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Introduction

The objects studied in this thesis are the germs of singular holomorphic foliations
in (C2,0). It is divided into three parts. The first part is devoted to preliminaries
concerning singular foliations. In the second part, we study formal normal forms of
topologically quasi-homogeneous foliations. In the last part, we solve the problem
of classification for a class of non-dicritical foliations by introducing a new invariant
called “set of sliding”. Moreover, we investigate the finite determinacy property of
some classes of foliations by showing that this new invariant is finitely determined.

Position of the problem

For a germ of holomorphic singular foliation in (C?,0), there are three main analytic
invariants which are

e The separatrices,
e The corresponding holonomies,

e The Camacho-Sad indices at the singularities corresponding to strict transform
of separatrices after desingularization.

Are they a complete set of invariants for the analytic type of a foliation? This
question was proposed by Thom at seminar of the IHES in the years 74-75 [14, 9, 17].
The affirmative answer holds for a class of non-degenerated reduced foliations [13].
However, Moussu in [14] gave a counterexample for this conjecture. He considered
two foliations defined by

wy = d(y* + z%),
wy = d(y* + 2*) + z(2ydz — 3zdy).

These two foliations share the same Camacho-Sad index, which is equal to —%, the
same separatrix, which is {y? + 23 = 0} and the same corresponding holonomy,
which is the identity map. However, these two foliations are not conjugated because
the foliation defined by wy does not admit a holomorphic first integral. Moussu
in this paper also suggested to replace the holonomy by the vanishing holonomy
representation, namely the holonomy representation of the invariant components of

7



8 Introduction

the exceptional divisor. The vanishing holonomy representation gives us not only
the information about the holonomies corresponding to each separatrix but also
the information about their relations. He proved that the analytic type of a cuspidal
type singular point is totally determined by its separatrix and its vanishing holonomy
representation. Note that the Camacho-Sad index of the cuspidal singular point is
always equal to —é. This result is generalized to the quasi-homogeneous foliation by
Genzmer [6]. However, by computing the dimension of the equisingular unfolding
moduli space [11, 12], Mattei proved the following result:

Theorem (Mattei [11]). Let F be a non-dicritical foliation without saddle-node
singularity after desingularization. Suppose that F is defined by a 1-form w =
a(z,y)dzr + b(z,y)dy and denote by f(z,y) an equation of its separatrices. Then
the following properties are equivalent:

1. F is a quasi-homogeneous foliation.
2. f belongs to the ideal (a,b) C C{z,y}.
3. f belongs to its jacobian ideal, (f;, f;) C C{z,y}.

4. There exist coordinates z, w such that f is written as a quasi-homogeneous
polynomial function with (k,¢) weight and there exist holomorphic functions
g, h with ¢g(0) # 0 such that

gw = df + h({zdw — kwdz).

5. F satisfies the following equivalence: any equisingular unfolding of F is an-
alytically trivial if and only if the underlying deformation of separatrices is
analytically trivial.

Roughly speaking, the moduli space of equisingular unfoldings is the space of all
foliations having the same transversal structure up to analytic conjugation. In parti-
cular, two foliations linked by an equisingular unfolding have their vanishing holo-
nomy representations conjugated. Thus, the statement 5 above implies that the
quasi-homogeneous case is the most general case in which the triple of invariants
is complete for the analytic classification problem. There must be other invariants
for the non quasi-homogeneous foliations. This conclusion is confirmed by Genzmer
and Paul in [8], [7]. In their work, they construct some normal forms for topologi-
cally homogeneous and quasi-homogeneous foliations admitting first integrals. The
number of free coefficients in their normal forms is equal to the dimension of Mat-
tei’s moduli space which is strictly bigger than the number of free coefficients in
the normal forms of the separatrices. For the topologically homogeneous foliations
in general (with or without first integrals), Ortiz-Bobadilla, Rosales-Gonzélez, and
Voronin in [9] provided also a formal normal form under some generic condition:



Theorem ([9]). Let w = w,, + wy41 + ... which defines a topologically homoge-
neous foliation. Under some generic conditions of w,, w is strictly formally orbitally
equivalent to a unique germ wy,; of the form

Wh,s = Wy, + dh + s(ydz — zdy),

where h(z,y) = S hyz'y?, 0 <i<n—-1,0<j<n-1i+j > n+2 and
s(z,y) = 022 si(z)y'a" " is a polynomial in the variable y of degree less or equal
to n — 2 whose coefficients s; are formal series in the variable z.

Here, strict conjugation means up to a diffeomorphism tangent to identity. These
normal forms have a form similar to those introduced in the quasi-homogeneous case
[11] (statement 4 above). The number of free coefficients of the polynomial & which
is called the hamiltonian part is consistent with the dimension of Mattei’s mod-
uli space. Moreover, in [9] the authors also proved under a generic condition that
two topologically homogeneous foliations are strictly conjugated if they have their
vanishing holonomy representation strictly conjugated and the same hamiltonian
part after normalization. The dimension of Mattei’s moduli space and the works in
[11, 12, 8, 7, 9] also gave us a must-have property of the missing invariant (at least
under some assumptions): finite determinacy.

The aims of this thesis are:

e To generalize the theorem of [9] in the topologically quasi-homogeneous case.
Through the number of free coefficients in the hamiltonian part, to confirm
again the existence of an invariant beside the three mentioned above.

e To find the missing invariant and show that it has the finite determinacy
property.

Thesis structure and main results

Beside Chapter 0 of preliminaries concerning singular foliations in (C?,0), this thesis
is divided into two parts.

Formal normal forms of topologically quasi-homogeneous fo-
liations

The whole Chapter 1 is devoted to investigate some formal normal forms for topo-
logically quasi-homogeneous foliations, which is a generalization of the result in [9].
A foliation F is called topologically quasi-homogeneous with axis branches if it is
a generalized curve whose separatrices are topologically conjugated with the zero
locus of zy [Tl (y* — ¢;z’). The axis branches correspond to the invariant curves
which are topologically conjugated to {x = 0} and {y = 0}.
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Theorem A. Let w be a 1-form which defines a topologically quasi-homogeneous
foliation. Under some generic condition, w is strictly formally orbitally equivalent to
a unique form wy,

Wh,s = wq + dh + s(kydx — lzdy)

where

n n 0
% (y* — c;zt) dx dy
w-—cwy”y — T E N——— F Lo+l —u EXoo + v )
o i:l( <1:1 Yyt — et + >x ( )y

o kn—1 NP
Way)=zy > hgr'y, s(xy) = D si(a)a™ Ty
ki+lj>kén+1 =0
0<i<ln—1
0<j<kn—1

si(x) are formal series in the variable x, }%} stands for strict integer part of 5.

The proof uses a classical method for constructing the normal forms: eliminating
the terms degree by degree. First of all, we show that after a conjugacy by a diffeo-
morphism, a topologically quasi-homogeneous foliation with axis branches has the
same process of desingularization as the polynomial xy [T/, (y* — c;z*). By that, we
can assume that w can be extended into (k,¢) quasi-homogeneous terms

W=wg+wir1 +wWir2 + -+,

where d = kén + k + ¢ which is the quasi-homogeneous degree of zy [T/, (y* — c;z").
After that, we prove that w can be decomposed as

w = wgq + d(xyh) + s(kydx — lzdy),

where h, s are two holomorphic functions. Now, by some changes of the coordinates
and multiplication by units, we will eliminate the undesirable terms of h degree by
degree. The last step consists in choosing the diffeomorphisms and the units that
does not modify h to normalize s. The number of free coefficients of h, as we will
see, is consistent with the dimension of Mattei’s moduli space.

Sliding invariants and classification of singular foliations

In Chapter 2, we introduce a new invariant called set of slidings and solve the prob-
lem of the strict classification for the class of non-dicritical foliations.

Let us first consider the case F is a nondegenerate reduced foliation with two sep-
aratrices S, So and L is a regular foliation such that its separatrix is transverse to
the two separatrices of F. Then the tangent curve of F and L, denoted by T'(F, L),
is smooth and transverse to S, So and L. The sliding of F and £ on S7, denoted
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L 52
F T(F.L)
vl
h"/
9s,(F, L)
0) S,

Figure 1: Sliding of F and £

gs, (F, L), (resp. on Sy, denoted gg,(F, L)) is the projection of the holonomy of F
on T'(F, L) following the leaves of £ to Sy (resp. Sp)(figure 1).

In the case F is a non-dicritical foliation whose all singularities are not saddle-node
after desingularization by the map o, we will show that there exists a g-absolutely di-
critical foliation Lo such that after pull-back by o, at each singularity of F =0*F,
the separatrix of £, = 0*L is transverse to F. Then the slidings of F and Lo,
denoted by S(F, L), is the set of all g, p(F, Ly) where p runs on the set of singular-
ities of F and D runs on the set of irreducible components of the divisor D = o=(0).

Now, denote by R(Ly) the set of all g-absolutely dicritical foliations £ such that £
and L, have the same Dulac maps at any corner of D, and at each singularity p of
F, the invariant curves of £ and £, through p are tangent (figure 2). We define the
set of slidings of F relative to the direction Ly by

So(F) = Urzer(co)S(F, L).

£~ E tangent tangent E?S%élslt
0 curves curves g ¢
tangent tangent
curves ! curves

Figure 2: Element £ of R(Ly)
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Theorem B. Let F and F’ be two non-dicritical foliations. Suppose that they have
the same desingularization map and the same set of singularities. Moreover, at each
singularity the separatrices of F and F’ are tangent and their Camacho-Sad indices
are not rational (figure 3). Then the three following statements are equivalent:

(i) F and F' are strictly analytically conjugated.

(ii) Their vanishing holonomy representations are strictly analytically conjugated,

CS(F) = CS(F') and So(F) = So(F).

(iii) Their vanishing holonomy representations are strictly analytically conjugated,

CS(F) = CS(F') and Sy(F) N So(F') # 0.

Here CS(F) = CS(F') means the Camacho-Sad indices of F and F' are equal at
each singularity.

We sketch the idea of the proof. Thanks to the equality of the slidings, we prove
that there exists a strict local conjugation of F and F' in a neighborhood of each
singularity which respects the two absolutely dicritical foliation and fixes the points
of the divisor. Then, we use the non-rational property of the Camacho-Sad indices to
prove that these local conjugations can be glued together to become a global strict
conjugation.

Figure 3: Strict transforms F and F’

The finite determinacy property of the sliding invariants is given in the following
theorem:

Theorem C. Let F be a non-dicritical foliation without saddle-node singularities
after desingularization. There exists a natural N such that if there is a non-dicritical
foliation F' satisfying the following conditions:

(i) F and F' have the same set of singularities after desingularization and at a
neighborhood of each singularity, F and F' are locally strictly analytically
conjugated,

(ii) There exist £, L’ in R(Ly) such that JY(S(F, L)) = JN(S(F', L)),
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then there exists £” such that L£” is strictly conjugated with £ and S(F, L") =
S(F', L.

Here JN(S(F, L)) = JN(S(F', L) means J™ (gp,(F, L)) = JN(gp,(F', L)) for all
9pp(F, L) in S(F, L), gpp(F, L) in S(F', L), where JN(gp ,(F, L)) stands for the
regular part of degree N in the Taylor expansion of gp ,(F, £~) Although we need
to choose a coordinate system for the Taylor expansion, writing JV(S(F, L)) =
JN(S(F', L") does not depend on the coordinates.

13

To prove this result, we will control the terms of high order of each local sliding
gDJ,(]:" , L) by a local function defined in a neighborhood of each singularity. If the
orders are big enough, we show that these local functions are induced by a global
function from which we build conjugation of the slidings.

The two theorems in this Chapter also give the following two corollaries:

Corollary D. Let F be a non-dicritical foliation satisfying that after desingular-
ization, the Camacho-Sad index of F at each singularity is not rational. Suppose
that F is defined by a 1-form w. Then there exists a natural N such that if F’ is
defined by a 1-form «’ satisfying that J¥w = JMw’ and the vanishing holonomy
representations of F and F’ are strictly analytically conjugated, then F and F’ are
strictly analytically conjugated.

Corollary E. Let £ be a g-absolutely dicritical foliation defined by 1-form w. There
exists a natural NV such that if £ is a g-absolutely dicritical foliation defined by w’
satisfying J¥w = JVw' and the Dulac maps of £ and £’ are the same then £ and
L' are strictly analytically conjugated.
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Chapter 0O

Preliminaries of singular foliations
in dimension two

0.1 Singular foliations, separatrices and holonomies

A germ of singular foliation F in (C?,0) is defined by the local integral curves of a
germ of vector field

0 0

where a and b are germs of holomorphic functions vanishing at the origin. The
stngularity of F is the zero locus of X which corresponds to common zero locus of
a and b. When gcd(a, b) is not a unity, we can associate F a foliation defined by

blz,y) 0  alzy) 0
ged(a,b) 0xr  ged(a,b) Oy

that has an isolated singularity 0. From now on we can suppose that the singularity
of F is isolated. It means that we require a and b have no common factor in C{x, y}.

We can also consider the foliation F is generated by the kernel of holomorphic 1-form
that can be seen as “dual” to the vector field (0.1.1)

(0.1.2) w = a(z,y)dx + b(z,y)dy.

Two vector fields, or two 1-forms, that differ by multiplication by a unity define the
same foliation.

A separatrixz of a foliation F is an analytic irreducible curve S passing through the
singularity p and invariant by F. It means that vector X is tangent to .S or the pull
back of w to S is identically zero. An important theorem of Camacho and Sad [3]
says that any germ of foliation in dimension two has at least one separatrix. The

15



16 Chapter 0. Preliminaries of singular foliations in dimension two

foliation is called dicritical if it has an infinite number of separatrices. Otherwise, it
is called non-dicritical. The notion separatrix also make locally sense at p when F
is regular: F has exactly one separatrix which is the smooth invariant curve passing
through p.

Suppose that F is defined in a small neighborhood U of the isolated singularity p.
Let S be a separatrix of F and denote S* = S\ {p}. Then the curve S*, that is
isomorphic to the punctured disk D*, is a leaf of the regular foliation F defined in
U\ {p}. Therefore we can define the holonomy of the separatriz S as the holonomy
of F along an oriented loop v € S* generating m(S*) = 7Z

The separatrices and their corresponding holonomies are two analytical invariants
of foliation.

0.2 Reduced foliations

A germ of singular foliation F defined by a vector field X in (0.1.1) is called reduced
if the linear part of X has at least one non-zero eigenvalue, say Ay and the quotient
of two eigenvalues A = :\\—; is not a positive rational number.

Remark that A is unchanged by multiplication of a unit. It is an important invariant
of F called the Camacho-Sad index. F is called nondegenerate if both A\; and Ay are
not zero, i.e. A # 0. Otherwise, we say that F has a saddle-node singularity or F is
a saddle-node foliation. We distinguish several cases depending on A:

0.2.1 Poincaré domain: A\ € R, U Q-

According to a classical result of Poincaré, F is linearizable: there exist some coor-
dinates (z,w) such that the foliation is defined by the linear 1-form Awdz + zdw.
There are exactly two separatrices: {z = 0} and {w = 0}. The holonomy of each
separatrix is conjugated to the diffeomorphism h(x) = exp(27iA*!)z and the expo-
nent of A depends on which of the separatrices has been chosen. It is easy to see
that, in this case, the Camacho-Sad index determines uniquely the foliation up to
biholomorphism.

0.2.2 Siegel domain: A € R

In this case, the foliation F is not always linearizable. However, as in previous
case, F has also exactly two separatrices. The holonomy is now written h(z) =
exp(2miA*Tl)x + ... and not always linearizable. Thus, the equality of the Camacho-
Sad indices is not sufficient to imply the conjugation of holonomies. However, both
index and holonomy determine uniquely the analytic class of the singularity.
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Theorem 0.2.1 ([13]). Let F and F' be two foliations having the same Camacho-
Sad index N € Ryg. Then they are analytically conjugated if and only if their
holonomies are analytically conjugated.

Although F is not always linearizable, w still admits the Poincaré-Dulac formal
normal form: there exists a formal transformation of coordinates that puts w in
some normal form. A 1-form is said to be in Poincaré-Dulac normal form if w does
not contain any terms x*'y”'dx or z*2y*dy, where

/\(61—1)—041:0, /\52—(C¥2—1):0,

in its Taylor expansion. In particular, if A € Q then w is always formally linearizable.

0.2.3 Saddle-node: A =0

According to Dulac, in suitable coordinates F is expressed by the vector field

k 0 ka1 0
(0.2.1) (2(1 + vw") + wk(z, w)) S +w 5
where k& € Ny, v € C and F is a holomorphic function vanishing at (0,0) up to
order k. The couple (k,v) is a formal invariant of F. More precisely, there exists a
formal transformation of coordinates that puts all vector fields in (0.2.1) in Dulac
normal form: it means that we can eliminate F'(z,w) in (0.2.1) by a suitable formal
transformation of coordinates. The curve {w = 0} is a separatrix, called the strong
separatriz. Its holonomy has the form h(x) = z + 2" + o(k + 1). A result of
[10] affirms that this holonomy determines uniquely the germ of foliation up to
biholomorphism. Beside the strong separatrix, there exists a second one, called the
weak one, that can in general be non analytic. It is formally conjugated to a smooth
curve transverse to the strong one (the curve {z = 0} in Dulac normal form). When
it is convergent, its holonomy has the form h(z) = e*™x+0(1) but gives a relatively
small amount of information about the full structure of the foliation.

0.3 Blowing-up and resolution

A Blowing-up is a type of geometric transformation which replaces a subspace of
a given space with all the directions pointing out of that subspace. In particular,
the blowing-up of a point in a plane replaces the point with the projectivized tan-
gent space at that point. Repeatedly blowing up the singular points of a curve will
eventually resolve the singularities of curves. This is also true for the resolution of
foliations. We now explain the desingularization process of foliations in the plane.

Definition 0.3.1. Let F be a germ of foliation and S be a germ of curve. The
couple (F,S) is called reduced if it satisfies one of following conditions
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1. F is singular, reduced and S is an invariant curve of F.
2. Fis regular and S is an invariant curve of F.
3. F is regular, S is not invariant and all the leaves of F are transverse to S.

A process of blowing-ups at the origin of C? is a commutative diagram

h . g . 1
ME T s M M T MO =2

U Uy U U

D — ... — D — DI ... — DY ={0}

U Uy U U

St s g s S0 = {0}
where M7 is a complex manifold of dimension 2;
D! = (o' o---00?)7H0)

called the j** exceptional divisor of the blowing-up; ¢’*! is the standard blowing-up
at the center S7. The natural h is called the height of the process. Let us denote

Theorem 0.3.2 (Seidenberg’s desingularization of foliations [13, 16]). Let F be a
germ of foliation in (C?,0). There is a process of blowing-ups of height h such that

1. Forall j=0,...,h, S7 is the set of non-reduced singularities of (07 F, D7),
2. Sh=9.

Given a germ of foliation F, let A be the smallest number satisfying the theorem
above and denote by M the manifold M". The map ¢ = o' o ---o" is called the
desingularization map of F, D = ¢~1(0) is called the exceptional divisor. The divi-
sor D is a union of irreducible components which is homeomorphic to CP!. A point
which is the intersection of two irreducible components of D is called a corner. Note
that, after a blowing-up, a reduced singularity gives rise to two reduced singulari-
ties. Therefore, we can say the reduced singularities are the simplest singularities of
foliations from the desingularization point of view. The condition (3) in Definition
0.3.1 avoids the situation when the foliation is regular at a point in the divisor and
the invariant curve through this point is tangent to the divisor.

The pull-back of F by the desingularization map is called the strict transform of
F and denoted by F = o*F. If all the singularities of strict transform F are not
saddle-node, we say that F is a generalized curve. Note that a generalized curve
is not necessary non-dicritical. Since the separatrices of a singular foliations is a
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union of its singular invariant curves, they admits also a desingularization process.
In the case of a generalized curve, the desingularization process of the foliation and
of its separatrices are equal [2]: this also explains the terminology generalized curve.
Moreover, in the case F is non-dicritical generalized curve, if we denote by v(F)
the multiplicity of F and v(f) the multiplicity of its separatrices then we have the
relation [2]:

v(F)+1=v(f).

Suppose that o : (M, D) — (C%0) is the desingularization map of the foliation F.
The dual tree A*(F) of F is a graph which is defined as following: set of vertices
is the set of all irreducible components of the divisor D; two vertices D and D’ are
connected by a edge if DND’ # (); the vertices are weighted by their auto-intersection
number D.D; each vertex D which is corresponding to a component non-dicritical
is attached with the arrows which corresponding to the non-corner singularities on
D; each vertex which is corresponding to a dicritical component is attached with a
double arrow. The dual tree is a topological invariant of foliation.

0.4 Vanishing holonomy representations

After desingularization by o, denote by Sing(F) the set of all singularities of the
strict transform ¢*F = F. Let D be a non-dicritical irreducible component of the
exceptional divisor D, then D* = D\ Sing(F) is a leaf of F. Let m be a regular
point in D* and ¥ be a small analytic section through m transverse to F. For any
loop 7 in D* based on m there is a germ of a holomorphic return map

hy: (E,m) = (£,m)

which only depends on the homotopy class of v in the fundamental group 7, (D*, m).
The map
h:m(D*,m) — Diff (¥, m)

is called the wvanishing holonomy representation of F on D. Suppose that F’ is a
foliation that also admits o as its desingularization map. Assume that Sing(F’) =
Sing(F) where Sing(F’) is the set of singularities of the strict transform . Denote
by A’ the vanishing holonomy representation of ' on D. We say that the vanishing
holonomy representation of F and F’' on D are conjugated if there exists ¢ €
Diff (X, m) such that

poh,=ho¢.
The vanishing holonomy representation of F and F’ are called conjugated if they
are conjugated on every non-dicritical irreducible components of D.

Comparing to holonomy, vanishing holonomy representation contains more informa-
tion of foliations. To see that, let us consider the non-dicritical foliation F whose
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Figure 1: Holonomy vs vanishing holonomy representation

separatrices are two cuspidal curves Sy, Sy (figure 1). Let 31, ¥o be two transversal
sections of Sy, Sy respectively and hy, hy be the corresponding holonomies. After
desingularization, denote by h the vanishing holonomy representation. Consider at
the singularity p; = S, ND. If p, is saddle-node, the holonomy h; is corresponding
to the weak separatrix, which contains a relative small amount of information con-
cerning the structure of the foliation in a neighborhood of p;. In contrast, h contains
the holonomy of strong separatrix. In the case p; is nondegenerate, h; and h have
the same role in the local picture of F around p;. Nevertheless, h also contains the
information about the relation of the holonomy around p; with the holonomies of
other singularities.

0.5 Equisingular unfolding

Equisingular unfolding is a method of deforming of foliations without changing their
vanishing holonomy representations.

Definition 0.5.1. An unfolding of F with parameters in (C?,0) is a germ of foliation
G of (C*?,0) of codimension one such that

1. The leaves of G \ Sing(G) are transverse to the vertical foliation given by the
fibers of the projection on the space of parameters 7 : (C2*? 0) — (CP,0).

2. If vy stands for the embedding vy : (C%,0) — (C**7,0),v9(z) = (z,0) then
G = F.

An unfolding induced in a natural way a deformation in the standard sense: indeed,
one can set F; = v;G where vy : (C%0) — (C*™,0), 14(z) = (z,1). The transversality
conditions ensures that F; is actually a foliation. The family F; is an analytical
deformation of Fy = F.

Definition 0.5.2. An equisingular unfolding G of F with parameters in (C?,0) is
said equisingular if there exists a manifold 2l of dimension 2 + p which is a neigh-
borhood of a compact divisor D such that
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2
QO

| , r
v T

t € (Cr,0)

Figure 2: Equisingular unfolding

1. There is a holomorphic map II : (2, D) — (CP,0) which is a surjective sub-
mersion over (C?,0) whose fibers are transverse to D and that is a surjective
submersion on any irreducible component of D.

2. There is a holomorphic map F : (2, D) — (C*?,0) such that
(a) mo E = 1I where 7 : (C*™,0) — (C?,0) defined by 7(x,t) =t
(b) The leaves of E*G are transverse to the fiber of T
(c) For any t € CP, E|-1(4) is the process of reduction of singularities of F;

Roughly speaking, an equisingular unfolding of F is a deformation F; of F such
that there is a “big” desingularization for all F;.

0.5.1 Cohomology interpretation of unfolding

Suppose that
o:(M,D) — (C?%0)
is the desingularization map of a foliation . Consider the sheaf of non-abelian group

G, as follows: the base space is the divisor D. For each z € D, the fibers G, , is the
set of germs of automorphisms ¢ of (M x C?,(z,0)) satisfying

o ¢(z,t) = (¢(z,1),1), ¢(x,0) = (x,0)
e In a neighborhood of (z,0) we have ¢*(F x C?) = F x CP.

The last condition implies that for x € M sufficient near z, the image of map
t — ¢(z,t) contains in the leaf of F through z.
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Since all equisingular unfoldings of a reduced foliation are trivial [11], there exists a
natural way to construct the a cocycle in Z'(D, G,) from an equisingular unfoldings
G of F as follows: let G = E*G be the desingularization of G. There exists a covering
of D by the set of connected open set (U,) and the local trivializations

ho 1 (G, Uy) = (F x CP,U, x 0).

Then the maps ¢o3 = ¢4 © @}1 satisfy the cocycle condition. This corresponding is
a bijective from the moduli space of equisingular unfolding of base space (CP,0) to
the cohomology group H'(D, G,) [11].

0.5.2 Infinitesimal equisingular unfolding

Consider the sheaf © of all the germs of vector fields on M tangent to the strict
transform . Each equisingular unfolding G, of the base (C?,0) is corresponding to
[Pap(z, )] = [(Pap(z,1),t)] € H (D, G,). This induces a C-linear map

99y : ToCP — H'(D,0%)

ot |,_,
p o D aqgaﬂ
2 2y, |

Each element H'(D, ©x) can be interpreted as a speed of an equisingular unfolding
of F at the moments ¢ = 0. Moreover, H!(D, ©#) is a vector space of dimension

5(;) — Z (VP_ I)Q(VP_Q)’

-----

0 = DY) and v, is the multiplicity at p € D’ of o™ F.

Theorem 0.5.3. [11] Each foliation F admits a equisingular unfolding GY, of base
(CO9)0), which is universal in the following sense: every equisingular unfolding G
of some base (CP,0) is analytically conjugated to a unfolding of type \*(GY), where
A CP — CV). Moreover, GY is unique up to a diffeomorphism and the linear map
(0.5.1) is an isomorphism.

H'(D, ©#) can be seen as the “tangent space” of the universal equisingular unfolding
moduli space of F and it is called the infinitesimal equisingular unfolding. The
number §(F) is the dimension of Mattei’s moduli space.



Chapter 1

Formal normal forms of
topologically quasi-homogeneous
foliations

In this chapter, we give a formal normal form for quasi-homogeneous foliations with
axis branches under some generic conditions. One of required conditions is that all
the Camacho-Sad indices after desingularization are not rational. This implies that
the foliations have to admit the two invariant curves that are corresponding with
{z =0} and {y = 0}. That is also the reason why we just consider the topologically
quasi-homogeneous foliations which have the axis branches.

This chapter is divided into two sections. In the first section we recall the notation
topologically quasi-homogeneous foliations and give some their properties. The re-
sults of this section work for both topologically quasi-homogeneous with and without
axis branches. The formal normal form is given in the second section. In this section
we restrict our attention only with the topologically quasi-homogeneous foliations
with axis branches.

1.1 Topologically quasi-homogeneous foliations

1.1.1 Definitions

A germ of holomorphic function f : (C%0) — (C,0) is quasi-homogeneous if f
belongs to the jacobian ideal J(f) = (%, %). If f is quasi-homogeneous, there exist
coordinates (z,y) and positive coprime integers k, ¢ such that R(f) = d - f, where
R = kx% + €ya% is the quasi-radial vector field and d is the quasi-homogeneous

degree of f [15]. In these coordinates, f can be written, up to a multiple of a

23



24 Chapter 1. Formal normal forms of topologically quasi-homogeneous foliations

constant, as
= a0y H y* — fixt)™m,

where the multiplicities satisfy ng > 0,1, > 0,n; > 0 and the coefficients f; are non
vanishing such that f; # f;. A germ of holomorphic function f is called topologically
quasi-homogeneous if its zero level set is topologically conjugated to the zero level
set of a quasi-homogeneous function. We also say that a germ of non-dicritical holo-
morphic foliations F is topologically quasi-homogeneous if after desingularization by
successive blowing-ups, none of singularities of strict transform F are saddle-node
and the separatrices of F is the zero level set of a topologically quasi-homogeneous
function. The separatrices of F that are conjugated to these curves {y* — ¢;z* = 0}
are called the cuspidal branches. The one (if exists) that is conjugated to {z"0 = 0}
or {y"™= = 0} is called the y-axis branch or x-axis branch respectively. We call F
topologically quasi-homogeneous with axis branches if it admits both z-axis and y-
axis branches. A 1-form w is called topologically quasi-homogeneous if it defines a
topologically quasi-homogeneous foliation.

1.1.2 Desingularization process of quasi-homogeneous func-
tions

In what follows, we fix a reduced quasi-homogeneous function f which is given by
(1.1.1) = 30y H y* — fix!

Let us recall the algorithm of desingularization of f and its atlas of charts. On the
blowing-up of (C?,0) endowed with the chart (z, %), we will use the standard charts
(z,9), (Z,y) together with the transition functions Z = =1,y = xy. The center of
the first chart (x,y) is denoted by 0 and the center of the second one is denoted by
oo (figure 1.1). We denote by

oc=0,0...00,: (M,D)— (C*0)

the desingularization map of f obtained by composition of the blowing-up’s ¢;, 1 <
i < p,and D = o 1(0) the exceptional divisor. Let us sketch some properties of . In
the desingularization process, we only have to use blowing-up of 0 or co. Therefore,
the tree of exceptional divisor is a totally ordered sequence of N components covered
by N +1 charts and the map ¢ is monomial in each chart. Before the last blowing-up,
all cuspidal branches share the same infinitesimal point. After the last blowing-up,
they appear on the same component of D called the principal component. If gy # 0
or £, # 0, the corresponding strict branches appear on the end components. Let us
number the components of D and their charts in such a way that D; corresponds
to the strict branches which appears if e, # 0. Then, we obtain N + 1 chart
(x;,y:),2=0,..., N, such that each component D;,i = 1... N is covered by domains
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Figure 1.1: Blowing-up at origin of (C2,0)

Vi—1 and V; of the charts (z;_1,¥;—1) around (D;,0) and (D;,00) (figure 1.2). The
change of charts is given by

_ -1 _ €;
Ty = Y; 1, Yi = Ti1Y; 2

where —e; is the self intersection number of the component D;. We denote by ¢ the
index corresponding to the principal component. Then, the desingularization map
o is given in the chart (x.,y.) by ([7]):

k—v, k  f—u,
(@, y) = (xc""ye, v "),
where u, v two non-negative integers such that

(1.1.2) ku—fv=1andu</lv<k.

;{/N TN YN-1TN_1
S
{msn — 0} s,

Dy

Figure 1.2: Desingularization of f

1.1.3 Infinitesimal equisingular unfolding of quasi-homogeneous
foliations

Let F be a germ of quasi-homogeneous foliations which is defined by a 1-form w.
Let S be its separatrices which are defined by

f=ay f[(y’“ — fix").

Recall that (see [11, 12])
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1. The moduli space of infinitesimal equisingular unfoldings of F is the first
cohomology group H*(D,OF), where O is the sheaf on D of germs of vector
fields tangent to strict transform JF.

2. Denote by Og the sheaf on D of germs of vector fields tangent to o~1(S) =
S U D, where S is the strict transform of the separatrices of F. The first
cohomology group H'(D, Og) is the moduli space of infinitesimal equisingular
unfoldings of the separatrices S.

3. Denote by (foo) the ideal of the sheaf Op of all germs of holomorphic function
on D generated by the global section f oc. Then we have the followings exact
sequence

(1.1.3) 05 60r50g% (foo)—0

where i is the inclusion and @ is defined by @(X) = o*w(X). The inclusion ¢
induces an isomorphism between H'(D,Oz) and H'(D, Og).

Let us denote by Fy the foliation defined by df. The inclusion iy induces an iso-
morphism between H'(D, ©z,) and H'(D, O5). Therefore, the two first cohomology
groups HY(D, F) and H'(D, Fy) are isomorphic. This isomorphism can be explicitly
described as the following proposition

Proposition 1.1.1. There is a canonical isomorphism A between H' (D, Fy) and
HY(D, F) satisfying the following commutative diagram.:

HY(D,O7,) 2 » H'(D, O5)

HY(D,Og)

Proof. Let Uy be a open set in M which covers U{_; D; minus a small disk around
D.N D,y in D., and U, an open set covering Ui]\;CDi minus a small disk around
D. 1N D, in D.. Let U be the covering of D by these two open sets Uy and U,,. By
[7], we have

HY(D,05)=H'(U,05), H(D,0x) = H' (U,O) and H' (D,O05) = H' (U, Og).

Hence, we only need to describe the isomorphism between H* (U, O x,) and H (U, O ).
Let Xgo be an element of Z'(U,Oz,). Then

Gooo = 0(Xoos) € Z'U, (f 0 0)).

Since H (U, (f o o)) = H (U, Op) = 0, there exist g; € T'(U;, (f o 7)) for i = 0, o0,
such that
90,00 = 90 — Joo-



1.1. Topologically quasi-homogeneous foliations 27

The exact sequence (1.1.3) implies the following long exact sequence
(11.4) 0= D(U;,05) — T(U;, 05) < D(U;, (f 0 0)) — HY(U;,O5), i =0, 00.

By [7], we have
HY(Uy,05) = H (U, ©7) = 0.

Therefore, there exist X; € T'(U;, Og), (i = 0,00), such that w(X;) = g;. We have
X0.00 + Xoo — X belongs to Z1 (U, OpF) because

O(Xo,00 + Xoo — X0) = G000 + Joo — o = 0.
Let us consider A defined by

A:HYU,Oz) — H'(U,OF)
[XO,oo] — [XO,oo + Xoo — X()]

Since the equality [Xoo] = [Xo0o + Xoo — Xo] holds in the cohomology group
H'(U,Og), the proof is reduced to show that A is well defined. Indeed, if g, €
I'(Ui, (foo)), X € I'(U;,O5), (i = 0,00), satisfying go..o = g — g5, and w(X/) = ¢/,
then we have

90 — 9o |UonUse = Goo — Ihe | o

Therefore, there exists a global section g € I'(D, (f o ¢)) such that
9o = 90 — 9o and gy, = Goo — -
By (1.1.3), we have the following exact sequence
0—I'(D,05) = I'(D,0g) & T(D, (foo)) — H(D,O05) — H (D, Og).
Since the spaces H!(D,©z) and H'(D, Og) are isomorphic, we must have
Im(@) = &(I'(D, ©s)) =T'(D, (f © 0)).
Therefore, there exists X € I'(D, ©g) such that @(X) = g. Let Y; be defined by
Vi=X—X;+ X, i=0,00.
Since ©(Y;) = g} — g; + g = 0, we obtain Y; € I'(U;, © ). Moreover, since
(Xo,00 + Xoo — Xo) — (Xooo + X — Xg) = Yy — Vi,
we have the equality
(X000 + Xoo — Xo] = [Xooo + X, — X{] € H(D,0F).

Hence, A is well defined. O
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Exemple 1.1.2. Now we will describe the isomorphism A when F admits a first
integral which is

z"oym [T(y" — fix*
i=1
Recall that (see [7]):

1. The universal equisingular unfolding of F is given by

n
N = gnognoo [T = oz’ + 3 ™)™,
i=1 JET;

where (m) = (mg, Moo, M, ..., My); ¢ = (¢ij) i=1,...n , T; is a finite subset of
je{0}UT;

Nsq; p** is the unique monomial z*y% such that ka; + ¢8; = kf + j and

B; < k;cio € (C, fi), cij € (C,0). For the sake of simplicity, in the computation

to come, we denote by ¢ = (¢f;) where ¢, = f; and ¢f; =0 foralli =1,...,n

and j € T;. Then

NG = aroym= ("~ far)

2. Suppose that there exist holomorphic functions a((fg-) (Teo1, Ye1), B(g?;-) (Ter1, Yeu1),

ag?j(xc, y.) and BC()ZZ-(JZC, Ye), i =1,...m,5 € {0} UT,, such that

(115) ONTD) - _ g DN o O
acij c=c0 o 8:(;0,1 c=c0 o 83/8,1 c=c0
HN(m) (m) HN(m) (m) ON(m)
1.1.6 c _ gm ON m)  ON ,
( ) 801']‘ c=c0 oo axc c=c0 - 500” ayc c=c0
where Ngm = 0*N™ = N{™ o ¢. We define
0 0 0
X(z a(z ") + B 7 ) Xégzb) = ozlz) + Booz
07 07 a«Tc 1 . ] ayc ! ! amc 7 ayc

and (m) (m) (m)

Xi' = XOij - Xooij'

Then, B™) = {[Xi(jm)]} i=1,..n is a basis of H'(U,O%), and [X )] does not
jE{O}UTi ) -

depend on choosing 04((]?;), OO”, 602] : Bm] in (1.1.5) and (1.1.6) .

Denote by (£) = (€0, €00, 1, - - ., 1), we obtain similarly a basis B() {[X(a)]} ,,,,, n
of Hl(L{, @_7:0).

Proposition 1.1.3. The presentation matriz of A in these bases is the unit matriz.
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Proof. Let us first compute B, Blowing-up the deformations yields
N = glroptmsts ikt ool T (y et Y y) |
=1 JET;

where |m| = 320 my; 5 = vay + uf; — v with pFt = 2%y and (u,v) is defined
as in (1.1.2). We have

ON™ mok + Mool + |m|kl

¢ — N(m)
Oc— c=c0 Te o
ONLm) _ (mov + Mmoo + |m|lv N i m; ) o
ayc—l c=c0 Ye—1 i=1 Ye—1 — fz ¢
AN ™) —my
C — 777’7, . NC(O ),
aCiO c=c0 Ye—1 — fz
ON (™) m.r’ lij L m) — HN(m)
¢ ZM-NWL——J? 3 c ,'E']TZ
8Cij c=c0 Ye—1 _fz < Te1¥ems (3@0 c=c0 J

Then, for j =0, (1.1.5) is equivalent to

n

—1my; mok + mool + |ml|kl mov + Mmoottt + |m|lv m;
=— il '04010+< ° | +> ) Boio-
Ye—1 — fz Te—1 Ye—1 i=1 Ye—1 — fz

Denote

P(yey) = yroy = T (yey — fi)™

i=1
Consider the unique solution (U, Vp) of the following Bézout identity in Cly._1]:

(1.1.7) UpP + VoP' =P A P =yl et et T gy — !
i=1
deg(Up) < n, deg(Vp) < n+ 1.
Let us denote
P

PAP
We obtain a holomorphic solution of (1.1.5) by setting

o™ — —m;z.—1 RUy and 5 _ —mRV
" (mov + mou + [m| ) (ye—r — f;) o Yer — fi'

R(?chl) = = Yec—1 ﬁ(ycl - fz)

Doing a similar computation in the coordinates (z., y.), we have

AT(m) . mo(k—v)+meo (b—u)+|m|(kl—ku), mok+meol+|m|kl
Nc =T Ye

n mi
X H (1 — CioTe + Z Cijill'gjyg) s
i=1

JET;
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where n; = (k —v)o; + (¢ — w)5; — k€l + ku. As before, we denote
Q(xc) _ xmo(k V) +moo (b—u)+|m|(kl—ku) H 1 _ flxc)mi and S(xc) =z, H(l _ fzxc)
i=1 i=1
Let (Uso, Vo) be the unique solution of the following Bézout identity in Cly._]:

(1.1.8)  UsQ + Voo Q' =Q A Q' = gmolk=v)Fmoc(t=u)t|ml(kt—ku) 1H (1= fizn)™ 1,

=1

deg(Us) < n, deg(Voo) < n + 1.
Similarly, we obtains a holomorphic solution of (1.1.6) by setting

(m) _mzchVoo and ﬁ(m) . _mil‘cycSUoo
e 1 - fixc Pl (mOk + mooé + |m|k€)<1 - fzxc) '

(0%

Therefore, XZ»((T ) is given by

X(m) . —M;T_ 1RUO 0 —mZRVo 0
. (mOU + Moot + |m|€v) (yc 1= fz) Te—1 Yeo1 — [i aycfl
m; TSV O m;xYeSUqs 8

1— fiwe B, (mok + Mmool + |m|EO(1 — fiz.) D,

Now, replace (m) by (¢), we obtain

X(E) _ _$C—1RUO a + —R% 8
0 (501} + €l + |€|€U) (yc 1= fl) Te—1 Ye—1 — fl 8yc—1
.SV O 2.YeSUs a

1= [z 0s. | (cok + 2l + |2|KO) (1 — fiz0) O,

where

Plyer) = 22" T (yeur — 1),
=1

Q(Qf ) _ xﬁo(k’ v)+eoo (b—u)+|e|(kl—ku) ﬁ 1 — fz C i

and (Up, Vi), (Uss, Vao) are the unique solutions of the following Bézout identity:
(70P—{—‘70P/:P/\]3/, UOOQ+VOOQ/:Q/\QI7
deg(Uy), deg(Us) < n, deg(Vp),deg(Vao) < n 4+ 1.

Let us consider Xoo = X7 — X9 and Xooio = X% — X

50i0 soio- We will show now
that

X()Z'() - F(Uo,@S), and Xooz'o - F(UOO, @S)
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This will leads to [Xzo — X9 =0in H(U,Og). Consequently, the isomorphism
A sends X to X[

Indeed, by (1.1.7) we get

PAP 1
<fl) P! (fz) o R (mov-ﬁ-n;jou—i-\m\ﬁv + Zz - nlzl fl> (fl)
1
~ mifillj=ten(fi = £5)
J#

Since m; Vy(f;) does not depend on (m), we have (Vo —m;Vp)(f;) = 0. Therefore, we
can write Xg;o as

X — iL‘C,lR Uo _ miUo 0 i R(% — ml%) 0
00 et — fi \eov + eoou + leltv moev + meou + |m|lv ] 0., Yeor — fi Oy,
~ 0 ~ 0
=2.1Uy— + RV
837071 ay671

where U, and Vj are in Clye_1]. Tt is obvious that Xo; is tangent to the divisor
{z.-1 = 0} and the separatrices {y.-1 = fi}, i1 =1,...,n

Without loss of generality, we can suppose that k& > ¢. Then, the desingularization
map o is given in the charts (zg,vo) and (zx,yn) by

[E[+1
(z,y) = (z0, Toyo) = (JfNyN VYN,

where [ [ stands for the usual integer part of 7 k Therefore, the changes of coordinates
are written as follows

(370790) - (xlcf 1yc 15T ﬁ ]fyg 11})
(xcfla ycfl) = (xgivyo 71:]8 gy[])f)
(B+1)e—k  _p k—v—([E[+1)(t—u)
($c7y0> = (‘T?vygvé ) ':EN ZyN ( ‘ ) )7
k—v— (=) k—([7[+1)e  ,_,.,
(xNayN) = (xc ( ) Ye ( ) 7x£ yﬁ)

This leads to

o _ k0 k=t 9
aacc_1 B Le—1 Oaaco c—1 yoayo7
0 v 0 +u—v 0
= To—— —,
aycq Ye—1 Oamo Ye—1 yoayo
o _k—o-(E) () 0 r-u o
axc B Le NaCtN T yNayN’
o k=)L o 0 9
ayc B Ye Naxw cyN ayzv‘



32 Chapter 1. Formal normal forms of topologically quasi-homogeneous foliations

Hence, in the coordinates (zg,yo), we have

A A A _ 8 A~ AN _ a

Xoio = (k;Uo + vRVO) o (xlg Kyg) -xoa——k ((k: — 0 Uy + (u — U)RVO> o(x]g eyg) -yoa—,
X0 Yo

where R = £ ¢ Clyc—1]. Therefore, Xo;o extends to a holomorphic vector field in

Ye—1

a neighborhood of (zo = 0,yo = 0). By [7], Xoi0 can be extended to a holomorphic
vector field in U. Moreover, it is obvious that X, is tangent to {xy = 0} and
{yo = 0} CODSunthly, Xoio € F(Uo, @S)

We perform a similar computation for X.;o. We have

1 —frt
)i
Ji my szl,..,-m(fi - f])
#
which implies that (m;Va — Vao) (%) = 0. Hence, X0 is written as

XooiO =

S (m; Vo — Voo)i N TS m;Us B Uy i
1 — fix. Op. 1 — fixe \mok +mol + |m|kl ok +eol + ||kl ) O,

~ 0 ~ 0
= T (Svooax + chooayc> )

c

where U, and Vi are in C[z.]. We denote

. .~ 0 ~ 0
Kocio = SVee— Uso—.
0 2, +y a,

c

It is obvious that X.o is tangent to the divisor {y. = 0} and the separatrices
{z. = fi}, i =1,...,n. Moreover, in the coordinates (zy, yx), we have

Koo = ((k —v— ([IZ[H) = u))ﬁffo@ + (k - ([’;[H) g) (7%) . (:cﬁv y](v[l;m)e_k)

. A R 0
+ ((f —u)SVe +€Uoo> o <37§V?JN' ) -yNa—,

YN

X TN
o8
N

where S = xi € Clx.]. This implies Xooio € ['(Us, O5). Since the function z. =

k _ N
x?vy](\,é ek is holomorphic on Uy, Xwio = ZeXooio € I'(Uso, Os).

Now, we will prove that A sends Xi(;) to Xi(Jm) for all j € T;. As before, it reduces to

show that Xo; = X577 — X§;) € T(Up, Os) and Xowij = X0 — XE). € T(Uwe, O5).
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Since
N(m) . N (m)
il = —xl 1yl One
acij c=c0 862'0 c=c0
NI RO
5%‘ o c—1Jdc—1 acio C:c(l’
8N‘§m) = _xnj—lyj . aNC(m)
361']‘ c=c0 ¢ ¢ 80,-0 0:007
8NC(E) = —;L’”flyj . aNC(E)
0Cij e ¢ © 0cn lemw’
Xoij and X are obtained by setting
Xoij = =197 1 Xoi0, Xooij = 27y Xovio-

Therefore, we only need to show that 27,47, (resp. o yg) can be extended to a
holomorphic function on Uy (resp. Uy, ). Let us first write 27_,3.7; in the coordinates
(.To, 3/0):

i (k= 0+i(u—v)  yik—jv
Te1Yec1 = 2o Yo .

By substituting a; = % into the formula of ~;, we get
kl+ 35— 083; ; '
k k
This implies that
Yik —jv = B; >0,
. (k—0)+7
vi(k—10) + j(u—v) :M > 0.

k

By [7], #'_,y)7 | extends to a holomorphic function on the whole Uy. Similarly, we
Yy c—1Yc=1

have

, i (e (B4 e=k) 45 (k—v—([2 l—u
xzﬂfyg:w?\}gﬂ( e)y;?\;(([[[ﬂ) )+i( ([F+1)( ))‘

By substituting 3; = w into the formula of 7;, we get
(£ —u)j +qy
L

This leads to

nil +j(u—10) =a; >0,
o ((5h0e= 1) 45 (k== G- 0) =a (G- 5] + >0

Hence, z¢7yJ extends to a holomorphic function on U,.. O



34 Chapter 1. Formal normal forms of topologically quasi-homogeneous foliations

1.1.4 Desingularization of topologically quasi-homogeneous
functions

If two germs of holomorphic functions are topologically conjugated, they admit the
same dual tree of desingularization. In particular, their desingularization maps have
the same number of blowing-ups but they are not necessarily equal. The following
lemma shows that in the case topologically quasi-homogeneous, they share the same
desingularization map after a local change of coordinates.

Lemma 1.1.4. If a reduced function f' is topologically conjugated to f, which is
given as (1.1.1), then there exists a local change of coordinates ¢ such that f' o ¢ has
the same desingularization map as f. Moreover, ¢ can be chosen such that x=0y*>

divides f' o ¢.

Proof. Without loss of generality, we can assume that £ > ¢ and denote by m the
integer part of %. Denote by

o' =0lo... 00 (M D) — (C*0)
the desingularization maps of f,
c'=010...00;and 0" =0jo...00] fori=1,... h,

the composition of i first blowing-ups of the desingularization maps of f and f’
respectively. It is easy to see that if 0™+ = ¢/™*! then o = o’.

Let us first consider the case e, = 0. If ¢ = 1, we will show that any diffeomorphism
¢ that sends {x = 0} to the y-axis branch L, of f’ is the desired diffeomorphism.
Indeed, the center of the blowing-up o}, with 2 < ¢ < m + 1, is the intersection
point of the transform (¢"~')*(L,) and the divisor (¢/~')~*(0). Hence, after the lo-
cal change of coordinate ¢, the m + 1 first blowing-ups of the desingularization map
of f'o¢ and f are the same. Consequently, f'o¢ and f have the same desingulariza-
tion map. In the case g = 0, after m first blowing-ups, all the strict transforms of
cuspidal branches of f” share the same intersection point z with divisor (¢/™)~1(0).
We take a smooth curve L transverse to the divisor at z and denote by L the image
by o™ of L. Then L is a germ of smooth curve of (C2,0). With the same reason
as above, any diffeomorphism that sends {x = 0} to L is the desired diffeomorphism.

Now, we consider the case €., = 1. Using the same argument as above, if ¢ = 1
then ¢ is a diffeomorphism that sends z-axis branch L, and y-axis branch L, to
{y = 0} and {x = 0} respectively. In the case ¢y = 0, we define L as above then
the desired diffeomorphism is the one that sends L, and L to {y = 0} and {x = 0}
respectively. O]
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*——e — - - o
DN DNfl Dc+1 Dc DC,1 D2 D1

Figure 1.3: Dual tree of topological quasi-homogeneous functions

1.1.5 The criteria of topologically quasi-homogeneous folia-
tion

Notation 1.1.5. Let us denote by Q(f) the set of all germs of topologically quasi-
homogeneous 1-forms in (C?,0) whose separatrices are topologically conjugated to
f satisfy that they admits o : (M, D) — (C?,0) as the desingularization map and
x®0yF> as invariant curves.

By the lemma 1.1.4, instead of considering the class of all topologically quasi-
homogeneous 1-forms we can restrict our attention to the subset Q(f). We will
denote by O(k, ¢, d) the set of germs of holomorphic functions ¢ satisfying

q=qq~+ Gi+1 + qas2 ... = qqg + h.o.t.

where g4 #Z 0, g, is (k, £)-quasi-homogeneous polynomial of degree m and “h.o.t.”
stands for higher order term. In what follows, denote by

d = nkl + keg + le
the quasi-homogeneous degree of f.
Lemma 1.1.6. If a germ of 1-form w = adx + bdy is an element of Q(f) then
(i) y=>= divides a, x*° divides b.

(ii) Let q := kxa+lyb, p := (k—v)za+ ({ —u)yb, where u,v satisfy (1.1.2). Then,
q,p are in O(k,¢,d) and

(1.1.9) ga = coxOY™ H(yk —ixh), ¢ #0,
i=1

such that all the complex numbers ¢;, i € {1,...n} are non-zero, different from

each other. Moreover, gcd (q—d Pd_) =1.

TYS T THYSe
Proof. It is obvious that (i) is always satisfied. To prove (ii) by induction on the
number of blowing-ups, we will replace the notation Q(f) by Q(k, ¢, n,eg,ex). For
k = ¢ =1, in the blowing-up coordinates (z,y), the pullback of w is given by

o'w(z,y) = ya(zy, y)dr + (Ta(zy, y) + b(Ty, y))dy

1 1
= gp(xy, y)dz + QQ(I% y)dy

e ((zpd(a_:, 1) + 2. .)) di + (qa(7,1) + y(...)) dy) .
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Because after desingularization all the singularities are not saddle-node, the roots
of q4(z, 1) are distinct and none of them are a root of ¢4(z, 1) . Therefore, we have

Pd
qa(z,y) = coxOy~ — ¢;x) and gcd( ) =1.
H T§Yse THY5

In general, we can assume without loss of generality that £ > ¢. Let o, be the
standard blowing-up at the origin. By [2], the multiplicity of ojw equals to the
multiplicity of f o o; minus 1. Hence, there exists a 1-form w'(z,y) such that ofw
can be written as follows

e0tecot+nl—1, /1 (

orw(r,y) = ya(ry,y)dz + (Ta(zy,y) + b(7y, y))dy =y z,y).

If wisin Q(k,l,n,e0,60) then ' is in Q(k — £,¢,n,e9,1). Using the induction
hypothesis for w’, we obtain

(k — O)z(ya(zy,y)) + fy(a‘ra(i-y y) + b(Zy,y))
(1.1.10) — grotesetnl=l( EOyH =L dFY) 1 hod.

where the numbers ¢}, ¢ = 1,...,n, are non-zero, different from each other. Replace
zy by z, (1.1.10) is equivalent to

kxa(z,y) + lyb(z,y) = cuz Oy H cda') 4+ h.o.t.

Moreover, we have

yso+sw+n€ 1p/($ y) (k —{—v+ u)j(ya(i‘y’ y)) + (ﬁ — u)y(ia(fy, y) + b(jya y))

= (k —v)zya(zy,y) + (€ —u)yb(Ty, y).

Replace zy by = and use the induction hypothesis for p’ and ¢’, we obtains
dd Pd
ng<Es7£g>:1'
LoYso T0Yoo

Remark 1.1.7. The conditions (i) and (ii) in Lemma 1.1.6 are not sufficient for
characterize the elements of Q(f). In fact, a 1-form w satisfies these conditions if
and only if the foliation F defined by w satisfies:

]

(i) {z°y®>~ = 0} is an invariant curve of F,

(ii) Let o be the desingularization map of f. After pullback by o, except the
corners, the strict transform o*(F) has n singularities on principal component
D.. Moreover at each singularity o*(F) is defined by a 1-form whose linear
part is
Aydx + xdy, where \ # 0.
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There exists a dicritical 1-form satisfying these two conditions above. Therefore,
for obtaining w € Q(f) we need the non-dicritical condition: all the Camacho-Sad
indices of all singularities of o*(F) are not in Q.

Remark 1.1.8. An element w € Q(f) can be written as
(1.1.11) W= wg+ Wir1 + Waeo + ..

where w,, = @k dx +bp—_edy, am_, by_g are (k, £)-quasi-homogeneous polynomials
of degrees m — k, m — { respectively and wy #Z 0.

1.1.6 Logarithmic representation of the initial part

Let w be a element of Q(f). With the notation as in Lemma 1.1.6, the points
zi = (+,0) (1 < i < n) in the coordinates (z,y.) stand for the intersections of strict
transforms of separatrices of w with the principal component of the divisor. Denote
by A; the Camacho-Sad indices of strict transform foliation F = ¢*F defined by
oc*w = adx + de and the principal component D,. It means that

- 0 [a
)\i: 2 7Dc = —R ziag | 7 70 .
L(FP) = Res. g (5] 00

We also denote by Ao and Ay the indices of F and D, at zy = (. = 0,y. = 0) and
Zoo = (T, = 00,y. = 0) respectively. Then, by [3] we have the relation:

i=1
and the projective holonomy h; of F at the point z; satisfying
hi(0) = exp(2mi)\;).

Actually, (\;) only depend on the quasi-homogeneous part wy. Moreover, wy is com-
pletely determined by ()\;) and (¢;) as in the following lemma:

Lemma 1.1.9. With the notation as above, we have

n o d(yF — ¢t dx d

where

n Il —u v 1
A A _ oo(Aoo + — — = 0.
; +eo(Ao + z ) + oo +k)+k€
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Proof. When ¢y = 0 (resp. 5o = 0), the value of Ay (resp. Ay) is totally de-
termined by the couple (k,f). Therefore, we can compute the value of A\ (resp.
Aso) When g5 = 0 (resp. €5 = 0) by considering the 1-form d(y* — z*). Since
(z,y) = (¢ e, e "ye) = (T Y1, Teo1¥e—y), we have

o*d(y* — at) = gkl k=l (yc(kf — ku — (kl — ku + 1)xc)dxC + klx.(1 — xc)dyc>,
U*d(yk - 90[) = %é 1ly£U . <k€yc—1(yc—1 — Ddzer + oxe1(Ye—1 — 1)dyc_1)-

It implies that

0 —
(1.1.13) Ao = —% when eg = 0 and A\, = —TU when e, = 0.

Now, in the coordinates (z.,y.), we get

* 1 v u 1 v u
0 Wqg = ;pd( b yfa ﬁ z)dxc Y Qd( b y(]; ﬁ E)dyca

where pg = (k—v)zag_+ ({ —uw)yba_e, g4 = kxag_j + lyby_e. By Lemma 1.1.6, 0*wy
can be written as

0wy = x5 Y yep(we)dwe + come [[ (1 = cime)dye),

i=1

where p is a polynomial of degree n satisfying p(z!) = -L-p(x.,1) and e = nk(l —

xc0

u) + €o(k — v) + €00 (¢ — u). The definition of \; leads to

1 L ;
ﬁ(c):COAZH(l_C])a izl)"'vnv

1 j=1 C;
J#
[3(0) = —Co)\o.

Thanks to the formula of Lagrange polynomial, p is given by

p(ze) = ¢ Z \iCiTe H(l — %) — H (1—cjze)
i=1 j=1 j=1
JFi

It implies that

pa(z,y) = cor®™y™ [ Y N’ T[(v* — c;a”) — Xo [ (vF — ¢;2*
i=1 j=1 j=1
it

" )\Z'CZ'ZL'E
=44 (Z A I - Ao) .

i=1 Y
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Consequently, we have
lpa — (£ —u)qa  qa (

ad—k:(xa y) = - = ;

'+<u—wo+1>>),

1
k—v)qq —k i k

bd_l<l’,y) = ( )Zd Pd = —(‘:Iyd <Z )\Z% + (U + k)\oo)> .
Because (1.1.13), we can replace Ao by €9 Ao+ (5 —1)(1—&p) and Aso by €00 Aoe — (1 -
€00). Then u — (Ao + 1) becomes €g(u — €(Ag + 1)), v + kA becomes e (v + kAy)

and the relation (1.1.12) becomes
- [—u v 1
gl +eo(Ao + =) F solAoe + 1) + 47

O

1.1.7 Decomposition of topologically quasi-homogeneous fo-
liations

Lemma 1.1.10. Let w be a germ of 1-form in (C%,0). Then there exist unique
holomorphic functions h and s such that

(1.1.14) w = dh + s(lydx — kxdy).

Proof. Suppose that w = adx + bdy. Let R = kzx% + Eyk:xa% the quasi-radial vector

field. Denote by ¢ = w(R) = kxa + fyb. Suppose that there exist h and s satisfying
(1.1.14). We have

It implies that

(1.1.15) h=Y %
=0

]

where ¢ = go+q1+¢2+. . . is the decomposition of g into the (k, £) quasi-homogeneous
polynomials. This proves the uniqueness part.

Now assume that h is defined as (1.1.15). Decompose a, b, h into the (k,¢) quasi-
homogeneous polynomials, we have

Oy (kzaiye + Cybiyr)

Aive — OpPivitre = Qive —

1+ k+7
_ (Z + K)aHg — (/{;mé’xaHg + éyﬁxszrk) _ fy(ﬁyazurz + 8xbz+k)
i+k+4 i+k+40 '
Oy(kxai e+ lybiiy)
bivk — Oyhishe = big — ——
i+k ay i+k+0 i+k i+ k+ /

(Z —I— k‘)bi_&_k’ — (k?$8$ai+g + fyabu_k) _ l{:m(ﬁyai+g —I— 8xbz+k)

1+ k+/ 1+ k+/




40  Chapter 1. Formal normal forms of topologically quasi-homogeneous foliations

This implies the existence of s, which is defined by

~ Oyigg + Opbigy
RN YA

i

Using Lemma 1.1.10 for the elements in Q(f) we obtains:

Corollary 1.1.11. For each w € Q(f), there exist unique holomorphic functions h
and s such that

(1.1.16) w = wq + dh + s(lydz — kxdy)
where wg is the quasi-radial form lydx — kxdy. Moreover, we have

<k ik T lybgri_ > ik — Ogbayi
(1117) h(ﬂj,y) :Z xad-’r k+ y d+ E,S(:U,y) :Zﬁyad+ k a d+ e.

d+i d+1

i=1 =1

1.2 Formal normal forms of topologically quasi-
homogeneous foliations

In this section, we only consider the case g = €o, = 1. Then f = xy 1, (v* — fiz*)
is a homogeneous polynomial of degree d = kfn + k + (.

The process of normalization is follows: let w be a topologically quasi-homogeneous
1-form. By Lemma 1.1.4, we can assume that w is an element of Q(f). Decompose w
as in (1.1.16). Then the process is divided into two steps. Firstly, we apply consecu-
tively the diffeomorphisms and the unit multiplications to simplify the hamiltonian
part h degree by degree. After that, by using the diffeomorphisms and the unit func-
tions that do not change the term h we will normalize the function s.

Let us denote by
Qd(f) = {wd = qq_rdx + bd_gdy Wy € Q(f)}

the set of initial parts of elements of Q(f). For each wy € Q%(f), we also denote by
Q(wg) the subset of Q(f) containing the 1-forms admitting wy as their initial part:

Qwa) ={w' € Qf) W =wg+wy g + Wy}

Now, let w(z,y) = a(x,y)dx + b(x,y)dy € Q(f). For each integer m > 1, we con-
sider a local change of coordinates ¢(z,y) = (z + a(x,y),y + f(x,y)) and a unity
function u(x,y) = 1+9(z,y) where o, 3, § are (k, £)-quasi-homogeneous polynomials
of degrees m + k, m + £, m respectively. The local change of coordinates ¢ and the
multiplication by u take the form w into the form

@ = u.¢*w = adzr + bdy.
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Lemma 1.2.1. Denote by Aq=G—q, Aa=ad—a, Ab=0b—b we have Aqgsn =
Aagym—1 = Abgim—o =0 for allm’ < m and

(1.2.1) Aqapm = AU + BV
1
(1.2.2) Abd+m_g =W+ m (mbd_g(; - qdf)y(S) s

where A = mag_y + 0,94, B = mby_p + 0yqq, U = o + Himxé, V =g+ H#myé and
W = 0y(ad_kU + bd_gV) - (8yad_k — axbd_g)U.

Proof. We have
P'w=((14+0,a) - a0op+0,6-bo¢)dr+ (Oya-aodp+ (14+0,8) bo¢)dy.
It implies that

§=u((kx+kzx-0,a+Lly-0ya)ao ¢+ (ly+kx- 0,8+ Ly -0,0)bo B)
u((kx + (5 +m)a)ac d+ (ty + (L +m)B)bo g)

We also have

aop—a= Z aij(x+oz)i(y+ﬁ)j— Z aijxiyj

ki+tj>d—k ki+tj>d—k
= Z aijir’ lay’ + Z ai;x'jy’ 1B + h.o.t.
kitlj>d—k ki+tj>d—k
(1.2.3) = ada + BOya + h.ot.,
boop—b= Z bij(z + @) (y + B) — Z bijr'y’
kittj>d—0 kit+€j>d—t
= Z bijiz’ ay’ + Z bz’ 5y’ '8 + h.o.t.
ki+j>d—0 ki+j>d—¢
(1.2.4) = ad,b+ BO,b+ h.ot..

It follows that Ay = 0 for all 0 < m’ < m and

Aqaym = kx(adya + p0ya) + ly(ad,b + BO,b) + (k + m)aa + (€ +m)Bb+ dqq
= ((k+m)a + kx0ya + Llydb)a + ((€ + m)b + kxOya + Lydy,b) B + dqq
= (mag—i + 0xqq) o + (mba—¢ + 0yqa) B + 6qa.

Therefore, we obtain (1.2.1) by substituting

k 14
= — —k+ Oy ——(mba—¢ + 0yqa).

qd d—l—m(mad kTt Qd)+d+m<md€+ qd)
Using again (1.2.3) and (1.2.4), we obtain that Aby ;1 = 0 for all 0 < m' < m
and

(125) Abd—l+m = a@mbd_g + 6aybd_e + 8yOéCLd_k + ayﬁbd_e + 5bd_g.
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Substituting o = U — d%nxé and B =V — d%ﬂyé into (1.2.5), we get

1
Abd—l+m = 0,bg_oU + 8ybd_gV + ad_kayU + bd_gayv + m (mbd_g(s — qd@y(S) .

This equality implies (1.2.2) by using the fact that
0:bq_oU + 8ybd,gV + ad,kﬁyU + bd,gayv = 8y(ad,kU —+ bd,zV) — (8yad,k — &;bd,g)U.
]

Denote by [a[ the usual integer part a: [a[ < a < [a[+]1, and ]a] the strict integer
part of a defined by ]Ja] < a < ]a] 4 1. Then the number of integer points in a closed
interval [a, b] is given by [b[—]a].

Lemma 1.2.2. Let e, be the cardinality of the set {(i,j) € N* : ki+¢j = m}. Then

mu muv

em = [T =15

Proof. Denote by e;, = [7*[—]"*] the number of integer points in the closed interval
[, =2]. For each integer c in [%#, %%]. Let us denote i = mu — cl, j = ck —mv,
then

ki + (j = kmu — ckl + ckl — {mv = m(ku — lv) = m.

Consequently, e/

ki + ¢j = m then

< e,. Now, if there exist two positive integers ¢, j such that

mu = kui + luj = (Cv + 1)i + buj = £(vi + uj) + 1,
mv = kvi+ lvj = kvi+ (ku —1)j = k(vi + uj) — J.

Therefore, we have

_ . omu—1 muv+j _  mu muv
vituj=—p—=—p E[é’k]'

It implies that e,, < e/ . Thus, e, = [%[_]%] .

Lemma 1.2.3. If \; € Q fori =0,1,...,n — 1,n,00 then gcd(A, B) = 1 for all
m € N.

Proof. By Lemma 1.1.9,

A =mag_j + 0,q4 = zn:(m/\-—l)m%—l(u—é()\ +1)+1)
- d—k l‘qd - Qd Pt 1 yk _ Cixé T 0 )
n kyk_l 1
B =mbg_¢ + 0yqa = qa Z(l—m)\i)ﬁ%—f(l— (v+ kA))
i=1 yr =G Yy

Suppose that g = ged(A, B). Since \; € Q, we have ged(A,z) = 1, ged(B,y) = 1
and ged(A,y* — ¢;zt) = 1 for all i = 1,...,n. Therefore ged(g, qq) = 1. Moreover,
we also have g|qgq since kx A + lyB = (d + m)qq. It implies that ged(A, B) =1. O
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The following lemma will be used to normalize the hamiltonian part:

Notation 1.2.4. We say that a 1-form wy € Q%(f) satisfies the generic condition
if \; € Qforallt=0,1,...,n — 1,n,00 and the coefficients of A and B satisfy
the condition of non-vanishing determinant of the matrix M, in (1.2.7) for m =
1,...,kln—1.

Lemma 1.2.5. Let wg € Q4(f) satisfy the generic condition and w € Q(wq). Using
the same notation as in Lemma 1.2.1, for each m > 1 there exist a diffeomorphism
o(z,y) = (r+za,y+ypB) and a unity uw = 1+ where «, 3, 0 are quasi-homogeneous
polynomials of degree m such that §aim = qarm + AU + BV = xyq,,,, satisfies the
conditions

o deg, Gy, < In—1 and degy@y,,, <kn—1 if 1<m <kin—1,
® Girm =0 if m > kin.

Proof. Denote by QP(m) the set of all (k,{)-quasi-homogeneous polynomials of
degrees m. Then QP (m) is a vector space of dimension e,,. For simplicity of notation,

we denote A = ?, B = f, U= %, V= % By Lemma 1.2.1, we have

dd+m _ dd+m —I—AU—I—B‘_/
Ty Ty

Consider the linear map
U, : QP(m) x QP(m) — QP (kin +m)
(U, V) AU + BV.
Case m > kfn. By Lemma 1.2.3, A and B are coprime. It implies that

(1.2.6) KerV,, = {(ZB,~ZA),Z € QP(m — kin)}.

We obtain the surjectivity of ¥,, due to the following equality of dimensions of
vector spaces

dimImV¥,, = dim@QP(m) x QPm — dimKerV¥,,
= €m T €m — Cmikin = Cm—kin

= dimQP(kln + m).
Consequently, there exists ¢ such that g, = AU + BV + qq1m = 0.

Case 1 <m < kfn — 1. In this case, KerV,, = {0}. Denote by NQP(kln + m) the

subspace of QP(kfn + m) generalized by all the monomials g(x,y) satisfying

degyg < In —1, deg,g < kn — 1.
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We also denote by NQP*(kén + m) the subspace of QP (kfn + m) generalized by
all the monomials g(z,y) such that

deg,g > {n or deg,g > kn.
Denote by pr,, the standard projection
Prm : QP (kln +m) — NQP*(kin +m).

The proof is reduced to show that in a generic condition for all ¢ € QP(kén + m)
there exists AU + BV € ImV,,, such that

q+ AU + BV € NQP(kfn +m).

Since
dimNQP* (kén + m) = 2e,, = dimQP(m) x QP(m),

this is equivalent to prove that in a generic condition pr,, o ¥,, is bijective.
Because A, B € QP(k(n), we can write A = 7", A/ 0yk B = 31 | Baliykn—i),

Then the matrix representation M, of the linear map pr,, o ¥,, is given by

(1.2.7)

0
0

0
0

(=N

Ay Ag By—1 B, 0
Ae,;L—Z Acpp—3 Ao 0 Bﬂ/—;7n+2 Bw—e;,m+3 B‘n 0
M _ |Aep—1 Ac -2 Al Ao n—em+1l  Bn_ep+2 Bp_1 By,
m T Ap Ap—1 Ap—em+2  An—em+1 Bo By Be,, -2 Bep,—1
0 An n—em+3 n—em+2 0 By Be,, -3 em—2
0 0 A, Ay 0 0 Bo By
L o 0 0 Ap 0 0 0 Bo |
. . . . ‘ A . 92%em det My, _
The determinant detM,, is a polynomial in A; and B;. Since @dgyem (9Bem =
(em!)? # 0, such polynomial is not identically zero. Therefore, the condition detM,,, #
0 is satisfied for generic wy € Q4(f). O

The following lemma will be used to normalize the radial part:

Lemma 1.2.6. If wy € Q4(f) satisfies \; ¢ Q for all i = 0,1,...,n — 1,n,00,
then there exist ¢(x,y) = (x + za,y + yB) and u(x,y) = 1+ 0(x,y) where «a, 3
and 0 are quasi-homogeneous polynomials of degree m such that Aqgym = 0 and
6d+m_g = barm—v + Abgrm_e satisfies the following condition

degdeer,g < kn —1.

Proof. Suppose that ¢(z,y) = (v +za,y +ypB) and u(x,y) = 14 6(z,y) where a, 3
and ¢ are quasi-homogeneous polynomials of degree m such that Aqqy., = 0. By the
proof of Lemma 1.2.5, we have (U, V) € KerW,,. It implies that (U, V) = (ZB,—ZA)
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where Z = 0if m < kfn and Z € QP(m—kfn) if m > kén. Therefore, W in Lemma
1.2.1 can be written as follows:

W = ay(ad_kaB - bd_gyZ/_l) - (8yad_k - 6xbd_5)mZB
= 8y(Z((ld_kB - bd_gA)) - (8yad_k - 8zbd_4)ZB.

We denote C' = 9ya4—1 — Oybg—e. Then

ag—k B — bg_¢A = ag_(mbi_i + 0yqq) — ba—¢(mag_j + 0:qa)
= ad—kade — ba—¢0:qaq
_ (qa — fybd_e)ayqzi — kxby_¢0:qa
N kx
qa0yqa — ba—e(Ly0yqa + kx0,qa)
kx
qa0yqa — dbg—¢qq
kx
qa(0yqq — dbq—p)
kx
qd(kmayad_k + Eyﬁybd_g — (d — f)bd_g)
kx
qd(lmﬁyad_k — k’fL‘aybd_g)
kx
= Qd(ayad—k - aybd—z)
= qaC.

Therefore, Aby,,,_; can be written as

mbd_gd — qd6y5

d+m
mbd_gts — qdé? 0
= (0,94 — B)ZC + qa(0,(ZC)) + i !

) o
= mbd_g <M — ZC) — C_Iday (M — ZC) .

Consider the linear map

Abd-{-m—l = (’)y(quC') - CZB +

D, : QP(m) — QP(kln +m)

ba_
T m==ty — g 1
T x

We claim that &, is injective. Indeed, assume that there exists T' € Ker®,, and
T # 0. Decompose T = r (%)7 where v € N and r does not divide . Tt follows
from T € Ker®,, that

(1.2.8) r(mba—e — Y0yqa) = qaOyr-
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By Lemma 1.1.9,

" kyk—1 m(kAeo +0) +
mbg—¢ — Y0yqa = —qa (Z(m/\i +7) Y ( ) 7)) .

i=1 yk - Cixl Yy
If X\, € Qforalli=1,... ,n,00 then i(mbd,g —70yqq) and % are coprime. It implies

that r% does not divide % and this is contradictory to (1.2.8).

Denote by NQP,(k¢n +m) the subspace of QP(k¢n+m) generalized by the mono-
mials ¢g(z,y) such that
degyg < kn — 1.

Then for all g € NQP,(kln + m) we have
(1.2.9) 2% g(z, y).

Denote by NQP, (kln+m) the subspace of QP(kfn+m) generalized by the mono-
mials g(x,y) such that
deg,g > kn.

We also denote by pry,, the standard projection
Prym : QP(kln +m) — NQPyL(k:En +m).

The proof is done if we can show that pry, o ®,, is bijective from QP(m) to
N QP;(MTL + m). It reduces to show that pry, o ®,, is injective due to the fol-
lowing equality

dimNQP, (kln + m) = e, = dimQP(m).

We claim that this is equivalent to prove that
(1.2.10) Im®,, N NPQ,(kln +m) = {0}.

Indeed, if (1.2.10) is true, suppose that g € Ker(pry,o®,,). Then ®,,(g) € NPQ,(kin+
m) which implies that ®,,(g) = 0. It follows by the injectivity of ®,, that g = 0.

Now, let us prove (1.2.10). Assume that there exists a non-zero element 7" of QP (m)
such that
®,,(T) € NPQ,(kin +m).

Decompose T = 2T where z and T are coprime. Because T' € QP(m), we have
0 < [7[ By (1.2.9), z is a divisor of mde’ZT — 49, T. By Lemma 1.1.9, we have

(1211) =0, 4)T(0,) — (0,4)0,T(0.4) =

coy™ (m(v — k(1+ X0)T(0,y) — y9,T(0,y))
It is a contradiction because condition A\g ¢ Q forces that the right hand side of
(1.2.11) is different from 0 for all non-zero polynomial 7(0, y). O
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Theorem A. For generic wy € Q%(f), each germ w € Q(wy) is strictly formally
orbitally equivalent to a unique form wy, 4

Wh,s = Wq + dh + s(lydx — kzdy),
where

kn—1
T 1—2j .
h(x,y) = zy g hijz'y’, s(z,y) = E S]~(l’)x£n+1+] k’]yj7
ki+lj>kén+1 =0

0<i<tn—1

0<j<kn—1

si(x) are formal series on .

Proof. By Corollary 1.1.11, we can decompose

w = wq + dh + s(lydx — kxdy),

/

_ Qitk+e __ q; /I q : : . :
= I = Wiy ¢ = 55 and s s given as in (1.1.17). Let us rewrite

s(z,y) as follows

where hi+k+(

. ﬁyaHz + 8rbz+k

7

1+ k41
_ 1 (ay(Qi+k+£ — lybirk) Y )
i+k+0 kx vk
_ Oyivkre b+ LyDybik + kx0ybisy
(i+k+0)kx (t+k+0O)kx
Oy kve bitk

T (it k+ 0Ok kx

By Lemma 1.2.5 and 1.2.6, we can eliminate all the monomials z'y?, i > fn, j > kn
in the components of ¢’ and all the monomials 'y, j > kn in the components of b.
This implies that we can normalize h and s such that

kn—1
hMa,y) =y D> hya'y, s(xy) = > sia)y,
ki+€j>ktn+1 =0
0<i<fn—1
0<j<kn—1
where s’(r) are formal series of x. Because s(z,y) only contains the monomials of
degree at least kfn + 1, for each j =0,...,kn — 1 8] (z) divides 2% where 4; is the
minimal integer such that ki; + 5 > kfn + 1 and. Moreover, ki; + €5 > kén + 1 if

and only if i; > fn 4+ 1+ } %} Therefore, we have

/

(@) = s(a)at I,

where s)(z) are formal series of z. The uniqueness part is straightforward by the
uniqueness in Lemma 1.2.5 and 1.2.6. O
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Remark 1.2.7. Since every formal diffeomorphism ¢ can be decomposed as ¢ =
@' o ¢y where ¢ is a linear transformation and ¢’ is tangent to identity, the formal
normal form for the case in which we do not require the strict condition can be easily
obtained. The slightly difference is in the initial part. For the strict case we have n
free coefficients corresponding to the coordinates of the non-corner singularities in
the principal component of the divisor, but for the general case we can normalize
one of them and let the others free.

Exemple 1.2.8. For n =2,k = 3, { = 2, the strict formal normal form is given by
wq + dh + s(lydx — kxdy),

where

Wy :chy(y3 — cle)(y3 — cy1?)
% (Ald(y:s — az?) SISV d(y® — ca?) dx dy)

+ (200 + 1) 4 (3Mo + 1)

Y2 — c1a? Y2 — cox? x Yy

h(z,y) = l'y(hs,ﬂng + h1,5a:y5 + h2’5x2y4 + h3,3$393 + h2,5x2y5 + h3,4x3y4 + h3,5$3?/5)7

s(z,y) = so(z)2® + s1(z)x'y + so(2)2’y® + s3(2)2°y® + sa(zx)2’y" + s5(z)zy’.

In the formula of wy we have two free coefficients ¢;, ¢y corresponding to the position
of two singularities of the cuspidal branches. The formal normal form (non-strict) is
given by

wq + dh' + &' (bydz — kxdy),

where h' and s’ have the same form as h and s respectively, but we can normalize
one singularity, which has the coordinates (x.,y.) = (1,0). Thus, w, has only one
free coeflicient c:

=zy(y® — 2*)(y° — ca?)

d(y® — d(y? — ca? d d
x ()\1 (y3 - ) + Ao (y3 cg;) (20 + D+ (3Aoo+1)y>.
ye — ys — Cx A Yy

Remark 1.2.9. The number of free coefficients of h in the normal form is consistent
with the dimension of Mattei’s moduli space. Indeed, for m =1, ..., kén—1 we have

#{(i,7) € N*|ki +Lj =kin+m,i <In—1,7 <kn—1} = eptnim — 26m
=n—en
Therefore, the number of free coefficients of h is given by
kén—1 kln—1

Ow)= > (n—emn)=n(kin—1) - Z Cm-

m=1
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By [8], the dimension of Mattei’s moduli space is given by

kfn—1 o E—
fw)= 3 (]f Ym — ktn)] — [ ”<m—k4n[>
m=0 ¢ k
Mot mu muv
- 2 (-
We will show that for any real number a, [a[+] — a] = —1. Indeed, since [a[< a <

la[+1, ] —a] < —a <] —a] + 1, we have
la[+] —a] <0 < [a[+] —a] + 2.

Therefore, [a[+] — a] = —1. It follows that

kfn—1

dw)= > <n_]7r2u] + [T’ZU[) =n’kl— > e

m=0

The difference of d(w) and ¢'(w) is given by
d(w) =8 (w)=n—e =n-—1.

The existence of this difference comes from the fact that we just consider the strict
conjugation. The number n — 1 corresponds to the number of free coefficients of the
position of non-corner singularities in the non-strict formal normal form.
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Chapter 2

Sliding invariants and strict
classification of holomorphic
foliations

In this chapter, by adding a new invariant called the set of slidings, we solve the prob-
lem of the strict classification for the non-dicritical foliations whose Camacho-Sad
indices are not rational. Here, the strict classification means up to diffeomorphisms
tangent to identity.

2.1 Absolutely dicritical foliations

In this section, we will prove that for each non-dicritical foliation there exists an
absolutely dicritical foliation which is transverse to its separatrices. This existence
is the key point to define our new invariant.

Let us first recall the notation of absolutely dicritical foliations. Let o be a compo-
sition of a finite number of blowing-ups at points:

(2.1.1) o:(M,D)— (C%0).

A germ of singular holomorphic foliation £ is said o-absolutely dicritical if the strict
transform £ = o*(L) is a regular foliation and the exceptional divisor D = o~*(0)
is completely transverse to £. In particular, when o is the standard blowing-up at
the origin, we called £ a radial foliation. At each corner p = D; N D; of D, the
diffeomorphism from (D;,p) to (D;,p) that follows the leaves of £ is called the
Dulac map of £ at p. The existence of such foliations for any given o is proved in
[4]. In fact, in [4] the authors showed that if in each smooth component of D we take
any two smooth curves transverse to D then there is always an absolutely dicritical
foliation admitting them as their integral curves. We will denote by Sep(]:") h L if

at any point p € Sing(F) the separatrices of F through p are transverse to £ (figure
2.1).

o1



52 Chapter 2. Sliding invariants and strict classification of holomorphic foliations

Figure 2.1: Sep(F) h £

Lemma 2.1.1. Let F be a non-dicritical foliation and o be its desingularization
map. Then there exists a o-absolutely dicritical foliation L satisfying Sep(F) L

Proof. Denote by L, ..., Ly the strict transforms of the separatrices of F. On each
component D of D which does not contain any singularity of F except the corners,
we take a smooth curve Ly, transverse to D. Then we have the set of curves
{Ly,...,Lg,..., Ly} such that each component of D is transverse to at least one
curve L;. We denote p; = L; N D. By [4], for each ¢ there exists a o-absolutely
dicritical foliation £; defined by a 1-form w; verifying that L; is transverse to L; at a
neighborhood of p;. Choose a local chart (z;,y;) at p; such that D = {x; = 0}, L; =
{y; =0} and
owi(wi,y;) =z d(x; + y;) + h.o.t..

Write down w; in the local chart (x;,y;)

(2.1.2) o*wi(x;,y;) = a7 d(ax; + bijy;) + ho.t..
Let us define a;; = b; = 1. For each j = 1,...,n, consider two subsets A;, B; of C"
given by

Aj = {(Cl, . ,Cn) < Cn| Zciaij 7é 0}, Bj = {(Cl, - ,Cn) < Cn| Zc,-bij 7é 0}
=1 =1

Because aj; = bj; = 1 # 0, A; and B; are dense open subsets of C". Therefore,
AiN...NA,NBN...NB, # 0. This implies that there exists a vector (cy,...,c,) €
C" such that for j =1,... n,

aj = Zciaij 7é 0 and bj = Zcibij 7£ O
i=1 =1

Denote by wy = Y- ¢;w;. Then, in the local chart (z;,y;), we have
o*wo(xj, y;) = ;) d(ajz; + byy;) + h.ot., where a; #0,b; # 0.

Because wy and w;, i = 1,...,n, have the same multiplicity on each component of
D, they have the same vanishing order. Denote by £ the foliation defined by wy.
Since each component of D contains at least one point p; and the strict transform £
of £ is transverse to D in each neighborhood of each p;, £ is generically transverse
to D. By [4], £ is an absolutely dicritical foliation which satisfies Sep(F) h £. [
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2.2 Definition of the slidings of foliations

As mentioned in the previous section, a sliding of a foliation F is defined through
an absolutely dicritical foliation £ satisfying Sep(F) m L. If F is a nondegener-
ate reduced foliation, the desingularization map o is the identity map. Hence, this
absolutely dicritical foliation becomes a regular foliation transverse to the two sep-
aratrices of F.

2.2.1 Nondegenerate reduced case

Let F be a germ of nondegenerate reduced foliation in (C?,0). By [13], there exists
a coordinate system in which F is defined by

(2.2.1) Ay(1+ Az, y))de + zdy, A ¢ Q<o,

where A(0,0) = 0. Let £ be a germ regular foliation whose invariant curve through
the origin (we call it the separatrix of £) is transverse to the two separatrices of F,
which are denoted by S; and S5. Then we have the following lemma:

Lemma 2.2.1. The tangent curve of F and L, denoted T(F, L), is a smooth curve
transverse to the two separatrices of F. Moreover, if the separatriz of L is tangent
to {x + cy = 0} then T(F, L) is tangent to {x — cAy = 0}.

Proof. Suppose that £ is defined by the level sets of z+cy-+{(x,y), where £ € (z,y)>.
Then T'(F, L) is zero locus of the following function:

A dyd(x +cy+ Lz, y) AN (Ay(1+ A(z,y))dz + zdy) = © — cAy + h.o.t.

which is transverse to two separatrices of F. O

01

L

Figure 2.2: Holonomy on the tangent curve T'(F, £)
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L 9
F T(F. L)
5, (4 ,|4)
hy
9s,(F, L)
0 S,

Figure 2.3: Sliding of F and £

After a standard blowing-up oy at the origin, the strict transform T'(F, £) of T(F, £)
is transverse to F and cut D; = 071(0) at p. We denote by D = D, \ Sing(o?(F))
and h : 7 (D¥,p) — Diff(T(F, £),p) the vanishing holonomy representation of F.
We choose a generator v for m1(D5, p) = Z. Then oy induces

h, =01 0h(y) ooy € Diff(T(F, £),0).

We call h, the holonomy on the tangent curve T'(F, L) (figure 2.2). Denote by mg,
and 7g, the projection by the leaves of £ from T'(F, L) to S; and S, respectively.

Definition 2.2.2. The sliding of a reduced foliation F and a regular foliation £ on
Si (resp., S3) is the diffeomorphism

gs, (fa ‘C) = Wsl*(hv) = Tg, © h”Y © 7T§11
(resp'u gs, (fu E) = ﬂ-sz*(h’}’> =TS, © h’7 © ﬂ-g?l)'

Let d : S; — Sy be the Dulac map of £ (Section 2.1). Since d = mg, o g, it is
obvious that the sliding gs, (F, £) is totally determined by gs, (F, £) and the Dulac
map by the following relation

(2.2.2) 9s,(F, L) = d, (gs,(F, L)) =dogs,(F,L)od "
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Figure 2.4: Element £ of R(Ly)

2.2.2 General case

Now, let F be a non-dicritical foliation such that after desingularization by the map
o all singularities of o*(F) = F are nondegenerate. By Lemma 2.1.1 there exists a

o-absolutely dicritical foliation £, such that Sep(F) h L.

Notation 2.2.3. We denote by R(Ly) the set of all o-absolutely dicritical foliations
L satisfying the following two properties:

e £ and £, have the same Dulac maps at any corner of D.

e At cach singularity p of F, the invariant curves of £ and £, through p are
tangent (figure 2.4).

Let £ be in R(Ly) and D be an irreducible component of D. Suppose that p1, ..., pm
are the singularities of F on D. Then, we denote

Sp(F, L) = {gpp (F, L), s 9ppn (F, L)},
where gp, (F, L) is the sliding of F and £ in a neighborhood of p;.
Definition 2.2.4. The sliding of F and L is
S(F, L) = Upecompp)Sn(F, L),

where Comp(D) is the set of all irreducible components of D. The set of slidings of
F relative to the direction L is the set

50(]:) = UﬁER(ﬁo)S<‘F> ‘C)

Remark 2.2.5. For each singularity p of .7:: that is a corner, i.e., p = D; N Dy,
there are two slidings gp, ,(F, £) and gp, ,(F, £). However, by (2.2.2), gp, »(F, L)
is completely determined by gth(]:" ,£) and the Dulac map of £ at p.

Although S(F, £) is the set of local diffeomorphisms, it also contains some additional
information through the global foliation L.
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2.3 Local conjugacy of the pair (F, L)

Let F, F' be two germs of nondegenerate reduced foliations in (C?,0). Denote by
S1, Sy and S, S the separatrices of F and F’ respectively. Let £ and £’ be two
germs of regular foliations such that their separatrices L and L’ are transverse to
the two separatrices of F and F’ respectively. Suppose that ® is a diffeomorphism
conjugating (F, L) and (F’,L’), then the restriction of ® on the tangent curves
commutes with the holonomies on T'(F, £) and T'(F', L) of F and F'. The converse
is also true:

Proposition 2.3.1. Suppose that F and F' have the same Camacho-Sad index. If
¢:T(F,L)— T(F, L) is a diffeomorphism commuting with the holonomies of F
and F' then ¢ extends to a diffeomorphism ® of (C%,0) sending (F,L) to (F',L’).
Moreover, if we require that ® sends Sy (resp. Sz) to Sy (resp. S, ) then this extension
is unique.

Proof. By Lemma 2.1.1, the curves Sy, Sy, L, T(F, L) (resp., S;, S5, L', T(F', L))
are four transverse smooth curves. It is well known that there exist two radial fo-
liations R and R’ such that Sy, S, L, T(F,L) and S}, S;, L', T(F',L') are the
invariant curves of R and R’ respectively. We denote by o7 the standard blowing-up
at the origin

oy : (C%,CPY) — (C2,0).

After pulling back by oy , denote by p1, p2, pr, pr (vesp., p}, ph, v}, P/r) the inter-
sections of strict transforms Sy, So, £, T(F, L) (vesp., S, Sy, L', T(F', L") with
CP'. Take ¢; in Aut(CP') that sends py, pa, pr, to p’, ph, p respectively. By Lemma
2.1.1, the direction of T'(F, L) (resp., T'(F',L')) is completely determined by the
Camacho-Sad index and the direction of L (resp., L'). Therefore, ¢ (pr) = p'y.

Now, we will show that ¢ extends to a diffeomorphism ®; of (C?,0) sending (F,R)
to (F',R’) by using the path lifting method after a blowing-up as in [13]. Indeed,
take a point z that doesn’t belong to Sy U Sy. Denote by z the intersection of the
leaf of R through z with CP'. Let v be a path in CP' \ {py,p,} that joins z to
pr. Then the lifting of 4 by the foliation F joins z to a point w in T(F,L). The
point ¢(w) goes back by the lifting of the path ¢;(y~!) to the point z. By [13], the
map ®; which is defined by ®;(z) = Z can extend to a diffeomorphism of (C2, CP").
Therefore, ®; is the push forward of (i>1 by o;.

Now, denote by Lo = ®1,}(L'). Because ®; ' sends L' and T'(F', L') to L and T'(F, L)
respectively, L is also the separatrix of £y and T'(F, Ly) = T(F, L). For simplicity
of notation, we denote by T the tangent curve T'(F, Ly). The proof is reduced to
show that there exists a diffeomorphism fixing points in 7" sending (F, £) to (F, Lo).
Choose a system of coordinates (x,y) such that L is defined by fo = = +y and F
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is defined by a 1-form
w(z,y) = Ay(1 + Az, y))dx + zdy, N & Q<o.
Then T is defined by
T(z,y) =2 — Ay(1 + A(x,y)) = 0.

We claim that there exist a natural n > 2 and a holomorphic function h such that
L is defined by

fay) = L+ 7", y)h(z,y)) (z +y).
Indeed, assume that £ is defined by

f(z,y) = u(z,y)(z +y),

where u is invertible. Rewrite the equation of T as

where 7(y) = Ay +. ... Because A # —1, the maps u(7(y),y).(7(y) +y) and 7(y) +y
are diffeomorphic. Hence there exists a diffeomorphism g € C{y} such that

o(ulr ) p-) +9)) = 70) + v,
This equality is equivalent to

(2.3.1) (9o f—(@+y) __ =0

|7=0 o

Therefore, there exist a natural n > 1 and a function h satisfying hj,—o # 0 such
that

go flw,y) = 1+ 7"(x,y)h(z,y)) (x +y).

Because g is a diffeomorphism, £ is also defined by f = go f. Let us prove n > 2.
We have
df Nw=7(z,y)(...) +nlx+yh(z,y)r" tdr Nw
=7(z,y)(...) +n(z +y)h(z,y)7" o+ Ny + ... )dz A dy.

Because T is defined by 7(z,y) = 0, we have
n(z +y)h(z,y) "z + Ny +.. )|, =0

The fact A # 0, —1 forces to z + Ny # x — Ay and = +y # x — \y. This implies
777 1,—o = 0. Consequently, n > 2.
Now, let

0 0
X = xa—x —Ay(1+ A(x,y))a—y
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tangent to F. We next claim that there exists o € C{x,y} such that the diffeomor-
phism exp[r"'a]X satisfies
_ Ti(n—l)az ;
(232)  (ety)oeplalX(ry) = X T adi(r +y) = (),
i>0 :
where adx is the adjoint representation. Indeed, since
l(n 1)Oé
Ziadl (x+y)=ac+y+1" oz+27'2”2 X (1) + 1.,

|
i>0 [z

(2.3.2) becomes

a+ ng_ZOéQX(T) + 77 ) = (2 4+ y)h(, y).

Hence, the existence of o comes from the implicit function theorem. Thus, the dif-
feomorphism we need is exp[t" 1] X (7, ).

Now, we will prove the uniqueness of ®. In fact, we only need to show that if there
exists a diffeomorphism W that sends (F, Ly) to itself, preserves the two separatrices
of F and fixes the points of 7' then ¥ = Id. Since ¥|; = Id, ¥ sends every leaf of F
into itself. By [1], there exists 5 € C{z,y} such that

U = exp[f]X.
Because L is defined by the function z 4+ y and W fixes points in 7', we get
(2.3.3) (x+y)oexp[f]X =z +y.
Decompose S into the homogeneous terms
B=Po+bi+PBa+...=Pfo+ B,

where = (1 + 3 + . ... Since ad’ (x) = x and ad’ (y) = (—=\)'y + ¢; for all i, where
¢; € (z,y)?%, we have

(x +y) oexp[f] X = ZBD ad’ ( Z adZ
_zﬁﬂ +zﬁo y) + hot.

= exp(ﬁo)x + exp(—)\ﬁg)y + h.o.t..

This follows by (2.3.3) that

exp(fo) = exp(—Afy) =
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Hence, we have the equalities
(2.3.4) x o exp[fy]X = Z —x = exp(fo)r = =z,

(2.3.5) y o exp|fo] X = Z 7'0 ((_/\)iy + ci) =exp(=M\G)y+c=y+ec,
=0

where ¢ € (z,y)% We claim that
(2.3.6) exp[B]X = exp[fo] X o exp[B]X.
Indeed, for any h € C{z,y} we have

o explo]X o explBX = (i f?adfx(m) oepliX = 3" Zadty (f: f?ad&(h))

i=0 3=0 i=0

3y ¥ 56y ad” (h iwad’j((h) — hoexpl]X.

k=0 i+j=Fk jli!
Now, let us write ad’ (y + ¢) = (—=\)'y + d; where d; € (z,9)?. By (2.3.4), (2.3.5)
and (2.3.6) we get
(z +y) o exp[B]X = 2 0 exp[By] X 0 exp[B]X + y o exp[Fo] X o exp[B] X
=zo eXp[B]X +(y + ) o exp[fX

’L

—Z— d’ ( ~|—Z—adz (y +c)
z@. z@, Ay +d)
0' 0'

= exp(ﬁ)x + exp(— By + Z | d
(2.3.7) =z [[ exp(3) +yHexp(—)\B,~) +Zi:di'
i=1 i=1 =0 v

We will prove 3 = 0 by induction. From (2.3.7), we have
(x+y)oexp[f]X =x(1+ 51) +y(1 — A51) + hot.
Hence, (2.3.3) forces 5, = 0. Suppose that §; = ... = fr_1 = 0, we have
(x+y)oexp[B]X = z(1 + Bi) +y(1 — ABx) + h.ot..
Then (2.3.3) again leads to f; = 0 and consequently 5 = (5. This implies that
U = exp[fo] X = (z,y +¢).

Finally, (2.3.3) again gives ¢ = 0 which implies ¥ = Id. ]
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Corollary 2.3.2. Suppose that F and F' are two nondegenerate reduced foliations
that are analytically conjugated. Let L and L' be two reqular foliations that are
transverse to the two separatrices of F and F' respectively. Then there exists a
diffeomorphism that sends (F, L) to (F',L').

Proof. Let W be the conjugacy of F and F'. Let us denote 7" = V(T'(F, L)). Then
the restriction Wz ») commutes with the holonomies of F on T'(F, £) and F" on T".
Moreover, by the holonomy transport, the holonomies of 7" on T" and on T'(F’, L)
are conjugated. Hence, the holonomies of F on T(F,L) and F' on T(F',L') are
conjugated. By Proposition 2.3.1 there exists a diffeomorphism that sends (F, L) to
(F', L) O

By projecting on S; and Sy the holonomies defined on T'(F, L) and T'(F', L) re-
spectively, we can obtain

Corollary 2.3.3. If ® is a diffeomorphism conjugating (F,L) and (F', L"), then
D5, 0 gs, (F,L)= gs; (-Flu El) 0Py,

Reciprocally, if F and F' have the same Camacho-Sad index and ¢ : S; — S| is a
diffeomorphism satisfying

¢0951(F,£) = gS£<I/7£/) o ¢
then ¢ uniquely extends to a diffeomorphism ® of (C2,0) sending (F, L) to (F',L’).
Proof. Because ® conjugates (F, L) and (F', L'), the restriction ®pr ) commutes
with the holonomies h., and b/, of F and F'. Denote by 7, (resp., 7T51) the projection
by the leaves of L (resp., L) from T'(F, L) (resp., T'(F', L)) to S; (resp., S}). Since
® sends (F, L) to (F', L"), we have
ﬂ-si @) (I)|T(]:7£) = CI)|51 OTg,-
Therefore
®s, 0 g, (F, L) = P, omg, 0 hyomg! = Ts; 0 ®p(F .oy 0 hy 0 T3,

= Tg1 o hl, 0 ®ypr .z 0 Tg = gs; (F', L) omgr o ®ypr .z © Tg,

— gsi (f/’ E/) (e) (I)|51
Reciprocally, suppose ¢ : S — S} is a diffeomorphism commuting with the slidings
of F and F'. We denote @) = ngl o ¢ omg, then

Yoh, :ngl o¢pomg, o h,y :7r§£10¢0g51(.7:,£)o7rsl
= ’Ngil ogs (F',L)o¢poms =hl o 7r§11 o¢oms =hl 0.

By Proposition 2.3.1, ¢ uniquely extends to a diffeomorphism ® that sends (F, £)
to (F', L'). O
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Remark 2.3.4. This corollary implies that So(F) is an invariant of F: if 7 and F’
are conjugated by ® then S(F, L) and S(F, P.L) are conjugated:

S(F,L) = p o S(F,2.L) 0 D5,

where D is the divisor of F after desingularization. In many cases, the restriction
®p = Id (e.g. F and F' have the same divisor and does not admit a dead com-
ponent (see the proof of Theorem B)). Then we will have S(F,L) = S(F, ®.L).
Consequently, So(F) = So(F).

If in Corollary 2.3.3 we have S; = S and gs, (F, £) = gg: (F', L) then there exists a
diffeomorphism sending (F, £) to (F’, L") and fixing points in S;. Hence, the sliding
invariant gives an obstruction for the construction of local conjugacy of two foliations
that fixes the points of the exceptional divisor. This is the reason why we named it
“sliding”.

2.4 Strict classification of foliations

In this section we will prove that the set of slidings is the missing invariant in the
problem of classification for the class of non-dicritical foliations whose Camacho-Sad
indices after desingularization are not rational.

Notation 2.4.1. We denote by A the set of all non-dicritical foliations F defined on
(C2%,0) such that the Camacho-Sad index of strict transform F at each singularity
is not rational.

In this thesis an irreducible component of D is called a dead component if in this
component there is a unique singularity of F that is a corner. By [3], the Chern
class of an irreducible component of the divisor is equal to the sum of Camacho-Sad
indices of the singularities in this component. Consequently, if D admits a dead
component then the Camacho-sad index of the unique singularity of F on this com-
ponent is an integer, which is given by this component’s Chern class. Therefore,
every element in A after desingularization admits no dead component in its excep-
tional divisor. Moreover, it is obvious that if F is in A then after desingularization
all the singularities of F are nondegenerate.

Let F, F’ be two foliations of A. We say that their strict separatrices are tangent,
denoted Sep(F)//Sep(F"), if they have the same desingularization map and the same
set of singularities. Moreover, at each singularity which is not a corner of the divisor
the separatrices of F and F” are tangent (figure 2.5). If Sep(F)//Sep(F') and L, is an
absolutely dicritical foliation satisfying Sep(F) h Lo then Sep(F’) th Lo. Therefore,
we can define sets of slidings of both F and F’ relative to the direction £y. We also
denote by CS(F) the set of Camacho-Sad indices of F at all singularities, and denote
CS(F) = CS(F") if at each singularity, 7 and 7’ have the same Camacho-Sad index.
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Figure 2.5: Strict transforms F and F’

Theorem B. Let F and F' be two foliations of A such that Sep(F) // Sep(F').
Suppose that L, is an absolutely dicritical foliation satisfying Sep(F) rh Lo. Let
R(Ly) be as in Notation 2.2.3 and Sy(F), So(F’) the corresponding set of slidings.
Then the three following statements are equivalent:

(i) F and F' are strictly analytically conjugated.

(ii) Their vanishing holonomy representations are strictly analytically conjugated,
CS(F) = CS(F') and Sp(F) = So(F').

(iii) Their vanishing holonomy representations are strictly analytically conjugated,

CS(F) = CS(F') and So(F) NSo(F') # 0.
Here, a strict conjugacy means a conjugacy tangent to identity.
Proof. The direction ((ii)=>(iii)) is obvious.

((i)=(ii)) Since the Camacho-sad index is an analytic invariant, it is obvious
that CS(F) = CS(F').
Let @ be the strict conjugacy and ® : (M, D) — (M, D) be its lifting by o. Suppose
that a non-corner point m of D is a fixed point of ®. Then the linear map D&D(m)
has two eigenvalues. One corresponds to the direction of the divisor. We will denote

by v(®)(m) the other eigenvalue and define v(®)(m) = 1 for each corner m.

Lemma 2.4.2. (f‘p = 1d, therefore, v((i)) is a function defined on D, and moreover

v(®) = 1.
Proof. Denote by o the standard blowing-up at the origin of (C?,0)
o1 (My, D) — (C?)0).

On Dy, we use the two standard chart (z,y) and (z,y) together with the transition
functions z = ¢!, y = xy. Suppose that

O(z,y) = (z +alz,y),y + B(z,y)), a,B € (z,y)*.
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Figure 2.6: Lifting of conjugation map by o4

Then in the coordinate system (x, %) we have

I 5, 2t Bz, 29)
Oy (2,y) = o1 P(z,y) = <x+a(:v,xy), r + a(z, zy) >

=(@x(1+..),9+x2Bo+...),

where fy = %(0,0). Therefore ®; : (My,Dy) — (M, Dy) fixes points in Dy and
v(®y) = 1. Let p be a non-reduced singularity of ofF on D;. We will show that
D®,(p) = Id and apply the inductive hypothesis for ®; in a neighborhood of p.
Indeed, let oy be the blowing-up at p and Dy = o5 '(p). Denote by S, and S, all
invariant curves of o} F and o} F’ through p. Because every element in M after
desingularization admits no dead component in its exceptional divisor, Dy is not
a dead component. Therefore there is at least one irreducible component ¢, of S,
that are not tangent to D; (figure 2.6). Because ®,.(5,) = S, and Sep(F)//Sep(F"),
D¢ (p) has an eigenvector different from the direction of Dy, which is corresponding
to the direction of ¢,. Hence, D®;(p) has two eigenvectors. Since both of their
eigenvalues are 1, we have D®;(p) = Id. O

Now let £ € Ry and denote by L' = ®,(L). Since dpp = 1d, the strict transforms
L and L' have the same Dulac maps. Moreover, because Sep(F) //Sep(F’), at each
singularity p of F, D®(p) has two eigenvectors. As v(®) = 1 and (f>|p = Id we have
D(f(p) = Id. Therefore the invariant curves of £ and £’ through p are tangent. This
gives L = ¢, (L) € R(Ly). Because ® fixes points in D, by Corollary 2.3.3 the iden-
tity map commutes with the slides of F and F'. This leads to S(F, L) = S(F', L').
Consequently, So(F) = So(F'). Moreover, the vanishing holonomy representation of

F and F’ are conjugated by ®. Since v(P) = 1 this conjugacy is strict.

((iii)=(i)) Suppose that £, L € Ry satisty S(F,L) = S(F',L'). By Corollary
2.3.3, at each singularity p;, i € {1,...,k}, of F there exists a neighborhood U; of
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p; and a local conjugacy
®; : (ﬁ’ E>\Ui - (ﬁlv‘é,)wz‘

such that ®;pny, = Id. Let Uy Joe a neighborhood of D\ UleUi such that Uy does
not contain any singularity of F. Note that Uy is not connected and the restriction
of F and F' on U, are regular. The strict conjugacy of the vanishing holonomy
representations can be extended by path lifting method to the conjugacy

(I)O : (ﬁ, E)\Uo — (ﬁ/"é/)|Uo7

satisfying that the second eigenvalue function v(®) is identically 1. We will show
that on each intersection V; = U; N Uy, ®; and Py coincide. Denote by

We claim that v(¥;) =1 on DN V;. Let p,q in V; N D. Denote by [, and [, the in-
variant curves of £ through p and ¢ respectively. As the two maps Wy, and Wy, are
conjugated by the holonomy transport, we have v(V;)(p) = v(¥;)(q). Consequently,
v(W;) is constant on V. Since v(®g) = 1, it follows that v(®;) is constant on V; N D.
Therefore, v(®;) is constant on U; N D. Moreover, at the singularity p;, D®;(p;) has
three eigenvectors corresponding to the directions of the divisor and the directions
of invariant curves of F and £ through p;. Since D®;(p;) has also one eigenvalue
1 corresponding to the directions of the divisor, we have D®;(p;) = Id. This gives
v(®;) = 1 and consequently v(¥;) = 1.

Now at each point p € V; N'D, the map ¥;; commutes with the holonomy of F
around p;. Since the Camacho-Sad index ); of F at p; is not rational, Lemma 2.4.3
below says that W;; = Id. Therefore, ¥; = Id. Hence we can glue all ®; together
and the strict conjugacy we need is the projection of this diffeomorphism on (C?,0)
by o. O

Lemma 2.4.3. Let h € Diff(C,0) such that h'(0) = exp(2mi\) where X & Q. If
¥ € Diff(C, 0) satisfying ¢¥'(0) =1 and ¥ o h = h o1 then ¢ = 1d.

Proof. Since A ¢ Q, there is a formal diffeomorphism ¢ such that ¢ o ho o Hz) =
exp(27mi))z. Denote by ¢ = ¢ o) o ¢~', then ¢'(0) = 1 and 9(exp(2mi)z) =
exp(2miA)y. The proof is reduced to show that ¢) = Id. Suppose that ¢(z) = z +
S22y a;27. Then
P(exp(2miN)z) = exp(2miN)z + > a;j exp(2jmi\)z’,

=2
and

exp(2miA)(z) = exp(2miN)z + i a; exp(2miN) 2.

Jj=2

Since A € Q, it forces a; = 0 for all j > 2. Hence Y = Id. m
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2.5 Finite determinacy

Let S be a germ of curve at p in a surface X. we denote by X(S) the set of all
germs of singular curves having the same desingularization map and having the
same singularities as S after desingularization. If S is smooth, we denote by m™(S)
the set of all holomorphic functions on S whose vanishing orders at the origin are
at least n.

Proposition 2.5.1. Let S be a germ of curve in (C%0) and Sy,..., Sk be its ir-
reducible components. Suppose that o : (M,D) — (C?,0) is a finite composition
of blowing-ups such that all the transformed curves o*S; = S; are smooth. Then
there exists a natural N such that if f; € mN(SZ»), 1 = 1,...,k, then there exists
F € C{z,y} such that F o 013, = [fi- Moreover, the same N can be chosen for all
elements in 3(5).

Proof. We first consider the statement when S is irreducible. If S is smooth then
S is diffeomorphic to S. Therefore, we can suppose that S is singular. Denote by
p = SN D. Choose a coordinate system (xp,yp) in a neighborhood of p such that
S ={y, =0} and D = {x, = 0}. Then ¢! is defined by

.oy L)
" Blay) "ov(ry)

where o, 8, u, v € C{z,y}, ged(a, f) = 1 and ged(p, v) = 1. This implies the equality

QO U(%ﬂ@/p)

(2.5.1) Boa(zy,y,)

::L‘p

Therefore, there exist a natural £ and a holomorphic function h such that

(2.5.2) a oo (T, yy) = xl;*lh(xp, Yp), Boo(zy,yy) = a:l;h(xp, Up),

where z, t h. We claim that A is a unit. Indeed, suppose h(0,0) = 0 and denote by ~I~/
the curve {h(zp,,) = 0}. Let L be a curve defined in (C?,0) such that o*(L) = L.
Let {h(x,y) = 0} be a reduced equation of L. By (2.5.2), h|a and h|S. It contradicts
the fact that ged(a, ) = 1. Now denote u(x,) = h(z,,0) which is a unit, we have
(2.5.3) aoo(zr,0)= u(xp).ilz’;“, poo(x,0)= u(xp)x];.
For each m > (k—1)(k+1) there exists j € {0,...,k—1} such that k|(m—j(k+1)).
Thus
m=ik+jk+1),4,j€N.

Therefore, (2.5.3) implies that if a holomorphic function f(z,) satisfies (=D * | f(z,)
then there exists a holomorphic function F'(x,y) such that Foo(z,,0) = f(x,). Con-
sequently

(2.5.4) m*VED(S) € 0" C{x, v} .
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In the general case, suppose that S; is defined by {g; = 0}. If f; € mN(S,), i =
1,...,k, with N big enough, by the above there exist F;, ¢ = 1,...,k, such that
Fioo5 = fi- Hence, it suffices to prove the existence of a holomorphic function ¥
such that Fjg, = Fjjs, for all ¢ = 1,..., k. This is reduced to show that there exists
a natural M such that the following morphism © is surjective

(z, y)™ o (wy o (z. )"
(g) N0 (ge) O ()™ (g) N (2, )M (g) N (@, y)M
Indeed, by Hilbert’s Nullstellensatz, there exists a natural M; such that
(2.5.5) (z, )™ C (g, 95)
forall 1 <i < j < k. We claim that foralli =1,....k, j =0,...,(k— 1)M; the
elements e;; = (0,...,zdy=DMi=i 0), where ziy(*=DMi~j is in the ' position,

are in Im®© and then O is surjective if M is chosen as (k—1)M;. Indeed, we decompose

g, (k—1)Mi—j __ g1, M1—J;
T e | B e

where 0 < j; < M;. By (2.5.5), there exist a;;, by € C{x,y} such that a;g; + byg, =
xltyMi=it This implies that

It remains to prove that the same N can be chosen for all elements of %(S). In the
case S is irreducible, let S” in 3(S5) and {y, = s(x,)} be an equation of o*(S") = 5’
in a neighborhood of p. In the same manner we can obtain

& 0 U(xzm S(xp)) = U(x/pﬂlzﬂa Bo U(xpa S@p)) = U(l‘p)x';,

where v(z,) = h(z,, s(z,)) which is a unit. Consequently, (2.5.4) still holds for 5"
In the general case, it is sufficient to show that the same M; in (2.5.5) can be chosen
for all elements of ¥(.5). Let M;; be the smallest natural satisfying

(z, )™ C (91, 95)-

We claim that

Clz,y}
Mi; < Ugi, gj) = dimg———
’ ! (9, 95)
Indeed, there exists z'y™ii=1=t & (g;, ;). Let P,, m = 1,..., M,;, be a sequence

of monomials such that P, = 1, Py, = «'y™s~1"! and either P, = 2 - P, or

Ppy1 =y - Py. Since P, | Py, we have Py, & (gi,9;) for allm = 1,..., M;;. We will
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show that {Py,..., Py, } is independent in the vector space ((C{ i over C. Suppose

that

Clpl 4+ ...+ CMijPMij € (gzag])

Suppose there exists ¢, # 0. Let mg be the smallest natural such that c¢,,, # 0.
Then

Cmo Lo + -+ ey, Pty = Py (Cong + - ) € (945 95)-
This implies that P, in (g;, g;) which is impossible.

Now, it is well known that the intersection number I(g;, g;) is a topological invariant.
It means that if two curves {g;-g; = 0} and {g;-g; = 0} are topologically conjugated
then I(g;, g;) = (g}, g;). Consequently, M; can be chosen as mari<i<j<x1(gi, g;) that
doesn’t depend on the elements of (). O

Now, we will prove the finite determinacy property of the slidings of foliations.

Theorem C. Let F be a non-dicritical foliation without saddle-node singularities
after desingularization. There exists a natural N such that if there is a non-dicritical
foliation F' satisfying the following conditions:

(i) F and F' have the same set of singularities after desingularization and at a
neighborhood of each singularity, / and F’ are locally strictly analytically
conjugated,

(ii) There exist £, L" in R(Ly) such that JY(S(F, L)) = JN(S(F', L)),

then there exists £” such that £” is strictly conjugated with £ and S(F, L") =
S(F', L.

Here JN(S(F, L)) = JN(S(F', L)) means J™ (gp,(F, L)) = JN (gp,(F', L)) for all
9pp(F, L) in S(F, L), gpp(F', L) in S(F', L"), where J¥(gp,(F, £)) stands for the

regular part of degree N in the Taylor expansion of gp p(]: L).
Proof. Suppose that T(F,L) = UT;, T'(F', L") = UT! where T; and T/ are irre-

)

ducible components of T'(F, £) and T'(F', L'). Then the singularities of F and F'
are p; = 1; N D =T} N D. Denote by h;, the holonomy of F on 7T;.

Now let p; be a singularity F. We first suppose that i 1s not a corner. denote by D
the irreducible component of D through p;. Because F and F' are strictly conjugated
in a neighborhood of p;, by Corollaries 2.3.2 and 2.3.3, there exists a diffeomorphism
¥; in Diff (D, p;) tangent to identity such that

(2.5.6) Vi © gpp, (-7: E) = 39D p; (-7:/ ~) o ;.

Let 7p (resp., ) be the projection from T; (resp., T}) to D that follows the leaves
of £ (resp., £'). We denote

(2.5.7) ¢;=7p o ton
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Since JN(S(F, L)) = JN(S(F', L), ¢; is a diffeomorphism of (7T}, p;) tangent to
identity map at order at least V.

In the case p; is a corner, let D be one of two irreducible components of D through
p; and define ¢; as above.

Lemma 2.5.2. Suppose that there exists a diffeomorphism ® such that the lifting
o*(®) =  satisfies

® i)|p = Id,
° (B|Tl - Cbi;
o« T(F,.L) = T(F,L).
Then L" = ®,(L) satisfies S(F, L") = S(F', L).

Proof. Let p; be a singularity F. In the case p; is not a corner, we denote D, mp,
7 as above. Let 77, be the projection following the leaves of £” from 7} to D, then

7 =mpo¢;t.
Hence, we have the equality

9o (F, L") = 1h o hyyompyt =mp o ¢yt o hiy o ¢pomp!
:¢ioﬂDohiVOW51 oq/ji_l :¢iogD,pi(ﬁ>‘C~) oqujz‘_l
- gDvpi(f/7 £~/>

If p; is a corner, p; = D N D', we still have
9D ,p; (ﬁ7 EU) = 9D,p; (ﬁ/> Z,)

Since éID = Id the Dulac maps of £” and £’ in a neighborhood of p; are the same.
Hence, Remark 2.2.5 leads to

9D’ p; (‘77 EH) = gD’ p; (ﬁ/a ‘C/)
]

What is left is to prove the existence of ® in Lemma 2.5.2 for N big enough. Suppose
that F and L are respectively defined by

w = a(z,y)dz + b(z, y)dy,
we = c(z,y)dr + d(z,y)dy.

Then the tangent curve 7' = T'(F, L) is defined by

q(z,y) = da — cb = 0.
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Let X, %8@ — g—qa@ be a vector field tangent to 7" and Xq be its lifting by o. By
y O z y
the 1mph(31t function theorem, if N is big enough, there exists f; defined on T; such

that )
explfi] (Xoly,) = o
Using Proposition 2.5.1, by choosing N big enough, there exists f € C{z,y} such

that .
exp[f o J]Xq‘Ti = ¢;.

For each ® = (&, ®y) € Diff(C?,0), let us denote

Wr N (I)*wg 8(1)1 8(1)2 8(1)1 8(1)2
O>= = = = +dod——| —d d—F+dod—
=% dx N\ dy ¢ (C 8y ° Jy ™ or ox

It follows easily that T'(F,®.L) = T if and only if ¢| < & >. Lemma 2.5.3 below
implies that there exists a holomorphic function u such that exp[f — ug] X, satisfies

Lemma 2.5.2 for N big enough. Moreover, by Proposition 2.5.1, we can chose N
that only depends on F. [

Lemma 2.5.3. If N is big enough, for all f in (x,y)Y there exists a holomorphic
function w such that q| < ®f_yq >

Proof. To simplify notation, for each holomorphic function f, let us write ®; instead
of exp[f]X,;. We have

0 & (f—ug)
—x 0Py =—) ———ady (v)
Ox {¢=0y Oz = i! (a=0)
a 8q o] fz'—l )
—zod — U= , ad’y (z)
T 0r ey Or = (i— 1) N -
0 dq 0
—x0d; —q A ody .
" Or {q:O} Y or dy {g=0}
Similarly, we obtains
0 0 dq 0
—z0Psr_yy —x oy —u~—q-—qo(1>f ,
dy oy O O A
dq 9q
Zyod,, = “yod b2 Mg ,
g’ I {g=0} oz’ ! {g=0} e T {g=0}
dq Oq
7Yoo Psy -y o Py tu o o0y
0y “ligm0y ~ 9 =0y O 0 g
This implies that
< Proug > gm0y = < P > (=0
0 0 0 0
(2.5.8) ST (P S ' L g o o, .
dy ox Jy ox {q=0)
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Let us denote h = cg—g — dg—g. Then {h = 0} is the tangent curve of £ and the

foliation defined by the level sets of ¢. Since at each singularity p; of F, the irre-
ducible component T} of T is transverse to £, the irreducible components of the strict
transform of {h = 0} at p; are also transverse to 7;. This implies that (¢,h) = 1
and the two curves {¢ - h = 0} and {q - (h o ;) = 0} are topologically conju-
gated. By Hilbert’s Nullstellensatz and the proof of Proposition 2.5.1 there exists a
natural M such that (z,y)™ C (q,h) and (z,y)™ C (q,h o ®;). This implies that
(z,y)* C (¢, h - (ho®;)). Hence, if < &; >€ (z,y)*", by (2.5.8) we can choose
u € C{z,y} such that q| < ®y_,, >. O]

Remark 2.5.4. If we replace the condition “F and F' are locally analytically con-
jugated” in Theorem C by the condition “F and F’ are in A” then the conclu-
sion in Theorem C becomes: “For all natural M > N there exists £, such that
JM(S(F,Ly,)) = JY(S(F', L))" Indeed, in that case, because the Camacho-Sad
indices are not rational, F and F’ are locally formally conjugated. Therefore, we
can choose ¢ in (2.5.6) such that

JM(% © gD ,p; <ﬁ7 5) © %_1) = JM(gD#?i(ﬁ/? il))

The two Theorems B and C give two corollaries on finite determination of the class
of isoholonomy non-dicritical foliations and absolutely dicritical foliations that have
the same Dulac maps.

Corollary D. Let F € A defined by a 1-form w then there exists a natural N such
that if 7 is defined by a 1-form «’ satisfying that J¥w = J¥w' and the vanishing
holonomy representations of F and F’ are strictly analytically conjugated, then F
and F' are strictly analytically conjugated.

Proof. Let £ € Ry then J™™MS(F, L) = J™MS(F, L) where m(N) is an increasing
function on N and m(N) — oo when N — oo. By Theorem C if N is big enough
there exists £” € Ry such that S(F, L") = S(F',L). By Theorem B, F and F' are
strictly analytically conjugated. O

Remark 2.5.5. This Corollary is consistent with the result of Mattei in [11] which
says that the dimension of moduli space of the equisingular unfoldings of a foliation
is finite. Note that the vanishing holonomy representations of two foliations that are
joined by a unfolding are conjugated but the converse is not true.

Corollary E. Let £ be a g-absolutely dicritical foliation defined by 1-form w. There
exists a natural NV such that if £’ is a og-absolutely dicritical foliation defined by w’
satisfying J¥w = JVw' and the Dulac maps of £ and £’ are the same then £ and
L are strictly analytically conjugated.

Proof. Suppose that D = U;—;,_;D; where D; is an irreducible component of D.
We take a pair of irreducible functions f; and g; for each ¢« = 1, ..., k, such that the
curve C; = {f; = 0} and C] = {g; = 0} satisfy the following properties:
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1. The strict transforms C; and C~’Z’ cut D; at two different points p;, ¢;, respec-
tively, such that none of them is a corner.

2. C;, C~'Z’ are smooth and transverse to the invariant curve of £ through p;, ¢
respectively.

Because [C : Q)] is an infinite field extension, there exists (A1, Ag, ..., A\x) € CF such
that

k
ch)\z QQ, V(Cl,...,Ck) EQk\{(O,,O)}

Now, let us consider the non-dicritical foliation F defined by the 1-form

Tk (S (Y o
e i (5 (15 ).

i=1 i=1

Then F admits o as its desingularization map and the singularities of the strict
transform F are the corners of D and p;, ¢, i = 1,...,k. We claim that at each
singularity, the Camacho-Sad index of F is not rational. Indeed, denote by m;; the
multiplicity of f;oo and g;oo on D;. At the corner p;; = D;ND;, we take coordinates
(x,y) such that D; = {z = 0},D; = {y = 0}. In this coordinate system, we can
write 0*wqg as

k
d d

0wy = u(x,y)z’ Zf:lm”yQ X >, (()‘l + 1)mli£ + (N + 1)mlj7y + au) ;
=1 r Y

where u(ac~, y) is a unit and «;; is a holomorphic form. Therefore, the Camacho-Sad
index of F at p;; is given by

. Zf:1<)‘l + 1)mlj € Q

I(p;;) =
(p]) Zle()\l‘i‘l)mli

Similarly, the Camacho-Sad indices of F at p; and ¢;, respectively, are

_ S+ Dmy
25:1 )\l

Now if JNw = JNw' then J"MWS(F, L) = J"NS(F, L) where m(N) is an increas-
ing function on N and m(N) — oo when N — co. Moreover if N is big enough the
invariant curves of £ and £’ through the singularities of F are tangent. By using
Theorem C for F' = F, there exists a foliation £” strictly conjugated with £ such
that the two couples (F, L") and (F,L’) are strictly conjugated. Consequently, £
and £ are strictly conjugated. O

_ S O+ Dmy

I(pi> L

¢ Q.
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Future works

The results of this thesis point to several interesting directions for future works:

The immediate problem is to generalize the second part of the paper [9]. In Chapter
1, we have only found some formal normal forms for topologically quasi-homogeneous
foliations. The next step is to prove that if topologically quasi-homogeneous folia-
tions have the same hamiltonian part and their vanishing holonomy representation
strictly conjugated then they are strictly conjugated. We think that this can be done
by using the sliding invariants.

Although the sliding invariants are finitely determined, we have not found a method
to compute this invariant even in the simplest case such as the nondegenerate re-
duced foliations. In [9], the authors shows that if topologically homogeneous two
foliations, whose vanishing holonomy representations are strictly conjugated, have
the same hamiltonian part after desingularization then they are strictly conjugated.
It seems, at least in the topologically homogeneous case, that the sliding invariants
depend only on the hamiltonian part. Proving and generalizing this result may help
us solve the following problems:

e To prove that, in the topologically quasi-homogeneous case, the hamiltonian
part and the vanishing holonomy representation can classify the foliations.

e To decompose a foliation (or 1-form which defines that foliation) into two parts,
one which contains only the information of the finite determinacy invariant,
other which contains the vanishing holonomy representation. Doing so, we may
found a normal form for non-dicritical foliations (by normalizing each part)
or a criteria of conjugacy for two foliations having the vanishing holonomy
representations conjugated.

Another direction for our future work is to consider the case where the Camacho-
Sad indices are rational. The equality of sliding invariant implies the existence of
local conjugations and the non-rational condition allows us to glue them together.
Without the non-rational condition, it seems that there is a hidden invariant of
resonant type which controls the existence of global conjugation.

73
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