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Abstract

We discussa methodto estimatethe confidenceboundsfor averageeconomicgrowth, which

is robust to misspecificationof the unit root propertyof a given time series. We derive asymp-

totic theoryfor the consequencesof suchmisspecification.Our empiricalmethodamountsto an

implementationof the bootstrappingprocedureadvocatedin RomanoandWolf (2001). Simula-

tion evidencesupportsthe theoryandit alsoindicatesthepracticalrelevanceof the bootstrapping

method.We usequarterlypost-war US industrialproductionfor illustrationandwe show thatnon-

robustapproachesleadto ratherdifferentconclusionson averageeconomicgrowth thanour robust

approach.
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1 Intr oduction

Thequestionof thesizeof averageeconomicgrowth, andits associatedconfidencebounds,seemslike

a rathertrivial one. Yet, time serieseconometriciansknow that theansweris far from straightforward.

Indeed,theanswerfor thepointestimateof averagegrowth hingesuponthetimeseriesmodelemployed.

Usually, onetendsto choosebetweena trend-stationary(TS) modelanda difference-stationary(DS)

model,andoften the numericalvalueof the averagegrowth estimatediffers acrossthe two models.

Additionally, the associatedconfidenceintervals alsodependon the chosenmodel. Thoseof the TS

modelareusually rathernarrow, while thoseof the DS modelareratherwide. In this paperwe will

examineto whatextenttheseoutcomesmightbecausedby modelmisspecification.

As theestimateof averageeconomicgrowth dependson themodel,onewould beinclinedto make

a selectionbetweenthe modelsfirst, and, basedon the outcome,to estimateaveragegrowth. Such

selectiontypically dependson the outcomeof a test for a unit root. Unfortunately, thesetestshave

notoriouslylow power, andhenceit is quite likely that oneendsup with the DS model,while a TS

modelwith aclose-to-unityrootwouldhavebeenabetteroption.Furthermore,thepre-testingaspectof

sucha proceduretendsto complicatethedistribution of estimatorsandassociated
�
-statistics.It seems

thereforeof relevanceto have a methodthat is robust to modelmisspecification.In this paperwe put

forwardsuchamethod,wherethefocusis on theconfidenceboundsof averageeconomicgrowth.

The analysisis closely relatedto the work of CanjelsandWatson(1997),who considervarious

point estimatorsandconfidenceinterval methodsfor the trendslopein a modelwith a near-unit root.

A main differencewith their analysisis that we avoid the useof asymptoticcritical values,by using

thesubsamplingmethodrecentlyput forwardby RomanoandWolf (2001). Unlike moreconventional

bootstrapprocedures,this subsamplingmethodis asymptoticallyvalid in the presenceof a near-unit

root,andthereforesuitableto obtainrobustestimatesandconfidenceintervalsfor theaverageeconomic

growth, wheretherobustnessis with respectto thedeviation from theunit root.

The outline of this paperis as follows. In Section2, we discussthe TS andDS modelsandwe

considerthetwo associatedmethodsfor pointandinterval estimationof theaveragegrowth rate.Weuse

quarterlyseasonallyadjustedpostWorld War II US total industrialproductionastherunningexample

throughoutthis paper. In Section3, we provide the asymptoticdistribution theory for the effectsof

modelmisspecificationontheconfidencebounds.Weillustrateits implicationsfor therunningempirical

example,andwe documentthat the impactof misspecificationis quite substantial.In Section4, we

discussa subsamplingmethodfor computingconfidencebounds,adaptingthe elegant approachput

forward in RomanoandWolf (2001), togetherwith its applicationto the industrial productiondata.

Section5 reportson a simulationexperimentwhich is usedto investigatehow robust thesubsampling

methodreally is, and how reliable it is in smallersamples. In the last sectionwe concludeandwe

mentiona few futureresearchtopics.
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2 Representationand estimation

Considera time series� � which canbedescribedby a first orderautoregressive modelwith trend,that

is, � � ���	��
��� � � ������������� ���	� � ��
� � � ���!� � " " "�� #�� (1)

where
�

denotesthefirst-orderdifferencingfilter, and $ � � % is an & " & " '�" (� )*� +�, � process.Thestarting

value � - is observed, andis consideredasfixed. Of course,otherassumptionswould bepossibletoo,

but in this paperwe stick to these. The trend-reversionparameter� may be zero, suchthat � � is a

randomwalk with drift � , or it may lie in the interval � �/.0� ) � , suchthat � � is a trend-stationaryAR(1)

processwith trendslope� . We opt for this representationasit ensuresthat thefocal parameteris � in
bothcases;when � � is thenaturallogarithmof aneconomictime series10� , then � representsthemean

growth rateof 10� . In practicethemodelwill typically beextendedto includelaggeddifferencesto avoid

serialcorrelationin � � . We focushereon the first-orderautoregressionfor clarity, but thesubsequent

resultscanall beextendedto higher-orderautoregressions.

2.1 Estimators

To emphasizethematterof concernin thispaper, weconsiderthelimiting distribution of theMaximum

LikelihoodEstimator(MLE) of � andits estimatedstandarderrorsin theabove two casesconcerning

valuesof � . For thatpurpose,consider� � ���	2�
3*��
��4� � �5��
6� � � (2)

where27�	��� ��
��������5� and 38�!���4� , andhence�9� : � 2�
3�� �/
	� ; ��� � ; ��� if ��.=<6��<	)0�
not identified� if ���>)*� (3)

�?� : �@34; ��� if ��.=<6��<	)0�2�� if ���>)*" (4)

The MLEs of � 2�� 30� ��� are obtainedby Ordinary LeastSquares(OLS) in (2). As A�B�C) with

probability zero,theMLE of � is given by A�>�D�8A34;4A� , almostsurely. We will refer to this astheTS

estimator, but wewill evaluateits propertiesalsofor thecaseswherethetrueDGPis in factDS,andfor

thecasewheretheDGPis TSwith anear-unit root. Thesquaredestimatedstandarderrorof A� (obtained

from thedeltamethod)is thengivenbyAE , FG � �A� , � � � A��� AH � AI ��J � A�LK � (5)

where AH � AI � is theOLSestimatedcovariancematrixof AI �L� A35� A��� M . DenoteN ���OJ ����# ���5P	Q� R�� �� � �5����# ��� P	Q� R�� � � ���8K � (6)
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and S�TDU V0W X�Y Z , suchthat [S]\6S�TDU ^	_` a�b4c ` c Z` Y d b ^	_` a�b4c ` e ` , and [f8g [S h�T [i�j U ^	_` a�b4c ` c Z` Y d b , with [i�j
theOLSresidualvariance.Wealsoconsideranalternative estimateof thestandarderrorof [k , which is,lm j no Tqp[X j U p W k Y [f�g [S h�r pkLs W (7)

which usesthe valueof
k

underthe null hypothesis;this may be usedin a t -statistic U*[k \ k Y u lm no , as

an alternative to U*[k \ k Y u [m no . The standarderror
lm no originatesfrom the fact that the null hypothesisv=w8x k T k w maybe reformulated,for almostall parametervalues(but excluding X	Tzy ), into

v Zw xX k w�{ V8T|y . The t -statistic U*[k \ k Y u lm no canthenbeshown to beequalto theratio of U [X k { [V4Y andits

OLSstandarderror.

Notethat t -statisticbasedon [m no caneasilybeinvertedto obtainaconfidenceinterval, usingquantiles

of thenull distributionof U*[k \ k Y u [m no . Fromthestandarderror
lm no , wemaydefineaconfidenceinterval as

thesetof
k

’swhicharenotrejected,usingthenull distributionof U*[k \ k Y u lm no . Thisrequiresanon-linear

searchfor theboundsof theconfidenceinterval. When X is closeto y , mayexpectbetterfinite-sample

sizebehaviour of
lm no ; seeBoswijk (1993)for evidenceon this in a cointegrationcontext. On theother

hand,whenX and V areequalto zero,
k

is not identifiedfrom \@V4u X , whichwill oftenleadto unbounded

confidenceintervals.This canbeseenfrom thefactthat} ~ �o ��� [k \ klm no T!\ } ~ �o � d � [k \ klm no T [X[m n� W (8)

wheretheright-handsideequalsthefamiliar Dickey-Fuller teststatistic.Therefore,whentheDickey-

Fuller teststatisticis closeto zero,wewill notbeableto rejectany largepositive andnegativevaluesofk
, yieldinganunboundedconfidenceinterval basedon U*[k \ k Y u lm no . In suchcasesaconfidenceinterval

basedon [m no might bepreferable.Eventhoughit might have asizedistortion(leadingto undercoverage

of the interval), it is informative at leastaboutthe possiblevaluesof
k

. Clearly if X|TBy andthis is

known, inferencebasedon theDS modelwill beoptimal,andany inferencebasedon theTS modelis

second-best.

TheDS analysisfollows from imposingX�T>y . In thatcase,model(1) reducesto��� ` T k { e ` W�t�T p W � � ��W ��W (9)

leadingto
lk TL� d b ^	_` a�b ��� ` T�� d b U � _ \ � w Y . Its OLS standarderror is m5�o TD� li j u � , with

li�j TU ��\ p Y d b ^ _` a�b U ��� ` \ lk Y j . This leadsto a t -statistic U lk \ k Y u m �o , which may be invertedto obtain

confidencebounds.

2.2 Illustration

To illustratetheconsequencesof theabove resultsfor practicalanalysis,consideranapplicationto the

quarterlyobserved postWW-II total industrialproductionindex for the United States.The datahave

beenseasonallyadjustedandcover the range p � �0p � p to � y y y0� � . All subsequentmodelsinclude5 lags

to whitentheerrors,at leastapproximately. Supposewe areinterestedin theannualgrowth rateof this
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industrialproductionseries.Whenwe considertheTS modelfor the naturallogarithmictransformed

data,we obtainanestimateof this annualgrowth rateof �0� � � � with a standarderrorof �0� � � � . Hence,

theconventional � �*� confidenceinterval would rangefrom �*� � �*� to �*� �*� � . If wewereto adopttheDS

model,we impose�7�|� andwe obtainanestimateof theannualgrowth rateof �0� � � � with associated

standarderror �0� �0� � . This impliesaconsiderablywider � �*� confidenceinterval, rangingfrom �0� � � � to�0� � � � . This illustrationshows thatwe notonly getdifferentestimatesfor theannualgrowth rateacross

theTS andDS model,but alsothatwe get ratherdifferentconfidencebounds.Note that thestandard

errorfor tehDSmodelis morethantwiceaslarge. Indeed,theDSpointestimatealmostliesoutsidethe

TS confidenceinterval.

If we would wantto formally choosebetweenthetwo models,we canimplementthefamiliar aug-

mentedDickey-Fuller test.This teststatistichereequals�/�0� � � � , andhencewe cannotreject ���>� . In

this case,we would selecttheDS modelandthecorrespondingpoint estimateandconfidenceinterval

for the growth rate. The problemwith this procedure,however, lies in the notoriouslylow power of

unit root testsagainstnear-integratedalternatives. This meansthat in practicethereis quitea substan-

tial probability of selectingthe wrong model. An additionalproblemin near-integratedcasesis that

the distribution of the TS andDS   -statisticsmay deviate substantiallyfrom the standardnormal. In

particular, thesedistributionstendto besensitive to thedeviation from theunit root. Thenext section

makesthissensitivity explicit by studyingthebehaviour of theTSandDS procedures(i) undertheunit

root hypothesis,(ii) underfixed (trend-stationary)alternatives,and(iii) underlocal alternatives. This

analysiswill demonstratethelack of robustnessof standardasymptoticinferenceto evenminor model

misspecification.This will motivatetheanalysisin Section4, wherewe robustify theproceduresusing

thesubsamplingprocedureof RomanoandWolf (2001).

3 Asymptotic theory

In this sectionweexaminetheeffectsof modelmisspecificationfor inferenceoneconomicgrowth. We

first take the TS modelas the DGP, and thenwe turn to the DS model. Proofsare relegatedto the

Appendix.Finally, we illustratethetheoryfor our runningexampleseries.

3.1 The TS model

We first considerthe behaviour of ¡¢ and its estimatedstandarderrors for a trend-stationarydata-

generatingprocess,in whichcase�/��£6�7£	� .
Theorem 1 Let ¤ ¥ begeneratedby (1) with �/�=£6��£	� . Then¦�§ ¨ © ª ¡¢ � ¢�«¬�4®¯ ª �0° � � ± © ² � © « ° (10)¦ § ³´ © µ¶¸·�4® � � ± ©� © ° (11)¦ § ¡´ © µ¶ ·�4® � � ± ©� © � (12)
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Therefore,the ¹ -ratioof º» is asymptoticallystandardnormal,usingeitheroneof thealternativestan-

darderrorestimates.Hence,Theorem1 replicatesthewell-known resultthatconventionalasymptotic

inferenceappliesin trend-stationarymodel.

Now we turn to the casewherethe processis (near-)integrated,that is, ¼ ½L¾C¿ À Á for fixed ¿ ,
including ¿¾ÃÂ (¼z¾ÃÂ ). The resultsof Theorem2 for º» can be obtained,directly or indirectly,

from CanjelsandWatson(1997)and/orPhillips andLee(1996),but we provide a proof of thesein the

Appendixfor convenience.To thebestof our knowledge,theresultfor the two standarderrors ºÄ�ÅÆ andÇÄ ÅÆ is new.

Theorem 2 Let È É begeneratedby(1) with ¼*½=¾ ¿Á , where ¿@Ê	Â is a constant,andwith È*Ë fixed.Then

Á�Ì Í Î Ï*º»7Ð7»�ÑÒÐ5ÓÔÐÃÕ7Ö × ÌË�Ø Î Ì Ù�Ú Ì × ÌË�Ø Ì Û*Ü¿�Ý Ö × ÌË�Ø ÎÎ Ù�Ú Ì × ÌË�Ø Î Û*Ü ¾ Õ5Þ0ß (13)

Á ÇÄ Î ÅÆ ÒÐ5Ó Õ Î Ö × ÌË�Ø Î Ì Ù Ú Ìà ¿�Ý Ö × ÌË�Ø ÎÎ Ù�Ú Ì × ÌË�Ø Î Û0Ü>á Î ¾ Õ Î â ß (14)

Á ºÄ Î ÅÆ ÒÐ5Ó Õ Î â�Ý Õ Î
à Þ Î Ö × ÌË�Ø ÎÎ Ù Ú Ì Ð�ã Þ Ö × ÌË Ï Ä Ð ÌÎ Ñ Ï ä Ð�åä Ñ Ù Ö × ÌË Ï Ä Ð ÌÎ Ñ Î × ÌË�Ø ÎÎ Ù Ú Ì áà ¿�Ý Ö × ÌË=Ø ÎÎ Ù Ú Ì × ÌË=Ø Î Û0Ü á Î¾ Õ Î æ5ç (15)

Here Ü Ï Ä Ñ is a standard Brownianmotionprocess,ä=Ï Ä Ñ ¾ ×�èË�é ê ë è Ú4ì í Û*Ü Ï î Ñ is anOrnsteinUhlenbeck

process,and

Ø Ì Ï Ä Ñ ¾ Ä Ð6ï ÌË Ä ä�ð Ï Ä Ñ Û Ä à ï ÌË ä]ð Ï Ä Ñ ä]ð Ï Ä Ñ ñ Û Ä á Ú Ì ä]ð Ï Ä Ñ ß (16)

Ø Î Ï Ä Ñ ¾òä=Ï Ä Ñ�Ð6ï ÌË ä8Ï Ä Ñ ó Ï Ä Ñ Û Ä à ï ÌË ó Ï Ä Ñ ó Ï Ä Ñ ñ Û Ä á Ú Ì ó Ï Ä Ñ ß (17)

where ä ð Ï Ä Ñ ¾LÏ ô ß ä8Ï Ä Ñ Ñ ñ and
ó Ï Ä Ñ ¾LÏ ô ß Ä Ñ ñ ; and

åõ ¾ × ÌË õ Ï Ä Ñ Û Ä for anyprocess
õ

.

Theorem2 implies that the ¹ -statisticof º» hasas its limiting null distribution either Þ À ö â (if ÇÄ�ÅÆ
is used)or Þ À ö æ (if ºÄ ÅÆ is used),both of which arecharacterizedby a singlenuisanceparameter¿ .
The correspondingdensities,for variousvaluesof ¿ , are depictedin Figures1 and 2. We observe

that thedistributionsof the ¹ -statisticsin Figure1 candeviatevery stronglyfrom thestandardnormal

distribution, and that they arevery sensitive to the deviation ¿ from the unit root hypothesis.In the

extremecaseof a unit root, the ¹ -statistichasa very high dispersion,andthe ÷*ø (two-sided)critical

valuesarein theneighbourhoodof ù]ú ç ÷ insteadof theconventional ù ã . Hence,theconventional95%

interval would underestimatethetrueinterval. When
ÇÄ�ÅÆ is used,critical valuesarelessdependenton ¿ ,

andfluctuatefrom ù�û ( ¿�¾|Â ) to ù ã ( ¿@¾ Ð�ü ). Notethatin this casethedistribution of the ¹ -statistic
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is bi-modalwhen ý�þ!ÿ , a propertyinheritedfrom thedistribution of theestimatedtrendcoefficient �� ,
seeDickey andFuller (1981).

Note that CanjelsandWatson(1997)alsoconsiderthe casewhere � � is not fixed, but wherethe

processstartsatzeroattime ��� �	��
 , for somefixed ��	ÿ . Thisleadsto anadditionalnuisanceparameter� . Theanalysisin Theorem2, andtheinferenceproceduresdiscussedbelow, couldbeextendedto cover

thiscaseaswell.

3.2 The DSmodel

Considernow theasymptoticbehaviour of theestimator �� andstandarderror ���� basedontheDSmodel.

Theresultsbelow for �� follow asaspecialcasefrom theresultsin CanjelsandWatson(1997).

Theorem 3 Let � � be generated by (1) with ���������Oÿ , and with ����� �"! #%$ &�'(�) , where &�'( þ&�' *	! +,��� +.-"�/
 ' ) . Then

�%! �� � � )10��23�"! ÿ�$ � & '(�) $ (18)�4� ' ��65��27�,� ��& '( $ (19)

sothat the 8 -statisticsatisfies�:9 ; ' ! �� � � ) * � �� 0��2 �"! ÿ�$ ��+ * � ) .
ThefactthattheOLS 8 -statisticconvergestozeroin thiscaseis relatedto theMA unit rootcausedby

theDS model. It impliesthatwe mayexpectseriousovercoverage(too wide intervals)of thestandard

asymptoticconfidenceinterval ��"< + = > ? � �� . Note that the asymptoticvarianceof the normalized8 -
statisticincreasesas �@2 ÿ .
Theorem 4 Let � � begeneratedby(1) with ��A=þ ý� , where ý�B	ÿ is a constant,andwith ��� fixed.Then

� 9 ; ' ! �� � � ) 0��23&�CD! + ) ���FE ÿ	$ & ' G�H I � CJ! + ) 
 K%$ (20)�4� ' ��65��23& ' $ (21)

where CJ! � ) is definedin Theorem2, and

G�H I � CJ! + ) 
�þ LM N + $ if ý/þ>ÿ	$+,��O ' P��� ý $ if ý��	ÿ	= (22)

Thetheoremimpliesthatthe 8 -statistichasanasymptoticstandardnormaldistribution only in case

of an exact unit root, that is, when ýþ ÿ . Since G�H I � CD! + ) 
D�Q+ for ýR�Oÿ , it follows that again

we mayexpectstandardasymptoticconfidenceintervals ��@< + = > ? ���� to betoo wide andhencedisplay

overcoveragewhen ý��	ÿ .
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3.3 Illustration, continued

To illustratetheconsequencesfor practicalanalysisof theaboveresults,consideragaintheUSindustrial

productionindex example. Basedon the S T U�S V SDWYX Z Z Z�V [ sample(\�]^X Z Z ), the estimateof the

trend-reversionparameterequals _` ]�W,Z	V Z a a , which is not significantlydifferentfrom Z accordingto

augmentedDickey Fuller statisticof W,X	V X X [ , asmentionedin theprevioussection.Thecorresponding

estimateof b is given by _bJ]c\,_` ]dW,e	V e U U . This is not a consistentestimator, in thesensethateven

as \dfhg , the estimator _b will vary randomlyaround b . The asymptoticpower of Dickey-Fuller

testsis known to be very small (in particularwhena trendis included)againstlocal alternatives b in

the neighbourhoodof W�U . This implies that assumingand imposing b@]iZ would be aboutequally

arbitraryasassumingthat b]FW�U or b]FW�e�V e U U , for example. Theseresults,andin particularthe

lackof consistency of _b , imply thatwecannotconstructasymptoticallyvalid confidenceintervalsbased

on Theorems1–4 which arerobust to variationsin the true b . This motivatesthe useof subsampling

methodsin thenext section.

For the industrial productiondata,the resultsfor the TS estimatorimply that the TS confidence

interval of a	V S Z TJjcS V T eJk�Z	V X U e is likely to be far too narrow, asoneseemsto have a near-unit root

casehere.Assumingthat the true b equalsZ would leadto anasymptoticconfidenceinterval of abouta�V S Z TljRm�V U�k Z�V X U en]po S V S q T	r U�V Z X T s , insteadof the o X	V e Z m�r a�V e�S X s interval correspondingto b�]cW�g .

And, if b�]cW�U , theappropriateconfidenceinterval would becomeapproximatelya	V S Z Tlj"[nk Z�V X U eJ]o X	V Z q U	r [	V S a a s . Theconfidenceintervalsbasedon theTS modelusing tu�vw will beunboundedfor b�]YZ ,W,U or W�X Z . As discussedin theprevioussection,very largepositive or negative valuesof x will have

a y -statisticequalto jlX�V X X [ (theaugmentedDickey-Fuller statistic),which doesnot lie in thecritical

region obtainedfrom the densitiesin Figure2. Hence,all theselarge absolutevaluesof x lie in the

confidenceregion.

Finally, considerthe implicationsof Theorems3 and4 for theDS confidenceinterval. Since ` is

evidently closeto Z , we concentrateon the local-to-unityasymptoticsof Theorem4. Whenthe true

valueof b equalsZ , thenthe a	V U X [JjzS V T eJk Z	V e	S Z�]io X	V a X q	r [	V m X Z s interval obtainedin the previous

sectionis asymptoticallyvalid. However, whenb,]zW�U , whichmightbeequallylikely, thenthevariance

of the y -statisticequalso S,W�{ |�} ~ s � S Zn]�Z	V S Z Z , which meansthatabetterestimateof thetruestandard

errorof tx wouldbe Z	V e	S Zlk � Z	V S Z Zn]�Z	V S T a , leadingto aconfidenceinterval of a	V U X [ljRS V T e�k Z	V S T an]o a	V S [ e	r a�V T Z X s whichis farmoreinformative. In sum,weseethattheasymptoticresults,in combination

with thefactthat b cannotbeestimatedconsistently, leadsto a largesetof possibleconfidenceintervals,

whichvary substantiallyin theirwidth andtheir location.

4 Confidenceintervals basedon subsampling

In this sectionwe give a brief discussionof the subsamplingmethodproposedby RomanoandWolf

(2001),henceforthRW, whenit is appliedto our researchquestion.For detailsandproofsof various

results,we referto theoriginal paperof RW.
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4.1 The subsamplingmethod

The basicideais as follows. Considerthe TS � -statistic ����"���:� � ����� (we will not consider ��4�� in the

remainderof thispaper, dueto its unfortunateproperties).Theconstructionof avalidconfidenceinterval

requiresknowledgeof the(asymptotic)distribution of this � -statistic,but thisdistribution dependson � .
However, thedistribution maybeestimatedby theempiricaldistribution functionof � -statisticsbased

on subsamplesof length ���R� (theblocksize).

In general,let �� � � � and �� � � � denotean estimatoranda scalingfactorbasedon the � th subsample� � � � � � ��� � � � ��� � � � � � � �
, and let �� � and �� � denotethe correspondingstatisticsbasedon a full sample

of size � . Furthermore,let � � denotea normalizingsequencesuchthat � � � �� � ����� � �� � hasa limiting

distribution for all DGPsunderconsideration.In practice, �� � � � � is anestimatedstandarderrorof �� � .
Theempiricaldistribution of

� � � � �� � � � � �� � � � �� � � � � �� �¡ � � � �4� � � �,¢Y¡ � maybe usedto estimatethe

distribution of � � � �� � �R��� � �� � . The resultsof RW imply that this estimatoris in fact consistentunder

thefollowing conditions(in additionto sometechnicalconditionsdiscussedin RW):

£ ��¤Q¥ as �¦¤Q¥ , but � � ��¤ § ;
£"¨ � � �� � ����� and © � �� � both have a limiting distribution, where ¨ � and © � are sequencessuch

that ¨ � � ¨ � ¤ª§ , and � � � � � ¤ª§ , with � �   ¨ � � © � . The limiting distribution of © � �� � may be

degenerate,andshouldhave no massatzero.

Applying the procedurein practice,onehasto make a choiceaboutthe block size � . Choosing� too small may leadto a badapproximationof the actualdistribution, becauseof small sample-type

problemsof � � � �� � � � � �� � � � �� � � � . On the otherhand,choosing� too closeto � will lead to very little

variationin
� � � � �� � � � � �� � � � �� � � � � �J F¡ � � � �4� � � �,¢z¡ � , andthereforean underestimationof the true

dispersionof thedistribution of � � � �� � ���:� � �� � . RW recommendto choose� between� «:¬ n �® «:¬  ¯ �
and � «%° ±" F® «%° ± ¯ � , where ® «:¬ �²d³ § � ´�� ¡ µ and ® «%° ±R²d³ ¶ � · µ . The actualchoiceof � is madeby

minimizing the local variationof the interval endpointsasa functionof � . That is, � shouldbechosen

in a“stableregion”. Thelocal variationfor achoiceof � is representedby theso-calledvolatility index,

which is thesumof themoving standarddeviations,over
� � �"¸ � � �"¸ ¢�¡ � � � ��� � � � � �4� �%¢ ¸ � , of the

upperandlowerboundsof theconfidenceinterval.

In thepresentmodel,Theorems1 and2 imply that theconditionsof RW aresatisfiedby ��  ^�� �
and ��4��   �� � � � � , where � �  �� � ¹ º , and � ¨ � � © � �  p� �4» ¹ º � � � in case

� ¶J���¦��§ , whereas� ¨ � � © � �  � � � ¹ º � ¡ � when �¦ Y§ (notethat ¨ � and © � areallowedto vary with thenuisanceparameter� , but � � is

not). Henceasymptoticallyvalid confidenceintervalsmaybeobtainedby invertingthe � -statisticusing

quantilesfrom theempiricaldistribution of thesubsample� -statistics.RW distinguishbetweenequal-

tailedandsymmetricconfidenceintervals.Theformeris givenby ����J�¼ ½ ¾ ¿ À Á �� �� � ��J�¼ ½ ¾ ½ º Á �� �� � , whereas

thelatteris givenby ���Â@¼ Ã½ ¾ ¿ Á ��4�� , where
¼ Ä

and
¼ ÃÄ

arethe Å th quantilesof thesubsamplingdistributions

of the � -statisticandits absolutevalue,respectively. Basedonpreviousexperience,RW recommendthe

symmetricintervals.
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It shouldbeemphasizedthat theconsistency resultof thesubsamplingprocedureis pointwise,for

fixed Æ¦Ç"È É�Ê�Ë Ì Í . It cannotbegeneralizedto uniform consistency, which is easilyseenasfollows. The

local-to-unitysequenceÆ�Î�ÏdÐ Ñ Ò correspondsto a sequenceÆ�ÓÔ ÏpÆ�Î ÕnÏ�Ð Ñ Ò Ô Ï�Ð ÓÔ Ñ Ö , where Ò Ô is

theminimal samplesizecorrespondingto a block size Ö . Hence,it is the“inverse”of thesequenceÖ Î
of block sizes.Now since Ö Î/Ñ Ò�×ØÌ as Ò�×ØÙ , it follows that Ö Ñ Ò Ô ×ØÌ as Ön×ªÙ , which implies

that Ð ÓÔ ÏzÖ Ð Ñ Ò Ô ×QÌ . Therefore,underthelocal-to-unityassumptionÆ�ÎDÏzÐ Ñ Ò , thedistribution of the

subsampleÚ -statisticswill convergeto thelimiting distribution givenin Theorem2 with Ð�Ï�Ì .
RW show thatthesubsamplingprocedureis alsoableto copewith somemild residualautocorrela-

tion causedby dynamicmisspecification.Oneoccasionwheresucha misspecificationoccursis when

theunit root is imposed,whereasin reality ÆRÛzÌ ., This implies that thedisturbanceÜ Ý,ÏzÞnß Ý4É�à in

(9) follows anARMA(1,1) processwith anAR root of á%â"Æ , andanMA unit root. This might suggest

thatthesamesubsamplingprocedurecouldalsobeappliedto theestimator ãà andits standarderror ä�åæ .
However, the differentconvergencerateof the Ú -statisticsin Theorem3, causedby theMA unit root,

implies that thesubsamplingprocedurewill not be consistentin this case.To seethis, take ç Î asany

sequence,anddefine èé ÎJÏ�ç Î	ä�åæ , sothat ç Î�È ãà@É¦à:ê Ñ�èé Î equalsthe Ú -statistic.Theresultsof RW require

this Ú -statisticto have a (non-degenerate)limiting distribution for all parametervalues,but Theorem3

impliesthatwhen ÆRÛYÌ , the Ú -statisticconvergesto zero. To avoid this onecouldredefine èé Î and ç Î ,
but thatwould leadto divergenceof the Ú -statisticunderÆ"ÏpÌ . Essentiallywe find that thechoiceofç Î requiresknowledgeof thenuisanceparameterÆ , which demonstratesthe lack of robustnessof the

procedure.A possiblesolutionis to replaceä�åæ by anestimateof the long-runvarianceof Þnß Ý , but we

do not considerthispossibilityexplicitly in thepresentpaper.

Note thatTheorem4, in combinationwith theresultindicatedearlierthat Æ Ô ÏcÐ Ô Ñ Ö with Ð Ô ×ØÌ ,
suggeststhat thesubsamplingproceduremight work for local alternativesto theunit root. In fact, the

distribution of the Ú -statisticin Theorem4 when Ð approachesÌ is thestandardnormal.Althoughwedo

notprovideaformalanalysisof this,weconsiderthisasasufficientmotivationto studytheeffectiveness

of thesubsamplingprocedureappliedto theDSmodel.Furthermore,weusethismethodin whatfollows

to seehow severetheasymptoticproblemsin practicereally are.

4.2 Illustration, continued

Applicationof thesubsamplingprocedureto theUS productiongrowth datais consideredin Figures3

and4, which depicttheequal-tailedandsymmetricconfidenceintervals asa functionof ÖnÇYë ì�Ì�Ë á Ì Ì Í
(recallthat Ò¦Ï�Ê Ì Ì ), togetherwith theassociatedvolatility index ( íJÏ�î ), for theTS andDS models.

Considerfirst the TS confidenceintervals in Figure 3. Both the equal-tailedand the symmetric

intervalsseemto befairly stableoverdifferentvaluesof Ö , althoughtheupperboundof theequal-tailed

interval seemsto declinesomewhat with Ö . Minimizing the volatility index leadsto an equaltailedï ð�ñ
confidenceinterval of È á ò î Ê ó�Ë î	ò ï ï ó�ê , anda symmetricinterval of È á ò î ì î	Ë ì	ò ó ô õ ê . It is clearthat

bothintervalsaresubstantiallywider thantheTS interval basedon stationaryasymptoticspresentedin

Section2. In fact, thesymmetricinterval is fairly closeto the TS interval basedon ÐDÏdÌ derived in

10



Section3.

In comparisonwith the TS intervals, the DS confidenceintervals in Figure4 displaymuchmore

variationwith the block size ö . The width of both the equal-tailedandthe symmetricinterval seems

to decreasewith increasingö , without clearly stabilizingat somelevel. This is to be expectedwhen

the true trend-reversionparameter÷ is lessthanzero. In thatcasethesubsamplingdistribution of theø
-statisticconvergesto a point massat zeroas ö increases,so a decreasingwidth of the subsampling

confidenceinterval is predictedby theory. The intervals correspondingto theminimal volatility index

are ù ú	û ü ý þ	ÿ þ�û � � ý�� (equal-tailed)and ù ú	û ü ý �	ÿ ý	û ú � ý�� (symmetric),but thefiguresindicatethatthiscorre-

spondsto ö���� � � , which suggeststhat this resultmight besensitive to our choiceof theupperbound

for theblocksize, ö 	�
 ���� � � .
The symmetricinterval is comparableto the DS intervals obtainedin Section3 basedon local

asymptotics,with � somewherebetween� and ��� . In any case,the DS intervals arenarrower than

their TS counterparts,andarein particular(supposedly)moreinformative aboutthe lower boundfor

thegrowth rate. In thenext sectionwe usea MonteCarloexperimentto investigatehow reliablethese

conclusionsfrom thesubsamplingmethodare.

5 Simulation evidence

In this sectionweconductasmallMonteCarloexperimentto investigatethefinite sampleperformance

of thesubsamplingprocedureappliedto themeangrowth ratein theTS andDS model.In theprevious

sectionwe have seenthat thesubsamplingprocedurecannotbeexpectedto beasymptoticallyvalid in

theDS model,whentheunit root hypothesisis violated. Hence,we will alsoinvestigatehow serious

theseasymptoticproblemsarein practice.

As the data-generatingprocess,we take the model (1) with ��������� , ������� , ÷ ����� � � ,
with � ��! � ��ÿ � � �	ÿ ú � ��ÿ ý�� ��" and �#��! �	ÿ ���	ÿ �� ��ÿ ��ú ��" . Note that theseparametercombinations

allow us, to somedegree,to investigatethepropertiesfor fixedalternatives ÷%$&� , e.g. by comparingù � ÿ �'���cù �(��ÿ � � � , ù ��� �	ÿ � � � � and ù ��ú �	ÿ ú � � � , whichall correspondto thesame÷)�����	û � but different

samplesizes.

For eachsample,we obtain the TS and DS estimatesù�*�%ÿ *+',- � and ù .�%ÿ +0/- � , and from those,four

differentconfidenceintervals:1 the“asymptotic”confidenceintervals *�324� û � 5 *+',- and .�326� û � 5 +0/- ;1 the subsamplingconfidenceinterval with ö7�dö 	98 :;����û < � �'= > � (exceptfor �?��� � , wherewe

take ö���� � );1 thesubsamplingconfidenceinterval with ö���ö 	�
 ���þ �9= > � ;1 the subsamplingconfidenceinterval with an optimal ö;� @ ö 	98 :�ÿ ö 	�
 � A , chosento minimize the

volatility index ( B7��ú ).
11



In the Tablesbelow, we report the average(over C D D D replications)coveragerate and width of

the variousconfidenceintervals. The nominal coveragerate is E F�G in all cases,so a coveragerate

substantiallylessthan D�H E F correspondsto too largetypeI errorprobabilities.Theaveragewidth,on the

otherhand,indicateshow informative theconfidenceintervalsare,andhenceis relatedto thepower of

theprocedures.

Table1 reportsthecoverageratesof thevariousimplementationsof theconfidenceintervals. From

the third column,we seethat theasymptoticTS confidenceinterval alwaysleadsto anundercoverage

(overrejection).Thesubsamplingprocedure(with optimalblock size)doesprovide a correctionfor the

TS-basedconfidenceinterval, but this correctionis only fully effective when IKJ?D . For theDS-based

proceduresin the right-handpanelof Table1, we notethatwhen ILJ&D , we alwaysobtaina coverage

rateof 100 per cent, indicatingconfidenceintervals that arewider thannecessary. When I3MND , the

asymptoticDSconfidenceintervalsareclearlyvalid, but thesubsamplingprocedurewith optimalblock

sizeseemsto leadto someundercoverage,evenfor largesamplesizes.

Theaveragewidthsof theconfidenceintervals in Table2 indicatethat theTS confidenceintervals

areonly reasonablyinformative when I�J�O�F (and P�Q�C D D when IM&O�F ). When I(M?D , thefact thatR
is not identifiedfrom theTS modelleadsto extremelylargeconfidenceintervals,despitethefactthat

they still leadto anundercoverageasis clearfrom Table1.

TheDS procedure(in theright-handpanelof Table2) seemsto have muchmorestableconfidence

intervals,whichdonot varymuchwith I , but clearlybecomenarrower as P increases.For I�M�O�C D the

DS andTS have a comparableinterval widths,andonly when IKMNO�S D thereis a clearsuperiorityof

theTS procedure.

In summary, this MonteCarlo experimenthasshown that thesubsamplingprocedureis only very

partly effective whenappliedto the TS model,so that the desiredrobustnessof the procedureis not

fully obtained. For a propercoveragerate, the samplesizeshouldbe large enoughand I shouldbe

lessthanzero. TheDS-basedsubsamplingprocedureon theotherhandseemsto performmuchmore

stable.Althoughthereis aconsistentovercoveragewhen I(J4D , thewidth of theconfidenceintervalsis

fairly stableacrossdifferentvaluesof I , andtheDS procedureis inferior to theTS procedureonly for

substantialdeviationsfrom theunit root ( I(M?O(S D ).In thatcase,theDickey-Fuller testshouldbeableto

indicatethattheunit rootgetsrejected.

Theabovesimulationresultsleadusto recommendthefollowing procedurein practice.For agiven

timeseries,onecanusetheDickey-Fullertest(or oneof its variants).Whenthereis substantialevidence

that theTS modelis appropriate(say, at the1% level), onecanrely on this model. Otherwise,usethe

DS model. In bothsituations,however, we recommendto usethesubsamplingmethodfor confidence

intervals, in orderto robustify theresultsto possiblemodelmisspecification.Returningto our running

example,we would concludethefollowing. Thereis no convincing evidencefor theTS model,sowe

continuewith the DS model. For subsamplingin our case,we have that T U9V W is (approximately)11

and T U�X Y is about42. This lattervaluealsoturnsout to beequalto T Z [ \ , asit hasthe lowestvolatility

index value. The associatedsymmetric95% confidenceinterval for averagegrowth (in US industrial

production)thenrangesfrom 1.526to 5.522,whichsuggestssubstantialuncertaintyaboutits value.
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6 Concluding remarks

In this paperwe have addressedtheproblemof drawing inferenceon the meangrowth rateof a time

serieswhenthe largestautoregressive root may be closeto but is not necessarilyequalto unity. We

have demonstratedthatasymptotictheorydoesnotprovideasolutionto thisproblem,becausethenon-

centralityparameter] , measuringthe deviation from the unit root, cannotbe estimatedconsistently.

However, the subsamplingprocedureof Romanoand Wolf (2001) shouldprovide a solution to this

problem,at leastasymptotically. In a smallMonteCarloexperimentit appearedthatthis methodis not

fully effective in thetrend-stationarymodelwheneitherthesamplesizeor thedeviation from theunit

root is small. Thesameprocedureappliedto thedifference-stationarymodelseemsto bemuchmore

promising.

We concludethat the subsamplingproceduremay be a promisingway to dealwith the unknown

deviation from theunit root. However, furtherimprovementsmightbepossible.Onesuchimprovement

would beto usetheDS estimator, but standardizedby thesquareroot of the long-runvarianceinstead

of the usualOLS standarderror. Anotheroption might be to useestimatorsthat exploit assumptions

aboutthestartingvalueof theprocess,andthusmighteffectively combineinformationfrom theDSand

TS estimator. We intendto studytheseextensionsin futureresearch.

Furtherextensionsarealsopossiblein amultivariatecontext. In particular, wemayapplythepresent

approachto thequestionwhether, in a panelcontext, differentcross-sectionalunits(suchascountries)

have thesamegrowth rate. Onemight expectthatby extendingthesamplesizein thecross-sectional

direction,smallertimeintervalsaresufficient to obtainvalid inferenceusingthesubsamplingprocedure.
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Appendix

Proof of Theorem 1. Define ^K_L`badc'e0f g hjikml c9e0n g hoc9e0n g h)p4q (23)

Then ^�_ _r s t n'u s u vs ^ v_xwk0y a nn h ii{z0h| p%} (24)^�_ _r s t n'u s ~ s��k0y�� a�a?ii p } z h a nn h ii�z h| p�p q (25)

wherez h| `?��� ��� � s k#l�� � ` z h � � � k6� �m����� h � . This impliesthat^ v e0n_ � �� k � � `ba4c'f g h � � �� k � � � l � �� k � � �c9n g h � �� k � � p �k�y�� a�a6ii�p%} z h a � � ii{z'e�h| p�p%} (26)

andhence c f g h ���l;k;l9� ` c f g h� k �� �� k;l'�` k � �� c f g h � �� � l �� �` k � �� c f g h � � �� k � � � l � �� k � � ��k0y�� � i } � � z h � � h � q (27)

Analogously, it canbeshown thatc f �� h �� ` �z0h�� h c f g h � � } �l�� ^ v_;� ^�_ _r s t n'u s u vs ^ v_�� e�n c f g h ^K_ a � �l pwk0y z h� h � � } i � � nn h ii�z h| � e�n a �i p ` � � z h� h } (28)

wherewe have usedthat c ���l;k;l9� wk0y i . Theproof of (12) is analogous. �
Proof of Theorem 2. Theresultsusethefollowing functionalcentrallimit theorems:c e�n g h��   _ ¡r s t n ~ s��k0y�¢ � � � ` z�£ � � � } (29)c e0n g h � � �   _ ¡ k#lm� � c � � �k0y¥¤ � � � ` z �7� � � ` zK¦  §4¨ e�© ª   e�« ¬  £ � ® � } (30)

Notethatwhen ¯ ` i (theunit root case),¤ � � � ` ¢ � � � , and
�7� � � ` £ � � � . It is now usefulto define^�_L` a°c9e�f g h±ik�l c e�n c e0n3p q (31)
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Wethenobtain ²�³ ³´ µ ¶�·'¸ µ ¸ ¹µ ² ¹³»º¼0½¥¾ ·¿�À¥Á ¼ ·ÂÃLÄ Á Å ¼ ÆÃÈÇ À¥Á ¼ ·ÂÃLÄ Á Å ¼�ÆÃbÇ ¹ É Á�Ê (32)²�³ ³´ µ ¶�·'¸ µ Ë µ º¼0½¥¾ ·¿�À Á ¼ ·ÂÃLÄ Á Å ¼ ÆÃÈÇ É Ì Ä Á Å Í (33)

Thisyields ² ¹ Î ·³ Ä ÏÐ ¼ Ð ÅÒÑ À4Ó'Ô Õ Â9Ö Ä Ï× ¼ × Å�Ø#Ù Ä ÏÚ ¼ Ú Å ÛÓ Ä ÏÚ ¼ Ú Å Ç
Ñ À ¼ Ä Ó ÏÚ Å�Ó · Õ Â Ä�ÏÙ ¼ Ù9ÅÓ ÏÚ ¼#Ü Çº¼0½�Ý#Þ�¾ ·¿6ß�ß Ä Á Å ¹ É Á à Î

· ¾ ·¿6ß Ä Á Å É�á Ä Á ÅÑãâä Ý)å æ
·¿Kç · Ä Á Å Â É Á è Î · æ ·¿Kç · Ä Á Å É�á Ä Á Åå æ ·¿Lç Â Ä Á Å Â É Á è Î · æ ·¿Kç Â Ä Á Å É�á Ä Á Å éê Í (34)

where ß Ä Á Å(Ñ Ä Á ¼ ·Â Ê ÃLÄ Á Å ¼NÆÃ Å ¹ . Note that ç Â is ë correctedfor a constantandtrend,and ç · is a

trendcorrectedfor aconstantand ë . Then

Ó · Õ Â Ä�ÏÙ ¼ Ù9Å9Ñ Ó Ô Õ Â Ö Ä Ï× ¼ × Å0Ø�Ù Ä ÏÚ ¼ Ú Å ÛÜ Ø�Ó Ä ÏÚ ¼ Ú Å
º¼0½�¼ Ý)å æ ·¿Kç Â · è Î · æ ·¿Kç · É�áÜ Ø å æ ·¿Kç ÂÂ è Î · æ ·¿Kç Â É�á Ñ Ý0ì Í (35)

Furthermore Ó�íÁ Â îï Ñ ÏÝ ÂÄ Ó ÏÚ Å Â Ó Ô Õ Â Ä ð Ê Ù9Å
² ¹³#ñ ²�³ ³´ µ ¶�·'¸ µ ¸ ¹µ ² ¹³�ò Î · Ó Ô Õ Â ²K³ À ðÙ Çº¼0½ Ý Âó Ü Ø å æ ·¿Kç ÂÂ è Î · æ ·¿Kç Â É�á?ô Â Ä ð Ê õ�Å ó ¾

·¿?ßß ¹ ô Î · À ðõ Ç (36)

which leadsto (14),usingthepartitionedinverseof æ ·¿ ß�ß ¹ , which isó ¾ ·¿?ßß ¹ ô Î · Ñoö÷ å æ
·¿Kç Â · è Î · ÝKæ ·¿ Ä Á ¼ ·Â Å Ä ë ¼ Æë Å å Ý Â æ ·¿ Ä Á ¼ ·Â Å Â æ ·¿Kç Â · è Î ·ø å Ý Â æ ·¿Kç Â · è Î · ùú Ê (37)

wherethe“ ø ” entryfollows from symmetry. For Ó ÏÁ Â îï , theresultnow follows from

Ó Ô Õ Â ²K³ À ð ÏÙ Ç
º¼0½ À ðÝ�ì Ç Í (38)û
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Proof of Theorem 3. Let ü�ý9þ4ÿ ý�� � � ��� þ4ÿ ý����	� ÿ ý 
 , undertheassumptionsof theTheoremü�ý
is astationaryAR(1) processwith stationary�� ��� ������ distribution. It is easilyseenthat

� � �� � � � þ4ü����;ü�� � (39)

which hasa ��� ��� ���� �� � �  �� ü���� ü�� � � distribution, which convergesto ��� ��� � ������ sincethecovariance

convergesto zero.For !"�#$ , we find

� !" � %$ þ &
� � � & �

�' ý (�) � *Kÿ ý��+�� � �þ &
� � � & �

�' ý (�) � *Kü�ý � � � �� � � & � � �� � � � �,��-. �/ 0�� *Kü�ý � þ1�2� 3�� ���4 (40)

5

Proof of Theorem 4. Definetheprocess67��� " � þ �78 ) 9 � ü7: ; � < on =>� ��� & 
 . Then(30) implies that

67��� ? �A@��-B6C� ? � þD�7E	� ? � . Using(39),we have

� ) 9 � � �� � � � þ � 8 ) 9 � ü��F� � 8 ) 9 � ü��þG67��� & �7HJI , � & �
@��-K��E	� & � 4 (41)

As E	� & � þML N�O )� L 8 N P�Q�R+� ü � , it follows that E	� & �TS ��� ���  �/ 0�� E	� & � 
 � , with  �/ 0�� EC� & � 
 asspecifiedin

thetheorem.For thestandarderrorwe have,analogousto (40),

�7" � %$ þ &� �' ý (�) � *Kü�ý � �THJI , � & �þ &� �' ý (�)7U �ý H � ��7V �' ý (7) ü �ý 8 ) H � �� � �' ý (7)�U ý ü�ý 8 ) HI , � & �,��-K� � � (42)

wherewe have usedthat *Kü�ý9þW� � X � � ü�ý 8 ) H U ý . 5
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Figure 1. Distribution of the Y -statisticusing Z[�\] .
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Figure 2. Distribution of the Y -statisticusing ^[ \] .
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Figure3. Confidenceboundsfor _ in thetrend-stationarymodel.
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Figure 4. Confidenceboundsfor _ in thedifference-stationary model.
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Table1. Coveragerates(%) of TS andDS confidenceintervals.`ba TS asy TS min TSmax TSopt DS asy DS min DS max DS optced c d f g h i d i i h f h j i h g j
k c c d i h l g c g l h d h d g c g l
j c c d d h m g d g d h f h f g d g g
m c c d d h m g g g h h f h f g h h�k

n dod c i m h�i g g g g k c cpk c c h h k c c
k c c i d h h h c h j k c cpk c c h h k c c
j c c i mqk c c h d h f k c cpk c c k c crk c c
m c c i dsk c c h�i h i k c cpk c c k c crk c c

n k ctd c g l h g h c h j k c cpk c c k c crk c c
k c c g jsk c c h j h l k c cpk c c k c crk c c
j c c g csk c c h f h i k c cpk c c k c crk c c
m c c g jsk c c h g h g k c cpk c c k c crk c c

n j ctd c h c h h h j h l k c cpk c c k c crk c c
k c c g hsk c c h l h m k c cpk c c k c crk c c
j c c g iuk c c h�i h i k c cpk c c k c crk c c
m c c g gsk c c h g h h k c cpk c c k c crk c c

Table2. Averagewidth of TS andDS confidenceintervals.`ba TS asy TS min TS max TSopt DS asy DS min DS max DS optced c k v f g gwh h�v f gxk k h�v h ltk c m�v l�k c�v d d myc�v d�i gzc�v l�i c{c�v m�k d
k c c c�v i c m|k i�v j�i}k g�v f f~k g�v h l c�v l h l�c�v m�j m�c�v j f i~c�v l c j
j c c c�v j i l�k v d h l{j�v l c h~k v g d�i c�v j i g�c�v l c lzc�v j�k l{c�v j l l
m c c c�v m�k k�m�v h c d�k j�v h�k�i v d h f c�v k h f�c�v j�k k�c�v k f f{c�v k i d

n dod c c�v j j jwc�v h d�i~c�v d g fyc�v f c f c�v d i l�c�v d j jzc�v l j j{c�v l d dk c c c�v j�k g�k v i d f{j�v i m l~k v h�k m c�v l h�i|c�v l h jzc�v j l c{c�v j f l
j c c c�v k c�ixc�v m�k g{c�v l�i k|c�v l m�k c�v j g c�c�v j h jzc�v k g d{c�v j c d
m c c c�v c g�k�c�v l l g{c�v l l gyc�v l c h c�v k h�i|c�v j c dzc�v k m�i~c�v k d h

n k ctd c c�v k m�lwc�v m�i h{c�v j f gyc�v j g l c�v d g h�c�v m�d lzc�v j�i f{c�v l c ck c c c�v c h hwc�v l m�k�c�v j c i�c�v j j j c�v m c d�c�v l f m�c�v k h j{c�v j j l
j c c c�v c f fwc�v j m�c{c�v k i cyc�v k i�k c�v j g j�c�v j�i fzc�v k d i~c�v k i g
m c c c�v c m�gwc�v k g�k�c�v k m m�c�v k m�j c�v k h g�c�v k h iec�v k j f{c�v k m�k

n j ctd c c�v c g dwc�v j�k c{c�v k j lyc�v k j�i c�v f j myc�v l f m�c�v j l j{c�v j m�gk c c c�v c d gwc�v k f g{c�v c h jyc�v k c j c�v m�k f�c�v l c gzc�v k d�k�c�v k i d
j c c c�v c m�cwc�v k l�k�c�v c g�k|c�v c g m c�v j g f�c�v j m gzc�v k j j{c�v k m�k
m c c c�v c j gwc�v c h g{c�v c f fyc�v c f g c�v k h h�c�v k g jzc�v c h h{c�v k k d
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