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Abstract

We discussa methodto estimatethe confidenceboundsfor averageeconomicgrowth, which
is robust to misspecificatiorof the unit root propertyof a given time series. We derive asymp-
totic theoryfor the consequencesf suchmisspecification.Our empirical methodamountsto an
implementationof the bootstrappingprocedureadwocatedin Romanoand Wolf (2001). Simula-
tion evidencesupportsthe theoryandit alsoindicatesthe practicalrelevanceof the bootstrapping
method.We usequarterlypost-war US industrialproductionfor illustrationandwe showv thatnon-
robustapproacheteadto ratherdifferentconclusionson averageeconomiocgrowth thanour robust
approach.
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1 Intr oduction

The questionof the sizeof averageeconomiogrowth, andits associatedonfidencebounds seemdike
arathertrivial one. Yet, time serieseconometrician&now thatthe answeris far from straightforvard.
Indeed theansweifor thepointestimateof averagegrowth hingesuponthetime serieanodelemployed.
Usually onetendsto choosebetweena trend-stationary{TS) modeland a difference-stationaryDS)
model, and often the numericalvalue of the averagegrowth estimatediffers acrossthe two models.
Additionally, the associateconfidencentenals alsodependon the chosenmodel. Thoseof the TS
modelare usually rathernarrav, while thoseof the DS modelareratherwide. In this paperwe will
examineto whatextenttheseoutcomesnight be causedy modelmisspecification.

As the estimateof averageeconomicgronth dependsn the model,onewould beinclinedto make
a selectionbetweenthe modelsfirst, and, basedon the outcome,to estimateaveragegrownth. Such
selectiontypically dependon the outcomeof a testfor a unit root. Unfortunately thesetestshave
notoriouslylow power, and henceit is quite likely that one endsup with the DS model,while a TS
modelwith aclose-to-unityrootwould have beena betteroption. Furthermorethe pre-testingaspecbf
sucha procedurdendsto complicatethe distribution of estimatorsandassociated-statistics.lt seems
thereforeof relevanceto have a methodthatis robust to modelmisspecification.In this paperwe put
forward sucha methodwherethefocusis on the confidenceboundsof averageeconomiogrowth.

The analysisis closelyrelatedto the work of Canjelsand Watson(1997), who considervarious
point estimatorsand confidencenterval methodsfor the trendslopein a modelwith a nearunit root.
A main differencewith their analysisis that we avoid the useof asymptoticcritical values,by using
the subsamplingnethodrecentlyput forward by RomanoandWolf (2001). Unlike moreconventional
bootstrapproceduresthis subsamplingnethodis asymptoticallyvalid in the presenceof a nearunit
root, andthereforesuitableto obtainrobustestimateg@ndconfidencentenalsfor the averageeconomic
growth, wheretherobustnesss with respecto the deviation from the unit root.

The outline of this paperis asfollows. In Section2, we discussthe TS and DS modelsandwe
considetthetwo associatethethoddor pointandintenal estimatiorof theaveragegronth rate. We use
quarterlyseasonalhadjustedpostWorld War Il US total industrialproductionasthe runningexample
throughoutthis paper In Section3, we provide the asymptoticdistribution theory for the effects of
modelmisspecificatiomntheconfidencdounds Weillustrateits implicationsfor therunningempirical
example,andwe documentthat the impactof misspecificatioris quite substantial.In Section4, we
discussa subsamplingmethodfor computingconfidencebounds,adaptingthe elegantapproachput
forward in Romanoand Wolf (2001), togetherwith its applicationto the industrial productiondata.
Section5 reportson a simulationexperimentwhich is usedto investigatehow robustthe subsampling
methodreally is, and how reliableit is in smallersamples.In the last sectionwe concludeand we
mentiona few futureresearchopics.



2 Representationand estimation

Consideratime seriesy; which canbe describedy a first orderautorgressie modelwith trend,that
is,
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whereA denoteghefirst-orderdifferencingfilter, and{e; } is ani.i.d. N(0, 0?) process.The starting
valueyy is obsered, andis consideredasfixed. Of course,otherassumptionsvould be possibletoo,
but in this paperwe stick to these. The trend-rerersion parametery may be zero, suchthaty, is a
randomwalk with drift 3, or it maylie in theintenal (—2, 0), suchthaty; is a trend-stationanAR(1)
processwith trendslopes. We opt for this representatiomsit ensureghatthe focal parameters g in
bothcaseswheny, is the naturallogarithmof aneconomidime seriesY;, theng representshe mean
growth rateof Y;. In practicethemodelwill typically beextendedo includelaggeddifferencego avoid
serialcorrelationin ;. We focushereon the first-orderautorgressionfor clarity, but the subsequent
resultscanall be extendedto higherorderautorgressions.

2.1 Estimators

To emphasizeéhe matterof concernin this papeywe considerthelimiting distribution of the Maximum
Likelihood Estimator(MLE) of g andits estimatedstandarcderrorsin the above two casesconcerning
valuesof «. For thatpurposegconsider

Ay = p+ 7t +yye—1 + &, (2)

wherey = (1 + ) — ya andT = —yf3, andhence

[w+7(L+1/M]/y, if —2<v<0, 3)
notidentified if y=0,
—1/y, If —2<v<0,
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W, if v=0.

The MLEs of (u,7,7) are obtainedby Ordinary LeastSquareqOLS) in (2). As4 = 0 with
probability zero,the MLE of § is given byB = —7/%, almostsurely We will referto this asthe TS
estimatoybut we will evaluateits propertiesalsofor the casesvherethetrue DGPis in factDS, andfor
thecasewherethe DGPis TS with anearunit root. Thesquaredestimatedtandarderrorof B (obtained
from thedeltamethod)is thengivenby
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andd = (7,7), suchthatd — 0 = (31| z20) "' % zeer, and V(0] = 62 (00, z2p) ", with 62
the OLS residualvariance We alsoconsideranalternatve estimateof the standarcerrorof 3, whichis,
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which usesthe valueof 8 underthe null hypothesisthis may be usedin a t-statistic(3 — ﬂ)/gﬁ, as
an alternatve to (5 — ﬂ)/ﬁﬁ. The standarobrror% originatesfrom the fact that the null hypothesis
H, : 8 = Bp maybe reformulatedfor almostall parameteralues(but excluding~y = 0), into Hj :
vBs + 7 = 0. Thet-statistic(5 — ﬂ)/gﬁ canthenbe shavn to beequalto theratio of (8 + ) andits
OLS standarcerror.

Notethatt-statisticbasedn s F caneasilybeinvertedto obtainaconfidencentenal, usingquantiles
of thenull distribution of (ﬂ—ﬂ)/ﬁﬁ. Fromthestandarderrors;,
thesetof 8’swhicharenotrejectedusingthenull distribution of (ﬂ—ﬂ)/gﬁ. Thisrequiresanon-linear

we maydefineaconfidencenterval as

searchor theboundsof the confidencenterval. When-y is closeto 0, may expectbetterfinite-sample
sizebehaiour of 53; seeBoswijk (1993)for evidenceon this in a cointegrationcontext. Onthe other

hand,wheny andr areequalto zero, is notidentifiedfrom —7 /-, whichwill oftenleadto unbounded
confidencentenals. This canbeseenfrom thefactthat

lim = — lim = Al, 8)
3%

wherethe right-handside equalsthe familiar Dickey-Fuller teststatistic. Therefore whenthe Dickey-

Fullerteststatisticis closeto zero,wewill notbeableto rejectary large positive andnegative valuesof

B, yieldinganunboundeatonfidencanterval basecn (B - ﬂ)/gﬁ. In suchcasesa confidencentenal

basedn S‘B might be preferable Eventhoughit might have a sizedistortion(leadingto underceerage
of theintenal), it is informative at leastaboutthe possiblevaluesof 5. Clearlyif v+ = 0 andthis is
known, inferencebasedon the DS modelwill be optimal,andary inferencebasedon the TS modelis
second-best.

TheDS analysisfollows from imposingy = 0. In thatcasemodel(1) reducego
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leadingto 8 = n~1 37 | Ay, = n~ Yy, — y0). Its OLS standarcerroris s5 = /6% /n, with 5% =
(n— 1) 31, (Ay; — B)2. This leadsto at-statistic(8 — 8)/s 5, which may beinvertedto obtain
confidencebounds.

2.2 lllustration

To illustratethe consequencesf the abore resultsfor practicalanalysis,consideranapplicationto the
quarterlyobsered postWW-II total industrialproductionindex for the United States.The datahave
beenseasonallyadjustedandcover therange1951.1 to 2000.4. All subsequentnodelsinclude5 lags
to whitentheerrors,at leastapproximately Supposeave areinterestedn the annualgrowth rateof this

4



industrialproductionseries.Whenwe considerthe TS modelfor the naturallogarithmictransformed
data,we obtainan estimateof this annualgrowth rateof 3.109 with a standarcerrorof 0.256. Hence,
thecornventional95% confidencentenal would rangefrom 2.607 to 3.612. If we wereto adopttheDS
model,we imposey = 0 andwe obtainan estimateof the annualgrowth rateof 3.524 with associated
standarderror0.610. Thisimpliesaconsiderablyvider 95% confidencenterval, rangingfrom 2.328 to
4.720. Thisillustrationshavs thatwe notonly getdifferentestimategor the annualgrowth rateacross
the TS andDS model, but alsothat we getratherdifferentconfidencebounds. Note that the standard
errorfor tehDS modelis morethantwice aslarge. Indeed the DS point estimatealmostlies outsidethe
TS confidencentenal.

If we would wantto formally choosebetweerthe two models,we canimplementthe familiar aug-
mentedDickey-Fuller test. This teststatistichereequals—2.224, andhencewe cannotrejecty = 0. In
this case we would selectthe DS modelandthe correspondingpoint estimateand confidencdantenal
for the growth rate. The problemwith this procedurehowever, lies in the notoriouslylow power of
unit root testsagainsinearintegratedalternatves. This meanghatin practicethereis quite a substan-
tial probability of selectingthe wrong model. An additionalproblemin nearintegratedcasess that
the distribution of the TS and DS ¢-statisticsmay deviate substantiallyfrom the standardhormal. In
particular thesedistributionstendto be sensitve to the deviation from the unit root. The next section
makesthis sensitvity explicit by studyingthebehaiour of the TSandDS proceduresi) undertheunit
root hypothesis(ii) underfixed (trend-stationarygalternatves, and (iii) underlocal alternatves. This
analysiswill demonstratéhe lack of robustnesf standarcasymptoticinferenceto even minor model
misspecificationThis will motivatethe analysisin Sectiond, wherewe rohustify the proceduresising
the subsamplingrocedureof RomancandWolf (2001).

3 Asymptotic theory

In this sectionwe examinethe effectsof modelmisspecificatiorior inferenceon economiagronth. We
first take the TS modelasthe DGR, and thenwe turn to the DS model. Proofsare relegatedto the
Appendix.Finally, weillustratethe theoryfor our runningexampleseries.

3.1 The TS model

We first considerthe behaiour of 3 andits estimatedstandarderrors for a trend-stationarydata-
generatingprocessin which case—2 < v < 0.

Theorem1 Lety; begeneatedby (1) with —2 < v < 0. Then
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Thereforethet-ratioof 3 is asymptoticallystandarchormal,usingeitheroneof thealternatve stan-
darderrorestimates Hence, Theoreml replicateshe well-known resultthat corventionalasymptotic
inferenceappliesin trend-stationarynodel.

Now we turn to the casewherethe processis (near)integrated, thatis, v, = ¢/n for fixedc,
includinge = 0 (y = 0). Theresultsof Theorem2 for 3 can be obtained,directly or indirectly,
from CanjelsandWatson(1997)and/orPhillips andLee (1996),but we provide a proof of thesein the
Appendixfor corvenience.To the bestof our knowledge,theresultfor the two standarcerrorss 5 and
85 is new.

Theorem 2 Lety; begenertedby (1) with~y,, = E, wheee ¢ < 0 is a constantandwith yq fixed. Then
n
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Here W (s) is a standad Brownianmotionprocessy (s) = f; e~ dW (u) isanOrnsteinUhlenbek
processand
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whee V*(s) = (1,V (s)) and f(s) = (1, s)’; and X = fo s)ds for anyprocessX .

Theorem2 implies that the ¢-statisticof 4 hasasits limiting null distribution either¢ /+/C (if 35
is used)or £//n (if §B is used),both of which are characterizedy a single nuisanceparametelc.
The correspondingdensities,for variousvaluesof ¢, are depictedin Figuresl and2. We obsere
thatthe distributions of the ¢-statisticsin Figure 1 candeviate very stronglyfrom the standarchormal
distribution, andthat they are very sensitve to the deviation ¢ from the unit root hypothesis.In the
extremecaseof a unit root, the t-statistichasa very high dispersion,andthe 5% (two-sided)critical
valuesarein the neighbourhooaf +7.5 insteadof the corventional+2. Hence the cornventional95%
intenal would underestimatéhe trueintenal. When§[§ is used critical valuesarelessdependenbn ¢,
andfluctuatefrom £3 (¢ = 0) to £2 (¢ = —o0). Notethatin this casethe distribution of the¢-statistic



is bi-modalwhenc = 0, apropertyinheritedfrom the distribution of the estimatedrendcoeficient 7,
seeDickey andFuller (1981).

Note that Canjelsand Watson(1997) also considerthe casewhereyy is not fixed, but wherethe
processtartsatzeroattime —[xn|, for somefixedx > 0. Thisleadso anadditionalnuisancgarameter
. Theanalysign Theoren?, andtheinferenceproceduresliscussedbelown, couldbeextendedo cover
this caseaswell.

3.2 The DS model

Considemow theasymptotidoehaiour of theestimator3 andstandardarrors[; basebntheDS model.
Theresultsbelaw for 3 follow asa specialcasefrom theresultsin CanjelsandWatson(1997).

Theorem 3 Let y; be geneated by (1) with —2 < v < 0, andwith yo ~ N(a,02), whee o) =
o?/(1 = [L+~]%). Then

n(f-B) -5 N(0,202), (18)
- —2v02, (19)

sothatthet-statisticsatisfies:!/?(3 — B8)/s3 45 N(0,—1/).

ThefactthattheOLS ¢-statisticconvergesto zeroin thiscasds relatedo theMA unitrootcausedy
the DS model. It impliesthatwe may expectseriousovercorerage(too wide intenals) of the standard
asymptoticconfidenceinterval 4 + 1.96s5. Note that the asymptoticvarianceof the normalizedi-
statisticincreasesisy — 0.

Theorem4 Lety; begenertedby (1) with~y,, = % wheee ¢ < 0 is a constantandwith yq fixed. Then
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whee V(s) is definedn Theoem?2, and

1, ifc=0,
var[V(1)] =4 1—¢2 (22)
, ife<O.
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Thetheoremimpliesthatthe ¢-statistichasanasymptoticstandarchormaldistribution only in case
of an exact unit root, thatis, whenc = 0. Sincewar[V(1)] < 1 for ¢ < 0, it follows that again
we may expectstandardasymptotioconfidence'ntervalsB + 1.9635 to betoo wide andhencedisplay
overcoveragewhenc < 0.



3.3 lllustration, continued

Toillustratetheconsequencdsr practicalanalysisof theabove results consideragaintheUS industrial
productionindex example. Basedon the 1951.1 — 2000.4 sample(n = 200), the estimateof the
trend-reersionparameteequalsy = —0.033, which is not significantlydifferentfrom 0 accordingto
augmentedickey Fuller statisticof —2.224, asmentionedn the previous section.The corresponding
estimateof ¢ is givenby ¢ = n9 = —6.655. Thisis nota consistenestimatorin the sensehateven
asn — oo, the estimatoré will vary randomlyaroundec. The asymptoticpower of Dickey-Fuller
testsis known to be very small (in particularwhena trendis included)againstlocal alternatvesc in
the neighbourhooddf —5. This implies that assumingandimposingc = 0 would be aboutequally
arbitraryasassuminghatc = —5 or ¢ = —6.655, for example. Theseresults,andin particularthe
lack of consisteng of ¢, imply thatwe cannotconstructasymptoticallyvalid confidenceantervalsbased
on Theoremsl—4 which arerohustto variationsin the true ¢. This motivatesthe useof subsampling
methodsn thenext section.

For the industrial productiondata, the resultsfor the TS estimatorimply that the TS confidence
intenal of 3.109 + 1.96 - 0.256 is likely to be far too narrav, asone seemso have a nearunit root
casehere. Assumingthatthe true ¢ equalsd would leadto an asymptoticconfidencentenal of about
3.109 + 7.5 - 0.256 = (1.189, 5.029), insteadof the (2.607, 3.612) interval correspondindgo ¢ = —oo.
And, if ¢ = —5, theappropriateconfidencentenal would becomeapproximately3.109 4+ 4 - 0.256 =
(2.085,4.133). TheconfidenceantenalsbasedntheTS modelusing% will beunboundedor ¢ = 0,
—b or —20. As discussedn the previous section,very large positive or negative valuesof 8 will have
a t-statisticequalto +2.224 (the augmentedickey-Fuller statistic),which doesnot lie in the critical
region obtainedfrom the densitiesin Figure2. Hence,all theselarge absolutevaluesof 3 lie in the
confidenceegion.

Finally, considerthe implicationsof Theorems3 and4 for the DS confidencdantenal. Sincey is
evidently closeto 0, we concentrateon the local-to-unity asymptoticsof Theorem4. Whenthe true
value of ¢ equalsl, thenthe 3.524 + 1.96 - 0.610 = (2.328,4.720) interval obtainedin the previous
sectionis asymptoticallyalid. However, whenc = —5, whichmightbeequallylik ely, thenthevariance
of thet-statisticequals(1 — e~1%) /10 = 0.100, which meanghata betterestimateof the true standard
errorof 4 would be0.610 - v/0.100 = 0.193, leadingto a confidencentenal of 3.524 +1.96 - 0.193 =
(3.146, 3.902) whichis farmoreinformative. In sum,we seethattheasymptotiaesults,n combination
with thefactthatc cannotbe estimatectonsistentlyleadsto alarge setof possibleconfidencentenals,
which vary substantiallyin their width andtheirlocation.

4 Confidenceintervals basedon subsampling

In this sectionwe give a brief discussiorof the subsamplingnethodproposedy Romanoand Wolf
(2001), henceforthRW, whenit is appliedto our researchguestion. For detailsand proofs of various
results,we referto the original paperof RW.



4.1 The subsamplingmethod

F in the

remaindenf thispaperduetoits unfortunateroperties) Theconstructiorof avalid confidencenterval

The basicideais asfollows. Considerthe TS ¢-statistic (3 — ﬂ)/ﬁB (we will not considers

requiresknowledgeof the (asymptotic)distribution of this ¢-statistic,but this distribution depend®n-y.
However, the distribution may be estimatedoy the empiricaldistribution function of #-statisticsbased
onsubsamplesf lengthd < n (theblocksize).

In general,let éb,n andéy, , denotean estimatorand a scalingfactor basedon the tth subsample
{Yt, Y¢+1,--- > Yt+p—1}, andlet é,, andé,, denotethe correspondingstatisticsbasedon a full sample
of sizen. Furthermorelet ,, denotea normalizingsequencesuchthatTn(én — 8)/6y, hasalimiting
distribution for all DGPsunderconsiderationIn practiceé,, /m, is anestimatedstandarderror of 0,,.
The empirical distribution of {7,y s — 0n)/6s4,t = 1,... ,n — b + 1} maybe usedto estimatethe
distribution of Tn(én — 0)/é6,. Theresultsof RW imply thatthis estimatoris in factconsistenunder
thefollowing conditions(in additionto sometechnicalconditionsdiscussedn RW):

e b — ocoasn — oo, butb/n — 0;

~

e a,(6, — 0) andd,é, both have a limiting distribution, wherea,, andd,, are sequencesuch
thatay/a, — 0, andn,/m, — 0, with 7, = a,,/d,. Thelimiting distribution of d,,6,, may be
degenerateandshouldhase no massat zero.

Applying the procedurein practice,one hasto make a choiceaboutthe block sizeb. Choosing
b too smallmay leadto a bad approximationof the actualdistribution, becausef small sample-type
problemsof Tb(éb,t — én)/?yb,t. On the otherhand,choosingb too closeto n will leadto very little
variationin {7(0y¢ — 65)/6v4,t = 1,... ,n — b+ 1}, andthereforean underestimatiorof the true
dispersiorof thedistribution of Tn(én — B)/én. RW recommendo chooseh betweerbyin = rminy/n
andbmax = Tmaxy/n, Whereryn € [0.5,1] andrmax € [2,3]. The actualchoiceof b is madeby
minimizing the local variationof the intenal endpointsasa functionof b. Thatis, b shouldbe chosen
in a“stableregion”. Thelocal variationfor achoiceof b is representefly the so-calledvolatility index,
which is the sumof the moving standarddeviations,over {b — k,b — k£ + 1,... ,b,... ,b+ k}, of the
upperandlower boundsof the confidencantenal.

In the presentmodel, Theoremsl and2 imply thatthe conditionsof RW are satisfiedby 5 = 8,
andi; = &n/Ta, wherer, = n'/2, and(ay, d,) = (n%/2,n) in case—2 < v < 0, whereada,, dn) =
(n'/2,1) wheny = 0 (notethata,, andd,, areallowedto vary with the nuisanceparametety, but 7, is
not). Henceasymptoticallyvalid confidenceantenals maybe obtainedby inverting the ¢-statisticusing
guantilesfrom the empiricaldistribution of the subsamplée-statistics.RW distinguishbetweenequal-
tailedandsymmetricconfidencentenals. Theformeris givenby (B - q0_975,§3, ﬂ - q0_025,§3), whereas
thelatteris givenby 5+ q3_95,§3, whereg,, andg}, aretheath quantilesof thesubsamplinglistributions
of thet-statisticandits absolutevalue,respectrely. Basedon previousexperienceRW recommendhe
symmetricintenals.



It shouldbe emphasizedhatthe consisteng resultof the subsamplingprocedurds pointwise,for
fixedy € (—2,0]. It cannotbe generalizedo uniform consisteny, whichis easilyseenasfollows. The
local-to-unitysequencey, = ¢/n corresponds$o a sequencey; = v,, = c/ny = c; /b, whereny is
the minimal samplesize correspondingo a block sizeb. Hence,it is the “inverse”of the sequence,,
of block sizes.Now sinceb, /n — 0 asn — oo, it follows thatb/n, — 0 asb — oo, which implies
thatc; = be/ny, — 0. Thereforeunderthelocal-to-unityassumptiony, = c¢/n, thedistribution of the
subsamplé-statisticswill corvergeto thelimiting distribution givenin Theorem2 with ¢ = 0.

RW shaw thatthe subsamplingorocedurds alsoableto copewith somemild residualautocorrela-
tion causedby dynamicmisspecification Oneoccasiorwheresucha misspecificatioroccursis when
theunit rootis imposedwhereasn reality v < 0., Thisimpliesthatthe disturbances; = Ay; — 8 in
(9) follows anARMA(1,1) processwith anAR root of 1 + «, andanMA unit root. This might suggest
thatthe samesubsamplingprocedurecould alsobe appliedto the estimator3 andits standarobrrors[;.
However, the differentcorvemgencerate of the ¢-statisticsin Theorem3, causedoy the MA unit root,
impliesthat the subsamplingorocedurewill not be consistenin this case.To seethis, take 7,, asary
sequenceanddefined, = TnSj sothat, (B — )/ &y, equalghet-statistic. Theresultsof RW require
this t-statisticto have a (non-dgenerate)imiting distribution for all parametewralues,but Theorem3
impliesthatwheny < 0, the ¢-statisticcorvergesto zero. To avoid this onecouldredefines,, andr,,
but thatwould leadto divergenceof the t-statisticundery = 0. Essentiallywe find thatthe choiceof
Tn, requiresknowledgeof the nuisanceparametety, which demonstratethe lack of robustnesof the
procedure A possiblesolutionis to replacesB by anestimateof the long-runvarianceof Ay;, but we
do not considetthis possibility explicitly in the presenpaper

Note that Theoremd, in combinationwith the resultindicatedearlierthat-y, = ¢, /b with ¢, — 0,
suggestshat the subsamplingoroceduremight work for local alternatvesto the unit root. In fact, the
distribution of thet-statisticin Theorem4 whenc approache8 is the standarchormal. Althoughwe do
notprovide aformalanalysisof this, we considetthisasa sufficient motivationto studytheeffectiveness
of thesubsamplingrocedurappliedto theDS model. Furthermorewe usethis methodn whatfollows
to seehow severetheasymptotigoroblemsin practicereally are.

4.2 lllustration, continued

Application of the subsamplingrrocedureo the US productiongrowth datais consideredn Figures3
and4, which depictthe equal-tailedand symmetricconfidencentenals asa functionof b € [40, 100]
(recallthatn = 200), togethemwith the associatedolatility index (k = 3), for the TSandDS models.
Considerfirst the TS confidenceintervals in Figure 3. Both the equal-tailedand the symmetric
intenals seemto befairly stableover differentvaluesof b, althoughthe upperboundof the equal-tailed
intenal seemsto declinesomevhat with 5. Minimizing the volatility index leadsto an equaltailed
95% confidencentenal of (1.328,3.998), anda symmetricinterval of (1.343,4.876). It is clearthat
bothintervals aresubstantiallywider thanthe TS interval basedon stationaryasymptoticpresentedn
Section2. In fact, the symmetricintenal is fairly closeto the TS intenal basedon ¢ = 0 derivedin
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Section3.

In comparisorwith the TS intenals, the DS confidenceintenals in Figure 4 display much more
variationwith the block sizeb. The width of both the equal-tailedandthe symmetricinterval seems
to decreasavith increasingp, without clearly stabilizing at somelevel. This is to be expectedwhen
the true trend-rerersionparametery is lessthanzero. In thatcasethe subsamplinglistribution of the
t-statisticcorvergesto a point massat zeroasb increasesso a decreasingvidth of the subsampling
confidenceantenal is predictedby theory Theintenals correspondindo the minimal volatility index
are(2.843, 3.904) (equal-tailedrnd(2.845, 4.204) (symmetric) but thefiguresindicatethatthis corre-
spondgo b = 100, which suggestshatthis resultmight be sensitve to our choiceof the upperbound
for theblocksize,bpax = 100.

The symmetricinterval is comparableto the DS intenvals obtainedin Section3 basedon local
asymptoticswith ¢ somevherebetweend and —5. In ary case,the DS intenvals are narraver than
their TS counterpartsandarein particular(supposedly)nore informative aboutthe lower boundfor
the growth rate. In the next sectionwe usea Monte Carlo experimentto investigatehow reliablethese
conclusiongrom the subsamplingnethodare.

5 Simulation evidence

In this sectionwe conducta smallMonte Carloexperimentto investigatethe finite sampleperformance
of thesubsamplingrocedureappliedto the meangrowth ratein the TS andDS model. In the previous
sectionwe have seenthatthe subsamplingrrocedurecannotbe expectedto be asymptoticallyvalid in
the DS model,whenthe unit root hypothesiss violated. Hence,we will alsoinvestigatehow serious
theseasymptotigproblemsarein practice.

As the data-generatingrocesswe take the model (1) with @ = 8 = 0, 02 = 1, v, = ¢/n,
with n € {50, 100,200,400} andc € {0,—5,—10,—20}. Note thattheseparameteicombinations
allow us, to somedegree,to investigatethe propertiedor fixed alternatvesy < 0, e.g. by comparing
(¢,n) = (=5, 50), (—10,100) and(—20, 200), whichall correspondo thesamey = —0.1 but different
samplesizes.

For eachsample,we obtainthe TS and DS estimates(B, §B) and (B, s[;), and from those,four
differentconfidencentenals:

e the“asymptotic”confidencentenals § + 1.963; andf + 1.96s5;

s the subsamplingconfidencanternval with b = byin = 0.75n1/? (exceptfor n = 50, wherewe
take b = 10);

e thesubsamplingonfidencantenal with b = byax = 3n'/2;

¢ the subsamplingconfidenceintenal with an optimalb € [bmin, bmax), Chosento minimize the
volatility index (k = 2).
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In the Tablesbelown, we reportthe average(over 1000 replications)coveragerate and width of
the various confidenceintenals. The nominal coveragerateis 95% in all casesso a coveragerate
substantiallyessthan0.95 correspond#o too largetypel errorprobabilities. Theaveragewidth, onthe
otherhand,indicateshow informative the confidencentenals are,andhenceis relatedto the power of
theprocedures.

Tablel reportsthe coverageratesof the variousimplementation®f the confidencantervals. From
thethird column,we seethatthe asymptoticTS confidencentenal alwaysleadsto anunderceerage
(overrejection).The subsamplingrrocedurgwith optimalblock size)doesprovide a correctionfor the
TS-basedcconfidencdntenal, but this correctionis only fully effective whene < 0. For the DS-based
proceduresn the right-handpanelof Table1, we notethatwhenc < 0, we alwaysobtaina coverage
rate of 100 per cent, indicating confidencentervals that are wider thannecessatyWhenc = 0, the
asymptotidDS confidencentenals areclearlyvalid, but the subsamplingroceduravith optimalblock
sizeseemdo leadto someunderc@erage gvenfor large samplesizes.

The averagewidths of the confidencdantenalsin Table2 indicatethatthe TS confidencentenals
areonly reasonablynformatve whenc < —5 (andn > 100 whenc = —5). Whenc = 0, thefactthat
B is notidentifiedfrom the TS modelleadsto extremelylarge confidencentenals, despitethefactthat
they still leadto anunderceerageasis clearfrom Tablel.

The DS procedurd(in theright-handpanelof Table2) seemdo have muchmorestableconfidence
intenals, which do not vary muchwith ¢, but clearlybecomenarraver asn increaseskor ¢ = —10 the
DS and TS have a comparablénternal widths, andonly whenc = —20 thereis a clearsuperiorityof
the TS procedure.

In summarythis Monte Carlo experimenthasshavn thatthe subsamplingprocedures only very
partly effective whenappliedto the TS model, so that the desiredrobustnessof the procedures not
fully obtained. For a propercoveragerate, the samplesize shouldbe large enoughand ¢ shouldbe
lessthanzero. The DS-basedsubsamplingprocedureon the otherhandseemdo performmuchmore
stable.Althoughthereis a consistenbvercoseragewhenc < 0, thewidth of theconfidenceantenalsis
fairly stableacrosdifferentvaluesof ¢, andthe DS proceduras inferior to the TS procedureonly for
substantiatleviationsfrom the unit root (¢ = —20).In thatcase the Dickey-Fuller testshouldbeableto
indicatethattheunit root getsrejected.

Theabove simulationresultsieadusto recommendhefollowing proceduren practice.For agiven
time seriespnecanusetheDickey-Fullertest(or oneof its variants).Whenthereis substantiaévidence
thatthe TS modelis appropriatgsay atthe 1% level), onecanrely on this model. Otherwise usethe
DS model. In both situations however, we recommendo usethe subsamplingnethodfor confidence
intenals, in orderto robustify theresultsto possiblemodelmisspecificationReturningto our running
example,we would concludethe following. Thereis no corvincing evidencefor the TS model,sowe
continuewith the DS model. For subsamplingn our case,we have that by, is (approximately)11
andbm,x is aboutd2. This latter valuealsoturnsout to be equalto b,y asit hasthe lowestvolatility
index value. The associatedymmetric95% confidenceinterval for averagegrowth (in US industrial
production)thenrangesrom 1.526to 5.522,which suggestsubstantialincertaintyaboutits value.
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6 Concluding remarks

In this paperwe have addressedhe problemof drawing inferenceon the meangrowth rate of a time
serieswhenthe largestautorgressie root may be closeto but is not necessarilyequalto unity. We
have demonstratethatasymptoticheorydoesnot provide a solutionto this problem,becausehe non-
centrality parameter, measuringthe deviation from the unit root, cannotbe estimatedconsistently
However, the subsamplingorocedureof Romanoand Wolf (2001) shouldprovide a solutionto this
problem,atleastasymptotically In a smallMonte Carlo experimentit appearedhatthis methodis not
fully effective in thetrend-stationarynodelwheneitherthe samplesize or the deviation from the unit
rootis small. The sameprocedureappliedto the difference-stationarynodelseemgo be muchmore
promising.

We concludethat the subsamplingoroceduremay be a promisingway to dealwith the unknavn
deviation from the unit root. However, furtherimprovementanightbe possible Onesuchimprovement
would be to usethe DS estimatoy but standardizedby the squareroot of thelong-runvarianceinstead
of the usualOLS standarcerror Anotheroption might be to useestimatorghat exploit assumptions
aboutthestartingvalueof the processandthusmight effectively combineinformationfrom theDS and
TS estimator We intendto studytheseextensionsn futureresearch.

Furtherextensionsarealsopossiblan amultivariatecontext. In particular we mayapplythepresent
approacho the guestionwhetherin a panelcontet, differentcross-sectionalnits (suchascountries)
have the samegrowth rate. One might expectthat by extendingthe samplesizein the cross-sectional
direction,smallertime intenalsaresuficientto obtainvalid inferenceusingthesubsamplingprocedure.

13



Appendix

Proof of Theorem 1. Define

n=3/2 0
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Then
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whereo? = Var(y, — t) = 0®/(1 — [L 4+ ~]*). Thisimpliesthat
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andhence
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wherewe have usedthatn (3 — 8) - 0. Theproofof (12)is analogous. O

Proof of Theorem 2. Theresultsusethefollowing functionalcentrallimit theorems:

n_l/QZEt LI B(s) = oW (s), (29)

W gy = Blonl) 5 U(s) =aV(s) =0 [ " =) gy ), (30)
0

Notethatwhenc = 0 (theunitrootcase)lU(s) = B(s), andV (s) = W (s). It is now usefulto define

n=3/2 0
D, = PR (31)



We thenobtain
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whereF(s) = (s — 3,U(s) — U)'. NotethatGs is V correctedfor a constantandtrend,andG; is a
trendcorrectedor aconstanandV. Then
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Proof of Theorem 3. Letu; = y: — o — t = y — E[y:], undertheassumptionsf the Theoremu;
is astationaryAR(1) processwith stationaryN (0, aj) distribution. It is easilyseenthat

n(B — B) = un — uo, (39)

which hasa N (0, o7 — 2cov(un,ug)) distribution, which corvergesto N (0,207) sincethe covariance
convergesto zero.For §B, wefind

. 1 ¢ 3
ndy = m&(&#—ﬂf

L5 wvar(Auy) = —2y02. (40)

|

Proof of Theorem 4. Definethe procesd/, (s) = n~"/?u(,,; on D[0,1]. Then(30)implies that
Un(-) %5 U(-) = 6V (-). Using(39), we have

n'?B-B) = nVPuy—nug
= Un(1) +0p(1)
4 V(). (41)

AsV (1) =e° fol e~ “dW (u), it follows thatV (1) ~ N (0, var[V(1)]), with var[V(1)] asspecifiedn
thetheorem For the standarderrorwe have, analogouso (40),

1 n
ns% = = Z (Aug)® 4+ 0,(1)
t=1
1 & A < 2 —
= D et 5> Ut 5 ) e +op(l)
n n n
t=1 t=1 t=1
2 o2 (42)
wherewe have usedthat Awu; = (¢/n)uz—1 + €. |
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Figure 1. Distribution of thet—statisticusinggﬁ.
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Figure 2. Distribution of thet-statisticusinggﬁ.
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Table 1. Coveragerates(%) of TS andDS confidencantenals.

c n | TSasy TSmin TSmax TSopt| DSasy DSmin DSmax DSopt
0 50 56 89 75 7 96 92 79 82
100 57 93 80 83 95 95 80 83
200 55 94 85 85 96 96 85 88
400 55 94 88 89 96 96 89 91
-5 50 74 97 88 88 100 100 99 100
100 75 99 90 92 100 100 99 100
200 74 100 95 96 100 100 100 100
400 75 100 97 97 100 100 100 100
—10 50 83 98 90 92 100 100 100 100
100 82 100 92 93 100 100 100 100
200 80 100 96 97 100 100 100 100
400 82 100 98 98 100 100 100 100
—-20 50 90 99 92 93 100 100 100 100
100 89 100 93 94 100 100 100 100
200 87 100 97 97 100 100 100 100
400 88 100 98 99 100 100 100 100
Table 2. Averagewidth of TS andDS confidencentenals.
c n | TSasy TSmin TSmax TSopt| DSasy DSmin DSmax DSopt
0 50 | 1.688  99.68  119.93 104.31 | 0.554  0.578 0.370  0.415
100 | 0.704 17.27 18.66  18.93 | 0.393  0.424 0.267  0.302
200 | 0.273  1.593 2.309  1.857 | 0.278  0.303 0.213  0.233
400 | 0.411 4.905 12.91 7.596 0.196 0.211 0.166 0.175
-5 50 | 0.222 0.957 0.586  0.606 | 0.573  0.522 0.322  0.355
100 | 0.218 1.756 2.743  1.914 | 0.397 0.392 0.230  0.263
200 | 0.107 0.418 0.371  0.341 | 0.280  0.292 0.185  0.205
400 | 0.081 0.338  0.338  0.309 | 0.197  0.205 0.147  0.159
—10 50 | 0.143 0479 0.268  0.283 | 0.589  0.453 0.276  0.300
100 | 0.099 0.341 0.207  0.222 | 0405 0.364 0.192  0.223
200 | 0.066 0.240  0.170  0.171 | 0.282  0.276 0.157  0.178
400 | 0.048 0.181 0.144 0.142 0.198 0.197 0.126 0.141
—20 50 | 0.085 0.210 0.123  0.127 | 0.624  0.364 0.232  0.248
100 | 0.068 0.168 0.092 0.102 | 0.416 0.308 0.151 0.175
200 | 0.040 0.131 0.081 0.084 | 0.286 0.248 0.122 0.141
400 | 0.028 0.098 0.066 0.068 | 0.199  0.182 0.099  0.115
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