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Abstract

One of the objectives of TIGA is to compute precise station coordinates and velocities for GPS
stations of interest. Consequently, a comprehensive knowledge of the stochastic features of the GPS
time series noise Is crucial, as it affects the velocity estimation for each GPS station. For that, we
present a Monte Carlo Markov Chain (MCMC) method to simultaneously estimate the velocities and
the stochastic parameters of the noise in GPS time series. This method allows to get a sample of the
likelihood function and thereby, using Monte Carlo integration, all parameters and their uncertainties
are estimated simultaneously. We propose this method as an alternative to optimization methods,
such as the Maximum Likelihood Estimation (MLE) method implemented in the widely used CATS
software, whenever the likelihood and the parameters of the noise are to be estimated in order to
obtain more robust uncertainties for all parameters involved. Furthermore, we assess the MCMC
method through comparison with the widely used CATS software using daily height time series from
the Jet Propulsion Laboratory.

Maximum Likelihood Estimation (MLE)

The likelihood of getting the observational data given some parameters is defined as:
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The estimated parameters are those of the argument of the maximum of the likelihood:
6 = arg(max L) (2)
Very often there is no closed-form formula for the Likelihood function and numerical computation is
needed. For that purpose CATS has been developed (Williams, 2008).
Monte Carlo Markov Chain (MCMC)

A Metropolis-Hasting algorithm is used to get a sample of the a posteriori distribution that, according
to Bayes Theorem, is related to the Likelihood:

L(y|0)P(0)
P() (3)

P(Oly) =

where, P(f) and P(y) are the a priori distributions of the estimated parameters and the data.
Concerning the parameters we have chosen a uniform distribution for them, whereas it IS not
necessary to know P(y)for our algorithm.

Modeling

The chosen model is a linear combination of a linear and periodic (annual and semiannual) terms
with residuals composed by power law and white noise as follows:

P(t) = yo + v(t; — to) + Af,rcos(2nm(t; — to)) + Afyrsin(2n(t; — t5)) (4)
+A8_5erOS(2T[(ti o to))+A8_5erOS(tiT[(t o to)) + g(ti)

with y, = y(t,) the intercept, v the velocity, A7, the annual cosine amplitude, Aj,, the annual sine
amplitude, Ag s, the semi-annual cosine amplitude, Ags,, the semi-annual sine amplitude and &(¢),
the residual, composed by

() = ) hi gty +wi(t) ©)
K
where u and w are white-noise processes with amplitudes a,,, and g,,,,, respectively; and
a hj—1
hj:(i-l_]_l)j_! (6)

with a being the spectral index. The first term on the right hand side of Eqg. (5) is a power-law process
obtained by the convolution of u(t;).
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Introduction

It is widely known that not accounting for the time-correlated noise within GPS time series leads to
velocity uncertainty estimates [3-11] times too optimistic when compared to a white noise only model
(Zhang et al., 1997, Mao et al. 1999; Williams et al., 2003; Willlams et al., 2006). Moreover,
according to Bos et al. 2010, not accounting for the spectral index uncertainty also yields biased
estimates for the uncertainties of deterministic parameters such as, for example, the velocity or the
amplitudes.of the periodic terms.

For this, we propose a Monte Carlo Markov Chain (MCMC) method that simultaneously estimates all
parameters and their uncertainties, the spectral index included, as an alternative to the start-of-the-
art method: the Maximum Likelihood Estimation (MLE) as implemented in CATS software (Williams,
2008). We have carried out a comparison of the performance of both methods by analyzing 90 GPS
time series from the International GNSS (Global Navigation Satellite System) Service (IGS) tracking
network.

In general, the parameter estimates from both methods are in good agreement. Nevertheless, unlike
CATS software, which is a numerical solution of the Maximum Likelihood Estimation (MLE) that
better fits the data, i.e. the daily GPS position time series from the Jet Propulsion Laboratory (JPL),
the MCMC method provides larger uncertainties for all parameters except for the intercept, and more
robust estimates of the stochastic parameters at low spectral index values.
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Figure 1: Map of the GPS stations of the IGS core network
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Figure 2. GPS time series for ALIC. From top to bottom: North, East and Up
components.

The MCMC Algorithm

: (60,8, N = 0)
Fig. 3 shows the flow chart of the MCMC -

algorithm, namely, a Metropolis-Hastings
algorithm.

The initial inputs are the starting values of all
parameters

0i41 = 0; + N(6;,6)

0o = (a' Opl» Own, U, Yo, gyr» iyr' S.Syr' f).Syr)’
the previously estimated optimal step size p, and
the Markov Chain length N.

At the it" step, the Markov Chain moves towards
L(6i+1)

the maximum of the likelihood If 16 > 1, or
around the last Markov Chain point if LOw) o 1 e =]
Lo Lz

10,1]; otherwise, the computation of a new
parameter vector 6, IS repeated.

This loop is performed 105times. Figure 3: Flow chart of the Metropolis-Hasting

algorithm used in this study to get a sample of the a
posteriori distribution function of all parameters.

Methodology

(the JPL data set).

optimal step size p.

Eq. (6).

Results

Fig. 5 shows the correlation plots of the
estimated stochastic parameters from MCMC e
(vertical axis) and MLE (horizontal axis) for the

There is an extra input for the MCMC
method only: starting points 6, and

Both methods fit data with a linear and
periodic terms plus the residual
composed by a power-law and a
white-noise process, i. e. according to
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Figure 4: Flow chart of the comparison method between MCMC and MLE.
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Fig. 8 shows the
correlation plots for
the velocity and the
Intercept uncertainties
from the MCMC and
MLE methods (UP
component). The
MCMC method
provides larger
uncertainties for v,
and smaller ones for
yo than MLE.
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The output from MLE is that of Eq. (2),
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Input parameters except for «a.
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Figure 5: Correlation plots for a (a), g,,;(mm) (b) and o,,,,(mm) (c).

MLE

Figure 8: Correlation plots for o,,(mm/yr) (a),a,, (mm) (b).

« Overall, both methods agree well, but there are some differences:
« MCMC estimates the uncertainty of the spectral index estimate.
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A new Bayesian Monte Carlo Markov Chain method for parameter estimation has been compared to MLE as implemented in CATS using the GPS
position time series from the JPL.

* MLE yields larger estimates for the power amplitude of the power-law noise (o,,;) In order to account for zero-values of the white-

noise amplitude (o).
« According to MCMC there is more time-correlated noise.
« The North and East component velocity uncertainties from MCMC are 40% larger than those from CATS. The Up component velocity
uncertainties from MCMC are 18% larger. However, the differences are sub-milimetre at the 1o CL.

The authors would like to express their gratitude to the Jet Propulsion Laboratory (JPL) for providing the daily GPS position time series.
Furthermore, the simulations and solutions for this work were computed using the HPC platform hosted at the University of Luxembourg.

Figure 7: Correlation plots for v (imm/yr) (a), yo(mm) (b).

The medians of the ratio of the MCMC and MLE
uncertainties (R,) Indicate that the velocity uncertainties

from MCMC are 40% larger for the North and East
components, and 18% for the Up component, than from
MLE (Tab. 1); whereas those for y, are smaller.

0y 1.40 1.40 1.18

ay, 0.70 0.72 0.63

0

Table 1: Median of the ratio of the uncertainties
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