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POTENTIAL MAPS, HARDY SPACES, AND TENT
SPACES ON SPECIAL LIPSCHITZ DOMAINS
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Abstract: Suppose that €2 is the open region in R™ above a Lipschitz graph and
let d denote the exterior derivative on R™. We construct a convolution operator T'
which preserves support in Q, is smoothing of order 1 on the homogeneous function
spaces, and is a potential map in the sense that d7T is the identity on spaces of exact
forms with support in . Thus if f is exact and supported in €, then there is a
potential u, given by u = T'f, of optimal regularity and supported in Q, such that
du = f. This has implications for the regularity in homogeneous function spaces of
the de Rham complex on  with or without boundary conditions. The operator T
is used to obtain an atomic characterisation of Hardy spaces H? of exact forms with
support in Q when n/(n + 1) < p < 1. This is done via an atomic decomposition of
functions in the tent spaces TP(R™ x RT) with support in a tent T(f2) as a sum of
atoms with support away from the boundary of €2. This new decomposition of tent
spaces is useful, even for scalar valued functions.
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1. Introduction

The study of potential maps on domains €2 of R™ has a rich history.
Consider, for a moment, the following question. Suppose that a func-
tion f belongs to a Sobolev space HJ*(€2) where m > 0 and Q is a
bounded strongly Lipschitz domain, and suppose that [ f = 0. Is there
a vector field u in (H"™(Q))"™ which satisfies divu = f? The answer is
yes, as was essentially proved by J. Necas. Indeed, this follows by dual-
ity from [13, Chapter 3, Lemma 7.1]. An alternative proof was provided
by M. E. Bogovskil [1], [2], who, in particular, constructed an integral
operator T' which maps boundedly from the Sobolev space Wi™"?(2) into
(WgHP(Q))™ in the case when m > 0, 1 < p < oo, and € is starlike
with respect to a ball. The potential u that solves the equation divu = f
is then given by u = T'f, provided that [ f = 0. Since T gives the poten-
tial v which solves the equation and preserves support, we say that 7' is
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a potential map for the domain €2. Such a potential map is an important
tool in the theory of equations of hydrodynamics. See the monograph [7]
of G. P. Galdi and the papers mentioned below for further references to
the extensive literature.

Subsequently M. Mitrea [12] (in 3 dimensions) and D. Mitrea, M. Mi-
trea and S. Monniaux [11] adapted Bogovskii’s operator to construct
potential maps Ty to solve the equation du = f, where d denotes the
exterior derivative operator and where f is an exact ¢-form with sup-
port in © and components in a suitable Besov or Triebel-Lizorkin space.
Using Ty, they have thereby deduced sharp regularity estimates for im-
portant operators in the theory of hydrodynamics. As with Bogovskii’s
operator, the mapping properties of Ty ensure that there is no loss of
regularity, and that support in Q is preserved. In the case when n = 3,
the equation du = f is equivalent to solving one of the equations

gradu=f, curlu=f or divu=Ff,

where f is interpreted either as a scalar or vector field depending on the
value of /.

More recently, M. Costabel and A. McIntosh [6] showed that the op-
erators Ty are pseudodifferential operators of order —1 and are therefore
bounded in all the spaces of {-forms with components in any one of the
Besov or Triebel-Lizorkin spaces. For a domain starlike with respect to
a ball, the special support properties of the operators imply regularity
for the de Rham complex with full Dirichlet boundary conditions. Sim-
ilar results hold for complexes without boundary conditions (using dual
Poincaré-type operators). For bounded strongly Lipschitz domains, the
same regularity results hold, and in addition the cohomology spaces can
always be represented by % >° functions.

In the present paper, we turn our attention to unbounded special
Lipschitz domains, that is, to domains in R™ that lie above the graph of
a Lipschitz function, and consider the spaces H 5(R™, A) of forms with
components in the homogeneous Sobolev space of degree s, where s €
R. We construct an operator 7" with the following properties. First,
T boundedly lifts forms in HS(R”, A) to forms in H‘S“‘l(R”, A). Second,
T preserves support in Q. Third, if df = 0 then a solution u of the
equation du = f is given by uw = T f. Hence the equation du = f is
solved on © with optimal regularity, because if f € H*(R™, A%), df =0,
and the support of f is in €, then u € HSH(R”,AZ’l), du = f, and the
support of u is in Q.

Our potential map T is a convolution integral operator involving ker-
nels which are supported in a cone of R" lying above its base at the
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origin. This support property is ideally suited to boundary problems on
a given special Lipschitz domain 2, since such a cone (with appropri-
ately chosen aperture) is contained within Q when translated by points
from €2, and thus T preserves support in Q. The bounded lifting prop-
erty of T is valid not only when T acts on H* (R™, A), but also when
T acts on the space of forms whose components belong to any homoge-
neous Besov or Triebel-Lizorkin function space. These properties of T’
have immediate ramifications for the regularity of the de Rham complex
in such spaces on €.

Our formula for T is motivated by a reproducing formula of
D.-C. Chang, S. G. Krantz and E. M. Stein [3], which was also con-
structed to preserve support in a special Lipschitz domain.

In the second half of this paper, we apply this reproducing formula to
show that Hardy spaces HY(R™, A) of exact forms can be characterised
by exact atoms whenever n/(n + 1) < p < 1. Using the same method,
we also show that the Hardy space H Z d(§7 A) of exact forms with sup-

port in the closure Q of a special Lipschitz domain can be characterised
using exact atoms supported in €. These results generalise the classical
theorems of R. R. Coifman [4] and R. H. Latter [8] for R™, and the
result of Chang, Krantz and Stein [3] for special Lipschitz domains, and
have already been proved by Z. Lou and A. McIntosh [10], [9] for exact
forms in the case when p = 1. In the three latter papers, the authors
follow the method of R. R. Coifman, Y. Meyer and E. M. Stein [5] to
show that each element u of the Hardy space can be written as a sum
of atoms by first mapping u into a ‘tent space’ via an operator (), then
decomposing the image Qu as a sum of tent space atoms, before finally
mapping the decomposition back into the Hardy space. In the case that
u is supported in €2, [3] and [9] then use reflection maps to express u as a
sum of atoms whose supports lie in Q. In our proof, we remove the need
for reflection maps by proving a new result on the atomic decomposition
of tent spaces, namely that if a function in a tent space itself has support
in a tent T3(€2), then the supports of the atoms in its decomposition can
be taken inside this tent, and away from the boundary of 2.

This new result on tent spaces is quite powerful, even for scalar valued
functions, as its use, along with the use of our reproducing formula,
allows us to remain within the special Lipschitz domain the entire time.
For this reason, we state here a simplified version of Theorem 9.4. For
details, see Section 9. What is new is the requirement below that 5By, C
Q.
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Theorem 1.1. Suppose that U belongs to the tent space TH(R™ xRY),
with supp(U) in a tent T(2) over an open set & C R™. Then U =
Yo MeAr, where Y| Ai| S [|U|l71, supp(Ax) C By x (0,6ry), for some
ball By, with radius ry, such that 5By C (), andvol(Bk)fooo||Ak(~,t)||§%:1.

The paper is organised as follows. In Section 2 we introduce notation
and define the various spaces that we use, while in Section 3 we state
reproducing formulae on special Lipschitz domains. In Section 4, the
potential map T is defined, its properties are stated (see Theorem 4.1),
and its utility for solving potential equations with boundary conditions
on special Lipschitz domains is illustrated. Sections 5 and 6 are devoted
to the proof of Theorem 4.1. Section 7 contains applications for potential
maps on spaces without boundary conditions, by considering operators
induced from T via quotient maps. In Sections 8 and 10, we apply the
earlier part of the paper to prove our atomic characterisation of Hardy
spaces of exact forms on R™ and on Q. As noted already, Section 9 con-
cerns the atomic definition of tent spaces, and is essentially independent
of the rest of the paper.
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2. Notation and definitions

Suppose that ¢ > 0 and z is a point of R™, where n > 1, x = (2, x,,),
' = (z1,72,...,7,_1) € R" ! and x, € R. Denote by I',(z) and fa(:r)
the cones of aperture o and vertex x given by
Lo(2) ={y €R" 1 0(yn —20) > [y — 2/}
and ~
Lo(z) ={y €R" : oy —yn) > [y — 2'[}.
The cone ', () lies above its vertex while I'y (z) lies beneath.
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A subset © of R™ is said to be a special Lipschitz domain if
Q={r eR": 2, > A2},
where the function A\: R"~! — R satisfies the Lipschitz condition
(2.1) @) — M) < Ala’ — 3| ¥l € R

for some positive number A. The region that lies strictly beneath the
graph of A is denoted by Q~. Thus Q= = R"\ Q. It follows immediately
from the Lipschitz condition that when 0 < ¢ < A~!, the cone I',(z) is
contained entirely in Q whenever z € Q, while I',(z) lies entirely in Q-
whenever z € Q-.

Given a ball B of R™, let r(B) denote its radius and |B]| its volume.
Whenever ¢ > 0, let ¢B denote the ball with the same centre as B and
with radius er(B). If > 0 and z € R" then B,(z) denotes the ball B
of radius r and centre z.

Throughout, let €5°(R™) denote the space of smooth functions with
compact support in R™. The Schwartz class of rapidly decreasing €*°
functions on R™ is denoted by S(R™). Given f in S(R"), its Fourier

transform f and inverse Fourier transform f also belong to S (R™). (We
use the convention f(f) = (2m) /2 [, e~ @8 f(z)dz.) Let Z(R")
denote the set of functions ¢ in S(R™) possessing the property that
(0%9)(0) = 0 for every multi-index «. Consider Z(R™) as a topological
subspace of S(R™) and let Z’(R™) denote the topological dual of Z(R™).
It is well-known (see, for example, [16, Section 5.1.2]) that Z'(R™) can
be identified with the quotient space S'(R™)/P(R"), where S'(R™) de-
notes the class of tempered distributions on R™ and P(R™) denotes the
collection of all polynomials in R™. In this paper we use only the weak
topology on Z’(R™). Hence we say that a sequence (u,)22, C Z'(R")
converges in Z/(R™) to an element u of Z/(R™) if for each ¢ in Z(R"™),
|un(p) —u(e)] — 0 as n — oco. The space Z'(R™) is complete with
respect to this topology.

Many of the terms and definitions related to the space S’(R™) of
tempered distributions have analogous formulations in Z’(R™). The
Dirac delta distribution ¢ is defined as an element of Z'(R™) by the
formula §(¢) = ¢(0) whenever ¢ € Z(R™). Suppose that u € Z'(R™).
If Q2 is an open set of R™ then we say that the support of u is contained
in Q, or that suppu C Q, if u(¢) = 0 for all ¢ in Z(R") with support

in (). If k € S(R™) then the convolution product k % u is defined by

(k*xu)(p) =u(k*p) YoeZR"),
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where k(z) = k(—z) whenever = € R. Tt is straightforward to show that
k* ¢ € Z(R™) and hence that k * u € Z'(R™). Moreover

(2.2) supp(k+u)Csupp k+suppu={zt+y € R" : xEsupp k, y Esupp u}.

The homogeneous Besov spaces B; 4(R™) and homogeneous Triebel-
Lizorkin spaces F;yq(R") are subspaces of Z'(R™) defined in the fol-
lowing way. Fix a standard Littlewood-Paley dyadic system (6,),;cz of
% functions on R™ with support in dyadic annuli centred at the ori-
gin (see [16, Chapter 5] for details). Given u in Z’(R"), define Aju by
Aju(p) = u((0;¢)) = (2%)_”/21;(93 x ) for all p in Z(R™). If s € R,
p>0and ¢ > 0then By (R") and F; (R") are defined to be the spaces
of all w in Z'(R™) with finite norms given by

1/q
[l By (&%) = <Z 9Jsq ||Aju||qu(Rn)) and
JEL
. 1/q
. — N
fullg o = || (21850001

JEL LP(Rn)
By suitable modification, one may also define homogeneous spaces when
P =00 0r ¢g=00.

When s € R, 0 < p < 0o and 0 < ¢ < oo, then Z(R") is dense in
B; ,(R™) and in F; (R") (see [16, Section 5.1.5]). .

Both these classes include the homogeneous Sobolev spaces H*(R™)
as a special case, namely H*(R") = Bj,(R") = Fj,(R") whenever
s € R. Moreover the Hardy spaces HP(R™), which are defined as sub-
spaces of S'(R™), can be characterised by such norms because the natural
projection from §’(R™) to Z'(R™) induces an isomorphism from H?(R"™)
to F)»(R™) when 0 < p < oo (see [16, Section 5.2.4]). '

To simplify notation, given any real number s, let &/*(R™) denote
any one of the spaces B,  (R") (for fixed p and ¢ satisfying 0 < p < oo,
0 <qg<o0)or F;’q(R”) (for fixed p and ¢ satisfying 0 < p < 00, 0 <
g < o0). Given a special Lipschitz domain §2 of R™, the spaces dﬁs(R")
and «7*() are defined by

%ﬁs(R") = {ue *(R") :suppu C Q} and
() = o °*(R") | A5=(R").
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The quotient space o #(Q2) can be interpreted both as a space of ‘distri-
butions’ on R”™ restricted to €2, and as a space of ‘distributions’ on 2.
The subspace ﬂﬁs(R") is a space of ‘distributions’ on R™.

If f € S(R™) and ¢ > 0 then f; is given by the formula

fe(x) =t""f(z/t) VzeR™

It is easy to verify that the following formulae hold whenever ¢t > 0,
1< j<n,and f and g belong to S(R™):

~

(0;f)e = 10;(fe),  (f*9)e = frxg,, and (i) (§) = f(t5).

Denote the full exterior algebra on R” by A := A°@ Al @ --- @ A",
and the exterior product by A. The interior product (or contraction) of
a=3;a;dzj € Al with u € A™ is

m
au= Z(—l)k_lajk drj, N ANdxj, A+ Adzj, € A1
k=1

where the notation Zlgﬂ means that the corresponding factor is to be
omitted. (When u € A then a J uw =0.) An identity that we shall need
is

(2.3) as(bAu)+bA(asu)=(a-b)u Yabe A and u € A.

The space of differential forms with components in «7*(R") is denoted
by o (R™, A), and similarly for forms whose components lie in any of
the test classes, functional classes, subspaces or quotient spaces men-
tioned above. The space of forms in &/ $(R™, A) of order ¢ is denoted
by ¢ (R™, A%). The topologies of these spaces are inherited in the obvi-
ous way. The exterior derivative d for forms acting on R™ is defined by
du =X"_ie; A Oju, where (e;)7_; denotes the standard basis for R". It
has the property d> = 0. By convention, du = 0 whenever u is an n-form.
Note that d maps Z(R™, A) continuously into itself and is a well-defined
map on Z'(R™,A). (This is because d; maps Z(R™) continuously into
itself and hence by duality is a well-defined map on Z'(R™).) It also
maps boundedly from 2/*(R™, A) into «/*~1(R™, A).

We defer definitions of Hardy spaces, tent spaces, and their atoms to
Sections 8 and 9, except to note that the tent space 71 (R" x R") already
used in Theorem 1.1 is the space of measurable functions U: R® x Rt —

1/2
C with finite norm [|U||71 = [p., (fflzfylgt |U (y, t)|2fffff) dx.
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3. Reproducing formulae on special Lipschitz domains

For the remainder of this paper, fix a Lipschitz constant A and a
constant ¢ such that A > 0, ¢ > 0 and 0A < 1. Suppose that Q is
any special Lipschitz domain, defined by a function A which satisfies the
Lipschitz condition (2.1).

Before defining our potential map T on {2, we investigate reproducing
formulae for distributions with support in Q, for which the functions in
the integrand have support in €.

To do this, fix a function 6 in 65°(R™) with [, 6(x)dz =1 and

(3.1) suppf C {y € T',(0) : 1 < yy, |y| <2},
and define the vector-valued 45° function © with the same support by
(3.2) O(z) =0(x)r VzeR™

Also, whenever 0 < a < b < oo, define the €§°(R") function §%° with
support in I',(0) by

b
(3.3) 50 = / (V-0) ti / V- O;dt.
Proposition 3.1. Whenever 0 < a < b < co we have the identity
590 =0, — Oy

Moreover, for each u € Z'(R™,A), §%° xu — u in Z'(R",A) as a — 0F
and b — oco. That s,

uz/ (V-@)t*u% Vue Z'(R™"A),
0

where the improper integral converges in Z'(R™,A). Finally, if supp(u) C
Q then supp(6%° * u) C Q whenever 0 < a < b < co.

Proof: To verify §%° = 6, — 6, it suffices to check that, for 0 < ¢t < oo,

(3.4) L =——(V-0).
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A calculation using the product and chain rules shows that, for all x €
RTL

7

Loy = S (17m0(2)) =172 (0(2)) —ne 6 (2)
1(2 "(9,0)(%) ‘+ms—ne(;c))
( i(@'@)(f))
3V 00
as claimed.

To prove that 6%°xu — u for all u € Z/(R™), we show that (i) 0y xu —
wast— 0%, and (ii) 0; *u — 0 as t — occ.

To prove (i), it suffices to show that 6; x p — ¢ in Z(R") as t — 0
whenever ¢ € Z(R™). Suppose that ¢ > 0, ¢ € Z(R") and fix two
multi-indices o and 5. We need to show that

sup |27 0%(0, x ¢ — p)(z)| < €

z€R™
whenever t is sufficiently small. Since € is compactly supported and ¢
and all its derivatives have rapid decay, the supremum over the set {x €
R™ : |z| > R} can be made arbitrarily small by taking R sufficiently
large. Since 6 has integral 1, the family (6;)p<t<1 is an approximate
identity, and hence the supremum over the ball {z € R™ : |z| < R} can
be made arbitrarily small by taking ¢ sufficiently small. This completes
the proof of (i).

We now prove (ii). Suppose that ¢ > 0, ¢ € Z(R"), and fix two
multi-indices a and . Since the Fourier transform is continuous in the
topology of S(R™), its suffices to show that

sup (£°0%(0, §)(¢)| < ¢

£ER™
whenever t is sufficiently large. This is not difficult to achieve using
the fact that 6,(¢) = B(t), along with the assumption that @ and all
its derivatives are zero at 0 € R™, as well as the rapid decay of the
functions é\, @ and their derivatives at co.
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Finally, note that if supp(u) C Q then
supp(0¢° xu) CT,(0)+ Q=0 V0<a<b
This completes the proof. O
Remark 3.2. For those spaces ./(R™) in which Z(R") is dense (i.e. those
spaces &/° of the form By , or FJ  with 0 <p,q < 00), the convergence
§%Y s 4 — w also holds in dﬂi(R”,A). To see this, use the convergence
result in Z(R"™, A), together with the uniform bound
16 s ull yo < Cllull ;o YO<a<b<oo

where C' = C(&7*).

Our construction of the potential map T' (see the beginning of the
next section) was motivated by the reproducing formula used by Chang,
Krantz and Stein in obtaining an atomic decomposition of functions in
a Hardy space on a special Lipschitz domain. We indicate here the

connection between our Proposition 3.1 and their reproducing formula
[3, Lemma 3.4, Lemma 3.5].

Proposition 3.3. Suppose that ¢ € 65°(R™) with [;, ¢(x)de =1 and

(3.5) suppd C {y € L5 (0) 1 5 <y, [yl <1},
and define the vector-valued 65° function ¥ with the same support by
(3.6) U(zr) =2¢(x)x VzeR™

When 0 < a < b < oo, define the €5°(R™) function §*° by
b o= [P dt
=3 [ @ g

Then, for each u € Z'(R™, A), 6%« u — u in Z'(R™, A) as a — 0" and
b — oo. Moreover, if supp(u) C Q then Supp(éa’b *u) C Q whenever
0<a<b<oo.

Proof: Suppose that ¢ satisfies the hypotheses of Proposition 3.3. So the
function 6 defined by 6 := ¢*¢ satisfies the hypotheses of Proposition 3.1.
Consequently §%° x u — u in Z'(R", A) for all u € Z'(R™, A), where

b
dt
(3.7) §b = / (V- @))t7
and O(z) = 6(z)x. We shall show that ¢ *+ ¥ = O, and hence that
Z?Zl 0j¢* W¥; =V -0, from which it follows by scaling and integrating
that §“° = §%b, thus proving the result.
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What needs to be shown is that (¢pxU)(z) = (¢*¢)(x)x for all z € R™.
Indeed,

(¢ ¥)(z) = (z —y)26(y)y dy

R'IL

= /. o(x —y)p(y)y dy + . d(y)p(x —y)(x —y)dy

= (¢ * ¢)(2)z,
thus proving the proposition. O

Remark 3.4. To be useful as a reproducing formula, the function ¢ can
be chosen with some zero moments, in particular

(3.8) / Va)de =2 [ ofa)eds =0

Remark 3.5. For those spaces .«/*(R") in which Z(R") is dense, the
convergence 0% s u — u also holds in (R, A).

4. The potential map for special Lipschitz domains

We now define the potential map T. Whenever 0 < a < b, define the
R"-valued kernel K%® on R by

(4.1) K*(z) = /b O(xr)dt VaxeR",

where © was defined at the start of Section 3. For each u in Z/(R™, A),
define T%%y and Tu by the formulae

(4.2) T = K* % ju and Twu= lim lim K%« Ju,
a—0t b—oo

where the limits are taken in Z'(R™, A). (If u is a O-form then Tu = 0.)
It is clear that T%%u € Z/(R", A). It will be proved in Sections 5 and 6
that the limit in (4.2) exists in Z/(R™, A), thus defining Tu € Z'(R", A).

Note that if u € Z(R",A) then T%%u € Z(R",A) and T%bu can be
expressed by the formula

o s dt
@)= [ [ oo =) =) utn) drF

In this case we shall see that Tu € Z(R",A) and that 7%y — Tu in
Z(R™ A).

We remark that in the case when n = 1, the domain {2 is a semi-open
interval (a,00), A = 0 and T', = (0,00). In this case, 6 is a 65°(R)
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function with support in the interval [1,2] such that [0(z)dz = 1. We
then obtain that

Tu(z) = /x e1 o u(y)dy

—00
whenever u € Z(R, A) and z € R. This is clearly the potential map for
d= %61/\ which preserves support in (o, 00).

The following theorem is the main result of this section.

Theorem 4.1. Suppose that 2 is a special Lipschitz domain of R™ and
that s € R. Then the operator T defined above has the following proper-
ties:

(i) the operator T maps from Z'(R™, A) to Z'(R™, A);

(ii) for each space </° the operator T maps </*(R™, A) to o/ *T1(R™ A),

and there is a constant ¢ = c¢(</*) such that
1Tl s gy < Nl ooy ¥ € 5 (RP,A);

(ili) dTu+ T du = u whenever u € Z'(R™, A);

(iv) if u € Z'(R™, A) and supp(u) C Q then supp(Tu) C Q; and

(v) the operator T maps .sz%s(R”7 A) to ﬂgH(R", A), and for the same
constant ¢ of part (ii),

170l o n ) < €Nl sy V0 € FHR™A).

Note that part (v) is an immediate consequence of parts (ii) and (iv)
and the definition of .Q%%(R’H A). We defer the proof of parts (i) to (iv)
to Section 6.

Here we give an immediate application to the regularity of the exterior
derivative on special Lipschitz domains.

Corollary 4.2. Suppose that s € R and that € is a special Lipschitz
domain of R™. If u € ,Q%S(R",A) and du = 0 then there exists v in

42%"‘1(&", A) such that dv = u. Moreover, there is a constant ¢ indepen-
dent of u such that

||U‘|,Q¢%+1(Rn,1\) <c ||u||d-£(Rn7A) .
Consequently, the de Rham complex

/5 n d 75— n d /5 — n d
0 — F3(R",A%) = IR, A) = 52 RTA?) = -

D TR, AT — 0
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s exact, and each space dg(R”,Ak) has a direct sum decomposition
AR AF) = d.ZSTH R, AP @ Td 3 (R™, A¥)
with bounded projections dI' and Td.

Proof of Corollary 4.2: If du = 0 then the anti-commutation relation
in part (iii) of the theorem becomes dTu = u. So set v = Tu. It is
straightforward to check that d7" and T'd are bounded projections and
that dT /3(R", AF) = de/HH (R™, ARY). O

The important observation is that the projections are the same for all
choices of the homogeneous Besov and Triebel-Lizorkin spaces JZ%S(R”, Ay,
and consequently the spaces d;z%s(R”, AF) of exact forms have the same
interpolation properties as do the spaces JZ%S(R”, AF).

We remark that the operator T' as well as the constants in the esti-
mates, depend on A and the choice of ¢ and O, but not on the precise
domain 2.

Remark 4.3. In the course of the proof, we show that the limit in for-
mula (4.2) holds in Z(R™, A) when u € Z(R™, A), and in Z'(R™, A) when
u € Z'(R",A). Tt can also be shown that, for those spaces </%(R") in
which Z(R™) is dense, the limit in formula (4.1) holds in ﬂg"‘%R”,A)
when u € ,Q%S(R", A). To see this, use the convergence result in Z(R"™, A),
together with the uniform bound

1T u)| jors = | K*" % ul| jors < Cllull ;. Y0<a<b<oo
where C' = C(47*). See Remark 5.4.

When © = ¢ x ¥ as in Proposition 3.3, the operator T has the form
b

Tu= lim lim O x Judt
a—0t b—oo [,

b
= lim hm/ ¢p * Uy x Judt,

a—0t b—oo

and, when du = 0,
R dt
(4.3) u=dlu= lim lim [ (d¢);* AU, * Ju

a—0t b—oo J,

As before, convolution with ¢; and W, preserve support in the spe-
cial Lipschitz domain €, and 7' is a bounded operator from #Z(R", A)

to ﬂg“(R”,A) for every choice of «7%. Moreover, by Remarks 3.2
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and 4.3, for those spaces sz *(R") in which Z(R") is dense, the limits
exist in .Q%SH(R”, A) or Z3(R™, A) when u € Z3(R"™, A).

5. Tools used in proving Theorem 4.1

In this section we state and prove some rudimentary results about
operators defined by Fourier multipliers. These will be used later in the
proof of Theorem 4.1. We start with an homogeneous analogue of the
Hormander conditions.

Proposition 5.1. Suppose that m € €°(R™\ {0}) and k € R. Suppose
also that, for each multi-index o, there exist c,, such that

(5.1) [0°m(&)] < calé] 1T Ve € R\ {0},
Then the operator S, given by
Su(yp) = u((mgb)’\) Vue Z'(R") Ve ZR"),
is well-defined on Z'(R™) and maps each space <7 *(R™) into o/* *(R™)
with
ISl ey < llull ey V€ S (RY)

for some constant ¢ (depending on k, c, and the space ;275)

Proof: Assume the hypotheses of the proposition. To show that S is
well-defined on Z’(R™), it suffices to verify that (m@)~ € Z(R™) when-
ever ¢ € Z(R™). Since m has at most polynomial growth at infinity,
one need only show that limg_,g 0%(mp)(§) = 0 for every multi-index .
But this follows from (5.1) and the fact that ¢(¢) is O(|¢|YY) for every
positive integer N.

To prove the bound, consider the Fourier multiplier my; given by
mi (&) = [€]7F¥m(€). Clearly my has derivatives of all orders away from 0,
and

sup { [¢1°/|07mi (€)] : € € R™\ {0}, |o] < N}
is bounded for each positive integer N. So the operator @i, defined by
Qru(p) = u((mkp)”) Yue Z'(R") Ve Z(R")

is well-defined on Z’(R™) and is bounded on «7%(R™) by standard Fourier
multiplier theory (see, for example, [16, Theorem 5.2.2]).

To complete the proof, let ¢+ denote the R™-valued function on R"™
given by ¢(§) = £ and I, denote the lifting operator given by

fuo(p) = o((Fo)) Vve Z/(®") Ve ZRY,
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which maps «7%(R") isomorphically onto /5 *(R™) (see [16, Theo-
rem 5.2.3]). Then

Su(p) = u((me)) = u((|/*'mrp)") = LQrulyp),
or in other words, S = I;,Q). This completes the proof. O

Every homogeneous function m of degree k € R (i.e., m(7€) = 7Fm(¢&),
v ¢ € R"\{0}, V 7>0) satisfies the hypotheses (with ¢, =sup{|0*m(w)| :
|w| = 1}), and therefore the conclusion, of the above proposition.

Let us turn our attention to bounds and convergence results for con-
volution operators.

Given a function 1 in 6§°(R"), define the truncated kernel k%° by

b
k“’b(x):/ Yi(x)dt VaeR"

whenever 0 < a < b. Since k% € €5°(R"), the operator S%*, given by
S4by =k x4 Yue Z'(R")
is well-defined on Z’(R™). Define the multiplier m®® by
(5.2) mab = (2m)"/2kab,
so that S%® can also be represented by
S Pu(p) = u(m x ) =u((m**p)") Yue Z'(R") Ve ZR").

Note that each component of K%?x Ju, where K% is the kernel used
to define 7" in Section 4, is of the form S®%u;, where ¢(z) = 0(x)z;
and uy is a component of u corresponding to an index set I including j.
The following lemma will be used to show that the limit

lim lim S%%u,
a—0t b—oo

taken in the topology of Z/(R"™), is well-defined whenever u € Z'(R").

Lemma 5.2. Suppose that (m®®)o<a<yp is the net of Schwartz functions
defined by (5.2). Then the function m, given by

(5.3) m(€) = lim lim m®*(¢) V¢&eR™\ {0},

a—0t b—oo
is well-defined. Moreover, m € € (R™\{0}) and for any multi-indez c,
(5.4) 2°m(€) = lim lim 9*m®®(¢) V& e R™\ {0},

a—0+ b—oo

where the convergence is uniform on annuli centred at the origin. The
function m is homogeneous of degree —1 on R™.
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For any multi-index o, there exists a constant c,, such that, for all £ €
R™\ {0},
(5.5) |0%mat(€)] < calé|¥™t VO <a<b<oo
and also |0“m(€)] < cq €|l

Proof: Fix a multi-index a. To show that m is well-defined and its
derivatives are given by (5.4), it suffices to show that the net (9°m®?),
is uniformly Cauchy on the annulus {£ € R" : r < || < R} for some
fixed numbers r and R satisfying 0 < r < R < co. Henceforth, suppose
that » < |£] < R.

To begin, note that

b
met(e) = [ Dy
whenever 0 < a < b. Therefore

b
|(@*m™) ()] = / t‘*'(aa&)(tﬁ)dt’

b o~
(5.6) < Jefle! / €11 (0 )| e

b
< co¢|f|_‘0‘| / min{i, |t§\_2} dt

for some constant c,, since ¢ € S (R™). Now

1 1 c
«,. bbby —la|-2 (= _ - a
@t ©)] < caldl 2 (5 - ) < oy

whenever by > b, while
(9% m ) ()] < calé] ™' (a = ag) < car™!"la
whenever ag < a. Soif 0 < ag < a < b < by then
(@ mee)() = (0" m*)(€)] < ca (r71727! 477 0a)

which can be made as small as we like by taking b sufficiently large and
a sufficiently close to 0.

It is straightforward to verify that m®(\¢) = A~tm*@A0(¢) for all A >
0 and ¢ € R™. On taking limits in a and b, we deduce the fact that m is
homogeneous of degree —1.

Finally, we note that the bound (5.5) is an immediate consequence
of (5.6), and the bound on 9%m follows by taking limits. O
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Using Proposition 5.1 and Lemma 5.2, we now define the operator S
on Z'(R™) by
Su(p) =u((mg)”) VYueZ'(R") VeeZR"),
where m is the function given by (5.3). That is, S is the operator

on Z'(R™) defined by the homogeneous Fourier multiplier m.

Proposition 5.3. If u € Z'(R") then S“u converges to Su in Z'(R™)
as a — 0" and as b — .

Proof: Suppose that ¢ € Z(R™) and v € Z'(R™). Since
S5Pu(p) = u((m™*@)) Vue Z'(R") Ve ZR"),
it suffices to show that m**» — m¢ in S(R") as a — 0% and b — .
For then (m®*3)~ — (m@)~ in S(R™) and hence in Z(R"™). It follows
that
(5% u — Su)(p) = u (((m™* —m)p)") =0
as a — 07 and b — oo, which establishes the lemma.

Suppose that o and 8 are two multi-indices and ¢ > 0. We need to
show that there exist positive numbers ag and by such that

sup €207 ((m —m™")@) (¢)] < e
£ERN

whenever 0 < a < ag < bg < b. By expanding the left-hand side using
the multidimensional version of Leibniz’ rule, it suffices to show that
there are positive numbers ag and by such that

(5.7 sup sup |¢]07(m — m**)(©)[|07 ()] < &
EER™ |v[<|B] B

whenever 0 < a < ag < by < b, where the constant Cjg is the largest
coefficient appearing the formula for Leibniz’ rule.

By Lemma 5.2,
(5.8) 07 (m —m™*)(€)] < 2¢,1¢ 7M1 v Ee R\ {0}
whenever 0 < a < b. Now choose R in (0, 00) so large that
(5.9) sup sup 2c, [¢[ 7M1 ()] < =
l€1>R 11I<18] 30

This is possible since 9°~7¢ is rapidly decreasing at infinity. Now
choose r in (0, 00) so small that

(5.10) sup  sup 2¢, ||l aP Y p(6)] <
0<lél<r 1I<l8] 30
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This is possible since ¢ and all its partial derivatives are 0 at the origin.
By Lemma 5.2, there are positive numbers ag and by such that

(5.11) sup sup [€%(97(m —m®"))(€) (977 ¢)(€)| < f

r<[§|<R |[vI<IA]

whenever 0 < a < ag < bp < b. By combining estimates (5.8), (5.9),
(5.10) and (5.11), it is easy to see that (5.7) holds whenever 0 < a <
ap < by < b. This shows that m®*» — m¢ in S(R™) and completes the
proof. O

Remark 5.4. It is a consequence of (5.5) and Proposition 5.1 (with k =
—1) that, in each space <7 (R™), there is a uniform bound

1% ] jus = K % ull s < Cllull ;o ¥0<a<b<oo

where C' = C(&7*). Thus, for those spaces /*(R™) in which Z(R™) is
dense, Saby — Su in @*tH(R") as a — 01 and as b — oo, whenever
u € &/°(R™).

6. Proof of the main theorem on potential maps

We now use the tools presented in Section 5 to prove Theorem 4.1.

6.1. Mapping properties of T. Each component of T is a limit

in Z’(R™) of convolution operators of the form S%° and therefore has the

same properties as S. In particular, Proposition 5.1 shows that 7" maps

from Z'(R™, A) into Z’(R™, A) and boundedly lifts ‘functions’ of degree s

in the homogeneous Besov and Triebel-Lizorkin spaces to ‘functions’ of

degree s + 1. Thus we have proved parts (i) and (ii) of Theorem 4.1.
We also note that Remark 4.3 is a consequence of Remark 5.4.

6.2. Anticommutation relations. We now turn to the proof of The-
orem 4.1(iii). Suppose that 0 < a < b. Recall that the convolution
operator T%? is defined on Z’(R"™, A) by (4.2). Recall also that §%° de-
notes the function in Z(R") given by

b
st = /V@t— /V@tdt

Fix u in Z'(R™, A). If we can show that
(6.1) AT u + T*Pdu = 6" * u,

then, by taking limits as ¢ — 0% and b — oo in Z'(R") and applying
Proposition 3.1 and Proposition 5.3, part (iii) of Theorem 4.1 will be
proved.
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Now
b
Ty = / O, x Judt,
SO
n b
dT%by = Zej /\aj/ O x Judt
j=1 @
n_ b
= Z/ ej A (00 x Ju)dt
j=17a
and

b
T dy = / O, * Jdudt

n b
:Z/ 9,04 * 1 (ej Au)dt.
j=1"¢

Therefore, using the identity (2.3), we obtain

n b
AT u + T’ du = / 9;0; - e xudt
j=17¢

b

=% xq

313

as claimed. Hence we have shown equation (6.1), thus completing the

proof of part (iii).

6.3. Support properties of T'. To complete the proof of Theorem 4.1,
it remains to show part (iv). Suppose suppu C §2. By (2.2) and (3.1),

supp(©; * Ju) C supp ©; + supp u

Cl,(00+Q=0

whenever ¢ € (0,00). Hence supp7%’u C Q whenever 0 < a < b. By
taking limits in Z/(R™) as a — 07 and b — oo, one concludes that

supp(Tu) C Q.
This completes the proof of Theorem 4.1.

O
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7. Analogous results for complementary domains and
restriction spaces

Suppose that € is a special Lipschitz domain of R™, and recall that
Q™ denotes the region strictly below the corresponding Lipschitz graph.
Define an operator T by the formula

Tu= lim lim K*«_ u, YueZ'(R"A),
a—0t b—oo
where both limits are taken in Z’(R™) and f(“’b(x) = K%*(—x) for
all  in R". Here K%’ is the truncated kernel given by (4.1). The
analytic properties of T are clearly the same as those of T. However,
if suppu C O~ then supp(Tw) C Q. Hence, in Theorem 4.1, one may
replace T by T throughout, and Q by Q= in parts (iv) and (v), to obtain
an analogous result for the complementary Lipschitz domain Q.

We now draw some conclusions for the restriction space 27*(Q, A).
Given u in & 5(R™, A), let [u] denote the equivalence class with repre-
sentative u associated to the equivalence relation

vew = v—wedéf(R",A).

By definition, [u] belongs to o #(Q, A) and conversely every element of
2/*(Q, A) is of this form. Define an operator R by

Rlu] = [Tu] Y [u] € &*(Q,A).
Since T maps boundedly from </%(R™ A) to «/*t'(R™,A) and from
ﬂéf(R",A) to M;%l(R",A), the operator R is well-defined and maps
boundedly from &75(Q, A) to &/*T1(Q, A).

Similarly, the exterior derivative d is defined as an operator on &7%(2,A)

by

du] = [du] V¥ [u] € &/°(Q, A),
and maps boundedly from /*(Q, A) into «7*~1(Q, A). We thus obtain

another variant of Theorem 4.1.

Proposition 7.1. Suppose that € is a special Lipschitz domain of R™
and that s € R. Then the operator R defined above has the following
properties:

(i) the operator R maps «/*(Q, N) to &/5T1(Q, N), and there is a con-
stant ¢ such that

R[]l ot .0y < cllulll e,y ViUl € (9, A);
(i) dR[u] + Rd[u] = [u] whenever [u] € &/*(Q, A).
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One immediately obtains a regularity result for the exterior derivative
on &7°(), A).

Corollary 7.2. Suppose that s € R and ) is a special Lipschitz domain.
If [u] € *(Q,A) and dlu] = 0 then there exists [v] in &/*T1(Q,A) and
a constant ¢ independent of [u] such that d[v] = [u] and

||[U]||,a¢‘s+1(Q,A) <c ||[u]|‘d-*(Q,A) ’

Consequently, the de Rham complex
0 — (U AY) -L 51O, AY) -5 52, A2) L -

s QA — 0
18 exact, and each space .Q/S(Q, AF) has a direct sum decomposition
of(Q, AF) = de/*TH(Q, A1) @ Rdo/*(Q, AF)
with bounded projections dR and Rd.

8. Atomic decomposition of Hardy spaces of exact forms
on special Lipschitz domains

In this section we use the operator T" of Theorem 4.1 and the repro-
ducing formulae above, including the zero moment condition (3.8), to
show that Hardy spaces of exact forms on special Lipschitz domains can
be characterised by atomic decompositions.

In the following definitions of these spaces and their corresponding
atoms, we at first allow ) to be an arbitrary domain in R", where n > 1.

Definition 8.1. Suppose that 1 < ¢ <nand n/(n+1) <p < 1. Let
HE(R™, A%) denote the Hardy space of all ¢-forms u in HP(R", A) such
that u = dv for some (¢ — 1)-form v in &’(R™, A*~1). Given a domain €
in R", we say that u is in HY ;(Q,AY) if u € HY(R", A*) and there exists v
in S'(R™, A*1) such that u = dv and suppv C Q.

Remark 8.2. Definition 8.1 was first introduced in the papers [10] and [9]
of Lou and McIntosh for the case when p =1. When n/(n+1) < p <1,
the space HY(R™, A™) is isomorphic to the classical Hardy space H?(R™),
while H? (9, A") is isomorphic to the Hardy space H?(Q2) of Chang,
Krantz and Stein [3].

Following [10] and [9], we introduce atoms of Hardy spaces of exact
forms.
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Definition 8.3. Suppose that 1 </ <nand n/(n+1) <p < 1. We
say that a is an HY(R", A*)-atom if for some ball B in R",

(a) there exists b in L2(R™, A*~1) such that suppb C B and a = db,
and
(b) llall 2 (gn ) < |B|M/2He,

Note that if n/(n +1) < p < 1 and a is an HY(R", A*)-atom, then
each component of a is a classical HP(R™)-atom.

Definition 8.4. Suppose that € is a domain gf R”, 1 </ < n and
n/(n+1) < p < 1. We say that a is an Hf’d(Q,AZ)—atom if for some
ball B in R"™,

(a) there exists b in L?(R™, A*~!) such that suppb C B and a = db,
(b) llall p2ggn 2y < |BIY?71/7, and
(c) 4B C Q.

Note that, following [9], the supports of H” ,(€2, A®)-atoms are away
from the boundary of 2, which is stronger than the classical definition
of [3].

The following lemma gives an L? estimate for the function b of Defi-
nitions 8.3 and 8.4.

Lemma 8.5. Suppose that 1 < £ < n, n/(n+1) < p <1 and a
is an HY(R™, A)-atom (respectively an HY ,(Q, A*)-atom). Then the
L2(R™, A*"Y) form b of Definition 8.3 (respectively Definition 8.4) can
be chosen such that

161l L2 (mn ) < car(B)|B|V/271P

where the constant ¢, depends only on n.

Proof: Let % denote the collection of all balls in R” and let LQE(]R”, AF)
denote the space of k-forms with components in L?(R") and support in
the closure of a ball B. By applying the result of [12] or [6, Section 3]
to a unit ball and then scaling, one obtains the following. There exists
a constant ¢,, and a family of operators {T7 : 1 < ¢ <n, B € %} with
the following properties:
(i) if B € Zand 1 < ¢ < n then T? maps from L%(R",Ae) to
L%(R",Ae_l) and

HTZBU||L2(Rn7A) S CnT(B) ||uHL2(R’”,A) Vu € L%(anAg)z
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(i) if B € # and 1 < £ < n then dTfu + TS du = u for every
u € L%(R”, A%); and
(iii) if B € 2 then there exists an n-form 92 of €5°(R", A™) supported
in § B such that dT,7u = u — ([ u)9? for every u € L2(R", A™).
We return now to the proof of the lemma. Suppose that a is an
HE(R", A*)-atom, where 1 < ¢ < n — 1. Then there is a ball B and
a form o' in L2(R™, A*~1) such that suppbd’ C B, a = db’ and |al|, <
|B|'/P=1/2 Set b = T a, noting that suppb C B. Moreover, by prop-
erty (ii),
a=dTPa+Th da=db+ TS d* =db

and
1802 ) = (TP o ) < €ar(B) all agan ) < car(B)I B>,

This proves the lemma when 1 < ¢ < n — 1. The case when £ = n may
be proved similarly, using property (iii) in place of property (ii). O

Henceforth we suppose that ) is a special Lipschitz domain with
Lipschitz constant A. Recall that H?(R") C S'(R™), FS’Q(R”) c Z/(R™)
and that the natural projection # from S'(R™) to Z/'(R") induces an
isomorphism from HP?(R™) to FQ’Q(R”). In this way, the theory already
developed in this paper can be applied, because, when 0 < p <1,

S HP(R™,A) = F},(R", A);

JHYR", A) =dF) ,(R",A);  and

JHL (Q,0) = dF) , 5(R™,A)
with equivalence of norms. The second and third identities follow from
Theorem 4.1 and Corollary 4.2. In particular, it is a consequence of
Corollary 4.2 that dT', correctly interpreted, is the identity on H” d(Q A)

Using the notation of Proposition 3.3, including the condition (3 8), wi
obtain a Calderdn-type reproducing formula on this space, namely

(8.1) ju:deuz/Oood(qﬁt*\I/t*J Fu) dtz/ooodqzﬁ)t*/\ W,k /u dt

We note that this formula actually holds on the whole space H}(R", A).
By Remark 3.2 and the fact that Z(R"™) is dense in F0 5(R™), the im-
plicit limits in these improper integrals exist in H”(R” A) whenever
u € HP(R",A).

The next two theorems, which characterise the spaces HY(R™, A) and
Hﬁd(ﬁ, A) in terms of atoms, are the two main results of this section.
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Theorem 8.6. Suppose that 1 < ¢ <n andn/(n+1) <p < 1. There
exist constants ¢, and c; with the following properties.

(i) If (ar)$2, is a sequence of HY(R™, AY)-atoms and (\;)52, belongs
to (P(C) then the series

0o
> Mea
k=0

converges in HP(R™, A) to a form u in H}(R™, A*), and
oo
(8.2) ”uH?—Ip(]R",A) < ¢ Z | Akl?-
k=0

(ii) Conversely, if u € HY(R"™, AY) then there is a sequence (ax)3>, of
HE(R™, A%)-atoms and a sequence (\y)5, in ¢P(C) such that

%)
u = E Akaka
k=0

where the sum converges in HP(R™, A), and

(8.3) Z [Akl” < 1ullfr gn o) -
k=0

Theorem 8.7. Suppose that 1 < £ <n, n/(n+1) <p <1 andQ is
a special Lipschitz domain in R™. Then there exist constants c, and c;,
with the following properties.

(i) If (ar)7, is a sequence of Hﬁd(ﬁ, A%)-atoms and (\g), belongs
to (P(C) then the series

0o
> Mwa
k=0

converges in HP(R™, A) to a form u in Hf,d(ﬁ, AY), and

o0
||u||§r){p(Rn,A) <6 Z | AklP-
k=0

(ii) Conversely, if u € Hgd(ﬁ, AY) then there is a sequence (ax)32, of
H? (9, AY)-atoms and a sequence (\;)2, in ¢P(C) such that

o0
u= E Akag,
k=0
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where the sum converges in HP(R™, A), and

o
Z |AklP < ¢, ||U||€{p(Rn,A) :
k=0

The results of the preceding theorems are generalisations to exact
forms of the classical atomic decompositions of [5] for R™ and [3] for
special Lipschitz domains 0 C R™. The generalisation to exact forms
first appeared in [10] and [9] for the special case when p = 1. Apart
from expanding the range of p, our contribution is a new proof using
the reproducing formula (8.1), which is especially suited for application
to special Lipschitz domains due to the support properties of ¢. Conse-
quently, our proof of Theorem 8.7 is shorter and more direct than the
one given in [9], since we avoid using reflection maps and obtain more
efficiently the desired support properties for Hg d(ﬁ, Af)-atoms. As a
by-product of our proof, we also obtain a special atomic decomposition
for tent space functions supported in tents over Q (see Theorem 9.4).

Before we can prove these characterisations, it is necessary to present
a sequence of definitions and lemmata related to ‘tents’ over open sets,
‘tent spaces’ and tent space atoms. To help the reader contextualise
what follows, we first offer a brief outline of the proof of part (ii) of each
of the above theorems. Suppose that u € H} (R™, A%). Following the
method developed in [5], we define an operator @) by

(Qu)(w,t) = Uy * su(z) YV (z,t) € R" x RT =R"™ x (0,00),

and show that Qu belongs to the tent space TP(R™ x Rt, A*~1). Using
the classical atomic decomposition for tent space functions, one may
write Qu = Y, A Ak, where each Ay is a TP(R™ x RT, A*~1)-atom and
the sequence (A) belongs to 2. One then constructs a map m by

dt

FUZ/O (o). U (1)

so that, by the reproducing formula (8.1),
u=dlu=7mQu= Z A TAL
k

where each mAy, is an HY (R™, A)-atom, thus obtaining the atomic de-
composition for u.

The atomic decomposition for elements of H? 4(Q,A%) will be proved
along the same lines with the following variations. If u € H. 49,79

then Qu is in fact supported in a ‘tent’ over 2. So the tent space decom-
position for Qu (presented in Theorem 9.4) gives tent space atoms Ay
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with good support properties with respect to the domain €. It follows
that u = 7Qu = ), \pmAy, where each mAy can be written as a finite
sum of HY ;(€2, A)-atoms.

9. Atomic decomposition of tent spaces

The results in this section are independent of the previous sections,
and we believe they are of interest in their own right.

The tent spaces were first introduced in the article [5] of Coifman,
Meyer and Stein, and owe their name to the fact that, when 0 < p < 1,
their functions can be decomposed as a sum of atoms supported in tents
over balls. Our aim is to show that if a function in such a tent space,
itself has support in a tent T3(€2), then the supports of the atoms in its
decomposition can be taken inside this tent, and away from the boundary
of Q.

We turn now to the relevant definitions. If 5 > 0 and z € R"”, let
I(x) denote the cone in R™ x R* with aperture 8 and vertex at ,
namely

y(z) ={(y,t) e R" x R : |y — x| < Bt}
If O is an open subset of R™, then the tent T;3(O) over O with aperture 3
is defined by

T5(0) = {(y,t) € R" x R : d(y,0°) > Bt}.

We follow the convention of writing I (x) for I} (x) and T'(O) for T (O).
Given any measurable function U on R™ x R*, we define the Lusin area
integral SU of U by the formula

1/2
(SU)(x) = ( ji . e ke ) .

Definition 9.1. Suppose that p > 0. The tent space TP(R" x RT) is
defined to be the set of all measurable functions U on R™ x Rt such that
1U[ 70 (g xr+) 1s finite, where

HU||7’P(R”><R+) = ||SU||LP(]R") :

Definition 9.2. Suppose that p > 0. A measurable function A on R" x
RT is said to be a TP(R™ x RT)-atom if there exists a ball B in R™ such
that supp A C T'(B) and

dt
// |A(y,t)|* dy— < |B|'"*/7.
R" xR+ t
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If 0 < p < 1 then it is relatively straightforward to show that every
TP(R" x RT)-atom A belongs to T?(R" xR*) and that || Al 75 xr+) <
1. Consequently, if (A )ren € P(C) and (Aj)ken is a sequence of TP(R™ x
R*)-atoms then Y, .y Ax Ay belongs to TP(R™ xR*). That the following
converse is true is a deeper result due to Coifman, Meyer and Stein [5].

Theorem 9.3. Suppose that 0 < p < 1. There exists a constant C
(depending only on n and p) with the following property: for all U
in TP(R™ x RT), there exists a sequence (Ax)ren in £P(C) and a se-
quence (Ag)gen of TP(R™ x RT)-atoms such that

U=> Ay

keN
and
STl < CIU I o -
keEN
We introduce the following variant of the above theorem, where the
tent space atoms are supported in Carleson boxes with good support
properties with respect to an underlying domain 2.

Theorem 9.4. Suppose that 0 < p <1 and > 0. There exist positive
constants C' (depending only on n, p and B) and cs (depending only
on ), where 0 < cg < 1, satisfying the following property. If U €
TP(R™ xRY) and suppU C T3(Q2) for some proper open subset  of R",
then there exists a sequence (Ag)ken in fP(C) and a sequence (Ag)ken of
TP(R™ x RT)-atoms, supported in corresponding tents (T(By))ken, such
that
() U= 5 A,

keN

(i) ng\Aklp < C U5 g sty

(iii) supp Ax C cgBy x (0,687 cgr(Bg)) and 5csBy, C Q whenever
ke N.

Proof: The proof is an adaptation of the proof of [14, Theorem 1.1],
which in turn is based on the original ideas presented in [5]. Fix any
number v in the interval (0,1). For any & in Z, let Oy denote the open
subset of R™ given by

O ={z e R": SU(z) > 2*}.
It can be shown that

(9.1) supp U C U T,(03),

k€EZ
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where each open set O} is constructed using a corresponding set of
global v-density (see [14, pp. 128-130] for details). For each integer k,
the Whitney lemma (see, e.g., [14, Lemma 2.2]) applied to the open
set O NQ gives a denumerable index set I*, a sequence of balls (B )jern
having radii (r; ¥)jerr and centres (xf)j€[k7 and a sequence (gpj) e of
nonnegative functlons on R™ with the following properties:

opnQ=J B}, df,(0;nQ)°) =10},

jeIk
supppf C 2BY, Y ok =10:nq,
jeIk
and
(9.2) IBFNIBY =0 ifi+#j.

It can be shown that O, , C Oj for all k (see [14, pp. 128, 130]).
Therefore, for each (z,t) in R” x RT,

<1T ©p) —1n,0;,, )) (z,t)1la(z)

=3 k@) (tnop — 1m0z, ) (@010 ()

and hence

Z Z x,t) gOJ (1T,,(O,;) - T,,(Ok+1)) (z,t)

kEZ]EIk

by (9.1). Define, for all integers k and all j in I*,

dt
i [ ] 0P w? (tnop - tner) 60T,

A5(y,t) = Uy, 65 w) (1r,00p) — Imcog, ) ) (o DIBEY2 10 (i) 7172
(unless p% = 0, in which case we define A¥ = 0) and

k_ |B]]-“\1/p71/2(,u§)1/2.

U=y Ak

kE€Z jeIk

Then

We claim that, up to a multiplicative constant, each Af isa TP(R™ x
R*)-atom with the desired properties.
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First we show that supp A? C T(BJ’?), where B;“ = C’B]’-c and C =
2 + 12/ min{g,v}. Let (y,t) € suppA?7 so that in particular (y,t) €
T,(05) NTp(2) and y € supp cp?; that is,
d(y,(0;)°) = vt, d(y,Q°) >pt and |y—ak| <2rh.
We aim to show that d(y, (CB;?)C) >t for then supp Aé’? C T(B]k) Sup-
pose that z € (CBF)°. Then

k k k 12rj
(9:3) |y—Z|Z|Z—9Cj|—|y—$j|2(0—2)7“jZm-
Also, d(x?, (OpNQ)°) = 107";“. Suppose that € > 0. There exists u in
(O3 N Q)¢ such that |25 —u| < 10r¥ +¢. So
min{g, v}t < |y —u| < |y — xﬂ + |ac§C —u| < 127";C +e.

Since this is true for every positive e, it follows that min{g, v}t < 127";?.
Combining this with (9.3) gives |y — z| > ¢, and hence d(y, (CB¥)¢) >t
as required.

Second, the definition of A? implies that

dt -
k 2 ki1-2 n(2/p—1)| Ppk|1—2
//|Aj(yvt)| dy7—|Bj| /v = on@/p )|Bj| /p,

and so up to the multiplicative constant C™(2/P=1)  each Aé‘? isa TP(R™x
R*)-atom.

Third, we prove that the A;? satisfy support properties as in part (iii)
of the theorem. Now each A? is supported in Tz (€2) N (QBJ’-C x RT), where
5(2BF) C Q. Soif (y,t) € Tz(Q2) N (2B} x RT) then

Bt < d(y,Q°) < d(y, xf) + d(x?, Q%) < 27“;-C + 107“5.c

and hence 0 < t < 126*17’5?. This shows that SuppAé? C QB;»C X
(0, 125*17”;?). Defining the constant cg by cg = 2/C, it is now easy
to see that

supp A? C T(B]’?)7 suppA? C c,géf x (0,687 cg T(Bf))
and SCBBZ? c Q.

It remains to show that there exists a constant C’, independent of

and U, such that
DD NP < C U ity -
kEZ jeIk
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The proof, which uses (9.2), proceeds exactly as in [14, pp. 132-133]
and will not be reproduced here. Finally, relabel the balls (Bjk) as (Byg),
(C"(l/p_l/Z))\?) as (A\x) and the functions (0”(1/2_1/1’)14?) as (Ag). This
completes the proof of the theorem. O

Remark 9.5. A comparison of this proof with the proof of [14, Theo-
rem 1.1] shows that Theorem 9.4 also holds when the underlying space R™
is replaced by any space X of homogeneous type that satisfies the as-
sumptions of [15, §1.1.3].

Remark 9.6. Theorem 1.1 follows from the special case of Theorem 9.4
when p = 1 and 8 = 1, with (cgBy), (cg/z)\k) and (cgn/zAk) renamed
as (Bk), (A\x) and (Ag).

10. Proofs of atomic decomposition of Hardy spaces

Our aim now is to use the reproducing formula (6.1) and the tent space
decomposition in the previous section, to prove Theorems 8.6 and 8.7.

Recall that A and o are fixed positive numbers such that 0 A < 1. In
order to apply the previous theorem, we need the following.

Lemma 10.1. Suppose that a > 0, € is a special Lipschitz domain
with Lipschitz constant A and that ¥ is a € (R™) function supported
in {y € T,(0) : y, > a}. Suppose also that u € S’'(R™) and suppu C Q.
Define Qu by

Qu(z,t) = (Yy xu)(x) V¥ (x,t) € R" x R,
Then Qu is supported in Tg(S) where

_a(l—oA)
(10.1) f= "

Proof: What needs to be shown is that, under the stated hypotheses,
dist (supp (¢ * u), Q¢) > Bt. By (2.2), supp(¢ * u) C Q + {y € [',(0) :
yn > at}, so we need to show that if z € Q, y € T',(0), y, > at and
z € Q° then |x +y — 2| > Bt. Let w = z — x, and note that by the
assumption on Q, w, < Alw’|.

So the result is proved once we show that |y — w| > Bt whenever
—o0o < wy, < Alw'|, |y'] < oy, and y,, > at. We split into two cases.
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Case (i): w, < 0Ay,. Then
ly —w| >y —wp > (1—=0A)y, > (1 —cA)at > St
by (10.1).
Case (ii): w, > 0 Ay,. Then |w'| > fw, > oy, > |y/|. So
ly —wl* = (yn —wa)” + |y — '
> (yn — wn)? + (lw'] = y'])?

> (yn - wn)2 + (%wn - Uyn)z

2 A

= LA 2T 4 (14 02)y2
2

> (S) 2

> B2

where we have minimised over w, as usual way for quadratic expres-
sions. 0

We are now in a position to prove Theorems 8.6 and 8.7.

Proof: Suppose throughout that n/(n+1) <p < 1.

First we prove part (i) of Theorem 8.6. Suppose that (ax)32, is a
sequence of HY(R™, A)-atoms, (Ag)72, belongs to ¢/(C) and ay = dby.
Since each component of aj is a classical HP?(R™)-atom, the classical
theory implies that there exist a constant ¢, and u in H?(R", A) such
that (8.2) holds and

(102) u = Z )\kak = Z )\kdbk7
k=0 k=0

where the sum converges in H?(R™, A).
Recall that _# denotes the natural projection from S’(R™) to Z'(R™).
By (10.2),

M M
Zx\k/ak :d(Z)\k/bk) — Zu in F;Q(R",A) as M — oo,
k=0 k=0

and it follows from the continuity of d and Theorem 4.1 that fu ¢
dF,,(R",A) = ZHJ(R" A). Hence u € Hj(R",A). This completes
the proof of Theorem 8.6(i).
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Part (i) of Theorem 8.7 is proved along the same lines, noting that
dF;Zﬁ(R”,A) = JHL(QA).

We now prove the converse statements in each of Theorems 8.6 and 8.7.
Let ¢ denote the 65°(R™) function of Proposition 3.3, chosen such that

(10.3) / U(z)dr =0

where ¥(z) = 2¢(x)x. We remark also that [p, ¢(z)dz =1, and

(10.4) ./;(d¢ﬂm)dx::0

where d¢ = X7_,0;¢¢;j,
Given u in §'(R™, A), define Qu by

(Qu)(z, 1) = Ut * yu(z)

whenever (z,t) € R" x RT. By the moment condition (10.3), it is well-
known (see, for example, [3, p. 308]) that @ is bounded from HP(R™, A)
to TP(R™ x R, A). Given U in T2(R" x R*, A) with compact support
in R” x RY, define 7U by the formula

dt

wU:AwM@MAU()t

Again, by the moment condition (10.4), it is well known (see [5, Theo-
rem 6]) that the operator 7 extends to a bounded linear operator from
T2(R™ x RT,A) to L2(R™, A) and from TP(R™ x R*,A) to HP(R", A).

We focus now on the proof of Theorem 8.6(ii). Suppose that u €
HZZ(R",AZ), where 1 < £ < n and n > 1. Then Qu belongs to the
tent space TP(R™ x RT, A*~!) and by Theorem 9.3, Qu has the atomic
decomposition

Qu=">_ A,

keZ

where each Ay is a TP(R™ x RT, A*~1)-atom supported in a tent T'(By),
the sum converges in 77(R" x R*, A) and

Z IAkl? < e 1QUITs (g ) < Cpllullre e a)-
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Define ay, by ap = wAy, so that

/OOO /n(d(b)t(xiy)/\Ak(y,t) dy%

:d/ bu( — y) Ay, £) dy dt
0 R»

- dbk(x)a

where

bk:/ ¢t*Ak(-7t)dt
0

We claim that each aj is an Hg(]R”,AZ)—atom, up to a multiplicative
constant independent of k. First,

HakHL2(R",A) = ||7TA1€||L2(R",A) <cC ||Ak||T2(Ran+’A) < C|Bk‘1/2_1/p»

where the constant C' is independent of k. Second, we show that by €
L*(R™, A). Suppose that By = B,, (21). Successive applications of the
triangle, Cauchy-Schwarz and Young’s inequalities yield

Tk
HM@WNSWA|W*M@W;WNﬁ

Tk
< Tk/o H¢tHil(Rn) HAk('7t)||2L2(R",A) dt

me/ /I&%Id%*

< CPrit | Bil 27,

where C; = ||@]|1, and the final estimate follows from the fact that Ay is
a TP(R™ x Rt  Af)-atom. Third, we note that suppar C By. Indeed,
by (2.2) and (3.5),

supp ax = supp(rAg) C U {supp b + (1 — ) Bk}
Tk

0<t<ry

c |J {tBi(0)+ (re — )Bi(2k)}

0<t<ry
= BTk- (Zk)
— By
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Hence, up to a multiplicative constant, each ay, is an H}(R", Af)-atom
as claimed.

It remains to be shown that u = Zk Arag, where the sum converges in
the topology of HP(R™, A). Since Y, A\g Ay converges in TP(R™ x R*, A)
and 7 is bounded from TP(R™ x RT,A) to HP(R",A), it follows that
TQu =), Arai, where the sum converges in the topology of H?(R", A).
But note by the definitions of @ and 7 that #Z7Qu = dT _Zu, where
T is the operator given by (4.3). Recall from (8.1) that dT is the identity
on dFZ}’Q(RﬂA). Since Zu € dF;Q(R",A), we have that

/usz/uz/ﬂ'Quz/Z)\kak

and hence that u = ), Apay as required. This, together with the bound
already proved on Y |\ |P, completes the proof of Theorem 8.6(ii).

We turn now to prove Theorem 8.7(ii). Suppose that u € H;d(ﬁ, Af).
Using the same argument as above, u = m1Qu = Y, A\ymAj where the
sum converges in HP, wAr = dby, supp Ay C T(By) and {\g} € ¢P.
In this case, each mAy is not (even up to a multiplicative constant)
necessarily an H Z d(ﬁ, A%)-atom because it may not satisfy the required
support properties. We will instead show that each w Ay can be written
as a finite sum of nyd(ﬁ, A%)-atoms.

Since suppu C €2, we conclude by Lemma 10.1 that suppQu C
T3(R2), where § is given by (10.1) with a = 1/2. Theorem 9.4 gives
the additional information that Ay can be chosen so that supp(Ay) C
eBy. x (0,637 tery), and 5¢By C €2, where c is independent of k. Hence
dist(cBg, Q) > 4cry,. By (2.2) and (3.5),

supp ag = supp(mwAyg)

C U (supp(dd))t + E)
0<t<6B8~Lcry

CceBr +{yeT,(0):y, <68 tery} =: Gy

Note that Gy is a compact subset of Q and that dist(Gy,Q°) > 4erg.
This is because, if x € c¢By, y € I',(0) and w € Q°, then w —y € QF, so
[(x+y) —w| =]z — (w—y)| > 4crg. So we may cover Gy, with finitely
many balls {%Bi};”il of radius cry /2 and centres zi, where zi € Gy and
where (by scale and translation invariance) the integer M is independent
of k. Let {ni}yil denote a smooth subordinate partition of unity with
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the properties that 0 < ni <1, supp ni - Bi,
M .
Zni(x) =1 VzeG
j=1

and ||V17i|| Leon) < ¢ 7, ! for some constant ¢’ independent of j and k.
For each k and j, define the function aj, and scalar 1], by

aj = () ""d(mlbe) and g, = (BT d (o) | 2 e -

Now each a] is an H? (9, A’)-atom because 7/by € L2(R™ A1),
supp aj, C Bj, where 4B}, C Q, and ||a}||p2n ) < |BL|Y271/7.
Note now that

0o co M
u = Z)\kﬂ—Ak = ZZAkuiai,
k=0 k=0j=1

where the sum converges in H? and ), |Ax|? < oo. To complete the
proof of the theorem, it suffices to show that supy, ; py, < C” for some
constant C’. This bound follows readily from the estimate

J _ J J
IO 2.y = () o+ |

SV lroe m) (1081l 2 n ay+ 17 20w ey 17 Akl 2 )
Sclrlzlrk|Bk|1/2_1/p + C‘Bkll/Q_l/p

< (' 4 C)|Byg| /21,

Thus we have completed the proof of Theorem 8.7. O
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