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Abstract

Surface partial differential equations model several natural phenomena; for
example in fluid mechanics, cell biology and material science. The domain of the
equations can often have complex and changing morphology. This implies analytic
techniques are unavailable, hence numerical methods are required. The aim of this
thesis is to design and analyse three methods for solving different problems with
surface partial differential equations at their core.

First, we define a new finite element method for numerically approximating
solutions of partial differential equations in a bulk region coupled to surface partial
differential equations posed on the boundary of this domain. The key idea is to take
a polyhedral approximation of the bulk region consisting of a union of simplices,
and to use piecewise polynomial boundary faces as an approximation of the surface
and solve using isoparametric finite element spaces. We study this method in the
context of a model elliptic problem. The main result in this chapter is an optimal
order error estimate which is confirmed in numerical experiments.

Second, we use the evolving surface finite element method to solve a Cahn-
Hilliard equation on an evolving surface with prescribed velocity. We start by deriv-
ing the equation using a conservation law and appropriate transport formulae and
provide the necessary functional analytic setting. The finite element method relies
on evolving an initial triangulation by moving the nodes according to the prescribed
velocity. We go on to show a rigorous well-posedness result for the continuous equa-
tions by showing convergence, along a subsequence, of the finite element scheme.
We conclude the chapter by deriving error estimates and present various numerical
examples.

Finally, we stray from surface finite element method to consider new unfitted
finite element methods for surface partial differential equations. The idea is to use a
fixed bulk triangulation and approximate the surface using a discrete approximation
of the distance function. We describe and analyse two methods using a sharp inter-
face and narrow band approximation of the surface for a Poisson equation. Error
estimates are described and numerical computations indicate very good convergence
and stability properties.
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Chapter 1

Introduction

1.1 What is a surface partial differential equation?

Surface partial differential equations arise in a variety of natural applications. In
this thesis we will study partial differential equations posed on both stationary and
evolving surfaces both mathematically and numerically. The framework will be
geometric since the domains in which these equations are posed will be curved.

A surface partial differential equation is a partial differential equation whose
domain is an n-dimensional curved surface I living in R"*!. We contrast this with
geometric partial differential equations which are partial differential equations for
the evolution of a surface.

This means replacing the regular Cartesian derivatives with tangential gra-
dients which are intrinsic to the surface; see Appendix A for full definitions. As an

example, we consider the surface Poisson equation:
—Aru=f onl. (1.1.1)

Here Ar is the Laplace-Beltrami operator, the surface equivalent to the Laplace
operator. This will be the simplest model equation we consider. We may also

consider a more general elliptic equation on a surface:
—Vr-(AVru)+B-Vru+Cu=f onT. (1.1.2)

Here Vr is the tangential gradient and V- the tangential divergence. This equation
is elliptic if the diffusion tensor A is positive definite on the tangent space to I'. In
general, this means that A will vary in space, although the scalar matrix A = a1d

is also allowed. We also allow time dependent equations such as the surface heat



equation:
u = Aru onl
(1.1.3)
u(-,0) = up on I'.
Throughout this thesis, we will assume that the boundary of I' is empty, although
this is not a restriction on our methods. In the case that 0T is not empty, we may

consider standard boundary conditions alongside (1.1.2) or (1.1.3); for example:

ou

o =g ondl. (1.1.4)

u=gondl or

Here p is the outward pointing unit conormal to OI' — normal to 9T" but tangent
to I'. See Appendix A for more precise definitions.

Alternatively, one can also consider partial differential equations on an evolv-
ing n-dimensional surface {I'(t)} for t € [0,T]. A prototypical example is the evolv-

ing surface heat equation:

®u+uVp-v—Aru=0 onI'(?)

1.1.5
u(-,0) =up on I'(0). ( )

Here, 0° is the material derivative and v the material velocity of I'(¢). The material
derivative, 0®u, is an intrinsic derivative on the space-time domain of the equation
measuring the rate of change of u along the flow of the surface; see Section 3.2.1
for more precise details. The evolution of the surface may be given or need to be
computed as the solution of a geometric partial differential equation, which may

depend on the evolution of the field u on the surface:
v =g(z,v,H,u) onI(t).

Here v is the unit normal vector field to I'(t) and H is the mean curvature of I'(¢).

A simple example is given by forced mean curvature flow:
v=Vv V=—-H+u onl(t).

For a review of computational methods for geometric partial differential equations
see Deckelnick, Dziuk and Elliott (2005).

Often in applications, domains have complex evolving morphology so ana-
lytic methods are unavailable. In this thesis, we derive and analyse computational
methods to solve surface partial differential equations. In practice, this means find-

ing a computable approximation of the equations. We are motivated by examples



which are of this fully coupled evolving form. In the problems presented in this
thesis, we will assume either a given velocity or no velocity. Analysis of methods for
surface partial differential equations coupled to geometric evolution laws is beyond

the scope of current research methods.

1.2 Computational methods for surface partial differ-

ential equations

There are several methods designed to solve partial differential equations given in the
literature. They fall into two broad categories: either using an explicit or implicit
representation of the surface. The first approach uses a parametric viewpoint and
approximates the surface using a triangulated surface and performs calculations on
the discrete surface. The second category embeds the surface into Cartesian space
and uses implicit representations of geometric quantities. In this section, we give a
summary of a selection of these methods. As well as the given references, the review
of Dziuk and Elliott (2013b) gives more details on many of these methods and their
motivation.

The history of triangulated surfaces, and perhaps finite element methods in
general, can be traced back to the work of Schellbach (1851) who proposed using
a triangulated surface to solve Plateau’s problem of determining the surface of a
minimum area enclosed by a given closed curve. The first modern work to use a
polyhedral approximation of a surface is due to Nedelec (1976) who considered a
problem involving a surface integral. He constructed an exact triangulation of the
surface consisting of curved simplices. To calculate the surface integral he used a
high order quadrature rule to approximate the area element using a parameterisation
of the surface. Baumgardner and Frederickson (1985) looked at ways to construct
such exact triangulations.

The seminal work of Dziuk (1988) introduced what is now known as the
surface finite element method. This method uses a polyhedral approximation of
the surface consisting of planar triangles and then solves variational forms of partial
differential equations using a finite element method. Integrals on each element can be
performed exactly since elements in the mesh are no longer curved, however errors
arising from approximating the surface in this way are of the same order as the
standard planar interpolation error. This means the error is of optimal order with
respect to the dimension of the surface. The method allows conventional software
to be easily adapted for solving surface problems: The only difference is now that

nodes live in one space dimension higher; see Figure 1.2.1 for an example.



Figure 1.2.1: An example of a triangulated surface approximation of a curve I' =
{r € R?: ®(z) = 0} with ®(21,29) = /(21 — 22)2 + 22 — 1.

Higher order surface approximations have been developed by others includ-
ing Heine (2005) and Demlow (2009). A reliable and efficient error estimator for
adaptive calculations is given by Demlow and Dziuk (2007). The surface finite el-
ement method was extended to linear and non-linear parabolic equations by Dziuk
and Elliott (2007b). This approach was used by Barreira (2009) to solve a variety of
non-linear problems on surfaces and Du, Ju and Tian (2011) have given an analysis
of a fully discrete approximation of a Cahn-Hilliard equation posed on a triangulated
surface.

Other discretisations of surface partial differential equations on stationary
surfaces have used a triangulated surface as the computational domain. Dedner,
Madhavan and Stinner (2013) have studied a discontinuous Galerkin method for
solving a Poisson equation on a surface. Finite volume methods have been devel-
oped and analysed by Ju and Du (2009) and Ju, Tian and Wang (2009). Calhoun
and Helzel (2010) have used a similar approach using logically Cartesian grids.
Conservation laws on a sphere have been considered by Berger, Calhoun, Helzel and
LeVeque (2009).

The evolving surface finite element method was introduced by Dziuk and
Elliott (2007a), with further analysis given by: Dziuk, Lubich and Mansor (2012b);
Dziuk and Elliott (2012); Lubich, Mansour and Venkataraman (2013); and Dziuk
and Elliott (2013a). The idea is to construct an evolving discrete surface by moving
the nodes of a triangulated surface according to the underlying surface evolution.
Many of the properties from the stationary case, including optimal order errors,
carry over to this case. One key problem with this method is that, in the case of
large deformations, elements may become distorted. This can lead to large errors

and poorly conditioned systems of linear equations to solve at each time step. Re-
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Figure 1.2.2: The level lines of a level set function for ®(x1,x2) =
V/(z1 — 23)2 + 22 — 1. Highlighted in bold is the zero level line.

meshing strategies using conformal maps have been successfully used by Dziuk and
Clarenz (2003) for spheres and by Eilks and Elliott (2008) for tori, but a more recent
approach is to use an Arbitrary Lagrangian-Eulerian surface finite element method
(Elliott and Styles 2012). The idea is to introduce an artificial tangential velocity
to the nodes on the triangulated surface, and update the equations accordingly,
in order to ensure good mesh quality. The authors Barrett, Garcke and Niirnberg
(2008a,b,c,d) have developed novel discretisations of several geometric partial dif-
ferential equations which introduce an artificial tangential velocity which leads to
near equi-distribution of nodes.

Similar ideas have also been used by Dziuk, Kroner and Miiller (2012a) in a
finite volume scheme to solve scalar conservation laws on evolving surfaces. A second
order wave equation on an evolving surface, the Jenner equation (Dziuk and Elliott
2013b), has been analysed by Lubich and Mansour (2012). The Jenner equation is
derived from Hamilton’s principle of stationary action and is the natural analogue
of the classical acoustic wave equation on a given evolving surface.

The level set method is a very popular method for calculating solutions to
surface partial differential equations using an implicit representation of the sur-
face; see Sethian (1999) and Osher and Fedkiw (2002) for a review mainly fo-
cused on geometric partial differential equations. In this methodology, the surface
is represented as the zero level set of a smooth function ® defined on R"*! i.e.
I = {z € R*"!: ®(x) = 0}; see Figure 1.2.2 for example. We can use this represen-
tation to reformulate surface partial differential equations as equations on R**! and

solve using well established discretisation schemes. For example, we can translate



the heat equation on a given surface to Eulerian form given by

1
= —— V.- (PVu|V®|) onR" x(0,7)
VO (1.2.1)

u(+,0) = ug on R,

Ut

where uf is an extension of ug to R™*! and

Vo(x
P(z)=1d — v(z) @ v(x) v(z) = M)E%% for 2 € R"1,
Here ® denotes the outer product ((a®b);; = a;b;). This equation can now be solved
using standard computational methods. This is a degenerate parabolic equation
since no diffusion can occur in the direction normal to the surface, and we now seek
a solution v on all of R"*!. Both of these difficulties will have to be overcome in
computational approximations of (1.2.1).

The work of Bertalmio, Cheng, Osher and Sapiro (2001) uses both an en-
ergetic and variational formulation to derive the Eulerian form of a variety of dif-
ferent parabolic surface partial differential equations. These embedded equations
are solved using finite differences on a Cartesian grid in space and an explicit time
stepping strategy. The authors say that this approach allows the use of “well-studied
numerical techniques, with accurate error, stability and robustness measures; the
topology of the underlying surface is not an issue; and we can derive simple, accurate,
robust, and elegant implementations.” This method is extended by Greer, Bertozzi
and Sapiro (2006) to fourth-order equations including a Cahn-Hilliard equation and
a fully non-linear thin film model both posed on surfaces. Furthermore, finite dif-
ferences have been used to solve advection-diffusion equations on evolving surfaces
in Eulerian form; see Adalsteinsson and Sethian (2003) and Xu and Zhao (2003),
for example.

The problem of having (1.2.1) posed on a domain one dimension higher than
(1.1.5) can be overcome by considering (1.2.1) on a narrow band around the surface
U = {|®(z)] < ¢ : 2 € R*}; see the method developed by Schwartz, Adal-
steinsson, Colella, Arkin and Onsum (2005) for example. However, this introduces
further difficulties in the approximation of artificial boundary conditions imposed
on the boundary of U. Any implicit time stepping scheme must overcome the de-
generacy of the Eulerian approximation of the Laplace-Beltrami operator. Some of
these issues are resolved in Greer et al. (2006) using convexity splitting, alternating
direction implicit methods and iterative solvers. Recent works by Greer (2006) and

Chernyshenko and Olshanskii (2013) have suggested different non-degenerate forms



Figure 1.2.3: An example of a phase field representation of the curve I' = {z € R? :
®(z) = 0} with ®(x1,22) = /(21 — #3)%2 + 23 — 1. The plot is an isocolour plot of
pe(z) = 1/ cosh?(®(z) /) for € = 0.05.

of the projection operator P.

The level set methodology has also been applied using the finite element
method. Burger (2009) formulated an elliptic problem on a surface using an Eulerian
formulation, and then used a finite element method based on a polyhedral narrow
band about the surface. The parabolic case, including the Allen-Cahn equation
and fourth order Cahn-Hilliard equation, was studied by Dziuk and Elliott (2008).
Finally, the same authors have extended this work to evolving surfaces (Dziuk and
Elliott 2010).

A different implicit representation of the surface comes from using phase field
methods (Caginalp 1989; Deckelnick et al. 2005). The idea is to thicken the surface
to a narrow band I'. about the surface involving a small parameter ¢ related to
the thickness of the band. To do this we consider a family of non-negative smooth
functions p. that when scaled with 1/e approximate the delta distribution of ' as
€ — 0. We define I'. to be the support of p.; see Figure 1.2.3 for example. The heat

equation (1.1.5) in this formulation becomes

&
)
S
~—
I

V.- (pVu) onI'; x (0,¢
(pVu) e % (0,t) (1.2.2)
u(-,0) = ug on I'..

If we assume the surface is given by a level set function ®: R**! — R, we may take

pe(x) =0 (@ix)) :




Figure 1.2.4: An example of the computational domains I', and Dy for unfitted
finite element methods.

where o(r) > 0 if |r| < o, and o(r) = 0 if || > «, for some constant «,, > 0.

In the phase field methodology, one often solves for an unknown interface
(surface) represented by a phase field variable ¢ which has a step transition from
the bulk values ~ 41 on either side of the interface. We can construct a phase field
variable with compact support (i.e. the width of the interface is finite) with use of a
double obstacle phase field model (Blowey and Elliott 1991, 1992). In this context,

we form a diffuse interface with

pe = o(p), where o(r) =1—172
In this approach ¢ can be considered as a level set function for I'.

Such a formulation was originally developed by Cahn, Fife and Penrose
(1997) for a complex moving boundary problem. Numerical methods were pro-
posed by Deckelnick, Elliott and Styles (2001) using a finite element method. The
approach was generalised to different equations in the work of Rétz and Voigt (2006)
on stationary surfaces and extended to evolving surfaces by Elliott, Stinner, Styles
and Welford (2011). The formulation is based on an arbitrary triangulation of a
background region. To remain efficient, in practice, this is adaptively refined to
resolve the interface. This approach has been used successfully to solve the Cahn-
Hilliard-Navier-Stokes system by Kay, Styles and Welford (2008).

To ensure the efficiency of level set methods, it has been suggested (Deckel-
nick, Dziuk, Elliott and Heine 2010; Olshanskii, Reusken and Grande 2009) to use
unfitted finite element methods. The idea is to solve variational forms of surface

equations by integrating over partial elements, also known as cut cells, of a back-



ground, fixed triangulation. The method has been successfully used for equations in
planar domains with curved boundaries using finite element methods (Barrett and
Elliott 1982, 1984, 1985, 1987a,b, 1988) and using discontinuous Galerkin methods
(Bastian and Engwer 2009; Engwer and Heimann 2012), as well as for an interface
problem (Hansbo and Hansbo 2002).

We describe these methods for a Poisson equation (1.1.1) on a surface I’
which is the zero level set of a smooth level set function ®. This approach uses the
Fulerian formulation of surface partial differential equations. The work of Deckelnick
et al. (2010) considers an approximation of a surface Poisson equation using a bulk
finite element space V}, defined over a union of elements which intersect Dy, := {x €
R | @y (2)| < €}; see Figure 1.2.4 for example. To ensure optimal order errors,
the authors couple € = Sh, for 5 > 0, and solved:

/ P,NVuy - Vo |V<I>h’ + updn ‘V(I)h| dz = fe¢h ‘V(I)h| dz, for all on € Vi,
Dy, Dy,
where @, is a numerical approximation of ® (for example, the nodal interpolant),

P, element-wise projection given by

Vo, (z)

=———=  forx € Dy
V& ()] "

Pp(x) =1d — vp(z) @ vp(z), v ()

One may also consider the limit of these equations as 8 — 0 to derive a sharp

interface approximation. We set T'j, := {z € R"™! : &, (x) = 0} (see Figure 1.2.4),

and V}, is a bulk finite element space over elements which intersect I'y, (plus some
technical details). This is the method of Olshanskii et al. (2009) who solve:

g Vr,up - Vr, on + updp dop, = g féondopn, for all ¢p € V.

h h

This finite element scheme is not initially well-posed unless we restrict the problem
to finite element functions with V¢y, - v, = 0 where vy, is the element-wise normal
to I'y,. This does not cause any problems numerically since solutions can be com-
puted with the usual finite element basis functions used as a spanning set via the
conjugate gradient method. The induced triangulation, the underlying triangula-
tion restricted to the computational domain, may have arbitrarily small elements,
hence the resulting system of linear equations may be extremely badly conditioned.
Analysis and numerical tests by Olshanskii and Reusken (2010) show that a simple
Jacobi preconditioner overcomes this problem. Recent work by Olshanskii, Reusken

and Xu (2012) shows that the induced triangulation will satisfy a maximum angle
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Figure 1.2.5: An example of the computational domain for the closest point method.
The black nodes represent the nodes at which we calculate the solution of the partial
differential equation. In addition the yellow nodes show the extra ghost nodes at
which we must find the extended (interpolated) solution.

condition if the bulk triangulation satisfies a minimum angle condition.

An adaptive finite element method using the sharp interface approximation
has been studied by Demlow and Olshanskii (2012) and an advection dominated
problem is considered by Olshanskii, Reusken and Xu (2013). More details on these
methods are given in Chapter 4.

The final method we mention is the closest point method. The idea is to cre-
ate a very simple method by embedding a surface partial differential equation into
a narrow band about the surface using the closest point operator (A.2.2) and then
using Cartesian differential operators. The original method, proposed by Ruuth and
Merriman (2008), proposes a two step method to construct solutions to (1.1.3) at
each time step. First, one extends the solution off the surface to the computational
domain using the closest point operator, replacing u by u(p(-)). This step requires
computation of the closest point operator and nodal interpolation to find the so-
lution away from nodal values. Then, one computes the solution to the embedded
partial differential equation — the surface partial differential equation with tangen-
tial surface operators replaced with their Cartesian counterparts — using standard
finite differences on a Cartesian mesh in the computational domain for one time
step. The computational domain is a narrow band about the surface defined by the
nodes required to compute the finite difference stencil at each of the interpolation
nodes; see Figure 1.2.5 for example. In effect, the method approximates solutions

to

0 (u(p)) — A(u(p)) = 0.

10



The method relies on the fact that
Vu(p(x)) = Vru(z) forxz eT.

This method has been generalised using different interpolation operators
(Macdonald and Ruuth 2008), using implicit time stepping (Macdonald and Ruuth
2009), and using more general closest point operators (Mérz and Macdonald 2012).
It has been applied to a wide variety of problems including eigenvalue problems on
surfaces (Macdonald, Brandman and Ruuth 2011). This method is incredibly cheap

and simple to use although it currently lacks rigorous analysis.

1.3 Applications of surface partial differential equations

Surface partial differential equations arise in a wide variety of applications. We
give details of a few here as motivation for the methods that follow. Many more
applications have been studied. See Dziuk and Elliott (2007b) for a more detailed
list.

Surface active agents

A strong motivating example for many of the methods listed above is that of ad-
vection and diffusion of a surface active agent (surfactant) on a fluid interface.
Surfactants have an important role in many industrial and biological applications.
We mention in particular plastic production (Grace 1982), oil recovery (Morrow and
Mason 2001) and pulmonary function (Goerke 1998). Surfactants have the property
of changing (normally reducing) the surface tension of the interface to which they
are bound.

We consider a situation with two immiscible viscous fluids, of equal densities,
with a drop of one fluid inside another separated by an energetic interface. We
suppose that there is a surfactant which is insoluble in either of the fluids and hence
is confined to the interfacial region. We assume that the surface energy depends on
the concentration of surfactant and thus leads to a concentration dependent surface
tension and the Marangoni effect.

We describe a model presented by Elliott et al. (2011). The mathematical
formulation consists of a moving interface problem of Navier-Stokes form coupled to
an advection-diffusion equation on the interface. The problem is to find an interface
['(t) separating two fluid domains Q(¢) and Qs(t), a fluid velocity v, pressure p,

and a surfactant concentration w. Within the bulk domains €2;(¢), we have the
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Navier-Stokes system:

1

A
Rev

v+ (v-V)v=—-Vp+
V-v=0,

and on the unknown evolving surface I'(t) we have mass and momentum balances:

[v]s =0 v-v=Vr

[ Id 4+ -2 D( )r— L (o) H + Vro(w))
p Re v 2— ReCaUu ro(u)).

Here v is the unit normal vector field pointing into ;(t), H is the mean curva-
ture of I'(t), o(u) is the concentration dependent surface tension, Re and Ca are
the Reynolds and capillary numbers (dimensionless numbers derived from physical
quantities), Vi is the normal velocity of T'(t) and D(v) = (Vv + (Vv)?!) is a de-
formation tensor. Finally, [n]3 represents the jump of n between €3 and Q3. The

concentration u satisfies the conservation equation
Pu+uVp-v—Vr-gq=0 onT(t),

where g = q(u) is the flux by which w is driven.

Several numerical approaches have been taken to solve similar problems. We
mention the work of Xu, Li, Lowengrub and Zhao (2006), Lowengrub, Xu and Voigt
(2007), and Xu, Yang and Lowengrub (2012) based on the level set method of Xu and
Zhao (2003); the authors of Ganesan and Tobiska (2009) and Ganesan, Hahn, Held
and Tobiska (2012) used an Arbitrary Lagrangian-Eulerian surface finite element
method; and Elliott et al. (2011) who took a phase field approach. The study of
James and Lowengrub (2004), who considered a conservative volume of fluid method,
and the work of Lai, Tseng and Huang (2008), who used the immersed boundary
method of Peskin (1972), pursue the same problem from a more physical point of
view.

In other situations, we may drop the assumption that the surfactant only
exists on the interface between the two fluids (Defay and Prigogine 1966). In this
case, we will model soluble surfactants which may live on the interface I'(t) or in
one of the bulk phases Q9(t). Typically, we extend the previous model by assuming

that the surfactant has concentration u on the interface I'(t) and w in Qo(¢) and
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satisfying:

Ow+v-Vw—V-q,=0 in Qa(t)
8'u+uVF-V—Vr-qu:% on I'(¢),

where ¢, and ¢, are the fluxes for the surfactant in 5(¢) and I'(¢) respectively. The
system is completed by prescribing the flux of surfactant between bulk and interface

phases:

ow
% + L(w,u) =0,

or assuming instantaneous transport between the phases:

u = 'Y(w’F(t))'

This model is similar to that derived by Bothe, Priiss and Simonett (2005) and
Bothe and Priiss (2010). The precise form of L or v will be determined by an adsorp-
tion/desorption model governed by Langmuir kinetics. Modelling using Langmuir
kinetics can be found in work by Novak, Gao, Choi, Resasco, Schaff and Slepchenko
(2007); Kwon and Derby (2001); Booty and Siegel (2010); Medvedev and Stuche-
brukhov (2011); and Rétz and Roger (2012) in a variety of different applications.
Numerical methods have been derived for this extension, extending the pre-
vious works for insoluble surfactants. We mention in particular the work of Garcke,
Lam and Stinner (2013) and Teigen, Li, Lowengrub, Wang and Voigt (2009) both
using a phase field method. The review of Li and Kim (2012) is also a useful refer-

ence.

Pattern formation on biological surfaces

The classical work of Turing (1952) showed that many different patterns in nature
can be modelled by a simple system of reaction-diffusion equations. The review
of Baker, Gaffney and Maini (2008) gives more modern biological applications of
what are now called Turing patterns. Numerical examples suggest that similar
reaction-diffusion systems posed on growing biological surfaces exhibit diffusion-
driven instability of spatially uniform structures and thus lead to spatial patterns.

An example of such a model comes from the growth of solid tumours. The
evolution of the solid bulk tumour is determined by a concentration of growth pro-
moting factor on the surface. The mathematical problem is to find the tumour

surface I'(t), evolving with velocity v = Vv and scalar functions u,w which are
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surface concentrations satisfying an evolution equation
V = —eH 4+ du,
and a system of reaction-diffusion equations

0*u+ uVr v = Aru+ fi(u,w)
O*w +wVr - v = DyArw + fo(u,w).

In the first equation € and J are positive parameters. The ¢H is a regularising term
ensuring smoothness of the surface and the du reflects the promotion of growth of the
surface by the concentration of u. In the reaction-diffusion system, D,, is the positive
diffusion coefficient of the species w and f1, fo model the interactions between the
two surface concentrations. An example is the activator-depleted substrate model

(Schnakenberg 1979), known as the Brusselator model, in which
filu,w) = y(a—u+utw)  and  fo(u,w) = A(b— utw),

with v,a,b > 0 constants. This model is a combination of ideas from the work of
Crampin, Gaffney and Maini (1999) and Chaplain, Ganesh and Graham (2001).

Numerical studies of this model are given by Barreira, Elliott and Madzva-
muse (2011) using a surface finite element method and by Bergdorf, Sbalzarini and
Koumoutsakos (2010) using a Lagrangian particle method based on the level set
methodology.

A similar model for brain growth was studied numerically by Lefevre and
Mangin (2010). Further numerical studies can be found in Varea, Aragén and
Barrio (1999) and Plaza, Sdnchez-Garduno, Padilla, Barrio and Maini (2004). Other
authors have considered problems where one of the chemical species may also live in
the interior bulk phase. For example, Rétz and Roger (2012) consider a Turing-type
model for Guanine-tri-phosphate (GTP) binding proteins in biological cells which
can exist in either cytosolic volume or membrane surface using ideas from Langmuir
kinetics similar to the models for soluble surfactants.

Both Neilson, Mackenzie, Webb and Insall (2011) and Elliott, Stinner and
Venkataraman (2012) consider problems in cell motility using a reaction-diffusion
system called the Meinhardt model (Gierer and Meinhardt 1972). This is coupled
to a fourth order geometric equation for the cell membrane coming from a Helfrich

energy.
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Phase separation on surfaces

The final example we consider comes from a model for the etching of silver in a
silver-gold alloy whose surface is immersed in an electrolyte. It is an example where
coupling surface evolution with a surface process leads to highly complex morphol-
ogy. The following model was developed by Erlebacher, Aziz, Karma, Dimitrov and
Sieradzki (2001) and Eilks and Elliott (2008).

The goal is to find a surface I'(¢), evolving with velocity v = Vv, representing
a surface monolayer, and a surface concentration u, of gold atoms in the binary
mixture of gold and electrolyte adatoms in the surface monolayer, satisfying the
geometric law

V= —Jaiss = 'UO(l - 6H)7

and the conservation law
0°u~+uVrp-v—Vr-q=V(C,

with Cy the bulk gold concentration and ¢ the diffusive surface flux of adatoms given
by
q=—Jag = —b(u)Vrw w = —yAru + ¢ (u),

where w is the chemical potential, b(u) is a concentration dependent mobility and
1 is the double well free energy occurring in Cahn-Hilliard theory. The free energy

of regular solution v is given by the logarithmic functional

Y(u) = %u(l —u) + Z(ulogu + (1 —u)log(l — u)). (1.3.1)

The parameter 6 represents the temperature of the system and 6., the critical tem-
perature. We assume 0 < 0., so that ¢ has a double well form and phase separation
occurs. A typical form of b is b(c) = g(l —u?). Computations based on the surface
finite element method can be found in Eilks and Elliott (2008).

Analysis of a surface finite element method for a Cahn-Hilliard equation on a
stationary surface is given by Du et al. (2011). Further computations can be found
in Schoenborn and Desai (1999) and Marenduzzo and Orlandini (2013). Mercker,
Ptashnyk, Kiithnle, Hartmann, Weiss and Jager (2012) considered a Cahn-Hilliard
type equation forced by terms depending on the curvature of the surface, again on
a fixed surface.

Models of phase separation in biology have also been developed. Elliott et al.
(2012) considered a problem in cell motility and Elliott and Stinner (2010a,b, 2013)
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studied a problem on biomembranes.

We conclude this section by summarising the challenges these particular applications

bring.

Curved surfaces: The underlying domain of the partial differential equations lives
in curved space. Our numerical methods will have to find a way to capture the
essential geometric aspects of the surface. We wish to make no assumptions

with respect to symmetry.

Evolving surfaces: The domains we consider may also be time dependent. The
methods we design must have a way to track this change. Ideally, we wish
to try to use as many features of simpler systems as possible. This means we
wish to use a time stepping procedure that results in solving a sequence of

problems each on a different stationary surface.

Large deformations: We wish to be able to make no restrictions on the size of
the deformation of the surface. Large deformations and topology changes will

restrict the type of representation used for the surface.

Unknown evolutions: In most of the applications above the surface, and its evo-
lution, is a priori unknown. This means we must combine our methods with

computational techniques which can determine the motion of the surface.

Bulk effects: The surface effects we are modelling may be physically coupled to
systems living in a volume region about the surface. Our numerical methods

should be able to be combined with other methods for these equations.

Non-linear effects: The equations in this thesis are meant as model problems for
the complicated systems presented above. As such, we should always have

these applications in mind when making assumptions.

1.4 Outline of thesis

The original content of this thesis consists of three chapters. The first extends the
surface finite element method to problems where a diffusion on a surface is coupled
to diffusion in a bulk domain. The second studies an evolving surface finite element
method applied to a Cahn-Hilliard equation. Finally, the third looks at new unfitted

finite element methods for surface partial differential equations.
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The first problem we tackle, shown in Chapter 2, is a coupled bulk-surface
equation. Often, applications of the surface finite element method consider problems
where the evolution of surface concentrations depend on ‘bulk effects’. These effects
fall into two broad categories. In each, we assume a surface is embedded in a
volumetric domain. In the first case, the substance which lives on the surface may
also live in parts of the volumetric region. The second case considers an evolution
of the surface forced by some underlying equations for motion in the surrounding
volume. Of course, both effects can occur in the same model.

To develop a method for these applications, we consider the following model
problem. Given a domain €2 with closed boundary I', we seek a solution pair u:  —

R and v: I' — R satisfying

—Aut+u=f inQ (1.4.1a)
(au — Bv) + gz = onT (1.4.1b)
—Arv + v+ % =g onl. (1.4.1¢)

We assume f: 2 — R and g: I' — R are given functions and «, 8 are positive
constants. Equations (1.4.1a) and (1.4.1c) represent diffusion equation in the bulk
and on the surface, and (1.4.1b) represents the exchange of concentration between
the bulk and surface phases. This particular choice of coupling on the surface has
been used by Novak et al. (2007). It can be viewed as a linearisation of the more

general equation

L(u,v) + gz =0,

where 0, L(u,v) > 0 and 0,L(u,v) < 0, which has been used by: Kwon and Derby
(2001); Booty and Siegel (2010); Medvedev and Stuchebrukhov (2011); and Rétz
and Roger (2012), for example. We leave the numerical analysis of more general
couplings, the parabolic case and evolving domains to future work.

Our method works by taking a polyhedral approximation €2, of {2 and using
the boundary faces of 2j,, which we will call Iy, as an approximation of I'.  We
then use a finite element method to solve a variational form of the above equations.
This work also includes the use of higher order isoparametric finite elements. We
show well-posedness for these equations and derive optimal order error estimates
for the finite element method. This chapter also includes details of a numerical
implementation and examples to demonstrate the rates of convergence.

In Chapter 3, we consider our second problem looking at a Cahn-Hilliard

equation on an evolving surface. The Cahn-Hilliard equation (Cahn and Hilliard
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1958) can be used to model several natural phenomena; applications using a Cahn-
Hilliard equation can be found in Section 1.3. Analysis of the Cahn-Hilliard equa-
tion, in planar domains, started in the 1980’s with the work of Elliott and Songmu
(1986) and numerical work of Elliott and French (1987, 1989) and Elliott, French
and Milner (1989), which was extended to stationary surfaces by Du et al. (2011).
A review of the behaviour of the Cahn-Hilliard equation in the planar case is given
by Elliott (1989).

We will study the following problem mathematically. We assume we are
given an evolving surface {I'(¢)}, for ¢ € [0, T], with prescribed velocity v. We seek

a solution u of
0°u+ uVr-v=Ar <6Apu + i?//(u)) on I'(¢), (1.4.2)

subject to the initial condition u(-,0) = up on I'(0) = I'g. This is a fourth-order
non-linear equation posed on an evolving domain. We will look for solutions via
a second-order splitting method. We assume that € is a small, but fixed, positive

parameter and ¢ is the quartic double-well potential given by

1

$(e) = (212,

This is taken as a simplification of the logarithmic potential (1.3.1). We note that for
general surface evolutions the Ginzburg-Landau functional will not decrease along
solutions of this equation and (1.4.2) is not a gradient flow. One can enforce energy
decrease by imposing extra assumptions on v. Alternatively, one can calculate a
coupled gradient flow equation for u and v using techniques from Elliott and Stinner
(2010a).

This chapter is broken into four sections. In the first we derive the continuous
equation above (1.4.2). This comes from a simple conservation law on a surface and
applying a generalisation of the Reynolds transport theorem to curved surfaces.
Next, we derive our evolving surface finite element method. This is based on the
original method of Dziuk and Elliott (2007a). In section four, the discrete solution is
shown to satisfy an energy bound, hence we can use weak convergence results, along
with domain perturbation arguments, to show that the continuous equations have
a solution. The fifth section then shows that the finite element method converges
with optimal order errors in appropriate surface norms. The chapter finishes with
various numerical examples confirming the analytical results.

The final problem we consider, shown in Chapter 4, studies unfitted finite

element methods for surface partial differential equations. We suppose we are given
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a level set function describing the surface which may have been obtained using a
level set or phase field method for a geometric partial differential equation. This
method has the possibility of use in a large variety of applications where volumetric
forces determine the position and geometry of an evolving interface. We would like a
method with the efficiency of the parametric approach of the surface finite element
method, but without worrying about constructing a good triangulation from an
implicit representation of the surface. Our starting points are the sharp interface
method of Olshanskii et al. (2009) and the narrow band method of Deckelnick et al.
(2010). We extend these methods by using the full Cartesian gradient of basis
functions instead of projecting onto the tangential directions to the surface.

Given a smooth level set function ® with I' = {z € R"*! : &(z) = 0}, we

wish to solve the surface elliptic problem:
—Aru+u=f onl. (1.4.3)

We assume we have a fixed bulk triangulation 9}, of a neighbourhood of ' and
®;, is some approximation of ® (the nodal interpolant, for example). We define
Iy == {x € R : &,(x) = 0} and D), := {x € R*"™! : |®,(x)| < h}, which
both consist of partial elements. For the sharp interface method, we set V}, to be
the space of piecewise linear finite element functions over the set of elements in %,

which intersect I'y, (plus some technical assumptions) and solve

Vuy, - Vo + upon dop, = / féopdoy,  for all ¢y, € Vj,. (1.4.4)
Fh 1—‘h,

Alternatively, for the narrow band method, we set V}, to be the space of piecewise

linear finite element functions over the set of elements in .7}, which intersects Dy,

and solve
1 1 .
— Vuyp - Von +updpde = — fCopdx  for all ¢ € V3. (1.4.5)
2h Dh 2h‘ Dh

The use of full gradients means we no longer have degenerate equations to
solve and gives us control over the error of our finite element method away from the
surface since we can bound the gradient of the error in the normal direction to the
surface. The properties of these new methods are explored both analytically and
numerically for a surface Poisson equation (1.4.3) and are shown to give comparable
results to the surface finite element method.

The thesis is completed by Appendix A which sets up our notation and

assumptions. This preliminary material describes the surface finite element method
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as proposed by Dziuk (1988). Many of the proofs from main chapters are given in
full detail here taken from Dziuk and Elliott (2013b). This section also includes
details of numerical experiments which will be used as a basis for comparison for

the other chapters.
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Chapter 2

A finite element analysis of a

coupled bulk-surface equation

2.1 Introduction

In this chapter, we will describe and analyse a method for solving equations arising
from models with both bulk and surface effects taken into account. The key idea
is to take a polyhedral approximation of the bulk region, consisting of a union of
simplices, and to use its boundary faces as an approximation of the surface. Using
the boundary faces in our calculations allows us to use the surface finite element
method, as described in Appendix A, to calculate and analyse the surface terms
in our equations. The novelty of this work is to combine these ideas with previous
studies of Lenoir (1986), Bernardi (1989) and Dubois (1990) to account for the errors
coming from the bulk terms.

We will restrict the presentation to a sample linear elliptic problem. Given a
sufficiently smooth boundary, we will show error bounds of order A* in the H' norm
and order h**! in the L? norm, where k is the polynomial degree of the underlying
finite element space and h is the mesh size. This coincides with both error estimates
for planar domains (for example, Brenner and Scott 2002) and elliptic equations on
surfaces (Demlow 2009). This is because any errors introduced by the approximation

of the geometry are of the same order as interpolation errors.
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2.1.1 The coupled system

For a bounded domain 2 C R™ with boundary I', we seek solutions u: £ — R and
v: I' = R of the system

—Aut+u=f inQ (2.1.1a)
(au—BU)%—gZ =0 onTl (2.1.1b)
—Arv+v+ glyt =g onl. (2.1.1¢)

Here we assume that f and g are known functions on €2 and I', respectively, and
a, B > 0 are positive constants. We can think of o and 3 as constants coming from
non-dimensionalising a physical model. We denote by Ar the Laplace-Beltrami

operator on I' and by v the outward pointing unit normal to I.

2.1.2 Outline of chapter

The chapter proceeds as follows. In the second section we will derive a variational
form for the equations and explore existence, uniqueness and regularity of solutions.
The third section focuses on how to construct our computational domain and the
errors this introduces into our method. In the fourth section we develop the finite
element method and in the fifth section we will look for error bounds for this method.
In the final section we will show some numerical results.

Throughout, we will use the notation of Deckelnick et al. (2005) introduced

in Appendix A.

2.2  Well-posedness of the continuous problem

In this section, we introduce the variational form that the method is based on. We
go on to prove an existence and uniqueness result using the Lax-Milgram theorem
(Evans 1998) and then show a regularity result by considering the bulk and surface
equations separately. Throughout this chapter, we will make the same assumptions
on the domain as in Appendix A, except now since 2 C R™, we assume that I" is an

(n — 1)-dimensional hypersurface.

2.2.1 Variational form

We take functions n:  — R and £: I' — R in a suitable space of test functions,
multiply (2.1.1a) by n and (2.1.1c) by £. Applying integration by parts (A.2.8) gives
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/Vu‘Vn—i-undx—/nauda:/fndx, (2.2.1a)
0 r ov 0

/ Vv - Vré+védo + / a—uf do = / g€ do. (2.2.1b)
r r v r
The boundary condition (2.1.1b) tells us that
ou ou
— | n=—do = [ (au—pv)ndo and —¢&do=— [ (au—pPv)fdo. (2.2.2)
T ov T T ov T

We substitute these into (2.2.1) to get
/ Vu-Vn+unde + /(au — pu)ndo = / fndz, (2.2.3a)
Q T Q
/ Vrv - Vré +v€do — /(au — pu)do = / gndo. (2.2.3b)
r r r

We now take a weighted sum of (2.2.3a) and (2.2.3b) to obtain the variational form

a/Vu-Vn—l—undx—}-ﬁ/va-Vpﬁ—i—vfda
@ r (2.2.4)
+ [(au=pv)an - s9)ds =a [ frda s [ oo

We will test this variational form over the space H'(Q) x H'(I'), which we
define to be the product space

HY(Q) x HY(T) = {(1,€) : n € H() and € € H(T)}.
We equip this space with the inner product

((m5861)s (025 62)) () w1y 2= (M5 m2) () + (€15 €2) 1 (1)

and induced norm given by

|

107 N ers ey = (Il ey + €0 ey ) *-

It is clear that H'(Q) x H'(T') is a Hilbert space with this inner product. Details
of how to define the surface Sobolev space H!(T'), and higher order spaces, can be
found in Appendix A. Using a Sobolev space formulation requires us to interpret

u|p in the trace sense:
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Theorem 2.2.1 (Trace Theorem). Assume ) is bounded and T' = 99 is C* and

1 <p < oo. Then there exists a bounded linear operator
T: WhP(Q) — LP(T) (2.2.5)

such that Tw = w|r if w € WHP(Q) N C(Q). Furthermore there exists a constant
cr, depending only on p and ) such that

ITwll po(ry < er lwllprog) | (2.2.6)
for each w € WHP(Q). We call Tw the trace of w on T.

Proof. A proof is given is by Evans (1998, Chapter 5.5, Theorem 1). O

Throughout, we will write u for Tu on I'.
We will approximate solutions of the weak from of (2.1.1): Find (u,v) €
H'(Q) x HY(T) such that

a/Vu‘Vn—i-undxvtﬁ/Vrv-VF§+v§da
@ r (2.2.7)

+/F<au—m><an—5§>da=a/andx+6/Fg§da

for all (1,€) € HY(Q) x H'(T).

To help with the notations later, we will write a((u,v), (1,&)) for the left-hand side
of this equation and l((n,f)) for the right-hand side. In this way, we can rewrite
(2.2.7) as

a((u,v), (m,€)) =1((n,€)) forall (n,&) € H(Q) x H'(I). (2.2.8)

2.2.2 Existence, uniqueness and regularity

To apply the standard Lax-Milgram techniques, we must show that a is bounded
and coercive and [ is bounded over H'(Q) x H(T").
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To see that a is bounded, we notice that for (w,y), (n,&) € HY(Q) x H(T),

a((wvy)a (7775)) <« HwHHl(Q) HnHHl(Q) + 8 H?JHHI(F) H§HH1(1“)
+ [ (= By)(an — 5¢) do
< vV2max{a, B} [[(w, )|l g1 qyxar 0y 100 i1 @y ()
+ 26 max{a, BY2 [ (w, )| g1 )z (o) 100 ) e () 1 1)

< c|l(w, Y grrysar @y 100 N @ys oy -
(2.2.9)

Here cr is the constant from the Trace Theorem (Theorem 2.2.1). Coercivity of a
is immediate since we have for (1, &) € HY(Q) x HY(T),

a((n,€), (1,€)) = alnllznay + BIElGF @) + lan — Bl 72w

(2.2.10)
> V2min{e, 8} ||(7775)||§{1(Q)xH1(F) :

Hence a is coercive on H*(Q) x H(T') as a, 8 > 0.
It is clear that [ is bounded under the assumption that f € H~!(Q) and
g€ HYD).

Theorem 2.2.2 (Existence and uniqueness). Given o, > 0, f € H 1(Q) and
g € H~Y(T) there exists a unique pair (u,v) € H () x HY(T') such that

a((uv), (1.8) = U((n, &) for all (1,€) € H'(2) x H'(D). (2.2.11)

Furthermore, if I' is C3, we can achieve bounds in the H2-norm by considering
restricting the bilinear form a by setting n and £ equal to zero in turn.

For n =0, we get
ﬂ/r (Vrv- Vi€ +vf) da+52/rv§do = B/Fgﬁ—i—aﬂ/ruéda for all ¢ € HY(T).
This is exactly the variational form of the equation
—BArv + (B4 B*)v=Bg+afu onT.

By the Trace Theorem (Theorem 2.2.1) and Theorem 2.2.2, we know that u € L?(T).
Hence by surface elliptic theory (Aubin 1982), similarly to Theorem A.2.5, we have
that v € H?(I') and have the bound

ol 2y < eCllgllaqy + 10l 2y + lull ) )- (2.2.12)
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For £ =0, we get
a/ (Vu -V +un)dz + o*undo = a/ fndx + aﬁ/ vndo  for all n € HY(Q).
Q Q r
This equation arises as the variational form of the equation

—aAu+ au = af in Q
Ou

+au=pvonl.
v

By regularity theory of elliptic problems with Robin boundary data (see Ladyzhen-
skaia and Uraltseva (1968) or Gilbarg and Trudinger (2001)), if T is C3, we have
that u € H%(Q2) with the bound

lull g2y < el N2y + 10l )- (2.2.13)
Combining (2.2.12) and (2.2.13) gives the following regularity result:

Theorem 2.2.3 (Regularity). Let T' be C3, f € L*(Q), g € L*(T') and o, 8 > 0. If
(u,v) solves the variational problem (2.2.7) then (u,v) € H*(Q2) x H*(T') and

H(%”)HH?(Q)xH?(F) < C( HfHL2(Q) + H9HL2(Q) ) (2.2.14)

2.3 Domain perturbation

The first step we take in discretising the system (2.1.1) is to create a polyhedral
domain €, with boundary I';, and then describe higher order approximations ng)
and Fék). Our finite element method will be based on these domains. In this section,
we will explain how to construct such a domain and provide estimates for the errors
introduced by approximating the domain. To prove the results in this section, we

will assume T is CFT1,

2.3.1 Domain approximation

We follow ideas taken from the work of Lenoir (1986), Bernardi (1989) and Dubois
(1990) in order to define the triangulation of our bulk domain and results of Dziuk
(1988), Dziuk and Elliott (2007a) and Demlow (2009) to make estimates about the
perturbation of the boundary of this domain. The higher order surface finite element

space, used here, are described in Heine (2005).
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Figure 2.3.1: An example of a triangulated domains €, in R3, cut open to see the
interior simplices. These have been created using the CGAL package’s 3D Mesh
Generation demos. See Alliez et al. (2012) for details. These polyhedra are approx-
imations of Q = {z : ®(z) < 0} with ® from (2.6.1)

Let ), be a polyhedral approximation of € and set T';, := 9. We suppose
that the faces of I'), are (N — 1) simplices whose vertices lie on I' so that T, is
a discrete approximation of I' in the sense of Section A.3.1. We assume this is
given at the start of the procedure; see for example Figure 2.3.1. We take a quasi-
uniform triangulation .75, of €, (Definition A.3.1) consisting of closed simplices,
either triangles in R? or tetrahedra in R3.

We define h := max{diam(T) : T € .9} and assume that h is sufficiently
small so that ', C U so that for all z € I'j,, there exists a unique point p = p(x) €T
defined by (A.2.2). Finally, we assume that for each T € .9, T NI}, has at most

one face of T.

Exact triangulation

In order to define our computational domains, we first define an exact triangulation
of . An exact triangulation is made up of ‘curved simplices’ which together cover
all of Q exactly.

The unit reference n-simplex is defined to be the unit simplex with vertices
at (0,...,0), (1,0,...,0), (0,1,0,...,0), ..., (0,...,0,1). For each simplex T' € .7},,
we define an affine function Fp: R™ — R™ which maps the unit reference n-simplex

T onto T (mapping the vertices of T onto the vertices of T) which we write as

Fr(i) = Ari+bp forieT. (2.3.1)
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We say that a closed set T¢ is a curved n-simplex if there exists a C'-mapping F7
that maps T onto T¢ that is of the form

ch; = Fr+ ®r, (232)

where Fr is the affine map from (2.3.1) and ®7 is a C'-mapping from T to R™
satisfying
Cr :=sup | DOr(#)AL'| < L. (2.3.3)
zeT
From this definition, we immediately have the following result:

Proposition 2.3.1. If the F% exists, then it is a C-diffeomorphism from T onto
T¢ and satisfies

sup |DFp(2)| < (1 + Cr) |Ar|, (2.3.4a)
zeT
sup |D(Ff) " Hx)| < (1 - Cr) HAr| ™, (2.3.4D)

zeTe
(1 — Cp)"|det Ap| < |det DFS(2)] < (14 Cp)™|det Ap|  for all & € T. (2.3.4c)

We define an exact triangulation of a domain as a set of curved simplices .7;°
such that

U T = and sup Cr < C < 1.
Teeyhe TEjh

There are several ways of defining such a ®p given in the literature. Zla-
mal (1973, 1974) and Scott (1973) considered problems with finite element spaces
defined over curved spaces. Scott gives an explicit construction of an exact triangu-
lation in two space dimensions which was generalised by Lenoir (1986) to arbitrary
dimensions. Here, we will use a construction based on work by Dubois (1990) which
uses the normal projection operator (A.2.2). We will adopt the notation used by
Bénsch and Deckelnick (1999) and Deckelnick, Giinther and Hinze (2009).

Bearing in mind our assumption on the triangulation, each T € .7}, is either
an internal simplex, with at most one node on I'j,, in which case we set 7 = 0;
or T has more than one node on the boundary. If T is not an internal simplex, we
denote by [ > 2 the number of nodes of T' that lie on I';, and denote by 1, . .., ¥ni1
the vertices of T', ordered so that 1, ..., lie on I';,. For each point z € T, we

define barycentric coordinates by

n+1

r=) A
j=1
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and write £ = (A1, A2, ..., ..., Ap). We next introduce
l A
N=X(@) =) and 6={FeX:\(2)=0}
j=1

In three dimensions, & falls into the following cases:

1. If TNT), is an edge of a tetrahedron (I
the edge spanned by 3,14 under Frp;

2), then & is the inverse image of
2. If TNT}, is a face of a tetrahedron (I = 3), then & is the point Fiy'(14).
For & ¢ &, we denote the projection of  onto 7 = TN, by y = y(&) defined
by

l
A.
y = ]; rizpj er. (2.3.5)

Then using the normal projection p(y) € T" of y given by (A.2.2), we define .
Definition 2.3.2. Given k € N, we define ®7: T'— R" by

(I)T(i‘) .

f
0 if

A2 (p(y) —y)  ifido (2.3.6)
<

We now follow a sequence of lemmas from Bernardi (1989) to show that &
is C! and satisfies (2.3.3).

Lemma 2.3.3. The mapping y is C**1 on T \ & and satisfies

HDglynLoo(T\&) S

Oy for1 <m<k+1. (2.3.7)

Proof. The proof is given in Lemma 6.2 by Bernardi (1989). O

Lemma 2.3.4. The mapping p(y) is of class Ckt1 on T\ 6 and we have the bound

ch?
15" () = 9l ey < oy for1<m < k41 (2.3.8)

Proof. Using Equation 2.9 from Bernardi (1989),

D™fog)=>_Df| > a]]Dgn
r=1 i€E(m,r) ¢=1
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where
E(m,r)=<i=(i1,.. ) e N™: qu—rand Zqzq—m :

we remark that

IDZ0(y) = Yl poo(ing) < € Z 1D (() = D) e HHD yll.

We notice that p(y) = y if y = ¢ for any 0 < j <[ — that is if y is a corner of T
lying on 7 = T NI}, — so y|, can be seen as a linear interpolant of p(y) on 7. Hence
y((y) — y)HLOO(T) <ch?Tfor0<r<2.

Using (2.3.7), we see if m < 2,

m T p2rpgmaie) ch?
D3 (p(y) — y)HLoo(T\(}) < C; ()\*)(Zgnzlqiq) S (A=)m’

and if m > 2

O

, . .
B2 (a=1 ) LI NO D) ch?

m — Ay < —_——— <
1Dz () = 9)ll e (15) < © (;1 () (i ai) +TZ:3 O it | = ey

Proposition 2.3.5. The mapping ®7 is C**1 on T and we have the bound
ID™ @1 ooy < ch? for 0 <m < k+1. (2.3.9)
Furthermore, &7 satisfies (2.3.3).
Proof. Using the Leibniz formula, we have for any # € T \ &,
D"®r(z) = DF'(\)**2(p(y) — v))
S (M) 20 (3 AT (DN DY o) )
r=0

Applying (2.3.8) gives

HD?((A*)HQ(}?@) y)) HLOO o <CZ Slaray < R (AR,

ﬁ
= (A=)
The mapping ®7 is C*! on T \ ¢ with derivatives of order less than or equal to
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Figure 2.3.2: A plot of two sections of triangulation. The left shows three tetrahedra
in .}, and the right shows the corresponding three tetrahedra in .7,¢. The surface is
shown by spots on both sides. The red and yellow tetrahedra (left and right in each
image) share a face with the boundary (I = 3) and the blue tetrahedron (centre in
each image) shares an edge with the boundary (I = 2). This means the red and
yellow curved tetrahedra have four curved faces and the blue tetrahedron has two
curved faces.

k + 1 tending to zero when % tends to a point in &, since \* = 0 for & € 6. Hence,
®7 is a C**1 mapping on T (Gilbarg and Trudinger 2001, p. 10) which satisfies
(2.3.9).

Since |0%;/0z;| < ch, (Ciarlet and Raviart 1972a, p. 239), we know that

|A:,71‘ =% and Cr < sup (|DOri| |AT]_1) < ch.
h el
Hence @ satisfies (2.3.3) for h small enough. O

We will call the exact triangulation, defined by Ff above, 7,°. Note that
under this construction, in three dimensions, simplices in .7,°, which have more than
one vertex on the boundary, can have more than one curved face. See Figure 2.3.2

for example.

Remark 2.3.6. Note that we could have chosen ®7(z) = A*(p(y) — y). This would
define an exact triangulation of 2 however this function is not C1(T'), since the first
derivatives are not continuous at A* = 0. This would mean the interpolation theory

of Bernardi (1989) would not be available. Our construction combines the ideas of
Lenoir (1986) and Dubois (1990).

Computational domain

We are now in a position to define our computational domains lek) and I‘,(lk). Given
T € G, let ¢’f, ceey ¢Zk be a Lagrangian basis of degree k on T corresponding to

the nodal points 2!,...,2™ (see Figure 2.4.1). Then for 2 € T, we can define a
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parametrisation of a polynomial simplex T®) by
Z Fi(37)oh (). (2.3.10)

We can carry out this procedure for each simplex T' € . Since the basis functions

{qb;“} are unisolvent, F} ) is also a diffeomorphism on each simplex. We define Q(k)

(k)

as the union of elements .7, given by

70 .= (FP @) :2eT), F® =W .Tc ).

Then ng) is defined to be the boundary of the domain ng) with triangulation
(k)

,Zb(k) NCE The choice of Lagrangian basis ensures that the nodes of I';” lie on T
h
This construction admits quasi-uniform triangulations ,?h(k) and ka) for Q,gk)

rk
and ng), respectively. Note that, like the exact simplices in .7;¢, the simplices in

ﬂh(k) can have curved (polynomial) faces.

2.3.2 Bulk estimates

In this section, we will bound the difference between the exact and computational

domains using the fact that F%k)

is an interpolant of the parametrisation F7.

We define a function Gj,: lek) — Q locally by Gp|pw == Ff o (F,_(Fk))*1 for
each T e %(k)' This is a homeomorphism, which when restricted to interior
simplices (those with at most one vertex on the boundary) is the identity map. We
use the notation DG}, for the gradient of Gy, where (DGy,)i; = (0/0x;)(Gh)i and
DG} for its transpose. We will also write DG, ! for D(G, ') = (DG})~!. We denote
by Ji|r the absolute value of the determinant of DGp|r.

We denote by Bp, the union of elements in ?h(k)

which have more than one
vertex on the boundary Fék) and Bf = Gj(B},) the associated exact elements in Z°.
Note that By, is the region where G, is different from the identity.

Let us use the notation that for a fixed # € T', we denote F}k) (Z) = z, then

one may write that
Gu(x) = F5(FP) (@) = F(a) =« + (Fp(@) — FP (). (2.3.11)

Lemma 2.3.7. If ' is C**1 then Gp|pn is CH(T®) for each T®) € gh(k) and
we have that ||Gp||yyk+1.00 i)y s bounded independently of h.

32



Proof. Using (2.3.11), we can write Gy, as
Gh(l’) = FT(i’) + (I)T(Lf,’).

Since = + Z is smooth on each element, GG}, is the sum of an affine function and a
C*+1 function, so Gy, is of class C*+1 on T®). To achieve the bound independently
of h, we use (2.3.3). O

The next proposition is the main result in this section. It gives bounds on
the geometric errors between €2 and €2,. We show this bound for boundary simplices

only since for interior simplices DG |r = Id and Jp, |7 = 1.

Proposition 2.3.8 (Geometric bulk estimates). Let T' € Zl(k) be a boundary sim-
plex and T the associated exact simplex in Z,°. Under the assumption that F, is

quasi-uniform, for sufficiently small h, we have that

DGl = 1d]| oo ) < B (2.3.12a)
| Tnl7 = Ul oo gy < ch® (2.3.12b)
Proof. We will show that
0
—(Gh)i — 6i5| < ch,
813]'( h) i=c

which will show the required bounds. The first result follows a simple calculations
and the second is shown by Ipsen and Rehman (2008).
We start by taking the x; derivative of G}, to get

O(FI) 1 (2), 0(F5(2)),

0
%(Gh)i = ; 8z, o3

where we have used the substitution F}k) (Z) = x. Similarly, we have

G ST ot ) o(F (@),

0i i = -
J 81’j . altj 61’[
Hence ®
9 O(Fp") ) 0 A k) -
=0y =y — L2 0 " (FA(2) - F .
0:17] (Gh) J Z al,j 8@'[ ( T(:E) T (‘T))z
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It is classical (Ciarlet and Raviart 1972a, Lemma 7, p. 238) that

o((F)~\(2)),
8xj

and from standard interpolation theory, we see that

0
01

(Fe(z) — FW (@))i‘ <c HDéi“(F%) \me :

However we may use the fact that ‘D?Hxﬂ < ch™ (Ciarlet and Raviart 1972a,

p. 239) and change coordinates to see

| D)

k)\—
S Chk+1 HFrfv o (F,I(w )) IH = Chk+1 ”Gh“wk«rl,oo(T(k)) .

‘Loo(’j") Wk+1,oo(T(k))

From Lemma 2.3.7, we know ||Gp||yyk+1.00 (7)) is bounded independently of £, this

shows that 5
—(Gh)i — 6ij

< ch”. O
8x]~ =€

We next show how we can relate functions defined on the exact and compu-

tational domains. We do this through a ‘lifting’ process.

Definition 2.3.9. For a function ny,: ng) — R, we define its lift n,‘;: Q — R by
= nn o Gy . (2.3.13)
For a function n: Q — R, we can define its inverse lift n~¢: Q;Lk) — R by
N i=noGh. (2.3.14)

From this definition, it follows that ()¢ = 7. We can show that norms on

Q and ng) are equivalent using this process:

Proposition 2.3.10. Let n: ng) — R and let nf;: Q — R be its lift. Then there

exists constants c1,co > 0, independent of h, such that

(2.3.15a)

¢ i
< <
“ th‘ L2(Q) — th||L2(Q§f>) = th‘ L2(Q)’

(2.3.15b)

< 9l <74

¢
“ anh‘ 2Q)

L2(Q)
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Proof. Using the transformation y = G (x), we can write integrals over ng) as

/Qm () dm:/ﬂnﬁ(y)(%(y))‘ldy,

and the gradient of ng) as

Vann(x) = DG (y) Vi (y).
The two results then simply follow by applying the previous proposition. ]

In the following error analysis, we will require the following narrow band

trace inequality.

Lemma 2.3.11. Let Ns C U be the band of width §, given by
Ns={z€Q: -6 <d(z) <0}, (2.3.16)

where d is the signed distance function to I'. Assuming that 6 > 0 is sufficiently
small so that N5 C U, it holds that for n € H' ()

1
7l L2a) < €02 [l g - (2.3.17)

Proof. After this proof was written, the author was informed that this result was
given by Oganesyan and Rukhovets (1979).

First, we may assume that n € C'(Q), since the more general result will
follow by a density argument. Note that d € C?(Nj5) and |Vd| =1 on Ns. We can

apply the co-area formula to integrals over Ny as follows:

/M n(y)* dy = //\/5 n(y)? V(y)| dy = /_(; </ I, d0> ds. (2.3.18)

Here I'y denotes the C2 hypersurface which is the inverse images of s under d, namely
Iy ={z e Ns;:d(z) = s}.

Next, we wish to apply a trace inequality type argument to bound the right-
hand side of this equation. We follow the proof of the trace inequality from Grisvard
(2011, Theorem 1.5.1.10). Let the vector field D: Q — R™ be an extension of Vd
in C1(Q), equal to Vd on Nj, with the bound [Dller) < clldllczny)- Setting
Qs ={z € Q:d(z) < s}, we have that

/V(nQ)-Dd:c—2/ nVn - D dzx.
Qs Qs
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On the other hand, applying Green’s theorem, using the notation v for the normal

to I's, we obtain

/V(WQ)'Dde/ 772D~vsda—/ V- Ddz.
QS Kl QS

Since D - vy =1 on I'y, combining these two equations we have that

/nQD-ysdcr:2/ nVn-DdaH—/ nV - Ddx,
s

S S

which means that
/ n* do < 2 max |D| / Inl|Vn| de 4+ max |V - D] / n* dz.
s QS QS Qs QS

Since we have that Q0 C ), applying a Young’s inequality gives

/Fn2d0<c||DH01(Q)/Q(|V77|2+772)d33.

Hence, using (2.3.18), we have that
2 2
Il z20) < €0 Il ) - O

2.3.3 Surface estimates

In this section, we will recall results for the approximation of the surface. These
follow since F;Zk) can be viewed an an interpolant of I'. Proofs of these results for
k =1 are given in Appendix A. Proofs for k > 1 are given by Demlow (2009).

We remark that these proofs are available since Gh|r§f’) = p‘l“ﬁlk)’ the closest

point operator.

Proposition 2.3.12 (Geometric surface estimates). Under our assumptions on T’
and ng)) we have that

d| < chF L, (2.3.19)

L(rg)
Let pp, be the quotient of measures on the surface and approximate surface, so that

do = pup doy. Then we have the estimate

sup |1 — up| < eh* L. (2.3.20)

(k)
1—‘h

Let P and Pj, denote projections onto the tangent space of I' and I'y, respectively.
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We introduce the notation

O = i(Id —dH)PP,P(Id — dH), (2.3.21)
122

then we have the estimate
|P — Q| < ch**1. (2.3.22)

We use the closest point operator (A.2.2) to define the lift of surface functions.
Definition 2.3.13. Given & : Fgf) — R, we define its lift, denoted by ff;: I' - R,
(implicitly) by

&(p(@)) = &n(x). (2:3.23)

Similarly, for a function ¢: I' — R, we define its inverse lift, written £ *: Fglk)

by

— R,

¢ (x) = E(p(a))- (2.3.24)

Similarly to Proposition 2.3.10, we have a result equating norms on I' and

.

Proposition 2.3.14. Let &;,: ng) — R and let §f;: I' — R be its lift. Then there

exists constants c1,co > 0, independent of h, such that

(2.3.25a)

c Hﬁﬁ‘

c1 Hvrfi{‘

< NI&rl papipry < €2 H&é‘

L2(T) L2(r)’

<Vl gy < 2 ||

. (2.3.25b)

L2(T L2(I)

2.4 Finite element method

This section describes our finite element method. In this chapter, we will use piece-
wise polynomial finite element functions of the same degree as the approximation
of the domain. This leads to so-called isoparametric elements which will give the
optimal rate of convergence. One could also implement this method with different

order finite element functions, although this would lead to a suboptimal order error.

2.4.1 Isoparametric finite element spaces

We use this section to define finite element spaces Vh(k) and S,(lk) used in our finite
element method. We recall that the computational domains Q;lk) and ].“Ezk) are defined
by element-wise parametrisations F}k): T — Tk C lek) (2.3.10). In both the
bulk and surface cases, we define the finite element functions to be continuous

functions which are piecewise polynomials of degree k with respect to the barycentric
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(a) k=1, 4 nodes (b) k=2, 10 nodes (¢) k=3, 20 nodes

Figure 2.4.1: The locations of the order k Lagrangian nodes in three space dimen-
sions on a tetrahedron.

coordinates of the reference element in dimensions n and n — 1. An important part
of the construction is that the trace of a finite element function from Vh(k) on F;}k)
lies in S,(lk).

More precisely, for the bulk finite element functions, we define

V= {mn € @) s mnlr = i o (7)™ with iy € Py(T) for all T € 7,9},
(2.4.1)

For the surface finite element functions, we introduce

S® = (gy e W) : 4], = & o (FW) ™! with &, € Py(7) and 7 ¢ T € FV
for all T € %(k)|r(k)}.
' (2.4.2)
We have used the notation 7 = (F}k))_l(T) for the face of the reference element 7
corresponding to 7 and Py (w) for the space of Lagrangian polynomials of degree k
on w; see Figure 2.4.1 for the location of Lagrangian nodes in three dimensions.
We will write vy, for the element-wise defined outward normal to F,(lk). This

lets us define the tangential gradient of a finite element function &, € S,(lk) by
Vi, = Vén — (Vé, - vp)v, = PuVE.

From now on we will assume k is fixed and write Qp, 'y, 75, V3, and S}, for
Qék),l“gk), ﬂh(k), Vh(k) and S,(Zk) without ambiguity.
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2.4.2 Description of the method

We define approximations, fj and g, of the data, f and g, using the appropriate

inverse lifts. That is:
In=F"Tn gh=9 " (2.4.3)

The discrete problem is: Find (up,v) € V3 X Sy, such that

a/ (Vuh -V, + uhnh) dzr + ﬂ/ (Vrhvh -Vr,én + Uhfh) doy,
O th (2.4.4)

+/Fh(0<uh — Bup)(amp — &) doy, = Oé/Qh Tnin d$+5/rh gnén dop,

for all (nh,fh) e Vy x Sy,

Remark 2.4.1. This choice of fj, and g, is not fully practical for arbitrary (f,g) €
L?(Q) x L*(T) as the right-hand side integrals would need to be calculated via some
numerical integration rule. We are not concerned with analysing such errors in this
chapter and will assume that it is possible to calculate these integrals exactly; for
general results on numerical integration in the context of curved domains, see Ciarlet
and Raviart (1972b) and Barrett and Elliott (1987a).

Remark 2.4.2. To implement this method, we use exact integration to calculate mass

and stiffness matrices on reference elements using the transformation (2.3.10).

We introduce the following functionals on Vj x Sj to describe the finite

element method more succinctly:

an((wh, yn) (s En)) = OZ/Q (Vwy, - Vg, + wpnp) d

h

+ g (Vr,un - Vr,&n + ynén) doy
+ /F (qwp, — Byn)(amy, — BER) dop,
U ((mns &) == a/ﬂh fhnhd$+ﬁ/rh gnép dop,

so that we can write (2.4.4) as: Find (up,vp) € Vi, x Sp, such that

an ((un,vn), (s &) = tn((mn, &n))  for all (gn, &n) € Vi X Sh. (2.4.5)

Theorem 2.4.3. The finite element method defined in (2.4.4) has a unique solution
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(up,vp) € Vi, x Sy, for h small enough, which satisfies the bound

Qe vi) L1 ) xrr (o) < €105 Dl L2@ywL2ry - (2.4.6)

Proof. 1t is clear that the equations have a unique solution since ay, is also coercive
— this follows from the same reasoning as (2.2.10). To show the bound, we use
the coercivity of ap, the equivalence of norms shown in Proposition 2.3.10 and
Proposition 2.3.14, and equations (2.3.12b) and (2.3.20) to see that for h small

enough:
(e, vi) L )<y < €N gl 2@y xzny < ¢l Dle@yurzay - B

2.4.3 Lifted finite element spaces

In order to estimate the errors introduced in our finite element method, we define the
lifted finite element space that lifts of finite element functions live in. In particular,
this allows us to define (ufl, Uﬁ); the lifts of the finite element solution defined on
the same domains — in fact, in the same spaces — as the solutions of the continuous

problem. We define the lifted finite element spaces as

Vil = {nf, :n € i} € HY(Q),

2.4.7
S = {& - & € Sp} € HY(T). ( :

It is important to note that the trace on I' of functions in V,f lives in S,‘;.

Proposition 2.4.4 (Approximation property). For the lifted finite element spaces
V}f and SfL defined above, there exists an interpolation operator Ip: H*1(Q) x
HMUT) — Vif x 8¢ such that for 2 <m < k+ 1,

[(w,y) = In(w, Yl L2y x r2(ry + P (W, ) = In(w, ¥) || 1) i () (2.4.8)

< ch™ [|(w, Y) || gm0y x (1) -
for all (w,y) € H*(Q) x H*(T).

Proof. We start by defining the interpolation operator Iy : H?(Q)x H*(T') — Vi, xS,
so that (w,y) and fh(w, y) agree at the nodes of € and I'y,. This defines a :fh(w, Y)
uniquely since the Lagrangian basis is unisolvent on each element. We use both lifts
to define I (w,y) = (In(w,y))’. The error bounds follow from previously studied
interpolation theory; see Bernardi (1989) for the bulk and Demlow (2009) for the

surface. The result for surface terms with k = 1 is given in Proposition A.6.2. O
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Using the fact that, for (wp,yn) € Vi, X Sh,
V(wh) = V(wn 0 Gy') = DGy, (Vun)",
(writing DG, * for (DG, ')* ) and from Dziuk (1988),
(Pu(1d — dH))Vr(yh) = (Vr,um)",
we have that
an((whs yn), (n, &) = 04/Q (DG Vwy, - DGEV; + wilny,) (J5) ™ da
+B[XQA%%-V&§+%%M%)HM
+ [ (et = o) o, = B ) o
=: ap,((why 1), (11 1)) -

Whereas for the right-hand side, we immediately have that lh((nh, §h)) = l((nﬁ, ffl))

since
fn dz = / (F~C ) de = / T () da
Qp, Qp Q
= [ 1ot e = [ fofde
Q Q

and

/ gnén dop, =/ (9 pn)én doy, Z/(g_zﬂh)zf;{(ﬂﬁ)_lda
Tn

T, r
=/guﬁ§ﬁ(uﬁ)1d0=/g£ﬁd0-
r T
Hence, we may rewrite (2.4.4) as: Find (uf,v}) € V}f x S}
ap ((uhy oh), (0, €4)) = U0, €4))  for all (n, &) € Vi x S}, (2.4.9)

We will make use of the fact that afl now makes sense for all function pairs in

H(Q) x HY(T) in the following.
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2.5 Error analysis

In this section, we wish to compare the error between the solutions (u,v) of the
continuous problem (2.1.1) and the solutions (up, vp,) of the discrete problem (2.4.4)
defined in Section 2.4.

One of the problems we have to overcome is the fact that the two problems
are posed over different domains. However, the lift operators and the estimates
from Section 2.3 will help us. The proof follows a similar route to the abstract error
bounds from Section A.4.

In order to derive optimal order error estimates for £ > 1, we must assume
higher regularity of the smooth solution (u, v) and the surface I'. We require (u,v) €
HF1(Q) x H*Y(T) which, in turn, forces I' to be C*+2,

Theorem 2.5.1. Let (u,v) € H*1(Q) x H*L(T) be the solution of the variational
problem (2.2.7) and let (up,vy) € Vi xSy, be the solution of the finite element scheme
given by (2.4.4). Denote by ufl and v,{ the lifts of up, and vy, respectively. Then we
have the following error bounds:

— b v — ot < C1hF 2.5.1
H(u U ¥ vh)HHl(Q)le(F)_Cl ’ (25.1)

and

< C1hF, (2.5.2)
L2(Q)x L2(T)

where

C = C( ||(U,U)||Hk+1(Q)XHk+1(F) + ||(f7g)HL2(Q)><L2(F) )

The proof of this result will be shown at the end of this section.

2.5.1 Geometric errors

As with the surface finite element method detailed in Appendix A, part of the error
of the finite element method comes from the fact that there is a so-called ‘variational
crime’, that is we are using different bilinear forms in the exact and approximate for-
mulations and V}, € H*(Q2) and S;, € H*(I'). These errors come from the change in
geometry of the computational domain. This error is encapsulated in the difference

between the bilinear forms a and afl.

42



Lemma 2.5.2. For (w,y), (n,€) € Vi x St we have

‘a((w, Y),(n,€) — Gfl((wa Y), (7775))‘

< ch* lwll g gy 10l ey + P (w, ) ey oy 100 ) ey ) -
(2.5.3)

Proof. To prove this lemma, we split the forms a and afl into bulk, surface and cross

terms:
aD(w,n) = a/QVw -V +wndz
aD(y, &) = B/FVry -Vré +yédo
) ((w.9).(1.6)) = [ (0w = B - 5 dor

We define a%Q), ag) and aglx) and aéﬂ)Z’ agr)z and agx)é similarly.

Given w,n € V¢, we split the bulk term further:

0" (w, 1) — o (w, )

=

V™tV +w iy da — / Vw-Vn+wnde
Q

/ w_én_zdx—/wndx
Qn Q
/ wenedx—/wndx
Q, Q

Qpn

< + «

Vw ™t vy tde — / Vw - Vndx
Q

Qp

§a|A1+A2+A3’+a

)

with

1
A = /(DG}L —1d)Vw - DG} Vn— dx
Q Jh

1
Ay = / Vw - (DG} — d)Vn—; dz
Q Jh

1
A :/Vw-Vn<—1> dz.
3 0 Jf;

Making use of the fact that

3—1:0 and DGi—-Id=0 inQ\ B,
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we actually have

1
Alz/ (DG,E—Id)Vw-DG,EVnﬁdx
BZ

h h
1
Ag = Vw - (DG} — Id)Vn—; dz
BfL Jh

1
A3:/ Vw~V77<Z—1>dx.
Bﬁ Jh

Using Proposition 2.3.8, we see that the three terms .A; are bounded by
4] < ch® IVwll 2 ey 1Vl L2 ey -
Similarly, we obtain
1
/ w_en_g dx — / wndz / wn <£ — 1> dx
Qp, Q Q ‘]h

For the surface terms, given y, ¢ € S¢, we have

< h* Jwl gy 0l 2 -

0. — Dy, )]

=p

V- Ve 4y e doy — / Vry - Vié + yedo
T

/ Yt doy — / g€ do
T r

<B + 6

Y,y "t V& doy — / Vry - Vr§do
r

ry

Then using Proposition 2.3.12, we see that

Vphy"‘Vphﬁedah—/pr-foda
r

'y

[ 14 Qi) Ve Vigdo
I

< ch ! HVFZUHL2(F) ”VFfﬂLQ(F) ,

and

/Fh y%ﬂdah—/rysda /Fyg (:h—l) do

This is the same reasoning as Lemma A.6.3.

< Byl paey 1€l paqry -
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Using the previous result, we also have that

0 ((w,9)(1.)) = ™ (w.9) (0, 9))|
[ e = sy an = 5 ) o~ [ (aw — By)(an - pe) do
Ty

/F (ow — By) (e — BE) <H14 - 1) do F

h
< chMH! ||(w7y)||L2(I‘)><L2(F) H(naf)HL?(F)XLQ(F)

< ™ 1w, ) gy (0 1100 s 2y oy -
This shows (2.5.3). O

We remark briefly that since BfL is contained in €2, we also have for functions
(n,€) € V£ x Sp that

’a((w, y),(n,8) — af;((w, y), (n, f))‘

) (2.5.4)
< ch™ [(w, )N gy ooy 100 N i @)y -
However, we can also use Lemma 2.3.11, for integrals over BfL:
Lemma 2.5.3. Forn € H'(Q),
Ill sty < h2 il sy - (2.5.5)

Proof. We may apply Lemma 2.3.11 to a domain Ns. We can choose § > 0 such
that op > ch > d > h > 0, so that BfL C N5 C U since the width of BfL is just one

element. Hence, we infer

hl/2

||77||L2(Bf;) < HTIHLQ(N(;) < o'/ HUHHl(Q) <c ||77||H1(Q)‘ m

2.5.2 Proof of error bounds (2.5.1) and (2.5.2)

Let (u,v) € H*1(Q) x H*TY(T') be the solution of the variational problem (2.2.7)
and let (up, vy) € V3 xSy, be the solution of the finite element scheme given by (2.4.4).
Denote by uf and vf, the lifts of uy, and vy, respectively. Define F,: HY(Q)x HY (') —
R by

Fi((n,€)) = a((u = up, v = v), (n,€)). (2.5.6)
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Lemma 2.5.4. If (n,€) = (n},,£5) € ViIf x SE, then Fy, is bounded by

0 ol AL, ot o
)Fh((nhagh))’ < ch H(uh,vh)’ HUQ)xHL(D) H(nhafh)) HY Q) xH(T) (2.5.7)
If (n, &) € H?(Q) x H*(T), then we can improve the bound on Fj, to
k1|8 ot E i
| Fn((n,€))| < (ch H(uhvvh)‘ aaxmo T H(“h B U)HH“Q)XHI(F)
+ WM (w0 2 gqyarz ey ) 1100 )2 )z oy
(2.5.8)

Proof. First, we notice that if (n,&) = (nf,&f) € V)£ x S5, using the fact that (u,v)
satisfies (2.2.7) and (uf,v}) satisfies (2.4.9), F}, can be written as

Fn (- 6)) = a((u = up, 0 = vp). (0, €5))
= l((ni,&’i)) - a((uha”h) (ﬂhvfh))
= (1(0rh €0)) = 1k €8) )
— (al(uf oh), Orf €6)) = af (b, o). (0 €0)))
= —(a((uf, oh), (nf €6)) = af ((uh, o), (i, €0)) )-

Applying the result from (2.5.4) gives (2.5.7).
To show the second result, we assume (n,£) € H?(2) x H?(T') and introduce
the interpolant I5(n, &) € Vi¥ x Sy of (n,£), so that

Ep((1,9) = a((u = up,v = vp), (1,€))
- CL((U - ufl,v - Ufé,)? (7775) - Ih(naf)) + CL(('LL - U’{L?U - ’U,l;), Ih(n7§))

Then, again we can use the fact that (u,v) satisfies (2.2.7) and (uf,v}) satisfies
(2.4.9), so that

Fu((1.€)) = a((u = up,v = v3), (1,€) = In(n, €))
+ (af (o vh). 201, ©) = a((uh o), 1n(n. ) ).
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Hence, we have that

Fh((%ﬁ)) = a((u - ’UJ%,U - Uﬁ)? (nvf) - Ih(ﬁaﬁ))
o (af (o vh), T, €) = (0,)) = a(uhy0f) Tn(n.€) = (1,6)))
o+ (ah ((uh, = w,vf, = 0), (0,€)) = al(uh = wvh, = 0), (1,6)) )

+ (of ((w,0), (1.6)) = al(w,0), (1,€)) ).
(2.5.9)
We bound each of the terms on the right hand side of (2.5.9) in turn. For
the first term we apply the approximation property (Proposition 2.4.4) to see

Ja(u = uh v = of), (0,6) — T(,9))|

14 12
< ef| =t =D oy DN Oz

For the second term, we use the geometric bound (2.5.4), again, with the approxi-

mation property (Proposition 2.4.4) to obtain

’afz((ufwvﬁ)alh(nvg) - (U»f)) - a((“ﬁavi)afh(%f) - (7775))‘

Schk‘

L L
() sy 10 @y

x H1(T)
A bound for the third term follows by applying the geometric bound (2.5.4)
‘aé((uﬁ - u, Ufz, - U)’ (77’ 5)) - a((ufz - u, ’U}KL - U)a (777 g)) ‘

gchk’

l 4
(Uh —Uu,vp — v)HHl(Q)XHl(F) ”(777€)HH1(Q)><H1(F) :

Finally, for the fourth term, we simply apply (2.5.5) followed by the result from

Lemma 2.5.3 to see

Jaf ((,0), (1.6)) — a((w,0), (0, 6))|

< ch* [l g2 ey N1l g ey + P (s ) g gy oy 11005 s 2y 0y

< chMH! 1 (w, U)HHQ(Q)XH2(I‘) H("?a@”H?(Q)xH?(F) :
Adding together the previous four results in (2.5.9) gives (2.5.7). O

Remark 2.5.5. Note that in the absence of domain perturbation that

Fy((nn,&n)) =0,
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where this is simply Galerkin orthogonality, whereas in the absence of the bulk
equations then the bound would be of order h**! (Demlow 2009).

Proof of Theorem 2.5.1. The H! error estimate (2.5.1) follows simply by combining
the approximation property (Proposition 2.4.4) with the bound on Fj, from (2.5.7).
We rewrite the error as
a((u —uh,v —vp), (u— up,v —v}))
=a((u— uy, v —up), (u,v) — In(u,v))
- a((u - ufw Ll Ull;)’ Ih(uv U) - (ufu Uﬁ))
l

=a((u— ul, v — o), (u,v) — In(u,v)) + Fy (In(u,v) — (ui,vh)).

The result follows from application of a Cauchy inequality and the coercivity of the
bilinear form a (2.2.10). To show that the given value of C}, we use (2.4.6) from
Theorem 2.4.3 and (2.3.15a, 2.3.25a) to bound H(ufl,vf;)HHl(Q)XHl(F).

We will use an Aubin-Nitsche duality argument to show the L? bound. For
¢ =(¢1,¢) € L2(2) x L*(T), we define the dual problem: Find z. € H*(Q) x HY(T')
such that

a((1.€), 2c) = (¢, (0,€)) r2@xz2ry  forall (1,€) € H'(Q) x H'(T).  (2.5.10)

Here ((w,y), (n,€))2(0)xr2(r) denotes the sum of the L? inner products between
w and 1 on  and y and £ on I'. Similarly to Theorem 2.2.3, one can show the

following regularity result for the dual problem:
HZCHH2(Q)><H2(F) <c ”C”LQ(Q)XL?(F) : (2.5.11)
We write the error,
e=(u—up,v—up) € L*Q) x LX),
as the data for the dual problem and test with (n,£) = e so that
lell7 2w z2ry = ales ze) = Fa(ze).

Hence, using (2.5.8) combined with the H! error bound (2.5.1) and the dual regu-
larity result (2.5.11), we have

|‘€H%2(Q)XL2(F) = Fh(Ze) < Clhk+1 ||e||L2(Q)><L2(F) : O
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2.6 Numerical experiments

The method was implemented using the ALBERTA finite element toolbox (Schmidt,
Siebert, Koster and Heine 2005). We solve the linear system using a block Jacobi

iteration: Given (u?,v?), for k =0,1,..., find (quH, vﬁ“) as the solution of:
an((uf ™, 0F), (4, 0)) = (71, 0)) for all ny, € Vj,
an((ug, ™, 0™, (0,61)) = 1 ((0,6n)) for all &, € S,
until « ‘ quH — uﬁ” + 3 ‘ vﬁ“ — U}IiHH < 10719, Two linear solves are
L () Loo(I'y)

performed at each iteration using an direct sparse solver. One could also use a
(preconditioned) conjugate gradient method.
The first problem we consider has a = 8 = 1 and € is the unit ball in R3.

The data is chosen so that the exact solution is

u(z1, 2, x3) = S exp ( —xz1(x1 — Dag(ze — 1))

v(xy,x2,23) = (a +21(1 —221) + 22(1 — 2;1:2)) exp ( —x1(x1 — Dag(zg — 1))

We calculate the the right hand side by setting (f1, gr) to be an interpolant of (f, g)
into Vj, x S,. We ran two simulations: one with & = 1, and one with £ = 2. We
present the error calculated after solving the matrix system at each mesh size in
Table 2.1 for k = 1 and Table 2.2 for £ = 2. The experimental order of convergence
(eoc) is calculated through formula (A.7.1). This experiment demonstrates the
expected theoretical order of convergence showing that this bound is tight.

We take a second example from Deckelnick et al. (2010). We take Q = {x €
R3 : ®(x) < 0} for & given by

O (1,29, 23) = (1 — x%)Q +(1- x%)z +(1- m§)2

2 2

2 2 . _2\2 222 <2'6'1)
+ (4 $1 xz) + (4 .fUQ .Tg) + (4 f[fl .’,U3) 15

We consider the problem with f = 0 and g given by

4
g(x) =100exp | — Z lz— x|,
j=1
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h L? error (eoc) H' error (eoc)
1.000000 1.556084 - 10! - 8.412952 - 101

8.201523- 1071  6.945582-10"2 4.068547 6.031542-10~! 1.678406
4.799888 - 1071 2.375760-1072 2.002490 3.485974-10"' 1.023385
2.555341-1071  6.692238-1073 2.009740 1.831428-10~! 1.021009
1.321787-10"1  1.744647-107% 2.039433 9.301660-10"2 1.027742
6.736035- 1072  4.427043-10~% 2.034429 4.672631-10"2 1.021320
3.399254 - 1072 1.112504-10"* 2.019429 2.339324-10"2 1.011617

h L? error (eoc) H! error (eoc)
1.000000 5.080238 - 10~ 1 - 2.908569
8.201523 1071 1.591067-10~' 5.855554 1.607240 2.991664
4.799888 - 1071 4.342084-1072 2.424061 8.413412-10"! 1.208220
2.555341 - 1071 1.108272-10"2 2.166144 4.247143-10"' 1.084348
1.321787-1071  2.785873-1073 2.094697 2.128454-10~! 1.048012
6.736035-1072  6.973524-10~% 2.054635 1.064757-10"1 1.027520
3.399254 - 1072 1.743772-10"% 2.026669 5.324210-10"2 1.013381

Table 2.1: Error table for the case k = 1, Problem 1 - bulk errors, ||u — uyl|, (top)
and surface errors, ||v — vp/|, (bottom).
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h L? error (eoc) H! error (eoc)
1.000000 3.894207 - 102 - 3.511490 - 101
8.172473-1071 1.034114-1072 6.570149 1.476235-10"' 4.293793
5.060717-1071  1.304277-1073 4.320133 4.026584 - 1072 2.710747
2.773996 - 10~1  1.737998 - 10~* 3.352355 1.061322-1072 2.217832
1.447909 - 1071 2.259868 - 10~°  3.137667 2.723960 - 1072  2.091786
7.391824 -1072 2.882693-1076 3.062727 6.894787-107* 2.043497

h L? error (eoc) H! error (eoc)
1.000000 1.538024 - 1071 - 1.258018
8.172473-10~1 2.188515-1072 9.661695 3.745396-10~! 6.003538
5.060717-10~1  3.332406- 1073 3.927097 1.052173-10"! 2.649211
2.773996 - 1071 4.516347-10"% 3.324205 2.718041-10"2 2.251310
1.447909-10~1 5.816879-107° 3.152298 6.874227-1073 2.114402
7.391824 - 1072  7.342240-1076 3.078402 1.725037-107% 2.056324

Table 2.2: Error table for the case k = 2, Problem 1 - bulk errors, ||u — uy]|, (top)
and surface errors, ||v — vy||, (bottom).
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Figure 2.6.1: Plot of the solution of the finite element scheme at h =~ .2, Problem 1,
using quadratic elements, along the plane z = y in €2, with mesh shown, (left) and
on the surface I" (right).

with

z1 = (—1,1,2.04), x5 =(1,2.04,1),
zg = (2.04,0,1), 4= (—0.5,-1.0,-2.04).

We have used k£ = 1 in this example. The results are shown in Figure 2.6.2. This
shows that this method is very flexible with respect to the geometry of the underlying
domain and remains accurate despite large variations the curvature of the boundary

surface.
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Figure 2.6.2: Plot of solutions of the finite element scheme for the second problem.
The top line is the calculations on a coarse mesh and the lower line has a finer mesh.
The left images show the bulk solution u; on a part of the domain and the right
images show the surface solution v;. The bulk solutions have been cut open.
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Chapter 3

Analysis of a Cahn-Hilliard

equation on an evolving surface

3.1 Introduction

In this chapter, we will study a Cahn-Hilliard equation posed on an evolving surface
with prescribed velocity. The key methodology in the chapter is to use the evolving
surface finite element method originally proposed by Dziuk and Elliott (2007a) for
a surface heat equation. The idea is to take a triangulation of the initial surface
and evolving the nodes along the velocity field. This leads to a family of discrete
surfaces on which we can pose a variational form of the Cahn-Hilliard equation.
There are two key results in this chapter: first, we show well-posedness of
the continuous scheme and, second, we show convergence of a finite element scheme.
The well-posedness result is proven rigorously by showing convergence, along a sub-
sequence, of the discrete scheme. In contrast to the planar setting, there are extra
difficulties in this work since the classical Bochner space set-up is unavailable to us.
The finite element method is analysed under the assumption of higher regularity of
the solution and shown to converge to the true solution quadratically with respect to
the mesh size in an L? norm. The chapter concludes with some numerical examples

to show various properties of the methodology.

3.1.1 The Cahn-Hilliard equations

We assume we are given an evolving surface {I'(¢)}, for ¢ € [0,7], which evolves

according to a given underlying velocity field v which can be decomposed into normal
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(v,) and tangential components (v;) so that v = v, + v;. We seek a solution u of

O*u+uVr-v=Ar (—aApu + 1w'(u)) on U I(t) x {t} (3.1.1)
€ te(0,T)

subject to the initial condition
u(-,0) =ug onI'(0) =Ty. (3.1.2)

Here 0°u denotes the material derivative of u and Aru the Laplace-Beltrami oper-

ator of u. The function 1 is a double well potential, which we will take to be given
by
W(z) = i( 2_1y2, (3.1.3)

The behaviour of the Cahn-Hilliard equation in the planar case is well stud-
ied; see the review of Elliott (1989). Extra effects such as spatial or concentration
dependent mobilities or more physically realistic potentials could also be solved with
similar methods to those suggested in this chapter. Such considerations are left for
future work.

This Cahn-Hilliard equation is a simplification of the model for surface dis-
solution set out in Section 1.3. We have chosen not to consider the geometric terms
which would come from taking a gradient-flow of a Ginzburg-Landau functional.
From a modelling view point, we consider these terms as forcing a geometric evolu-
tion law for the surface; see Elliott and Stinner (2010a) for example. The model of
Mercker et al. (2012) takes a different approach and considers terms coming from a
Helfrich energy forcing the Cahn-Hilliard equation but on a stationary surface. The
aim of this work is to analyse a model equation of this form.

The results in this chapter can be seen as a generalisation of the work of
Du et al. (2011) to evolving surfaces. They consider a fully discrete approximation
of a Cahn-Hilliard equation posed on a two-dimensional stationary surface with
boundary (with a zero Dirichlet boundary condition) under the assumption ug €
H(T) N H3(T) and Arug € HE(T) N WH2+(T) for v € (0,1). They show an error

estimate of the form

< c(h2 + 72),
L2(Ty,)

max Hu}? — u_f(tm)‘
m

where 0 = tg <t1 < ... <ty <...<ty =T is a partition of time with fixed time

step 7 and u~¢ is the inverse lift (3.3.24) of the continuous solution w.
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3.1.2 Outline of chapter

The chapter is laid out as follows. In section two, we will derive a Cahn-Hilliard
equation on an evolving surface using a local conservation law. We introduce the
notation for partial differential equations on evolving surfaces following Deckelnick
et al. (2005) and state any assumptions on the smoothness of the surfaces and its
evolution we require in later chapters. The third section introduces a finite element
discretisation of the continuous equations. We describe the process of triangulat-
ing an evolving surface and how we formulate the space discrete-time continuous
problem as a system of ordinary differential equations. This section is completed by
showing some domain perturbation results relating geometric quantities on the dis-
crete and smooth surfaces. Well-posedness of the continuous equations is addressed
in the fourth section. An existence result is achieved by showing convergence, along
a subsequence, of the discrete solutions as the mesh size tends to zero. In section
five, we analyse the errors introduced by our finite element scheme and go on to
show an optimal order error estimate. Some numerical experiments are shown in
the sixth section backing up the analytical results.

We will use a Gronwall inequality as a standard tool in this chapter which
leads to exponential dependence on € in most bounds. We are not interested in
taking € — 0 in this work so will simply write ¢, for a generic constant which

depends on €.

3.2 Derivation of continuous equations

In this section we will derive a Cahn-Hilliard equation on an evolving surface. We
start by listing all assumptions on the surface and its evolution in time. Included
in these assumptions is the notation we will use to describe evolving surfaces. The
notation is taken from Deckelnick et al. (2005) and extends our description of sta-
tionary surfaces introduced in Appendix A; in particular, the material derivative
is introduced in detail. The main content of this chapter is the derivation of our
Cahn-Hilliard equation via a conservation law and the definition of solution we will

use.

3.2.1 Assumptions on the evolving surface

Given a final time T > 0, for each time t € [0,7T], we write I'(¢) for a compact,
smooth, connected n-dimensional hypersurface in R"*! for n = 1,2 or 3 and 'y =
I'(0). We assume that I'(¢) is the boundary of an open, bounded domain €(¢).
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&
Figure 3.2.1: A sketch of the space-time domain Gr.

It follows that I'(¢) admits a description as the zero level set of a signed distance
function d(-,t): R"™ — R so that d(-,t) < 0 in Q(t) and d(-,#) > 0 in Q(¢)¢. We

denote by Gr for the space-time domain given by

Gr=|J T@) x {t}. (3.2.1)

te[0,7

For our analysis, it is sufficient to consider d(-,t) locally to I'(¢). We restrict
our thoughts to N (¢), an open neighbourhood of T'(t). We choose N (¢) so that
|Vd(z,t)] # 0 for z € N(t) and assume that

d,dy, dy,, dge; € C*(N7)  fori,j=1,...,n+1;

here N7 = Uye (o) NV (¢) x {t}. The orientation of T'(¢) is fixed by choosing v(z,t) =
Vd(z,t). For (z,t) € Gp, we denote P = P(x,t) the projection operator onto the
tangent space T,I'(t), given by Pj;j(x,t) = §;; — vi(x,t)vj(z,t) and by H = H(z,t)
the (extended) Weingarten map (or shape operator),

Hij(z,t) = (vi(z,1))2; = duya; (2, ).

We will use the fact that PH = HP = H.
The same notation as described in Appendix A will be used to describe tan-
gential gradients and define Sobolev spaces over time dependent surfaces, H*(I'()).

We will make use of the following Sobolev embeddings:
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Lemma 3.2.1. For I'(t) as above, we have

ng/(n—q) or n
wiar) c 4 - (@) forq < (3.2.2)
C(T (1)) for g > n.

Furthermore there exists a constant ¢ = c(n, q), independent of t, such that for any
n e WhH(I(t)),

”UHan/(nw)(r(t)) <c H77HW1,q(r(t)) forq<n (3.2.3a)

171l oo ey < € nllwraqreey Jor g >n. (3.2.3b)

Proof. A proof for a fixed surface is given by Hebey (2000) in Theorems 2.5 and 2.6.
The constant in the bound is independent of time since we only consider a compact

interval of time. O

In particular, this allows us to embed H(I'(t)) in L5(I'(t)) for dimensions
n=1,2,3 so that [[v'(0)| 20 < el g rey-

Further, we require that for each (z,t) € Np there exists a unique p =
p(z,t) € T'(t), such that

x = p(x,t) + d(z, t)v(p(x,t),t). (3.2.4)

This exists by the same reasoning as in Lemma A.2.2. As before, we extend v, P

and H to functions on N by setting
v(o,t) = v(ple,1),1) = Vd(, 1),

and similarly P(xz,t) = P(p(x,t),t) = Id — v(z) ® v(x) and H(z,t) = V2d(x,t) for
(x,t) € Np.

Although it is sufficient to describe the evolution of the surface through a
normal velocity, we wish to consider material surfaces for which a material particle,
at X (t) on I'(t), has a velocity X () not necessarily only in the normal direction.
Hence, we assume that we are given a global velocity field v so that points X ()
evolve with the velocity X () = v(X(t),t). We will assume that v € C2(N7).

We can calculate the normal velocity v, of I'(¢), at a point z, by considering
a curve y(s) € I'(s) for s € (t — 6,t + 0), with v(t) = x and +/(t) = v,(z,t), the
velocity of the surface, then d(v(s),s) = 0 and

d

0= —-d(1(s),5) = Vd(1(s),5) - 7/(5) + de(3(5). 9).
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Figure 3.2.2: A sketch of a surface evolving with a material velocity v = v, + v,.
The normal velocity, indicated in blue, describes the evolution of the surface. The
tangential velocity, indicated in yellow, describes the evolution of material points
along the surface.

hence
vy(z,t) = —di(z, t)v(z,t)  for z € T'(1).

We say v, is a tangential velocity field if v, - = 0 in M. Given a tangential
velocity field v,, we call

V=0 + U,

a material velocity field. We considering the surface I'(t) as a composite of material
points which move within the surface I'(t) according to the material velocity v. See

Figure 3.2.2 for an example.

Remark 3.2.2. The normal velocity describes the geometric evolution of the sur-
face and the tangential velocity is often thought of as an advective term. From a
modelling point of view it is common to only think about a normal velocity. The
Marangoni effect, a force driven by surface tension gradient, is an example leading

to a tangential velocity.

3.2.2 Material derivative and transport formulae

Given a family of surfaces {I'(¢)} evolving in time with normal velocity field v,, we

define the normal time derivative 9° of a function n: Gr — R by

on ~
°n = — L - V1. 2.
9°n 9 +v, - V7 (3.2.5)

Here, 77 denotes a smooth extension of n to Np. This derivative describes how a
quantity 7 evolves in time with respect to the evolution of I'(t). It can be shown

that this definition is an intrinsic surface derivative, independent of the choice of
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extension: for any (z,t) € Gr, define the curve v(s) € I'(s) for s € (t —,t+ ) with
v(t) = z and v'(t) = vy (7(¢),?), then

(1(5), ) = 9°(3(5), 5)

Given a tangential vector field v, we define the material derivative of a scalar
function n: Gr — R, by
on ~
a1 +v- V.

0°n:=90n+uv,-Vprn = T

The following formula shows the significance of the material derivative. The
result is a generalisation of the classical Reynolds’ Transport Formula to curved

domains.

Lemma 3.2.3 (Transport formula). Let M(t) be an evolving surface with normal
velocity v,. Let vy be a tangential velocity field on M(t). Let the boundary OM(t)
evolve with velocity v = v, + v,. Assume that n is a function such that all the

following quantities exist. Then, we obtain the identity

d
— ndo = / 0°n+nVr -vdo. (3.2.6)
dt J pm M)

Proof. A proof can be found in Dziuk and Elliott (2007a, Lemma 2.2). O

As a consequence of this result, we have the following relations for the time
derivatives of the L? and Dirichlet inner products on {I'(¢)}.

Corollary 3.2.4. Using the same notation as in Lemma 3.2.3, assume that n,

are functions such that the following quantities exist. We have

d
— nedo = / *ne+nd*e+neVr-vdo. (3.2.7)
dt J me) M(t)
Denote by D(v) the rate of deformation tensor given by
1 n+1
D()ij == > (AxDyv; + AjpDyvi)  fori,j=1,... ,n+1, (3.2.8)

2
k=1

and by B(v) the tensor

B(v) :==0*A+ V- vA—2D(v). (3.2.9)
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For any matriz A = A(x,t) which is positive definite on the tangent space to I'(t),

we have the formula

d

- / AVrn - Vrepdo = / AV10®n - Vre + AVrn - Vro®edo

4 Jmaw M@ (3.2.10)

+ / B(v)Vrn - Vrpdo.
M(#)

Proof. Equation (3.2.7) follows from the product rule 9°(ny) = 9*n e +nd°p. The
result of (3.2.10) is given in detail for n = ¢ by Dziuk and Elliott (2007a, Lemma
2.2) and the polarised form (7 # ) is given by Dziuk and Elliott (2013a, Lemma
2.1). 0

We conclude this subsection with a result allowing us to extend functions

defined on one surface to the whole space-time domain.

Lemma 3.2.5. Fiz t € [0,7] and let n € HY(T(t)), respectively C*(T'(t)). Then
there exists an extension 7: Gr — R such that 0|y = n and 7 € H(I'(s)), resp.
CY(T(s)), for all times s € [0,T] and 8°7 = 0.

Proof. The ordinary differential equation:

%X(s) —o(X(s),s) forse[0,T],  X(t)=u

determines a flow ¢4(x) on Gp for z € I'(¢) such that
¢s(z) €I'(s) forallse[0,7] and ¢i(x)= .

Our assumptions on v imply that ¢s: T'(¢t) — I'(s) and (¢5)~': I'(s) — I'(t) are both
C'! mappings; see Hartman (2002, Theorem 3.1).
We define the extension 7 by

0z, s) == n((¢s)"'(x))  for (z,s) € Gr.

It is clear that since (¢s) =1 € CH(I'(¢);T(s)), we have 17 € HY(T'(s)) (resp. C1(T'(s)))
for all times s € [0,7].

Finally, we can calculate for y = (¢5) (),

0"i(r,5) = Li9u(y).5) = ~nfy) =0 for (z.5) € Or. 0
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3.2.3 Derivation of Cahn-Hilliard equations

For the Cahn-Hilliard equation posed in a Cartesian domain, first studied by Cahn
and Hilliard (1958), one can derive the equations as an H~! gradient flow of the

Ginzburg-Landau functional
5 5 1
Eqr(u) = 3 |Vu|” + =1(u) dz.
Q 3

This allows one to show well-posedness of solutions using gradient flow techniques
since Egy, is a Lyapunov function (Elliott 1989). Although this functional can be

easily extended to surfaces:
r € 2 1
E&p(u) = B |Vru|” + gi/}(u) do, (3.2.11)
r

this approach does not make sense in the context of evolving surfaces since the vari-
ation of the surface version of Ef; is not defined for I' = {I'()}. Alternatively, we
can consider the non-autonomous function Eg(ﬁ), then, using the transport formulae

(3.2.6) and (3.2.10), we have:

d & 2 ].
4 (/F(t) 3 |Vrul” + E"Lﬁ(“) dU)

= / eVru - Vro®u + 11//(u)8’u do + / EB(U)Vpu -Vru+ 1l/J(u)Vp -vdo.

r(t) € r( 2 €
To obtain a gradient flow there would need to be a model for v and which would
lead to a coupled system for u and v. In terms of modelling, we feel these extra
terms are geometric terms determining an evolution equation for the surface, which
we assume is given. Therefore, we do not consider such terms in this work.

In place of the gradient flow approach, we will consider a conservation law on
an evolving surface with a diffusive flux driven by a chemical potential. This is the
approach taken by Erlebacher et al. (2001) in the derivation of the model presented
in Section 1.3. In general, the energy E(F}(If) (u) will not decrease along the trajectory
of solutions. Any long term results will be dependent on assumptions on the long

term behaviour of the surface.

Conservation law

Let u represent a density of a scalar quantity on I'(¢). For an arbitrary portion M(t)

of I'(t) (which is the image of a portion Mg of Ty under the velocity flow v = v,),
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we will assume a conservation law of the form

4 udo = / q-pdo. (3.2.12)
dt J pm OM(t)

Here g represents the tangential flux of w on {I'(¢)}. For the left hand side of (3.2.12),

we use the transport formula (3.2.6):

d

— udU:/ 0°u+uVr - v, do,
dt Jme M(t)

and for the right hand side, we use integration by parts (A.2.8):

/ qda——/ Vr - qdo.
OM(t) M(t)

Equating the two previous equations leads to the pointwise conservation law
°u+uVr-v, +Vr-q=0. (3.2.13)

Remark 3.2.6. One has the choice to model the surface as either a set evolving
with purely normal velocity, and that any tangential motion can be described via
an advective flux, or consisting of material points. The second approach, used by

Dziuk and Elliott (2007a), leads to a conservation law of the form:
0®u+uVr-v+Vp-q=0.

The second approach can be seen as equivalent to the first, with the addition of an
advective flux driven by the tangential velocity of the surface. This is the approach
taken in this work.

Cahn-Hilliard equation

We will assume that the flux ¢ is the sum of a diffusive flux ¢4 and an advective flux

qa-
ga=—Vrw and ¢, = uv;.

The diffusive flux is driven by the gradient of chemical potential w given by

1
w = —eAru + gw’(u).
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This leads to the fourth order Cahn-Hilliard equation on Gp:
1
0®u+ uVr-v=Ar <—6Apu + Ew'(u)) . (3.2.14)

Alternatively, following Elliott et al. (1989), we can write this equation as a

system of second order equations:

O*u+uVp-v—Apw =0 (3.2.15a)

—eAru + éw’(u) —w=0. (3.2.15b)
We close the system with the initial condition
u(-,0) =up on I. (3.2.16)
There are no boundary conditions since the boundary of I'(¢) is empty.

3.2.4 Solution spaces

In standard parabolic theory one looks for solutions in Bochner spaces. Considering
our Cahn-Hilliard equation on a Cartesian domain © (Elliott 1989), one would

expect solutions to live in the spaces
u € L0, T; HY(Q)),u' € L*(0,T; H1(Q)),w € L*(0,T; H'(R)).

These spaces are constructed by considering u as a function from (0,7") into the
Hilbert space H'(€2). We would like to extend this definition so that u(t) is in
the now time-dependent Hilbert space H'(T'(t)). The following definitions are this
generalisation. We consider Sobolev spaces over the space-time domain Gp. We
will write Vg, for the space-time gradient and dor for the space-time measure on
Gr. We contrast our approach with that of Vierling (2011), who proposed using an
equivalent formulation using a reference domain.

We start by presenting the space-time domains L?(G7) and H'(G7) defined
by

Lz(gT) = {n € LIIOC(QT) : /g n*dor < —i—oo}

HY(Gr) := {n € L*(Gr) : Vg,n € L*(Gr)} .
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with norms

1
3
0l g2,y == </ n? d0T>
gr

1
Il a1y = (I3 2gr) + VG2l 2gy )
Proposition 3.2.7. The space H'(Gr) is compactly embedded into L*(Gr).

Proof. The result follows from the Rellich-Kondrakov theorem for manifolds shown
in Hebey (2000, Theorem 2.9) O

Using the identities,

dor,

T
n
ndadt:/ S —
/0 /F(t) gT /1+’/UV|2

and

0°nwv, o0°
ngn = <VFT/ + d 7 ) )

1+ v, 2 1+ v, ?
our assumptions on v imply that the space-time norms can be replaced with the

equivalent norms

1
T 2
! = 2do dt
19l 209 (A Amn

T
HWHIHI(QT) = (/ / n? + ‘VFTI‘Q + (0°n)? do dt)
o Jre

We will use the equivalent primed norms (dropping the prime) on L?(Gr) and
H(Gr) in the following.
We define the space L%Q by

T
L3, = {n € Ll (G7) : / / ndodt < +oo} ,
o Jre

with the inner product

1
2

(0,&)r2, = /OT/F(t) né do dt.

It is clear that L%Q is equivalent to L?(Gr) and hence is a Hilbert space.
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Next, we define the space L%Il as
L3 :={n:Gr > R:n€ L}, and Vpy € (L3)" T},

with the inner product

T
0Oz, = [ [ e Ve +naoat,
H 0 JT@)

where Vrn should be interpreted in the weak sense. Notice that elements of this

space are weakly differentiable at almost every time.
Lemma 3.2.8. The space L%ﬂ is a Hilbert space.

Proof. 1t is clear that this is an inner product space and we are left to show com-
pleteness. Suppose that 7 is a Cauchy sequence in Lﬁ{l. This implies that 7, and
Ve are Cauchy sequences in L?(Gr) and (L?(G7))"*!. This means that there
exists n € L2(Gr), & € (L%(Gr))"*! such that

e =1l L2gpy + IVEme = Ell L2,y = 0 as k — oc.

Fix t* € (0,T) and let ¢ € CY(T'(t*)) and o € C(0,T). Using Lemma 3.2.5, we
can construct @: Gr — R such that $(-,t) = ¢ and @ € CY(I'(t)) for each time
t €(0,T). Then, for j =1,...,n+ 1, we obtain

T
/ / nD;(ap) + &;(ap) do dt
0o Jr(

T

- /0 /r(t) (n=m)D;(a@) + (mkD;(aP) + &;(aP)) do dt
T

B / / (1= m)D; () + (~Dymi. + &) (a@) do dt,

o Jre

where we have used the fact that 7 is weakly differentiable at almost every time.

Taking the limit k& — oo, we infer

T
/ a(/ 7]ng5+§ch¢7) dt = 0.
0 T(t)

Since this holds for all a € C'(0,T"), by the Fundamental Lemma of the Calculus of
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Variations, at t = t*, we have
/ nDjp+Ejpdo =0 forall p € CHI(t)).
()
Since the choice of t* was arbitrary, we infer that £ is the weak gradient of 7 for

almost every time ¢ € (0,7) and the proof is complete. ]

The equivalence of norms implies that n € L%Il with 0%u € L%Q if, and only
if7 ne Hl(gT)
For 1 < g < 0o, we will define the space L;Iql by

Lgﬂ = {77 € LYGr) : HUHL(Zl < —I-oo},

with norm

r q
Il , = (] Wty at) fora<
Lq e
g1

ess sup ||| g (p ) for ¢ = oco.
te(0,T)

It is clear that L%Ol C L%l and that
IMHL;I < \/T”UHL;OI for all n € L.

Finally, we define L%, and pr by

O 1= {77 € L%(Gr) : esssup 171 20y < —I—oo}
te(0,T)

T
L= {1 e 2Gr) s [ Il dt < oo}

Remark 3.2.9. As a restriction on our analysis we will only consider 9°u as a func-
tion in L%Q since we do not wish to consider a weak material derivative. Such

considerations are left to future work.

We conclude this section with a result which will take an integral in time
equality into an almost everywhere in time equality. The proof is the generalisation

of a similar result given by in Robinson (2001, Lemma 7.4) for planar domains.

Lemma 3.2.10. Let n € L3, with
T
/ V- Vré+nédodt =0  for all € € L%Il. (3.2.17)
0 Jr@®
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Then for almost all times t € (0,T),
/ Vrn-Vre+nedo =0 forall p € L%{L (3.2.18)
(1)

Proof. Fix ¢ € L2, and o € C([0,T1]), then choosing { = ap € L3, and

T T
O:/ / Vrn'Vr§+n§dadt:/ oz(/ Vpn-Vpcp—deU) dt.
o Jre) 0 I'(t)

Since the choice of o was arbitrary, the Fundamental Lemma of the Calculus of

Variations implies the result. ]

3.2.5 Weak and variational form

Our finite element method will be based on a variational form of (3.2.15). The
standard approach of simply integrating by parts leads to a weak form, which al-
though useful for analytic considerations, will still contain explicit reference to the
velocity field v. We can remove this by using the transport formula (3.2.6), hiding
this instead in the material derivative of a test function. The resulting equation will
be called the variational form.

We start by multiplying (3.2.15a, 3.2.15b) by a test function ¢ and apply
integration by parts to the Laplacian terms to give the weak form. This will be the

definition of solution used throughout this chapter.

Definition 3.2.11 (Weak solution). We say that the pair (u,w): Gr — R2, with
we L NH YGr) and w € L%l, are a weak solution of the Cahn-Hilliard equation
(3.2.14) if, for almost every time t € (0,7),

/ 0°up + upVr - v+ Vrw - Vrepdo =0 (3.2.19a)
()
1
/ eVru-Vrp + gW(u)@ —wedo =0, (3.2.19b)
O

for all p € L%,l,

and u(-,0) = up pointwise almost everywhere in I'y.

We will show well-posedness of a weak solution in Section 3.4 by showing
convergence of a finite element method.

Restricting our thoughts to ¢ € H'(Gr), applying the transport formula to
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the first two terms in (3.2.19a) gives

/ 0*up + upVrp -vdo = % (/ ugpda) —/ ud®pdo.
r't) I(t) r'(t)

This gives the variational formulation:

4 / updo | + Vrw - Vrpdo = / ud®pdo (3.2.20a)
dt \Jre £ £

/ eVru - Vro + 11,//(u)<p do = / we do. (3.2.20b)
I'(t) € I(t)

As with other chapters, it will be useful to write these equations using ab-
stract bilinear forms. We define the following three to describe the above equations
for n, ¢ € HY(T'(t)):

m(n,w)z/ ne do

I(t)

a(n,w)z/ Vrn - Vrpdo
I(t)

g(vin, ) = / neVr - vdo.
I(t)

This lets us write (3.2.19) as

m(0®u, @) + g(v;u, p) + a(w, ) =0
1 (3.2.21)
ealu, @) + gm(w’(U), ¢) —m(w,p) =0,

and (3.2.20) as

d
—m(u, a(w, ) = m(u,0®
3w ) +a(w, ) = m(u,8%p) (3.22)

calu, ¢) + Tm(¥!(w), ¢) = m(w, o).

We may also write the results of Corollary 3.2.4 in this form:

d { ] { ]
&m(m @) =m(9°n, ) +m(n,0°p) + g(v;n, v)

d { ] { ]
aa(n, @) = a(0°n, @) +a(n,0%p) + b(v;n, ),

with the addition of

b(vin, ) = / B(v)Vrn - Vredo,
')
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using A = Id in the definition of B(v).

3.3 Finite element approximation

In this section, we propose a finite element method for approximating solutions
of the Cahn-Hilliard equation (3.2.14). It is based on the evolving surface finite
element method of Dziuk and Elliott (2007a). Similarly to other chapters, we will
use a discrete approximation of the family of surfaces {I'(t)} approximated at each
time by a polyhedral surface I'y,(t) with nodes lying on I'(t). We impose, in addition,
that the nodes of {I',(t)} evolve according to the smooth underlying velocity of the
surface {I'(¢)}. Our time dependent finite element space will be based on this family
of discrete surfaces.

From a practical view point, a key advantage of this methodology is that
basis functions have zero discrete material velocity. We will see that this results in

no mention of the velocity or curvature in the resulting finite element scheme.

3.3.1 Evolving triangulation and discrete material derivative

Let I'j, o be a polyhedral approximation of the initial surface I'g with the restriction
that the nodes {Xj(»)}?’:1 of I'p o lie on I'g. Ideas of how to construct this can be
found in Section A.3.1. We evolve the nodes to form trajectories {X; (t)};vzl by the

smooth surface velocity:
X;(t) =v(X;(t),t), X;(0)=X?, forj=1,...,N.

Interpolating between these nodes defines a family of discrete surfaces {I',(¢)}. At
each time, we assume that we have a triangulation 7, (t) of I',(t), with h the max-

imum diameter of elements in 7, (t) uniformly in time:

h:= sup max diam E(t). 3.3.1
te(0,7) E()ET () ) ( )

We assume that .7}, is quasi-uniform as in the sense defined in Definition A.3.1,

uniformly in time.

Lemma 3.3.1. Under our assumptions on {I'y(t)}, we have that

sup ||V, - Vall e + [ Br(Va) |l oo <c sup |jv . (3.3.2
e <|| Ty Vil oo, ) + I1Ba(Va)ll (Fh(t))> te[O,T]H ez ( )
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Proof. The result follows from applying the geometric estimates (3.3.26) and (3.3.45)
along with our assumption that v € C?(N7). O

Remark 3.3.2. In practical situations, assuming a uniformly regular mesh may not
be feasible. Large surface deformations can lead to poor quality triangulations with
deformed elements. In such cases, re-meshing may be required; see Clarenz, Diewald,
Dziuk and Rumpf (2004); Eilks and Elliott (2008), for example. Alternatively, one
may use an arbitrary Lagrangian-Eulerian formulation by allowing extra tangential
mesh motions; see Elliott and Styles (2012) and Elliott and Stinner (2013) for details.

We define v}, element-wise as the unit outward pointing normal to I',(¢) and

denote by Vr, the tangential gradient on I',(t) defined element-wise by
Vr‘hnh = Vﬁh — (Vﬁh . l/h)Vh = (Id — VR & l/h)Vﬁh =: PhV’ﬁh.
This is a vector-valued quantity and we will denote its components by

Ve, in = (Dypaths - - Dy 1)
We define the finite element space of piecewise linear functions on I'j(¢) by
S(t) == {¢n € C(L'n(t)) : ¢nlg() is affine linear, for each E(t) € F3(t)}. (3.3.3)

We will write {¢§-V(-, t)};-vzl for the nodal basis of Sy (t) given by <Z>§V(Xz-(t), t) = 6.

The definition of a basis of Sj,(¢) allows us to characterise the velocity of the
surface {I',(¢)}. An arbitrary point X (¢) on I',(t) evolves according to the discrete
velocity Vj:

N
X() = Va(X(0),8) = 3. X, 000) (X (1)) = S o(X; (1), )8 (X (8),1).  (3.3.4)
=1 j=1

We will write G, 7 as the discrete equivalent to Gr:

Grr = |J Talt) x {t}. (3.3.5)

te(0,T)

The discrete velocity V}, induces a discrete material derivative. For a scalar quantity

Ny on Gy 7, we define the discrete material derivative 07ny by

Opnin == Ol + Vg, - Vi, (3.3.6)
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Figure 3.3.1: Example of an evolving triangulated surface. The left images (yellow)
represent a course mesh and the right (blue) a more refined mesh.
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where 7, is an arbitrary extension of 7, to Np. This leads to the remarkable

transport property of the basis functions {gzbév }.

Lemma 3.3.3 (Transport of basis functions). Let (JS;-V: Gnr — R be a nodal basis

function as described above, then
RN =0. (3.3.7)

Proof. From <Z>§V(Xi(t), t) = di;, we have

= %%V(Xz’(t),t) = ¢N(X(1), 1) + Vo (Xi(t), 1) - Xi(1)
= G (Xi(1), 1) + Vo (Xi(1),1) - Vi(Xi(1), £) = Dol (Xa(1), 1),

This implies that 0 qSN is zero at all vertices of I',(t), and hence Gﬁgb;-v =0. O

These discrete quantities also satisfy a variant of the transport formula from

Lemma 3.2.3. We label the surface measure on I';(t) as dop,.

Lemma 3.3.4 (Transport lemma for triangulated surfaces). Let {T'y(t)} be a dis-
crete family of triangulated surfaces evolving with velocity Vy. Let np, ¢p be time-
dependent finite element functions such that the following quantities exist. Then,

we have
d

S pdoy = / iih + M Vr, - Vi doy, (33.8)
dt Jr, 1) (1)

In particular, for the L? inner product this means that

d

a ) ( )nh¢h doy, = / (Ornm)Pn + M (Ondn) + mudnVr, - Vi doy, (3.3.9)
NG

Cr(t)

and for the Dirichlet inner product, we obtain

d o »
dt Vr,nn - Vr,én dop, = Ve, (Opmn) - Vr,én + Vo, mn - Vr, (95¢n) doy,
T (t) Tn(t)
.S / B(Vi)Vr,mh - Vr, &1 do,
( )E %L(t
(3.3.10)
where

1 1
Bh(Vh) = §(VFh . Vh)Id — Dh(Vh) and Dh(Vh)Z] = E(Qh,ivhaj +Qh,th7i).
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Proof. Following Dziuk and Elliott (2013a, Lemma 4.2), we write

d d
— Ny dop, = / ny dop,
dt Jr, @) E%e:gh dt Jp()

and apply the results transport formulae of Lemma 3.2.3 and Corollary 3.2.4 element-

wise. O]

3.3.2 Finite element scheme

Simply put, our finite element scheme for the approximate solutions of (3.2.14) is
based on solving a discrete version of the variational form (3.2.20) on the surface
{T'x(t)} over the finite element space S (t).

We will assume that the initial condition to our finite element method Uy €
Sh(I'h,0) satisfies

1
/ e <|U0|2 n |V1"hU0|2) + % (Uo) doy < +oo. (3.3.11)
Tho

Remark 3.3.5. One particular choice of initial condition will be to take Uy as a suit-
able approximation (for example, IT,ug defined in (3.3.48)) of uy with ug satisfying
(3.4.8).

Our solution spaces will be

ST = {én € C(Gnr) : dn(-,t) € Sy(t) for all t € [0,T], and Iy € C(Gnr)}

SE = {én € C(Gnr) : dn(-,t) € Sp(t) for all t € [0,T]}.
(3.3.12)

The finite element scheme is: Given Uy, find U, € S,:lr and W), € g}:lr such
that for almost every time ¢t € (0,7")

d

— Upopdop | + thWh . VFh¢h dop, = Uha;ﬂsh doy, (3.3.13&)
dt \Jr,.0) Th(t)

Tp(t)

1
/ 5thUh . Vphth + *@Z)/(Uh)ﬁéh doy, = Whop doy, (3.3.13b)
Ty(t) € Tr(t)

for all ¢p, € Sy(t),

subject to the initial condition

Up(-,0) = Up. (3.3.14)
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The transport formula (3.3.9) implies that, for ¢, € ST, (3.3.13a) is equiva-

lent to
/ . O Unén + UndnVr, - Vi + Vr, Wi, - Vi, ¢, dop, = 0. (3.3.15)
Tp(t

We can write these equations in matrix form. First, we will introduce vectors
a(t), B(t) € RY for the nodal values of U, and W}, by

Zaj (z,t), Why(x,t) ZB] (x,t) for (x,t) € Gy

In place of the bilinear forms, we have the mass matrix M(t) and stiffness matrix

S(t):
o= [ oloNdm Sty = [ Vrol Ve don
Ln(t) Ty (t)

and in place of the non-linear term, we will write

N
W(alt)); = /F oY (Z ai<t><z>f-V> oY doy.
n(t i=1

Using the transport of basis property (Lemma 3.3.3), we can write (3.3.13) as

% (M(Ba(t)) + SHBE) =0 (3.3.16a)
=S(H)alt) + %W(a(t)) _ M()B(t) = 0. (3.3.16b)

Alternatively, eliminating 3(¢), this can be written as

L MBa®) + SOME) (&S‘(t)a(t) n i@(a(t))) —0. (3.3.17)

dt
One could also use lumped mass integration (Thomée 2006, chapter 15) instead of
the full mass matrix.

Notice that this is the same structure as a finite element discretisation of a
Cahn-Hilliard equation posed on a planar domain. We now have time dependent
matrices which need to be assembled each time step. Various time stepping schemes
have been considered for second-order parabolic problems on evolving surfaces. We
mention in particular the work of Dziuk et al. (2012b), Dziuk and Elliott (2012) and
Lubich et al. (2013).
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Next, we introduce abstract notation which permit a more compact writing

of the analysis that follows:

mp Mk, én) :/ Nhon doy,

Tx(t)
an(Mh, on) = / Vr,mn - Vr, ép dop,
Tx(t)
9 (Vs i, dn) = / MorVr, - Vi dop,.
Tx(t)

The lets us write (3.3.13) as

%mh(Uh, én) + an(Wh, ¢n) = mp(Un, Opén)
ean(Un, on) + émh(w/(Uh)a én) = mp(Wh, én),

and (3.3.15) as

my(OpUn, ¢n) + gh(Vi; Un, 1) + an(Wh, ¢n) = 0.

The transport laws from Lemma 3.3.4 transfer to the abstract setting also:

d
amh(nm bn) = mp(Opnn, dn) + mp (0, Ondn) + gn(Vis hy dn)

d
a@h(nm én) = an(Opnn, on) + an(Mn, Opdn) + br(Vi; nn, 1),

where

on(Vii s o) = > / Br(Va)Vr,mh - Vi, én dop.
E)egnt)” E®)

Under the above assumptions, the following estimates are possible.

Theorem 3.3.6 (Well-posedness of the finite element scheme (3.3.13)). For any
T > 0, under the above assumptions on Uy and {T'1(t)}, there exists a unique
solution pair (Up, W) € S,? X g;{, both with C in time nodal values, to the finite

element scheme (3.3.13). Furthermore, th(t) Uy doy, is conserved:

/ U doy, = / Updop,  forallt € (0,T), (3.3.18)
Lr(t) Tho
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and the following bound is satisfied:

€ 1 1"
sup / = (|vphUh\2 + U%) + —p(Up,) doy, + 2/ Wl (0 dt
te(0,7) T (1) ¢ 0 (3.3.19)

€ 1
< Cs/ 2 (|V1“hUo|2 + |U0|2> + —¢(Uo) dop,.
Pro =

Proof. Considering (3.3.17), since M(t) is positive definite, S(f) positive semi-
definite and W is locally Lipschitz, standard theory of ordinary differential equa-
tions gives a unique short-time solution o € C'*([0, Tp]; RY) for some Ty < T'. From
(3.3.8), we know S(t) and M(t) are C! in time, and M(¢t)~! € C! by the Inverse

Function Theorem. Thus, we infer
Bt) = M) SHOME) (S H)alt) + é‘l’(a(t))) e CH([0, To); RY).

This is easily translated into solutions Uy, W}, in the appropriate spaces.
To extend to the long-term solution, we construct an energy bound. We start
by testing (3.3.13a) with W}, and (3.3.13b) with 0;U}, and sum to see

[ ] 1 (]
eap(Un, ORUn) + gmh(¢/(Uh)a OpUw) + an(Wy, Wh)

d Y [ ]
- —&mh(Uh, W) +mp(Un, OpWh) + mp (O Up, Wh).

Applying the transport formulae from Lemma 3.3.4, we obtain

% <€ah(Uh, Uh) + émh(T/}(Uh)a 1)) + ah(Wh, Wh)

€ 1
= §bh(Vh§ Up, Up) + ggh(VhS Y(Un), 1) — gn(Vi; Up, Wh).
Using Lemma 3.3.1, applying a Young’s inequality with 6 = 1/4 leads to

d € 1
— / — |V, Unl* + =¢(Uy) doy, +/ Ve, Wi|? doy,
dt \ Jr, @ 2 € T (t)

3 2 1 9 1 9
(3.3.20)
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We start again by testing (3.3.13a) with eUp,. This gives

d .
5amh(Uha Un) +ean(Wh, Up) — emp(Up, OpUp)
ed

9
— §amh(Uh, Un) + an(Wh, Un) = 591(Vi; Un, Un) = 0.

Subtracting (3.3.13b) tested with W}, leads to

ed € 1
2% (HUhH%?(Fh(t))) + IWal2(r, ) = 590(Vs Un, Un) + —mn(¢'(Un), Wh)
¢ 2 1 2
< (g + 05) ORI (0, ) + 1 IWrllZ2 0, ) »
(3.3.21)
where in the last line we have used the assumptions on the discrete velocity and the
Sobolev embedding H! (T (t)) < L°(T,(t)) from Lemma 3.3.8. Taking the sum of

(3.3.20) and (3.3.21) and using a Gronwall inequality gives

sup / c (|v U2 +U2) + 1w(U )dop, + L /TO W dt
a I h - h h — h 1
t€(0,T0) J T (1) 2 " ") e 2 Jo HL(T)(1))

€ 1
< Ca/ 3 (|VFhUo\2 + \U0|2> + =(Uo) do.
Tro €

Since the right-hand side of the energy bound can be bounded independent
of Ty, we can turn the short-time result into a result for (0,7"), where T' is arbitrary.
Finally, Since ¢5, = 1 is an admissible test function in (3.3.13a), it is clear

that frh(t) Uy, doy, is conserved. O

3.3.3 Lifted finite elements

As with other sections, the following analysis will rely on lift operators defined using
a time dependent closest point operator similar to (A.6.1). This lifting process will
also be applied to the surface triangulation, as well as finite element functions. This
will induce a further discrete material velocity v, which will describe how the lifts
of triangles on {I'(¢)} evolve.

We recall that, on a neighbourhood N7 of Gr, for each point (z,t) € Np,
there exists a unique point p(z,t) € I'(¢):

p(z,t) =z +d(x, t)v(p(z,t),1). (3.3.22)

We will call p = p(z,t) the (time dependent) closest point operator. It is clear that
p(+,t) is a homeomorphism from I',(¢) onto I'(¢), for all t € [0, 7.

78



Figure 3.3.2: An example of a triangulation lifted onto a smooth surface.

First, for a function 7y, : Gy, — R, we define its lift, nﬁ: gr — R, implicitly,
by:
nh(p(z,t),t) = nu(z, t), (3.3.23)

and, for a function n: Gr — R, we define its inverse lift, n~*: Gnr — R by

n (2, t) :== n(p(x, t),t). (3.3.24)
It is clear that these operations are inverses of each other

nH*=n and ()" =

Furthermore, (3.3.22) allows us to define a lifted triangulation Z¢(t) of I'(t)
by

Tt ={e(t)=Et): E(t) € Th(t)},  E'(t):={p(z,t):xz e E®t)}. (3.3.25)

This defines an exact triangulation in the sense of Section 2.3.1; see Figure 3.3.2 for
an example.

Similarly to Lemma A.6.1, we know that the lifting operation is stable:

Lemma 3.3.7 (Stability of lift). Let ny: Gor — R, with lift nfL: Gr — R, be
such that the following quantities exist. For 1 < q < 400, there exist c¢1,co > 0,
independent of h, but depending on q, such that for each time t € [0,T] and each
element E(t) € F,(t) with associated lifted element e(t) € FL(t), the following hold:
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ex )]y < Il ey < e2 o], (3.3.262)

er|Vent ], ) S IVE ey < oo [ Vet (3..26b)
Hv%hnth(E(m <c (HV%nﬁ‘ L3 (et) +h HVrnﬁ‘ L2(e(t))> . (3.3.26¢)

Proof. The result of Lemma A.6.1 (Dziuk 1988) can be easily extended to L? norms
and to the context of evolving surfaces (Dziuk and Elliott 2007a). O

This result allows us to give Sobolev embeddings for discrete surfaces:

Lemma 3.3.8. For I'y(t) as above,

ng/(n—q) or n
whar, ) c - Iu(t))  fora< (3.3.27)
L> (T (1)) for ¢ > n.

Furthermore there exists a constant ¢ = c(n, q), independent of h, such that for any
. € WH(Dy (1))

||nhHL7W/(n*Q)(Fh(t)) <c H77h||W1,q(rh(t)) Jorq<n (3.3.28a)
170l oo (ry 07y < €llmmllwrar, @) for g >n. (3.3.28b)

Proof. To see the embedding result, we apply Lemma 3.2.1. The bounds then follow
using the stability of the lift (Lemma 3.3.7). O

As in other chapters, we will write Sy, (t) for the space of lifted finite element

functions:
Sp(t) = {en = ¢}, : dn € Su(t)}.

This space comes with the standard approximation property:

Proposition 3.3.9 (Approximation property). The Lagrangian interpolation oper-
ator I,: O(T'(t)) — Sk(t) is well defined and, for = € H*(I'(t)), satisfies the bound

Iz = Inzll p2ry) + P IVE(E = In2) |2y < PP 112l mzre) » (3.3.29)
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and

1<g<>x ifn=1
IV (2 = In2) | Laqrayy < b PO 2 2| oy for 1< g<oo  ifn=2

1<q¢<6 if n = 3.
(3.3.30)

Proof. The proof follows in the same way as Proposition A.6.2 (Dziuk 1988). We
give details of the proof for the L? case, for ¢ as listed above.

The linear interpolant I,z € S), (t), given by

N
Inz(x :Zz qﬁj x,t),

Jj=1

is well defined since z is continuous (Theorem 3.2.1). Consider one element E(t) €
Th(t) with associated lifted element e(t) € Zf(t). Then standard interpolation
theory (Ciarlet 1978, Theorem 3.1.6) applies since we have the continuous embedding
HY(I(t) = WH(D(t)):

HZ—K N 'Ivth < Ch1+min(0,n/q—n/2) HZ—K’

Wha(E(t)) H2(E(1)

The stability result in Lemma 3.3.7 implies that we can lift this result to the smooth

surface. Summing over all elements, we see that
12 = Inzllwraqrgy) < b O 2 2] ) - m

Remark 3.3.10. For the remainder of this chapter, we will write lower case letters for
the lift of finite element functions with capital letters (i.e. Uf; = up and W}f = wp)
and y, for the lift of ¢p.

The motion of the edges of the triangles in the triangulation {Z;*(¢)} defines
a discrete material velocity for the surface {I'(¢)}. Let X (¢) be the trajectory of a
point on {I',(¢)} with velocity V3 (X (t),t). We set Y (t) = p(X(t),t), where p is the
closest point operator (3.3.22), and then define vy, by

vp(Y(t),t) :==Y'(t) = %(X(t),t) + Vp(X(t),t) - Vi(X(1),1), (3.3.31)
so that for = € T'y(¢), using (3.3.22), we have
vp(p(x,t),t) = (P(z,t) — d(z, ) H(z, ) Vi(z,t) — di(x, t)v(x) — d(x, t)v(z, t).
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This defines another discrete material derivative for functions ¢p(+,t) € Sk (t). We

define the discrete material derivative on G element-wise by
Onpn = (Oppn + vn - Vion). (3.3.32)

It can be shown, similarly to (3.3.7), that 8;(¢§V ) =0. A quick calculation (Dziuk
and Elliott 2013a) shows that for all ¢, € Sy,(t), with lift o5, € S5 (1),

Oon = (Thon)", (3.3.33)

We will write Sﬁ’T and §,€’T for the lifts of the spaces S} and g}f defined by (3.3.12).
It is clear that from Lemma 3.3.7 that

ST c HY(Gr) and  S0T c 2.

We remark that the continuous and discrete material velocities on {I'(¢)}
only differ in the tangential direction (which we will show to be bounded to second
order in the mesh size). This implies that the difference between the two material
derivatives on {I'(¢)} only depends on the tangential gradient of the original function
and not on any time derivatives.

These definitions also permit transport formulae:

Lemma 3.3.11 (Transport lemma for smooth triangulated surfaces). Let {I'(t)} be
an evolving surface decomposed at each time into a family curved elements {%f (t)}
whose edges evolve with velocity v,. Then the following relations hold for functions

Nh, Yn: Gr — R such that the following quantities exist:

d
— npdo = 8,;77h + 1 Vr - vy do, (3.3.34)
dt Jre r(t)
and
d (] (]
&m(ﬁh, ©n) = m(Opnn, or) + m(nn, Open) + g(Vn; 1k, ©n) (3.3.35)
d (] (]
aa(nh, wn) = a(Opnn, en) + a(nn, Open) + b(vn; Mh, @n)- (3.3.36)

Finally, for a diffusion tensor A which is positive definite on the tangent space to
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I'(t), we have the formula for all e(t) € FX(t),

d
T /( )Avrnh -Vrgpdo = /( | AV (O8nn) - Vron + AV, - Vr(0her) do
e(t e(t

+ /( )B(Uh)vrnh - Vrpp do,
e(t

(3.3.37)
where
B(Uh) = 8,’LA + Vr - vp A — 2D(’Uh)
1 n+1
D('Uh)ij = 5 Z (Aika(Uh)j + Aijk;(Uh)i> fOT t,j=1,...,n+ 1.
k=1

Proof. Following Dziuk and Elliott (2013a, Lemma 4.2), we again decompose I'(t)

into lifted elements so that

d d /
— do = — do |,

e(t)eFL(t)

and apply the results of Lemma 3.2.3 and Corollary 3.2.4 element-wise. O

3.3.4 Geometric estimates

We next derive bounds on the difference between the continuous and discrete ge-
ometric quantities. We start by recalling some results about stationary surfaces
which still hold in the evolving case and go on by relating these to differences in the

bilinear forms.

Lemma 3.3.12. For {I'(t)} and {T'x(t)} as above, we have

sup ([ d(-, )| poo sy < ch?. (3.3.38)
te[0,T7]
Let py, denote the quotient of surface measures do on I'(t) and doj, on T'p(t) such
that up dop, = do; then

sup sup |1 — up| < ch?. (3.3.39)
te[0,T] Ty (t)

Let P and P, denote the projections onto the tangent spaces of T'(t) and T'p(t)
respectively; then

sup sup |PP,P — P| < ch?. (3.3.40)
te[0,T] Tp(t)
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Proof. The proof of these results can be found in Lemma A.5.1 for the stationary

case and easily extended to evolving surfaces (Dziuk and Elliott 2007a). O

We next look to bound time derivatives of these quantities. The following

terms describe how close the evolutions of the surfaces are:

Lemma 3.3.13. The discrete material velocity on {T';,(t)} satisfies the following

estimates:
sup [|Ohd|| oo, 1) < h” (3.3.41a)
te[0,T)]
tSUP 10k (v = Vi)l oo (r 1)) < € (3.3.41b)
sup |0 (Pav)l| oo r, ) < Ch? (3.3.41c)
te[0,T7]
sup (|0 ial| poo (ry (1) < €. (3.3.41d)
t€[0,T)

Proof. A proof is given by Dziuk and Elliott (2013a) for (3.3.41a, 3.3.41¢, 3.3.41d).
Equation (3.3.41b) follows by the same reasoning. Similar ideas to the proof of
Lemma 3.3.12 are used. O

Next, we relate the results of these two lemmas to the bilinear forms intro-

duced above.

Lemma 3.3.14. Let Zy, ¢, € Si(t) with lifts zp, pn € Sf;(t). Then the following

estimates hold for the given bilinear forms:

[mn(Zn, 1) — m(zn, on)| < B || Znll p2(r, o)) 1981 22, 00) (3.3.42a)
|an(Zn, ¢n) — alzn, on)| < ch? HVFhZhHL2(Fh Ve Onll Loy, ) (3-3-42b)

191 (Vai; Zns dn) = 9(vn; 205 20| < h® 1 Znl 2r, o) 1901120, 01 (3.3.42¢)
b (Vi; Zn, #n) — b(vn; 2, )| < HVFhZhHL2 @nen IVTa@nll 20, ) - (3-3.42d)

Proof. The first two results are equivalent to Lemma A.6.3. It is left to show the
third and fourth. It is worth remarking that Dziuk and Elliott (2013a) present a
similar bound to (3.3.42¢):

191 (Vii; Zns &n) — 9(0n; 205 o0)| < eh® 1 Znl g o, o) 1901 oy oy -

The following proof was found independently by Lubich and Mansour (2012).

84



To show (3.3.42c), we start by recalling that for Z,, ¢, € S]:

1
/ Zpopdop, = / znpn—7 do.
Tp(t) I'(t) Hp,

Then using the two discrete transport formulae (3.3.8) and (3.3.34), we see that

d (] [ ]
S Zagndoy = / 08 Znbn + Zndfn + ZnbnVr, - Vi do,
dt Jr,, ) T (t)
[ ] (] 1
= / (8hzh<ph + Zhah(ph) 7 do + / Zh¢thh - Vi, doy,
() 14, T (t)
and

d / 1 / . L1
— zppop— do = Op zpipn + 2p0r o) — do
dt Jre T, r() % " )Mﬁ

1 1
+/ 2nenon <£> + znen—; Vr - vp do.
(t) Fh Pn

Equating terms, we see that

/ ZpépVr, - Vi doy — / 2penVr - vy do
Tp(t) I'(t)

1 1
= / Zhgoha;; <Z> + Znen (é - 1) Vr - v, do.
I'(t) Hh Hh,

In particular, this holds for all basis functions and is linear in Zj and ¢ so can be

extended to all Zj, ¢y, € Sp(t). Using (3.3.39) and (3.3.41d), we see that

(] 1 1
01 (o )|+ 1= =] ) Nenbistein Henliecy

< ch? thHLQ(I‘(t)) H‘PhHm(F(t)) :

\9(vn; 2hy on) — gn(Vas Zn, én)| < ¢ (

The estimate (3.3.26) finishes the proof.

Next, we apply similar ideas for the Dirichlet inner product. Starting once

more with Zp,, ¢, € SI. Let E(t) € () with associated lifted element e(t) €
ZE(t). Then, from (A.6.6), we have the identity

/ VFhZh‘th¢hd0h:/ Q,Vrzy, - Vrpda,
E(t) e(t)

where

1
Qn = - ~(1d — dH) PP P(1d - dH).
h
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We remark that Qfl is positive definite on the tangent space to I'(t).
This implies using (3.3.10):

d
/ Vr,Zn - Vr, ¢n doy,
dt E(t

~

/( | V1,08 Zy - V1,00 + V1, Zh - V1, 0800 + Bh(Vi)Vr, Zn, - Vi, ¢ doy,
E(t
t)

/( Qﬁ (Vrorzn - Vron + Vrzy - Vropen) do

+/ Bn(Vi)Vr, Zn - Vi, ¢ doy,
E(t)
and, using (3.3.37):

d d
dt/ Vr, Zn - Vr, ¢n doy, = dt/ Q! Vrzp, - Vrpy do
E(t) e(t)

= /( | Q5 (Vropzn - Vrwn + Vrzy, - Vroner) do
e(t

+ ( )gh(vh)vl“zh - Vrpp do,
e(t

where
By(vp) = O (Qﬁ) + Q4 (1Y - vy, — 2D(vy)).

Equating terms, we see that
/( | Bn(Vi)Vr, Zp - Vi, ¢ndoy, = /( : B(vp)Vrzn - Vs do.
E(t e(t

Again, since all basis functions are in 5,7;, and this relationship is linear with respect
to Zp, and ¢y, this result can be extended to all Zy, ¢p, € Sp(t).

Next, we notice that since Vr = PVrp, and P is positive definite on the
tangent space to I'(¢), we have that

B(vg) = 8,'lP + P(IdVr - vy, — 2D(vp,)).
Using Lemmas 3.3.12, we have
)P _ Qﬁ‘ <|P = PP,P| + ch? < ch?.

We note that since 9°v-v = 0, we have 97 P = 0. Using similar ideas to Lemma A.5.2,
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with Lemma 3.3.13, we obtain

an (P — Q;;)( < |08(P — PP,P)| + ch?

= |08 (Pvy, ® Pup)| + ch?® < c|P(dfvy) @ Pup| + ch? < ch®.

This shows that

Blop) — B(vh)‘ -

R(Q), — P)+(Q, — P)(IdVr - vj, — 2D(vh))(

< GZ(Qi—P)‘ —I—C‘Qﬁ—P‘ < ch?.

This implies that

( )Bh(Vh)VFhZh -V, ¢ndoy, — /( )B(Uh)VFZh - Vrop do
E(t e(t

/(t) (B(vh) — B(vy))VrZy, - Vg do

< ch® | Vrznll g2 ey IVronll o)
Summing this result over all elements gives the desired result. O

Using the same reasoning, it is also clear that

‘mh(zb/(Zh), bn) — m(wl(zh)7 Soh)‘ < ch? le(Zh)HLQ(Fh(t)) H‘bhHH(I‘h(t)) . (3.3.43)

Similar results apply if the first argument is the material derivative of a finite

element function:

Lemma 3.3.15. For Z; € S,?,gbh € g}f with lifts zp, o € Sﬁ(t) for each time, we

have

M (85 Zns o) — m(Ohzn, 81)| < b 107 Zn pa gy oy 190 L2y 0y (3.3.44a)

|an(Op Zn, ¢n) — a(Ohzn: ¢n)| < ch? Ve, (8}'.LZh)HL2(Fh(t)) “VFh¢h”L2(rh(t)) :
(3.3.44b)

Proof. Both results follow by using the fact, (8}’1Zh)g = 0Op 2z, and applying the results
from Lemma 3.3.14. See also Dziuk and Elliott (2013a, Lemma 5.8). O

The next lemma bounds errors from the approximation of v by vy,.
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Lemma 3.3.16. The difference between the continuous velocity v and the discrete

velocity v, on T'(t) can be estimated by
|v — vp| + h|Vr(v —vy)| < ch? [vlle2ayy < ch?. (3.3.45)
Proof. See Dziuk and Elliott (2013a, Lemma 5.6). O

This allows us to bound the error between the material derivatives on I'(¢):

Corollary 3.3.17. Suppose that n: Gr — R and 0°n and Opn ewist. For n €
HY(T'(t)), we have the estimate

10°n = Opnll L2 ey < ch? IVenll 2oy » (3.3.46)

and for n € H*(['(t)), we obtain
IVE(0*n = a2 vy < eh® 0l 2y - (3.3.47)
Proof. See Dziuk and Elliott (2013a, Corollary 5.7). O

3.3.5 Ritz projection

We conclude this section by constructing a discrete projection operator, similar to
an interpolation operator. We define the Ritz projection operator II;: H*(I'(t)) —

Sk(t) as the unique solution of

an(pz, ¢p) = a(z,¢p)  for all ¢y, € Sy(t), with lift @, € Sk (t) (3.3.48)

/ I,z doy, = / zdo.
Tn(t) I'(t)

We will write 7,2 = (II,2)¢ for the lift of the Ritz projection.

and

The following bound is immediate:

Lemma 3.3.18. For z € H'(I'(t)),

Imnzll oy < cllzlmeey . Iz = 2lleeey) < chllzllpeey - (3.3.49)

For z € H*(I'(t)),

1702 = 2l g2y + P IVE(TRz = 2l 20y < e 2] g2 - (3.3.50)
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Proof. We apply the techniques of Appendix A, combining the approximation prop-
erty (Proposition 3.3.9) with the geometric estimates in Lemma 3.3.14.

For brevity we will only show the L? error estimate for a function z €
H(T'(t)). We use an Aubin-Nitsche trick. Let ¢ be the unique solution of

a(C,p) =m(z —mpz —co,p)  forall € Hl(r(t)),/ ¢do =0,
L'(t)

with c¢g = Wlt)l fF(t) z — mpzdo. Standard elliptic theory (Theorem A.2.5) tells us
that

”C”HQ(I‘(t)) <c ||Z - th”[ﬂ(F(t)) (3351)

Then, we obtain that

m(z —mpz, 2 — mpz) = o D) > + a(C, 2 — mp2)

N (3.3.52)
= |ITO)]" + a(( = InC, 2 — mh2) + a(In(, 2 — mh2).
First we see that
co|F(t)|:/ Z—WthU:/ zda—/ Iy 2 pp, dop,
I(t) () T (t)
= / zdo — / I,z doy, +/ IMp2(1 — pp) dop,
I'(t) Th(t) Ip(t)
= / Hp2(1 — pp) dop,.
n(t)
Hence, we infer that
ol IT(6)] < ch? [Tzl p2(r, () < h® 12l oy - (3.3.53)

For the second term of the right-hand side of (3.3.52), using the approximation
property (3.3.29) and dual regularity (3.3.51) we see that

a(C = InC, z = mp2) < ch||Cll 2oy 12 o) < ¢l llz = 7zl ooy 121 o) -

Finally, for the third term, since I} ( is the lift of a finite element function, using the
geometric bound (3.3.42b) and the dual regularity result (3.3.51)

a(InC, 2 — mh2) = an(In¢) ™%, Mpz) — a(InC, mh2)

< R <l ooy 12l i gy < b2 12 = mnzll 2oy 120 g
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Combining these three estimates into (3.3.52), dividing by ||z — 72| £2(p(4y), we have

”Z — TthHL2(F(t)) < ch HZHHl(F(t)) ’
as required. -

Remark 3.3.19. This operator is the Ritz projection used by Du et al. (2011), but
different to that used in other surface finite element analyses such as Dziuk and
Elliott (2007b, 2013a), which use the operator Ry: H?(I'(t)) — Sf(t) given as the

unique solution of
a(Ruz,on) = a(z,¢p) for all ¢, € SE(t)  and / Rpzdo = 0.
L(t)

Next we wish to show a stability bound for the Ritz projection in L*°. First,

we show a stability result for the Ritz projection into Wh4(T',(t)):

Theorem 3.3.20. For z € H*(I'(t)), the Ritz projection, 7z, is bounded in W4
for

1<g¢g<o0ifn=1,
1<g<ooifn=2,
1<¢<6ifn=3.

Furthermore, we have the bound

Imnzllwrare) < lzlmzre) - (3.3.54)

Proof. First, we extend the result of Lemma 3.3.18 to the W14-norm using a similar
splitting argument and an inverse inequality (which is available since 7, (t) is quasi-

uniform uniformly in time):

IVr(z — th)”Lq(r(t))
< |IVe(z = In2)l Lagryy + 1IVe(Tnz = 702) | Laqry)
<NVe(z = In2)ll agrgey) + ™™ OV (Tnz = 702) | p2rge) -

From Proposition 3.3.9, we have

IVr(z — IhZ)HLq(F(t)) < cptminOnfazn/2) ”ZHH2(F(t)) :
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We also have that for ¢y, € S5 (t), using (3.3.48),

a(Inz — Tz, on) = a(lpz — z,0n) + an(Illpz, ¢n) — a(mhz, on)
< Ch( HZHHZ(r(t)) + HVFWhZHB(F(t))) HVF‘PhHB(F(t)) :

Hence, we infer

IVe(nz = 7m2) || 20y < chllzll o) -

Combining these two bounds gives
IVe(mhz = 2)l Lagry) < chttmin(On/a=n/2) 12l 2y < ezl 2w »

for h small enough. Using (3.3.53), a Poincare inequality gives

/ Tz — zdo
I(t)

Using the Sobolev embedding result (Lemma 3.2.1), this implies that

Imhz = 2l Laryy < €lIVE(Thz = 2)l pary) + < cllzl gy -

Imn2ll o, @) < clzllwraeey) + 1172 = 2llwraey) < cllzlmzee)- B

Corollary 3.3.21. The Ritz projection is bounded in L* and we have the bound

Izl oo (0, ) < T2l Lo, 1) < €220y - (3.3.55)

Proof. Choose ¢ such that ¢ > n and such the previous result holds (any 1 < ¢ < oo
form=1,1<g<ooforn=2and 1 < g¢q < 6 forn=3). We use a Sobolev

embedding (Lemma 3.2.1), and the previous result to see

H7ThZHLo<>(r(t)) < CHWhZHWLq(r(t)) <c ||Z||H2(F(t)) :
It is clear that
HthHLOO(Fh(t)) = HWhZHLOO(F(t))’

which completes the proof. ]

Since OpIl,z # 11,05 z, we also wish to have a bound on the discrete material
derivative of this error for a function. We will assume that z € H?(I'(t)) and

0°z € H?(I'(t)) for each t. Under this assumption, we may take a time derivative of
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(3.3.48), so that for all ¢, € ST with lift ¢, € S

an(OpIpz, ¢n) + bn (Vi iz, on) = a(Op 2, on) + b(vn; 2, on). (3.3.56)

In fact using similar arguments to Lemma 3.2.5, we can construct a similar extension

of a finite element function ¢, € Si(t) to a function o € ST by

N

N
S) = 27j¢§y(x?s) for (.@,S) S gh,T where ¢h(x) = Zﬁyj(b;v(xat)
j=1

Jj=1

Hence, we deduce (3.3.56) applies at each time ¢t € (0,7T) for ¢y, € Sp(t).

We start by proving two technical lemmas:

Lemma 3.3.22. Given z: Gr — R with = € H?(I'(t)) and 0°z € H*(T(t)) for

almost every time t € (0,T'), then Opllpz exists and we have the bound
Hvrh (ahth)HLQ(Fh ) ( HZHH?(F(t)) + ||6.2HH2(F(t)) ) (3357)
Proof. To show the bound, we start by rearranging (3.3.56) to obtain for ¢, € Sp(t),
an(Of1nz, o) = a(Ohz, on) + (b(va; 2, on) — bu(Va; iz, on)).
Using a Young’s inequality, (3.3.50) and (3.3.42d) gives
° o _ |12 2 1 2
an(O3Inz, én) < c(IVro®zllz2 o) + 12120y ) + 5 IVennllzar, o)) -

Applying this bound with ¢, = 0311,z gives the estimate (3.3.57). O

Lemma 3.3.23. Define the function Ty on Sf;(t) by
Th(pn) = a(Op(mhz — 2), ¢n). (3.3.58)
Then we have the bound
Tu(on)| < ch (Il 2oy + 19°2l ey ) 1V00nl 2oy - (3.3.59)
Furthermore, for any n € H*(T(t)), we have that

Th(en)| < eh |2l gz 1V (on = Mgz + b 120 g2 101 m2 )

+ h? (2l ey + 10° 2l ooy ) 1900nl o
(3.3.60)
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Proof. Using (3.3.48) and (3.3.56), we see for ¢y, € Sy,(t), with lift o5, € Si (),

a(Opz,pn) + b(vn; 2, on)
= ap(OpIlyz, dn) + b (Vi Iz, dp)
= (an(Opnz, dn) — a(Oymhz, on)) + (bn(Vas Iz, dn) — b(vn; Tz, ¢n))
+ a(Opmnz, n) + b(va; Tz, on).

Hence, we have that

Th(en) = a(Ormnz, ¢n) — a(Opz, ¢n)
= b(vp; 2 — T2, on) + (a(Ohmhz, on) — an(OfL2, ¢n))
+ (b(vns Tz, o) — ba(Vi; a2, @)

Using our bound on the Ritz projection (3.3.50), and two geometric estimates
(3.3.42d) and (3.3.44b), we have that

Th(en)| < [b(vhs 2 — Thz, on)| + |a(Ofmhz, on) — an(O5nz, ¢p)
+ [b(vn; Thz, o) = br(Vai 1nz, én)|
< ch |zl 2oy IVrenll 2oy
+ch? (Ve mnzll o gy + IV 0wzl 2y ) IV @R 2o
<ch (||Z||H2(F(t)) + ||5'Z||H2(r(t))) IVrenll 2oy -
We can improve this estimate by comparing v, to the smooth velocity v and

introducing a smooth function € H?(I'(t)). Then, we split the first term in T}, ()

into
b(vn; Thz — 2, 0n) = b(vp — V3 TRz — 2, 08) + b(V; T2 — 2,0 — 1) + b(V; ThZ — 2, 7).

Using the smoothness of 7, the final term, b(v; 7,z — z,7), is bounded using an
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integration by parts argument given by Dziuk and Elliott (2013a):

b(v;@,m) = /F( | B(v)Vre - Vrndo
t

n+1
- Z Djp Dindo
3,7=1
n+1 n+1
_Z/ (v)ij 0 Din dff—/ QDZD )da
3,7=1 F F i,j=1
n+1 n+1
/ Z HVJ zJ pD;ndo —/ ® Z Qj (B(U)iij) do.
ij=1 L@ =1

Hence, we obtain
b(v; o, M| < cllell 2wy 171 2w -

Combining these calculations with (3.3.45) and (3.3.50), we get

b(vh; 2 = Tz, @n)| < ch|[V(mhz = 2)ll 20 IVrenll 2 e)
+ clVe(mnz = 2)l 20y 1IVren = 1l 20
+cllmnz = 2l 2oy 0l g2 oy
<ch ||Z||H2(r(t)) IVr(en — 77)||L2(F(t))
+ ch? (|2l g2 ogeyy (IVrenll 2y + 100 m2oa) )-

Hence, we have
Th(en)| < e |zl gz V0 (0n = M 2y + 120 g2 10l m2ew)
+ o (112l ooy + 102l raqeey ) 190nlacegey =

These results allow us to show an estimate for the difference between the

material derivative of a function and its Ritz projection.

Lemma 3.3.24. For z: Gy — R with z,0°z € H*(I'(t)), we have

|0k (mhz — Z)||L2(F(t)) + 1 [|Vroy(mnz — Z)HL?(F(t))

. | (3.3.61)
< ch® (2 g2 grgeyy + 19° 2l w2 eqry) ) -
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Proof. We start by rewriting the error as

a(0p(mhz — 2),0p(Thz — 2))
= a(Op(mhz — 2), Ohmnz — In(0°2)) + a(Of (72 — 2), [R(0%2) — 0°z)  (3.3.62)
+ a(0f(mhz — 2),0%2 — Or 2).

We can bound the first term on the right-hand side using (3.3.59) by

|a(Oh(Thz — 2), Opmnz — 15(0%2))| = [Th(Opmnz — In(9°2))]
< ch(10°2l g2ray + 120 m2oy) ) IVe@hmnz — 1n(0°2) 2 rg)
< ch(110°2ll gy + 12l 2y ) VPO (Thz = ) 2(ree)
+ ch [|Vrof(mnz = 2) 720 -

The second term is bounded using the approximation property (3.3.29):
a(O(mhz — 2), 1n(9°2) — 0°2)| < ch [|[VrOh(mhz — 2)l L2y 19° 2] 2 ey -

Finally, we use our estimate of the difference of material derivatives (3.3.46) to
bound the third term:

|a(Oh(mnz — 2),0°% = Oh2)| < ch? || Vroh(mnz — )|l 2oy 2] 20y -

Combining these three bounds in (3.3.62), we get the desired gradient norm bound
for h sufficiently small.

To show the L? bound, we use the Aubin-Nitsche trick. We start by writing
e = 0% (mpz — z), then e is in L? so can be set as the right-hand side for the dual
problem: Find ¢ € H*(T'(t)) such that

a(p,C) =m(e—co,p) forall p € H'(I'(t)), and (do =0, (3.3.63)

where ¢y = ﬁ fr(t) edo. Similarly to Theorem A.2.5, we know that (3.3.63) has

a unique solution and satisfies the regularity result

||C||H2(F(t)) <c ||6’||L2(r(t)) : (3.3.64)
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We note that from th(t) I,z doy, = fr(t) zdo, that

IT(t)] |co| = Op(mhz — z)do = d/ ﬂ'hz—zda—/ (mhz — 2)Vr - v, do.
T(t) dt Jr r(t)

We remark that from (3.3.39) and (3.3.41d),

4
dt F(t)

av J il (-0)
= — mhzdo — II,zdoy | = — mhz|1l—— ) do
dt ( 0 " T (t) " h) di ( () " Hh

< Ch2( ||7ThZHL2(F(t)) + Ha}.ﬂhzup(r(t))) < ChQ( ||Z||H2(r(t)) + ”6.Z||H2(r(t)))

Tz — zdo

and using (3.3.50), we infer
/F(t)(ﬂhz — 2)Vr - vpdo < c|lmnz = 2ll 2oy < e 12 gee)

This implies
lcol < eh® (N2l mrzqeqeyy + 10° 2l 2oy )-

These calculations lead to
m(e,e) — D) = a(C,e) = a(C — I¢, e) + Th(IxC). (3.3.65)

The first term on the right-hand side is bounded using the approximation property
(3.3.29) and the gradient norm bound on e, together with the dual regularity result
(3.3.64):

a(C = In,e)] < [[Vr(€ = InO)l 2oy Vel L2
< ch ||l gy (2 a2y + 1022 )
< ch® llell 20y ( 12l 20y + 119% 2l g2 rgey) ).

The second term is estimated using the improved bound (3.3.60) on T}, (I5¢) with
17 = (. Applying the approximation (3.3.29) we see

I Th(InC)| < eh® (121l gy + 10° 21 2y ) 1< 2y

< ch? (N2l g2 rgeyy + 19° 20 2y ) el Lz -

Applying these two bounds in (3.3.65) gives the desired result.
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3.4 Well-posedness of the continuous problem

We use this section to show some properties of the continuous scheme (3.2.19) based
on the energy estimates coming from Theorem 3.3.6 along with further estimates
and a pointwise in time and space bound on solutions. We will use these properties
in later sections but they are also important results in their own right.

3.4.1 Improved bounds on the finite element scheme

In order to derive some improved bounds on 9;U;, and W}, we will assume that
Un,o = Hpup with ug € H?(T'g). It is clear that assumption (3.3.11) still holds in

this case. In fact, we will make use of the bound
2, 72\, 1 2 4
| (19n00l + U) + 2t do < ce(llullipqr + ool (341
h,0

This is not essential for well-posedness of the finite element method but will be used
for the well-posedness results for the continuous problem.

First, we need a bound on Wp,|;—o:

Lemma 3.4.1. Under the assumption that ug € H*(T'o), the following bound holds
for Wh|i=o:
W (0, )l 20 0y < € (Huoll r2rg) + uollrzry) )- (3.4.2)

Proof. Since a, 3 are C*([0,T];RY) in time, we known that (3.3.13b) holds at time
t=0:

ean(Uno, dn) + %mh(lﬁ/(Uh,o), o) = mp(Wi(0,-), ¢p)  for all ¢y, € SE.

We see that from the choice U, g = IIug, using Green’s formula (A.2.9), we have

mp(Wa(0,-), Wi(0,-)) = ean(Un,0, Wi(0,-)) + %mh(wl(Uh,O)a Wi (0,-))
= caluo, wn(0,") + Zma(t (Uno), Wa(0, )
= —em(=Aruo,wn(0,) + (¥ Uno), W0, )
< ce(luoll gz (rg) + HUOH?J)LIQ(FO)) IWa(0, )l L2r, 0)) -

In the last line we have used (3.3.26) and the Sobolev embedding of H(I'(t)) —
LS(T(t)) from Lemma 3.2.1. O
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From Theorem 3.3.6, we see that 3 € C*([0, 7], RY) so Op W), exists. Hence,
we may take the time derivative of (3.3.13b) to see, for ¢, € SI, that

e(an(O3Un, dn) + bn(Va; Up, é1)) + é(mh(iﬁ”(Uh)aﬁUh? on) + 9 (Vi ' (U), é1))

— (M (O Wi, é1) + gn(Vii; Wi, 61)) = 0.
(3.4.3)

Lemma 3.4.2. Under the assumption that ug € H*(To), we have the bound

T
e [ |lonUL3 dt + sup |[Wy]?
/0 hYhllL2(r, () o) L2(Tn (1)) (3.4.4)

< ce(IluollFraroy + luollzrz(ry) + luolfrzry) )-

Proof. We start by testing (3.3.15) with e0pUy, and (3.4.3) with W), to arrive at
Emh(a];Uh, 8]:Uh) + €gh(Vh; Uh, 8];Uh) + €ah(Wh, 8]:Uh) =0 (3.4.5)
and

e(an(O3Un, Wi) + by (Vi Un, Wi)) + %(mh(w"(Uh)aﬁUhv Wh) (3.4.6)

+ 91 (Vi; W' (Un), Wh)) = (mn (83 Wi, Wa) + gn(Vi; Wh, Wh)) = 0.

We remark that the transport formula (3.3.9) gives

. 1d 1
mp(Op Wi, W) + gn(Vi; Wi, Wh) = §amh(Wh’ Wh) + §9h(Vh§ Wh, W).

Subtracting (3.4.6) from (3.4.5) gives

o . 1d
5mh(ahUh,ahUh) + Qamh(

= —(9n(Va; O3 Un, Un) + ba(Vi; Up, Wh))

Wh, Wh)

1 1
+ g(mh(¢//(Uh)aﬁUh7 W) + gn(Va; ' (Un), W) — §9h(Vh§ Wh, Wh).
(3.4.7)
Note that using a Holder inequality, Young’s inequality with e, and the Sobolev

98



embedding (Lemma 3.3.8) we have
|[mn (" (Un)ORUn, Wh))|

" (UR)Os U Wy, doy,

/ (3U7 — 1)U, Wy, doy,
0] Th(t)

< 3\ UnlI 2o, ) 1ORURN 2.0 0y Wil oo o) + NORURN 20y ) Wil 2o o))

< BNUlr1.ry ) 1ORURN 220 o) Wl et ey + NORURN 2oy 1Wall 2 o
€ 1qe 2 2 2 2

<  NORURlL2(p ) + ce (U 0 ) Wl oy o) + IR N2 0 00 ) -

Applying this result in (3.4.7), we have

(] (] d
emn(ORUn, OUn) + 7 mn(Wh, Wa)
<ce <||Uh||12111(rh(t)) + 1Wallzon sy + 10l 0n ) HWh”%Il(Fh(t))) :

Integrating in time using a Gronwall inequality gives us
’ 2 2
€ 1O UL || 72 dt + sup ||[Whl72
/0 L2(Tn(t)) te(0.T) L2(Tx(t))

T
< Wi 0122, 1)) +Cs/0 (HUhH?ﬂ(Fh(t)) + |’Wh”§{1(f‘h(t))> dt

T
+c. sup |Unl? / W |? dt.
ete(w)H I (0 e)) ; Wl a0

Applying the bounds from Theorem 3.3.6, Lemma 3.4.1 and (3.4.1) completes the
proof. O

3.4.2 Existence

The idea of the existence proof is to show that the lift of the solutions to finite ele-
ment scheme (3.3.13) converges, along a subsequence, to a solution of the continuous
equations.

We suppose that ug € H?(Ty) is a given function. This implies
1
/r 5(\VFU0|2+U3)+5¢(U0)<10 < ee ([luoll3z2ro ey +lwoll 2oy ) < +00- (34.8)
0

In this section, we will take Up g = Iljug with II;, the Ritz projection defined in
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(3.3.48). Since the Ritz projection is stable in H' we have that

1 1
/ £ (yvphUo\g + \UOP) + ~t(Uo) doy, < c/ e(|Vruo|* +ud) + —¥(up) do

Tho o

This implies that the stability bound in Theorem 3.3.6 holds independently of h:

1 T
sup / e( \Vr, Unl? + Up) + =¢(Up) doy, +/ ”Wh”?{l(Fh(t)) dt
te(0,1) JT, (1) € 0

1
< C/F e(|Vruol® +ud) + Z¥(uo)do < ez (Nuoll3r2roqey) + Iuoll 52 o)) ) -
0

Furthermore, the stability bounds from Lemma 3.3.7 imply that we may transform
this bound to {I'(#)} and bound the lifts uj, = Uf and w;, = W} by

. T
sup / e(|Vrup” +ul) + =t(up) do —I—/ ||wh”§{1(F(t)) dt
te(0,1) J1(t) c 0

1
< [ e(19rul +ud) + L) do < (ol + lolinee )
0

Our assumption that ug € H?(Ty) allows the use of the improved bounds in

Lemma 3.4.2. Using similar lifting arguments we have

T
/0 10%un| 72 sy At < ce (HUOH?H%FO) + [luoll 72 ) + HUOH%Q(FO)> :

This bound implies that uj and wy, are uniformly bounded in the following

norms:

lunllpee, + lunllrigry + lwnllz2 -

So, we may extract subsequences (for which we will still use the subscript k), and
functions @ and w with @ € L35 N HY(Gr), and w € Lip such that

up — u  weakly in H? g
(1) (3.4.9)
wp, — w  weakly in L}%ﬂ.

We remark that these results imply 9°u € L%Q and 0%u; — 9°u weakly in L%Q.

Furthermore, from the compactness result (Proposition 3.2.7) we infer that:

up, — @ strongly in L?(Gr) = L2,.
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Hence, we may take a further subsequence (still denoted uy,) such that
up — 4 almost everywhere in Grp.

Using a Dominated Convergence Theorem-type argument (Robinson 2001, Lemma 8.3),

since ||¢’(uh)HL2(gT) <c ||uh‘|ill(gT) is bounded independently of h, we infer that
Y (up) — (@) weakly in L7,. (3.4.10)

We will show that @ and @ satisfy (3.2.19). For ¢ € L%,,, we write ¢, = Il,¢,
where I1}, is the Ritz-projection (3.3.48), and ¢, = gbfL = 7pe. In addition to (3.3.48),

we will use the following facts from Lemma 3.3.18:
lenll oy < cllellm e and len =l 2wy < chllell e -
Using (3.3.13), we have
m(9°t, ) + g(v; U, ) + a(w, )

= (m(0°, @) — mn(OhUn, dn)) + (9(vi 0. ©) — gn (Vi Un, én)) (3.4.11)
+ (a(w, @) — an(Wh, ¢n)).

and

cali, ¢) + m( (@), ) — m(i <P)

= e(a(@, ) — an(Un, ¢n)) + ( — mp (' (Un), ¢n)) (3.4.12)
— (m(w, o) — mn(Wh, é1))-
We consider the right-hand sides of each of these equations term by term.

We will denote by c¢(h) a generic constant depending on h, which may also depend
on g, such that ¢(h) — 0 as h — 0.

e Using (3.3.46), (3.3.50) and (3.3.44a), we have

Im (0%, p) — mu(OpUh, 1)
< [m(0%u, o) — m(9°un, )| + [m(0°un, @) — m(Opun, ¢)|
+ [m(Opun, ©) — m(Opun, en)| + [m(un, on) — ma(93Un, ¢1)
< |m(0°a — 0°up, ¢)|

+e(h) (IVrunll gy + 10hunll 2oy ) 1€l ) -
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Using (3.3.45), (3.3.50) and (3.3.42c), we have

l9(v; @, ©) — gn(Va; Un, ¢n)|
< lg(vs a, @) = g(viun, ©)| + |g(vi un, ©) = g(vn; un, ¢)|
+ lg(vn; un, ) — g(vns un, on)| + 19(vn; un, n) = gn(Va; Un, én)|
< lg(v;a —un, )| + c(h) lunll 2oy Il g ) -

Using (3.3.50), (3.3.42b) and (3.3.48), we have
|a(w, ¢) — an(Wh, ¢n)| = |a(w, ¢) — alwn, ¢)| = |a(@ —wn, )],
and
|a(@, @) — an(Un, dn)| = la(t, @) — a(un, )| = |a(@ — un, @)].
Using (3.3.50) and (3.3.43), we have

|m (¢ (@), o) — mp(Y' (Un), ¢n)|
< [m(' (@), ) = m(@' (un), )| + [m@' (un), o) = m(' (un), en)|
+ |m(¥ (un), en) — mn (W' (Un), on)|
< |m(@' (@) — o' (un), )| + e(b) [[¢"(wn)| L2 r ey 16l ey -

Using (3.3.50) and (3.3.42a), we have

[m(@, ) — mp(Wh, é3)|
< [m(w, @) — m(wn, )| + [m(wn, ¢) — m(wh, n)|
+ [m(wn, on) — mn(Wh, ¢n)|
< [m(w — wp, )| + c(h) [[wall 20 1ol g gy -
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From (3.4.11), this implies

T
/ m(0°u, ) + g(via, ¢) + a(w, @) dt
0

T
= /0 m(0°a, p) — mp(3*un, ¢n) + (9(v; @, ©) — gn(Va; U, ¢n))
+ (a(@, p) — an(Wh, ¢)) dt
T

S / m(@'ﬂ—@'uh,ga)—l—g(v;ﬂ—uh,(p)—l-a(ﬁ)—wh,tp) dt
0

T
+C(h)/0 (Hai.zuhHL?(F(t)) + ||UhHH1(F(t)) + ||Vth||L2(r(t))) HSOHHl(r(t)) dt.

Similarly, using (3.4.12), we obtain

r 1
| catio)+ Zm(w@).0) — i) a

T
- /0 e(a(t, @) = an(Un, ¢n)) + %(mw,(ﬂ)» ©) — mp(¥'(Un), ¢n))
— (m(w@, ) = mp(Wh, ¢)) dt

T
- / cali — un, ¢) + (! (8) — o (un), @) — mlid — wi, ) di

T
+C(h)/0 (llnll g ey + lwnll 2y ) 1ol ) dt-

We may send h — 0 in the right-hand sides of both previous equations, and use the

convergence results (3.4.9) and (3.4.10), so that for all p € L2, we arrive at

T
/ m(D°a, ) + g(v: 1, 0) + a(t, ©) dt = 0
0

r 1
| ot + Zm(w ). 0) = mwo) =0,

Finally, we use Lemma 3.2.10 to transform this equality into a almost everywhere

in time equality so that the pair u, w satisfy (3.2.19).

To show that u achieves the initial condition, we start by choosing ¢ €

C?(Gr) and continue with the notation ¢, = m,p. Using the discrete transport

formula (3.3.35), the lift of the finite element solution w, satisfies

T T
/ m(up, op)ddt = —/ (m(Opun, pn) + m(un, Opon) + g(vn; un, on))adt,
0 0
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for all @ € C2°(0,T"). Using similar limiting arguments as above, with the addition
of (3.3.61), we obtain the identity

T T
| m@eadi=— [ (m@w.g)+ m@.0%) + o5, p)adr
0 0

In fact, by density of C?(Gr) functions in H'(G7) (Hebey 2000, Theorem 2.4), we
see that this equality holds for all ¢ € H'(Gr). This implies that m(a, ¢) is weakly
differentiable as a function on (0,7T) with weak derivative m(9°w, p) + m(u, d*p) +
g(v; i, ). Since @, € HY(Gr), this weak derivative is a function in L*(0,T), and
hence we infer that m(u, ) is absolutely continuous on [0,7] (Evans and Gariepy
1992, Section 4.9, Theorem 1). In particular, |||z is absolutely continuous,
which means that we can interpret u(-,0) as an L?(I'g) function. The absolute

continuity of m(u, ) for ¢ € C?(Gr) also implies

m(ﬂ(-,t), (P(',t)) - m(ﬂ(, 0), (-, 0))

t (3.4.13)
- /0 m(@°T, 9) + g(v; 5, 9) + m(T, %) ds.

Next, we choose ¢ € C*(Gr) with ¢(-,T) = 0. It is clear that ¢ € L},

hence we can use the limiting equation and (3.4.13) to see that

T
/0 —m(@, 0°p) + a(ib, @) dt = m(a(-, 0), (-, 0)).

We can do the same in the finite element scheme for ¢, = Il p, using the transport
formula (3.3.9):

T
/0 —mp(Up, Op o) + an(Wh, ¢n) dt = my,(Ipuo, ¢n(-,0)).

The above calculations show that we are able to take the limit A~ — 0 (in the

appropriate sense) to see that

T
/0 —m(u, 0°¢) + a(w, @) dt = m(ug, ¢(-,0)).

Therefore, by comparing terms, we have shown that u(-,0) = uy almost everywhere
in I'g by the Fundamental Lemma of the Calculus of Variations.

Hence we have shown the following result:

Theorem 3.4.3. Given ug € H*(T'o) there exists a weak solution pair (u,w) of the
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Cahn-Hilliard equation in the sense of Definition 3.2.11. Furthermore the solution

satisfies the energy bound

1 T
sup / € (|Vpu\2 + u2) + —¢(u)do +/ ||w||§{1(1“(t)) dt
te(0,1) Jr()) ¢ 0 (3.4.14)

1
< Ca/ € |VFUO‘2 + —1(up) do.
To €

3.4.3 Uniqueness

To show the uniqueness result, we require an inverse Laplacian on I'(t). For z €
L%(T(t)) with fr(t) zdo = 0, we define Gz the inverse Laplacian of z as the unique

solution of

a(Gz, @) = m(z,p) forall ¢ € HY(T(t)), and / Gzdo = 0. (3.4.15)
T(t)

We will write

=

Izl -y == ||vFgZHL2(F(t)) = a(gz,G2)

and remark that

212y = m(Gz, 2).

It is clear that if z € L2(T'(¢)) then Gz € H'(I'(t)). We also have a similar

result for the material derivative of Gz.
Lemma 3.4.4. If 2 € H'(G7), with fF(t) zdo =0, then Gz € HY(Gr).

Proof. 1t is clear that Gz € L?{I for z € Lfil. It is left to show 0°Gz € L%z. We
start by taking a time derivative of (3.4.15) so that for £ € HY(Gr):

a(0°Gz,€) +a(Gz,0°€) 4+ b(v; G2, 8) = m(9°2,€) + m(z,0°¢) + g(v; 2,§).

From Lemma 3.2.5, given ¢ € H'(I'(t*)), we can construct $: Gr — R, with ¢ €
HY(T'(t)) for all t € [0,7] and 8*@ = 0. Thus, we have that

a(0°Gz,9) + b(v; Gz, 0) = m(0°z,¢) + g(v; 2,¢)  for t € (0,T),
and, in particular, at ¢ = t*,

a(0°Gz,p) +b(v; Gz, ) = m(0°z, ) + g(v; 2, ).
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Also, we have that

d
m(9%z,1) + g(v; z,1) — b(v; Gz, 1) = / zdo = 0.
These calculations imply that 9°Gz solves the elliptic problem:
a(8°Gz, ¢) = m(8°z,0) + g(v; 2, ¢) = b(v;Gz,¢)  for all p € H'(T(t")).
This implies that 9°Gz € H'(I'(t*)) with the bound

10*G2 s oieny < € (1% aqeeeyy + Nell ooy + 12011 ) -

Integrating in time, we arrive at

T T
/0 10°G 2171 ey dt < C/D 10°20 20y + 1217 oy At < cllzllEngyy - O

Theorem 3.4.5. There is at most one solution to (3.2.19).

Proof. We suppose that (u1,w;) and (ug, w2) are solutions to (3.2.19). We will write

n* =wu; —ug and ¥ = w; — ws. For ¢ € Lzl, we know that

m(9°n", o) + g(v;n", @) +a(n”, ) =0 (3.4.16a)

ea(n”, ) + é(d’l(ul) — ' (ug), p) — m(n®, ) = 0. (3.4.16b)

Testing (3.4.16a) with ¢ = 1 tells us that

/ n“dJ:/ n“do =0,
F(t) T'o

Hence, since Gn* is well defined and Gn* € H 1(QT), we may test the first equation
with Gn", and apply (3.2.7), to obtain

d
Em(n“, gn") +a(n”,Gn") = m(n"*,0°Gn").

Using the definitions above, this is equivalent to

d u w U u o u
FTAL 121+ mn®,n") = m(n*, 0°Gn"). (3.4.17)
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Next, using the monotonicity of z — 23, testing the second equation with n* gives

1
ea(n®, ") — —mn*0") <mn*,n"). (3.4.18)

Taking the sum of (3.4.18) and (3.4.17), we obtain

M| =

d U u U U U [ ] u
AL 121+ IVrn“l 2y < —m(n*n*) +m(n*, 0°Gn").

For the first term on the right hand side, we see that

1 1 5 2 2
—m(n*,n") = Zan®, Gn") < 5 Vel 22w + e 1%

and for the second, we have

(] u u [ ] u 1 d u u 1 u u
m(n",0°Gn") = a(gn",0°Gn") = §aa(gn ,Gn )—ib(v;gn ,Gn")
1 d wn?2 un2
< —— .
Sy 12y +elln®lIZ,

Combining these terms, we obtain the estimate

d 2 2 2
3 M=+ e Vel e < e ln"lI=; -

We next use a Gronwall inequality and integration in time to see

T
2 2 2
sup "], + ¢ / V0 22y < ce %)=l = 0.
te(0,T) 0

Since fr(t) n*do = 0, we apply a Poincaré inequality to arrive at

T T
u||2 w2
[ 1 By at < [ 1950 By dt =0

This shows that u; = us.
Now, we know that n* = 0, testing (3.4.16a) with n* gives

") = caln® ) + Sl () — o () 1) = 0.

This shows that w; = ws. O
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3.4.4 Regularity

In this section, we show that the solution enjoys H? regularity.

Theorem 3.4.6 (Regularity). Let ug € H?(I'g) and (u,w) be the solution pair of
(3.2.19), then u € LSS, and w € L%, with the bounds

T
5t S(%I}f) ||U”%12(r(t)) ‘1‘/0 ||1UH?L12(F(,:)) < ||U0||?q2(r0) + ||U0||Z;{2(ro) ). (34.19)
€(0,

Proof. Using the improved estimates from Lemma 3.4.2, we have that

T
€ O%u|? + sup |uw|?
/0 10%ul[T2(r sy P w2 r )

1
<ece ||u0\|12qg(r0) +ce (/ e |Vruol* + g@Z)(uo) da> (3.4.20)
To

1 2
+ ¢ </ € ]Vpuo\z + *w(UO) dO’) .
9 To 9

Now, we can translate the fact that (u,w) are solutions of (3.2.19) into

ea(u, ) = m(f1, )
a(w, ) =m(fa,p) forall p € Hl(F(t)),

for f1 =w — %w’(u) and fo = 0®u+ uVr - v. Notice that

/ fldO':/ deO’ZO.
I'(t) I'(t)

The above improved bounds combined with the bounds in Theorem 3.4.3 gives
J1 € LTy and fr € L%Q. Standard theory of elliptic partial differential equations
(Theorem A.2.5) gives u € L, and w € L%Q. The proof is completed by using the
bounds in (3.4.14) and (3.4.20) on f; and fo. O

3.5 Error analysis of finite element scheme

In this section, we show an error bound for the surface finite element method de-
scribed in Section 3.3. The proof relies on decomposing the errors into errors between
the smooth solution and Ritz projection and between the Ritz projection and dis-
crete solution. In contrast to previous studies of partial differential equations on
surfaces (Dziuk 1988; Dziuk and Elliott 2007a, 2013a), we show an error bound on
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I',(t) instead of I'(¢t). This is required to deal with the non-linear term.

We will assume that ug, v and w are bounded in the following norms

T
||U0H§{2(ro)+t:(%l;)HUH?#(F(@)*'/O ol 72y + 10%ull 2y dt < +o00. (3.5.1)

Section 3.4.4 shows how to bound some of these terms. Again, we will assume that

the initial condition of the finite element scheme is given by the Ritz projection:
Uh,(] = Hhuo. (352)

The error bound we will show is stated as follows:

Theorem 3.5.1. Let u,w solve (3.2.14) and satisfy (3.5.1). Let Uy, W}, solve
(3.3.13) with initial condition (3.5.2). We have that

T
iQ(Fh(t)) +/0 Hw—z B Wh‘ 2

-t < Ch?, (3.5.3)
L2(Ty(t))

€ sup Hu —Uh‘

te(0,T)

with C' given by

T
C=ce HUOH?{?(FO) + Csts(l(l)%) ||U|‘%12(F(t)) + Cs/o ( ||8.U||§{2(r(t)) + ||w’|%12(r(t)) ) dt.
€(0,

3.5.1 Pointwise bound on the discrete solution

In the following error analysis, a pointwise bound on the discrete solution uniformly
in space and time will be extremely useful. This will allow us to convert the local

Lipschitz property of ¢ and ¢/ into global results.

Lemma 3.5.2. Let F}, = W), — 1¢/(Uy), then Fy, € L>(0,T; L*(T1(t))) with the
estimate

sup (| FnllZ2r, iy < e (lluollirzrg) + lwollrirg) )- (3.5.4)
te(0,T)

Furthermore, the mean value of F}, is zero:
/ Fdoy, = 0. (3.5.5)
n(t)
Proof. This follows immediately from Theorem 3.3.6 and Lemma 3.4.2 combined

with a Sobolev inequality (Lemma 3.3.8) and (3.4.1). The mean value property
follows since ¢, = 1 is an admissible test function in (3.3.13b). O
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Theorem 3.5.3. The discrete solution Uy, is bounded uniformly in space and time,

independently of h, and we have the bound

sup [Unl 7oy 1) < €= (1uollrzrg) + lluollzrz(ry) )- (3.5.6)
te(0,T)

Proof. We define Fj, = F, /it so that

/ ﬁhda_/ F,flgda—/ Fydoy, = 0.
r() OB Ta(t)

Let w: Gr — R solve

—eAri=F, onT(t), and /

udo = / Uy, doy, for each t € (0,T).
I(t) Tn(t)

Then it is clear that II,u = Up,. Standard Elliptic theory (Theorem A.2.5) and the
L*> bound on II;, (3.3.55) gives that

0y = Tl aee o < el < || B ) < P2

)

We apply this inequality uniformly in time, with (3.5.4), to give the desired estimate.
O

3.5.2 Splitting the error

We split the error into two parts using the Ritz projection I from Section 3.3.5:

u = Uy = (u™" = pu) + pu — Uy) = p* 4 04
wt— Wy = (w,g — th) + (th — Wh) =p¥ +0v.

We note that from Lemma 3.3.18, we already have estimates for p* and p" and it is
left to bound 6 and 6™. Notice that, the assumptions in (3.5.1) imply that 6% € S,,‘LF
and 6% € g,?

To derive equations for " and 0", we start by rewriting (3.3.13a) using the
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definition of II; and (3.2.15a) to obtain for ¢y € SE with lift ¢y, € Sfb’T that

gmh(9u, bn) + an(0Y, ¢n) — mu(0“, Onon)

dt
= %mh(ﬂhua on) + ap(Ipw, ¢p) — mp (Iyu, O dn)
= %mh(ﬂhua én) + a(w, pn) — mp(Mpu, 05 én)
(3.5.7)
= %(mh(ﬂhuv (bh) - m(u7 Qph)) - (mh(HhU, 8;L¢h) _ m(u?aogph))

= (mp (R, ¢n) — m(Ofu, vn)) + (90 (Vi; Hpu, dn) — g(vn;u, ¢n))
+ m(u, 0°pp — Oren)
=: E1(¢n) + Eao(dn) + E3(én).

Next, we rewrite (3.3.13b) using (3.2.15b) this time to see for ¢, € ST with lift
on € ST that
can(@", ) + (9 (M) = ¥/ (U), 6n) = (6°, 61)
= an (e, dn) + 21, (0' (1), 6n) =m0 (T, )
= calu on) + 2 (8 (M), 6n) — mn (I, 1) (558
— L s (0 (T, 60) — () 1)) — o (T, 60) — (a1
=: Ea(¢n) + Es(on)-

The quantities E;(¢p,), for j = 1,...,5, are consistency terms involving the
approximation properties of the finite element spaces and the geometric perturba-

tion.

Lemma 3.5.4. For ¢, € S,? we have

|E1(¢n)] < ch?( 10%ul| g2 (r ey + ||U’|H2(r(t))) lénll L2 r, 1) (3.5.9)
| Ea(¢n)| < ch? el gz oy 19l g e, @) (3.5.10)
| B5(¢n)| < ch® [[ull pareey) 9l e, oy » (3.5.11)

and for ¢y, € 5,{

h2
1Ea(on)] < e l[ull 2oy Ionll 2o, o) (3.5.12)

|Es(on)] < eh? [[wll gra ey I0nl e, oy - (3.5.13)
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Proof. The proof is a combination of the geometric bounds from Section 3.3.4 and
the bounds of II;, from Lemmas 3.3.18 and 3.3.24. We will show each in turn:

e For (3.5.9), we use the bound on the Ritz projection (3.3.61) and the geometric
bounds (3.3.44a) and (3.3.46) to see that

|mp (OpITpu, ¢n) — m(Opu, ¢n)|
< |mp(Oppu, ¢n) — m(Opmpu, @p)| + |m(0; (Thu — ), @p)|

< e (llull 2oy + 19l 20y ) 19812y o)

e For (3.5.10), we use the bound on the Ritz projection (3.3.50) and (3.3.42c)
to see that

|gn (Vi; Iy, o) — g(vns u, on)|
< |gn(Va; Ipu, @) — g(vn; mhu, on)| + |g(on; mhu — u, @p))|

< eh® ull gz ey 10n 2oy -

e For (3.5.11), we simply use the bound on the material derivative (3.3.46) and
the stability of the lifting process (3.3.26) to see that

m(u, 0°¢n — Open) < ||ull 2oy 10°0n — Ohenll L2

< eh® [[ull ey IV 00l L2y 0y -

e For (3.5.12), we use the L? bound on the Ritz projection (3.3.50), the geometric
bound (3.3.42a), the L*>-stability bound on I}, (3.3.55), and the local Lipschitz
property of 1 to see that

[y (' (pu), dp) — m(¥' (u), ¢)|
< ma (@' (Mpu), ¢n) — m( (mpu), on)| + [m( () — ¢ (u), ¢n)|
< ch*( 19" ()| Lo, oy + e Nl 2oy ) 1901 L2, )
< ch? lull 2oy €l L2, 1)) -

We have written ¢y, for the Lipschitz constant of 9.

e For (3.5.13), we again use the L? bound on the Ritz projection (3.3.50) and
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the geometric bound (3.3.42a) to see that

[mp(ITpw, ¢n) — m(w, ¢n)|
< |mp(Mpw, ¢p) — m(mpw, op)| + Im(Thw — w, 4)|

< ch? [[wll 2 ray) N0mll 2oy - -

3.5.3 Error bounds

In this section, we derive bounds on 6* and 6" based on the error equations derived in
the previous section and natural energy methods for the partial differential equation
system go on to show the final error estimate.

To bound " and 6% we start by testing (3.5.7) with €6* and (3.5.8) with 6%

and subtract to see that

d
e—mp(6",6") + my (6", 6")

= smh(é?“, 829“) + %thﬁ/(HhU) — w,(Uh>7 Qw)
+ El(EQU) + EQ(E@“) + E3(€9u) — E4(9w) — E5(9w).

The transport lemma (3.3.9) tells us that

®NU 1d U U 1 U U
mh(9“,8h9 ): §amh(9 ,9 )— 59h(vh;0 ,9 )

Applying Lemma 3.5.4, with the local Lipschitz property of v/’, this result gives that

ed u gu w pw
igmh(e 70 )+mh(9 ’9 )

€ u 1 u w
<5l 17200 ) + oo CRURTONESN Ll FETOO)

+ ceh? (10%ull g2 oy + 1ull 2oy ) 10% 1 22y 0y (3.5.14)

ch? w
+ ?( HUHHQ(F(t)) + ”wHH2(F(t))) 16 HL?(Fh(t))

+ ceh? lull g2y 1IVER 0% 2, 1) -
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We apply a Young’s inequality to find that

d u w
eq If 1220, ) + 10”1720, 00

1w .
<o 122, 0 + €8 IVE, 0" 1220, ) (3.5.15)
ch? . 12 9 5

Next, in order to bound the Vr, 6" term in the previous equation, we test
(3.5.8) with #*. Using Lemmas 3.3.18 and 3.5.4 and the L*> bound on u and Uy,

we have for some § > 0,
1
eap (0", 0") = m(6",6") — —mp (¢ (Lpu) = ¢ (Un), 0) + Ea(6") + E5(6")

1. . .
< e 18122y + 16l z2qe, o 19 22
h? .
+ C?( HUHH?(F(t)) + HwHH2(r(t))) Iz HL2(1"h(t)) (3.5.16)

1 u w
<o 16%1 720, ) + 0 10”1720 ay)
h‘4 2 2
+ 067( el zrz o) + lwllae ) )-

Applying this bound in the right-hand side of (3.5.15), we may choose § small enough
so that
d

ST 16%11720, i) + 101 Z2 0, (0
(3.5.17)

1w Rt
< €z 16 HQLQ(I‘h(t)) + C;g( 10 UHJQLIQ(r(t)) + HuHQHQ(F(t)) + HwH%IQ(I‘(t)) )-

We recall from (3.5.2): Uy = IIjug, hence we have that 6%|,—g = IIup —
Unpo = 0. Applying a Gronwall inequality and integrating in time gives the following

bounds on 8% and 0v:
2 T 2 4
g Sup ||9u”L2(Fh(t)) +/0 ”9w||L2(Fh(t)) dt S Ch s (3518)

te(0,T)

with C' = C(u,w,e,T) given by

T
C= CE/O (0%l Fr2 ey + Nl oy + lwllzrry ) At

Proof of Theorem 8.5.1. The previous bound can then be combined with the bounds

114



on p* and p* from Lemma 3.3.18 to give the result:

2 T 2
€ sup HU*E—Uh‘ —i—/ wag—Wh‘ dt
1e(0.T) @) Jo L2(Tn (1))
T
<e sup ||p“? +/ o3 dt
te(&T)H IZ2(r, ) ; 101720, 1))
2 r 2
+¢e sup 0% +/ 0" dt
S 10N 220, 1)) ; 16172 (r, 0))
<ch* (e sup ‘uH?{?(I‘(t))+/T’w”%{2(l‘(t)) dt
te(0,T) 0
weeht [ (10 ulnqeqy + il + Nl & C
€ 0 H2(T'(t)) H2(I'(t)) H2(I(t)) )

3.6 Numerical results

The above finite element method discretised in time using semi-implicit time step-
ping. Given Uy and a partition of time 0 = tg,t1, ..., tpy =T, for k=0,..., M — 1,

we find (Ug41, Wit1) as the solution the matrix system

M (1) Ups1 + (b1 — te)S(trr1) Wi = M(tr)Ug

1
eS(tr+1)Ukr1 = M(thi1)Wiir = — -0 (Us).

Full analysis of the fully discrete problem is left to future work. Based on ideas from
Dziuk and Elliott (2012), we expect stability subject to 7 < £ and convergence rate
order 7 4 h? for the discrete version of the norms in Theorem 3.5.1.

The method was implemented using the ALBERTA finite element toolbox
(Schmidt et al. 2005) and the full block linear system solved using a direct solver.

3.6.1 Fourth-order linear problem

We start by showing the derived orders of convergence can be achieved for a fourth
order linear problem. We calculate with @y = 0 and choose ¢ = 0.1. We couple

T ~ h? to ensure we see the full order of convergence. The surface is given by
(t) = {x € R?: &(z,t) = 0} with

2
X
d(x,t) = ﬁ) + a3+ i - 1. (3.6.1)
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We have chosen a(t) = 1.0 + 0.25sin(107¢) and solve for ¢t € (0,0.1). The exact

6

solution is given by u(x,t) = e %z 29, where right hand side f is calculated from

=u +v-Vu+uVp v+ eAu.
f r

The convergence is shown in Table 3.1 for the errors in the L? norm. The experi-
mental order of convergence (eoc) is calculated via the formula (A.7.1). The results

for the H! norm are not shown here, however we observe first order convergence in

h.

h Ju= - UhHL2(rh(T)) (eoc)
5.564983 - 101 9.424750 - 1073 —
2.866409 - 10~ 3.001764 - 1073 1.724571
1.443332-107 1 8.068147 - 1074 1.914955
7.229393 - 102 2.033971 - 1074 1.993007

h [w™ = Whl| 2y (e00)
5.564983 - 101 4.796888 - 1073 —
2.866409 - 107! 1.432177 - 1073 1.821993
1.443332 - 107! 3.824468 - 10~4 1.924429
7.229393 - 102 9.651516 - 107> 1.991496

Table 3.1: Error table of the solution of a fourth-order linear problem with surface
defined by (3.6.1).

3.6.2 Cahn-Hilliard equation on a periodically evolving surface

In this example, we consider the same surface as above but now with the full non-
linearity as considered in the above analysis over the time interval ¢ € (0,0.8).
The initial condition for the simulations was the interpolant of a small per-

turbation about zero given by
uo(x,y, z) = 0.1cos(2mzx) cos(2my) cos(27z).

We present two plots to show the behaviour of the numerical solution. First,
in Figure 3.6.1, we see that for short times we have good convergence of the so-

lution. The second, Figure 3.6.2, demonstrates that the energy does not decrease
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Figure 3.6.1: A plot of the Ginzburg-Landau energy over five levels of refinement.

monotonically along solutions. Running for a longer time suggests that the solution
converges to a time periodic solution. We show a plot of the solution at level 2 at
different times in Figure 3.6.3. The system is solved with a fixed time step of 10™%.

3.6.3 Examples on other surfaces

We show the flexibility of the method with two other examples with larger surface
deformation. In both cases the initial condition is taken to be a small random
perturbation about zero.

First, we take a surface given by the level set function
®(z,t) = 2% + 23 +a(t)*G(23/L(t)) — a(t)?, (3.6.2)
where

G(s) = 200s(s — 199/100)
a(t) = 0.1 4+ 0.05sin(27¢)
L(t) =1+ 0.2sin(4nt).

In addition, we will prescribe a tangential velocity so that we will consider points
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Figure 3.6.2: A plot of the Ginzburg-Landau energy over five levels of refinement
over a longer time interval.

moving according to

X(t) = (Xl(O)%,Xz(O)CCz((g,Xg(O)L((g> |

We plot the solution at different times in Figure 3.6.4. In particular, we notice that
under this flow the nodes remain uniformly distributed.

Secondly, we consider a surface given in parametric form by

X(t) = (2X1(0) + (1.5 tan "1 (1000.X1 (0) + 0.5)) X1 (0),

R(t,1X1(0)], v/X2(0)2 + X3(0)2) X2(0), (3.6.3)
R(£,1X1(0)], v/X2(0)% + X3 0)2)X3(0)),

where

R(t,r1,72) = exp(—2t)ro + (1 — exp(—2t)((1 — r1)%(0.05 + r§ + r21/1 — r2)).

We plot the mesh and solution at different times in Figure 3.6.5.
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Figure 3.6.3: Plot of the solution of the Cahn-Hilliard equation at level two for
time t = 0.0,0.05,0.1,0.15,0.2,0.25,0.3,0.35,0.4,0.45,0.5,1.0. The colour scheme
represents values between —1 and 1.
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Figure 3.6.4: Plot of the solution on the surface defined by (3.6.2) at times t =
0,0.1,0.2,0.3,0.4,0.5,0.6.
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Figure 3.6.5: Plot of the solution on the surface defined by (3.6.3) at times
t=0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1.0. This example has a large surface de-
formation, which leads to degenerate triangles. However, the method is still stable
enough to continue the calculations.
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Chapter 4

Unfitted finite element methods
for surface partial differential

equations

4.1 Introduction

For the final method that we present, we assume that we are given an implicit
representation of a surface as a solution to a geometric equation via a level set or
phase field method. The methods described in the previous chapters all are based
on the idea of using a polyhedral approximation of the surface as the computational
domain. They rely on the assumption that the approximation consists of a quasi-
uniform triangulation, which in practice may be difficult to construct. In particular,
in the context of evolving surfaces, meshes can lose their quality and re-meshing may
be required, see Eilks and Elliott (2008); Elliott and Stinner (2013) for example.
Here, in this chapter, we propose using the implicit representation combined with
a volumetric finite element space to avoid such difficulties. We aim to ensure that
our methods also behave optimally efficiently and accurately with respect to the
dimension of the surface.

We propose two different unfitted finite element methods to solve a Poisson
equation: Let I' be a smooth n-dimensional hypersurface in R™*! and f € L?(I);

we seek solutions v: I' — R of
—Aru+u=f onl. (4.1.1)

Both methods use a bulk regular triangulation of an ambient domain and
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perform calculations on an approximation of either the surface or a narrow band
around the surface. In general, the induced mesh, the restriction of the outer mesh to
the computational domain, will not be regular. We study these methods analytically

and computationally.

4.1.1 Unfitted finite element methods for surface partial differen-
tial equations

This work builds on the previous studies of Olshanskii et al. (2009) and Deckelnick
et al. (2010). The methods for the Poisson equation presented in this chapter can be
seen as the same as those mentioned except we exchange the tangential, or projected,
gradient for the full gradient; this overcomes the degeneracy often faced by implicit
methods. Our methods also have similarities to the closest point method; see Ruuth
and Merriman (2008) for example. The methods in this chapter can be related to
phase field methods (Rétz and Voigt 2006) with the smooth profile of the phase field
variable replaced by either a Dirac-delta function located on an approximation of
the surface or the characteristic function of a narrow band about the surface.

This method presented here could easily be combined with unfitted finite
element methods for elliptic problems in bulk domains presented by Barrett and
Elliott (1984) to solve the coupled bulk-surface problem from Chapter 2. Many of
the analytic tools in this chapter could be used to give a similar convergence result

also.

4.1.2 Outline of chapter

We start this chapter by describing, mathematically, the computational domains
used in this chapter and some basic properties and how these approximate the
surface. In the third section, we describe and analyse both the sharp interface and
narrow band methods for calculating solutions to a Poisson equation on a surface.
Next, we present numerical experiments showing the convergence and efficiency of
the methods for the Poisson equation. The chapter concludes with suggestions of
future work in which we hope to solve a partial differential equation posed on an

evolving surface.

4.2 Preliminaries

In this chapter, we will use the notation from Appendix A. In particular, there
exists a narrow band U := {x € R""! : |d(z)| < ér} as the domain of the closest
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v(p(x))

Figure 4.2.1: A sketch of a section of the polyhedral narrow band U, about the
surface.

point operator p: U — I given by
z =p(x) +d(z)v(p(z)) forxeU. (4.2.1)
This allows the choice of extension of a function z: I' — R defined implicitly by
2°(x) == z(p(x)) forzeU. (4.2.2)

This notation represents that z is extended constantly in the normal direction to
the surface. Denoting by v(z) = Vd(z) and by H(x) = V2d(z) the Hessian of d, we

can calculate

Vz(x) = (Id — d(x)H(z))Vrz(p(x)) for z €U, (4.2.3)
and
2, (T)
n+1
= Y DiDyz(p(x)) (8, — vi(@)ve(x) — d()Hi()) (5 — vi (@) (z) — d(z)Ha())
kl=1

n+1
= Dyz(p(a)) (vile) Hn(@) + vj(@)Hin(2) + d(2) ik, (2))
k=1

(4.2.4)
forceUandi,j=1,...,n+ 1.
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Figure 4.2.2: An example of the computational domains I'y, and Dy,.

For the remainder of this chapter, we will use a polyhedral domain Uy, C U;
see Figure 4.2.1 for example. Let .7}, be a regular triangulation (Definition A.3.1)
of U}, consisting of closed simplices 7. We denote by h := maxpcg, h(T), where
h(T) = diam(7T"). We will write X}, for the finite element space of piecewise linear

functions over Uy:
Xp = {on € COUs) : ¢ulr € PU(T),T € T},
and by Ij,: C°(Uy) — X3, the usual Lagrange interpolation operator. We have
17 = Tflwioir) < AT I f ey for T€Fh  (425)
for k=0,1 and 1 < p < co. In particular, for the distance function we have
4= Budl e ) + IV (= 1) e < €2 (126)
Let us next define our computational domains by

Iy :={z €Uy, : Id(z) =0}
Dy, :={x € Uy, : |Ipd(x)| < h},

as approximations of the given hypersurface I'; see Figure 4.2.2 for example. We

will denote by v}, the unit normal to I'j,, which can be extended to U by

Vi,d(z)

= ——  f cU.
Vi) T

vp(x)
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PR NN

Figure 4.2.3: Examples of intersections of I', N T" (left two plots) and Dy, NT" (right
two images).

Note that 'y, is a polygon whose facets are line segments if n = 1 and
polyhedral surface whose facets consist of triangles or quadrilaterals if n = 2. The
corresponding decomposition of I'y, is in general not shape-regular and can have
arbitrarily small elements. Similarly, Dy is composed of various polygons if n = 1
and polyhedra if n = 2. Examples of different possible intersections of T'N I'y, or
T N Dy, are given in Figure 4.2.3.

Furthermore, we introduce Fj,: U, — R**! by

Fp(x) :=p(x) + Id(z)v(p(x)) for z € Up,.
Since the decomposition (4.2.1) is unique, we can immediately see that
p(Fr(x)) =p(x) and d(Fy(z)) = Ipd(z) for x € Uy, (4.2.7)
In view of (4.2.1), we can write
Fp(z) =z +np(x)v(x) for x € Uy, where np(z) = Ipd(z) — d(x), (4.2.8)
and, for¢,7=1,...,n+ 1,
Or;(Fr(x))i = 8i5 + (M (), vi(w) + np(2)Hij(x)  for x € Up. (4.2.9)

We infer from (4.2.6) that Fj, is bi-Lipschitz (Lipschitz with Lipschitz inverse) for
small h and that

1Fn = 1d|| ooy + 2 IV Fr = 1A oo 7,y < ch?. (4.2.10)
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Note that in particular, we have
Fp(Ty) =T and Fu(Dy) = D":={x € Uy, : |d(z)| < h}.

Given a function ¢y: T, — R, we denote by ¢ (p(z)) := ¢n(F, '(z)) the lift of ¢y,
We see that

(6h,)°(2) = 0h(p(2)) = ¢n(F, ' (p(2))) = ¢n(z)  for z € Ty, (4.2.11)

since F},(z) = p(x) for x € I'y,. Finally, we denote by pj the quotient of measures
on I' and T';, so that do = pp dojp,. The proof of the equivalent result (A.5.2) can be
easily adapted to show:
s%lp 11— pn| < ch?. (4.2.12)
h

Using the properties of F}, together with the coarea formula and (4.2.3, 4.2.4)

one can prove the following result on the equivalence of certain norms.

Lemma 4.2.1. There exist constants ci,ca > 0, which are independent of h, such
that for all z € HY(T),

e |2° HL2 T = Iz HL2 <c HZ ||L2 (Tn) (4.2.13a)
1

A 120 2D,y < 2l L2y < sz 12°0 2 (D) (4.2.13b)
e IV ey < IVl < €2 V25 oy (42.130)

1. 1
/s V2l 2,y S IVe2ll 2y < 2 IV2°l 2,y - (4.2.13d)

If, in addition, z € H*(T), then
1 2 e

Proof. This follows a similar proof as (A.5.2).

For the sharp interface norms, we use the identity:

/ (ze)2uhdah:/22da.
T r

/ |V26|2uhdah=/(Id—cm)vrz\? do.
Ty r

By (4.2.3):

For the narrow band integrals, following the result of Olshanskii et al. (2009, Lemma 3.2),
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define: .
AMz) = H(l —d(z)kj(z)) for z € Uy,
j=1

where ; is an extension of a principal curvature of I' given by:

"fj( ) Hj(p(x))

x) = forxelU, andj=1,...,n.
1+ d(z)r; (p(x)) h J

Then, using (4.2.1), we have

/lah(ze)QAdx - /_ }; /er(p+""’/(p))2da(p) dr.

The bounds are then completed using (4.2.6) and (4.2.12). O

Our approximations will be based on a weak form of (4.1.1): Find v € H(I")
such that
a(u,p) =1(p) forall p € HI(F), (4.2.15)

where

a(w,ap):/rvrw-vrgo—i—wcpda and l((p):/ngpda.

We recall from Theorem A.2.5 that for every f € L?(T') there exists a unique solution
u € H%(T) of (4.2.15), which satisfies the bound

lull ey < el fll 2y - (4.2.16)

We finish this section with an abstract error estimate, similar to Lemma A.4.1,
which we shall use later in order to analyse our schemes. Let V}, be a finite-
dimensional space and V¢ := {v¢ : v € HY(T')}. Suppose that ap: (Vj, + V¢) x
(Vi +V¢) — R is a symmetric positive semi-definite bilinear form, which is in addi-
tion positive definite on V}, x V},. Furthermore, let I,: V;, — R be linear. Then the

approximate problem,
ap(up,vp) = lp(vy)  for all vy, € Vi, (4.2.17)
has a unique solution up € V4. Introducing the energy norm,

llvll,, == Van(v,v) forveV+ Ve,

128



we have by Strang’s second lemma

¢ ¢n) —1
u® — upll, <2 inf [u —wvyll, + sup lan(u?, Sn) = tn(Sn)] (4.2.18)
v EVR

PhEVR H¢h”h

In the following section, we shall present three different choices of ap and I}, (two
new methods plus that of Olshanskii et al. (2009)) along with the corresponding

analysis of the resulting schemes.

4.3 Description and analysis of the methods

4.3.1 Method 1: Sharp interface method

We define
Tl ={T € Z,: #(TNT}) > 0}.

Let us observe that if T' € .7, satisfies ™ (T NI'y,) > 0, for 7™ the n-dimensional

Hausdorff measure, the following two cases can occur:
(a) int(T)NT} # 0, in which case #™(0T NT}) = 0;
(b) TNTy =0T NI, in which case T N T, is the face between two elements.

In case (b), we make a fixed, but arbitrary, choice of one of the two elements to be

included and remove the other. We define our computational triangulation ZLI by
Gl = {T € Q%LI : T has not been disregarded because of (b)} .

We may therefore conclude that there exists a set N C I'j,, consisting of the in-
tersection of the boundary of elements with I'j, with 7" (N) = 0 such that every
x € Ty, \ N belongs to exactly one T' € ﬂhl. We then define

Ul = U T.
Teg!

Clearly, U, ,{ C Uy, provided that h is small enough. An example of this construction
over four levels of refinement is given in Figure 4.3.1.

We define the finite element space V}, by
Vi, := {¢n € CO(UL) : ¢n|r € Pi(T) for each T € F'}.

Note that for ¢, € V3, V¢y, is uniquely defined on I', \ N in view of the definition
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Figure 4.3.1: The computational domain for the sharp interface method using the
level set function ®(z,y,2) = (x — 22)% + y? + 22 — 1. The blue half of the surface
shows the induced triangulation on I'y, and the off white section shows the underlying
triangulation ﬂhl .
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The finite element problem is (4.2.17): Find uj € V}, such that

an(un, ¢n) = ln(¢pn)  for all ¢y € Vi, (4.3.1)
with

ap(wp, ¢n) = [ Vwp - Voén +wpepdoy,  and  Ih(¢p) = fCon dop,.
Iy IV

In order to verify that the symmetric bilinear form ay, is positive definite on
Vi, x Vi, we note that ap(¢p, ¢p) = 0 implies that

/ IVon)? + ¢2doy, =0 forall T € F.
T'pNT

Since S#™(T NT}) > 0 for T € Z!, we infer that Voén|rar, = 0 and ¢p|rar, = 0.
The first equality implies that, since ¢y, is piecewise linear, it takes a constant value
on T and from the second, since ¢y, is continuous on 7', this value is 0. We deduce
that ¢, =0 on T, for each T € %LI, hence ¢p = 0 in U}{. The approximate problem

(4.3.1) has a unique solution uj, € V3, which satisfies

1

lunlly = (IVanl3aqe,) + lunlae ) * < ellfllzay -

We require an interpolation estimate on I'y,. Since z € H?(I') we have 2¢ €
C°(Up) so that I;,2¢ is well-defined.

Lemma 4.3.1. Let z € H*(T). Then
12° = Izl 2,y + B IV = Tz 2,y < h? 1121 ) - (4.3.2)
Proof. We first observe that Theorem 3.7 in Olshanskii et al. (2009) yields
12° = In2°ll 2,y + B IV, (26 = 10z paqr,y < eh® 2] oy - (4.3.3)

Hence, it remains to bound ||V (2¢ — ,2°) - va|| 12(p,)- To do so, we start by consid-
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ering an element T € yhf . We see that

/ V(2° = Inz°) - vp|* do,
TNy,
< 2/ |V2€ - Vh]2 doy, + 2/ |V (In2°) - Vh\z dop,
TNCy, FARIND

< 2/ V2 (v — ) do, —I—Ch(T)_l/ V(1h2%) - vnl? dz = Iy + I,
AT, T

since Vz¢-v = 0in Uy, and (T NT}) < ch(T) 1" Y(T). Note that by (4.2.6),

we have
Vi,d

IV Ipd]

ch(T) (4.3.4)

1= vl ooy = HW—
Lo (T)

so that
L < chQ/ IVz¢? doy,.
Ty,

Furthermore, recalling (4.3.4) and (4.2.5) implies that
I < ch(T)—l/ (|V(Ihze — 2P+ |V (v, — y)yZ) da < ch |23z -
T

We use the bounds for I; and Iy, then sum over all elements T € fhl and apply
Lemma 4.2.1 to see that

g IV (2¢ = 1nz%) - wal* don < eh® V24|72, + b 1252 Dy < B 12102y »
h

since T' € Doy, for all T' € <7h[. d

Theorem 4.3.2. Let u solve the Poisson equation (4.2.15) and let uy, be the solution
of the finite element scheme (4.3.1). Then

Ju® — UhHL?(Fh) +h[[V(u - uh)||L2(Fh) < ch? ”UHH2(F) : (4.3.5)

Proof. In view of the definition of |||, the Strang Lemma (4.2.18) and the approx-
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imation property (Lemma 4.3.1), we have, for ej := u® — up,

1
(lewl2(r, + IVenlZeqr,))

¢~ Lyt © _ Iyt : an(u®, én) — (¢
SQ(”“ — Inu “%2(F,L)+HV(u — Ihu )H%Q(Fh)>2 + sup ‘ h( h) h< h)‘

OnEVR H‘bhHh
e, -1
<Ch”uHH2(F + sup ‘ah<u ¢h) h<¢h)‘
PrEVR ‘|¢h”h

In order to estimate the second term, we choose an arbitrary ¢, € V} and
denote by ¢, = ¢ € H'(T) the corresponding lift. Then

an(u®, én) — ln(dn) = (an(u®, ¢n) — alu, on)) + (L(en) = h(on)) = L + L.

Using the transformation rule, (4.2.4) and (4.2.11) we obtain

/ Vru - Ve + uppdo = Vpu op-(Vren)op+ (uop)(pp op)),uh doy,
r I'n

/ ((Id — dH)2Vu® - Voy, + uop) pup, doy,
Ty

so that by (4.2.6) and (4.2.12)

TAE /F (1 — dH)~2 — TA)Vu - Vigy| do, + /F [ — 1)usn] doy
h h

< ch?|[u®l, l|énlly -

Similarly, we can bound I using (4.2.12) by

L[ < [ = 1] f0ndon < ch? (| £l 2y llonlly -

ry
As a result, we obtain
ap(u®, op) — lp(on
sup lan( ) (én)l < ch? 1Nl 2 ry - (4.3.6)
dhEVL ”QshHh

so that we have in conclusion

||€hHL2(Fh) + ”V€h||L2(rh) <ch HfHLZ(F) ‘ (4.3.7)

In order to improve the L? error bound, we employ the usual Aubin-Nitsche
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argument. Denote by w € H?(T") the unique solution of the dual problem:

a(p,w) = / ebpdo  forall p € HY(I),
r

which satisfies

oy < e Hef;”m . (4.3.8)
We have
Hef" ;(r) = a(ch,w)
= (a(eﬁ, w) — ap(ep, w)) + ap(ep, w* — Iyw®) (4.3.9)
+ (an(u®, Inw®) — U, (Ihw®))
=11+ 1+ Is3.

As above, we deduce together with the energy norm bound (4.3.7) and the equiva-

lence of norms (Lemma 4.2.1),
|| < ch? llenllp llwll, < ch? Hf||L2(F) H’wHHl(F) :
Next, the finite element equation (4.3.1) and (4.3.7) imply
|12] < llenlly llw® = nwell), < ch® | Il ey 1wl ry -
Finally, our estimate of ||d|| oo (r, ), (4.3.6), (4.3.1) and Lemma 4.2.1 yield
ol < ch? |l agey 1t < b 1 ooy ol ey -

Inserting the above estimates into (4.3.9) and recalling (4.3.8) we obtain

|

which together with Lemma 4.2.1 gives the error bound in the L? norm. O

0
hll oo S P21 aqry

()

4.3.2 The sharp interface method of Olshanskii et al. (2009)

For completeness we include the original sharp interface method of Olshanskii et al.
(2009). We compare the solution of our sharp interface method to this to see the
effect of using full gradients.

The same geometric construction as in the previous section is used leading
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to a triangulation %L] of a domain U ,{ about the surface I',. We use the zero level
set of I,d as the induced mesh I';,. The difference in the methods follows from our
choice of full gradients in the bilinear for a;. This method uses the same right-hand

side Iy, but, instead, the bilinear form

an(Wh, ¢n) = | Vr,wp - Vr,én + wpép dop,
I'p
where the tangential gradient Vr, is calculated using the projection operator P, so
that
Vr, on == PNV ép, Pp(x) :=1d —vp(z) @ vp(z)  for z € T,

To ensure that this method is well-posed solutions are sought in the finite element
space
Wy, = {¢n € C(T'y) : there exists ¢p, € V), with ¢p|r, = ¢n}-

This is an identification of the quotient space V} with the equivalence of finite el-
ement functions equal in the norm induced by aj. In realisations of the two sharp
interface methods, the choice of W}, instead of V};, does not change the implementa-
tion since conjugate gradient iteration solves the resulting system of linear equations
by considering the traces of the nodal basis of V} as a spanning set for W,.

The finite element method is: Find u; € W}, such that

ap(up, on) = lp(¢p)  for all ¢, € W, (4.3.10)

It is clear that ay, is positive definite over W), hence there exists a unique solution to
(4.3.10). Furthermore, the interpolation result (4.3.3) in Lemma 4.3.1 along with the
reasoning in Theorem 4.3.2 give the following error estimate presented by Olshanskii
et al. (2009):

Theorem 4.3.3. Let u be the solution of (4.2.15) and uy, the solution of the finite
element scheme (4.3.10); then

= wnll ey + B IV, (0 = a2,y < bl gy - (4.3.11)

Furthermore, analysis of the resulting linear algebraic system has been per-
formed by Olshanskii and Reusken (2010). The authors show, in the case of a curve
in two dimensions, that the (effective) spectral condition number of the diagonally
scaled mass matrix and the diagonally scaled stiffness matrix behave like h=3 |log A/

and h~2|log h|, respectively.
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4.3.3 Method 2: Narrow-band method

Let us define the narrow-band triangulation by
FB =T € F, : " (T N D) > 0}.
and the narrow band domain by

Up .= U T.
TeT,B

We define a finite element space V3 on the triangulation ZLB by
Vi, := {¢pn € COUP) : ¢nlr € Pi(T) for each T € FP1.
The second finite element scheme is (4.2.17): Find uy, € V}, such that

an(un, dn) = lp(¢n)  for all ¢y € Vi, (4.3.12)

with

1

1
ap(wp, ¢p) = a J, Vwy, - Vo +wponde,  Ih(on) = o/, fCop da.
h h

It is not difficult to verify that ay is positive definite on V}, x V. Hence the

finite element scheme (4.3.12) has a unique solution u; € Vj, which satisfies
1
1 2 9 2
lunll, =\ o7 [ [Vun|" +updz ) <cllfll2qr)- (4.3.13)
2h Jp, )

Remark 4.3.4. The choice of global scaling ﬁ in front of the integrals above is chosen
to arrive at the appropriate scaling in the following error analysis. It is chosen so
that the ||-||,-norm behaves as the H!(T")-norm.

The space V};, comes equipped with the following approximation property:

Lemma 4.3.5. Let z € H*(T'); then

1 e e e e
7 12 = Inz°l 2oy + VEIVES = 1220, < b |2l g2y - (4:3.14)
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Proof. We infer from our basic interpolation estimate (4.2.5) that
LR e +h{IV(z* = 12) |}
h h= L2 (Dy) = T AnE N2 (Dy)
1
< 5 (§15° = Bl + RV = 5l
Te,B
2 2 2
<ch® Y 1My < AP0y, < b 252 - m

Te,B

We use the same framework as above to show an error bound. We remark

briefly, that this bound is optimal in the energy norm but not in the L? norm.

Theorem 4.3.6. Let u be the solution of (4.2.15) and let uy, be the solution of the
finite element scheme (4.3.12), then

1

1 2
[ =)l de) < b ]y (4:3.15)
2h Jp,

Proof. Let us write e, := u® — up,. We observe from (4.2.18) and (4.3.14) that

1
(;h /D Ven? + ¢ dx)2 < ch gy + sup. 'ah(“e’f’gmlh(%)'. (4.3.16)
In order to estimate the second term we derive from (4.2.4) that
— Au®+u® = f°+ R, (4.3.17)
where
|R(z)| < cld(z)] (|Vru(p(a))| + |Viu(p(z))|) for z € U. (4.3.18)

e

0
We multiply (4.3.17) by ¢y, o Fh_l, én € Vi, and integrate over D". Since Y

81/:0

on D", we obtain

Vus -V (gpoF; ) dx+/ u¢ppoF, t dr = / féppoF, ! dw—i—/ RépoF, ' dz.
Dh Dh Dh Dy,

Observing that V(¢ o Fy'') = [(DF,)™ o F; '|V¢y, o F; ' we deduce from the

137



transformation rule

Vu o Fy, - (DFy) " *V¢y, |det DE,| dx + / u® o Fpop |det DFy| dx

Dn Dn (4.3.19)
= feth¢h|detDFh| dx+/ ROFh¢h|detDFh| dzx.
Dy, Dy,
Recalling the definition of u, (4.2.7) and (4.2.8), we have
uf(z) = u(p(z)) = u(p(Fu(z))) = u(Fy(z)) (4.3.20)

and hence, using (4.2.9), we obtain

Vu(z) = V' (Fy(2)) + (VU (Fu(2)) - v(2)) V() + nu (@) H(2) Vu (F(z))
= (Id = naH(2)) Vu® (Fy(z)),
since Vu®(Fy,(z)) - v(z) = (Id — d(z)H(x))Vru(p(z)) - V(d(z)) = 0. As a result we

derive

Vus (Fy(x)) = (1d — mpH(x)) " Vus ().

Hence we see that

an(u®, ¢n) — ln(én) = (Rn, on), (4.3.21)
where
<Rh7 ¢h>
- ((Id o H(2)) " Vel (2) - (DE,) "V |[det DEy| — Ve - wh) da
2h Jp,
el [ (o —uon) et DB~ o+ ) Ro Fygy ldet DFy| dr

Inserting this expression into (4.3.21) and recalling (4.2.6), (4.2.10) and (4.3.18) as
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well as Lemma 4.2.1, we infer that, for all ¢ € V},

lan(u®, ¢n) — ln(én)|
Sc/<wmwuHMWMﬂfwm¢x
Dy,

2 % 2 %
—|—c</ |R o Fy| d:c> </ |on| dx)
Dy, Dy,

1
1 2
ch <||UHH1(F) + £l g2y + <2h /Dh |RJ? dx) ) [ nlly

eh(l[ullgzry + 1l 2oy ) ldnl
A\l ey I6nlly -

IN

IN

IN

Inserting this estimate into (4.3.16) we complete the proof of the theorem. O

We remark that our narrow-band method has similarities with the A-narrow
band method of Deckelnick et al. (2010). The main difference is that we use full
instead of projected gradients in our discrete bilinear forms. The difference means
that our discrete problem is not degenerate. Our method also has control over the
normal derivative of the error away from the surface, hence our method produces

solutions which are almost constant in the normal direction.

4.4 Numerical Experiments

4.4.1 Notes on implementation

Assembly of the matrices is nonstandard in that the method requires integration
over partial elements. To do so we subdivide the integration areas in simplices using
the Triangle (Shewchuk 1996, 2005) and Tetgen (Si 2006) packages. In each case,
the linear system is solved with the conjugate gradient method until the residual is
reduced by a factor of 10~® in comparison to its initial value in the ¢? norm. Due
to the lack of shape-regularity of I'y, and Dy, the matrix systems are ill conditioned
and so we used a Jacobi preconditioner in order to speed up the convergence of our
iterative solver.

In practice, we will take Up to be a subset of a cube-shaped domain. The
triangulation .7, will be computed by adaptively refining only those elements which

intersect the computational domain, either I'y, or Dy,; see Figure 4.4.1 for an example.
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Figure 4.4.1: The above plot shows an example of this construction. The grey
elements represent part of the underlying triangulation and the blue surface is I'y,.

4.4.2 Numerical results

For each of our new methods, we present numerical simulations that demonstrate
the convergence of each. The experimental order of convergence is calculated via
formula (A.7.1). We also compare the results of our sharp interface method against
the method of Olshanskii et al. (2009) for one of the examples. As well as the error
in various norms, we include the number of degrees of freedom (dofs) of the linear
system (the dimension of V}), the number of elements in .7,/ or 7B and the number

of conjugate gradient iterations required to solve the system.

Example one: sphere

The first example is on a sphere. We start with ®(x,y,2) = /22 +y> + 22 — 1.
We take the right-hand side so that the exact solution is given by u(z,y,z) =
cos(2mz) cos(2my) cos(2mz).

Example two: torus

The second example is on a torus. We start with ®(z,y,2) = (v/22 +y? — R)? +
22 —r? with R = 1.0,7 = 0.6.
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We parameterise the torus by
x=(R—rcosf)cosp, y=(R—rcosb)cosp, z=rsinf, forb e (—m ),
and take f so that the exact solution is
u(f, p) = cos(3¢) sin(30 + ¢).

Example three: from Dziuk (1988)

The third example is taken from Dziuk (1988). We start with ®(x,y,z2) = (z —
22)2 + y? + 22 — 1. We remark that this is not a distance function, however this
method only requires the zero level-set of the level-set function, so no adjustments

are required. We take the right hand side so that the exact solution is given by
u(z,y, 2) = xy.

Discussion

For the sharp interface method, the results of Examples one, two and three are
shown in Tables 4.1, 4.2 and 4.4. A plot of the solution is shown on two differ-
ent meshes above the table of errors. In all three examples, we see the order of
convergence expected from the analysis and the error is of a similar magnitude as
for the surface finite element method for the same number of degrees of freedom
(Section A.7.2). Furthermore, we see that the number of conjugate gradient solver
iterations approximately doubles between mesh refinements: This is again similar
to the results for the surface finite element method.

For the second example, we compare the results of the sharp interface method
(Table 4.2) with the method from Olshanskii et al. (2009) (Table 4.3). These two
methods produce similar results. The error in the L? norm produced by the method
of Olshanskii et al. (2009) is slightly smaller than in method one, although it takes
slightly more conjugate gradient iterations to solve the system of linear equations.
The main difference comes from the fact that method one uses full gradients, so the
error estimate from Theorem 4.3.2 provides control of the normal derivative of the
solution away from the surface. In fact, the method of Olshanskii et al. (2009) does
not converge to the true solution in the norm [|V(u® — us)|[12(r,); see Figure 4.3a
for an example.

For the narrow band method, the results of Examples one and two are shown
in Tables 4.5 and 4.6. A plot of the solution on two different meshes is shown in

Figure 4.4.2. In both examples, we see faster convergence than shown in the analysis.
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h [u® = unllp2r,) eoc IV (u® = up)ll p2(r, ) eoc
V3 4.04068 - 101! 1.52194 - 1071 —
2-1v/3  1.01375-10t"  1.99490 9.47772 0.68330
2723 3.76636-10"1  4.75039 5.86936 0.69134
2733 1.90326-10"'  0.98470 4.31727 0.44308
2-4/3 5.21416-10"2  1.86797 2.27205 0.92612
2753 1.27837-107%2 2.02813 1.12561 1.01329
2764/3  3.26099-1073  1.97092 5.69978 - 107! 0.98173
2773  8.07000-10"%  2.01467 2.83520 - 107! 1.00746
2783 2.02104-10"*  1.99747 1.41880 - 101 0.99878

h dofs elements cg iterations

V3 15 24 4

2-1/3 118 288 22

2723 406 1152 38

2733 1846 5280 69

274/3 7606 21 888 110

2753 30406 87936 171

2763 121894 352704 237

2773 487318 1410960 438

278y/3 1947570 5639424 804

Table 4.1: Result for the sharp interface method on a sphere.
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h [u® = unllp2r,) eoc IV (u® = up)ll p2(r, ) eoc
V3 6.03053 — 1.45014 - 101 —
2713 1.67739 1.84607 1.13951 - 10+ 0.34778
2723 7.10825-10"!  1.23865 7.95596 0.51831
273y/3  1.90004-10"1  1.90346 4.07793 0.96420
2-4/3  4.73865-1072  2.00348 2.04879 0.99306
2753  1.19721-102  1.98480 1.03454 0.98578
2-6y/3  3.01376-10~%  1.99004 5.17692 - 107! 0.99882
2773  7.52514-107*  2.00177 2.58691 - 107! 1.00086
h dofs elements cg iterations
V3 55 140 24
2713 217 688 38
2723 912 2608 69
273v3 3404 9984 128
2-4y/3 14080 41008 240
2753 56944 165616 359
2763 226592 659056 641
2773 903664 2626880 1249

Table 4.2: Result for the sharp interface on a torus.
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(a) Plots of the solution to example two using method one (left) and the method of Olshanskii
et al. (2009) (right). The solution has been clipped to show the cross section of the torus.
The black line is the approximation of the surface I';, and the triangulation shown in white.
This demonstrates the reduced normal errors from using the full gradient.

h [[u® = unll2p, ) eoc IV, (u = up)ll 2, eoc
V3 6.13634 — 1.34194 - 101 —
2713 1.61226 1.92829 1.06768 - 1011 0.32984
2723  5.80174-10"1  1.47453 6.93654 0.62219
2733 1.34881-10"!  2.10480 3.31260 1.06625
2743  3.32886-1072  2.01859 1.65770 0.99878
2753 8.41979-10% 1.98317 8.35673 - 107! 0.98817
2763 2.09973-1073  2.00358 4.16491 - 1071 1.00465
2-7V/3  5.22559-10~*  2.00654 2.07738 - 107! 1.00352
h dofs elements cg iterations

V3 55 140 28
213 217 688 44

2723 912 2608 90
273v3 3404 9984 163
2-4y/3 14080 41008 278
2753 56944 165616 583
2763 226592 659056 1077

2773 903664 2626880 2080

(b) Result for the method of Olshanskii et al. (2009) on a torus.

Table 4.3: A comparison of results between the two sharp interface methods.
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h w® —upllpaq,)  eoc  [[V(u —up)llp2q,) — eoc
V3 5.15752 - 107! — 1.54322 —
2-1y/3 3.31237-107!  0.63881 1.15310 0.42043
2723 9.97842-107%2  1.73098 6.46853 - 107! 0.83401
2733 2573291072  1.95520 3.41718 - 10! 0.92063
274/3  6.59538-1073  1.96409 1.71480 - 1071 0.99477
2753  1.64586-10"%  2.00261 8.55564 - 1072 1.00309
2763 4.10269-10~*  2.00420 4.28811 - 1072 0.99653
2773 1.02735-107%  1.99764 2.14321-1072 1.00057

h dofs elements cg iterations

V3 16 24 16

2-1V/3 102 256 25

2723 430 1248 53

2733 1948 5664 103

274/3 8068 23512 196

2753 32388 94480 298

276y/3 130036 379272 585

2-7v/3 520232 1516800 1151

Table 4.4: Result for sharp interface method on Dziuk surface.
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(b) Example one: I' = torus

Figure 4.4.2: Plots of the solutions of method two the narrow band unfitted finite
element method at various mesh sizes.

In fact the errors are similar to the sharp interface methods for each mesh size,
although the latter requires slightly more degrees of freedom. Furthermore, we see
the number of conjugate gradient solver iterations approximately doubles between
mesh refinements. In comparison to the method of Deckelnick et al. (2010), we also
have control over the normal derivative of the error away from the surface. This
also affects the L? error in the narrow band where we see second-order convergence
whereas the method of Deckelnick et al. (2010) exhibits only first-order convergence
in the L?(Dy) norm.

4.5 A hybrid method for equations on evolving surfaces

We conclude this chapter with a note on the future direction of our work on of
these methods. We will take our notation from Chapter 3. We wish to solve partial

differential equations on evolving surfaces and take as our example an advection-
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diffusion equation: Find u: Gy — R such that
O®u+uVrp-v— Aru = f. (4.5.1)

In order to motivate our thoughts, we fix t* € (0,7) and calculate for suffi-

ciently smooth function ¢, defined on a narrow band about I'(¢*),

d

— up do

= / 0*(up) + upVr - vdo

:/ @8'u+uv-g0+ug0Vp~vda:/ wAru+uv - Ve + pfdo.
D(t*) I(t*)

Note that ¢ does not depend on ¢. In conclusion, we obtain

d

— up do
dt F(t)

+ Vru-VpgodU:/ uv-Vedo+ feodo. (4.5.2)
I'(t%) (t*) I(t%)

t=tx

The idea is to combine the sharp interface method for the lower order terms
with the narrow band method for the diffusion terms using an implicit Euler time
stepping method. One can show that for a sufficiently small time step, 7 [|v]| o (g, <
h, the previous sharp interface is contained within the new narrow band. This will
imply that the method conserves mass.

One further difficulty to overcome is that the advection term can lead to
spurious oscillations in the normal direction to the surface, since we have no diffusion
in that direction. A possible remedy is to add streamline diffusion in the normal
direction to the surface. In our case, numerical results suggest that this penalty

term does not affect the accuracy of the method so may be taken arbitrarily large.
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ho (Gl —unliap,)?  (eoc) (& IV(u® —un)ljep,))?  (eoc)
V3 4.78338 — 1.84002 - 101 —
2713 3.79113 0.33540 1.10972 - 10! 0.72953
2723 6.00857 - 107! 2.65753 6.56763 0.75675
2733 2.39769 - 10~ ! 1.32538 4.70945 0.47981
2743 6.91536 - 1072 1.79377 2.42830 0.95561
2753 1.47734 - 1072 2.22680 1.22329 0.98918
276\/3 3.73584 - 1073 1.98350 6.14259 - 10~! 0.99385
2773 9.70899 - 10~* 1.94404 3.07116 - 107! 1.00006
h [u® = unllp2(r,) (eoc) IV (u® —un)ll 2,y  (eoc)
V3 2.57553 — 1.13034 - 1071 —
2713 3.72889 —0.53388 1.10432 - 10*! 0.03360
2723 4.73667-10"1  2.97680 6.27874 0.81461
2733 1.88299-10"'  1.33085 4.72643 0.40972
2-4/3 5.33564-1072  1.81929 2.48230 0.92907
2753  1.23057-107%2  2.11633 1.20011 1.04851
2763 3.54650-1072  1.79486 6.02231 - 107! 0.99478
2773 9.48127-107*  1.90324 2.97786 - 1071 1.01604
h dofs elements cg iterations
V3 221 816 20
2713 493 1968 26
2723 1274 5712 45
2733 4718 22464 46
274/3 18662 87936 134
2753 73934 350784 254
27643 298886 1411824 488
2773 1194280 5649024 869

Table 4.5: Result for the narrow band method on a sphere.
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h (e —unll3ap,)?  (eoc) (& [V(u® —un)ljep,))?  (eoc)
V3 7.40091 — 1.87130 - 1071 —_—
2713 2.68743 1.46148 1.14673 - 10*1 0.70652
2723 1.19776 1.16589 8.91224 0.36367
2733 4.06532 - 1071 1.55890 5.17295 0.78480
2-4/3 9.66548 - 1072 2.07246 2.60175 0.99150
2753 2.22761 - 1072 2.11734 1.30693 0.99330
2763 5.35416 - 1073 2.05676 6.54438 - 1071 0.99785
ol = unllga,)  (e00)  [V(u® =), (eoc)

V3 2.49823 — 1.61819 - 10*1 —

2713 1.62953 0.61645 1.27498 - 101 0.34391
2723  7.13768-10"'  1.19093 9.34296 0.44852
2733 2.35902-10"!  1.59727 4.98524 0.90622
2743  7.26544-1072  1.69907 2.37468 1.06993
2753  1.99335-10"%2  1.86586 1.12826 1.07363
276y/3  5.14142-1073%  1.95496 5.49913 - 10! 1.03682
h dofs elements cg iterations

V3 273 1012 31
2713 659 2736 34
272y/3 2165 10208 54
2733 8820 42080 134
2743 35060 167504 241
2753 138568 657472 436
2764/3 562868 2668224 826

Table 4.6: Result for the narrow band method on a torus.
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Appendix A

The surface finite element
method

A.1 Introduction

In this appendix, we recall results for the surface finite element method. We will
analyse the method for solving a Poisson equation on an arbitrary surface. We start
by describing in detail the assumptions on the surface and how we make sense of
the Poisson equation via a weak formulation. We then describe the surface finite
element method and go on to show optimal order error estimates. We conclude this
chapter with some numerical examples and some discussion of how to implement
this method.

We will consider the surface Poisson equation, which is also known as the

Laplace-Beltrami equation. We seek solutions u: I' — R of
—Aru+cu=f onl. (A.1.1)

We will assume that f € L?(I') is given and the constant ¢ > 0 or ¢ = 0 and
Jr fdo=0.

We will look to approximate this problem using the surface finite element
method. Most of the work of this chapter is taken from the work of Dziuk (1988).
Further explanation of some of the results are given in Dziuk and Elliott (2013b).
We take our notation from Deckelnick et al. (2005) and Dziuk and Elliott (2013b).

150



A.2 Swurface notation

We will assume that I' is a C® compact, connected, orientable, n-dimensional hy-

persurface, embedded in R™*! for n = 1,2, or 3.

Definition A.2.1 (Hypersurface). Let k¥ € N. A subset I' ¢ R""! is called a C*-
hypersurface, if for each point o € I' there exists an open set U C R**! containing
xo and a function ¢ € C*(U) such that

UNT ={zeU: ¢(x)=0} and Vo #0 forallzeUNT.

We will assume that I" is the boundary of a connected domain 2, so it can

be described as the zero level set of an oriented distance function d given by

—min{|z —y|:y €T} for z € Q
d(IL‘) =<0 forx €T (A21)

min{|z —y|:y T} otherwise.

This assumption implies I' has no boundary. We will use this assumption throughout
this thesis but it is not a restriction on the methods developed.

This allows us to define the unit normal to I" by v := Vd (by assumption,
|Vd| = 1in a neighbourhood of "), the extended Weingarten map, or shape operator,
by H := Vrv. We define the mean curvature of I' by H := traceH. This is
equivalent to

H(zx) =Vr-v(z)=Ad(z) forzel.

Note that this definition varies from the standard definition of mean curvature by
a factor n. As an example, we consider a sphere of radius R centred at xg: I' =
{z € R"™! : |z —x9] = R} and the choice d(x) = |z —x9| — R. The normal
v = Vd = (x — x9)/R is outward pointing and the mean curvature is given by
H =n/R.

In order to explore the properties of d, we define a narrow band U about I’
by U = {z € R*™! : |d(x)| < ér}, where dr is constructed through the following
procedure. Let r by the maximal ratio of geodesic distance to Euclidean distance

for any two points on I':
L LF (l’, y)
r:= sup ———=
z,yel,x#y |.T - y|
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where L is the geodesic distance

1
Lr(z,y) = inf { [ O] desy € W0, 15T, 0) = 2,9(1) = y} .

Since T is a C? hypersurface, we can define M := maxyer |[Vv(y)|. Notice that r > 1
and M > 0. We choose dr > 0 so that oprM < 1.

Lemma A.2.2. The distance function d is in C%(U). For every x € U, there exists
a unique point p(z) € I' such that

z =p(z)+dx)v(p(x)) forxel. (A.2.2)
Furthermore, we have
Vd(z) = v(p(x)), n particular |Vd(z)| =1  forx € U. (A.2.3)

Proof. The proof is taken from Gilbarg and Trudinger (2001, Lemma 14.16).
We consider the mapping ®: I x (=dr, r) — U given by

P(p,d) == p+dv(p).

We claim @ is a bijection onto U. We first show that ® is onto. Let x € U; since I’
is compact there exists a point p € I' with |z — p| = minyer |z — y|. Clearly, z — p

is perpendicular to the tangent space of I' at p, so z — p = dv(p), with
d=|x—p| =min|x — y| = |d(z)| < dr,
yel
hence, z = ®(p, d). Next to show that ® is injective, suppose that
p1+div(pr) = p2 + dav(p2) =z,
with (pj,dj) €I x (=ér,dr). Then,
d(z) = d(p;j + djv(p;)) = dj  for j =1,2,

so d; = dy = d(z). Next, fix ¢ > 0 such that éprM (1 +¢) < 1 and choose a curve
v € WHi([0,1];T) with

1
7(0) = pr. (1) = p2 and /0 /()] dt < (1+ ) Lr(p1, pa).
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Then, we have

lp1 — p2| = [d(2)| [v(p1) — v(p2)|

/ Vo (v(t)y(t) dt

<6 /0 Yy )] |7 (6)] dt

1
< 6FM/O |y (t)| dt

< orM(1+ ¢€)Lr(p1,p2)
<oprM(1+¢)|p1 — pal-

From which, we infer p; = po. Hence @ is a bijection and so, for every x € U, there
exists a unique p = p(z) € I satisfying (A.2.2).

Furthermore, choosing local coordinates for I' and applying the Inverse Func-
tion Theorem to ® implies that p,d € C}(U). Next, fix z € U. For small £ > 0 we
also have x + ev(p(z)) € U and

z +ev(p(x)) = p(x) + (d(z) + e)v(p(r)).

Since ® is one-to-one, considering d evaluated at each side, we infer that d(z +

ev(p(z))) = d(z) + . Rearranging, we obtain:

d(z + ev(p(x))) — d(x)

£

= 17
so that the limit ¢ — 0 yields

1 = Vd(x) - v(p(x)) < |Vd(@)] [v(p(x))| < 1

because d is Lipschitz with constant 1. Hence, (A.2.3) holds. Since v is differentiable
in a neighbourhood of I' and p € C!(U), this relation implies in addition that
d e C*U). O

Remark A.2.3. e The width of the band dr only depends locally on the curvature
of I.

e The first equation (A.2.2) defines an operator p: U — R which we will call

either the closest point operator or normal projection operator.
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e The second equation (A.2.3) allows us to extend v by
v(z) :=Vd(z) =v(p(z)) forallzeU.
Given a function n: I' = R, we define its tangential gradient by
Vrn =V — (V- vy, (A.24)

where V7 is the gradient of an arbitrary smooth extension of 7 to U with respect to
the ambient coordinates in R”*1. It can be shown that this definition is independent

of the extension 7] since it only depends on values of 17 on the surface.
Lemma A.2.4. The tangential gradient Vrn only depends on the values of n on T'.

Proof. 1t is enough to show that if n =0 on I' then Vrn = 0. Fix 2 € I' and choose
a path v: (—e,e) — I such that v(0) = x and +/(0) = Vrn(z). Since n(y(s)) =0

for s € (—¢,¢), we have

0= Snfr(s)| = Vi) A(0)
s=0
= (Ven(a) + Vi(e) - v(e)u(e) - Ven(e) = [Ten(e) 0

The tangential gradient is a vector-valued function and we will denote its

n + 1 components by
Vrn = (D7, .-, Dpiqn) € RV (A.2.5)

Hence, the surface divergence of a vector field v: I' — R**+1 is

n+1
VF U= Zijj. (A26)
j=1
This gives a natural definition of the Laplace-Beltrami operator (the surface Lapla-
cian) as
n+1
Apn:=Vr-Vrn=>_ D;D. (A.2.7)
j=1

We will write integration on I" with respect to the surface measure do. The

integration by parts formula (Dziuk and Elliott 2013b, Theorem 2.10) is given by

/FDjndaz —/FHdea. (A.2.8)
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Combined with a product rule this gives a Green’s formula on surfaces (Dziuk and
Elliott 2013b, Theorem 2.14)

/—Apngpda = / Vrn - Vredo. (A.2.9)
r T

For more facts on surface derivatives and integrals see Gilbarg and Trudinger (2001,
Chapters 14 and 16) and Dziuk and Elliott (2013b).

We will consider the solution of partial differential equations on surfaces in
a weak sense. This involves the use of weak derivatives and surface Sobolev spaces
(Wloka 1987; Hebey 2000). We say n: I' — R, n € L{ (I') is weakly differentiable
if there exists £ € (L] (I'))"*! such that

/nDjwda = —/fjcpda for j=1,...,n+1, and for all p € C1(I).
r r
In such a case we say that D,n = { weakly. We define W*? (T") as follows:

WP(T) = {n € LP(I") : D%n € LP(T) for all |a| < s},
where @ = (a1,...,an41) is a multi-index and the tangential derivatives D¢ =
D' ... Dyt are to be considered in the weak sense. This definition requires I' to
be CH* withl+kx>1and s<Il+rifl+Kr €N, s <l+rifl+r &N. We equip

this space with the norm

B =

llenry = / S Do do |

U al<s

for 1 < p < oo with the obvious extension if p = co. We will write H*(T') = W*2(T)

with inner product

(1, P) s (1) ::/F Z D*nD%pdo.

laf<s

It is clear that W*P(T") is a Banach space and H*(T") is a Hilbert space.
The above theory allows us to define a weak formulation of (A.1.1): Find

u € HY(T) such that

/VFU'VFQO+CUQOdU:/f§0d0', </udU:O, ifc:O). (A.2.10)
r T r

Using standard techniques, one may show the following well-posedness result:
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Theorem A.2.5. There exists a unique solution uw € H*(T) to (A.2.10). Moreover,
if T is C3, then u € H*(T) with the bound

||u||H2(F) <c ”f”p(r) . (A.2.11)

Proof. Existence and uniqueness follow from standard Lax-Milgram techniques (Evans
1998). The regularity result is shown in Aubin (1982, Theorem 4.7) for the case of

smooth surfaces, which can be generalised to a result on C? surfaces. 0

Throughout this thesis, we will use abstract notation to describe the weak
formulations of partial differential equations. This allows us to write any analysis
in a clean and consistent manner, reducing long equations into simple results from
functional analysis. To this end, we introduce a bilinear form a: HY(T')x HY(T') — R
and a linear form [: H'(T') — R by

a(w, ) := /erw -Vrpdo (A.2.12)

l(p) ::/ngpda. (A.2.13)

With this notation, (A.2.10) becomes: Find v € H(T) such that
alu, ) =1(p) for all p € HY(T), </udo =0, ifc= 0) :
r

A.3 Finite element scheme

In this section, we will set out the surface finite element method as described in
Dziuk (1988). To keep the presentation clear, we will avoid discussions of more

complex variants listed in the introduction chapter.

A.3.1 Triangulated surfaces

The first stage of the method is to construct a polyhedral approximation I'y, of T'.
We restrict the nodes {Xj}év:l of '}, to lie on I'. In practice, there are two steps
to construct such a triangulation. First a coarse, or macro, triangulation is defined,
often constructed by hand. This will have a few, large elements but be sufficiently
fine so as to capture essential aspects of the geometry. In particular, I'y, must lie in
U. Then this triangulation is refined using some strategy (for example, bisectional
refinement) to make finer triangles. To ensure that this refined triangulation still

satisfies our assumptions above, all new nodes are projected onto the surface using
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the closest point operator (A.2.2). See Figure A.3.1 for an example using regular
refinement and Figure A.3.2 for the results of a local refinement rule.

We take a triangulation .75, of T'j, consisting of closed simplices, either line
segments (n = 1), triangles (n = 2) or tetrahedra (n = 3). We define h to be the

maximum diameter of elements in Z},:
h := max{diam(F) : E € 9,}. (A.3.1)

We will assume that .7}, is a quasi-uniform triangulation:

Definition A.3.1 (Quasi-uniform triangulation). Let {I'y} be a family of polyhedral
approximations of I' indexed by h > 0, each with triangulation 73,. The family
{3} is said to be quasi-uniform if there exists p > 0 such that

min{diam Bg : E € 9},} > phdiamT

for all h, where Bg is the largest ball contained in F.
We say a triangulation 7, of ', is quasi-uniform if it is part of a quasi-

uniform family of triangulations {.7,} of a family of triangulated surfaces {I'}.

The fact the nodes of T'y, lie on I' and the regularity of .7}, ensure that I'y,
can be considered as an interpolant of I' and we may use a Bramble-Hilbert Lemma
(Brenner and Scott 2002) to estimate any geometric errors.

The interpolated surface I'j, is Lipschitz, so we can define H'(I',) with inte-
gration on I', with respect to a discrete surface measure doj,. We define the gradient

of a function ny,: I', — R element-wise by
Vr,nnle = Vi, = (Vi - vy )vp, (A.3.2)

for each £ € 9}, with outward pointing normal v,. Here, 1 is some arbitrary
extension of n, away from I',. As with the continuous case, we will write Vrp, ny, =
PV, with Py (z) :=1d — vp(x) @ vp(z), for x € Ty,.

Given a triangulation .7, of the discrete surface I'y,, we next define our surface
finite element space which we denote S,. We take a continuous piecewise linear finite

element space on I'y,. Precisely, this is
Sp=A{¢n € C(T'y) : ¢n|lg € Pi(E), for all E € F,}, (A.3.3)

where P;(w) denotes the space of affine functions on w.
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(a) no global refinements (macro triangula-
tion) (b) 1 global refinement

(c) 2 global refinements (d) 3 global refinements

(e) 4 global refinements (f) 5 global refinements

(g) 6 global refinements (h) 7 global refinements

Figure A.3.1: The above figures show examples of a sphere going through successive
global refinements. Between each triangulation each triangle is split in two using a
bisectional refinement and any new nodes are projected to the surface. See Schmidt
et al. (2005) for details.
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(a) no local refinements (macro triangulation
plus 4 global refinements) (b) 1 local refinement

(c) 2 local refinements (d) 3 local refinements

(e) 4 local refinements (f) 5 local refinements

(g) 6 local refinements (h) 7 local refinements

Figure A.3.2: The above figures show examples of a sphere going through succes-
sive local refinements. Between triangulations one element is marked for refinement
then a conforming bisectional refinement algorithm is used refining some neighbour-
ing elements of the marked triangle to ensure the resulting triangulation is still
conforming. Again, see Schmidt et al. (2005) for details.
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A.3.2 Discrete equations

The finite element method is defined by the problem: Find Uj € S, such that

Ve, Un -V, én + cUpdpdoy, = | fondoy,  for all ¢y, € Sp,
b b (A.3.4)
</ UhthZOifC:0> .
Ty
Here fe L?(T'},) is some approximation of f which we assume satisfies:
<c and [ fdo,=0ifc=0]). A3.5
[ v P (A ) (A335)

Theorem A.3.2 (Well-posedness). There exists a unique solution Uy, to the finite
element method (A.3.4) that satisfies the bound

Ul r,) < cllfll 2y - (A.3.6)

Proof. The proof follows a very similar route to Theorem A.2.5. We use the usual
Lax-Milgram techniques to show existence and uniqueness of a solution using a
Poincaré inequality to ensure the bilinear form is coercive in the case ¢ = 0. The
bound follows by testing (A.3.4) and using the assumption (A.3.5). O

We will also define the abstract bilinear forms, ay,: S, xS, — Rand ly,: Sy, —
R, to describe (A.3.4) as discrete counterparts to (A.2.12, A.2.13) by

ah(Wh, (bh) = thWh . VFh¢h + cWhon doy, (A.3.7)
Iy

h(on) == [ Fondop. (A.3.8)

Iy

This lets us to rewrite (A.3.4) as: Find Uy, € S, such that
ah(Uh, (bh) = lph (¢h) for all (Z)h c Sh.

A.3.3 Isoparametric finite elements

One may also use a higher-order approximation of the surface, equal to a higher-
order to finite element space. This leads to so-called isoparametric finite element
methods.

Under the assumption of higher regularity of I', we start by constructing an

initial polyhedral approximation, as above, I‘gl), with triangulation Zl(l). For each
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element E € ﬂh(l), p|p maps to a unique “curved element” e = p(F) on I'. We
denote by pr the Lagrangian interpolation of p over E of order k. We can consider
a kth order polynomial approximation of e over E using p(E) = E*). We define
the union of all such polynomially curved elements {E®*) : E ¢ ,ZL(U} =: ?h(k) to
be a triangulation of a kth order approximation Fék) of I.

We define a kth order finite element space Sf(Lk) by

S = (g € C(Th) : dnlgw o (pe) " € PL(E) for all E®) € 7*)y,

where Py (w) is the space of piecewise polynomial functions of degree k over w.
The finite element method is to solve (A.3.4) over S,(lk): Find U,(Lk) € S,(Zk)
such that

/ Vrﬁlk) Uf(Lk) -Vr,on + ch(Lk)gbh doy, = “ f(bh dop,  for all ¢y, € Sf(Lk),
T, T/

U doy, =0ifc=0] .
r®

Similarly to the results in the rest of this chapter, this higher order approxi-

(A.3.9)

mation leads to the following error bound:

Theorem A.3.3 (Higher order error bound). Let u € H**(T') be the solution of
(A.1.1) and U}(Lk) € S}(Lk) be the solution of (A.3.9) with lift ugﬁ) = (U}(Lk))e. Then, we
have the estimate

(k) ‘

Hu —uy, < chFt! <\|U||Hk+1(r) + ||fHL2(F)) ‘

(A.3.10)

2w +h va(u - uglk))H

L(T)
The proof of this result can be found in Demlow (2009). We will not give
the details here.

A.4 Abstract error analysis

In order to derive error estimates for the surface finite element method, we must es-
timate the errors from two effects. First, as with planar domains, we must estimate
the error by restricting the test and solution spaces to finite-dimensional approx-
imations of H'(I'). This is often called the interpolation error since it is usually
bounded using results from interpolation theory. Secondly, we have introduced a

further error to the planar case; since S, € H'(I'). The second errors are called
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variational crimes; see Brenner and Scott (2002, Chapter 8) or Strang and Fix (2008,
Chapter 4) for a more general overview of variational crimes.

We treat this abstractly using two lemmas. Both results can be used for the
finite element analysis of methods with variational crimes. The first is a generali-
sation of Céa’s Lemma (often called the Strang Lemma) and the second is a slight
variation on the classical Aubin-Nitsche trick. The extra terms in each represent the
residual of the discrete solution in the continuous equations; in the case of Galerkin
orthogonality these terms will evaluate to zero.

Let Vj, C V and let a be a bilinear form and [ be a linear form on V. Further,
let ay, 1, be bilinear and linear forms on V},. We will assume that each pair satisfies
the assumptions of the Lax-Milgram theorem. Suppose that v € V and w, € V3
satisfy

a(u,p) =1(¢) forall peV (A4d.1a)
ah(uh, (ph) = lh((ph) for all oy, € V. (A.4.1b)

We will write ||-||, for the norm induced by the bilinear form a:

1
Inll, :==a(n,n)2, forneV.

Lemma A.4.1 (Strang Lemma). Let the above assumptions hold. Define Fy,: Vj, —
R by

Fin(¢n) := a(u — un, ¢n), (A4.2)
then
. Fp(wy,
|lu—wupll, <2 inf |ju—wpl,+ sup ( ) (A.4.3)
vhEVR wr€VR\{0} ||wh”a
Proof. For any vy, € Vj,
lu = unll, < llu—ovnll, + lvn — unll,
1
= ||u — vall, + a(vn — un, vh — up)?
a\Vp — Up, Wh
<luonlo+ sup e
wnevin(oy  [lwnlla
a(u — up,w
<2u—vl,+ sup AL Umn) -

thVh\{O} HwhHa

Next, we suppose that we have a further Hilbert space (H,(-,-)r) and a
Banach space (Z,|||;) with Z C V C H with each inclusion continuous. This
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implies that for ¢ € H, the functional

xc(p) = (¢ 9)m,

is a bounded linear functional on V' with
IXc() < MIKlg el < e lISlg lleelly -
Hence, there exists a unique solution z € V' of
a(p,z) = xc(p) foralpeV. (A.4.4)
We assume that the solution z € Z and satisfies the bound
I2ll < eliclly (A4.5)
Further, we assume that for all v € Z there exists v; € V}, satisfying
o —vill, < ch o]l (A.4.6)

Lemma A.4.2 (Abstract Aubin-Nitsche). Let the above assumptions hold and let
e € V. Define Fy,: Vi, = R by

Fi(¢n) = ale, én), (A4.7)

then

F;
lelly < chllell, + sup ZhOw) (A48)
snevirnfor [1Pnll,

Proof. Since e € V. C H, from our assumptions (A.4.4) and (A.4.5), there exists a
unique z € Z such that

a(p,z) = xe(p) forall p eV,

and
21z < cllelly -

Further, by the assumption (A.4.6), we know there exists z; € V}, with

Iz = zplla < chllzll-
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Then, we calculate

lellF = (e.e)u
=a(e, 2)

=ale,z — z;) + ale, z1,)

ale, ¢
< | chllell,+ sup ale, én) [E
snevinioy 9nlla

ale,
< |chlel,+ sup ale,én) lell -
énevi{0} 1@nllq

Dividing by ||e||;; gives the result. O

A.5 Domain perturbation

In this section, we will look to bound any errors in our finite element method coming
from the domain approximation. To do this, we will use some standard interpolation
results to show in what sense the two surfaces are ‘close’ and then interpret this in
a more geometric sense. This geometric interpretation is sufficient to bound the

errors arising from the variation crime.

Lemma A.5.1 (Surface interpolation). Let d be the signed distance function to T’

and v and vy, the unit normal vector fields to I' and 'y, respectively. Then

]l oo (ryy < ch® (A.5.1a)
”’/j_(’/h)jHLOO(Fh) <ch forj=1,...,n+1. (A51b)

Proof. Both results follow from standard interpolation theory (Brenner and Scott
2002, Chapter 4). Since the nodes of T'j, lie on I', standard Lagrange interpolation
yields Id = 0 on I'j,, hence we have that

HdHLOO(Fh) =|ld— IhdHLOO(I‘h) < ch? HdHleoo(Fh) < ch?.

The second result follows since v; — (v4); = O, d. O
The next result interprets these bounds in a more geometric setting

Lemma A.5.2 (Geometric interpretation). Let up, denote the quotient of measures
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on I and T'y, so that do = uy doy, then

sup |1 — pp| < ch?. (A.5.2)
Ty

Let Qp = -(Id — dH) PP, P(Id — dH); then

sup |P — Qp| < ch®. (A.5.3)
'y

Proof. This proof is given by Dziuk and Elliott (2007a), although the original result
is from the original work of Dziuk (1988).

To simplify the presentation, we will consider a single element £ € %, in
a two-dimensional surface, with an associated curved element e = p(E). We will
assume further that £ C R? x {0}.

For x = (x1,x9,0) € E, we have by (A.2.2) that the map p satisfies

pi,mj = 5]’1‘ — I/jl/i — d’H”

Furthermore, our simplifications imply that doy, = dz dze and do = |pg, X pa,| dz1 dza,

so we have that

Hp = |pz1 X px2| .

To derive the estimate (A.5.2), we observe from (A.5.1a) that
Dix; = 5ji — ViV — d/HzJ = P]z + O(h2)
This implies, with e; written for the jth standard basis function in R3, that

Pay X Duy = (€1 — 1V — dvg,) X (€2 — vov — duy,)
= (e1 —v1v) X (eg — V) + O(h2)
= e3 — vye; X v — v X eg + O(h?)

= v3v + O(h?),
and that

P2y % Pay|* = lpav|* + O(h%) = 1 —0f — 13 + O(h?).
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Hence, from (A.5.1b),

2
1 — [Pz, X Dasl 1/% + 1/22 + O(hZ)
L+ [pzy X Pay| B L+ |pay X pay| —

|1_Mh|:|1_|px1 prgHZ Ch2.

To show the second bound, we note that

P ;(Id — AH)PP,P(Id — dH) = P — PP,P + O(h2) = (Pvp) & (Puy) + O(h).
h

We use the fact that v, = e to get

|Pup| = |vp — (v - vp)vp| = |es — vsv| = /1 — 1/12 — V22 = O(h).

Hence (A.5.3) is shown. O

A.6 Error bounds

In this section we will prove an error bound for the surface finite element method.
The idea is to combine the abstract lemmas from Section A.4 with the geometric
estimates from Section A.5. The final part to bring these together is that we need
to construct some way to transform our finite element space Sy into the abstract
space Vi C V. We do this using a lifting procedure.

We define the lift operator for functions on I'y, using the closest point operator
(A.2.2). We remark that p|r, is a homeomorphism onto I'. For a function n,: I'y, —
R, we define its lift, nﬁ: I' = R, implicitly by

nt(p(z)) :=nu(z) for z € Ty, (A.6.1)
We can also define an inverse lift operator for a function n: I' = R
n(z) == n(p(z)) for z € T}. (A.6.2)

We will write n°(z) := n(p(x)), for x € U, for the extension of 1 to U using (A.6.2)
so that = = n°|r, .

Lemma A.6.1. Let E € 9, and e = p(E) C I'. There exist constants c1,co > 0,
independent of E and h, such that for all ny: 'y, — R, such that the following
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quantities exist, we have

c1 Hnﬁ‘ e = 110l L2y < €2 Hnﬁ’ 2o (A.6.3a)
cl HVrnfL‘ 2 < IVrumall g2y < 2 vanfL‘ 2 (A.6.3b)
193,y < e2(lnllagey + 2190l 20y )- (A.630)
Proof. This comes from writing
/rh My pin doy, = /F(nﬁ)2 do,
and
Vr,mn = Pu(P — dH)Vnj, = Py(1d — dH) Vo,
and applying the results of Lemma A.5.2. O

For an arbitrary test function ¢y, we will denote its lift by ¢, = qﬁfl. Similarly,
we will use lower case letters for lifted versions of upper case-named finite element
functions: up = Uf;, wp, = W,f.

We will write Sﬁ for the space of lifted finite element functions:
Sh={én =8}, : én € S}

We remark that Lemma A.6.1 implies Sf C H*(I"). The space of lifted finite element

functions comes with the following approximation property:

Proposition A.6.2 (Approximation property). Let z € H?(I'). The lift of the
nodal interpolant of z, for which we will write Iz € S, is a well defined function

mn S’f; and satisfies the following bound:
12 = Inzl gr(ry < chllzll gaqry - (A.6.4)

Proof. This proof is taken from Dziuk (1988).
From Sobolev embedding, z is continuous, and so that linear (nodal) inter-
polant Iz € Sy, is well defined by

fhz(Xj) =2(X;) forj=1,...,N, and Inz € P(E) forall E € J,.
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Standard interpolation theory (Ciarlet 1978; Brenner and Scott 2002) gives that

Y 2 _—t
Hz —Iyz H ) <ch HVth HH2(E) for each F € .7,.

H\(E

We define Ij,z = (Iz)". The stability of the lifting process (Lemma A.6.1) implies

Iz = Inzl gy < ¢ Hz_g - fhz_eH

SIS

< ch(zl g2y + R IVl 2y )- -

This answers the question about the first type of errors. The results from

Section A.5 allow us to bound the second.

Lemma A.6.3 (Geometric bound). Let Wy, ¢y, € Sp, with lifts wp, op, € Sf;; then

|a(wn, on) = an(Wh, ¢n)| < ch® [Vrwp ooy IVrenll 2y - (A.6.5)

Proof. We start by bounding the lower-order terms. Using (A.5.2), we infer that

1
/whgoh <1 — e) do
r 1253

1
§sup‘1—e
T Ky,

/ wnondo — | Widndoy
r T

||wh||L2(r) ||80h||L2(F)

< cslglp 11— ] Hwh||L2(r) ||‘/7h||L2(F)
h
< ch? ||wh||L2(r) ||‘:0h||L2(F) )

Next, we see since PH = HP = H that

thWh = Ph(P — dH)th = Ph(Id — dH)Vth.
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Hence, since P and H are symmetric, we obtain the identity

Vr,Wh - Vr, ¢n doy,

'y
1
= / P,(Id — dH)Vrwy, - Ph(Id — d’H)vF(Ph7 do
r 1 Hn (A.6.6)
_ / —(1d — dH) PP, P(Id — dH)Vrwy, - Vigy do
r Uy

- / Q! Vrw, - Vg do.
I

This implies, using (A.5.3), that

‘/voh‘vI‘@hdU/ Vr, Wy - Vr, ¢ doy,
r Iy

1
/ erh . Vr(ph do — / H—(P — d'H)Ph(P - dH)Vth . VFSOth do
r I Hh

/(P— Q5 )Vrwy, - Vrepy, do
r

< sup ’P = Qﬁ’ IVrwall ooy [IVeenll 2
< sup [P — Q| HVFU’hHL?(F) HVF@hHLQ(F)
h

< ch? Hvl“whHLQ(r) ”VFSOhHLQ(F) : O

We have not specified the fwhich occurs in the bilinear form I;,. We consider

two possible choices:
Lemma A.6.4. Let ¢y, € Sy, with lift oy € SE. If f = [, then
[(on) = tn(on)] < ch? (| fll p2ry - (A.6.7)

Alternatively, if f: fun, then

|l(en) = ln(dn)] = 0. (A.6.8)

Proof. Both results follow in a similar fashion to the bound of the lower order term

in the previous lemma. ]

Remark A.6.5. Neither of these choices are fully practical for f € L?(T") and would
have to be approximated by some quadrature rules. We do not wish to study these

errors in this thesis and will assume that these terms can be calculated exactly. In
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the following numerical examples, we will use f: I, nf for some smoother examples

of f.

Theorem A.6.6 (Error bounds). Let u € H%(T') be the solution of (A.1.1) and let
Up, € Sy, be the solution of (A.3.4) with lift up = Uf;. Let either of the results from
A.6.4 hold. Then, we have the estimate

llu— Uh||L2(r) +h|Vr(u— Uh)HL?(F) < ch? Hf||L2(F) : (A.6.9)

Proof. This proof follows by applying the abstract lemma. We consider V = H'(T")
and the finite element space Vj = SfL. The abstract notation for the continuous

problem fits exactly for a and I. We apply the result with
an(wp, pn) = /r Vr,Wh - Vr,o0n + Wren dop,
h

In(en) == g Fon doy,

with wy, = W,f and p, = qﬁfl.
For Fj,(¢n) = a(u — up, ¢n) using the geometric bounds from Lemmas A.6.3
and A.6.4, along with the stability bound (A.3.6), we have

F(on) = a(u —up, on) = l(en) — alun, ¢n)
= (l(on) = ln(dn)) + (an(Un, én) — alun, on))

) , (A.6.10)
< ch” | fll 2oy lonll g oy + eh” 10N g o) Nl

< ch® ANl L2y llenll gy -

The Strang Lemma (Lemma A.4.1) tells us that

i Fr(on
= wnllagey < ¢ inf = onll oy +e sup  hERL
vhES], on€SE\{0} ||<Ph||H1(r)

The first term is bounded by the approximation property (Proposition A.6.2) to
give
ifelfé [ = onll g ey < llw = Tnull gy < chllullgaey < eh [ Fllz ) -
vRES),

Combing with (A.6.10) we have shown that

lu = unll gy < bl fll L2 ry - (A.6.11)
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To show the improved L? estimate, we consider the abstract Aubin-Nitsche
lemma, with H = L?(T') and Z = H?(T'). The regularity result (A.2.11) gives us
the dual regularity result and the approximation property (A.6.4) gives us (A.4.6).
Hence (A.4.8), with e = u — uy, tells us that

Fy(n)
Ju— UhHL2(F) < ch|lu— uhHHl(F) + sup Hi
enesi\(oy 19nllen )

The first term is bounded using the H! norm bound (A.6.11):

ch|lu— Uh”Hl(r) < ch? HfHLZ(F) :

Again, combining with (A.6.10) we have shown

lu = unl[ 2y < ch? 11l 2 ry - m

A.7 Numerical results

We conclude this section with numerical evidence for the result from Theorem A.6.6.
We also include some other indicators of the efficiency of this method in comparison

with the other methods presented in this thesis.

A.7.1 Details of implementation

All methods in this thesis (unless otherwise specified) were implemented using the
Distributed and Unified Numerics Environment (DUNE) (Bastian, Blatt, Dedner,
Engwer, Klofkorn, Ohlberger and Sander 2008b; Bastian, Blatt, Dedner, Engwer,
Kloftkorn, Kornhuber, Ohlberger and Sander 2008a). DUNE is a “generic grid in-
terface for parallel and adaptive scientific computing” written in C++. This means
that DUNE provides an interface (set of libraries) for using different grid managers
on which finite element codes can be based. In this thesis we use the ALBERTA
(Schmidt et al. 2005) and ALUGrid (Burri, Dedner, Kléfkorn and Ohlberger 2006)
interfaces. Both grid managers have a bisectional refinement and coarsening algo-
rithms implemented and ALUGrid also runs in parallel for three dimensional meshes.
Implementation of the routines for assembling the matrices were written using the
DUNE-FEM modules (Dedner, Kléfkorn, Nolte and Ohlberger 2010) and the result-
ing systems were solved using the DUNE-FEM interface to the DUNE-ISTL module
(Blatt and Bastian 2007; Bastian and Blatt 2008). The DUNE-ISTL module pro-

vides optimised implementations of preconditioned methods such as the conjugate
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gradient method, generalised minimal residual method, and the biconjugate gradi-
ent stabilised method which when linked to a parallel grid manager can all be run
in parallel also.

Surface macro triangulations were either created by hand or using the CGAL
3D surface mesh generation routines (Rineau and Yvinec 2013). Visualisation is
performed with ParaView (Henderson 2012) or matplotlib (Hunter 2007, 2012) for

planar images and graphs.

A.7.2 Numerical examples

We will consider three examples of surfaces in this section: a sphere, a torus and

the Dziuk surface (taken from Dziuk 1988). On each surface, we will solve
_AFU +u= fv

with an appropriate right-hand side to produce and exact solution which we can
calculate by hand. In each case we calculate f using an extension u of u to ambient

coordinates applying the formula

3
F
=

f=—(PV)- (PV)i+1u=— (it — vivi) Oy (935 — vivj)0a; W) + .
1

i

1.,
On the sphere, we calculate a right-hand side f so that
u(z,y, z) = cos(2mx) cos(2my) cos(2mz).
We parameterise the torus by
x=(R—rcosfh)cosp, y=(R—rcosf)cosp, z=rsinf, forb,¢e (—m, x).
and take the exact solution
u(f, p) = cos(3¢) sin(30 + ¢).

Finally, on the Dziuk surface, we take a right hand side f such that the exact solution

is
u(z,y, 2) = xy.

In this case we solve the system of linear equations using a Jacobi precondi-
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tioned conjugate gradient method. We start from a macro triangulation and perform
successive global refinements to construct a sequence of meshes. At each mesh size,
we calculate the mesh size h;, the number of elements |7, |, the number of degrees
of freedom (i.e. number of nodes). We then solve the finite element scheme on

that mesh computing the number of conjugate gradient iterations and the errors

. Given an error F; and F;_1 at two
L2(T,)

different mesh sizes h; and h;_1, we calculate the experimental order of convergence

4 = Unill e,y and ||V, (u = Uy,)

(eoc) by (5 )
log(E;/Fi—1
(eoc), = Tog(i /1) (A.7.1)
We remark that in all three examples we observe that error reduces as or-
der O(h) in the H! semi-norm and as O(h?) in the L? norm, which agrees with
the theoretical results from Theorem A.6.6. We also see that the number of conju-
gate gradient iterations roughly doubles between each mesh refinement, so that the

number of solver iterations scales with the number of degrees of freedom.
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(a) Solution plotted on I'

h L? error (eoc) H' error (eoc)

1.15470 1.55366 - 1012 — 1.56072 - 1012
6.50115- 10~  1.44636 - 101 4.132932 1.65080 - 10Tt 3.910672
3.37267-10~1 5.02331-10"! 5.120010 6.61163 1.394257
1.70294 - 1071 1.37203-10"' 1.899174 3.65870 0.865916
8.53594 - 1072 3.58699-1072 1.942448 1.87968 0.964310
4.27064 - 1072 9.09338-10~2 1.981673 9.46985 101 0.989967
2.13565- 1072 2.28281-1073 1.994451 4.74475-10~1 0.997232
1.06787 - 1072 5.71398 - 10~* 1.998364 2.37370-10"! 0.999255

h elements degrees of freedom solver iter.

1.15470 24 14 10
6.50115 - 10! 96 50 18
3.37267- 107! 384 194 28
1.70294 - 10~ 1 1536 770 49
8.53594 - 1072 6144 3074 92
4.27064 - 1072 24576 12290 176
2.13565- 1072 98304 49154 333
1.06787-1072 393216 196 610 634

(b) Error table with experimental orders of convergence

Table A.1: Results for surface finite element method on a sphere.
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(a) Solution plotted on I

h L? error (eoc) H' error (eoc)
1.60000 4.36707 — 1.44124 - 1011 —
9.82540 - 107! 1.57587 2.090335 1.07070 - 1011 0.609476
5.41335-10~1  5.66160-10~1 1.717298 6.49553 0.838418
2.77856 - 1071 1.66560 - 10! 1.834542 3.48553 0.933365
1.39856 - 1071 4.37702-1072 1.946719 1.77833 0.980270
7.00447-1072 1.10891-1072 1.985583 8.93811-10"! 0.994875
3.50370 - 1072 2.78139-1072 1.996469 4.47462-10~' 0.998807
1.75203-1072  6.95862-10~* 1.999229 2.23790-10~' 0.999768

h elements degrees of freedom solver iter.

1.60000 72 36 18
9.82540 - 107! 288 144 22
5.41335-1071 1152 576 46
2.77856 - 10~ 4608 2304 92
1.39856 - 1071 18432 9216 185
7.00447-1072 73728 36 864 371
3.50370- 1072 294912 147 456 741
1.75203-1072 1179648 589 824 1476

(b) Error table with experimental orders of convergence

Table A.2: Results for surface finite element method on a torus.
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(a) Solution plotted on the Dziuk surface.

h L? error (eoc) H! error (eoc)
8.71611-10~! 1.43162 107! - 8.37901 - 107! —
4.59489 - 10~ 3.80698 - 1072 2.068880 5.00657 - 10~1 0.804367
2.68889-1071 1.86128-1072 1.335480 2.88469-10"! 1.028960
1.66861-1071  7.69758-1073 1.850501 1.57142-10"' 1.273087
9.01149-1072 2.52516-1073 1.809196 8.08140-102 1.079412
4.62581-1072 7.07302-10~* 1.908381 4.06707-1072 1.029682
2.32896- 1072 1.82492-10~* 1.974195 2.03642-10"2 1.008015

h elements degrees of freedom solver iter.
8.71611- 10! 92 48 19
4.59489 - 101 368 186 33
2.68889 - 101 1472 738 57
1.66861 - 10~ 1 5 888 2946 107
0.01149-10"2 23552 11778 211
4.62581-1072 94208 47106 417
2.32806-10~2 376832 188418 828

(b) Error table with experimental orders of convergence

Table A.3: Results for surface finite element method on I' = Dziuk surface.
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