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ON BIEMBEDDING AN IDEMPOTENT LATIN SQUARE
WITH ITS TRANSPOSE

D. M. DONOVAN, T. S. GRIGGS anp C. PSOMAS

ABSTRACT. Let L be an idempotent Latin square of side n, thought of as a set
of ordered triples (i,j,k) where L(4,5) = k. Let I be the set of triples (i,%,1).
We consider the problem of biembedding the triples of L \ I with the triples of
L'\ I, where L’ is the transpose of L, in an orientable surface. We construct such
embeddings for all doubly even values of n.

1. INTRODUCTION

A triangular embedding of a complete regular tripartite graph K, , , in a surface is
face two-colourable if and only if the surface is orientable [4]. In this case, the faces
of each colour class can be regarded as the triples of a transversal design TD(3,n),
of order n and block size 3. Such a design comprises a triple (V, G, B), where V is
a 3n-element set (the points), G is a partition of V into three parts (the groups)
each of cardinality n, and B is a collection of 3-element subsets (the blocks) of V'
such that each 2-element subset of V is either contained in exactly one block of B,
or in exactly one group of G, but not both. Two TD(3,n)s, (V,{G1,G2,Gs},B)
and (V',{GY,G%, G4}, B) are said to be isomorphic if, for some permutation 7 of
{1, 2,3}, there exist bijections a; : G; — G;(i), 1 =1,2,3, that map blocks of B to
blocks of B’. A Latin square of side n determines a TD(3,n) by assigning the row
labels, the column labels, and the entries as the three groups of the design. Two
Latin squares are said to be in the same main class if the corresponding transversal
designs are isomorphic. A question that naturally arises is: which pairs of (main
classes of) Latin squares may be biembedded?

This question seems to be difficult. On the existence side, recursive construc-
tions are given in [1, 5, 7]. Of particular interest are biembeddings of Latin
squares which are the Cayley tables of groups and other algebraic structures. An
infinite class of biembeddings of Latin squares representing the Cayley tables of
cyclic groups of order n is known for all n > 2. This is the family of regular
biembeddings constructed using a voltage graph based on a dipole with n parallel
edges embedded in a sphere [10], or alternatively directly from the Latin squares
defined by C,,(¢,7) =i+j (mod n), and C},(i,5) =i+j—1 (mod n) [4]. A regular
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biembedding of a Latin square of side n has the greatest possible symmetry, with
full automorphism group of order 12n2, the maximum possible value. Recently,
two other families of biembeddings of the Latin squares representing the Cayley
tables of cyclic groups, also with a high degree of symmetry, have been constructed
[1, 2]. Enumeration results for biembeddings of Latin squares of side 3 to 7 are
given in [4] and for groups of order 8 in [6]. In [8], it was shown that with the
single exception of the group C3, the Cayley table of each Abelian group appears
in some biembedding.

In this paper, we consider a slightly different but related aspect of biembeddings
of Latin squares. Let L be a Latin square of side n, which we will think of as a set
of ordered triples (4, j, k) where entry k occurs in row ¢, column j of L, k = L(i, j).
Let L' be the transpose of L, i.e. (i,j,k) € L’ if and only if (j,i,k) € L. Clearly
no biembedding of L with L’ exists because triples (¢,4, k) occur in both squares.
However, suppose that L is idempotent, i.e. (i,i,i) € L for all i. Denote the set
of idempotent triples by I. Then it may be possible to biembed the triples L \ I
with the triples L' \ I and it is this question which is the focus of what follows.

So, given an idempotent Latin square L of side n, we denote the set of row labels
by R ={0,,1,,...,(n—1),}, the set of column labels by C' = {0, 1., ..., (n—1).},
the set of entries by E = {0, 1¢,..., (n — 1)}, and the set of idempotent triples
by I = {{i,ic,ie}:1=0,1,...,n—1}. Now consider the sets of triples L\ I (the
black triples) and L'\ I (the white triples) and glue them together along common
sides, {ir,je}y i # 4, {Je, ket § # K, {ke,ir}, k # i. The resulting topological space
is not necessarily a surface but is certainly a pseudosurface which we will call the
transpose pseudosurface of L\ I and denote by S(L\I). Within this framework, the
main interest is when S(L\T) is a surface, in which case we say that the idempotent
Latin square L biembeds with its transpose and write (L \ I) > (L' \ ).

From a graph theoretic viewpoint, a biembedding of an idempotent Latin square
with its transpose, as described above, gives a face two-colourable triangular em-
bedding of a complete regular tripartite graph K, ,, , with the removal of a triangle
factor. For the same reason as applies without the removal of a triangular factor,
the surface is orientable. In such a biembedding, the number of vertices, V = 3n,
the number of edges, E = 3(n? — n), and the number of faces, F' = 2(n? — n).
Therefore, using Euler’s formula, V 4+ F — E = 4n — n? which is even if and only
if n is even. In the next section, we construct biembeddings of idempotent Latin
squares with their transpose for all doubly even values of n. We leave the problem
for singly even values for future investigation. In section 3, we consider the situ-
ation when the transpose L’ is mutually orthogonal to L, i.e. the Latin square L
is a self-orthogonal Latin square (SOLS). Biembeddings of a self-orthogonal Latin
square L with its transpose are constructed for all n = 2™,m > 2.

We represent the biembeddings by means of rotation schemes. The rotation
about a point 7, is defined to be the set of cycles
(Jeke g2k .. e~ ke N (e ket g kT L e T e T e T kg
where k% = L(i,7°) = L'(i,j**Y), s € {1,2,...,n—1}\{a1 — L,a2 — 1,...,a,, — 1}
and k%1 = L(i,j%7 1) = L'(i,j% 1), 1 <t <m, 1 <m <n-—1with ag = 1
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and a,, = n. The cycles are the order of vertices adjacent to i, as determined by
the biembedding. The rotation about a point j. or k. is defined analogously. The
two Latin squares L and L’ are biembedded in a surface if and only if the rotation
about each point is a single cycle. The biembedding is in an orientable surface
because the rotations about points j. and k. can be ordered so that whenever the

cycle about a vertex i, contains the sequence ... j.ke ... then the cycle about j.
contains the sequence ...k.i,.... and the cycle about k. contains the sequence
e

To conclude the introduction, below is an example which illustrates some of the
ideas presented in this section.

Example 1.1. There are two idempotent Latin squares of side 4 each of which
is the transpose of the other.

01 2 3 01 2 3
010 2 3 1 00 3 1 2
113 1 0 2 112 1 3 0
211 3 2 0 213 0 2 1
312 0 1 3 3|1 2 0 3
These biembed in the torus as shown.
0, 1. 2, 1. 0,
[
2. 3, 2.
3, ( 3
®
0, 1, 2, 1, 0,
The rotation scheme is
0r: (162630162:30)  0c i (1624361,2.3,) 0 i (1,203,1:2,-3;)
10 (26063:26003e)  1c:(260,302,0.3,) 1 :(2,0.3,2.0,-3.)
2,1 (3c0e1:3:0:1e) 20 (30,-163,0.1,) 2. :(3,0.1,3.0,1.)
3 (002616082616) 3¢t (062T160T261T) 3e - (0r201T002T16)
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2. IDEMPOTENT LATIN SQUARES OF DOUBLY
EVEN ORDER

In order to construct a Latin square of doubly even order which biembeds with its
transpose, we use the concept of a near-Hamiltonian factorization of a complete
directed graph together with known triangulations of complete (undirected) graphs
in orientable surfaces. Although the main results are when the side of the Latin
square n = 4m, m > 1, some of the theory is more general and so to begin, we
do not place this restriction on n. Let K,, (resp. K}) be the complete undirected
(resp. directed) graph on a set of n vertices, {0,1,...,n—1}. A near-Hamiltonian
circuit of K} is an ordered (n — 1)-cycle (z1,x2,...,xzn—1) where x; # x; if i # j.
A near-Hamiltonian factorization F of K is a partition of the directed edges of
K into near-Hamiltonian circuits. A straightforward counting argument shows
that F' contains n near-Hamiltonian circuits and that each vertex i, 0 <i <mn—1,
is absent from precisely one circuit.
Given a near-Hamiltonian factorization F' of K,
L of side n can be constructed as follows,
1. Lp(i,i) =i, 0<i<n-—1,
2. Lp(i,j) =k, 0<i<n—-1,0<j<n-—1,i+# j, where the directed edge
(i,7) occurs in the (n — 1)-cycle which does not contain k.

an idempotent Latin square

We then have the following result.

Lemma 2.1. Let F' be a near-Hamiltonian factorization of the complete directed
graph K, and let L be the Latin square constructed from F as above. Let S(Lp)
be the transpose pseudosurface of Lr. Then the rotation about every entry point
ke, 0 <k <n-—1, is a single cycle of length 2n — 2 if n is even and two cycles

each of length n — 1 if n is odd.

Proof. Consider the near-Hamiltonian circuit not containing k. Suppose that

it is (z1,22,...,2,—1). Then entry k occurs in the following (row, column) pairs of
Lp: (z1,22), (z2,23), ..., (Tn—1,21), (k, k) and in the following (row, column) pairs of
L% (z2,21), (3, 22), ..., (x1,2n—1), (k, k). The rotation scheme about k. is then

((xl)T(xz)C(xii)T(xél)C s (xn—2)c(xn—1)r(x1)c($2)r ce (xn_z)r(a}n_l)c)
if n is even, and

(Z)r(z2)e(@3)r(@a)c - - (Tn—2)r(Tn-1)c)((T1)e(T2)r (23)c(®a)r - - - (Tn—2)c(Tn—1)r)
if n is odd. O

A source of near-Hamiltonian factorizations of complete directed graphs K is
provided by triangulations of the complete graph K, in an orientable surface. It
is well-known that these exist precisely when n = 0,3,4,7 (mod 12) [9]. Given
such a triangulation on vertex set {0,1,...,n — 1}, first choose an arbitrary but
fixed orientation. A near-Hamiltonian circuit avoiding a point is obtained by
the rotation about that point in the selected orientation, and the set of all such
near-Hamiltonian circuits forms a near-Hamiltonian factorization. Using this con-
struction, we then have the following result.
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Lemma 2.2. Letn=0,3,4,7 (mod 12), and T be a triangulation of the com-
plete graph K, in an orientable surface. Let F(T) be the near-Hamiltonian fac-
torization of K, constructed as above. Let Lty be the Latin square constructed
from F(T) and S(Lp(r)) the transpose pseudosurface of Lp(ry. Then the rotation
about every row point i, 0 < i < n—1, and every column point j., 0 < j<n-—1,
is a single cycle of length 2n — 2 if n is even, and two cycles each of length n — 1
if n is odd.

Proof. The Latin square L constructed from the triangulation 7" has the prop-
erty that if L(i,j) = k then L(j,k) = i and L(k, %) = j. It follows that the rotation
about a row point i, (resp. column point j.) can be obtained from the rotation
about i, (resp. j.) by applying the permutations (e r ¢) (resp. (e ¢ r)) to the
suffixes. O

The following theorem is now an immediate consequence of Lemmas 2.1 and 2.2.

Theorem 2.1. Let n = 0,4 (mod 12). Then there exists an idempotent Latin
square L of side n which biembeds with its transpose, i.e. (L\I) > (L'\ I).

In the cases where n = 3,7 (mod 12), the transpose pseudosurface S(Lg(r))
constructed as in Lemma 2.2, although not a surface, does exhibit some regularity
in that every point is a pinch point and the rotation about each point consists
of two cycles each of length n — 1. Moreover, if we separate each pinch point,
the pseudosurface fractures into two orientable surfaces having isomorphic trian-
gulations. Let C; 03, 0 < i <n-—1, a0 € {rce},a # [, represent the cycle
((@i1)a(xi2)g .- (@in—2)a(®in—1)3). Then the rotation about a point (z;). is
Ci r.cCicr, about a point (z;), is C; ¢.¢Ci.c.c, and about a point (z;)¢ is Ci e rCi re-
Now separate each entry point (z;). into two points (z;)0 and (x;)! so that the
rotation about (z;)? is C; .. and about (z;)! is C; . The row and column points
may then also be separated and labelled appropriately so that the rotation about
(2:)Q is CF,. ., (x:)) is CF ., and ()0 is C7,, and about (z;)} is C} .., (z;); is
Cleeand (z;)} is Cf, ..

It remains to deal with the case n = 8 (mod 12). We use a triangulation of the
complete graph K, _; in an orientable surface to first construct a near-Hamiltonian
factorization F' of K_; and then augment this to obtain a near-Hamiltonian

factorization F of K.

Construction of F
Let n = 8 (mod 12). Then there exists a triangulation T' of the complete graph
K,_1 in an orientable surface, having a cyclic automorphism [9, 11, 12]. Without
loss of generality assume that the vertex set of K,_1 is N = {0,1,2,...,n — 2}
and the cyclic automorphism is generated by the mapping i — i+ 1 (mod n —1).
Let F(T) = {Cy,C4,...,Cpr_2} be the near-Hamiltonian factorization of K}_,
constructed from T as above, where C; = ((z1 +14) (x2 + 1) ... (Tp_2 + 1)),
0 <1t < n—2,is the near-Hamiltonian circuit which avoids the vertex 7. Now
choose I, 1 <1 < n — 2, relatively prime to n — 1, (in fact we can choose | = 1).
Then, because T has a cyclic automorphism, there exists j, 1 < 7 < n — 2, such
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that zj 41 —x; = [, whereif j = n—2, ;41 = 1. Introduce a new vertex oo and let
Ci = ((x1+1) (w2 +1) ... (xj+1i) 00 (zj41+1i) ... (Tn_a+1)). Further let Coy =
(012 ... (n—2)l), arithmetic modulo n—1. Let F(T) = {Co,C4,...,Cn_2,Cx}.
Then F(T) is a near-Hamiltonian factorization of K on vertex set N U {oc}. We
can now prove the following theorem.

Theorem 2.2. Let n = 8 (mod 12). Then there exists an idempotent Latin
square L of side n which biembeds with its transpose, i.e. (L\ ) (L'\ I).

Proof. Let F(T) be a near-Hamiltonian factorization of the complete directed
graph K obtained by the triangulation 7" of the complete graph K, _; having
a cyclic automorphism, as above. Let Lpp) be the Latin square constructed
from F(T) and S(L F()) the transpose pseudosurface. We need to prove that the
rotations about row points, column points and entry points are all single cycles.
Entry points. This follows immediately from Lemma 2.1.

Row points. Let x, = and 4, =n — 1 —[. The rotation about the point 0, is

(00e(@pi1)e - - (@n-2)e(@)e - (29)e0e(@q)e - - (@n2)e(@)e ... (Tg-1)e)-

The rotation about the point i,., 7 # 0, is obtained by adding i, modulo n—1. The
rotation about the point oo, is

(Oc(zg—1)e(m =1 —=De(zg—1 —De(n — 1 — 20)c(g—1 — 20)e .. . le(Tg—1 + 1)e).

Column points. With the same definition of p and ¢ as for the row points, the
rotation about the point 0, is

(00e(@a)r -+ @a2)o (21)e -+ (T4-1)e00r (@ps1)e - - (Tn2)e(@1)r - (7)0).
Again the rotation about the point i., i # 0, is obtained by adding 7, modulo n—1.
The rotation about the point oo, is

(@p1)e0r (@pa1 = De(n—1 = 1) (@pir = 2)eln — 1= 20), ... (g + Dels): O

Example 2.1. Consider the triangulation of the complete graph K7 on vertex
set {0,1,2,3,4,5,6} in a torus, where the triangles are given by the sets {i,1 +
1,3+ 4} and {i,3+ 4,2+ i}, 0 < i < 6. The rotation C; about a point i is
(1+i3+i2+i6+i4+ib+i). Choose ! = 2. Then the rotation C; is
(14+i0034+i2+i6+i4+i5+i) and Co = (0246 135). The Latin square
of order 8 formed from this near-Hamiltonian factorization is

0 1 2 3 4 5 6 oo
0]0 3 oo 2 5 1 4 6
115 1 4 oo 3 6 2 0
213 6 2 5 oo 4 0 1
3/]1 4 0 3 6 oo 5 2
416 2 5 1 4 0 oo 3
5loo 0 3 6 2 5 1 4
6|2 oo 1 4 0 3 6 5
©o|l4 5 6 0 1 2 3 o

The rotations about the various points are as follows.
de: (1414)r00e(348)r(24)e(641)r(4d+1)e(5+ i) (1 +1%)e00r(3+4)e(244)r(641)e(4d+)r(5 +i)e)
Ooe : (0’7‘2(‘.4’7‘6017"305’7'0(227‘4067‘1C3’V‘5C)
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i (L +D)e(B341)e(2+1)e00e(5+i)e(148)e(3+1)e(2+1)e(641)c(4d+1)e00e(6+i)e(d+1)e(5+i)e)
00y 1 (0c4e50263c0e1c566c3c4c1e2:6c)
e (L4 1)e(B+1)r(248)e(641)r(4d+1)e00r(6+1)e(d+i)r(5+1)e(1+1)r(341)e(24 1)r00e (5 + i)r)
00c 1 (0617-56,304,1.2,-6.0,4¢5,2.3,.)

3. SELF-ORTHOGONAL LATIN SQUARES

In this section, we present a finite field construction to biembed a self-orthogonal
Latin square (SOLS) with its transpose in an orientable surface. First recall the
definitions. Let L, M be Latin squares of side n. Then L and M are said to be
orthogonal if L(il,jl) = L(ig,jg) and M(il,jl) = M(ig,jg) implies ’il = i2 and
j1 = jo. If M = L', the transpose of L, then L is said to be a self-orthogonal
Latin square. In a SOLS, the main diagonal is a transversal and without loss of
generality, by renaming the entries, it can be assumed that L is idempotent.

The construction is not new, see for example Construction 5.44 in [3], and
applies for any finite field except those of order 2 or 3. We present it in this more
general form but by the calculation using Euler’s formula given in the introduction,
a biembedding can exist only for even values.

Let w ¢ {0,—1, 1} be a generator of the cyclic multiplicative group of GF(p™).
Define L(i,7) = (i + wj)/(1 + w). Then it is easily verified that L is a self-
orthogonal Latin square with the rows, columns, and entries indexed by the ele-
ments of the Galois field, which in what follows it will be convenient to represent
by 0,1,w,...,w" 2. Further let () = wF/(1 +w), 0 <k <n—2.

We now restrict our attention to Galois fields GF(2™), m > 2. By considering
the rotations about each of the row, column and entry points we show that (L\I) >

(L' \ 1)

1) Row 0 of L and column 0 of L’ are as follows.
(1)

‘ 0 1 w w? oL w3 n2
0 ‘ 0 C(l) C(Q) <(3) C(H—Q) C(O)
Row 0 of L' and column 0 of L are as follows.
‘ 0 1 w w? .. w3 T2
0 ‘ 0 ¢cO ¢@ ¢@ = ¢h3) )

Clearly the rotation about the points 0, and 0. are single cycles.

(2) Row w” of L and column w”* of L', 0 < k < n — 2, are as follows.

0 Wwl=1 w w?

Wk ¢ ¢® 4 ¢D (® 1+ ¢@ (H 1 ¢®
. whk—1 Wk Wkt

T W pc® =0 ¢B 4G = F (R 4 ¢(k+2)
e wn 3 w2

Ok CF) 4 ¢n=2) CF) 4 ¢
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Row w* of L’ and column w® of L, 0 < k < n — 2, are as follows.

0 WwO=1 w W2

WF [ CRFD D) L ¢(0) ¢EFD ¢ CEFD 4 @
e wk—1 Wk W

WE T (D L RN (D L c(R) = F (D e —
e w3 wn 2

N N (2 R () B A (S DA C)

For each k, 0 < k < n — 2, define gy = qo(k) by the equation (¥ = ¢(k+1) 4 (%)
ie. wi = wk(1 —w). Further, for 1 < i < n — 2, define ¢; = ¢;(k) by the
equations (@) = ¢(@0)(1 4w + - + '), ie. w? = wWF(1 — wt!). Note that
for 0 < i < n — 2, the values w% are distinct, as are the values ¢(%). More-
over wi"—2 = (0. The rotation about a row point w” is a single cycle as follows.
(0, (CFHD 4 ¢la0)), o (¢RHD 4 ¢la)), o (¢R+D) 4 claz)y, | dn=2 (D) 4 ¢lam2)) )

The rotation about a column point w¥ is similar and is also a single cycle.

\/\
\/\

(3) In L, entry 0 occurs in cells (i, —L), and in L' in cells (—<,1), 1 =
w" 2. The rotation about the point 0, is therefore,

e (=5)e(gz)r(=g5)e - (Gima)r(= gamr)e(S)r(=Z2)e - - (Gims )r(— =z )e)

o (L(D)elde)r (e - () Le(B)e( o) - () ()
which is a single cycle.

(4) In L, entry w*, 0 < k < n — 2, occurs in cells (0,w” + wk~1) and (w?,w” +
wh=t—wi=1) 0 < i < n—2. Similarly in L/, entry w* occurs in cells (0, w* +wk+1)

and (WP +wF 1 —wiTh W) 0<i<n—2.

The rotation about the point w”, where k is even is

(0, (WF + WF =)o (WP — wk=2), (Wk + wh=3), (WP — Wk, (WF + wh=D),
(WF — w?), (WF +w)e (WF = 1), (WF +w2), (WF —w3), ..

(wk — okt = )k +wk+1)r 0. (wk —‘rwk*l =k — wkfl) (w _|_wk 2)

(WF — W)y (W + 1) (WP — w2, (WF+ w3, ... (WF +WFH),)

and where k is odd is

(0, (WF + Wk 1), (wWk — wk D, (WF 4+ Wk, (WP — WF ), (W W),
(WF —w), (W + 1), (WF —wn 2) (wk —|—w 3)C (WrF —wn ), ...

(Wh — W+l = ok +wk+1)T Oc (WF + k=1 = wh — Wh=1) (WP 4 W),

(@ = 0?)y (@ +w)e (@F = 1)y (@ +wm ), .. (WP Wb

in either case, a single cycle.
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It is worth remarking that for a Galois field GF(p™) where p is an odd prime
and m > 1, except for (p,m) = (3,1), the rotation about all row points and all
column points is also a single cycle. The proof is precisely as given above for
GF(2™), m > 2, except for the observations that (%) 4 ¢(#) = ¢(k+1) 4 ¢(k+1) — @
which in fact play no part in the proof. However the proof that the rotation about
all entry points is a single cycle, does rely on the field having characteristic 2.
Otherwise, we find that the rotation about all entry points is two cycles each of
length p™ — 1. Thus in these cases, although the transpose pseudosurface S(L\ I)
is not a surface, it does exhibit some regularity.

Example prl.1 provides an example of a self-orthogonal Latin square which can
be biembedded with its transpose. A further example is given below.

Example 3.1. Let F' = GF(2?) with irreducible polynomial 2 = z+1. Choose
w=ux. Then (z,22,23 2% 2%, 2%, 27) = (v, 2%, 2 + 1, 2% + 2,22 + o + 1,22 + 1, 1).
The Latin square L, obtained from the construction described in this section is

0 1 x z? z+1 224z 2?4z +1 22+1
0 0 22+x+1 22 +1 1 z x? z+1 22tz
1 224+ 1 z+1 2241 22 z 2241 0
x 224+ z+1 0 T 22+ 22 +1 z+1 22 1
z? 22 +1 x 0 x? 224+z+1 1 2?2+ r+1
z+1 1 2+ x? 0 z+1 22+ 1 x P2 +a+1
22 +z x 224+1 2?2 +ax+1 z+1 0 2tz 1 z?
22 +r+1 2? z+1 1 22+ 1 2?2+ 0 2?2 +r+1 p
22+ 1 z+1 22 2?2+ z 1 22 +a+1 0 22 +1

The rotation scheme is

1@ + 2)e(@? + Ve(z + De(@? + 2+ 1)22(2? + 2)ewe(z + 1)elea(z? + 1)exe(2? + 7 + 1))
0c(z? + 24+ 1)e222e (22 + ) (22 + 1)e(2? + 2 4+ 1)e(z + 1)ex0e (22 + 1)ex2(z + 1)(2% + 2).)
(2 + 12222 + 24+ 1)ele(2? + 1) (2% + 2) o220 1e(z + 1)e(2? + 2) (22 + 2+ 1)0. (2% + 1).)
(@2 + 1) exele(@? + 2+ De(m + 1)0cze(2? + 2)e (22 + 2+ 1)e(2? + 1)e0:1c (22 + 2)c(z + 1))
(@ + 1)t (ze(2? + 1)e(@? + 2) 02222 + 2 + 1) (22 + 1) 10cze (22 + 2 + 1) (22 + 7). 122)
(@2 4+ 2)r: (@2 + 24+ 1)e0c(z 4+ 1) e(@? + 1) elez 0.2 (22 + 1)o(2? + 2 + D oxe(z + 1).221,)

(IZ +z+1),: ((IZ + I)clexcxzoc(x +1)ele (w2 +1ex ($ +z)e(z + 1) $e($2 +1)0¢)

(@2 + 1) 1 (222 + 1)e0c(22 + 2)etele(® + De(@? + 2 + 1)e(2? + 2)2210: (22 + 2 + 1) cze)

“(
1 (
(
(

e

(1 (2% o+ D)z (22 + 1) o221l (x4 1)yze(2? 4 2),22 (22 + 2 + 1) (2 + 1) (22 + 1), (2% + 2).)
20022 + 2)e(z + 1),22 (22 + 1),0.2, (2 4+ De(z? + 2+ 1) (22 + 1)e(2? + 2),2e22(2? + 2 + 1))
(24 D)p(? 4+ D)0, (22 + 2 + 1)e(2? + 2)r (@ + 1) 1,022 (22 + 2)e (22 + 1), 1 (22 + 2 + 1),22)
(@22 + D)r(z 4 De(@® + 2), 10, (2% + 1) (2 + 2 + 1), (2% + 2) e 0c(z + 1), (2% + 2+ 1)1, 2)
(:z+1)c: (221,22 + 2)e (2 4+ 2 4+ 1);2e0,1e(22 + 1), (22 + 2 + 1)e220. (22 + 2), (22 + 1).)

(@2 +2)e: (22 + 2+ 1), 1e22(x + Vexr (22 + 2 + 1) (2 + 1),220,2. 1 (22 + 1)e(z + 1),.0,)

(@2 +z+1)c: (@2 +2),0:(22 + 1)pze(m + 1) (22 + 2)e22(2? + 1)l (z 4+ 1)0,222, 1)

(IZ + 1) ((nge(m2 +x+ 1)'!'0617'I2(I2 + I)T(x +z+1e(z+ l)r'leIr(rz +2)e0p(x + 1))
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(Lzez?(z + 1)e(@® 4+ ) (22 + 2 4+ 1) e(@® + Dplezp2?(e + 1) (22 + 2)e(2? + 2+ 1), (22 + 1)
2(00(m + De(@? + 1)pae(@® + 2+ 1) (22 + 2) 220 (z + 1) (22 + Ve (22 + 2+ 1)e(2? + 2)2
((=+ 1) (2?2 + ) 1e22(2? + De(2? + 7+ 1)p(2 + 1) 0, (2% + 2) Loa2 (22 + 1) (22 + 2 + 1),
(2 + 1) (22 + 2) 00 (22 + 2+ Dezr(x + el (2 + 1)e(2? + 2),0.(2% + 7 + 1) 2o (z + 1), 1.
+1)e: (x Le(@? + 2+ 1),0.(2% + 1),22(2? + 2),2.1-(22 + 7 + 1)0, (2% + 1)c22 (2% + 2).)

+ ) (22 + 2+ )22z, (22 + 1)0,1c(z + 1) (2 + 2 + Vez2ac(a? + 1),0.1,.(z + 1).)
+a+1)e: (@2 +2) (22 + V(o + 1),221,002, (22 + 3) (22 + 1), (2 + 1)221.0,2.)

+1)e: (222 + 2+ el (22 4+ 2) (@ + 120,22 (22 + 2 + 1), 1e(2? + 2) (2 + 1)ez,0,)

c)
2)
)
)
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