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The problem of unsteady natural convection induced by a temperature difference between a cold outer
square enclosure and a hot inner circular cylinder is studied in this paper. The cylinder temperature is
assumed to vary sinusoidally with time about a fixed mean temperature. The coupled momentum and
energy equations have been solved numerically over a wide range of values of the amplitude and the fre-
quency of the source temperature signal, as well as the source radius. It is found that the heat transfer rate
tends to increase by oscillating the source temperature signal. The maximum heat transfer augmentation
was obtained for frequency between 25p and 30p for a high amplitude and a moderate source radius.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction outer enclosure and circular inner cylinder have an important
Fluid flow and natural heat transfer from a heated body, espe-
cially cylinder inside enclosures has long been studied and has re-
ceived much attention due to its direct relevancy to many
engineering applications such as flooding protection for buried
pipes, solidification processes, heat exchangers, electronic packag-
ing and chemical reactors. House et al. [1] investigated the effect of
a centered, conducting body and concluded that heat transfer pro-
cess across the enclosure may be increased or decreased by a con-
ducting body with a thermal conductivity ratio lower or greater
than unity, respectively. Ghaddar [2] studied a uniformly heated
horizontal cylinder placed in a large air-filled rectangular enclo-
sure and found the maximum air velocity was at a distance of
about nine cylinder diameters along the vertical centerline above
the heated cylinder. Moukalled and Acharya [3] and Shu and Zhu
[4] analyzed the effect of the radius of the inner cylinder and the
aspect ratio to the fluid flow and heat transfer rate. Cesini et al.
[5] performed a numerical and experimental analysis of a horizon-
tal cylinder and reported in general the numerical and experimen-
tal result were in good accordance. Shu et al. [6] employed the
differential quadrature method and showed that the global
circulation, flow separation and the top space between the square
influence on the flow and thermal fields. A heated cylinder kept
in a square enclosure with different thermal boundary conditions
was presented by Roychowdhury et al. [7].

Angeli et al. [8] developed a correlation for the average Nusselt
number as a function on both the Rayleigh number and the cylin-
der diameter. The heat transfer enhancement by increasing the cyl-
inder size and/or surface emissivity was obtained by Mezrhab et al.
[9]. Kim et al. [10] and Lee et al. [11] showed that the cylinder po-
sition could affect heat transfer quantities. The changes in heat
transfer quantities at Rayleigh number of 107 was presented by
Yoon et al. [12] and Yu et al. [13]. Hussain and Hussein [14] studied
a uniform heat source applied on the inner cylinder in a square air
filled enclosure in which all boundaries are assumed to be isother-
mal. They obtained a two-cellular flow field and found that the to-
tal average Nusselt number behaves nonlinearly as a function of
locations. The existence of local peaks of the Nusselt number along
the surfaces of the cylinder and the enclosure was investigated by
Lee et al. [11]. Recently, Nabavizadeh et al. [15] studied a heated
sinusoidal cylinder at various amplitudes and undulations. They
concluded that increasing amplitude or number of undulations or
changing the angle might change the heat transfer coefficient
which then influence the temperature and velocity fields. Very re-
cently, Sairamu and Chhabra [16] considered a heated tilted square
cylinder placed at the center of a square enclosure.

The transient behavior of fluid flow and heat transfer in an enclo-
sure has been extensively studied due to the relevance to many
industrial applications. For example, in the cooling of electronic
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Nomenclature

a, A amplitude, dimensionless amplitude
F dimensionless oscillating frequency
g gravitational accleration
n normal direction to the walls
‘ width and height of enclosure
p, P pressure, dimensionless pressure
Nu Nusselt number
Pr Prandtl number
r, R cylinder radius, dimensionless cylinder radius
Ra Rayleigh number
t time
T temperature
Th mean value of hot temperature
u, v velocity components in the x- and y-directions
U, V dimensionless velocity components in the X- and Y-

directions
W surface area of walls
x, y & X, Y space coordinates & dimensionless space coordinates

Greek symbols
a thermal diffusivity
b thermal expansion coefficient
m kinematic viscosity
h angle of circular cylinder
H dimensionless temperature
s dimensionless time
€s dimensionless time at stable state
sp dimensionless periodic time of cylinder temperature
q density
x oscillating frequency
Nuss average Nusselt number at basic steady state
Nu time-averaged Nusselt number

subscripts
c cold
h hot
ss steady
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equipment, the electrical components are periodically energized
intermittently and, therefore, the heating is an unsteady manner.
Kazmierczak and Chinoda [17] investigated natural convection of
water in a square enclosure by sinusoidal heating. Antohe and Lage
[18] reported the convection intensity within the enclosure in-
creases linearly with heating amplitude, while the resonance fre-
quency was shown to be independent of the heating amplitude.
Abourida et al. [19] and El Ayachi et al. [20] indicated that the heat
transfer in a system could be enhanced by a proper choice of the con-
sidered parameters. Cheikh et al. [21] concluded that the periodical
heating case causes an increase of the mean heat transfer in compar-
ison to the constant heating case. Liu et al. [22] studied a square con-
ducting body placed at the center of the enclosure. It was found that
the resonant frequency decreases by increasing the body size and
thermal conductivity ratio. In the problem of chaotic natural convec-
tion, Al-Taey [23] found the appearance of a new chaotic form in the
stream function pattern and temperature distribution when he stud-
ied a heated square enclosure with time periodic boundary condi-
tions. Recently, Zhang et al. [24] proposed the high-accuracy
solutions of the sinusoidal heating profile. The aim of the present
work is to investigate numerically the problem of unsteady natural
convection from a sinusoidally heated cylinder embedded in a
square enclosure. The sinusoidal heating is predicted to contribute
the heat transfer enhancement due to the pulsating local flow re-
sponse around the cylinder, for example the periodically on/off cir-
cular light in a room would enhance the heat transfer mechanism
across the room.
Fig. 1. Schematic representation of the model.
2. Mathematical formulation

A schematic diagram of a cold square enclosure having an inner
hot circular cylinder is shown in Fig. 1(a). The cylinder with radius
r is located in the center of the enclosure and its temperature var-
ies sinusoidally in time about a mean hot temperature Th, with
amplitude a and frequency x. The cylinder or source temperature
is hotter than the wall temperature at all times, as graphically de-
picted in Fig. 1(b). Under the influence of the vertical gravitational
field, the cylinder and walls at different levels of temperature lead
to a natural convection problem. The fluid is assumed Newtonian
and viscous dissipation and radiation effects are negligible. We as-
sumed the cylinder and walls were made from materials having
very low emissivity such as the polished aluminium, so that radia-
tion has a very small effect on the temperature of the cylinder and
walls. The governing equations are described by the NavierStokes
and the energy equations, respectively. The governing equations
are transformed into dimensionless forms under the following
non-dimensional variables

s ¼ ta
‘2 ; X ¼ x

‘
; Y ¼ y

‘
; U ¼ u‘

a
; V ¼ v‘

a
; H ¼ T � Tc

Th � Tc
;

R ¼ r
‘
; Pr ¼ m

a
; Ra ¼

gb Th � Tc
� �

‘3

ma
; P ¼ p‘2

qa
; A ¼ a

Th � Tc
;

F ¼ x‘2

a
: ð1Þ



Table 1
Grid sensitivity checks at Ra = 105 and R = 0.2 in a steady state.

Predefined mesh size Mesh elements Nuss CPU time (s)

Extremely coarse 254 4.6638 4
Extra coarse 472 4.9806 4
Coarser 648 5.0448 5
Coarse 1076 5.3533 5
Normal 1584 5.3717 6
Fine 2444 5.3480 7
Finer 7626 5.1354 15
Extra fine 21420 5.1039 39
Extremely fine 26828 5.0845 49

Table 2
Comparison of the present Nu results with literatures for the case of a differentially
heated vertical enclosure and R = 0, Ra = 1.4 � 105 and Pr = 7.

A F Present work [21] [17]

0.4 100 5.45 5.43 5.41
0.8 100 5.63 5.61 5.58
0.4 200 5.41 5.38 5.36
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The dimensionless forms of the governing equations are expressed
in the following forms:

@U
@X
þ @V
@Y
¼ 0; ð2Þ

@U
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þ U

@U
@X
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@U
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¼ � @P
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Fig. 2. Comparison of computed streamlines and isotherms present work (bottom
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where U = V = 0 on the walls and cylinder. The initial and boundary
conditions for the non-dimensional temperatures are:

H ¼ 0; at s ¼ 0
H ¼ 0; on walls
H ¼ 1þ A sinðFsÞ; on cylinder surface

The rate of heat transfer is computed at inner wall expressed in
terms of the local surface Nusselt number (Nu) as:

Nu ¼ @H
@n

ð6Þ

where n is the angular location. The surface-averaged Nusselt num-
ber ðNuÞ on the hot circular wall is evaluated as
) with Kim et al. [10] (top) results in a steady state at Ra = 105 and R = 0.2.



Fig. 3. Time history of streamlines at R = 0.2 and Ra = 105.

Fig. 4. Time history of temperature fields at R = 0.2 and Ra = 105.
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Nu ¼ 1
2p

Z 360�

0
NuðnÞdn ð7Þ
3. Computational methodology

The governing equations along with the boundary conditions
are modelled and solved numerically by COMSOL, a general-pur-
pose solver of interlinked partial differential equation (PDE) based
on the Galerkin finite element method (GFEM). This software con-
tains state-of-the-art numerical algorithms and visualization tools
bundled together with an easy to use interface. We consider the
following application modes in COMSOL: The incompressible, lam-
inar flow (spf) for Eqs. (2)–(4) and the heat transfer in fluids (ht) for
Eq. (5). P2-P1 Lagrange elements and the Galerkin least-square
method are used to assure stability.

In this study, mesh generation on square enclosure with cylinder is
made by using triangles. Several grid sensitivity tests were conducted
to determine the sufficiency of the mesh scheme and to ensure that
Fig. 5. Sequential contour plots of flow fields during one period for R = 0.2, Ra = 105, A = 0
(e) s ¼ €sþ 4sp=8, (f) s ¼ €sþ 5sp=8, (g) s ¼ €sþ 6sp=8 and (h) s ¼ €sþ 7sp=8.
the results are grid independent. We use the COMSOL default settings
for predefined mesh sizes, i.e. extremely coarse, extra coarse, coarser,
coarse, normal, fine, finer, extra fine and extremely fine. In the tests,
we consider the parameters Ra = 105 and R = 0.2 in a steady state as
tabulated in Table 1. Considering both accuracy and time, a finer mesh
size was selected for all the computations done in this paper. As a val-
idation, our results for the streamline and isotherms compare well
with those obtained by Kim et al. [10] for a steady case at Ra = 105

and R = 0.2 as shown in Fig. 2. An additional verification of accuracy
for the present code is shown in Table 2 for the unsteady condition
and the case of a differentially heated vertical enclosure with
Ra = 1.4� 105 and Pr = 7. Weobserve thatthe comparison was ingood
agreement with the results reported in the literatures [17,21].
4. Results and discussion

The analysis in the undergoing numerical investigations is per-
formed in the following domain of the associated dimensionless
.8 and F = 20p when (a) s ¼ €s, (b) s ¼ €sþ sp=8, (c) s ¼ €sþ 2sp=8, (d) s ¼ €sþ 3sp=8,
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groups: the Rayleigh number, 103
6 Ra 6 106, the heating ampli-

tude, 0.1 6 A 6 0.9, the oscillating frequency, 5p 6 F 6 50p, and
the cylinder radius, 0.05 6 R 6 0.3. The Prandtl number is fixed at
Pr = 0.7.

4.1. Effect of the time dependency on flow and temperature fields

Figs. 3 and 4 show the transient results of the flow and temper-
ature fields for the non-oscillating case at R = 0.2 and Ra = 105,
respectively. Initially, at s = 0, the cylinder and walls are cold and
there is no fluid motion in the region between the cylinder and
walls. At the very beginning after the start of heating
(0.001 < s < 0.003), the fluid temperature adjoining the hot cylin-
der rises, and the buoyancy force promotes an upward flow at
the sides of the cylinder. This movement creates an anti-clockwise
circulation cell in the left-half enclosure and clockwise circulation
cell in the right-half enclosure. The isotherms are circular-parallel
to the circumference line of the cylinder. This implies that conduc-
tion or diffusion mode is dominant. For s = 0.009, it is observed
Fig. 6. Sequential contour plots of temperature fields during one period for R = 0.2, R
s ¼ €sþ 3sp=8, (e) s ¼ €sþ 4sp=8, (f) s ¼ €sþ 5sp=8, (g) s ¼ €sþ 6sp=8 and (h) s ¼ €sþ 7sp=
that the core of the both cell starts to move upward and the
strength of the flow circulation increases significantly. The iso-
therms start to bend. This implies that the onset of convection
has occurred. As time increases, the temperature has been well dis-
tributed from the hot cylinder to the top cold wall, so that the anti-
clockwise and clockwise flows are intensified in the top portion of
the enclosure. Insignificant differences of flow and temperature
fields are observed when time takes longer, at s = 0.5. This implies
the steady state has been reached at the previous time, at s = 0.2.

After the basic steady state has been reached, the next phase is
to investigate the effect of the temperature oscillation. Figs. 5 and 6
show the evolutions of the flow and temperature fields in one per-
iod or cycle. We fix the heating amplitude A = 0.8, oscillating fre-
quency F = 20p, cylinder radius R = 0.2 and Ra = 105. In order to
obtain a stable state, €s, three oscillating cycles were calculated.
The subplots (a)–(h) correspond to the eight phases from s ¼ €s to
s ¼ €sþ 7sp=8 in the fourth cycle. We note that the results of the
fifth cycle are identical to the results of the fourth cycle. At the
beginning, the streamline shows that two symmetrical flow circu-
a = 105, A = 0.8 and F = 20p when (a) s ¼ €s, (b) s ¼ €sþ sp=8, (c) s ¼ €sþ 2sp=8, (d)
8.
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lations exist with the inner vortices located in the upper half of the
enclosure. As time increases, both flows are intensified and a
plume starts to appear on the top of the cylinder as shown in the
isotherms. The plume is strengthened by increasing time further,
which also leads to the formation of a thinner thermal boundary
layer near the top wall. The warm-chamber appears at
s ¼ €sþ 5sp=8, the time at which the cylinder temperature is less
than the mean temperature. The warm-chamber is a room above
the top of the cylinder having a fairly high temperature. The
warm-chamber is elongated horizontally and less warmer than be-
fore at s ¼ €sþ 6sp=8. At this time, two inner vortices appear in the
streamlines. The two inner vortices grow in size at s ¼ €sþ 7sp=8,
but the strength of the two symmetrical flow circulations de-
creases and reaches its minimum value.
Fig. 7. Time–dependent behavior of Nu for various values of A at R = 0.2, Ra = 105

and F = 20p.

Fig. 8. Time–dependent behavior of Nu for various values of F at R = 0.2, Ra = 105

and A = 0.8.
4.2. Parameter effects on heat transfer rate

Fig. 7 shows temporal evolution of the Nu for various values of A
at R = 0.2, Ra = 105 and F = 20p. The heat transfer rate oscillates
with periodic variation of the source temperature signal for all
amplitudes considered in this study. Perfectly sinusoidal laws were
found for all A values. The cylinder temperature oscillation with
large amplitude causes a substantial amplification of flow, there-
fore, the instantaneous of the flow differs much from the non-oscil-
lating case. These affects yield wider fluctuating of Nu when A
takes higher. Moreover, the instantaneous values of Nu reaches
negative values for case A = 0.9

Fig. 8 shows temporal evolution of the Nu for various values of F
at R = 0.2, Ra = 105 and A = 0.8. Perfectly sinusoidal laws were
Fig. 9. Time–dependent behavior of Nu for various values of R at F = 20p and A = 0.8,
Ra = 105.

Fig. 10. The normalized Nu against frequency for various values of R at A = 0.8 and
Ra = 105.



Fig. 12. The Nu against Rayleigh number for various values of R at A = 0.8 and F = 20p.
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found for all oscillating frequencies. The fluctuating amplitude of
Nu increases slightly as F increases. This is due to the fact that at
a high frequency, the duration for hot temperature distribution is
much shorter. The results in Fig. 8 indicate the presence of a
phase-leg among the wall-temperature signal and the instanta-
neous Nu. The phase-leg changes with frequency since frequency
modifies fluid particle velocity.

Fig. 9 shows temporal evolution of the Nu for various values of R
at F = 20p and A = 0.8, Ra = 105. Perfectly sinusoidal laws were
found for all values of cylinder radius studied. The maximum value
of the temporal Nu over each period increases significantly by
increasing the source radius. However, the minimum value of the
temporal Nu over each period was almost unchanged by varying
the source radius. It is also observed that the locations of the min-
imum and maximum values vary with R. From Figs. 7–9, we can
conclude that the fluctuating amplitude of Nu increases as A, F or
R increases. Or alternatively, the fluctuating amplitude shrinks to
zero as A, F or R goes to zero. This indicates that there is no periodic
flow or heat transfer oscillation in the system. We observe that
there exists a critical value of A, F or R for the onset of periodic flow.
Currently, our numerical scheme cannot detect accurately the crit-
ical value of A, F or R, but roughly from Figs. 7–9 the critical values
are in the range 0 < A < 0.1, 0 < F < 5p and 0 < R < 0.05.

The time-averaged Nusselt number, Nu over the average Nus-
selt number at basic state, Nuss with the oscillating frequency, F,
for R = 0.05,0.1,0.2 and 0.3 at A = 0.8 and Ra = 105 is presented in
Fig. 10. The oscillating frequency is limited in the range 5p to

50p. It was observed that for all R, the ratio Nu=Nuss is always more
than 1. This indicates heat transfer augmentation for the consid-
ered R and F range. The case R = 0.2 has the best heat transfer aug-
mentation for the considered F interval. From Fig. 10, we can see
the normalized Nusselt number reaches a maximum value roughly
at frequency 25p to 30p for R 6 0.2.

Fig. 11 presents the ratio Nu=Nuss with the frequency of the
source temperature signal for various heating amplitudes at

R = 0.2. Larger A results in bigger augmentation of Nu. At low heat-
ing amplitudes, the heat transfer performance is constant by
increasing the frequency. It is also observed that there is almost
no heat transfer augmentation for these amplitudes. This phenom-
enon is due to the fact that the fluid does not fell the presence of
Fig. 11. The normalized Nu against frequency for various values of A at R = 0.2 and
Ra = 105.
the hot source temperature oscillation, thus the deviation of the

time-averaged Nu from the basic state Nu is small. The normalized
Nusselt number reaches a maximum value at about F = 25p for

high heating amplitudes. Note specifically that the Nu=Nuss de-
creases continuously when increasing the frequency for cylinder
radius of 0.3. A bigger cylinder means a larger hot surface that
brings a stronger buoyancy force, but it also leads to a smaller
space for the fluid to circulate that restrains the fluid movement.
That way, initially oscillating the surface temperature at very low
frequency penetrates and stimulates the fluid velocities near the
surface that increases the thermal performance of the system,
but the system can not response properly to the temperature oscil-
lation for further increasing the frequency at the narrow fluid
space. It tends to decrease the overall thermal performance or re-

duce the Nu=Nuss. But Nu is still above the Nuss.
Fig. 12 presents the time-averaged Nusselt number against Ray-

leigh number for R = 0.1,0.2 at A = 0.8 and F = 20p. We also integrated
the Nusselt number for the basic steady for the corresponding R. The
Nusselt number increases by increasing the Rayleigh number for the
considered R. Also, the Nusselt number increases by increasing the
cylinder radius for the fixed Ra. Fig. 12 also shows that initially at rel-
ative low Ra, no heat transfer augmentation was found by oscillating
the surface temperature. At moderate Ra, oscillating the surface tem-
perature enhances the Nusselt number slightly compared to the cor-
responding steady values. Later, increasing Ra yields a stronger heat
transfer augmentation. Finally, the time-averaged Nusselt number
can be correlated pretty well with R and Ra as follows:

Nu ¼ 7
R

0:104 þ 0:033Ra
� �0:183þR

2
: ð8Þ

This correlation is valid for 103
6 Ra 6 106 and 0.075 6 R 6 0.225.

Note that the maximum error is less than 5% for the valid ranges.

5. Conclusions

The present numerical simulations study deal with buoyancy-
driven flows in an isothermal square enclosure where a heat cylin-
drical heat source is centred. The dimensionless forms of the gov-
erning equations are modeled and solved by using the COMSOL
package. Detailed computational results for flow and temperature
fields and the heat transfer have been presented in graphical forms.
The main conclusions of the present analysis are as follows:

1. The cylinder temperature oscillation can drastically change the
flow and temperature fields. Two inner vortices were found in
the flow field and a warm-chamber existed in the temperature
field due to the effect of heated cylinder temperature
oscillation.
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2. The periodic heat transfer rate perfectly followed a sinusoidal
law for the considered parameters. Its maximum value of the
temporal increases significantly by increasing the cylinder
radius, but its minimum value was almost unchanged by vary-
ing the cylinder radius.

3. Heat transfer rate tends to increase by oscillating the source
temperature signal. The maximum heat transfer augmentation
was obtained at about frequency 25p to 30p for a high heating
amplitude and a moderate source radius.
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