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Sensitivity of resistive and Hall measurements to local inhomogeneities
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We derive exact, analytic expressions for the sensitivity of resistive and Hall measurements to local
inhomogeneities in a specimen’s material properties in the combined linear limit of a weak
perturbation over an infinitesimal area in a small magnetic field. We apply these expressions both to
four-point probe measurements on an infinite plane and to symmetric, circular van der Pauw discs,
obtaining functions consistent with published results. These new expressions speed up calculation of
the sensitivity for a specimen of arbitrary shape to little more than the solution of two Laplace
equation boundary-value problems of the order of N* calculations, rather than N> problems of total
order N°, and in a few cases produces an analytic expression for the sensitivity. These functions
provide an intuitive, visual explanation of how, for example, measurements can predict the wrong
carrier type in n-type ZnO. © 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4826490]

. INTRODUCTION

The charge transport measurements, resistivity, p, and
Hall coefficient, Ry, are subatomic microscopes, revealing
how a material treats its electrons and holes. For a film or
thin specimen of thickness, d, in a field of magnetic flux den-
sity, B, measuring one or two four-wire resistances, R;, is
sufficient for looking through this microscope. These resis-
tances are next converted into the two-dimensional charge
transport quantities, sheet resistance, Rs = p/d, and Hall
sheet resistance, Ryys = Ry B/d, before being converted

Ri — Rs —p

R; — Rys — Ry (conversion to 2D,

3D charge transport quantities)

into the charge transport quantities, using well-known for-
mulas appropriate to the specific measurement technique.'™®
However, those formulas break down when the local values
of the charge transport quantities vary within the sample.
Recent studies of semiconducting ZnO, for example, have
confirmed that a highly radially inhomogeneous square
specimen can yield the wrong sign for the Hall signal, which
might explain some confusion in the literature as to whether
the principal charge carriers are electrons or holes.”®
Researchers had used the van der Pauw [vdP] method' but
had failed to place electrodes at the edges of the films, as
required by the vdP technique. The general analytical
description of four terminal measurements with electrodes
placed in the interior of a film with insulating boundaries
has more recently been developed to describe this case.>
One would expect similar issues with another four-wire
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measurement technique, the four-point-probe [4PP]
approach,>* which allows researchers to move an array of
four point electrodes throughout the interior of a film, mak-
ing it ideal for testing the uniformity of semiconductor
wafers during micro- or nanofabrication. '’

The study of the effects of macroscopic inhomogeneity on
charge transport properties dates back over sixty years to the
study of Hall measurement sensitivity to inhomogeneous mag-
netic fields,"" "7 but more recently one group of researchers
[SLU group], studying this problem for vdP geometries,
defined, numerically calculated, and then directly measured
what they have called resistive and Hall weighting functions, f
and g,'"® 2 for a variety of specimen shapes, quantifying the
sensitivity of charge transport measurement to local inhomoge-
neities in Rg and Ryg. This group’s work showed in a rigorous
fashion much of what had already been largely assumed by
researchers: the advantages of using square specimens rather
than circular ones,'® of using cloverleafs and crosses rather
than circular and square discs,”® and of placing electrodes at
the corners of a square specimen rather than along its edges."®
Another group of researchers [DTU group], studying sheet re-
sistance and Hall (micro-Hall) effect measurements with linear
4PP arrays, developed a complementary notation®*2° and has
numerically calculated sensitivities of measured configuration
resistances, R; ,,, to local variations of not only Rg and Rys but
also of the specimen’s microscopic materials properties, such
as sheet carrier density, Ng, and mobility, u.

In this paper, we derive the relation between the SLU
and DTU notations and we develop an analytic expression
for these weighting functions (or sensitivities), solving sev-
eral geometries analytically. Along the way we compare
these calculated functions to numerical analysis of pathologi-
cal Hall measurements in semiconducting ZnO, confirming
the usefulness of these functions in predicting the effects of
macroscopic transport inhomogeneities.

© 2013 AIP Publishing LLC
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Il. FOUR-WIRE CHARGE TRANSPORT
MEASUREMENT

Ignoring current reversal, there are six configurations,
which we will label by their resistances, R;, for attaching a
current source to a specimen having four electrodes. Half of
these are shown in Figure 1, both for the vdP geometry
(above, i=1, 2, 5) and for the linear 4PP array (below,
i=A, B, C), while for each of these configurations there is
another, R;, which we shall call its reciprocal configuration,
for which the Reciprocity Theorem states that R; = R;,
formed by simply exchanging current and voltage electrodes.
A pair of reciprocal configurations are shown in Fig. 2 for
both a square vdP and a linear 4PP arrangement. Although
equal for zero magnetic field, the application of a magnetic
field near a vdP or micro-Hall specimen can cause R; and ﬁi
to differ by an amount proportional to Ryg, the Hall sheet
resistance.

Sheet resistance measurements are performed via single
or dual configuration measurements. In single configuration

FIG. 2. Two resistance configurations and their reciprocal configurations.
Top: the vdP configuration Rs and its reciprocal Rs. Bottom: the linear 4PP
configuration Ry (left) and its reciprocal Ry (right). The remaining recipro-
cal configurations, R;, are also obtained by swapping current electrodes for
voltage electrodes.

ﬁ?ﬁ . E
/P

@
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FIG. 1. Principal resistance configura-
tions, R;, for vdP (i=1, 2, 5) and
square 4PP geometries (i=A, B, C)
(above) and for the linear 4PP geome-
try (below). The distance between ad-
jacent electrodes, the pitch, p, is
marked for R above and R, below.

measurements, resistance, R;, is measured and converted to
sheet resistance, Rs,,, through the linear relation

Rsm = wiR;  single configuration .

The geometry correction factor o; is determined from knowl-
edge of the specimen geometry and electrode positions.
Examples of o; are shown in Table I for the limiting cases of
equidistant 4PP measurements on an infinite plane and sym-
metric (R, = R;) vdP measurements.

Hall measurement is more direct (this does not include
micro-Hall which rely on geometrical correction). In the
presence of a magnetic field, the van der Pauw geometry
ideally allows for the direct calculation of the Hall sheet re-
sistance either by reversing the field or by measuring both Rs
and its reciprocal configuration

1
) [Rs(B) — Rs(—B)] reversing field
E[RS(B) _ 155(3)] single-field.

In this paper we will ignore the zero-field offset in Rs and
assume only the B—dependent portion of Rs when we write
Rsp.

For sheet resistance characterization it is advantageous
to perform dual-configuration measurements over single-
measurement and solving the transcendental equations'->%"2*

TABLE 1. Values for the normalization constant, o; = Rg/R;, for the three
interdependent zero-magnetic-field configurations for both 4PP on an infinite
plane and symmetric vdP techniques, as defined in Fig. 1. In the absence of
a magnetic field, Ry = Rp + Rc and R} = R, + Rs.

Equidistant four-point Symmetric van der

probe (4PP) in infinite plane Pauw (vdP)
i T
=i = 4932 = =453
M g = 4 N =
2n i
=12 oy = =4.532
chfln375.7l9 “w =15
2 o .
oc = T 5184 os = undefined

In(4/3)
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e ZRa/Rs 4 o= 2nRe/Rs — | linear 4PP, infinite plane,

e Ri/Rs | o=mR2/Rs — | vdP,

since these can eliminate the need for detailed knowledge of
the specimen geometry in calculating o; in Table I
However, while the strict application of the vdP method
requires one to measure two separate resistances and solve
the above equation to extract Ry, one may simply measure
one four-point resistance for a material of uniform composi-
tion and assume a constant o; throughout the measurement,
provided there are no variations in material properties, sav-
ing time and calculation. One disadvantage of taking this
shortcut is that some regions of the specimen are negatively
sensitive to local variations in charge transport for a single
configuration, implying that the measured value Rg, or
Ry, may fall outside its range of local values within the
specimen, as seen for Ry, in the ZnO data 7% This problem
vanishes for true vdP dual measurements.'® For the remain-
der of this document we will focus mostly on single-
configuration measurements since this method is very
commonly used in research, due to simplicity.

For nonzero magnetic flux density B # 0, geometrical
magnetoresistance adds an additional correction factor when
electrodes are not all placed on specimen boundaries.”® For
symmetric vdP specimens and B =0, Rs = 155 =0, and so
os is undefined, meaning that one cannot use configuration
i =5 of a perfectly symmetric vdP specimen for measuring
the sheet resistance.

lll. THE TERMINOLOGY OF SENSITIVITY

The SLU group defines resistive and Hall weighting
functions, f; and g;—generalized for any configurations, Ri—
dimensionless quantities satisfying

1
Rsm = iR, = ﬁjRS,LfidQ/a
0
R = l .R dQY
HSm — Q HS.L8i )
)

and

JfldQ/ = szdQ/ = JngQ/ = Q,
Q Q

Q

where Rg [Rys ] is the local value of the [Hall] sheet resist-
ance, and the integration proceeds over the area of the speci-
men, Q. The first of these expressions can be written as a

second derivative, as the DTU group has noted**>
O’R;
P = QOC,‘ LR — QOC lim dpP
f 8A8R5,L AR;L1/R9<<1 AAARSL [ ]

where o; = Rg/R; (Table I), AA is the area of a perturbation
in the local sheet resistance of size ARg;. The derivative
form of the equation is appropriate for the weak, small-area

J. Appl. Phys. 114, 163710 (2013)

limit (ARg;/Rs < 1, AA/A < 1), and the finite difference
form is more appropriate to stronger or larger-area inhomo-
geneities. The generalized dimensionless sensitivity**?> has
the form

o P*AT/T
LAA(At)Y)’

in which p is the electrode pitch (Fig. 1) and the perturbation
of a local property ¢ (e.g., Rs, or Ryg ;) alters some macro-
scopic property, 7. In this formalism, the DTU group defines
resistive sensitivities as

Rim 2 & R; m 2
S mo__ —
Rse = P 8A8RS L e

AR;,

YT [4PP].
ARSL/R5<<1AAARSL
From this we see that the SLU and DTU formalisms are

equivalent, except for the choice of effective normalization
area, A, with A = Q for vdP and A = p? for the 4PP tech-

nique, or
ﬁ ale m ARZ m VdP
= Ao, ———— = Ao; lim .
4PP
ey

Sg';z 8A8RSL AR /Rs<1 AAARSL

The sensitivity to the local Hall sheet resistance can be writ-
ten as

8i _ Rusm _ lim ARpsm vdp
g OAORusL  ARysi/Rus<1 AAARysy | 4PP’
2

IV. THE ZERO-FIELD, INFINITESIMAL-AREA,
WEAK LIMIT

The sheet current density, Js = J - d, is related to the

electric field by Jgs = GE, where the elements of the con-

Gy Gy

G, Gd)’ and the

direct and Hall conductances, G, and Gy, are related in turn
both to Ry and Rys, and the basic materials properties by

ductance tensor are given by G = (

G — Rg _cos2®H _ Nseu
‘TR+RY Ry 14 @2BY
R in20 N B
G, = s sSmzYy  rgiNge't 14,BG,

R:+Rys 2R 1+12B*

where Ny is the sheet carrier density, u is the carrier mobility
(and py is the Hall mobility), and B is the magnetic flux den-
sity. By convention, we take B = Be, normal to the sample
surface. The Hall angle is defined by tan ®y = Rys/Rs
= G, /Gy, and the Hall scattering factor, ry, is of order 1 and
varies weakly with u, B, and the volume carrier density,
n = Ns/d. We will use the approximation y,; = p for the re-
mainder of this paper.

For a thin laminar sheet in the xy-plane with a magnetic
field along the positive z-axis, the continuity equation
V - Js = 0 (except at current injection points) implies
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V2= — ol —r) — o —r)]

Gy

VGd VGh
+G—d-E+ez- G, x E,

; V.G
:—G—d[é(r—u)—é(l'—"f)]—G—d'v¢7 3)

for a current source and sink at ry and r_, respectively. A
local perturbation G; — G4+ AG,; and G, — Gj, + AG,
inside a region of area AAaround a point ry simplifies, in the
AA — 0 limit, to

Gd — Gd + AAAGdé(I' — ro),
G, — G, + AAAGhé(l’ — 1'0),

where the effective normalization area is A = Q [A = p?] for
the vdP [4PP] specimen and, as noted in Refs. 18 and 19, a
delta-like local perturbation in G, [G;] produces an effect
identical to placing a point dipole at that location, ry, propor-
tional to and parallel [perpendicular] to the local electric
ﬁeld, E(l’o).

In earlier works the SLU group has referred to the
sensitivity functions calculated from Eq. (3) as the
“resistivity weighting function” and the “Hall weighting
function,” stating that the latter was due to inhomogeneities

18-23

IAAAG
- G(r,r )] + d

G;
Q
IAAAG,,
G;
Q
1 IANAAG
= —G—d[G(RH) - G(r,r )] - G—f,d
IAAAG,,

———F—e,-V'G(r,r)|,_, x [VG(r,r;) — VG(r,r_)]|

VG, )r, - [V(r,ry) — VG(r,r )]

J. Appl. Phys. 114, 163710 (2013)

in the Hall angle. Equation (3) suggests that we should
instead call —f; the “conductance weighting function” and g;
the “Hall conductance weighting function,” since G, and Gy,
are the quantities that are averaged by the measurement pro-
cess, not Rg and Rys.

In the linear limit of weak perturbations in G, and Gy,
over an infinitesimal area, the local electric field is
unchanged by the perturbation and we can express it in terms
of the Green’s function

E(r) = GLd [VG(r,ry) — VG(r,r_)].

Meanwhile, we can use Green’s formula

$(r) = JG(r,r’)quﬁ(r')dQ/

Q

+ J[qf)(r’)V’G(r, r') — G(r,r)V'o((')]do,

0]

where V2G(r,ro) = §(r — ry) and o is the specimen bound-
ary, to calculate ¢ from Eq. (3). For a specimen of infinite
area, or in the B = 0 case, we can ignore the second integral.
For now we consider the uB < 0 case. Plugging Eq. (3) into
Green’s formula produces

JG(r, r)V'o(r' —ro) - [V'G(r,ry) — V'G(r,r_)]dQ

e, JG(r,r’)V’é(r' —ro) x [V'G(r',ry) — V'G(r',r_)]dQ

r=ro

r=ro°

If we measure the voltage across the voltage probes, r and r_, which are also the current probes for the reciprocal configura-
tion, R;, we find that the perturbed resistance, R; + AR; due to a point perturbation at ry is

Ri,m + ARi,m = w
ARim = % [VG(r,ry) — VG(r,r_)]|
d
AAAth [VG(r,F.) — VG(r,F_)]|
Gy

where we have used the relation VG(r',r) = —VG(r,r'),
etc. So, in the small-perturbation, B = 0 limit, the resistive
weighting function is simply

fi(r) OPRim
Sgi,m = oA 8RS7L(9A = O(,'AFI‘(I'), (4a)

S,.L

r=rgy [VG(P, l'+) - VG(I', r—)”r:ro

r=ry X [VG(I', r+) - VG(I'7 r—)”r:ro "€y,

[
where we define

Fi(r) = [VG(r,ry) — VG(r,r_)] - [VG(r,F;) — VG(r,F_)].

Now, as long as the expected value of R; is not equal to zero,
that is, as long as «; is defined, we can normalize this expres-
sion in the following form:
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fi(r) F. . E -E:
SR,.‘m —A i —A JS,I ~JS,1 —A i - i ,
Rs. JF,dQ/ JJSJ . szl'dQ/ JE, . EidQ/

(4b)

in the limit G, /G, < 1, where J s and El- represent the sheet
current density and electric field at a point r for the recipro-
cal configuration R; and where we have used the normaliza-
tion to eliminate ;. Similarly, the Hall weighting function is

8i(r) A PRin A PRy
SRi'm a 0RHS’L8A7R58(Gh/Gd)8A

= AGi(r), (5a)

Ruys..
where we define
Gi(r) = [VG(I’, l’+) - VG(I’, I’,)]
x [VG(r,r;) — VG(r,r_)] - e,.

This expression is also easy to normalize provided that the
configuration R; is a Hall configuration for a van der Pauw
geometry, that is, that its B-field-dependent component
equals the Hall sheet resistance, Ryg

gi(r) }_ AG; _ A(Jsj X jsﬁi) €
Sﬁ;},”gl_L JGidQ/ J(JSJ X jS,i) - e,dQY
A(E, X E,) - €z
J(Et x E;) - e,dQ

(special case of van der Pauw Hall configuration).

(5b)

The normalizations of Egs. (4b) and (5b) simplify the task of
solving for these weighting functions for arbitrary or nonsym-
metric geometries. All that is required to calculate the sensitiv-
ity functions is to solve two Laplace equation boundary value
problems: once for the configuration of interest and once for
its reciprocal configuration. If these two problems are solved
numerically on say an N x N grid with a numerical technique
that converges with order NV, this is much faster than solving a
similar Laplacian for every point on the grid for which we
wish to know the sensitivity—a boundary value problem in
which we tweak the conductivity at that point—with a time of
order N vs N°. It also removes the question of how strong a
perturbation is needed in the calculation to avoid noise prob-
lems on the one hand and nonlinear effects on the other.

However, we can calculate the sensitivities not only to
local sheet resistance and sheet Hall resistance, but to local
variations in fundamental materials properties, such as the
sheet carrier concentration and the mobility. To compare the
various materials sensitivities in this weak-perturbation,
small-field limit, we first observe that

Rim _ 1. (ARi.m/Ri,m)  oRim 0Gy t

St — lim ———bm/tm) YMa v R; aGh 4
Arj—0 (AAJA)(At/t) "% O Gy

G 9t Gy’

from which we obtain

J. Appl. Phys. 114, 163710 (2013)

Sk = 0A(~F; + uBG;)
SI;’V” = OC[A(_Fi + 2.“‘BG’) (6)
Sy = wAuB(G; + 2uBF;),

in the limit of Ar/t < 1, uB < 1. We must be cautious in
applying Eq. (6) because the quantities F; and G; themselves
have nonzero B-field dependence. The problem of nonzero
magnetic fields will be considered in another article.”

While we have derived Egs. (4) and (5) for the case of a
conducting plane of infinite area, the equations appear to be
of general validity for all simply connected specimens, as
calculating the functions on the right-hand side and compar-
ing them to previously calculated (and experimentally meas-
ured?'?) weighting functions for a both circular and square
vdP'® 2 and both linear and square 4PP'®?** geometries
confirms. We have included two of these cases, a square vdP
arrangement and both a linear and square 4PP array on an in-
finite conducting plane, in Figs. 3 through 5.

In Fig. 3 we have calculated the weighting function
= SISQIL'” = f3 for a single-configuration measurement, the
“dual” weighting function (f; +f2)/2, and the Hall weight-
ing function, gs = g¢ by numerically solving for the electric
potential on a 101 x 101 grid using a finite difference
approach on a Microsoft Excel spreadsheet incorporating Eq.
(4) for a square vdP specimen with electrodes at the corners.
The values at the center of each figure are 3.2114, 3.2114,
and 1.4365, vs. the values of 3.1573, 3.1573, and 1.3932,
respectively, calculated in Appendix A, with discrepancies
arising from truncation of the infinite series expression for
the electric potential. Color contours for all weighting func-
tions are spaced 0.2 apart along the z-axis.

A. Specific exact expressions

While the electric potential of the square vdP problem
in Fig. 3 cannot be expressed in simple, closed form, there

@) i o

(€)

FIG. 3. Weighting functions calculated from Egs. (4) and (5) for a square
vdP specimen with infinitesimal electrodes at its corners (inset).
(a) Resistivity single configuration: f; = Sﬁ;f; (b) resistivity dual configura-
tion: (fi +f2)/2; (c) Hall effect: gs. Insets show the corresponding electrode
arrangement, with colored pads denoting current probes and white pads
denoting voltage probes.
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FIG. 4. Sensitivities calculated exactly from Eq. (8), or by solving Eq. (4)
for a linear 4PP array on an infinite plane. (a) Resistivity single configura-
tion, Sﬁ’;L, (E) resistivity single configuration, SﬁgL, (c) resistivity single con-
figuration Sg . Insets show the corresponding electrode arrangement on the
infinite plane, with colored pads denoting current probes and white pads
denoting voltage probes. Singularities at the electrodes have been truncated
in the graph.

are geometries for which Egs. (4) and (5) can be expressed
in closed algebraic form. This is possible for at least two
common vdP geometries—the semi-infinite conducting
plane and the circular disc—as well as for all 4PP geometries
in the limit of an infinite or semi-infinite conducting plane.

For a vdP circular disc of radius a for which configura-
tion R; is defined by current probes located at (r, 0) = (a, )
and (a, 7/2) and voltage probes at (a, 0) and (a, —7/2)

J. Appl. Phys. 114, 163710 (2013)

FIG. 5. Sensitivities calculated from Eq. (9), or by solving Egs. (4) and (5)
exactly for a perfectly symmetric square 4PP array with pitch p = 1 on an in-
finite disc. (a) Resistivity: single configuration, Sﬁéf, as defined in Fig. 1; (b)
resistivity: dual configuration, (Sﬁ;;’ + Sﬁ;f) /2, assuming perfect symmetry,
Ry = R,. Insets show the corresponding electrode arrangement, with colored
pads denoting current probes and white pads denoting voltage probes.

24t (P - a?)* — 2a*r* sin 20
hi= In2 8 —2a** cos40 + b
B 24" (r* — a2)2
Jaua = In2 8 —2a**cos40 + a @)
B 44* at —rt
8 =TS 2t cos 40+ &

vdP circular disc.

Cartestian-coordinate versions of this and the following two
equations are given in Appendix B. For the general case of
four electrodes in an infinite plane

[(x—x1)|F—l‘4|22—(x—x4)|r—l'1|22]'[(x—x2)|r—l‘3|22—(x—x3)|r—rz|22]
o L =y)Ir = ra]” = (v = ya)lr =[] - [(v = y2)Ir = 3" = (v = y3)Ir = 2]

im
Rs1

2zfe — 11 fe = 2P fe = 13 [r = vy PIn{{rs — rf[rs — raf]/[Ir2 — 1 ||rs — 3]}

)

which reduces to the following for a linear 4PP array of pitch p centered along the x-axis:

3p*

5
rt — Epzr2 cos 20 + %p“

RA,VV( — .
Rse = 2mn4 D(r,p,0) ’
PR g §p2r2 cos’0 + lpzr2 sin® 0 + 2p4
GRon _ 2P 2 2 16
Rse ™ nIn3 D(r,p,0) ’
5 11 9
4 =ZpPrtcos’ 0 — —p*rtsin® 0+ —p*
S;C,m 14 2 2 16 7 ®)
Y s D(r,p, )
(SRS"”) _ 12 p* - p*r2sin® 0
Rsp/dual = 7(41n4 —31In3) D(r,p,0)’
s 9 92 81 4|4 1 5, 1
where D(r,p,0) = |r 5P cos20+1—6p A c0520+1—6p

linear 4PP array on infinite conducting plane,

with oy = n/In2, g = 27/In 3, and oc = 21/ ln§ (Table 1) for the functions of Eq. (8), in excellent agreement with the results

of Egs. (4) and (5) calculated from the finite-difference method (Fig. 4) and those previously published elsewhere.

18,24,25
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In Fig. 4 we calculated sensitivities of 4PP resistive
measurements for the infinite conducting plane for linear
4PP arrays (Fig. 4). The values calculated from Eq. (8)
match the published numerical results at the center in 4PP
array in (a) through (c), with 0.6123, 1.0302, and —0.9835,
respectively, agreeing to at least 4 decimal places in each
case. Color contours for all weighting functions are spaced
0.2 apart along the z-axis for (a) through (c).

For the square 4PP array with electrodes placed at

(r,0) = (p/V2, +n/4) and (p/V/2, +31/4),

A
4t —2p*r?cos? 0+ =

Am p_ 4
Rsp — 1 1 ’
4o —|—§p4r4 C()S40—|—Rp8
2.2 2 r*
4 : P
SRCM7P_4' r* —2pr-sin 0+4
Rsp — 1 1 )
4 8+ Ep“r4 cos 40 + Epg
2
(*-%)
4 rt——
(SRS,m) _ lL 2
RS,L dual — 4 1 44 1 3
8+ P cos46 + T34
square 4PP array on infinite conducting plane,
)

the first and last of which we plot in Fig. 5.

The value at the center of both Figs. 5(a) and 5(b) is 1,
regardless of p, and the function integrates over area to p>.
Singularities at the electrodes have been truncated in graph
(a). Color contours for all weighting functions are spaced 0.2
apart along the z-axis. The value of both functions at the cen-
ter of the array is 1, regardless of pitch.

B. Experimental consequences

Ideally, these weighting functions for charge transport
measurements should be nonnegative functions, unlike the
single-configuration resistive weighting function for Figs.
4(a)-4(c) and 5(a) because, in theory, a function for which
fi <0 org; <0 in some regions of the specimen could lead
to charge transport measurements that lie outside the range
of values occurring within the specimen itself. This effect
has apparently already been observed for n-type ZnO films
in which the Hall signal can have the wrong sign, leading to
a misassignment of charge transport polarity.”® Ohgaki
et al. prove that this can occur when there is an internal hole
in the specimen, if the electrodes are placed close to that
hole rather than at the outer edges of the specimen by
numerically solving the perturbed boundary value problem.’
Bierwagen et al. show numerically that both radial inhomo-
geneities and edge inhomogeneities can also produce this
effect if the carrier density is increasing toward the edges of
the specimen.® All of these pathological cases require that
the electrodes be located well inside the boundaries of the
specimen, a fundamental violation of the basic rules for the
vdP technique.'*

Fig. 6 shows the Hall weighting function for a square
specimen with a square internal hole, as suggested by Ohgaki.

J. Appl. Phys. 114, 163710 (2013)

(b)

FIG. 6. Hall weighting function, gs, for square specimen with square interior
hole (1/3 the lateral size of the specimen) in the middle, as in Refs. 5 and 6,
with electrodes at the corners (a) and 9/10 of the way in from the corners to-
ward the interior hole (b). The function is positive throughout the specimen
in (a), and its average value is negative in (b) so that Hall measurements on
a uniform, n-type ZnO film will yield opposite polarity in the two cases.
Color contours for (a) are spaced 0.2 apart along the z-axis. The function in
(b) is unnormalized. Insets show the corresponding electrode arrangement,
with colored pads denoting current probes and white pads denoting voltage
probes.

If the contacts are located at the corners of the specimen, the
weighting function is positive throughout, and the measured
Hall signal will have the right polarity (Fig. 6(a)). However, if
the contacts are not at the corners, singularities develop and,
as the electrodes approach the inner hole, the magnitude of
the negative contribution to ng5dQ is greater than the posi-
tive contribution. In that case, even a uniform specimen
returns the wrong polarity of Hall signal (Fig. 6(b)).

We have also calculated the Hall weighting function, gs
in Fig. 7 for a square specimen with electrodes located far
inside the boundaries of the specimen both for the homoge-
neous case and for the case in which the carrier density
increases quadratically with distance from the center. This
inhomogeneity in Ng does two things: first, it changes the
shape of g5 = Sﬁfm—the magnitude of the negative contri-
bution to ngsdQ is 99% of the magnitude of the positive
contribution for the inhomogeneous case shown in Fig. 7(b)
vs. 70% for the homogeneous case (Fig. 7(a))—and second it

FIG. 7. The Hall weighting function, gs, is shown for a square specimen of
side s with a distance 0.2s between adjacent electrodes. (a) For specimen of
homogeneous carrier density and (b) for specimen in which the density
increases radially to 100 times its central value at the corners. The magni-
tude of the negative contribution to ng5dQ is 99% of the positive contribu-
tion for the inhomogeneous case shown in (b) vs 70% for the homogeneous
case (a). Radial inhomogeneities in carrier density are shown in Ref. 6 to
produce the wrong polarity of Hall signal in this geometry and thus to lead
to misinterpretation of carrier type. Both functions are unnormalized. Insets
show the corresponding electrode arrangement, with colored pads denoting
current probes and white pads denoting voltage probes.
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causes the magnitude of the integral th g5dQ
= fneu2g5dQ (in the B = 0 limit) to be larger for regions of
negative gs than for regions of positive gs, thus producing a
negative Hall signal.

V. CONCLUSIONS

Sensitivity [weighting] functions provide a powerful,
visual, and intuitive tool for interpreting the role of macro-
scopic inhomogeneities on the charge transport measure-
ment process, allowing one both to quantify the uncertainty
in charge transport quantities due to inhomogeneities and to
predict when there is a danger that the sort of catastrophic
failure already documented for some published ZnO Hall
measurements might occur. We have found a direct expres-
sion which makes the process of graphing these sensitivity
functions easier for researchers in the laboratory, turning a
problem of order N° for a N x N grid approximation of any
arbitrary specimen geometry into a problem of order N°>—
order N? for a handful of problems that can be solved ana-
lytically—allowing the researcher either to greatly reduce
the calculation time or to increase the resolution of the
function, or both. Further, we have shown that such sensi-
tivity analysis provides a powerful, visual, and intuitive
tool for understanding for example how Hall signals can
have the wrong sign and for avoiding such pathological
cases.
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APPENDIX A: THE VAN DER PAUW SQUARE AND
RELATED GEOMETRIES

A unit circle, z, on the complex plane can be mapped
onto the upper half-plane, u, and then onto a unit square, v,
in the complex plane by the following sequence of conformal
maps, as illustrated in Fig. 8

FIG. 8. Conformal mapping of a unit circle onto a unit square in Eq. (Al).
The transformation z — v can be written in the form of an elliptical integral.
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14z

» 1'[ dt
u=+i V=— | —,
-z kb (1 —12)

(AT)

where

Vil=2) JVA—1 "7 T(3/4)

.62205755.

1

k:j dt :T 2, T/
2

~
~

If we place electrodes symmetrically about the edge of
the unit circle at z= —1, +i, +1, and —i, then these are
plotted onto u =0, —1, oo, and +1 on the upper half-
plane and v =0, +i, +1 + i, and +1, respectively, on the
unit square.

Quantities that are conformally invariant under map-
ping from the circular disc to the square include not only
the electric potential for a boundary-value problem on the
unit circle, but also the effect of a point perturbation in the
conductance within an infinitesimal region of the material,
and so both

My 2y
are conformally invariant. The weighting functions on the
square can thus be written as

kz 4 k2 4
) =11 =) and gilv) =21 - 2alc),
since
2idz 1 du V2i  dz
du = 5 and dv=-— =— .
(1—-2) ky/u(l—u?) k V1—-24

While in principle we could use Eq. (Al) to calculate the
weighting functions for the square from the analytic expres-
sions on the circle, it is difficult in practice to map an arbi-
trary point in the interior of the circle onto the square. There
are a few points, however, that we can easily map. The cen-
ter of the circle, for example, maps to the center of the unit
square, and so,

2

hlv) = i 3.157250980,
2k*

gs(v) = — = 1.393203930 (center of square),
s

both of these values agreeing very well with previously cal-
culated values."®'” We can also map the diagonals (both
y =0 and x = 0) of the circular disc for the Hall weighting
function

25(2) = {4/7r(1 —x*)

fory =20
4/n(1—y*) }

forx=0
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2k? 2
gs5(v) = —5 = 1.393203930 for both (diagonals of square), k
T

nlnzsgn(sin 2¢) = £3.157250980
fl (V) - k s

again in excellent agreement with calculated values. Finally, — 3.157250980

we consider the edges (z = ¢'®) and the horizontal mirror n2
axis (y = —x) of the circle gdges
1 ,
: forz = e mirror axis
2 = In2-sin2¢ of square
1 2 )
T, Jory=—x : : :
(I +4x*)In2 also in excellent agreement with previous calculated values.

APPENDIX B: EXACT FORMS, CARTESIAN COORDINATES

Equations (7)—(9) for the sensitivities of a circular vdP disc and for both linear and square 4PPs can be transformed into
Cartesian coordinates. We include them below since those coordinates may sometimes prove more useful than polar

PO ey =
In2 [(x — a)* +y?][(x + a)* + y?] 2 —a)’]2 + (v + a)’]
2a* (2 +y* —
—(fl +f) = 7
2 [(x — a)* +y2)[(x +a)* + ][ —a)’l? + (y +a)’]
4 4 4
gs _r . a2 (e ) S 5- Eq.7(a) (circular vdP disc),
T [(x—a)” +y[(x+a)” + H + (v — a2+ (v +a)?]
9 5
2,22, 72 4 D20 o
v _ 30 (% +y°) 1P o (0 =)
Rse ~2nn4 3 \2 1 \2 1 \2 3 \2
2 2 2 2 _ 2 2 _2 2
<x+2p) +y <x+2p> +y (x 2p> +y (x 2p) +y
9 5 1
2,2, 2 4 D20 155
v _ 20" (W Hy") AP — 5P 507y
Rst ™ n1n3 3 \2 1 \2 1 \2 3 \2
2 2 2 2 - 2 _2 2
<x+2p> +y <x+2p) +y (x 2p> +y (x 2p) +y
9 5 11
2,02, 2 4 D 2 1l 5,
e _ R 7= A e
o 2n1n4 3\? 1\? 1\* 3\?
= 2 2 2 2 _2 2 _2 2
3 <x+2p) +y (x—i—zp) +y (x 2p> +y (x ZP) +y
12p%y? 4In4 —3In3
(Sl,g‘zL)dW,: 5 L y2 /m/(41n 1 g 5 Eq.8(a) (linear4PPoninfinite plane),
- 3 1 1 3
2 2 2 2 _: 2 _2 2
(x+2p> +y <x+2p) +y (x 2p> +y (x 2p> +y
4 (% +y )2 2p2x2—|—
sk =P
S.L 4 P\ 2 P\ 2 2 P\ 2 P\2 P\ 2 ’
[(x‘i) +(-3) H(x—‘) + (043 H( ) (*-3) H(”E) +(r+3)
4
2,22 9200 P
S’1§B :p4 (x* 4+ y*)” = 2p-y +4
S.L

e 0 oyl g [ 0T
-5)

R p
(SRi_L)dual - Z

Eq. 9(a) (square 4PP on infinite plane).

9+ D[ D[+ 05 [(+5)+ 049
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