave and convex, and the function ¢ is quasiconcave,

then the set E N graph(K) is convex.

Proof. The set graph(K) is convex from the hypothesis. It is now sufficient to show that the set
E is convex. Let (z1,¥1),(z2,y2) € E and for A € (0,1) define zx := Az1 + (1 — A\)z2 and
yx := Ay1 + (1 — A)ys. Since the set-valued mapping K is concave, it follows for every v € K (x))
that there exists some v; € K (1) and v € K (22), such that

v=Av; + (1 = Av,.
As a direct consequence of ¢ being quasiconcave, we have

d(xx,yxr,v) > min{d(z1,y1,v1), ¢(x2,¥2,v2)),} > 0

Since v is an arbitrary element of the set K (z ), we conclude that (xy,yy) belongs to E. O

Notice that the conditions of Lemma 5 are rather strong. However, these assumptions are sat-
isfied for certain applications. The following cases illustrate some applications, where K is both

concave and convex.

e The mapping K is constant, i.e., K(z) = C, Vx. Then it is immediately clear that the set
valued mapping is concave and convex.
e Let K be defined by

K(z) :={veR™ : G(v— Az) < 0}.

where G : R™ — RY is convex and A an m X n matrix. Then by setting w := v — Ax or
v=w+ Az and Cj := {w € R™ | G(w) < 0} we obtain

K(z)={w+ Az | G(w) <0} = Cy + Az

From this representation it is obvious that K is both concave and convex.
e In Section 6 we analyze the (linear) case

K(z) ={veR™ | B'z + B*» < 8} .
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It is not difficult to show that in this case K is both concave and convex if rank [B! B?] =
rank B2 < m (i.e., K is defined (essentially) by no more conditions than the dimension

m).

In the linear case (Section 6) we consider functions of the form ¢(z,y,v) = (v — y) T~ (full linear
case) and ¢(z, y,v) = (v—y)T (C z+C?y+C3v+7) . In the first case ¢ is (trivially) quasiconcave
but in the other case, except for [C1 C? C®] = 0, it is not.

4. FORMULATION OF AN ECOP ASs A REGULAR NONLINEAR PROGRAM

In this section we are interested in reformulations of ECOP, which are suitable for the numerical
solution of the problems. We transform an ECOP to a problem with bilevel structure and obtain a

formulation of the program as a nonlinear problem with complementarity constraints.

To deal with equilibrium constraints (1.2) of ECOP, consider the optimization problem

min  ¢(z,y,v)
v

Q(z,y)) st. v e K(z),

depending on the parameter (z,y). Obviously (assuming that )(x,y) is solvable), for a solution

v =v(z,y) of Q(z,y), we can write
(4.1) Engraph(K) = {(z,y) : y € K(z) and the solution v of Q(z,y) satisfies ¢(z,y,v) > 0}

Recall that the feasible set of an ECOP is given by F = Z N E N graph(K). So an ECOP can be

written in the form

min  f(z,y)
szl (z,y) € Z
(P) y € K(z)
¢(z,y,v) >0

v is a solution of Q(z, y).
Remark 2. In view of the constraints
¢(z,y,v) >0 Vv € K(z)

(if the sets K () are infinite) formally an ECOP can be seen as a so-called generalized semi-infinite
problem (GSIP) (see e.g. [17]). In the form Ps it is a typical bilevel problem (see e.g [4]).

Under the extra assumption
4.2) o(z,y,y) =0 forally

the parameter v in P can be eliminated as follows. Condition (4.2) implies for any y € K (x):

min ¢(z,y,v) < ¢(z,y,y) =0,
veK(z)
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i.e., if a minimizer v of Q(x,y) satisfies ¢(z,y,v) > 0 (thus = 0), then y must also solve Q(z, y).
So ENgraph(K) = {(z,y) : y € K(z), y is a solution of Q(z,y) } and P, simplifies:
min  f(z,y)
m’y
st.  (z,y)€eZ
y € K(z)
y is a solution of Q(z,y).

(Py)

We now assume that the sets Z and K (x) are given explicitly in the form
Z ={(z,y) ER"™™ : g(z,y) <0}, K(2)={veR™:G(z,v) <0}

with C'-functions g : R®*™ — RP and G : R**™ — RY. Let also ¢ be from C*.

Let V,¢(z,y,v) and V,G(z,v) denote the derivatives with respect to v. If v is a solution
of Q(z,y) which satisfies some constraint qualification (CQ) then v must necessarily satisfy the
Kuhn-Tucker conditions :

Voo(z,y,v) + ATV,G(z,v) = 0
MG(z,v) = 0

with some multiplier 0 < A € R™. So we can consider the following relaxation of ECOP.

min  f(z,y)
w,y’v
st. ¢(z,y,v) >0
(Ps3) Vv¢(xaya U) + )‘Tva(xa U) =0

M'G(z,v) =0

A —9(z,y), =Gz, y), —G(z,v) 2 0
P is a relaxation of P in the sense that (under CQ) the feasible set of the ECOP is contained in the
feasible set of P3. In particular, any solution (x, y, v) of P3 with the property that v is a minimizer
of Q(x,y), must also be a solution of the ECOP.

In case that (4.2) holds, problem Pj5 reduces to (see 132):

min  f(z,y)

z,y

st Vod(a,y,y) + ATV, G(z,y) =0
MG(z,y) =0
)‘5 _g(xa y): —G(.’E, y) Z 0

(Ps)

Convexity conditions for Q)(z,y). Let us now consider the special case that Q(z,y) represents a
convex problem, i.e., for any fixed z and y the function ¢(z,y,v) is convex in v, and for any fixed
x, the function G(z,v) is convex in v. Then, it is well-known that the Kuhn-Tucker conditions at
v are sufficient for v to be a solution of Q(z,y). So in this case any solution (z,y) of P3 (or Py)
provides a solution of an ECOP. If moreover CQ is satisfied for Q(z,y) (which is automatically
fulfilled if v — G(x,v) is linear), then P3 (or Py)is equivalent with the original ECOP.

In the form P; and Ps, an ECOP is transformed into a nonlinear program with complementarity
constraints (see e.g. [16]). In this form the problems can be solved numerically, for instance by an

interior point method (see e.g. [22]).
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The linear case. In the next section we will analyze ECOP for the case that all problem functions

are linear, f(z,y) = c'z + c®y, and
gi(z,y) =ajz+ajy<a;, iel, Gjz,y) =bz+by<p;, jeJ.

Here and in the rest of the paper we omit the transposed sign in the inner products, i.e., ax denotes

a™z. For the function ¢(z,y,v) = (y — v)F(z,y,v), we consider the case
d(z,y,v) = (y —v)(C'z + C?y + C°v + )

with matrices and vectors of obvious dimension. We assume that the (m x m) matrix C? is positive
semi-definite. Then the problem @ (x,y) is convex and by the discussions above, ECOP and Py are
equivalent. By replacing C2y + C3y by C2y (for notational simplicity) our problem 133 takes the

form
ming , clz + czy
s.L. aiz+aly <ai, i€I:={1,...,p}
(Lecor) Dz + by <pB;, jeJ:={1,...,q}
JjEJ(z,y)

A >0, je J(z,y)

where for (z,y) € R* x R™, we define the active index sets J(x,y) := {j € J : bjz + bjy = f;}
and also I(z,y) :=={i € [ :a}lz + aly = oy }.

Remark 3. For the special case F(z,y,v) = 7, i.e. C*,C? = 0, the problem ECOP, or equiva-
lently P, can be written as a common linear bilevel problem
ming , ctx + cty
s.t. alr+aly<a;, i€l
y is a solution of Q(x) :
min vy —yv
s.t. b}x + b?v < B, jEJ,
and Lgcop becomes
min, , c'z+ Py
s.t. alr+aly<a;, i€l
(Ln1) b+ by < B, j€J
-y + Z /\Jb? = 0,
j€J(z,y)
)\j >0, je J(m,y).
So for this special case the third constraints become ’independent’ from the other constraints which

means that Lgcop has a more complicated structure than the bilevel problem Ly, .

In [18] a genericity analysis was done for linear bilevel (i.e. for the case Lg; ). Note that also the
(full) linear case ¢(z,y,v) = ax + by + cv leads (via P3) to a problem of bilevel structure. In the
next section we are going to analyze the structure of Lgcop from a generic point of view (structure
in the general case).
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5. THE GENERIC STRUCTURE OF LINEAR ECOP

In the present section we reconsider the (linear) ECOP of the form Lgcop. We are going to
analyze the structure of Lrcop from a generic point of view (structure in the general case). In [18]
a genericity analysis was done for the linear bilevel problems Lg;, which corresponds to the case
[C1 C2] = 0 (see Remark 1). Since both problems Ly, and Lgcop have a similar structure, the
genericity analysis for Lgcop can be performed with similar techniques. We therefore present the
results here in a concise form but emphasize that the more general problem Lgcop leads to a more

complicated structure of the feasible set than problem Lyg; .

First we introduce some abbreviations

z = (z,y), c=(c',c?), a; = (a},a?), b; = (b},b3) € R"™ and C = (C*,C?).

VAR
We define the matrices A, B, B* with rows a;,i € I, bj,j € J, b?,j € J, respectively, and for the

vectors @ = (@1, ...,0p), B = (B1,-.-,0q), we also introduce the constraint sets

Qa={z:42<a}, Qp={2:Bz< B}, Q=QaNE-B.

This leads to the following compact form

min ¢z
st. Az<a
(Lecor) Bz<p

jeJ (2,y)
Aj >0, jeJ(x,y).

Note that if we assume that () is compact (bounded) and that the feasible set of Lgcop is non-empty,

it is clear that a solution always exists.

For linear bilevel problems, the feasible set simply consists of a union of faces (of dimension n)
of the polyhedron (). Moreover, for the special case I = (), the feasible set (in general non-convex)
is (path-)connected. Both facts are no more true for Lgcop.

Genericity. For fixed problem parameters (n,m, p,q) any Lgcop can be seen as an element from

the problem set
P={P=(c,A,B,a,3,C,)}=RE withK =n+ (n+m+1)(m+p+q).

Throughout the paper, by a generic subset Py of P = REK we mean a set, which is open in RE and
has a complement set of measure zero (notation u(R¥ \ Py) = 0). Note that this implies that the
set Py is dense in RE . For details on genericity we refer to [6] and [11].

Our genericity analysis will be based on the following ’non-trivial’ result (see [6]).

Lemma 6. Let p : RK — R be a polynomial function, p % 0. Then, the solution set p~(0) =
{w € RE | p(w) = 0} is a closed set of measure zero. Equivalently the complement G = RX \

p1(0) is a generic set in RE.



12 EQUILIBRIUM CONSTRAINED OPTIMIZATION PROBLEMS

Remark 4. The result of Lemma 6 will be used repeatedly as follows. By noticing that det A =
EneHz SIgNT ay (1) -~ 1 z(1) defines a polynomial mapping p : R — R we directly are led
to the following result: Let Vi denote the set of real (I x l)-matrices, Vi = {A = (aij)ij=1,..,1

| aij € R} = R*L. Then, the set V2 = {A € V, | det A = 0} is a closed set of measure zero in
RX!. Equivalently the set V" =V, \ V;° of regular matrices is generic in R,

In the sequel, 2o = (%o, yo) will be a point such that with appropriate multipliers A;, j € J(2o),
the constraints of Lgcop are fulfilled. We then call 2zq or (zg, A) a feasible point for Lgcop. Often the
abbreviation Iy = I(2g), Jo = J(zo) will be used.

We say that at a feasible point (zg, A) the strict complementary slackness condition holds if for
allje J:

(SO /\j >0& (ﬁ] — ijO) =0.

Among others it will be analyzed whether genericly the condition SC holds at a solution of Lgcop.

The answer will be negative.

Remark 5. For the special case that ) 4 is contained in the interior of Q g (implying Q) = Q 4) our

problem takes the form of a common LP:

min cz
(Lgcor) Az < a
Cz=—n.

Here, the generic structure is simply given by the well-known generic structure of such an LP.

We now are going to analyze the structure of the feasible set of Lycop near a feasible point
(20, Ao) and define
Jg ={j € Jo:[Mo]; =0} with J3' = Jo \ J§.
The following observation is crucial for the analysis below. Since the vector —(Czg + ) € R™ is
an element of cone {b?, Jj € J&} by Caratheodory’s theorem we can assume

(5.1 [ Jo'| < m.

Consider now a feasible direction dg at (zg, Ag) given by a solution (dg, dg) of the system:

a;d < 0, 1€l

bjd < 0, jeJJg
bjd = 0, jeJg
(5-2) cd+ ¥ 52 = 0,
j€Jo
(5j(bjd) = 0, jed§
6; > 0.

The following necessary condition for local minimizers is obvious.

Lemma 7. Let (zq, \g) be feasible for Licop. Then if zq is a local minimizer there is no solution
(d,d) of (5.2) such that cd < 0, i.e., there is no feasible descent direction.
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Note that for any solution (d, d) of (5.2) the points (2(t), A(t)) = (20 + td, Ao + td) are feasible
for Lgcop if ¢ > 0 is not too large. As a first genericity result we obtain the following lemma.

Lemma 8. Genericly for any local solution zo of Lgcop the condition |I(zo)| + |J(20)| > n must
hold.

Proof. Suppose that |Io| + |Jo| < n (Ip = I(29), Jo = J(20)). We will show that genericly this
implies that there is a solution (d, §) of (5.2) satisfying ed < 0 and the result follows by Lemma 6.
To do so consider the system

cd = -1
a;d = 0, i € Iy
bjd = 0, j€Jo
Cd+ Y 605 = 0
J€Jo
(5]' = 1, j€Jo

with s := 1+ |Io| + |Jo| + m + | Jo| equations in n +m +|Jg| > s unknowns. Genericly the system
matrix has full rank (see Remark 4) and thus admits a solution. O

Noticing that go is a boundary point of K (z¢) if and only if J(xo,¥0) # 0, we obtain the

following result as a corollary.

Corollary 1. Genericly for any local minimizer zo = (2o, yo) of Lecor which satisfies |1(z0)| < n,
Yo must be a boundary point of K (xg).

The next theorem states that in the generic case the feasible set of an Lgcop is n-dimensional (in

the z-space).

Theorem 3. Genericly the (projection onto the z-space of the) feasible set of Licop consists of a

(finite) union of polyhedras of dimension n.

Proof. Letbe given (zg, Ag), feasible for Lgcop with corresponding index sets Iy, Jo, J&, J&, | J&| <
m (see (5.1)). We will show that genericly near z( the feasible set (in the z-space) has exactly

dimension n.

dimension at most n: Any feasible point (2, A) must be a solution of an equation

b= B i€
Cz+ jgg Ajb% = —y
for some subset J§' C J with |J§'| < m. Genericly this system has full rank | J§| 4+ m and thus its
solution set is of dimension n + m + |J§| — m — |J§| = n in the (2, A)-space. Consequently its
dimension in the z-space (projection) cannot exceed n.
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dimension at least n: Note first that (2, Ag) is a solution of the equations

a;iz=aq; €Iy
(5.3) bjz =B, j€Jo
Cz+ )\jb? = —.
JETE
Genericly this system has full rank
k = min{|ly| + |Jo| + m,n +m + |J§|}
with |J§'| < m. Moreover the system of n + m + |J§| unknowns must satisfy the relation

(5.4) [Io| + |Jo| + m < n+m + |J§| or equivalently | Io| + | J§| < n.

To see this assume that | Io|+|Jo|+m > n+m-+|J§|+1, then the vector (a, 8, —) € RIfol+/Jol+m
(right-hand side of (5.3)) is contained in the (n + m + |J§'|)-dimensional space spanned by the
columns of the system matrix in (5.3), (a closed set of measure zero in R‘I"'HJ‘]H’”). This is
genericly excluded.

Consider now the system

ad = -1, i€l

bjd = 0, jeJ}

bjd = -1, jeJ§
Ccd+ Y, 5jb§ =0

JETF
Since genericly | I|+|J§| < n musthold (see (5.4)) this is a system of | Io|+|Jo|+m < n4+m+|JF|
equations in n + m + | J§'| unknowns. So genericly there is a solution (d, ) of this system (possibly

zero in the case Iy = J§ = (). By construction for any ¢; > 0 small enough the point
(21, A1) = (20, Ao) + t1(d, 6)
is feasible for Lgcop with I(21) = 0, J(2z1) = J§ ((M]; > 0, j € J(z1)). Consequently, near
(21, A1) all points (2, A) = (21, A1) +t(d, d), t > 0 (small) are feasible if (d, §) solves the equations
bid=0, jeJp
(5.5) Cd+ Y 6;b5=0

JET
This system of | J§| + m equations genericly has a solution set of dimension
n+m+|Jg| = |Jg| —m=n

in the (z, A)-space. But genericly also the projection of this solution set to the z-space is of di-

mension n. To see this, consider the system (5.5). Since |J§!| < m we can decompose the system

B 0 d 0
oo )(2)-(
C, B2 0

with a |JJ'| x |J&|-matrix B3, which is genericly regular. From the last |J}| equations we can

as

eliminate 6,

§=—(B3) 'Cyd
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resulting in the system
Bd=0
(C1 = BY(B3)~'C2)d =0
with m equations for the n + m unknowns. With the help of Lemma 6 it is not difficult to show
that also this system genericly has full rank m, i.e., genericly the solution space has dimension

n+m-—-m=mn. O

Remark 6. More precisely, according to the proof of Theorem 3, genericly, the feasible set (pro-
Jjected onto the z-space) of Licop has the following structure. The polyhedron () is genericly empty
or has full dimension n + m. So Lgcop consists of the sub-polyhedron {z € Q : Cz + v = 0}
(genericly empty or n-dimensional) together with a (finite) union of n-dimensional sub-polyhedra
on faces defined by the equalities bjz = [3;. Note that by convexity, each of these faces can only

contain one of these feasible polyhedras.

Finally we illustrate the structure of the feasible set of Lgcop by a simple example showing that
in contrast to Ly (see Remark 4 and [18]), in case I = () then the feasible set of Lgcop need not be

connected.

Example 2. Consider the Lycop withn = m = 1 and the feasible set defined by ((z = (z,y))
biz < By, j€J:={1,2,34}
Czt+v = —Yicsm it}
The feasible set is given by the points in Q = {z | bjz < B;, j = 1,...,4} which satisfy one of
the relations C'z = —v or

bjz = ﬂj

5.6
(56) Coty = =A%, A>0

for the indices j € J. The structure of the feasible set depends on the choice of the data C, by etc.
Let us now choose C = (0,—1), v =0, f1 =2 = B3 =4 =1and

by = (0,1), by = (=1,1/2), bs = (1,1/2), by = (0, 1) .

Then the feasible set consists of the set Fo = {z = (z,y) € Q | Cz = —y} ={(z,0) | -1 <z <
1} and the parts on the faces of @ given by (5.6) for j =1,...,4:

Fi = {z=(z,9) €Q|bhz=1,Cz=—-X},A >0} ={(z,1)| -1/2<z < 1/2}
1
B o= {Gy-Lyl0<y<1}
1
F; = {(1—5%31)“)52/31}
F, = {(z,-1)| -15<z<1.5}

So obviously, the feasible set F' = ﬂ‘}:OFj is not connected.

Note that this situation is stable with respect to (small) perturbations of the parameter values.
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We finally make some observation which are important from a theoretical and practical point of

view. For any given subset Jy C J we consider the LP:

min cz
st.  Az<a
Bz<p
(P(JO)) bjz — ,Bj, J € JO
Cz+v+ X \bi =0,
JE€Jo
A; >0, jedo.

So obviously, to solve Lgcop amounts to solving the problem:
o Find the index set Jy (Jo C J) such that the objective value of P(Jy) is minimal.

In a forthcoming paper we describe a descent method which by updating Jy in each step finds a

local minimizer of Lgcop. With regard to the problem P(.Jy) we can directly deduce the following

o Genericly, every point 2z¢ in @ , i.e., every feasible point of Lgcop, satisfies |I(zg)| +
17 (20)] <+,

e Genericly each problem P(zg) attains a (unique) solution at a (non-degenerate) vertex
(20, Ao) of the corresponding polyhedron. In particular n + m + |Jo| constraints must
be active. This implies that precisely for n — |I(2o)| indices j € J either A; = 0 for j € Jy
must be active or b zo = f;, for j € J\ Jo. So in the extreme case I = () the (SC) condition

is violated for n indices.

APPENDIX A

We refer to [3] for generalized convexity related definitions and for definitions from set valued-

analysis we refer to [2].

Definition A.1. A function i : R™ — R™ is called pseudomonotone if for every x,y € R™
(Y(z),x —y) > 0implies that (Y (y),z —y) > 0.

Definition A.2. A functiony : R® — R is called quasiconvex if all its sublevel sets are convex. A

function 1 is quasiconcave if — is quasiconvex.

Definition A.3. A function v : R?™ — R is called properly quasimonotone on the convex set
X CR™if
infycco({ar,...,zx}) MaX1<i<k (Y, T:) >0
for every finite set {x1, ...,z } C X.
Definition A.4. A set valued mapping ¥ : X =3 X is called a KKM-mapping if
co({z1, -y xx}) C UL ¥ (2s)

for every finite set {x1, ...,z } C X.
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Definition A.5. A function v : X — X is called upper semicontinuous if all its upper level sets are

closed. Similarly, it is called lower semicontinuous if all it lower level sets are closed.
Definition A.6. A set valued mapping U : X = X is called closed if the set graph(W) is closed.

Definition A.7. A set valued mapping ¥ : X =3 X is convex if and only if
AU (z1) + (1 = N)T(z2) C T(Azy + (1 — N)z2)

forevery x1,22 € X and 0 < X\ < 1. Accordingly, we call a set-valued mapping ¥ concave if
T(Az1 + (1= Nz2) CAT(z1) + (1 — A)T(z2)

foreveryx1,22 € X and) < A < 1.

Definition A.8. A set valued mapping ¥ : X =3 X is called lower semicontinuous at x € X if for
every v € U(x) and for every sequence ., converging to x, there exists a sequence v, € ¥(x,),
such that vy, converges to v. V¥ is called lower semicontinuous if it is lower semicontinuous at every
reX.

APPENDIX B

To show that under certain conditions the intersection in relation (2.2) is nonempty, we apply
the important KKM lemma from nonlinear analysis. Before introducing this lemma, let e; be the
it? unit vector in R?,4 = 1, ..., n and introduce for every subset J C N := {1, ...,n} the simplex

Ay, given by
5.7 Ay :=co({ej:je€ J}) CR".

Definition B.1. The collection of sets E; C R",1 < j < n satisfies the KKM property if for every
subset J C {1, ...,n} it holds that Ay C Ujc s Ej;.

The KKM lemma is now given by the following result (¢f. [23], [13], [S]).

Theorem B.1. IfE; CR",i = 1,...,n are closed sets satisfying the KKM property, then it follows
that N?_ E; # 0.

The K K M lemma is a consequence of Sperner’s lemma (see Theorem 2.5.6 of [21] or Lemma
3.5.1 of [19]) and Sperner’s lemma can be proved by combinatorial arguments (cf. [1] or Theorem
3.4.3 of [19]). If the sets E;,1 < 4 < n are additionally convex, then an elementary proof of the
KKM lemma can be given (see Theorem B.2) by using the next result of Berge (cf. [20]). The result
of Berge is based on the well-known separating hyperplane result for disjoint finite dimensional

compact convex sets and its proof can be found in [20].

LemmaB.1. IfC; CR",1 < ¢ <randr > 2 are closed convex sets satisfying U,_, C; is convex
and for any J C {1,...,r} with |J| = r — 1 it holds that Njc ;C; is nonempty, then it follows that

Ni_, C; is nonempty.
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Before giving a proof of an improvement of the K K M lemma for closed convex sets based on
Lemma B.1, we introduce the following definition.

Definition B.2. The collection of sets E; C R™,1 < 1 < n, satisfies the simplex finite intersection
property if for every subset J C N := {1,...,n} it holds that Ay N (NjesE;) # 0.

For convex sets one can now give the following improvement of the KKM lemma by elementary
methods. This proof is adapted from the proof of a related result in [10].

Theorem B.2. If E; C R",1 < i < n,is a collection of closed convex sets the following conditions

are equivalent:

(1) The collection E;,1 < i < n, satisfies the simplex finite intersection property.
(2) The collection E;,1 < i < n, satisfies the KKM property.

Proof. To prove the implication 2 = 1 we verify by induction that for every r < n and J C
{1, ...,n} satisfying | J| < r it holds that

(5.8) Ayn(NjesE;) # 0,

if the collection E;,1 < ¢ < n, satisfies the KKM property. Since the KKM property holds it
follows that e; € E; and so relation (5.8) holds for r = 1. Suppose now that relation (5.8) holds
forr = 1 — 1 and consider a subset J C N := {1,...,n} consisting of [ elements. Since the sets
E;,j € J are closed and convex also the nonempty sets E; N Ay, j € J are closed and convex. By
the KKM property we obtain Ay C UjcsE; and this implies

(5.9) Ujes(E; NAy) = Ay,

Moreover, it follows by the induction hypothesis for every j € J that the set A 7530 (N eI/ E;)

is nonempty and since clearly

Az N (NjerryEi) € Njesygy (B5 N AS)
we obtain for every j € J that

Using now relations (5.9) and (5.10) we may apply Berge’s lemma with C; replaced by E; N Ay
and this shows Ay N (Njcs E;) # B completing the induction step. To show the implication 1 = 2

we need to verify for F;,1 < i < n satisfying the simplex finite intersection property that for any
subset J C N := {1,..,n} with |[J| < rand 1 <r < n it follows that

(5.11) Ay C UjeJEj

Ifr = 1then J C N := {1, ...,n} consists of one element j and so by the simplex finite intersection
property we obtain that

e;=A5 €L
showing that relation (5.11) holds for » = 1. Suppose now relation (5.11) holds for any subset
J with |J| <7 —1andletz € Ay with [J| = r. This means z = }_;; Aje; with A; > 0
and ) jesAj = L. If some A; equals 0 we may apply the induction hypotheses and so without
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loss of generality we may assume that A\; > 0 for every j € J. Since the collection E;,1 < 4 <
n, satisfies the simplex finite intersection property it follows that there exists some nonnegative
sequence pj, j € J satisfying Z].EJ p; = 1and

(5.12) T = Zje.] ui€e; € mjeJEj.
Introducing now the finite number
vi=max{;X\;":j € J}

we obtain using p, A € Ay that v > 1. If v = 1 this implies that u; = A; for every j € J and so
by relation (5.12) it follows that z = T € Uj¢ s E; and we are done. Therefore v > 1 and consider

now
* )‘] — Vﬁl,uj .
/\j = ﬁ,] eJ
By the definition of v we obtain ) jed A; =1land A7 > 0. Since A} = 0 for some j € J it follows

by our induction hypothesis that

¥ = ZjeJ Ajej € Ej
for some j* € J. Moreover, by relation (5.12) we obtain T € E;« and sincez = v~ 'z+(1—v~!)z*
it follows by the convexity of E;- that x € Ej- C UjcsE;. This completes the induction step. [

We will now extend the KKM lemma to set valued mappings ¥ : C' = C' with nonempty values.

Definition B.3. The set valued mapping ¥ : C = C'is called a KKM mapping if co({v1, ...,vr}) C
U;?:llIl(vj)f()r every finite subset {v1, ..., vy } of the set C.

An important consequence of the KKM lemma to set valued mappings is given by the following
result.

Theorem B.3. If U : C' =3 C is a set valued KKM mapping with closed values, then it follows for
every finite set {v1,...,u } C C that

co({vi, ..., vk }) N (ﬂlelll(vj)) # 0.

Proof. Introduce for every 1 < i < k the sets F; := {\ € Ay : Ele Ajv; € ¥(v;)}. Since the
sets W(v;), i = 1,..,k are closed, it follows that the sets E; C R™ are also closed. Moreover, if
JC{1,...,k}and A := (A1, ..., A\g) € Ay C R” we obtain, using co({v; : j € J}) C U;es¥(v;),

that
k

Zj:l Ajvj = ZjEJ Aju; € UjGJ‘I’(’Uj).
This shows that A belongs to Uje s E; and so A ; C Uje s Ej. Applying now the KKM lemma yields
the desired result. O

If the set valued mapping ¥ : C' = C has closed convex values one can show the following
improvement of Theorem B.3.
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Theorem B4. If ¥ : C = C is a set valued mapping with closed convex values, then it follows
that U is a KKM mapping if and only if for every finite set {v1, ...,vr} C C it holds that

co({vr, ., v }) N (NG T(v;)) # 0.

Proof. If ¥ is a KKM mapping we obtain by Theorem B.3 the desired result. To prove the reverse

implication we adapt in an obvious way the proof of Theorem B.2. O
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