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Abstract

Fluorinated surfactants are an important class of surfactants because they possess
properties that are far superior than those of their hydrocarbon analogs. As a result, they are
used in a wide variety of applications including in paints, polishes, fire-fighting foams, and
emulsion polymerization processes. However, concerns regarding the non-biodegradability
and toxicity of fluorinated surfactants have prompted the search for new, benign alternative
surfactant formulations that possess micellization properties comparable to those of traditional
fluorinated surfactants.

With this need in mind, this thesis focuses on gaining a molecular-level understanding
of the micellization behavior of traditional fluorinated surfactants, and then using the acquired
knowledge to design novel surfactant formulations that can reduce the use of fluorinated
surfactants. Molecular-thermodynamic (MT) models were developed to calculate the various
contributions to the free energy of micellization for discoidal and biaxial ellipsoidal micelles;
two important micelle shapes in the context of fluorocarbon-based surfactants. These models
explicitly incorporate the effect of the position-dependent curvature associated with discs and
biaxial ellipsoids. Comparison between the models developed here with those that do not
explicitly account for the varying curvature shows that accounting for the position-dependent
curvature is extremely important in modeling these two micelle shapes. The new MT model
for the free energy of micellization is also used to demonstrate the feasibility of realizing
biaxial ellipsoidal micelles, a result refuted in the past in many theoretical studies on the basis
of average geometrical properties of the micelle.

A new computer-simulation-molecular-thermodynamic (CSMT) framework was
developed to predict the micellization behavior of mixtures of fluorocarbon-based surfactants.
To facilitate the practical implementation of the mixture CSMT framework, which involves
the computationally intensive task of simulating several mixed micelles, an approximation to
the mixture CSMT model was developed. In this approximation, relevant properties for a
mixed micelle are estimated using a micelle-composition based weighted average of the
analogous properties obtained from simulations of the single-component surfactant micelles
for each of the surfactants comprising the mixture. Therefore, in this approximation, the need
for simulating mixed micelles is eliminated. The approximation was found to compare well
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with the mixture CSMT model for various binary surfactant mixtures considered, except for
those containing alkyl ethoxylate surfactants. A rationalization of this finding is presented.
CMC predictions made using the mixture CSMT model were found to compare very well with
the experimental CMCs for several binary mixtures of linear surfactants, thereby laying the
foundation for using the CSMT model to predict micellization properties of mixtures of
surfactants that have a more complex chemical architecture.

Finally, an MT framework was also developed to predict the micellization properties
of mixtures of fluorocarbon-based and hydrocarbon-based surfactants. This mixing reduces
the use of fluorinated surfactants in the surfactant formulation, thereby addressing the non-
biodegradability and toxicity concerns associated with fluorinated surfactants. An enthalpy of
mixing contribution resulting from the interactions between the fluorocarbon tails and the
hydrocarbon tails, estimated using the Regular Solution Theory, was included in the MT
framework. The ability of the MT framework to predict the coexistence of two types of mixed
micelles in solution was demonstrated. The MT framework predictions of micelle population
distributions, CMCs, and optimal micelle compositions were compared with the experimental
values for various mixtures of fluorocarbon-based and hydrocarbon-based surfactants.

The models developed in this thesis provide a molecular level understanding of the
micellization behavior of fluorocarbon-based surfactants and their mixtures. The models are
able to predict several important micellization properties of surfactants and their mixtures that
can guide surfactant formulators in the synthesis, characterization, design, and optimization of
surfactant formulations that exhibit desirable properties.

Thesis Supervisor: Daniel Blankschtein

Title: Herman P. Meissner 29 Professor of Chemical Engineering
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Chapter 1

Introduction

1.1 Fluorocarbon-Based Surfactants and their Applications

Surfactants are a unique class of chemicals that consist of a hydrophobic, traditionally
alkyl, tail attached to a hydrophilic head." > When added to water, surfactants partition between
an available interface and the bulk water phase. At the interface, the surfactant’s hydrophilic
heads remain in contact with water, while the surfactant’s hydrophobic tails stay away from
water. Adsorption of surfactant molecules at the interface reduces the surface tension of water.”
In the bulk water phase, at low surfactant concentrations, the surfactant molecules remain singly
dispersed as surfactant monomers. Beyond a threshold surfactant concentration, known as the
Critical Micelle Concentration (CMC), where there are sufficient singly-dispersed surfactant
monomers, the surfactant molecules in the bulk water phase spontaneously self-assemble into
aggregates called micelles.” In a micellar aggregate, the hydrophobic tails form the internal core

and the hydrophilic heads shield it from the unfavorable contact with water.

Fluorinated surfactants are an important class of surfactant molecules in which the
hydrogen atoms in the traditional alkyl tail are partially, or completely, replaced by fluorine

atoms. Owing to its position in the periodic table, the fluorine atom exhibits many extreme
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properties. It is the most electronegative element, making fluorinated molecules difficult to
polarize.> This low polarizability leads to weak intermolecular interactions between
perfluorocarbons (fully-fluorinated carbon backbones),’ and makes fluorinated surfactants very
efficient surface active agents. For example, the addition of 5 mM of perfluorooctanoic acid
(CF3(CF,)sCOOH), a common fluorocarbon-based surfactant, to water reduces the surface
tension of water from 73 mN/m to 15.3 mN/m at 25°C.°> In contrast, at the same temperature, the
addition of 30 mM of sodium octanoate (CH3(CH;)sCOOH), a common hydrocarbon-based

surfactant, to water reduces the surface tension of water from 73 mN/m to only 40 mN/m.*

The low polarizability of perfluorocarbons also implies that they do not exhibit strong
attractions towards many other compounds, including hydrocarbons, making them both
hydrophobic and lipophobic.” Another salient characteristic of fluorinated surfactants is the high
strength of the C-F bond. A large amount of energy is required to break a C-F bond, making
fluorocarbons thermally inert.’ In addition, the fluorine atom is just big enough to effectively
cover the carbon skeleton in perfluorocarbons. This results in very high activation energies for
any reaction involving the formation of any new bonds with the carbon backbone.® As a result,
perfluorocarbons are thermally stable and chemically inert, and therefore, widely used in
applications where the environment is not conducive to utilizing hydrocarbon-based surfactants,

for example, in environments with high temperatures and corrosive conditions.

The ability of fluorinated surfactants to significantly reduce the surface tension of water
makes them powerful wetting agents. This facilitates even spreading of different materials on
surfaces, and results in uniform coatings. Therefore, fluorinated surfactants are used extensively
in paints, polishes, and floor waxes to obtain a smoother finish. The special wetting properties of

fluorinated surfactants find use in adhesives, where they improve contact between two surfaces.’
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The lipophobicity of fluorinated surfactants is used in the paper industry to manufacture paper
cartons used in fast food carry outs. Fluorinated surfactants make the cartons oil repellent,
thereby preventing oil and grease from wetting the carton.” The chemical stability of fluorinated
surfactants makes them useful in electroplating baths, where hydrocarbon surfactants would not
work because of the acidic environment. The surfactant prevents mist formation by reducing the
surface tension of the solution which decreases the size of the gas bubbles.” Use of fluorinated
surfactants in fire fighting foams is an excellent example of an application where most of the
special properties mentioned above are put to use. Indeed, owing to the low surface tension, the
foam, with fluorinated surfactants as a constituent, is able to quickly spread over the hydrocarbon
fuel surface, while its oil repelling property enhances the foam’s fire extinguishing capability

because the surfactant coat does not allow oil fumes to escape and spread.’

In all the above mentioned applications, fluorinated surfactants have been used to
enhance the surface properties of materials. In addition, fluorinated surfactants find ample use in
applications where there is a need to modify bulk solution properties. They are used as
emulsifiers to synthesize fluoropolymers via emulsion polymerization. The advantage of
utilizing emulsion polymerization is that it prevents coagulation of polymer particles and
provides better control of particle size compared to polymerization in the bulk.’ The cosmetic
industry uses fluorinated surfactants as emulsifiers, lubricants, or lipophobic agents in hair
products to modify their consistency, lubricity, and oil repelling character.” Fluorinated
surfactants can also be utilized in environmental remediation processes in which surfactant
micelles are used to solubilize hydrophobic contaminants which are later destroyed chemically
(oxidation/reduction) or thermally. Here, the advantage of using fluorinated surfactants over their

hydrocarbon counterparts is that due to their chemical and thermal inertness, they do not degrade
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when the solubilized contaminants are destroyed, and can therefore be reused.”. Undoubtedly, the
most publicized application of fluorinated surfactants is their potential use in blood substitutes.
They are an attractive option for synthetic oxygen carriers because they are chemically inert and
solubilize gases like oxygen and carbon dioxide. Currently, there are a few blood substitutes
based on perfluorocarbon emulsions, for example, Oxycyte, which are undergoing clinical

trials.”®

1.2 Motivation

In most applications involving surfactant solutions, both the surface and the bulk
properties of the solution are affected by the surfactant micellization behavior. For example, it is
well-known that the surface tension of water decreases upon addition of a single surfactant type,
varying linearly with the logarithm of the surfactant concentration until the CMC is reached, and
becoming approximately constant beyond the CMC.® Accordingly, the maximum reduction of
surface tension is achieved by adding sufficient surfactant such that the resulting solution
concentration is approximately equal to the CMC. Adding more surfactant to the solution does
not result in any further significant reduction of the surface tension and is therefore unwarranted.
To predict the CMC, one needs to model surfactant micellization, because the CMC is the
surfactant concentration that marks the onset of micelle formation in the bulk solution. Note that
in the case of mixed surfactant systems, the surface tension of the solution continues to vary even
after the onset of micellization. Beyond the CMC, surfactant molecules present in micelles, as
monomers, and at the interface are in thermodynamic equilibrium with each other. This three-
way equilibrium needs to be modeled in order to predict the surfactant adsorption behavior and

associated surface tension reduction as a function of bulk surfactant concentration.
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As another example, in the case of emulsion polymerization reactions in water, the role of
the surfactant micelles is to solubilize monomers, which undergo polymerization and act as
polymer nucleation sites.” As a result, an increase in the number of micelles leads to an increase
in the number of polymer nucleation sites, resulting in higher polymerization rates. In addition,
the larger the number of polymer nucleation sites, the smaller the size of the polymer particles
formed, because the same amount of monomer is distributed among a larger number of particles.
Furthermore, it is expected that the shape and size of the micelles should play a key role in
determining the shape and size of the resulting polymer particles. Clearly, a fundamental
understanding of the micellization behavior of fluorinated surfactants in aqueous solution will
allow prediction of important solution properties, including CMCs, micelle shapes, micelle
aggregation numbers, micelle compositions in the case of mixed micelles, and degrees of
counterion binding in the case of ionic surfactant micelles, which are all key properties for the

practical use of fluorinated surfactants.

The downside of using fluorinated surfactants is that they are not biodegradable due to
their chemical and thermal inertness.” Most organic fluorinated compounds of industrial
relevance degrade to either perfluoro carboxylic acids (CF3(CF,),.COOH) or perfluoro
sulfonates (CF3(CF,),.1SO*)."” Therefore, the majority of toxicology studies involving organic
fluorinated compounds have focused on the toxicity of these two compounds. Perfluoro
carboxylic acids and perfluoro sulfonates have been detected in the environment and in living
beings including humans. The concentrations of these compounds are high among those who are
occupationally exposed to these chemicals. These chemicals are retained in their blood even
years after they stopped working. Both perfluoro carboxylic acids and perfluoro sulfonates have

10,11

long retention rates in the human body. In tests with rodents, perfluorooctanoic acid
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(CF3(CF2)sCOOH, PFOA) was found to be mildly carcinogenic,10 and can also lead to
malfunctioning of the liver.'" Perfluorooctyl sulfonate (CF3(CF,);SO*, PFOS) has also been
shown to be toxic to aquatic animals. However, these compounds are toxic only if their
concentration exceeds a threshold value. Hekster et al.'’ derived an indicative maximum
permissible concentration for PFOA and PFOS based on the available toxicity data. They
calculated a value of 300ug/l for PFOA and 5ug/l for PFOS. Except in cases of accidental fire-
fighting foam spills, the contamination is within this safety threshold, and therefore, should not
affect the well being of animals. However, in the absence of biochemical degradation, these
chemicals can accumulate over time, resulting in sufficiently high concentrations capable of

inducing toxicity.'’

The potential toxic effects of PFOA, due to its non biodegradable nature, have prompted
the need to find new alternative surfactant formulations that possess properties similar to those of
traditional fluorinated surfactant formulations. However, before exploring potential alternatives,
it is beneficial to gain a molecular-level understanding of the micellization behavior of
traditional fluorinated surfactants. Indeed, the knowledge acquired by understanding the
micellization behavior of traditional fluorinated surfactants will better equip us to design novel
surfactants that have the potential to replace or reduce the use of fluorinated ones. Potential
replacements for fluorocarbon-based surfactants include: (i) surfactants with one head and two
tails — one fluorocarbon and one hydrocarbon, and (ii) surfactants with a partially-fluorinated

1.12

tail.© The use of fluorinated surfactants can also be reduced by mixing fluorocarbon-based

surfactants with other benign surfactants like hydrocarbon-based surfactants.
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1.3 Research Objectives

With the background and motivation presented in Sections 1.1 and 1.2 in mind, the
central goal of this thesis is to develop a theoretical framework to predict the micellization
behavior of fluorinated surfactants at the molecular level. The fundamental and practical insights
gained from the modeling presented here can be used to evaluate potential substitutes for
fluorinated surfactant formulations that possess the desired properties, but use a minimal amount
of fluorocarbon material. These insights can also be used to model and evaluate the micellization
behavior of mixtures of surfactants having minimal amount of fluorinated material obtained by
mixing fluorocarbon-based surfactants with other benign surfactants. This ability to predict
micellization properties will greatly reduce the number of carefully-executed experiments
required to synthesize substitute formulations for fluorinated surfactants, including
characterizing their properties. In addition, this will also contribute to the overall fundamental

understanding of the micellization behavior of fluorinated surfactants in aqueous solution.

In order to accomplish the broad goal of my thesis, the following three research

objectives will be pursued:
1. Modeling the micellization behavior of single fluorocarbon-based surfactants.

2. Modeling the micellization behavior of binary mixtures of two fluorocarbon-based

surfactants.

3. Modeling the micellization behavior of binary mixtures of a hydrocarbon-based and a

fluorocarbon-based surfactant.
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1.4 Thesis Overview

Before discussing the model developments associated with aims 1, 2, and 3 above, a brief
overview of the Molecular-Thermodynamic (MT) framework, which constitutes the foundation
of this thesis, is presented in Chapter 2. This chapter also includes a brief description of the
recently developed Computer-Simulation-Molecular-Thermodynamic (CSMT) framework,
which blends microstructural information, derived from all-atomistic molecular dynamics
simulations of surfactant monomers and micelles, with the well-established MT framework, to
model complex surfactants that are not amenable to traditional MT modeling. Subsequently,
Chapters 3, 4, and 5 address specific issues associated with research aims 1, 2, and 3 above.
Specifically, Chapter 3 discusses the development of the MT framework for discoidal micelles
(an important micelle shape for fluorocarbon-based surfactants) and biaxial ellipsoidal micelles
(an importance transition shape between spherical and cylindrical or discoidal micelles). The MT
framework for these micelle shapes is significantly more complex that the previous MT models
developed for spherical, cylindrical, and bilayer-like micelles due to the varying curvature
associated with discs and ellipsoids. The importance of the new curvature-corrected model
developed for discoidal micelles is highlighted by comparing it with an approximate model for
discoidal micelles, where the effect of curvature is not accounted for rigorously. In the final
section of Chapter 3, the model developed for biaxial ellipsoidal micelles is used to predict the
micelle shape distribution for several single nonionic fluorocarbon-based surfactants to shed
light on the feasibility of forming biaxial ellipsoidal micelles, a topic of great controversy in the
literature on micelle shapes.

In Chapter 4, a CSMT framework for mixtures of surfactants is developed. Recognizing

the computational costs associated with the implementation of the mixture CSMT framework, an
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approximate method based on a composition-weighted average is also developed. The
applicability of the approximate model is evaluated by comparing its results with the mixture
CSMT results for a variety of binary mixtures of surfactants. Due to the scarcity of experimental
micellization data for binary mixtures of fluorocarbon-based surfactants, the mixture CSMT
framework is used to predict CMCs of binary mixtures of hydrocarbon-based surfactants,
including comparing the CMC predictions with the experimental CMC values. The model is also
used to predict the CMC of a binary mixture of fluorocarbon-based surfactants for which
experimental CMC data is available.

In Chapter 5, an MT model for binary mixtures of fluorocarbon-based surfactants and
hydrocarbon-based surfactants is developed. These mixtures are different from mixtures of
fluorocarbon-based surfactants because of the antagonistic enthalpic interactions between the
hydrocarbon tails and the fluorocarbon tails, which can lead to the formation of two types of
micelles in solution: one rich in the fluorocarbon-based surfactant and the other rich in the
hydrocarbon-based surfactant. The new model is used to predict micellization properties,
including CMCs and micelle population distributions, for binary mixtures of fluorocarbon-based
and hydrocarbon-based surfactants for which the relevant experimental data is available.

In Chapter 6, a summary of the key findings in the thesis are presented. Ideas for further
research based on the findings presented in Chapters 3, 4, and 5 are also presented. Finally, the
Appendix at the end of the thesis in Chapter 7 contains valuable information that supplements

the material presented throughout this thesis.
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Chapter 2
Molecular-Thermodynamic Theory of

Micellization

2.1 Introduction

Surfactant micellization has been modeled using various theories, including cell and
lattice theories, self-consistent field theories,"* quantitative structure-property relationships,'>'°
and more recently, simulation-based techniques.'> Most of these theories require experimental
data, or values of parameters quantifying interactions between the surfactant heads and tails. This
limitation is mitigated in the molecular-thermodynamic (MT) theories of micellization.'®
Indeed, in the MT approach, the bulk thermodynamics of the micellization phenomenon is
combined with a molecular-level description of the surfactant to predict micellization properties.
Consequently, no experimental micellization data is required to make predictions of
micellization properties of single surfactants and their mixtures using the MT framework. In
addition, due to the inclusion of a molecular-level description, the MT framework sheds light on

the roles of the surfactant chemical structure, including its hydrophilic head and hydrophobic

tail, as well as of the surfactant solution conditions, including temperature,18 salt concentration,'’
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pH,* surfactant concentration'® and composition,”’ in the micellization process. A brief
background on the current state of the MT framework, which constitutes the foundation of this
thesis, is presented in this chapter. Specifically, Section 2.2 and Section 2.3 discuss the
thermodynamics of micellization and the molecular model for the free energy of micellization,
respectively. Subsequently, Section 2.4 provides a brief overview of the recently developed
Computer-Simulation-Molecular-Thermodynamic ~ (CSMT)  framework, = which  blends
information from molecular dynamics simulations of surfactant monomers and micelles with the
MT framework discussed in Sections 2.2 and 2.3. Finally, Section 2.5 discusses the methods
used to calculate micellization properties, including critical micelle concentrations, micelle

shapes, sizes, compositions and degrees of counterion binding.

2.2 Thermodynamics of Micellization

The molecular-thermodynamic (MT) framework blends a thermodynamic description of
a micellar solution with a molecular-level description of the free energy of micellization. The
free energy of micellization is a quantitative measure of the tendency of a surfactant molecule to
micellize, that is, to transfer from the monomeric state to the micellar state. Given the chemical
structure of a surfactant and the solution conditions, the MT framework can predict several
micellization properties, including the critical micelle concentration, and the micelle shape and

size in solution, without using any experimental micellization data.'’

Using concepts from thermodynamics, the free energy, G, of an aqueous surfactant
solution at temperature, 7, and pressure, P, containing Ns; molecules of surfactant i, dispersed in
Ny water molecules, can be written as the sum of: (i) the free energy of the constituents of the

surfactant solution, (ii) the free energy associated with forming micelles from surfactant
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monomers, and (iii) the free energy associated with the mixing of the different constituents of the
surfactant solution. This is illustrated pictorially in Figure 2-1 for the case of an aqueous solution
of a single nonionic surfactant. For the more general case of mixtures of surfactants with a single
associated counterion, the free energy of the micellar solution, G, can be written as follows:*

G = NWIUW,O +ZNS,iluS,i,0 +Nc/uc,0 +2Nnngmic

n>1

(2-1)
+kT[NW InX, +> N, ,InX +N_InX +> N, In an

n>1

where f4,,, t,;,,and g , are the chemical potentials of pure water, of monomers of surfactant

i at infinite dilution, and of the surfactant counterions at infinite dilution, N, is the number of
surfactant counterions added to the surfactant solution, &, is the number of surfactant micelles

with an aggregation number 7, g, is the free energy of micellization per surfactant molecule (a

N,, Molecules of
Water

Surfactant
Solution

N, ;Monomers of Type i
at Infinite Dilution

N ; Surfactant Molecules of E .
Type i at Infinite Dilution % N, Micellar Aggregates

at Infinite Dilution

Standard State Micelle Formation Mixing of Constituents

Figure 2-1: Conceived hypothetical process for the formation of a surfactant solution consisting of
nonionic surfactants.
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function of the characteristics of the micelle, including its shape, size, composition, and degree
of counterion binding), k is the Boltzmann constant, 7 is the absolute temperature, N;; and N; .
are the number of free monomers of surfactant i and free surfactant counterions, respectively,
and Xy, X;;, X, and X, denote the mole fractions of water, monomer of surfactant i, free

surfactant counterion, and micelle of aggregation number n, respectively. Note that the mole

fraction X; is defined as X, = N, / (NW +N S).23 The first three terms in Eq. (2-1) represent the

free energy of the constituents of the surfactant solution in their corresponding standard states,
the fourth term represents the free energy of forming the micelles from the surfactant monomers,
and the last term represents the free energy of mixing the different constituents of the surfactant
solution. Note that the free energy model in Eq. (2-1) is valid only for dilute surfactant solutions,
where intermicellar interactions may be neglected and the free energy of mixing may be by
modeled as being ideal. In addition, Eq. (2-1) assumes that there is only one counterion type
associated with the ionic surfactants comprising the mixture. Note, however, that Eq. (2-1) can

be readily extended to systems having multiple counterions.

Surfactant micellization is modeled by accounting for the equilibrium that exists between
the singly-dispersed surfactant monomers and the micellar aggregates present in the micellar
solution above the CMC.'® ** Thermodynamically, this equilibrium is attained when the Gibbs
free energy of the micellar solution attains its minimum value. Note that in Eq. (2-1), G = G(T,
P, Ny, Ng;, Ne, N; i, N1, Ny), and is subject to the following mass balance constraints®* on each of

the constituent species:

N, = constant (2-2)

Nu + Z nanyl.Nn = NS,I. = constant Vi (2-3)

n>1
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N, + Z nfB N, =N, =constant (2-4)

n>1

where a,,; is the micelle composition of surfactant i, and f, is the degree of counterion binding
and is defined as the number of counterions, per surfactant molecule, bound to the micelle.
Equations (2-2) - (2-4) show that, at constant 7" and P, G is only a function of N,. Minimizing G
in Eq. (2-1) with respect to N, at constant 7 and P, subject to the constraints on N, Ny;, Ne, N;,

and N, . in Egs. (2-2) - (2-4), yields:

(GGJ o
aN” T,P,N, N N N,L¢N

= ng,,. + kT(Z(_nan,i)(ln X, +1)+(=Bn)(InX,, +1)+(In X, + l)j =0

i

=>InX, =Y na, nX, +nf,nx, —%ﬂwnﬁn ~1+(nln X, —nln X,)

e

=X, =lexp(n£—%+1+ﬂ +Zanlln#+ﬂ In X, j+nlnX1}

n

=X, = 1 X
¢ exp((gmic_l_ﬂn _zan,i lnal,i _ﬁn lnXl,c]
where ¢, = Z . _ X is the monomer composition. Equation (2-5) indeed yields the
1,i 1

2 _ 2 _ 2
minimum value of G because d°G =kT z( na"”i) +( ’B”n) +L > 0. Note that the
dN? - Ny, N, N

,C n

concentration of micelles of aggregation number n, X, given in Eq. (2-5), depends on the micelle
shape, size, composition, degree of counterion binding, surfactant monomer concentration, and
free counterion concentration, and not just on the aggregation number, n, as the subscript

suggests. The concentration of every micelle type can be calculated by substituting the free
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energy of micellization associated with that micelle type in Eq. (2-5). The molecular model to

calculate the free energy of micellization is presented in the following section.

2.3 Free Energy of Micellization

The free energy of micellization is the free-energy change experienced by a surfactant
molecule as it transfers from the monomeric state to the micellar state. Since free energy is a
state function, we can construct a convenient hypothetical path to calculate the free energy of
micellization, g.,.. This hypothetical path for a cationic surfactant with an associated negative
counterion is illustrated in Figure 2-2. For the general case of a mixture of surfactants, g,,;. can

be decomposed as shown below, where each free-energy contribution listed is on a per surfactant

molecule basis:'" %
gm[c = gtr + gint + gpack + gst + gelec + gmix (2_6)
Separate Heads and Tails Transfer Establish Contact Pack Chain-like Tails
and Discharge Ions Tails to Oil with Water in Micelle Core

------------------------------------------------------------------------------------------------------------------

Initial

Monomer S
State . % 7 ﬁ?j\\ﬁ pack \\_l! /,(/‘

3 SRR

RS

8t

Final Micellar ﬁ'di &\lrz’;:’
State %{1

R

Reattach Heads and
Associated Counterions

Figure 2-2: Hypothetical process for the formation of a micelle from surfactant monomers.
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In Eq. (2-6), g is the transfer free energy, gin 1s the interfacial free energy, g,k 1s the packing
free energy, g is the steric free energy, g 1s the electrostatic free energy, and g, is the mixing
contribution to the micellization free energy. As indicated in Section 2.2, Eq. (2-6) can be
obtained by conceiving a hypothetical path in which one first breaks the bonds between the
surfactant heads and tails to separate the heads from the tails, and also discharges all the ionic
species. Subsequently, one transfers the tails from an aqueous environment to a bulk tail-like
(oil) phase. The free-energy change associated with this step is referred to as the transfer free
energy, g, and can be expressed in terms of the aqueous solubility of the tail of surfactant i, S;,

17,25
as follows:!”

g, =2 a, kTS, (2-7)

The transfer free energy of a hydrocarbon surfactant tail, g,.y, having n,; carbon atoms is

calculated based on the aqueous solubility of the hydrocarbon tail and is given by:'" %

g]:’TH - 925 _ 3;3 n_ —5.06-044n

(2-8)

where 7T is the absolute temperature. Note that Eq. (2-8) was obtained by fitting the temperature
variation of the experimental solubility of alkanes having different number of carbon atoms to
obtain the transfer free energy contributions of a CH, and a CHj; group. Equation (2-8) shows
that, at 25 °C, the contributions of a CHs and a CH, group to the transfer free energy are -3.51 kT’

and -1.49 kT, respectively. Therefore, at 25 °C g, is given by:

g’f—=TH=—3.51—1.49(n,m, ~1) (2-9)
Similarly, at 25 °C, the contributions of a CF3 and a CF, group to the transfer free energy of a

fluorocarbon surfactant tail, calculated based on the solubility data reported by Kabalnov et al.,*>
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%6 are -4.85 kT and -2.30 kT, respectively. Therefore, at 25 °C, the transfer free energy of a linear

fluorocarbon surfactant tail, g, s, having n,,; carbon atoms is given by:

gtr F
——=-485-230(n_,—1 2-10
kT (ntatl ) ( )

Following the transfer process, one re-establishes the contact between the tail phase and
water by forming a drop from the tail phase. The free-energy change associated with this step is

known as the interfacial free energy, gin, and is modeled as follows:"”

gint = O-mix (a - Zan,iao,iJ = Zan,io-i (a - Zan,iao,iJ (2_1 1)

where g, 1S the curvature-corrected interfacial tension between water and the oil drop, o; is the
curvature-corrected interfacial tension between water and the oil drop formed by surfactant i,”’ a
is the surface area per molecule, and ay; is the surface area per molecule of the oil drop that is
shielded from contact with water due to the physical connection between the head and tail of
surfactant i. Note that ay is equal to 21.0 A? and 29.8 A2 for linear hydrocarbon-based surfactants

: - 17, 28
and linear fluorocarbon-based surfactants, respectively.

We believe that it is necessary to
incorporate the effect of curvature on the interfacial tension because micelles are small in size,
thus resulting in high curvatures, for which the interfacial tension is known to deviate from its
value for flat interfaces.”” >’ Consequently, in Eq. (2-11), we use Tolman’s correction to estimate

the interfacial tension of a curved interface, o, using the mean curvature of the interface, c, the

Tolman distance, J, and the interfacial tension across a flat interface, 0. Specifically,

0z00(1—2c5) (2-12)
The mean curvature of the interface, ¢, depends on the shape of the micelle. For example, for the

three regular shapes, spheres, infinite cylinders, and infinite bilayers, ¢ = 1/r, 1/2r and 0,
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respectively, where r is the radius of the sphere or infinite cylinder. To obtain agreement with
experimental results, the value of the Tolman distance for a 11-carbon hydrocarbon tail was set

at 2.0 A. The same value was also used for an 11-carbon fluorocarbon tail. The values of ¢ for all

the other linear tails having n,,; carbons in the tail were calculated using the equation below:*3!

§(n.)=06(1 1)(M] (2-13)

lmax (1 l)

where [, 1s the maximum length of the surfactant tail. Note that /,,, is calculated based on the
bond lengths, bond angles, and van der Waals radii characterizing the tail. For hydrocarbon tails,

the maximum tail length is given by:'

[

max,H

=1.54+1.265n,, (inA) (2-14)

For fluorocarbon tails, the maximum tail length is given by:**

/

max, F

=2.04+130n,, (inA) (2-15)

The interfacial tension, in dyne/cm, between the micelle core and water for a

hydrocarbon-based surfactant having n,; carbon atoms in the tail, obtained by fitting the

experimental interfacial tension data reported by Aveyard et al., is given by:>"**

1.381(57.868n,,, +117.99—T(0.059n,, +0.1768))
Oon = (2-16)

n . +24

tail

where 7T is the absolute temperature. Based on the interfacial tensions between perfluorocarbons
and water reported by Kabalnov et al.,*> a value of 55.0 dyne/cm (independent of the surfactant
tail length) was chosen for the interfacial tension between the micelle core and water for all the

. 28
fluorocarbon-based surfactants considered.
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Finally, the surface area per molecule, a, is calculated using knowledge of the total
surface area of the micelle core, 4, which depends on the micelle shape and size, and the

volumes of the surfactant tails, v, residing in the micelle core. Specifically,

- 2-17)
(V/vtail )

where V' is the volume of the micelle core. The tail volumes of a hydrocarbon tail, vz, and a

A A
a=—
n

. . .. 1
fluorocarbon tail, v r, were estimated based on the densities of alkanes and

25,28,33

perfluorocarbons, respectively. Specifically,

Vi =543+269(n,, —1) (inA%) (2-18)

Vo =840+41.6(n,, -1) (inA’) (2-19)

Following the formation of the oil drop, one needs to recognize that it does not mimic the
micelle core precisely because the surfactant tails are subject to stricter conformational
constraints in the micelle core than in the oil drop. The free-energy change associated with
constraining the surfactant tails to mimic the micelle core is referred to as the packing free
energy, Spack- 1t 1s calculated based on a mean-field, statistical-mechanical method pioneered by
Ben-Shaul et al.** In this approach, the free energy of the packed state, guic core, and the free

energy of the free oil drop, g,i1 4p, are calculated using the following equation:®

g:zP(a)g(a)+kTZP(a)lnP(a) (2-20)

where a denotes the surfactant tail conformation, &(a) is the energy associated with conformation
a, P(a) is the probability of finding the surfactant tail in conformation a, & is the Boltzmann

constant, and 7 is the absolute temperature. For linear hydrocarbon or fluorocarbon chains, &(a)
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is calculated using the Rotational Isomeric State (RIS) model developed for alkanes and

fluoroalkanes,”’ respectively.

The free energy of packing, g,., 1s the difference between the gs computed using Eq.
(2-20) for the packed state and for the free oil drop state. To use Eq. (2-20), one needs an
expression for P(a). Typically, P(a) would only be a function of the energy of the surfactant tail
conformation a. However, due to the constraints imposed on the micelle core, P(a) is governed
not only by the energy of the conformation, but also by these constraints. The three constraints
imposed on the micelle core are: (i) no part of the surfactant tail can be on the water side of the
micelle core-water interface, (ii) the end of the tail which is connected to the head is tethered at
the interface, and (iii) the entire micelle core volume is occupied by the surfactant tails. The first
two constraints limit the type of conformation that the surfactant tail can adopt, that is, any
conformation which violates the first two constraints has zero probability of being realized. The

third constraint can be stated mathematically as follows:

2. P(a)p(xa)=V(x) (2-21)

where x is the direction perpendicular to the micelle core surface, @(x,a) is the volume

occupied by a surfactant tail in conformation o between surfaces positioned at x and at x+dx, and
V(x) 1s the volume available per surfactant molecule between the surfaces at x and at x+dx. An

expression for P(a) can be obtained by minimizing g subject to the constraint given in Eq.

(2-21). The resulting expression for P(«) is given by:34’ 38

exp{_g(o%r %szlﬂ(x)ﬂa,x)dx}
;exp{_“’(a%r %{sz:ﬂ(x)(ﬁ(a,x)dx}
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where 7(x) is the Lagrange multiplier associated with the constraint given in Eq. (2-21). Note
that z(x) may be interpreted as the pressure that has to be exerted to force the surfactant tails to
occupy the entire micelle core volume. Equations (2-21) and (2-22) can be solved self
consistently for z(x), and subsequently, Eq. (2-20) can be used to compute the free energy of the

packed state.

To solve Egs. (2-21) and (2-22), the surfactant head-tail connection is pinned at a location
on the micelle core-water interface [constraint (ii)], and all the internal conformations of the
surfactant tail are enumerated using the appropriate RIS model. For each internal conformation,
500 external conformations are sampled, which involves changing the orientation of the
surfactant tail with respect to the micelle core-water interface, as well as the position of the
surfactant head-tail connection with respect to the micelle core-water interface. For each

combination of internal and external conformations, constraint (i) is used to determine if the

conformation is a valid one. For all valid conformations, &(a) and ¢(x,a) are computed and then

used to solve Egs. (2-21) and (2-22) self consistently.28

As mentioned before, the packing free energy, g,.c, 1s the difference between the free
energy in the packed state and the free energy of the initial oil-drop state calculated using Eq.
(2-20). Note that in the initial oil-drop state, the surfactant tails can move freely anywhere inside
the micelle. Intuitively, for an oil drop, one expects that there is no need to exert an artificial
pressure to ensure that the entire micelle volume in the core is occupied by surfactant tails, that
is, in Eq. (2-22), (x) is equal to 0. Accordingly, the probability P(a) is simply a function of the

energy of the conformations and is given by:

40



(2-23)

P(a)= exp{_g(a%}
Soo Vi |

In this manner, one can compute the free energies corresponding to the initial free oil-drop state,

Zoil arop and the final packed state, gic core, from which gpa.x can be calculated.”®

The packing step completes the formation of the micelle core. Next, one rejoins the
surfactant heads and tails, and places the discharged counterions in the micelle head region.
Since this process involves the localization of several finite-sized surfactant heads and
counterions in a finite region, there is a free-energy penalty associated with it, which is referred
to as the steric free energy, g, This is calculated by estimating the free-energy change associated
with the excluded-volume interactions between the surfactant heads and the counterions.

Specifically,'”*

z an,iah,i + ﬂnah,c

g, :—(1+,Bn)len 1-- (2-24)
a

where a;,; is the cross-sectional area of the head of surfactant i, and a, . is the cross-sectional area
of the counterion. These areas are calculated based on the structure of the surfactant head and the

counterion, and bond lengths, bong angles, and van der Waals radii information.

Finally, one restores the charge of all the charged species, which contributes to the
electrostatic free energy, g.... The electrostatic free energy is the sum of the free energies
associated with discharging the charged species at the beginning of the thought process, and with

charging the micelle at the end of the thought process. The discharge free energy, guiscn, 1S
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calculated using the Debye-Hiickel expression for the self energy of ionic species,*’ and is given

by:

22
Z 4 (2-25)

g ) ==
disch 87e 1, (1 + K7, )

where z is the valence of the ionic species, ey is the electronic charge, ¢, is the electrical
permittivity of the dielectric medium (water for aqueous systems), 7, is the hydrated radius of the

ionic species, and « is the inverse of the Debye Hiickel screening length. Note that x will be

defined later in Eq. (3-90) in Section 3.6.

The extensive charging free energy, G, is equal to the electric work required to charge

the micelle from an initial charge of Q=0 to its final charge of O =0, in the presence of an

ionic solution. This electric work is calculated using the equation shown below:*'

0-0,
Go= [ w.d0 (2-26)
0-0

where , is the electrostatic potential of the charged micelle surface. For the purpose of model

calculations, it is assumed that the charge on the micelle is smeared uniformly on the micelle
surface. In addition, because of the finite size of the ions, a Stern surface is defined such that no
free ions are present in the region bounded by the charged surface and the Stern surface.”!
Therefore, to calculate the potential of the charged surface, we define two regions. In the first
region, located between the charged surface and the Stern surface, the electrostatic potential is
governed by the Laplace equation due to the absence of any charged species. Beyond the Stern

surface, the governing equation is the Poisson-Boltzmann (PB) equation.”' Figure 2-3 shows a

schematic of a section of a model charged micelle. The charged surface is characterized by
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\ Ionic Surfactant Head

Stern Layer

Figure 2-3: Schematic of a section of the head region of a charged micelle.

Rcharge and the Stern surface is characterized by Rs.,. For a spherical and cylindrical micelle,
Rcharge corresponds to the radius of the charged surface, while for a bilayer, it corresponds to the

distance of the charged surface from the center of the bilayer.

As stated above, the charge density in the region between the charged surface and the
Stern surface is 0. Therefore, the governing equation for the electrostatic potential is given by the

Laplace equation as shown below:

Vi =0 (2-27)
The region beyond the Stern surface contains all the free ions. As a result, the electric potential

in this region satisfies the PB equation. Specifically,

1 zew
Vig=—> I ze exp| ——2 2-28
W c Z i,07i70 p( kBT j ( )

r
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where /;y is the number density of species i in the bulk solution, and z; is the valence of species i.
Since Egs. (2-27) and (2-28) are second-order differential equations, two boundary conditions
are required for each of the differential equations to complete the problem definition. These are

given below:

1. The micellar charged surface is assumed to be a constant potential surface with an
unknown electrostatic potential. However, the total charge on the charged surface is known to be
equal to Qn. To relate Or to w, we apply Gauss’ law to the micellar charged surface,”' and
integrate it over the surface area of the micellar charged surface to obtain the following equation:
(o2 Qf

dd, = (2-29)

charge
Stern Stern

dAcharge = I

charge R('/mrge A('h arge

where 7 is the unit vector normal to the micellar charged surface, (for example, for a sphere, n
would be a unit vector in the radial direction), &g, is the electrical permittivity of the region
between the Stern surface and the micellar charged surface, and 4cxure 1S the surface area of the
charged surface. Note that due to the high degree of structuring of water in the Stern layer, the

electrical permittivity in the Stern layer, &g, 1S assumed to be half of that of bulk water, gbulk.zg

2. The electrostatic potential at the Stern surface is continuous. In other words, approaching
the Stern surface from the Stern layer side or from the bulk solution side results in the same

electrostatic potential.

3. The gradient of the electrostatic potential in a direction normal to the Stern surface is
discontinuous due to the abrupt change in the electric permittivity. Since the Stern surface has no
surface charge associated with it, the normal derivatives of y on both sides of the Stern surface

are related as follows:*!
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oy oy
“Chulk A~ = e

oh - _gStern on (2_30)

RStern,bulk soln side RStcm ,Stern layer side

4. Far away from the micellar charged surface, the electrostatic potential y attains a finite

constant value (assumed to be 0 here).

While analytical solutions to Eq. (2-27) are available for spheres, cylinders, and bilayers,
analytical solutions to the PB equation are more difficult to come by due to the nonlinearity of

the equation. Therefore, it is convenient to rewrite Eq. (2-26) as follows:

Q=Qf Q=Q/’ Q=Q/

Go= [ Vsan+ (W —V50:))d0 = | w3, d0+ [ (v —vs.,)d0O (2-31)
0=0 0=0 0=0

where the second integral can be computed by solving the Laplace equation in Eq. (2-27) which,

as stated before, has an analytical solution. Specifically,’

2
q—f(RStem - Rcharge ) H for a bilayer
2 (C"Stern acharge
q; R
[ (W ~Vsm)dO= —fln( A ] for a cylinder (2-32)
charge

0=0 ZgStern acharge

2

q f 135

— (R, —R —fem | for a sphere
28 a ( Stern charge ) [ R \] p

Stern™"charge

charge
where ¢y is the final charge on the micelle on a per surfactant molecule basis, and @cjarge 1 the

surface area of the charged surface on a per surfactant molecule basis.

The first integral in Eq. (2-31) has an analytical solution only for planar surfaces.
Therefore, for spheres and cylinders, we use the Ohshima, Healy, and White (OHW)

approximation to evaluate yg.. Specifically,*"*
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5= 25inh(%}+2(S—_l)tanh(%j (2-33)

Xo
where s is a dimensionless charge defined as s = ge, / (kTxag,,, &, ) [asiern is the surface area of

the Stern surface on a per surfactant molecule basis], yy is the dimensionless electric potential

defined as y, = €W, /kT , S is the shape factor which takes values of 1, 2, and 3 for bilayers,

cylinders, and spheres, respectively, and x, is a dimensionless length defined as x, = xR

Stern *
Since Eq. (2-33) is an implicit equation in s, the first integral in Eq. (2-31) is rewritten in
dimensionless form and modified as follows:*

qy

4y
[ Vsenda =V s (a,)a, - [ adv s,
0

0

=—qf yf —Lle s(y)dy]

e, Sr %

kT | y 8(S-1 y
=z‘1f yf—;£4cosh(7f]—4+%ln(cosh(%DD (2-34)

where yr and sy denote yy and s evaluated for g = g5 respectively. Note that evaluation of Eq.

(2-34) requires knowledge of y; which can be calculated by solving the implicit Eq. (2-33).

The contributions associated with mixing the different surfactant tails forming the mixed
micelle, as well as with mixing the surfactant heads with the counterions, are not included in any
of the free-energy contributions. Therefore, an additional mixing contribution, g, is added.

Specifically,™

an,i

!
AT 2 I S I
gmlx k Z[: n Zan,i+ﬂ’7 +ﬂn ! zan,i-’_ﬁn
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_ i B, ]
_kT(Zi:In(Hﬂn]+ﬂnln[l+ﬂnD (2-35)

Note that Eq. (2-35) used to calculate the mixing free energy neglects the enthalpic
contribution, and accounts solely for the entropic contribution. This is reasonable for mixtures of
hydrocarbon-based surfactants because they are expected to behave ideally, that is, their enthalpy
of mixing is expected to be 0. In addition, the non idealities associated with mixing charged
counterions with oppositely-charged, or uncharged, surfactant heads are accounted for in the
electrostatic free energy, gee.. In Chapter 5, g,,; will be redefined for mixtures of fluorocarbon-
based and hydrocarbon-based surfactants, where the surfactant tails have a non-zero enthalpy of
mixing. Adding all the free-energy contributions, namely, gu, ins» Epacks Zsts Gelee, AN ey, yields

Zmic as shown in Eq. (2-6).

2.4 Computer-Simulation-Molecular-Thermodynamic (CSMT) Framework

to Model Surfactant Micellization

The MT framework is based on several simplifying assumptions about the hydration
states of a surfactant molecule in the monomeric and the micellar states. For example, in the MT
framework, the surfactant head is considered to be fully hydrated in both the monomeric and the
micellar states. The surfactant tail is assumed to be partially hydrated, and the degree of
hydration depends only on the shape and size of the micelle core. To relax these assumptions,
recently, Stephenson et al. developed a Computer-Simulation-Molecular-Thermodynamic
(CSMT) framework to model single-surfactant systems. In the CSMT approach structural details
obtained using all-atomistic MD simulations of micelles and monomers are incorporated into the
well-established MT framework for surfactant micellization to obtain a better quantification of

44-46

the hydrophobic effect.
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In the MT framework, the hydrophobic effect is quantified by the sum of g, and gi,. To
improve upon this, in the CSMT framework, Stephenson et al. proposed the following

replacement for (g, + gl-,,t):45

& T &int = uenpar T Eiyar (2-36)
where guenvar 15 the dehydration free energy and gj,q- is the hydration free energy. These two new
free-energy contributions are calculated using information obtained from MD simulations of the
surfactant in two different states: (1) the monomeric state in water, and (2) the micellar state in
water. The dehydration free energy per molecule is a measure of the free-energy change
associated with the dehydration of the surfactant molecule when it is incorporated in the micelle

o 45
core and is given by:

Ganar = 2, (1= 1) &, (2-37)

1

where i denotes the constituent groups (typically a heavy atom and any associated hydrogen
atoms) of a surfactant, g,.; denotes the contribution of group i to the transfer free energy, and f;

denotes the degree of hydration of group i which is defined as follows:

number of hydrating contacts of group i in the micelle simulation
fi= . — : : (2-38)
number of hydrating contacts of group i in the monomer simulation

Equation (2-38) shows that: (i) f; is 1 when the hydration state of group i remains unchanged as it
moves from the monomer state to the micelle state, and (ii) f; is 0 when group i undergoes
complete dehydration when it is incorporated in the micelle. In Eq. (2-38), a hydrating contact is
defined as ‘contact’ with any atomic group that is capable of participating in hydrogen bonding
(for example, water; oxygen and hydrogen in carboxylic acid; oxygen in ether and ketone; and

44, 46

oxygen and hydrogen in alcohol), or in coordinate bonding. Quantitatively, ‘contact’ with
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group i means the presence of an atomic group within a threshold distance of group i. Here, the
threshold distance for ‘contact’ is set at 0.50 nm. This cutoff distance is based on the distance of
the first hydration shell about each group of interest, and typically varies between 0.45 — 0.55

47
nm.

The second free-energy contribution is the hydration free energy per molecule, gjar,
which is the change in free energy due to the change in the hydrogen-bonding network of water
around a surfactant molecule in the micelle state relative to that in the monomer state. It is
known that the water structure around a hydrophobic entity depends on the size of the cavity
created by the hydrophobic en‘[i‘[y.48 In the micellization process, a surfactant molecule transfers
from a small cavity state (monomer) to a large cavity state (micelle), and this transfer is
responsible for the hydration free energy per molecule. This free energy can be quantified as

follows:*> 46

o (A o AO ) ~8uom
_ ) SASA core _ > 2_39
R e e o

core

where m denotes surfactant groups that form the micelle core, SAS4,, is the solvent accessible
surface area of group m, o is the curvature-corrected interfacial tension between the micelle core
and water, 4., 1S the surface area of the micelle core if it was assumed that the surfactant tails
form a spherical micelle core, Ay is the surface area of the micelle core that is shielded from
contact with water due to the physical bond between the surfactant head and tail, and SASA4. . 1s
the solvent accessible surface area of the micelle core. Conceptually, the solvent accessible
surface area is the area of the surface formed by the center of a probe as it is rolled over the
molecules of interest. Here, we have used a probe radius of 0.14 nm, which is equal to the van

der Waals radius of water.” In Eq. (2-39), the first term is a measure of the free energy
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associated with the interactions between the surfactant molecules and water in the micellar state,
while the second term is a measure of the free energy associated with the interactions between

the surfactant molecule and water in the monomeric state.

Equations (2-37) and (2-39) clearly show that the dehydration and the hydration free
energies per molecule depend on the size of the simulated micelle. The size dependence of these
two new free-energy contributions makes it difficult to blend them with the MT framework. This
follows because one does not know a priori the shape and size of the micelle that will exist in the
surfactant solution, and therefore, one does not know the shape and size of the micelle that
should be simulated. To address this challenge, Stephenson et al. rearranged Eq. (2-36) as

follows:*

&ir.csur = aenyar T nyar ~ S (2-40)
where g;, is the interfacial free energy per molecule calculated for the simulated micelle using
Eq. (2-11). The rearrangement in Eq. (2-36) was motivated by the observation that, in the MT
framework, the transfer free energy, g, is independent of the micelle characteristics, as can be
seen from Eq. (2-7). Through calculations of g.csyr for simulated micelles of different sizes, we
have confirmed that g, csyr 1S quite insensitive to the size of the simulated micelle.*> *7 This
guw.csmr 18 used to replace g, in Eq. (2-6) in order to incorporate the information obtained from
the molecular dynamics simulations into the MT framework, giving rise to the CSMT

framework.

It is noteworthy that the CSMT framework improves on the traditional MT framework
because it: (1) provides a better quantification of the hydration state of the surfactant molecules

in the monomeric and the micellar states,* (2) can be used to systematically identify the polar
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head and the non polar tail groups in a surfactant molecule, which are both important inputs to
the MT framework,"” and (3) can be used to model surfactants possessing a complex chemical
architecture that are not amenable to traditional MT modeling.45’ *" Due to (2) and (3) above, the
range of applicability of the CSMT framework is significantly broader than that of the MT

framework.

2.5 Predicting Micellization Properties

Having discussed the model for the free energy of micellization, the next step is to use it
to predict micellar solution properties of practical significance, including critical micelle
concentrations (CMCs), micelle shapes, and micelle aggregation numbers. Recall that the CMC
1s the surfactant concentration that marks the onset of micellization. Therefore, below the CMC,
one expects that the concentration of micellar aggregates is negligible, while above the CMC,
one expects it to be of the order of the added surfactant concentration. In other words, X,,~0 for
Xe<<X.me, while X,~X; for X;>X,,.., where X, denotes the surfactant concentration in mole
fraction units, and X.,. denotes the CMC in mole fraction units. To define the CMC, it is
insightful to analyze Eq. (2-5) which relates X, and X;. Typically, the aggregation number, 7, is a
large number, and therefore, Eq. (2-5) shows that: (i) X, is negligible when X; is significantly
smaller than the denominator of Eq. (2-5), (i1) X,~X; when Xj is of the order of the denominator
in Eq. (2-5), and (iii) X; cannot exceed the denominator of Eq. (2-5), because this would result in
unphysical values of X,,. These three considerations prompted the definition of the CMC as the

denominator of Eq. (2-5). Specifically,"’
Xcmc = exp(% _1 - IBn - Zan,i ln al,i - nﬂn ln Xl,cj (2_41)
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To define a unique CMC, one needs a unique set of micelle attributes, which include the
shape, S, of the micelle, the core-minor radius of the micelle, /., (which is equal to the radius for
spheres and cylinders, and to half the thickness for bilayers), the degree of counterion binding,
[, in the case of charged surfactants, and the micelle composition, a,,;, in the case of a mixture
of surfactants, at which Eq. (2-41) is evaluated. These micelle attributes are chosen such that
they correspond to the smallest value of X.,,.. This follows because each set of micelle attributes
is associated with a specific free energy of micellization and a corresponding value of X,. The set
of micelle attributes that yields the smallest value of X,,,. corresponds to the micelle that has the
lowest free energy of micellization and the highest value of X,. This way, the characteristics of
the micelle that forms in the surfactant solution, namely, the optimal micelle shape, size,
composition, and degree of counterion binding, are obtained by finding the set of micelle

characteristics that yields the minimum value for X, as defined in Eq. (2-41).28

The MT and the CSMT frameworks discussed in this chapter constitute the foundation of
this thesis. The following three chapters discuss the work carried out as part of this thesis
towards research aims 1, 2, and 3 presented in Section 1.3. Specifically, in Chapter 3, the MT
framework, discussed in Sections 2.2 and 2.3, is generalized to model discoidal and ellipsoidal
micelle shapes, which are important micelle shapes in the context of fluorocarbon-based
surfactants. The CSMT framework, discussed in Section 2.4, is generalized for mixtures of
surfactants in Chapter 4. Finally, in Chapter 5, the MT framework discussed in this chapter is
generalized to predict the micellization properties of mixtures of fluorocarbon-based and

hydrocarbon-based surfactants.
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Chapter 3
Modeling the Micellization Behavior of

Single Fluorocarbon-Based Surfactants

3.1 Introduction

At a fundamental level, molecularly modeling the micellization behavior of fluorinated
surfactants presents several new challenges. Structurally, the main difference between a
fluorocarbon chain and a hydrocarbon chain is that a fluorine atom occupies more space than a
hydrogen atom.”® As a result, fluorocarbon chains favor forming micellar aggregates having
shapes with lower curvature.”® To better understand this tendency, let us consider a micellar
aggregate of a predetermined shape and size made of a hydrocarbon-based surfactant. Then, if
we replace the hydrocarbon tails with fluorocarbon ones, we will be able to accommodate fewer
surfactant tails in the aggregate core because fluorocarbons occupy more volume. However, the
surface area of the micellar aggregate remains the same. This implies that the surface area per
surfactant molecule increases, which in turn, increases the interfacial free-energy penalty, g,
introduced in Section 2.3. As a result, the fluorocarbon tails of fluorinated surfactants prefer to

aggregate in a micelle shape that has a lower surface area for the same volume, which is a
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characteristic of low-curvature shapes.”® A similar reasoning also explains why phospholipids
(double-tailed zwitterionic surfactants) form bilayers. In the case of phospholipids, the increase

in volume is due to the presence of two tails in these surfactants.

The second important difference between fluorocarbon-based and hydrocarbon-based
surfactants is that the energies associated with the different conformations of a fluorocarbon
chain are higher than those of a hydrocarbon chain. This makes a fluorocarbon chain stiffer, and
is another reason why fluorocarbon-based surfactants prefer to form aggregates with low-
curvature shapes.”® To understand how rigidity affects the packing of surfactant tails, let us
compare packing a collection of sticks to packing pieces of rope in both a sphere and a bilayer.
The rope can bend and occupy any available volume, thereby easily packing in a sphere. On the
other hand, because of the inability of sticks to bend, they cannot pack in the sphere without
leaving empty spaces near the periphery of the sphere. Instead, the stick packing would be
similar to the arrangement of spokes on a bicycle wheel, with denser packing at the center which
becomes increasingly sparse towards the periphery of the wheel. Such an arrangement violates
the constraint that the micelle core should be completely occupied by the surfactant tails (see Eq.
(2-21) in Section 2.3). On the other hand, in the case of packing in a bilayer, the sticks pack very
efficiently because they can stack next to each other between the two flat surfaces to fill the
entire volume. However, in the case of the rope, although all the pieces can stretch out and fill
the entire volume like in the stick case, the probability of that occurring is low. Indeed, unlike the
sticks, the rope has an equal probability of taking any conformation, and therefore, the
probability that all the rope pieces assume the same fully-stretched out conformation is very low.
Accordingly, based on this analogy, one can conclude that fluorocarbon chains, similar to sticks,

owing to their rigidity, prefer to pack in low-curvature shapes, like disks, over high-curvature
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shapes, like spheres. Although unlike sticks the fluorocarbon tails can bend, this analogy sheds

light on how the rigidity of the surfactant tail affects the preferred micelle shape.

The results discussed above are also supported by experimental studies which have
shown that some fluorinated surfactants, for example, cesium perfluorooctanoate, form discoidal

50, 51

micelles. Therefore, it appears beneficial to develop a model for discoidal aggregates in

order to model the micellization behavior of fluorocarbon-based surfactants.

The main challenge in modeling discoidal micelles is that, unlike the three basic micelle
shapes that are commonly modeled, namely, spheres, infinite cylinders, and infinite bilayers,
discs have a varying curvature. In an earlier attempt to model discoidal micelles, Srinivasan and
Blankschtein modeled the micelle as bilayers with a semi-toroidal rims wrapped around the
bilayers.”® The semi-toroidal rim was modeled as a semi-cylinder with an increased surface area
to account for bending. Of the various free-energy contributions presented in Section 2.3, those
that depend on the surface area per molecule, namely, the interfacial free energy, giu, the steric
free energy, gy, and the electrostatic free energy, g..., were modified by replacing the surface
area per molecule with an increased surface area per molecule to account for the bending of the
semi-cylinder. Since the packing free energy, gyq. 1s not directly related to the surface area per
molecule, g4+ for the semi-toroidal rim was approximated using the g,.« of a cylinder. This
way, an explicit dependence of the free energy of micellization, g, on the position-dependent
curvature of the semi-toroidal rim was avoided.”® Although the model by Srinivasan and
Blankschtein was able to qualitatively predict various experimentally observed trends, the
predictions did not always agree quantitatively.”® A possible reason for the discrepancy may be
that the curvature dependence of the different free-energy contributions was not accounted for

with sufficient accuracy. With this in mind, in this chapter, I have developed a model that
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explicitly incorporates the effect of curvature on the various free-energy contributions to g.. In
addition to discoidal micelles, in this chapter, I have extended the model to describe a biaxial

525 For fluorosurfactants, the

ellipsoidal micelle, which is a commonly reported micelle shape.
biaxial ellipsoidal micelle shape may be particularly important when the fluorosurfactant has a
large head group. This follows because while the bulky head group prefers to micellize in high-
curvature micelle shapes due to their higher surface area-to-volume ratios, the bulky
fluorocarbon tail prefers to micellize in low-curvature micelle shapes as discussed earlier in this
section. Since the ellipsoidal shape, on average, has a curvature which is smaller than that of a
sphere, but higher than that of a disc, it can be the optimal micelle shape. Moreover, biaxial

ellipsoids can also represent a realistic transition shape between a sphere and a cylinder or a disc.

Consequently, the biaxial ellipsoidal shape will also be modeled in this Chapter.

Before developing the micellization models for discoidal and biaxial ellipsoidal micelles,
Section 3.2 introduces concepts of differential geometry which are essential to model the effect
of curvature on the different free-energy contributions to g,;. Sections 3.3, 3.4, 3.5, and 3.6
present the development of the model equations for the interfacial free energy, the packing free
energy, the steric free energy, and the electrostatic free energy for discoidal and ellipsoidal
micelles, respectively. Following the model development, Section 3.7 compares the curvature-
corrected model with the previous model for discs developed by Srinivasan and Blankschtein.”

Finally, Section 3.8 utilizes the new model to shed some light on the feasibility of biaxial

ellipsoids as micelle shapes.
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3.2 Geometrical Properties

To incorporate the effect of curvature in the various free-energy contributions, it is
necessary to derive expressions for geometrical properties, including the mean curvature, the
differential area, and the differential volume, for the different shapes to be modeled. These can
be derived using concepts of differential geometry. Note that the methods described in this

section are adopted from the book on differential geometry by Milliman and Parker.”

In differential geometry, properties related to a surface are derived in terms of the first
and second fundamental forms of the surface. A surface, S, in three dimensions, can be
parameterized using two independent variables. Let x denote the parameterization of .S in terms

of the variables u; and u,, that is, S is given by )Tz(fl (ul,uz),fz(ul,uz),ﬁ(ul,uz)). In

addition, let x; and x, denote the partial derivatives of x with respect to u; and u,, that is:

X, = i=12 (3-1)

It can be shown that at any point on the surface, the vectors x; and x, form a basis (not
necessarily orthonormal) for the tangent space (the plane created by the all tangents to the
surface at a point). Therefore, any two tangents, X and Y, at a point on the surface can be written

as a linear combination of x; and x,. In other words,

X=> X'x (3-2)
i=1,2

and

Y=> 7Yy (3-3)
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where X' and Y' denote coefficients. The first fundamental form, I(X)Y), of a surface is the rule
that gives the inner product between any two vectors, X and Y, belonging to the tangent space of
the surface at a point:
[(XY)=(X.Y)= ¥ XV (x.x)= Y XTg (3-4)
i=1,2,j=1,2 i=1,2,j=1,2
where gj; is the inner product of x; with x;. The first fundamental form is mostly used to derive
properties that are intrinsic to the surface, that is, properties that depend only on the surface and

not on the space in which it is embedded. The surface area is one such property and is given by:

A= ‘U\/Edulduz (3-5)

Here, |g| denotes the determinant of the matrix g which is formed by the elements g;;.

The mean curvature of a surface, on the other hand, depends on the embedment of the
surface in 3-dimensional space. As a result, expressions for the mean curvature cannot be written
in terms of just the first fundamental form of the surface, and requires the second fundamental
form as well. The second fundamental form, //(X,Y), for two vectors, X and Y, which belong to
the tangent space of the surface at a point is given by:

(x,y)= > LXY (3-6)

i=1,2,j=1,2

The following equations are used to define L;:

A XXX,

n= (3-7)
‘xl xx2|
0’x

X, = 3-8

Y Ou.ou (3-8)
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ij ij?

L :<x.. n> (3-9)
Using the parameters L; and g;; from the second and the first fundamental forms, respectively,

another set of parameters, le , is obtained which is used to calculate the mean curvature:
1 il
L=>L¢g (3-10)
i=1,2
where g is the element in the i row and /” column in the g' matrix. The mean curvature, ¢, is

llh

then given by half the trace of the matrix which has L, as a matrix element in the / row and K"

column:

czé(ﬂlug) (3-11)

To calculate the differential volume, let us first consider a body parameterized in the
Cartesian coordinates. The differential volume in this case is given by dxdydz. In many cases it is
more convenient to parameterize the body in terms of different coordinates. The differential
volumes in two different coordinate systems are related to each other via the Jacobian, J. For
example, let a body be parameterized in two different sets of coordinates: (x,),z) and (p,q,7). The
differential volume element in the (x,y,z) coordinate system, (dV),.), is related to that in the

(p,q.r) coordinate system, (dV) 4., as follows:

(dV),,., =dxdvdz=|J]-(dV),, . =|J|dpdgdr (3-12)

(x.0.2)

where |J] is the determinant of the Jacobian matrix, J, which is defined as follows:
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ox o ox |
p oq or
J= ¥ ¥ % (3-13)
dp 0Oq Or
0z 0z Oz
> o

Using expressions for the surface area, the mean curvature, and the differential volume in Egs.
(3-5), (3-11), and (3-12), appropriate equations for discs and ellipsoids are derived in the next

two sections.

3.2.1 Geometrical Properties of a Discoidal Micelle

Figure 3-1 shows a schematic of a discoidal micelle which is modeled as a central bilayer
with a semi-toroidal rim wrapped around the bilayer. Model equations for the central bilayer
were derived and presented in Section 2.3. To calculate the geometrical properties of the semi-

toroidal rim, it is first parameterized as follows:

x=(b+rcosv)cosu
y=(b+rcosv)sinu, 0<r<b', 0<u<2z, and _%Sv<% (3-14)

z=rsinvy

where the various geometric variables are shown in Figure 3-1.

The differential volume of the semi-toroidal rim can be calculated by computing the
Jacobian matrix for the parameterization in (3-14), and then substituting it in Eq. (3-12) (for

details of the calculation see Section 7.1.1 of the Appendix). This yields:

dV =dxdydz = r(b +7cos v) drdudv (3-15)

For a discoidal micelle, the surface at » = b’ would represent the micelle core-water

60



2b'

Figure 3-1: Schematic of a model discoidal micelle.

interface. Therefore, the parameterization of the surface for which the differential area and mean

curvature needs to be determined is obtained by setting » equal to 1 in Eq. (3-14). This yields:

)_c(x,y,z) :((b+b'cosv)cosu,(b+b'cosv)sinu,b'sinv), 0<u<2rand _77 <v< ”2 (3-16)

Using the first fundamental form, the differential area associated with the surface

parameterization in Eq. (3-16) is given by:

d4=b'(b+b'cosv)dudv (3-17)

Similarly, using the second fundamental form, the mean curvature is given by:

(3-18)

C 2

1 (b+2b'cosvj
b+b'cosv

Note that the negative sign in ¢ is due to the sign of the normal, n. At each point on a surface,

there are two normals that differ from each other by a negative sign. As a result, the sign of the
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mean curvature depends on the choice of the normal. The value of the mean curvature of the
surface is required only in the evaluation of the interfacial tension to determine the interfacial
free energy introduced in Section 2.3. For the case of a spherical micelle, the mean curvature is
taken to be positive. Since the orientation of the semi-toroidal surface is similar to that of a
sphere (the torus is curved in a similar manner), the sign of the mean curvature for the torus is

taken to be equal to that for a sphere, that is, positive. Therefore, c, is defined as follows:

(b+2b'cosv)

= 3-19
¢ 2b'(b+b'cosv) (3-19)

Note that evaluations of the first and second fundamental forms that yield Egs. (3-15), (3-17),

and (3-19) are presented in Section 7.1.2 of the Appendix.

3.2.2 Geometrical Properties of a Biaxial Ellipsoidal Micelle

A schematic illustrating the various geometric variables characterizing a biaxial
ellipsoidal micelle is shown in Figure 3-2. A convenient parameterization for a biaxial ellipsoid
is given by:

X = prcosusiny

y=prsinusiny, 0<r<1, 0<u<2z, and 0<v<rxm (3-20)

Z=grcosv
The angle u is equivalent to the azimuthal angle in spherical coordinates, while the angle v is
similar, but not identical, to the polar angle used in spherical coordinates. Note that the

parameterization of the biaxial ellipsoid reduces to that of a sphere when p=g¢.

The differential volume of the biaxial ellipsoid parameterized in Eq. (3-20) can be

calculated by computing the Jacobian matrix, and then substituting it in Eq. (3-12). Specifically,
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Prolate Ellipsoid (p < g) Oblate Ellipsoid (p > q)
Figure 3-2: Schematic of model prolate ellipsoidal and oblate ellipsoidal micelles.
dV = dxdydz = p*qr® sin vdrdudv (3-21)
To calculate the mean curvature and the differential area, the parameterization of the

micelle core-water interface is derived by setting 7 equal to 1 in Eq. (3-20). This yields:

X (x,y,z)=(pcosusinv, psinusinv,gcosv), 0<u<2z and 0<v<r (3-22)
Using the first fundamental form, the differential area associated with the surface

parameterization in Eq. (3-22)is given by:

dA= \/E‘dudv = psin v\/ p’ cos’ v+q’ sin® vdudy (3-23)

Similarly, using the second fundamental form, the mean curvature is given by:

q (p2 + p’cos’ v+¢°sin’ v)

)A

C

-4 (3-24)
2p (p2 cos’v+¢°sin’ v

Note that, similar to Section 3.2.1, the details of the derivation of Egs. (3-21), (3-23), and (3-24)

are presented in Sections7.1.3 and 7.1.4 of the Appendix.
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3.3 Interfacial Free Energy

As discussed in Section 2.3, the interfacial free energy per surfactant molecule, gj,, is the
product of the interfacial tension between water and the micelle core, o, and the surface area per
surfactant molecule of the micelle core that is exposed to water. A change in curvature changes
the surface area of the micelle core, and therefore, affects g;,, an effect that is accounted for in
the previous discoidal model developed by Srinivasan and Blankschtein.’® In addition, the
curvature of the micelle also affects the interfacial tension between water and the micelle core,

an effect which is not accounted for in the model by Srinivasan and Blankschtein.*®

To incorporate the effect of the position-dependent curvature on the interfacial tension,
let us consider the micelle core-water interface. The interface between two phases is, in fact, a
thin, highly inhomogeneous transition region which separates the two homogeneous phases. This
non-homogeneity complicates the analysis of the transition region, and therefore, to simplify the
treatment of such a system, Gibbs proposed a model system in which the two phases are assumed
to meet at an imaginary dividing surface, known as the Gibbs dividing surface, which precisely
separates two distinct homogeneous phases.”® The properties of the entire transition layer can
then be modeled in terms of the properties of the dividing surface. The Gibbs dividing surface
exhibits various excess properties to make all extensive properties of the model system equal to
those of the real system. The surface on which the surface tension acts is referred to as the
surface of tension. The surface of tension has a superficial mass density to account for the
difference between the total mass in the real system and the sum of the masses in the two
homogeneous phases in the model system that are separated by this imaginary surface of

tension.”” Based on the Gibbs adsorption equation and the Young-Laplace equation, Tolman
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derived an equation relating the surface tension, o, to the mean curvature of the surface of
. 29
tension, c:

r
pv_pu

do=—

d(20¢) (3-25)

where I' is the superficial mass density at the surface of tension which is a measure of the
number of particles adsorbed on the surface of tension per unit area, p' and p" are the mass
densities of the two homogeneous phases separated by the surface of tension, and c¢ is the
position dependent mean curvature characterizing the surface of tension. Let x be a measure of
the distance from any point on the surface of tension, in a direction perpendicular to the surface.
Therefore, if x = 0 denotes the surface of tension (shown as the solid curve in Figure 3-3), then x
= x' (shown as the dashed curve in Figure 3-3) is a surface concentric to the surface of tension
such that a line drawn perpendicular to the surface of tension will intersect the dashed surface at
a distance of x'. If  (=1/c) is the mean radius of curvature of the surface of tension, then, the
local surface area at the surface of tension, A(x = 0), is equal to °dw where dw is the solid angle
subtended by the surface of tension. The surface area, A(x), of a surface concentric to the surface
of tension, at a perpendicular distance x from it, is A(0)(r + x)*/#* = A(0)(1 + cx)* Therefore, the
volume between the surfaces x and x+dx is 4(0)(1 + cx)’dx. Using these expressions, a mass

balance for the entire two-phase system yields:

Figure 3-3: Diagram showing the surface of tension and other relevant parameters.
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F(x:O)A(O):j (p-p)A4(0)(1+ex) dx+T(p—p")A(0)(1+cx)2 dx (3-26)

where p is the local mass density which is a function of x, and +oo represents a large x beyond
which the phase is homogeneous, that is, p = p' and p = p"” and the integrands are equal to 0. If x
= 0 denotes the position of a dividing surface that has a zero superficial mass density associated

with it, that is, ['(x = ¢) = 0, then:

I(x=5)4(5)= f(p—p')A(o)(ch)2 dx+T(p—p")A(o)(l+cx)2 dx=0 (3-27)

Combining Egs. (3-26) and (3-27) yields:

(x= O:jp —p" 1+cx) dx=(p'- p)(5+c52+/ 253) (3-28)

which can be used in Eq. (3-25) to eliminate I" to obtain an expression for ¢ in terms of the local
curvature and the distance between the surface of tension and the surface with zero superficial

mass density, d, known at the Tolman distance.”” Specifically,

do=-2 (1 +cd+ %(w)zjd (ocs) (3-29)

In the limit when ¢d << 1, Eq. (3-29) reduces to:

do = —2(ad(c5)+c5d0') = (l+2c5)d0' = —20‘d(c§)

3-30
SCLEYI) (50
(o2

which can be integrated from (¢ = gy, co = 00) [flat interface] to (o, cd) and simplified in the limit
when ¢ - gy << gy to yield a relation between the interfacial tension and the mean curvature of the

interface:
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In-Z=In| 1+| Z=%0 | |~| Z=% | =25
o, o, o, (3-31)
=0 =0,(1-2c5)

Equation (3-31) incorporates the effect of curvature on o. Additionally, the effect of
curvature on the surface area has to be incorporated to obtain a curvature-corrected interfacial
free energy per molecule, g;,.. This is done by deriving an expression for the local interfacial free
energy penalty as a function of position, followed by integrating this expression over the entire

micelle core-water interface. To this end, an expression for the local differential extensive

interfacial free energy, dGi ioca, 1S glven by:

dGint,/ocal =0 (dA - aOdn) (3'32)
where dn denotes the differential number of molecules and ay dn denotes the differential
shielding area. Using the constraint that the micelle core has a uniform density, dr can be written

as follows:

dn = (%)dV (3-33)

where dV and V are the differential volume and the total volume, respectively. Using Eq. (3-32),
one can calculate the interfacial free energy per molecule, g;,;, as follows:
IdG Ja(dA—aOdn)

intlocal
g,y = 1t (3-34)
' '[ dn n

3.3.1 gin Of the Semi-Toroidal Rim of a Discoidal Micelle

To calculate g;,, for the semi-toroidal rim associated with a discoidal micelle, first, the

differential volume, dV, is calculated using Eq. (3-15). Specifically,
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r=>b' 12 3
dv = I(r(b+rcosv)dudv)dr:(bz +?cosv]dudv (3-39)

r=0
It should be noted that the purpose of defining the differential volume as shown in Eq. (3-35) is
to obtain an expression for the differential shielding area which is meaningful only at the surface
and not in the interior of the torus. Using Eqgs. (3-17), (3-19), (3-31), (3-33), (3-34), and (3-35),

dGins 10ca1 fOr a semi-toroidal rim can be written as follows:

dG'nt,local = O-(dA —d, d”l) = O'[dA —a, %de

L

12 3
=0,(1-2¢5) b'(b+b'cosv)dudv—a n|bb +b—cosv dudv (3-36)
0 ‘vi 2 3

[ 2 13
=0, 1—(éj(mj b'(b+b'cosv)—a0£ bb” L0 cosv || dudv
b' )]\ b+b'cosv Vi 2 3

and

dG

intlocal

g intlocal =
’ dn

' 12 13
ot 1_(5j(b+2bcosvj b'(b+b'cosv)—a0£ b6 5" sy
B b')\_ b+b'cosv Vi 2 3 (337)

n bb 12 bv3
— + COSsv
Vi 2 3

For the example case of a discoidal micelle formed by a 6-carbon fluorocarbon tail at
298.15 K, Figure 3-4 shows the variation of the local interfacial free energy per molecule of the
semi-toroidal rim, Zin.ioca, @8 @ function of the angle v when b = 3b' and b' is equal to the
maximum surfactant tail length given by Eq. (2-15). Figure 3-4 shows that giu ocas attains its
maximum value at v = 0, corresponding to the central plane of the semi-toroidal rim. This
follows because the semi-toroidal rim has the highest curvature at v = 0 which also corresponds
to the largest surface area per molecule. Since the interfacial free energy per molecule is
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Figure 3-4: Variation of the local interfacial free energy per molecule, g soca> as a function of the angle v.
proportional to the surface area per molecule, giniocq attains its maximum value at the highest

curvature region.

After obtaining g, 10ca1, ON€ can calculate the average interfacial free energy per molecule
for the semi-toroidal rim, g;,, by integrating Eq. (3-36), which requires expressions for the total

surface area, 4, and the total volume, V, of the semi-toroidal rim. These are given by:

V=”2 u=21m

A= I/ J-O b'(b+b'cosv)dudv = 27rb'(7rb+2b') (3-38)
V:—ﬂz u=

and

+—cosv] dv= E(.’)bb P r+4b '3) (3-39)
3 3



The following equations show the various steps involved in integrating Eq. (3-36) to obtain g,

' 12 13
g, = I O \[Lr2bicosv |y, (b+b'cosv)dudv - a,—~ bb” (B cosv |dudv
b+b'cosv Vi 2 3

v—Jy u=0
12 13
b'br+2b"— 5 (br+4b")—a, | 22T 20"
vl 2 3

2u2ﬂ

_ 2rno0,
n n(5}v_% (b+2b'cosvj bb” b"
a,—| — J +—-cosv dv
Vb' v b+b'cosv 2 3
— /2

/ 12 13
~% A-275 (b +4b")—ayn +2wa,— [ j I (b+2b COSVJ(bb +%cosv]dv

b+b'cosv 2

A—2ﬂ5(bﬂ+4b')—aon+zﬂ%§(£] %

T 3

T 3

bv

12
=% A—27z§(b7z+4b')—a0n+27za0%{;] i

Vo bb*rx

be 2

2712 2y
b°b'" sec A

="
[6(b+b‘cos

M}

=" 6(b+b')[§l;;z:; tan” Y,

2+1]

(3-40)

The integral in Eq. (3-40) attains different forms depending on whether b > b", b=»b",or b<b'. A

more complete derivation of Eq. (3-40) is given in Section 7.1.5 of the Appendix. The final

expressions for the average interfacial free energy per molecule, g;,, are given by:

lnt

g.(b>b")=0

276 (b +4b")

&)
+a,| —
A b'

27bb'6
T+

a—-a,—a

(b+b")
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-1 (b_b')
\/(b+b')

(3-41)



(b<b")= 1 3-42
gmt( < ) GO ~ 27Z'bb'5 b ln + (b'+b) ( )
) 4 N )

(b+b)\/(b+b') ! \/(b'+b)

, 276 (br +4b' 26 27bb'S 2b
gm,(b:b)za{a—ao—a¥+ao(7]—ao T (ﬁ+(b+b')n (3-43)

Note that in the limiting case when b = 0 and 4 = 4xb”, the above expression for g, in Eq.
(3-42) becomes equal to that for a sphere. Similarly, for the limiting case when b — o, 4 =
(1/2)2zb'(27b) and V = (1/2)xb"*(27b), the above expression for g, in Eq. (3-41) becomes equal

to that for a cylinder. The proofs are presented in Section 7.1.6 of the Appendix.

The variation of the average interfacial free energy per molecule, g, ., as a function of

the torus parameters, b and b', for a 6-carbon fluorocarbon tail having ' equal to the maximum
surfactant tail length, is shown in Figure 3-5. For comparison, the interfacial free energy for the
same surfactant tail for a spherical and a cylindrical micelle core having their radii equal to b' are
plotted in red and blue, respectively. Additionally, the interfacial free energy calculated using the
model developed by Srinivasan and Blankschtein is plotted in purple.” Figure 3-5 shows that g;,,
for the semi-toroidal rim, in green, has a value equal to that for a sphere at 4/b' = 0 and then
approaches the value for a cylinder as b/b' — 0. Note that g;,, decreases with increasing b/b'
because as b/b' increases, it results in a reduction in curvature which brings about a reduction in
the surface area per molecule, thereby decreasing g;,,. Finally, g, calculated using the curvature-

corrected model (green curve) is always lower than g;,, calculated using the model developed by
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Figure 3-5: Variation of the interfacial free energy per molecule, g;,, of a semi-toroidal rim as a function
of b/b'. Also shown for comparison are g;, for a sphere and a cylinder of radius 4', and an average torus
(see text).

Srinivasan and Blankschtein (purple curve) where the effect of curvature was only accounted for
in the calculation of the area per molecule.” This follows because for the purpose of calculating
the interfacial tension, the model of Srinivasan and Blankschtein assumes that the curvature of
the rim is equal to that of a cylinder, which is lower than the curvature of the semi-toroidal rim.

This results in an overestimation of the interfacial tension leading to a higher value of g,,.
3.3.2 gint Of a Biaxial Ellipsoidal Micelle

Similar to Section 3.3.1, here, expressions for g;,, of a biaxial ellipsoid are derived. First,
the differential volume is calculated using Eq. (3-21) to obtain an expression for the differential

shielding area at the surface of the biaxial ellipsoid. Specifically,
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r=1 2
dV = j (pzqr2 sin vdudv) dr = p3q sin vdudv (3-44)

r=0

Then, using Eqgs. (3-23) (3-33) and (3-44), dGu; 10ca1 can be derived as follows:

G,y =0 (1- 2c§)(dA ~4q, %dV]
(3-45)
. q(p2+p2c0s2v+q2sin2v) — — n pq
=o,psinyv|1-= 7 ) (\/p cos” v+¢~ sin v—ao——jdudv
p (1920052\/+(]2sin2\/)2 V3
and
dGin oca
g[nt,loca/ = d;’ll [
2 2 2 2 : 2
) p 4+ p cos v+gsinty -
o,psiny l—g( %)5 (\/p2c052v+qzsm2v—a0nqududv
P (p2 cos’ v+¢*sin’ v) ? V3 (3-46)

2
n Msin vdudv
Vi 3

4 (szrp2 cos’ v+ ¢ sin’® v)

2)4

p (pzcoszvﬂfsin v

o, S (\/pz cos’v+¢q’sin’v —a, p3qj

<=

pq
3

<=

To understand the variation of the local interfacial free energy per molecule, gu:iocq, along the
surface of a prolate ellipsoidal micelle core, a plot of g.1ocar for a 6-carbon fluorocarbon tail at
298.15 K forming a prolate ellipsoidal core having p equal to the maximum surfactant tail length,
calculated using Eq. (2-15), is shown in Figure 3-6. Figure 3-6 shows that giu; jocqr 1S highest at v =
7/2 (90 degrees), and decreases close to the poles of the prolate ellipsoid located at v =0 and =
(180 degrees). This is somewhat counter intuitive, because one would have expected that the
local interfacial free energy per molecule would attain its maximum value when the curvature is
highest, which corresponds to v = 0 or 7 (180 degrees) in this case. However, upon further

reflection, this result can be explained based on the shielding term [ay in (a — ay)]. Specifically,
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Figure 3-6: Variation of the local interfacial free energy per molecule, ;. i0ca1, @s @ function of the angle v
of a prolate ellipsoidal micelle.

with an increase in curvature, as the surface area per molecule increases, the local volume also
increases, resulting in accommodation of a larger number of surfactant molecules. This, in turn,
increases the shielding of the micelle core, and results in the observed decrease of g iocar ClOse to

the poles.

Another interesting feature of the plot in Figure 3-6 is that at the higher aspect ratio
considered (¢/p = 4.0), Zin.i1ocar becomes negative near the poles (see the zoomed in view of the
blue curve corresponding to g/p = 4.0 in Figure 3-6). This follows because at high aspect ratios,
the amount of shielding in the polar region exceeds the available surface area. Because this is not
physically realizable, it indicates that a prolate ellipsoid with such a high aspect ratio is not a

feasible micelle shape. This feasibility criterion can be derived using Eq. (3-45) as follows:

dG

intlocal

>0
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:>\/pzcoszv+qzsin2v—a0§%>0, 0<v<rm

p—%—£—£g>Q O0<v<rm, p<gq
nvtail 3
= (3-47)
q—aoﬁﬂ>0, 0<v<rm, p>q

tail

3Vtail
g<———, DP<q

a,

vtail

p< p>q

a,
where v,,; is the volume of the surfactant tail. Note that dGjy; j0car can also be negative if 1>2¢o
(which corresponds to negative values of the curvature corrected interfacial tension). However,

for typical sizes of surfactant micelles, such a scenario is not encountered.

Based on Eq. (3-47), it follows that knowledge of the structure of the surfactant tail is
sufficient to establish a theoretical limit on the size of feasible ellipsoidal micelles using the
curvature-corrected model presented here. Note that this result is consistent with the qualitative
claims made in a few theoretical studies on ellipsoidal micelles that highly-elongated ellipsoidal

micelles are not feasible micelle shapes.””>®

A plot similar to that in Figure 3-6 for an oblate ellipsoidal micelle core formed a by 6-
carbon fluorocarbon tail at 298.15 K having ¢ equal to the maximum surfactant tail length is
shown in Figure 3-7. Figure 3-7 shows that g, e 18 highest at v = 0 and 7 (180 degrees) and
decreases close to the equatorial region located at v = /2 (90 degrees). At higher aspect ratios,
results similar to those obtained for prolate ellipsoids are obtained for oblate ellipsoids as well.
All these observations can be explained based on the same reasons given above for the prolate

ellipsoidal case.
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Figure 3-7: Variation of the local interfacial free energy per molecule, ;. i0cq1, @s @ function of the angle v
of an oblate ellipsoidal micelle.

To obtain the average interfacial free energy per molecule, g;,, expressions for the total

surface area, 4, and the total volume, V, of the biaxial ellipsoid are derived as follows:

v=m u=271 V=1
A= j I psin v\/p2 cos’ v+q’sin® vdudv =27z p I sin v\/p2 cos’ v+q° sin® vdv
v=0 u=0 v=0
=27p J sinv\/(p2 —qz)cos2 v+q dv
v=0
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27zpq \/7 » P>4

A= (3-48)
2ﬁpq '
1‘(/ )
q
and
v=mru=2mw p q v= 4
V= ~—=sinvdudv = 27r—sm vdv=—r 3-49
VL ,,Jo 5 I 5 7P (3-49)

Note that details of the integration process involved in Eq. (3-48) are presented in Section 7.1.7

of the Appendix.

Using Egs. (3-34), (3-45), (3-48), and (3-49), the following equations show the various
steps involved in obtaining an expression for g;, To be able to write the equations in a

manageable form, let p°cos®v + ¢”sin®v be written as w. It then follows that:

g =Vj””f”—aopsmv e T
" v=0 u=0 n p W% ’ V 3

V=1 5
W’ sin v - _[ a,— v p3 9 Sinvdy J. 9po ———sinvdy - [ —sinvdy

272'0-0p v=0 v=0 v=0 p
n V=1 2.2 = 2
+ J. aoﬁq pyé‘SandV-i- j aoiq—isinvdv
v=0 3w’? v=0 3w’?
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n \/ 2 q 3y
(74 -
q

o,| a—a,— 21n

gint =

(3-50)

A more complete derivation of Eq. (3-50) is presented in Section 7.1.8 of the Appendix. Note

+1 +25—Aa <
3V 0 |° p q

that in the limiting case when p = ¢, the expression for g;,; in Eq. (3-50) becomes equal to that for

a sphere. The proof is presented in Section 7.1.9 of the Appendix.

Finally, Figure 3-8 shows the variation of g;, for prolate and oblate ellipsoidal micelles,
and compares these with the g;,; for spherical and cylindrical micelle. All the curves in Figure
3-8 correspond to micelles formed by a 6-carbon fluorocarbon tail having the semi-minor axis
length (for ellipsoidal micelles) and radii (for spherical and cylindrical micelles) equal to the
maximum surfactant tail length. g;,, for a spherical and a cylindrical micelle core are plotted in
red and blue, respectively. Note that g;,, for a bilayer micelle core formed by the same surfactant
and having a bilayer thickness equal to the minor axis length of the biaxial ellipsoid micelle is

negative. In other words, such a bilayer micelle core is not feasible. Consequently, a curve for

78



10.0

9.0

Qint (kT)

S
o

el
o

4.0

Figure 3-8: Variation of the interfacial free energy per molecule, g;,, for biaxial ellipsoidal micelles as a
function of the aspect ratio. Also shown for comparison are g;,, for a sphere and a cylinder of radius equal
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to the semi-minor axis length.

the bilayer shape is not shown in Figure 3-8. In addition, Figure 3-8 shows that for both
ellipsoidal shapes, g;,, decreases as the aspect ratio increases. This follows because the average
surface area per molecule decreases as the aspect ratio increases. Additionally, Figure 3-8 shows
that g;,, corresponding to an oblate ellipsoid (purple curve), having the same semi-minor axis
length and aspect ratio as a prolate ellipsoid (green curve), is significantly lower than g,
corresponding to a prolate ellipsoidal micelle. This difference follows because, for the same

semi-minor axis length and aspect ratio, an oblate ellipsoid has a lower average surface area per

molecule than a prolate ellipsoid.
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3.4 Packing Free Energy

To generalize the method to calculate the packing free energy introduced in Section 2.3
to micelles of varying curvature, the free energy of the packed state, g, in Eq. (2-20) is modified
as follows:

g= ). P(a,vsmce)g(a)+kT > P(a,vwfm)lnP(a,vsmm) (3-51)

2 Vsurface X Vsurface

where vy,uce denotes the location on the micelle surface where the surfactant tail is tethered and
P(0,Vsuuce) 18 the probability of finding the surfactant tail in conformation a tethered at the
location Vg, on the micelle surface. Note that vy,puc. in Eq. (3-51) does not appear in Eq.
(2-20) because the later equation applies to micelles of constant curvature. Indeed, this follows
because for regular shapes, including spheres, infinite cylinders and infinite bilayers, all
locations on the micelle surface are identical. Consequently, the probability of finding a
surfactant tail in a particular conformation is the same everywhere on the micelle surface.
However, since the curvatures of a disc and a biaxial ellipsoid vary with position, this
simplification is no longer valid. Therefore, the next two sections discuss the calculations of
P(a,Vsuuce) and of the packing free energy, first for a discoidal micelle (Section 3.4.1) and then

for a biaxial ellipsoidal micelle (Section 3.4.2).

3.4.1 gpack Of a Discoidal Micelle

From a geometric viewpoint, the semi-toroidal rim of a disc is a surface of revolution
generated by revolving a semi-circle of radius b' about the z-axis at a distance, b, from it, where
the angle u is a measure of the angle of revolution. This is shown in Figure 3-1. It then follows
that the curvature of the rim is a function of v, but independent of u [see Eq. (3-19)]. Therefore,

the equations related to the packing of a surfactant tail have to be modified to incorporate the
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functional dependence on the angle v. For example, Eq. (3-33) is modified as follows to

incorporate the v dependence:

Z P (a, Vitace )¢ (r, VoV, e a) =V (r, V)
v (3-52)

_ Zi(é((rm)z —r v (- dr) —r3)(sin(v+dv)—sin(V))j

Vta il

where, as before, r is the direction perpendicular to the surface as defined in Eq. (3-14) and
shown in Figure 3-1, v is the angle defined in Eq. (3-14) and shown in Figure 3-1,
¢(r,v, vsmace,a) is the volume occupied by a surfactant tail in conformation, a, tethered at v =
Vsurface, DEtween the surfaces at » and r+dr and at v and v+dv, and V(r,v) is the volume available
per surfactant molecule between the same four surfaces. Note that the equation for V(r, v) in Eq.
(3-52) in terms of b, r, and v is calculated by integrating Eq. (3-15), and is valid only for the
semi-toroidal portion of the disc. Using Eq. (3-52) and Eq.(2-22), the modified equation for P(a,

Vsurface) 18 glven by:

: exp[—g(O%T- %TZgﬂ(r,v)gﬁ(r,v,a,vw)}
VZ Za:exp {_g(a)kT —%TZZvlﬂ(r,v)¢5(r,v,a,vmm )}

Plav,,..) (3-53)
To carry out the summations in Egs. (3-51) - (3-53), the discoidal micelle surface is divided into
a grid to sample all the surfactant tail conformations at all the grid points. Furthermore, the
interior of the discoidal micelle is divided into cells to correctly capture the v dependence of the
ms in Eq. (3-53). The disc shape has an axis of symmetry and a plane of symmetry that is
perpendicular to the axis of symmetry, as shown using the blue dashed line and the red plane in

Figure 3-9. As a result, the curve marked in green in Figure 3-9 is representative of the entire

disc surface, and all the surfactant tail conformations have to be sampled only for surfactant tails

81



tethered along the green curve instead of along the entire surface of the disc. Note that not all
locations on this curve are equally probable. Indeed, consider the top view of the disc, as shown
in Figure 3-10. The inner solid circle in black corresponds to the bilayer portion of the disc,
while the outer solid circle in black corresponds to the top view of the rim of the disc. The green
solid line is the projection of the green curve shown in Figure 3-9. Consider the location on the
green line marked a,. All locations on the circle associated with this marker are identical to the

location of the marker itself. This circle associated with a, has a higher circumference compared

Figure 3-9: Schematic showing the plane of symmetry and the axis of symmetry for a disc.

Figure 3-10: Schematic illustrating the need for different weights at different locations on the disc surface.
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to the circle associated with a,;. As a result, it is more likely to find a surfactant tail tethered at
the circle associated with a, than at the circle associated with a,_;. Therefore, each location on
the solid green line, where all the surfactant tail conformations are sampled, is given a weight
corresponding to the relative probability of finding a surfactant tail tethered at that location,

which is proportional to the circumference of the circle associated with that location.

To determine the exact locations where the surfactant tail conformations will be sampled,
we divide the solid green line in Figure 3-9 such that the distance between two consecutive
points is equal to the length scale used to determine the thickness of a layer in a spherical
micelle, which is equal to the length of a C-C bond. In other words, the distance between a,.; and
a, in Figure 3-10 is approximately equal to the length of a C-C bond. Note that the length of the

solid green line is equal to:

b+ (3-54)

The number of cells into which the interior of the disc is divided is also reduced by taking
advantage of the symmetry of the disc. Two dimensional cells are created, as shown in Figure
3-11, and these two dimensional cells are rotated about the axis of symmetry of the disc (blue
axis in Figure 3-11) to obtain three dimensional cells. It is further noted that the cells below the
plane of symmetry (shown in red in Figure 3-11) are merely reflections of the cells above the
plane of symmetry, and are not different from them. All the cells shown in the green shaded
region are part of the cells in the unshaded region. For example, the cell colored red above and
below the plane of symmetry, as well as on the right and left of the axis of symmetry, are parts of

the same cell rather than four different cells.
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Figure 3-11: Schematic showing the cells created in a discoidal micelle to calculate the packing free
energy.

The validity of the method presented above, including its implementation, was verified
by using it to calculate the packing free energy of a 6-carbon fluorocarbon tail packed in a
sphere. This was done by setting b equal to 0. The g,..« obtained using the new method compared
very well with the g,..« calculated for spheres. Subsequently, to understand the variation of g,acx
as a function of the discoidal size parameters, b and b', Figure 3-12 plots g,..« for a 6-carbon
fluorocarbon tail as a function of b/b' for two different values of '. Note that it is difficult to
pack a tail in a bilayer having b' equal to the maximum surfactant tail length which is equal to

9.84 A using Eq. (2-15). Consequently, the chosen values of 5" are less than 9.84 A.

Figure 3-12 was generated by calculating g,. for five replicates. The symbols represent
the average value, while the error bars represent the standard deviation. Figure 3-12 shows that
for a smaller value of b' g,..« decreases as b increases (red symbols). This follows because, when

both b and b' are small, the rim of the disc has a very high curvature. Consequently, the
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Figure 3-12: Plot of the variation of g, as a function of b/0'.

surfactant tail has to twist quite a bit to remain completely in the interior of the disc. However, as
b increases, the curvature of the rim of the disc decreases, and it becomes easier to keep the
surfactant tails within the disc, thereby resulting in a lower g, This trend gets reversed for the
case of a high value of »' (blue symbols). This follows because, as b' increases, the two surfaces
of the bilayer in the bilayer portion of the disc move apart, making it difficult for the surfactant
tails to completely fill up the volume in the center of the bilayer (to maintain dry core). In other
words, to completely fill up the volume in the centre of the bilayer, almost all the surfactant tails
have to stretch until the center which decreases the conformational degrees of freedom, thereby
increasing the value of g,,.. When b is small, the contribution of the bilayer part of the disc to
Zpack 18 small, and therefore, the net value of g, 1s small. However, as b increases, the

contribution of the bilayer portion starts to dominate, and therefore, g,4.« increases.
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The g,qc« values calculated using the above approach are fitted to polynomial equations in
terms of b' and b/b' for each surfactant tail to facilitate the calculation of g... The packing
polynomials corresponding to the surfactants considered in this thesis are presented in Section

7.2 of the Appendix.

3.4.2  gpack Of a Biaxial Ellipsoidal Micelle

The method used to calculate g,..« for a biaxial ellipsoid is identical to the one described
in Section 3.4.1, because like the discoidal shape, the biaxial ellipsoidal shape is also a surface of
revolution. Consequently, its curvature is only a function of the angle v, and does not depend on
the angle u defined in Eq. (3-20). One of the differences between the equations for a disc and a
biaxial ellipsoid is the expression for V(r, v) in Eq. (3-52). Similar to the discoidal micelle case,
first, the ellipsoidal interior is divided into layers by dividing the semi-minor axis length such
that the distance between two consecutive points is equal to the length of a C-C bond. This is
illustrated in Figure 3-13 for the case of a prolate ellipsoid, where p,; and p, denote two
divisions along the semi-minor axis length. The layer bound by these two divisions is shown in
yellow. Unlike the discoidal case, to maintain the thickness of the layer almost constant, the two

biaxial ellipsoids associated with p,_; and p, have to be separately parameterized as follows:
X=p, rcosusiny

y=prrsinusiny, 0<r<1, 0<u<2z, and O0<v<rx (3-55)

Z=(q,rcosv

x=p, r'cosusiny'
y=p, r'sinusiny', 0<r'<l, 0<u<2z, and O0=<v'<r (3-56)

z=gq, ,r'cosv'

where p,.1 = pn — dc-cy gn-1 = qn — dc-c, and dc¢ is the C-C bond length.
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Figure 3-13: Schematic illustrating the choice of layers and cells to calculate g, for a biaxial ellipsoidal
micelle.

To determine the number of cells in each layer, the circumference of the outer ellipse
enclosing the layer, that is, the ellipsoid associated with p, shown in Figure 3-13 and
parameterized in Eq. (3-55), is divided such that the arc length between two consecutive points is
equal to the C-C bond length. This is also illustrated in Figure 3-13, where 6, 4.1 and 6, denote
two such divisions. It should be noted that there is no simple equation describing the
circumference of an ellipse. Instead, the first few terms of the Gauss-Kummer series gives a

reasonable approximation for the circumference of the ellipse.” Specifically,

1(g-p), 1 (q-r) -
7r(p+q)[l+4(q+pj +64{q+pj} (3-57)

Finally, to calculate the volume of a cell, V(r, v), consider the cell shown in red in Figure 3-13.

Since points 3 and 4 lie on the ellipsoid associated with p,, their coordinates are obtained from
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Eq. (3-55) with » = 1 and v = 6,4 for point 3, and with » = 1 and v = 6, for point 4.

Specifically,

(x5, 05,23) = (pn sin@, ,_, cosu, p,sin@, ,_ sinu,q, cos,, ) (3-58)
and

(% 04,2,) = (pn sin@, , cosu, p, sin6, , sinu,q, cos 6, , ) (3-59)

Points 1 and 2 are chosen such that when they are represented using the parameterization
in Eq. (3-55), the angle v is given by 6, and 0,41, respectively. Therefore, the coordinates of

points 1 and 2 in the two parameterizations given in Egs. (3-55) and (3-56) are given by:

(x.3,2,) = (pnr1 sin@, , cosu, p,r sin, , sinu,q,r, cos Hmk)

(3-60)
=(p,_, sinv cosu, p, , sinvsinu,gq, cosv,)
(x,,35,2,) = (pnr2 sin@, ,_, cosu, p,r,sin6, ,_, sinu,q,r, cos '9,,,;(71) (3-61)
=(p,, sinv, cosu, p,_, sinv,sinu,q,_, cosv;)
Using Egs. (3-60) and (3-61), 6, and 6, 4.1 can be related to v/ and v, as follows:
X _ p.h sin 6’” cosu p sin vl' cosu
Z] qn}/i COs Hn,k qn—] COs vl' (3_62)
— P tan 0,,= Pt oy
Qn qn—l
Pu tan 0, = Pt tan v, (3-63)
qn qn—l

Similarly, using Eqgs. (3-60) and (3-61), r; and r; can be related to 8, and 0,41 as follows:

> n 2 2 2 2 2 2 2
=il 2y,. +Z—i2 = (_p,”] sin’ v,.’+(—q"1) cos” v/ =(p”'j + Lq’”J —[p’”J cos’ v, (3-64)
Py 4, Py g, P, 4, Py
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Substituting Egs. (3-62) and (3-63) in Eq. (3-64) yields:

2 2
(qn—l j _(pn—l j
2 2 2 2
-1
7 :(_p,”] + (—qnlj —[—pnlj (tan?v;+1) :(pnlj TR UPAENS IR X%
3 q, P, P, (p,,qn_l ]

tan’ 6, +1
qnpn—l

and

n,k—1

2 2
, , , ) (qn—lj _(pv—lJ
rf =[p“1] + [q’”] —(p’”j (tan2 v +1)71 :(p'”] + 9, > Py (3-66)
P, q, b, b, (pnqn_lj

tan’ @ ,  +1
qnpn—l

Finally, using Egs. (3-65), (3-66), and (3-21), the volume of the cell shown in red in Figure 3-13

can be calculated as follows:

3
2 2 \2
4 5 L sin vdv
{p”q”'j tan’ v+1 (3-67)
qnpnfl

Ok 27 1 Ok 2

¢ . !

V= I J J p.q,r’ sinvdrdudv=2xp.q, J S| |
g 0 7(v) Ok 3 Py

2 ) 2
= 277[ qun (COS Hn,k—l —COos Hn,k ) + przﬁlqn—] [1 + (%j tan2 0)1,1{ J _{1 + (M] tan2 Hn,k—] J

qnpnfl qnpnfl
Note that Eq. (3-67) is valid for 0 < 8,4, 8,41 < @/2, which corresponds to the range that we are
interested in. Details of the integration process are provided in Section 7.1.10 of the Appendix.
Using Eq. (3-67), the ellipsoid equivalent of the volume filling packing constraint in Eq. (3-52)

can be evaluated.

Similar to the disc case, the validity of the approach presented above was verified by

using it to calculate the packing free energy of a 6-carbon fluorocarbon tail packed in a sphere.
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This was done by setting the aspect ratio to 1. The g, calculated using the new approach
compared very well with the g, calculated for spheres. Subsequently, to understand the
variation of g,.« as a function of the biaxial ellipsoid size parameters, p and g, Figure 3-14 plots
Zpack for a 6-carbon fluorocarbon tail as a function of the aspect ratio which is equal to p/q for an
oblate ellipsoid, and to g/p for a prolate ellipsoid. Note that it is difficult to pack a tail in an
elongated oblate ellipsoid with ¢ equal to the maximum tail length which is equal to 9.84 A in
this case. Consequently, the chosen values of p and ¢ for the prolate and oblate ellipsoids,

respectively, are less than 9.84 A.
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Figure 3-14: Variations of g, as a function of p/g and g/p for an oblate and a prolate ellipsoid,
respectively.

The red and blue curves in Figure 3-14 correspond to gy, for prolate and oblate
ellipsoidal micelle cores, respectively, while the dashed and solid curves correspond to semi-

minor axis lengths equal to 5.45 A and 8.81 A, respectively. An examination of the dashed
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curves shows that, for small semi-minor axis lengths, g,. decreases as the aspect ratio increases
and plateaus off at higher aspect ratios similar to our findings for discoidal micelles (see Figure
3-12). This follows because when both semi-axis lengths are small, the ellipsoidal surface has a
very high curvature. Consequently, the surfactant tails have to twist considerably to remain
completely in the interior of the ellipsoid, leading to many gauche defects, and therefore, to
higher g,..x values. However, as the aspect ratio increases, more volume is available to the
surfactant tails in the ellipsoid. This allows them to adopt several other chain conformations
which were not allowed at smaller aspect ratios, thereby resulting in a lower value of g,4c+. This
trend is observed for both prolate and oblate ellipsoidal micelles, as reflected in the dashed
curves in Figure 3-14. At higher aspect ratios, the decrease in g,.« due to the increase in the
volume of the ellipsoidal core and the increase in g, due to the increase in curvature at the
equatorial region (for oblate ellipsoids), or at the polar region (for prolate ellipsoids), seem to

offset each other, resulting in the flattening of the dashed curves.

At low aspect ratios, an increase in the semi-minor axis length (the solid curves) leads to
a decrease in g, for both prolate and oblate ellipsoidal micelles. This follows because an
increase in the semi-minor axis length leads to a decrease in the curvature, which in turn leads to
less stringent restrictions on the types of conformations that a surfactant tail can adopt, and
therefore, to a lower g,.«. However, at large semi-minor axis lengths, the trend for gy, as a
function of the aspect ratio for a prolate ellipsoidal micelle (the solid red curve) differs from that
for an oblate ellipsoidal micelle (the solid blue curve). Specifically, for a prolate ellipsoid, gyck
does not change significantly with an increase in the aspect ratio in spite of the increase in
curvature at the poles of the prolate ellipsoid. This follows because not many molecules occupy

the poles of the prolate ellipsoid, and therefore, the polar region does not contribute greatly to the
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value of gy.«. In contrast, for an oblate ellipsoid, g,.« increases with the aspect ratio. As the
aspect ratio of an oblate ellipsoid increases, the curvature at the equatorial region also increases.
Therefore, molecules occupying the equatorial region are not only subjected to stringent
conformational constraints due to the high curvature, but also need to stretch out (adopt almost
an all-trans conformation) to fill out the volume in the center of the ellipsoid. Since many
molecules occupy the equatorial region, their loss of conformational degrees of freedom due to

these two requirements leads to an increase in gpqcx.

Similar to the disc case, the g,.« values calculated using the approach discussed above
for biaxial ellipsoids are fitted to polynomial functions in terms of the semi-minor axis length (p
or g) and the aspect ratio (¢/p or p/q) to facilitate the calculation of g,;. The packing
polynomials for the surfactants considered in this thesis are presented in Section 7.2 of the
Appendix

3.5 Steric Free Energy

The method used to calculate the steric free energy for a discoidal or a biaxial ellipsoidal
micelle is very similar to the method used to compute the interfacial free energy. In short, first,
using concepts from differential geometry, expressions for the local geometric features are
derived. Using these expressions, and Eq. (2-24) in Section 2.3, an equation for the differential
steric free energy, dGyjoca, 1S sSubsequently derived which is then integrated over the micelle
surface and divided by the aggregation number of the micelle to yield the average steric free

energy per molecule, gy Specifically,

92



: njdV

q (
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nkT na, dV
~| — |In| 1-—"—— 4V
I G, joca _I [ v jn( vd4 jd __ [ ln(l—nathjJV (3-69)

8 = J.dn - n 14

The key equations and results for discoidal and biaxial ellipsoidal micelles are presented

next in Section 3.5.1 and Section 3.5.2, respectively.

3.5.1 gs of the Semi-Toroidal Rim of a Discoidal Micelle

dGy 10car 18 calculated by substituting the differential geometric properties derived in Egs.

(3-17) and (3-35) in Eq. (3-68). Specifically,

12
a, En/ (7ﬂ;(3bﬂ+4b')n(bb '2/2+(b'3/3)cosv)dudv
s == TN 17 b'(b+b' dud -%
(b+b'cosv)dudy 570
=—dn-k,TIn 1—("_11]( 7wb+2b' j(3b+2b'cosv]
’ a \3bz+4b' )\ b+b'cosy
4G, 1o b+2b"\( 3b+2b'
Bkt =gy I l{ﬂj(” j( . COSVJ (371)
dn a \3bz+4b' )\ b+b'cosv

Figure 3-15 shows the variation of the local steric free energy per molecule of the semi-
toroidal rim, g scq, as a function of the angle v for a discoidal micelle formed by a surfactant
having a 6-carbon fluorocarbon tail and a head area, a;, of 50.0 A% at 298.15 K. The discs have b
= 3b"' and b' is equal to the maximum surfactant tail length calculated using Eq. (2-15). Figure
3-15 shows that g jocq attains its maximum value at v = +7/2 and its minimum value at v = 0.

This follows because the semi-toroidal rim has the highest curvature at v = 0, which corresponds
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Figure 3-15: Variation of the local steric free energy, gy oca» as a function of the angle v .

to the highest surface area per molecule, and the lowest curvature at +z/2 which corresponds to
the lowest surface are per molecule. Since the steric free energy per molecule has an inverse
dependence on the surface area per molecule, gy .o attains its maximum value at the lowest

curvature region.

Using Eq. (3-70), the average steric free energy per molecule, gy, can be calculated by

substituting it in Eq. (3-69) as follows:

” a )\3br+4b' )\ b+b'cosv

v:% ' ' 12
P ' kT 1n[1—(ﬂ)( b +2b j(3b+2b cosvnﬂz (3b-+2b'cosv)dv
=7 %(3bﬂ+4b')

(3-72)

V:% ' '
AT i'in 1_(%]( b +2b J(smzb cosv) (304 2b"cosv) s
(3b7z+4b')v_,,y a )\3br+4b' )\ b+b'cosv
- /2
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Because the integral in Eq. (3-72) cannot be evaluated analytically, the Gaussian quadrature
numerical integration technique was used to calculate g, of the semi-toroidal rim of a discoidal

micelle.

Figure 3-16 shows the variation of g as a function of b/b' of the semi-toroidal rims of
discoidal micelles formed by the same surfactant considered in Figure 3-15. All the discoidal
micelles considered in Figure 3-16 have b' equal to the maximum surfactant tail length. For
comparison, the steric free energies for the same surfactant forming spherical and cylindrical
micelles having their radii equal to the semi-minor axis length are plotted in red and blue,
respectively. Additionally, the steric free energy calculated using the model developed by

Srinivasan and Blankschtein is plotted in purple.”® Figure 3-16 shows that g, for the semi-

2.0
1.5 F - -
-
"
= Vad = = Sphere
éﬁ: / s = = Cylinder
o / Torus
1.0 F / = = Average Torus
/
e o e e e e e e e o e e e o e = = -
0.5 L L L L
0.0 1.0 2.0 3.0 4.0 5.0
b/b'

Figure 3-16: Variation of the steric free energy per molecule, g, of the semi-toroidal rim of a discoidal
micelle as a function b/b'. Also shown for comparison are g, for a sphere and a cylinder of radius »', and
an average torus (see text).
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toroidal rim, in yellow, starts at the value equal to that for a sphere at b/b' = 0 and then
approaches the value for a cylinder as b/b' — oo. g increases with increasing b/b' because an
increase in b/b' results in a reduction in the average curvature, which in turn reduces the average
surface area per molecule, thereby increasing gy. It is also interesting to note that the gy
calculated using the curvature-corrected model (yellow curve) is very close to the g, calculated
using the model developed by Srinivasan and Blankschtein (purple dashed curve) in which the
effect of curvature was accounted for approximately by calculating an average area per
molecule.” This finding may be because, for semi-toroidal rims of discoidal micelles, the
curvature does not show extreme deviations from the average mean curvature. Therefore, the
model developed by Srinivasan and Blankschtein, which is simpler and does not require
numerical integration, may be utilized to calculate g, for discs without introducing significant

€rror.

3.5.2 gy of a Biaxial Ellipsoidal Micelle

dGg cq for a biaxial ellipsoid is calculated by substituting the differential geometric

properties derived in Egs. (3-23) and (3-44) in Eq. (3-68). Specifically,

2
a, [n/(: ﬂpqu]gqsin vdudv
dn-k,TIn| 1-

dGst,lacal =- . 2 2 2 o+ 2
psin v\/p cos” v+q~ sin” vdudv
= —dn -k, Tn| 1- 1 (3-73)
47rp\/p2 cos’v+¢’sin’v
dG
gst,loea/ = s = _kBT ln 1 - nah (3-74)
dn 47zp\/p2 cos’v+¢g°sin® v
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Similar to Figure 3-15, Figure 3-17 shows a plot of the variation of the local steric free
energy per molecule, g ioca1, at 298.15 K of a surfactant having a 6-carbon fluorocarbon tail and
a head area of 50.0 A” forming a prolate ellipsoidal micelle. The prolate ellipsoidal micelle has p
equal to the maximum surfactant tail length. Figure 3-17 shows that g, jocas 15 smallest at v = 7/2
(90 degrees), and increases close to the poles of the prolate ellipsoid located at v = 0 and 7 (180
degrees). This result can be explained based on the same reasoning provided in Section 3.3.2 to

explain Figure 3-6.

2.5
2.0
=15
)
3
c'g 1.0
0.5 —q=1.5p
—q=4.0p
0.0 .
0 45 90 135 180

v (degrees)

Figure 3-17: Variation of the local steric free energy per molecule, g, ¢, as a function of the angle v for
a prolate ellipsoidal micelle.

Note that at higher aspect ratios, gy ,car fOr @ prolate ellipsoidal micelle diverges near v =
/2 (90 degrees). This follows because the available surface area is not sufficient to
accommodate the surfactant heads. This is similar to the observation made in Figure

3-6regarding giu.ioca. Consequently, an equation similar to Eq. (3-47) regarding the threshold size
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of ellipsoidal micelles can be derived using the local steric free energy. From the expression for

dGg 10cq 10 Eq. (3-68), it follows that the steric free energy will diverge if:

B a,dn

dA

_ % P9
vtail 3

— (3-75)
&ﬂ>0, 0<v<rm, p>q

Vta il

<O:>\/choszv+q25in2"_&m>o’ O<v<z

vtail

1

>0, 0Zv<m, p<gq

3vtail
q <— p < q
a,
3vtail
pP<—— P>q

a,

Based on Egs. (3-47) and (3-75), it follows that there are two theoretical limits on the size
of feasible ellipsoidal micelles using the curvature-corrected model presented here. As a result,

the limit on the size of the ellipsoidal micelle is determined by the stricter of the two conditions.

A plot similar to the one in Figure 3-17 for an oblate ellipsoidal micelle core formed by the same
surfactant and having the same semi-minor axis length is shown in Figure 3-18. Figure 3-18
shows that g .. 1S highest at v = 7/2 (90 degrees), and decreases close to v = 0 and 7 (180
degrees). At higher aspect ratios, similar to the result obtained for prolate ellipsoids, g ocqr tends
to infinity for oblate ellipsoids. All these observations can be explained based on the reasons

presented earlier in the case of prolate ellipsoidal micelles.

Using Eq. (3-73) in Eq. (3-69), the average steric free energy per molecule, g, for

ellipsoidal micelles can be calculated as follows:

na,

sin vdv (3-76)

2 5 47rp\/p2 cos’v+g’sin’v
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Figure 3-18: Variation of the local steric free energy, gs..cas @s @ function of the angle v for an oblate
ellipsoidal micelle.

Similar to Eq. (3-72), the integral in Eq. (3-76) is evaluated using the Gaussian quadrature
numerical integration technique. Figure 3-19 shows the variation of g, as a function of the aspect
ratio of a biaxial ellipsoidal micelle formed by the same surfactant considered in Figures 2-20
and 2-21. All the ellipsoidal micelles considered in Figure 3-19 have a semi-minor axis length
equal to the maximum surfactant tail length. For comparison, the steric free energies for the same
surfactant forming spherical and cylindrical micelles having their radii equal to the semi-minor
axis length are plotted in red and blue, respectively. Additionally, the steric free energy per
molecule calculated by substituting the average surface area per molecule in place of a in Eq.
(2-24) for prolate and oblate ellipsoidal micelles are plotted as dashed curves in green and
purple, respectively. Figure 3-19 shows that g, for biaxial ellipsoidal micelles, in green and

purple, start at the value equal to that for a sphere at an aspect ratio of 1, and then increases as
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Figure 3-19: Variation of the steric free energy per molecule, g, for biaxial ellipsoidal micelles as a
function of the aspect ratio. Also shown for comparison are g, for a sphere and a cylinder of radius equal
to the semi-minor axis length.

the aspect ratio increases. This follows because an increase in the aspect ratio, while keeping the
semi-minor axis length constant, results in a smaller average surface area per molecule, which in
turn leads to a higher steric free energy per molecule. Additionally, g, for a prolate ellipsoid is
lower than g, for an oblate ellipsoid having the same semi-minor axis length and aspect ratio.
This follows because, for the same semi-minor axis length and aspect ratio, the prolate

ellipsoidal shape has a higher average surface area per molecule than the oblate ellipsoidal shape.

Finally, Figure 3-19 indicates that g, calculated using the average surface area per
molecule (green and purple dashed curves) shows significant deviation from g, calculated using
the curvature-corrected model (green and purple solid curves). This follows because the

extremes in the local curvature are unaccounted for if one simply uses the average area per
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molecule in Eq. (2-24), instead of explicitly accounting for the curvature. This clearly shows that
it is necessary to use the curvature-corrected model to accurately quantify the steric free energy

per molecule in the case of biaxial ellipsoidal micelles.

3.6 Electrostatic Free Energy

The electrostatic free energy consists of two free-energy contributions, namely, the
discharging free energy, guiscs, and the charging free energy, g.,, as was discussed in Section 2.3.
The discharging free energy is not a function of the micelle shape, and therefore, is calculated
using Eq. (2-25) for discs and ellipsoids as well. However, the charging free energy depends
strongly on the shape of the micelle.

The development of a model to calculate g., for discs and biaxial ellipsoids is quite
challenging. This follows because while in the case of spheres, infinite cylinders, and infinite
bilayers the governing equations in (2-27) - (2-30) are one dimensional, thus yielding ordinary
differential equations, in the case of discs and biaxial ellipsoids, the governing equations are two
dimensional, thus yielding partial differential equations. This reflects the varying curvature of
these micelle shapes. Moreover, no analytical or approximate solutions are available to solve the
resulting set of partial differential equations. As a result, the set of equations in (2-27) - (2-30)
needs to be solved numerically in the case of discs and biaxial ellipsoids.

Incorporating a model that numerically solves a set of nonlinear partial differential
equations (recall that the Poisson-Boltzmann equation is nonlinear) into our molecular-
thermodynamic framework to predict micellization properties, including the critical micelle
concentration and other micelle characteristics, is computationally very challenging. This follows

because in order to determine these micellization characteristics, it is necessary to determine the
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optimal free energy of micellization, as discussed in Section 2.5. This optimization process
requires the evaluation of the free energy of micellization, g, at several solution conditions and
micelle properties (such as the dimensions of the micelle and the degree of counterion binding).
From a computational viewpoint, numerically solving a nonlinear partial differential equation
every time that g,;. needs to be evaluated is very inefficient. Therefore, to overcome this
problem, the required solution to the set of partial differential equations to calculate g.,, which is
the surface electric potential v, in this case, was calculated for a large data set that spans all the
variables that affect ;. These variables include micelle sizes (designated by two size variables,
b and b' for discs, and p and ¢ for biaxial ellipsoids), Stern-layer thicknesses, ionic strengths, and
surface charges, based on the typical surfactant tail lengths, tail volumes, head lengths, and
counterion radii that are expected. These values of the inputs and the corresponding outputs were
stored in a database. The surface electric potential at any point that is not in the database was
calculated using an interpolation-based method.

To facilitate the implementation of the interpolation scheme, the data set was sorted and
then stored using pointers. For any given point for which the value of the surface electric
potential is sought, the interpolation scheme first finds the 32 (=2°) nearest neighbors. Note that
2° nearest neighbors are found because the surface electric potential depends on five variables
(two micelle size variables, the Stern-layer thickness, the ionic strength, and the micelle charge),
and along each variable the given point is bound by two neighbors, one above and one below it.
These points form a polyhedron enclosing the given point. This is illustrated in Figure 3-20 for
the three- dimensional equivalent of the actual five-dimensional problem. The red point in Figure
3-20 represents the point for which the nearest neighbors are sought. Subsequently, the surface

electric potential at the given point is calculated by using a weighted-average of the surface

102



(bZI Cs, dZ) (b3l C3, dZ)

(by, c1, dy)
(b3r C3r dl)

b;<b,<b<b;
C1<C<C<C3<Cy
(by, €1, d) d,<d<d,<d;<d,

(bs, ¢y, dy)

Figure 3-20: Schematic showing the polyhedron formed by the eight nearest neighbors of the red point.

electric potential of the 32 nearest neighbors. The weights for the different neighbor points are
proportional to the inverse of the product of the projected distance along each variable axis
between the given point and the nearest neighbor. Note that the commonly used Euclidean-
distance based weighting scheme performs poorly in this case because the ranges of values
spanned by the five independent variables are very different. For example, the surface charge is
on the order of 10" - 10" C, while the ionic strength is on the order of 10** — 10°
molecules/m’. This results in the Euclidean distance being a measure of the distance along the
axis with the largest order of magnitude. The weighting scheme described above does not exhibit
this problem. In fact, for a regular grid, it can be shown that this scheme is equivalent to the
multilinear interpolation scheme (see Section 7.1.11 in the Appendix), which is a reasonable
interpolation scheme for a function that is monotonic.

Using the interpolation database, g, is finally calculated by numerically integrating the
surface electric potential as a function of the surface charge using the Gauss quadrature
technique. This method of interpolation and numerical integration was applied to a simplified
model of the Poisson-Boltzmann equation for a spherical particle for which an approximate
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analytical solution is available,” and it was found that the root-mean square error between the
analytical value and the numerical value of the charging free energy is 0.3 kT, which is less than
10% of the typical values of g;.

The method outlined above to calculate the charging free energy was applied to both
discs and biaxial ellipsoids. The difference in the geometry of the two shapes is captured by the
differences in the form of the governing equations, (2-27) - (2-30), when represented in the
appropriate coordinate system. For any general 3-D coordinate system characterized by the

variables xj, x,, and x3, the Laplace operator used in Egs. (2-27) and (2-28) is given by:

gro 1[0 (hh 2, 0 (hh o), 0k 0 -
hhh \ ox,\ h oOx, ) Ox,\ h, Ox,) Ox;\ hy Ox,

where 7, is defined as follows:

or
h =|— 3-78
la (3-78)
Similarly, the gradient operator acting on y is defined as follows:
1 oy |.
Vy = —— |X 3-79
v Z( o j l (3-79)

where X, is the unit vector along the x, direction. The governing equations and boundary

conditions specific for discs and biaxial ellipsoids are presented next in Section 3.6.1 and Section

3.6.2, respectively.
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3.6.1 gcn of the Semi-Toroidal Rim of a Discoidal Micelle

gy of a disc is approximated as the sum of g, of the central bilayer and g., of the semi-
toroidal rim. Calculation of g., of a bilayer was discussed in Section 2.3. The parameterization
introduced in Eq. (3-14) is sufficient to calculate g, for the semi-toroidal rim. The only
difference is that, for the purpose of calculating g.,, » takes values corresponding to the bulk
solution instead of between 0 and b', which corresponds to the micelle core. For the
parameterization in Eq. (3-14), the Laplace operator calculated using Eqs. (3-77) and (3-78) is

given by:

vy L i(r(;ﬁrcosv)a_‘/’}i[wa_w}i(;a_‘/’j (3-80)
r(b+rcosv)\ or or ) v r ov ) ou\b+rcosv ou

The details of deriving the Laplace operator are provided in Section 7.1.12 of the Appendix.
Note that because the z axis is an axis of symmetry, we do not expect y to depend on the angle u.
Consequently, the third term on the right-hand side of Eq. (3-80) is equal to 0. Using Egs. (2-27),
(2-28), and (3-80), the governing equations inside the Stern layer and beyond the Stern surface

are given by:

Vzl//z—l g(r(b+rcosv)a—l//j+g(—b+rcosva—l//j =0,
r(b+ 7 COS v) or or ) ov r ov (3-81)

b, and —7/2<v<7x/2

charge

1 0 Oow) O (b+rcosvaoy 1 z.ew
Viyz=——o | —|r(b+ — |+ ———||=- I,z — 0
v r(b+rcosv)(8r (r( reosy) arj 6v( ro oy D Epuk Z‘ i exp( kT j (3-82)

b/

Stern

<r<b

Stern

<r<owand —7/2<v<7/2

where by, and bl Tepresent the Stern surface and the charged surface, respectively. To

tern

generalize the four boundary conditions provided in Section 2.3 on pages 44 and 45 in the semi-

torus coordinate system, the gradient operator is given by:
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oy
v Lovs o g (3-83)
or r ov b+rcosv

Vy

where similar to Eq. (3-80), the last term is equal to 0 because y does not dependent on u. Using
Eq. (3-83), the four boundary conditions introduced in Section 2.3 can be written in the semi-

torus coordinate system as follows:

1. The micellar charged surface is at a constant unknown electric potential with a total

charge of Q. Specifically,

((Letohrad = 2samy, [ (et 2]  w=Lecsy
A 67" rov =blparge 8Stern v:—% ar r:béhmm €Stern
2. The potential at the Stern surface is continuous. Specifically,
WV—)(bgmm)Jr = Wr—)(bémm)i (3'85)
3. Since the Stern surface has no surface charge associated with it, the normal derivatives of
w on both sides of the Stern surface are related as follows:*'
0 0
gbulk _l// = Cstern _l// (3-86)
OF | s (b OF b s (B
4, The potential is 0 at oo, that is,
y(r—o)=0 (3-87)

It should be noted that the differential equations shown in (3-81) and (3-82) are second
order in both r and v, and therefore, require two boundary conditions for v as well. Since the
semi-toroidal rim is symmetric about the z axis, and the electric potential due to the central

bilayer has no angular dependence, the gradient of the electric potential with respect to v be 0
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near the axis, for the potential to be smooth near the axis. This gives rise to the following two
boundary conditions:
v =0 (3-88)
ov y=t7/2
To develop a robust method to numerically solve a differential equation, it is often
essential to scale the problem correctly. The exponential nonlinear term on the right-hand side of

Eq. (3-82) shows that there is a natural scale for the electric potential in the form of £7/ey. The

charge

other scale for y can be obtained from Eq. (3-84) as O, / (27zb/ 55,””). Here, we have chosen

kT / e, as the scale for y because Eq. (3-82) is applicable over a larger portion of the » domain

compared to Eq. (3-84), and the exponential is more likely to behave erratically if Eq. (3-82) is

improperly scaled. Therefore, the electric potential is non-dimensionalised as y = (ve,) / kT .

We note that the coordinate » does not have a finite domain (5’

charge

<r<ow). An infinite

domain is not easy to implement in a numerical scheme because it is difficult to define oo
numerically. To overcome this problem, we define a new coordinate, £, which is like a non-

dimensional distance and is proportional to 1/r . This would force ¢ to tend to 0 when 7 tends to

oo, thereby making the domain of the independent variable finite. ¢ is defined as follows:

_ 1/
é: - bcharge / r

A& =~y (7 )dr =—(& 8, ) dr (3-89)

Next, we non-dimensionalise the system of equations, (3-81) - (3-88), by introducing &,

¢, and x, where « is the inverse of the Debye Hiickel screening length, and is defined as follows:
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Z Ii,OZizeg
K= | 3-90
EparkT ( )

This yields:

54 621/_/ i §4b @_}_ 52 82& _ gzbc{harge SinV @ — 0
0&? (cfb+b(f cos v) o0& ov’ (§b+b(f cosv) o (3-91)

harge harge

/ /
1 > é: > bclmrge / bStern

Iy &b ow Loy [ EB,.sinv oy (KBl ) D107, exp (-2
54_2_’_ I _+§2 - charge 9V ; _ ’ (3_92)
0¢ (éb + b!ha,,ge cos v) o0& ov (éb + bc/hwge cos v) ov Z]i,OZi
0 < § < bt{harge / b‘;tem
1/7(5 = 1) = acharge,unknawn (3_93)
v=r/2 — o
i {6_'#} (b+b), cosv)dv=—20__ o0
v=—x/2 65 = ZﬂkTgStern
v v - 3-95
‘//Lg)(b’c’harge /bg'tern) y/‘g‘)(béharge/bérern) ( )
oy ow
Ehul a_w = Esten a_l// (3-96)
é: 4 _)(béharge /BSter )7 é: £ —>(b£,,a,.ge /Bbiorn )+
w(£E—0)=0 (3-97)
v =0 (3-98)
v=tx/2

Equations (3-91) - (3-98) are solved numerically using the finite difference technique. Let the
number of grid points along the v axis be denoted by »,, and the number of grid points along the
¢ axis in the Stern layer and the bulk solution be denoted by Ny, and Ny, respectively. Let the

indices j and % denote grid points along the £ and v axes, respectively. As a result, j =1, j =
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Ny and j = N = Ny + Niiern — 1 correspond to £=0, E=b,,,.. / b, » and & = 1, respectively,

while k=1 and k£ = N, correspond to v = -7/2 and v = /2, respectively.

Using a second-order central difference approach, the derivatives that appear in Egs.

(3-91) and (3-92) can be approximated as follows:

azl,; Viaa TV _2';Vj,k . 8!/_/ Wiak YV ax (3-99)
= c : = -

852 B (Af) aé: Iy 2A§

azl,; Vi TV~ v, 8!/_/ _ Yk TV e (3-100)
o’ (Av)’ T oy 2Av

Jik Jik
The boundary condition in Eq. (3-93) can be written as follows:
Wk =V s ke[2,N,] (3-101)

Using the trapezoidal rule, the integral boundary condition in Eq. (3-94) can be approximated as

follows:

N,-1

+ Z (b + bc/harge CosV, )Av [a—wj
= g

N

(b+ B cosm) (2 [%j
+ (b + bc/’harge COSVy, ) (A%) (%)
NeN,

This can be further simplified by approximating the derivatives using the backward-difference

Nk
' (3-102)
O

2re. kT

Stern

approach. This yields:

3V7 —4;A o +; Y N,-1 31/_/ . _41/_/ - +JA .

{ Nl 225511 N, zIJ(b/bC/harge+cosv1)(A%)+ kz_;{ Nk zzzék Y (b/bv/hm,ge+cosvk)Av
3l/_/N,;,N\. _4l/_/N,571,NV + ‘/71\/ -2,N, A 0O.e

+[ ZAé: g ](b/bc/hayge + CoS VN,, )( %) = 2ﬂkTg;er2bc/harge

(3-103)
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The boundary condition in Eq. (3-95) is automatically satisfied since the Stern surface is
characterized by a single value of j (M), and consequently, the electric potential satisfies the
continuity condition. The boundary condition in Eq. (3-96) involves derivatives at the boundary.
Since the central-difference approach is not applicable at the boundary, the backward-difference
and the forward-difference approach are used to approximate the derivatives in Eq. (3-96).

Specifically,

— “Stern

gbu/k {3WNhulkvk B 4l//N/m/k*]»k + WNhuuﬁzvk j =g {_3WNI7UM k + 4l//Nbu//;+1~k B l//N/m/k+2vk ], k c [2’ NV _1]

2AE 2A¢
(3-104)
The boundary condition given in Eq. (3-97) can be written as follows:
v, =0, ke[LN,] (3-105)

Finally, the two boundary conditions in v given in Eq. (3-98) are approximated as follows:

—3(//131 + 4wj,2 ~V i, )
A =0 je [z,N§ —1] (3-106)
31//j,NV _4l//j,Nv71 TV N .
o =0 je[2,N,-1] (3-107)

The corner points, corresponding to (1, 1), (1, NV,), (N 1), and (N, N,) are forced to satisfy Eq.

(3-101) or Eq. (3-105), instead of Eq. (3-106) or Eq. (3-107) , whichever is applicable.

To solve for the electric potential, one needs to determine a set of JM such that the

system of non-linear equations presented above is satisfied. To solve a system of non-linear

equations, an initial guess for the values of 1;].! , heeds to be provided, which in this case is done
by solving the linearised version of the non-linear set of equations. The non-linearity in this
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system of equations stems from the exponential on the right-hand side of Eq. (3-92). Upon
linearising it, one obtains:

v, &b &yl B SNV 0y

4
J o0&* |_/,k (ej b+ C,m,gecosvk) 5§ 5/

] (bc//zzrge )2 ;j’k (3-108)
k

|/k §b+ harge COSV; OV B
The details of the linearization are presented in Section 7.1.13 of the Appendix. The linearised

version of the equation is a lot simpler to solve. However, the initial guess is not the best if l/_/ >1

, because the linearization becomes inaccurate. Using this initial guess, the system of nonlinear
algebraic equations created by using the finite different technique is solved to obtain the surface

electric potential, which is then stored in the interpolation database.

3.6.2 g, of a Biaxial Ellipsoidal Micelle

To calculate g.; for a prolate ellipsoid, the following convenient parameterization was

used:

x=(fsinh&sinveosu, fsinh &sinvsinu, f cosh & cosv)
(3-109)
Sorarge <E<0,0<v <7, and 0<u <27
where surfaces of constant ¢ are confocal ellipsoids centered at the origin and having a focal
length equal to f. Note that £ and f can be expressed in terms of the variables introduced in the
ellipsoidal parameterization described in Eq. (3-20), namely, p, ¢, and r. Specifically, £ and f are

equal to tanh(p/g) and r.(¢* — pH)"?

, respectively. The size and the shape of a prolate ellipsoid
described by Eq. (3-109) are jointly determined by f'and £. For a fixed value of £, a small value of

¢ results in a smaller and elongated ellipsoid. On the other hand, for a given value of £, a smaller

value of fresults in a smaller ellipsoid. However, it should be noted that f'is not a variable here.
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Indeed once the ellipsoidal surface is defined as the micellar charged surface, f and Ceprge are

fixed, and only ¢ (in addition to v and ) varies from & 4. to © to span the entire space.

Note that unlike the parameterization in Eq. (3-20), the parameterization in Eq. (3-109) is
valid only for prolate ellipsoids and not for oblate ellipsoids because the hyperbolic cosine of ¢ is
always greater than the hyperbolic sine of £. Instead, for an oblate ellipsoid, the parameterization

is given by:

)_c:(f'coshf'sinvcosu,f'coshf'sinvsinu,f'sinhf'cosv)

(3-110)
0<&'<0,0<v<r, and 0<u <27

where &' is equal to tanh™(¢/p) and /" is equal to r.(p* — ¢*)"?

. Because the two parameterizations
for prolate ellipsoids and oblate ellipsoids shown in Egs. (3-109) and (3-110) are similar in form,

most of the derivations and analyses presented in this section are for prolate ellipsoids unless

otherwise stated. Note that similar equations can be derived for oblate ellipsoids.

Using Egs. (3-77) - (3-79) for the parameterization in Eq. (3-109), the Laplace and the

gradient operators are given by:

o, - ow) o, oy if(sin2v+sinh2c§)al
86C(fsmhé‘smv8§j+a‘}(fsmh§smvavj+ (

ou sinh &sinv ou
Vi =
f*sinh &sinv(sin® v+ sinh® &)
(3-111)
2'/1994_58'//9 oy
Vy-_— 05 O TR (3-112)

+
1 B -
f (sin2 v+sinh? 5)4 fsinh Esinv
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Details of the derivations of Eq. (3-111) and Eq. (3-112) are provided in Section 7.1.14 of the
Appendix. Note that because the z axis is an axis of symmetry, we do not expect ¥ to depend on

the angle u. Consequently, all the derivatives of y with respect to u are 0.

Before using the Laplace operator to derive the governing equations in the Stern layer
and the bulk region for a prolate ellipsoid, it is necessary to define the Stern surface. Based on
the properties of the Stern layer, the Stern surface is defined by the shortest distance between any
mobile charged species and the charged micelle surface. This enforces the condition that the
Stern layer, that is, the region between the Stern surface and the charged surface is devoid of any
charged species. In the case of a regular shape, for example, in the case of a sphere, the Stern
surface is defined as a sphere concentric to the charged surface with a separation equal to the
sum of the radii of the ion (assuming that they are spherical with the charge located at the center
of the sphere) and the distance of the charge on the surfactant head from the top of the
surfactant.” However, in the case of an ellipsoidal charged surface, a Stern surface defined such
that, at all points, the separation between the Stern surface and the charged surface is equal to the
sum of the radii of the ion and the surfactant head leads to a surface which is no longer an
ellipsoid. Defining such a surface would lead to a complicated analysis to determine the
electrostatic free energy. Therefore, to simplify the analysis, the Stern surface is approximated to

be an ellipsoidal surface which is confocal to the micellar charged surface so that it can be
characterized by a single value of &, denoted as &, . This approximation is shown pictorially in
Figure 3-21, where the solid lines are confocal ellipsoids, the inner one representing the micellar
charged surface and the outer one representing the approximated Stern surface. The dashed line
is the exact Stern surface. Out of the infinitely many ellipsoids that are confocal to the micellar

charged surface, the Stern surface is chosen to be the one which coincides with the exact Stern
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surface at the low curvature points (the x and y axes in this case). Due to this approximation, a

small region of the Stern layer is modeled as being part of the bulk solution (see Figure 3-21).

Actual Stern Surface

Stern Layer

Micelle Core Bulk Solution

Micelle Charged
Surface

The red region should have been part
of'the Stern layer, but is considered
part of the bulk solution

Approximated Stern Surface

Figure 3-21: Schematic showing the difference between the approximated Stern surface and the actual
Stern surface.

Using the above definition of the Stern surface and Eqgs. (2-27), (2-28), and (3-111), the

governing equations inside the Stern layer and in the bulk solution are given by:

O fsinhEsiny Y +a(fsinh§sinv8l//j
2 & o0& ) ov ov
Viy = T - — — =0, (3-113)

f smhésmv(sm v+sinh §)

gcharge < 5 < §Stern and 0<v<rz

2| rsinhgsiny ¥ +a(fsinh§sinval//)
. 0¢ o0& ) ov o) 1 ce
Viy = 3 . . -2 .12 =- ZIi’OZieoexp )|
f smhésmv(sm v+sinh 5) £ S T
é!:Sterngé<coand OSVS;[

(3-114)
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where Esiern and Cenarge denote the Stern surface and the charged surface, respectively.

The following equations generalize the boundary conditions for the partial differential

equations in the case of the prolate ellipsoidal coordinate system:

1. The micellar charged surface is at a constant unknown potential with a total charge of Or.
Specifically,
‘// (§ = é:charge ) = l//charge,unknown (3_1 15)
el
J‘_ charge — Qf (3_1 16)

gStern

4 f(sin®v+sinh® & )%

harge
The differential area element, dA, in the above equation is calculated using the method described

in Section 3.2 to yield:

1
dA = f* sinh &sinv(sin’ v +sinh’ 5)4 dvdu (3-117)

Substituting Eq. (3-117) in Eq. (3-116) yields:

)}
[gg} f*sinh £sin v(sin2 v+sinh? f)é dvdu

¢=2nmn=r ~ Qf
1 =
$=0 7=0 f (sin2 v+sinh® & )A Estern
(3-118)
fzgcharge
= 27 fsinh&,,,, | (a—‘/’] sinpdn =2
v=0 84: E=E targe 8Stern
2. The electric potential at the Stern surface is continuous, that is,
W §‘>(§Stem )+ - l// ‘5"(5&41”1)_ (3_1 19)
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3. Since the Stern surface has no surface charge associated with it, the normal derivatives of

w on both sides of the Stern surface are related as follows:"'

4 B (3-120)
85 §_>(§SM")+ 85 5_)(5&51-”)7

4, The electric potential is 0 at oo, that is,

y(&—>0)=0 (3-121)
5. The gradient of the electric potential with respect to v is 0 near the axis of revolution that
1S,

L5172 (3-122)

ov |,

vl _y (3-123)

ov |,

Similar to the equations for the semi-toroidal rim, y in the above governing equations is

scaled to yield y = (we,)/kT . Additionally, the size variable ¢ is scaled as follows:

— fSinh é:charge _ Sinh é:charge

fsinh¢& sinh &

E = —(%j cosh&d& = {g—] \/1 + (Sinh £ /E)z Iy

sin sinh &,

Wiy |

(3-124)

U

harge
Non-dimensionalising the system of equations (3-113) - (3-115) and (3-118) - (3-123) by

introducing g_y, E, and « yields:
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& sin“v+sinh g,
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V=1 @
i

Ve
E>(sinh &g /5inh Egr )

. Qfeo
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z 27[f gStern COSh é:chargekT

é=1

W‘ga(sinh Eoparge /50 Esion)

a_y/ = gSlem a_l/_/
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Epuik ae—g
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calculation of g..

(3-125)

(3-126)

(3-127)

(3-128)

(3-129)

(3-130)

(3-131)

(3-132)

(3-133)

Equations (3-125) - (3-133) are solved numerically using the finite-difference technique

introduced in Section 3.6.1 to calculate y.;, which is then stored in an interpolation table for the

All the governing equations [analogous to Egs. (3-125) - (3-133)] for an oblate ellipsoid

are listed below:
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W‘z:'e(cosh;’,,m,ge/coshééw)' W‘é'a(coshééha,ge/coshéém)+

oy

oy
= 85tern __,
¢

Epuik af_'

E‘—)(cosh dha,.ge /cosh §§mm )7 ?—)(cosh §[ha,ge /cosh §ém.,, )+

J@1+®=0
oy
o
oy
v

V=T

1
2
ZII',OZI'

by the solution to the above set of equations can then be used to calculated g..

(3-134)

(3-135)

(3-136)

(3-137)

(3-138)

(3-139)

(3-140)

(3-141)

(3-142)

The method used to solve the system of equations generated using the finite-difference scheme

described above is identical to those discussed in Section 3.6.1. The interpolation table created

The charging free energy is the final free-energy contribution that is affected by the
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free energy of micellization can be obtained by adding the curvature-corrected expressions for
the various free energies presented in Sections 3.3 - 3.6. Following the model development of the
different free-energy contributions, the curvature-corrected model for discoidal micelles is
compared with the model developed by Srinivasan and Blankschtein in Section 3.7. Finally, in
the final section of Chapter 3, the curvature-corrected model for biaxial ellipsoidal micelles is
used to evaluate their feasibility as micelle shapes, a topic of controversy in the literature of

micelle shapes.

3.7 Curvature-Corrected Model for Discoidal Micelles

The free energy of micellization, g, consists of various free-energy contributions
discussed in Chapter 2 (see Eq. (2-6)). These include the transfer free energy, g, the interfacial
free energy, g, the packing free energy, g .., the steric free energy, gy, the electrostatic free
energy, Zeec, and the mixing free energy, gmi. Of these free energies, i, Qpack, Lst» ANA Geree
depend on the curvature of the micelle shape. Curvature-corrected models for these free-energy
contributions were presented in Sections 3.3 - 3.6 for the discoidal micelle shape. These models
are significantly more complicated, and therefore, more difficult to implement than the molecular
model developed by Srinivasan and Blankschtein.”® Therefore, in this section, the free-energy
contributions calculated using the two models are compared to ascertain in which cases it is

essential to model discoidal micelles using the curvature-corrected model.

3.7.1 Interfacial Free Energy

Figure 3-22 compares g;,, for discoidal micelles with aggregation numbers varying
between 6 and 60 formed by cesium perfluorooctanoate, calculated based on the curvature-

corrected (CC) model and the Srinivasan and Blankschtein (SB) model.”® Note that an upper
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limit of 60 was chosen on the aggregation number because the predicted concentration of
aggregates having an aggregation number higher than 60 was found to be negligible. Moreover,
the weight-average aggregation number reported by lijima et al. is about 50 at a surfactant
concentration of 65 mM.> Note that for the purpose of generating the plots presented in this
section, the surfactant monomer concentration was fixed at 25 mM, which is close to the CMC of
cesium perfluorooctanoate.”’ In addition, note that the monomer concentration affects solely the

calculation of g, and not of gins, Zpack, and gy
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£ o 2w o
(e} (e} (e} (e} (e

@

N
(e}
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0.0 2.0 4.0 6.0 8.0 10.0 12.0 14.0

2,,/kT (CC Model)

Figure 3-22: Comparison of g;,, for cesium perfluorooctanoate calculated using the curvature-corrected
(CC) model and the Srinivasan and Blankschtein (SB) model

All the points shown in Figure 3-22 lie above the 45° line, indicating that g;,, calculated
using the SB model is systematically higher than g;, calculated using the CC model. In both
models, g, is high when b or b' take small values. This follows because small values of b and »'

result in high values of the curvature, which increases g;,. This point was also discussed in
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Section 3.3.1. The higher values of g;,, are also associated with higher discrepancies between the
two models, with the average difference between the g;,, values calculated using the two models

being about 0.7 kT.

The key difference between the CC model and the SB model,”™ in the context of the
interfacial free energy, g, 1s that the effect of the position-dependent curvature on the interfacial
tension is incorporated in the former while not in the latter. Indeed, in the discoidal model
developed by Srinivasan and Blankschtein,” the curvature for the semi-toroidal rim, for the
purpose of calculating the curvature-corrected interfacial tension, is assumed to be equal to that
of a cylinder having a radius equal to ' of the semi-toroidal rim. However, the actual curvature
of the semi-toroidal rim is higher than that of the cylinder because a semi-toroidal rim is a bent
cylinder, and the curvature of that shape increases due to the bending action. Accordingly, the
curvature-corrected interfacial tension of a semi-toroidal rim is lower than that of the associated
cylinder, as follows from Eq. (2-12). This results in the overprediction of g;,, based on the SB
model relative to that predicted by the CC model. The difference between the two models
becomes smaller as the bilayer portion of the discoidal micelle becomes larger, that is, as b
increases. This follows because the semi-toroidal rim behaves more like a hemi-cylinder as b

Increases.

3.7.2 Packing Free Energy

Figure 3-23 compares g« for discoidal micelles with aggregation numbers varying
between 6 and 60 formed by cesium perfluorooctanoate, calculated based on the CC model and
the SB model.”® The points shown in Figure 3-23 lie predominantly below the 45° line,
indicating that g,.. calculated using the SB model is typically lower than g, calculated using

the CC model.
121



3.0

28 F
26
24 °
S22 e
wn 20 F

odel)

B
L)

1.8 r

gpack/kT (

1.6 r
14 r
1.2

1'0 L L L L L L L L L
1.0 12 14 16 18 20 22 24 26 28 3.0

Zpaci! kT (CC Model)

Figure 3-23: Comparison of g, for cesium perfluorooctanoate calculated using the CC model and the
SB model

In both models, g,k 1s high when b' takes on very small, or very large, values. When b' is
very small, the high curvature of the disc results in high values of the packing free energy, while
when b' is very high, the inability to pack the center of the bilayer portion of the disc results in
high values of g,u. This was discussed in more detail in Section 3.4.1. On average, the
difference between the g,. values calculated using the two models is 0.09 kT, which is about
atenth of the average difference found in the case of g, Note that Srinivasan and Blankschtein
approximated the packing of the semi-toroidal rim of a disc as that corresponding to the packing
of a cylinder.”® Since this approximation does not account for the increase in volume or for the
change in curvature due to the bending of the cylinder, it cannot be compared with the disc
model for g,..x developed in Section 3.4.1. As a result, it is not possible to precisely determine

the cause of the lower g, values predicted by the SB model relative to the CC model.
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3.7.3 Steric Free Energy

Figure 3-24 compares g, for discoidal micelles with aggregation numbers varying
between 6 and 60 formed by cesium perfluorooctanoate, calculated based on the CC model and
the SB model.”® All the points shown in Figure 3-24 lie systematically below the 45° line, which
indicates that g, calculated using the SB model is systematically lower than g, calculated using
the CC model. In both models, g, is low when b' is small. This follows because small values of
b' result in high values of the curvature, which reduces gy. This point was also discussed in
Section 3.5.1. The average difference between the g, values calculated using the two models is
about 0.02 kT, which is an order of magnitude lower than the average difference found in the
calculation of g;,.. The magnitude of the difference is smaller because g, is typically lower than

Zint, as can be seen by comparing Figure 3-22 and Figure 3-24.
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Figure 3-24: Comparison of g, for cesium perfluorooctanoate calculated using the CC Model and the SB
model
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The systematic difference between the CC model and the SB model, in the context of g,
may result because of the different averaging techniques used to calculate the average steric free
energy per molecule in both models. Indeed, in the SB model, the area per molecule is averaged,
and then it is used in Eq. (2-24) to yield the average steric free energy per molecule.”® This
corresponds to taking the negative logarithm of an average quantity. On the other hand, in the
CC model, the local steric free energy per molecule is averaged to yield the average steric free
energy per molecule. This corresponds to taking an average of negative logarithmic terms. One
can show that the average of logarithmic terms is smaller than the logarithm of the average of the

terms. Specifically (see Section 7.1.15 of the Appendix),

(In(x,))<In(x)=—(In(x,)) = ~In(x,) (3-143)
Equation (3-143) explains the systematic discrepancy between the SB model and the CC model

for discs.

3.7.4 Charging Free Energy

Figure 3-25 compares g., for discoidal micelles with aggregation numbers varying
between 6 and 60 formed by cesium perfluorooctanoate, calculated based on the CC model and
the SB model.”® Note that g.;, depends on the shape of the micelle, as described in Section 2.3
and Section 3.6. Note also that the surfactant monomer concentration is about 25 mM, which is
close to the CMC of cesium perfluorooctanoate. The points shown in Figure 3-25 lie
predominantly above the 45° line, which indicates that g., calculated using the SB model is
typically higher than g.; calculated using the CC model. In both models, g, is higher when the
degree of counterion binding, f,, is lower, because a small g, implies a higher effective charge

on the micelle, thereby leading to a high value of g.,. On average, the difference between the g,
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Figure 3-25: Comparison of g, for cesium perfluorooctanoate calculated using the CC model and the SB
model

values calculated using the two models is about 1.4 kT, which is of the same order of magnitude
as the difference found in the calculated g;,,. Note that in the SB model, g., corresponding to the
semi-toroidal rim of a disc is calculated by simply replacing the surface area per molecule at the
micellar charged surface and at the Stern surface, acparee and aser, respectively, in Egs. (2-32)
and (2-34) for cylinders, by the average area per molecule for a semi-toroidal rim. As a result,

itis not simple to understand the origin of the significant discrepancy between the two models.

3.7.5 Miicellization Free Energy

Based on the results presented in Sections 3.7.1 and 3.7.4, it follows that the major
differences in the free energy of micellization calculated using the SB model*® and the CC model

for discs results from the differences in gj, and g..... Recall that the differences in g,..« and g, are
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Figure 3-26: Comparison of g,;. for cesium perfluorooctanoate calculated using the CC model and the SB
model

an order of magnitude lower than those in g;,, and g.... Moreover, since the SB model yields a
higher value than the CC model for both g;,; and g, it follows that g,,;. calculated using the SB
model is higher than g, calculated using the CC model. This finding is clearly shown in Figure
3-26, which compares g, for discoidal micelles with aggregation numbers varying between 6
and 60 formed by cesium perfluorooctanoate, calculated based on the CC model and the SB
model. Figure 3-26 shows that all the points lie above the 45° line, indicating that g,,;. calculated
using the SB model is higher than g, calculated using the CC model. On average, the difference
between the g, values calculated using the two models is 2.1 kT, which represents a significant
deviation. This clearly shows that the approximations underlying the SB model severely affect
the calculation of g,;.. In addition, because g, predicted by the CC model is lower than g,

predicted by the SB model, the CR model favors the formation of discs more than the SB model.
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3.8 Feasibility of Biaxial Ellipsoidal Micelles

In the literature on micelle shapes, there has been some controversy about the shape of
globular micelles. Many experimental studies claim that some surfactants under certain solution
conditions form ellipsoidal micelles. For example, for an aqueous solution of the nonionic
surfactant n-dodecyl octaethylene glycol monoether, Tanford et al. compared the experimental
viscosities and the experimental Stokes radii obtained from sedimentation velocity measurements
to their respective theoretical predictions, and concluded that the micelles are oblate ellipsoidal
(disk like) in shape.®’ Kawaguchi et al. utilized X-ray scattering to show that nonionic short-
chain fatty acid sucrose monoester surfactants (C,SE; n = 10, 12, and 14) form oblate ellipsoidal
micelles in aqueous solution.”® Recently, experimental techniques like small-angle X-ray
scattering and small-angle neutron scattering have been widely used to probe the structure of
micelles.”” For example, using small-angle X-ray scattering, Caetano et al. showed that the
anionic surfactant sodium dodecyl sulfate in the presence of small amounts of chlorpromazine (a
clinical antipsychotic drug) forms prolate ellipsoidal micelles in aqueous solution.”® Sarkar et al.
showed that nonionic alkyl-propoxy-ethoxylate surfactants in the presence of alcohol cosolvents
form oblate ellipsoidal micelles in aqueous solution.”* However, contrary to these experimental
studies, several theoretical studies have refuted the premise that ellipsoids can be feasible micelle
shapes. The most noteworthy of these studies is the seminal work of Israelachvili et al.*’ In
response to the theoretical work of Tartar®* and Tanford®® where they studied the formation of
ellipsoidal micelles once the surfactant molecules can no longer pack into spherical micelles,
Israelachvili et al. invoked their packing criterion to claim that an ellipsoid cannot be an
optimum micelle shape. They showed that, for an ellipsoidal micelle, the surface area per

surfactant molecule varies throughout the micelle surface, and is therefore different from the
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optimal surface area per surfactant molecule almost everywhere. As a result, from a free-energy
viewpoint, an ellipsoidal shape can never be the optimal shape.” Subsequently, other authors
also rejected the ellipsoid as a feasible micelle shape. In particular, Leibner and Jacobus claimed
that ionic surfactants prefer to micellize in shapes with higher surface area per molecule in the
head region. As a result, the spherocylinder shape is superior to the ellipsoid shape because
spherocylinders have a higher surface area per molecule than those of prolate or oblate
ellipsoids.®® In another study, Taddei rejected the ellipsoidal shape based on the fact that
ellipsoids have regions with high curvature (the polar region in a prolate ellipsoid and the
equatorial region in an oblate ellipsoid), which will prevent the surfactant molecules from

packing efficiently.””*®

Among the few studies on the theoretical modeling of the formation of ellipsoidal
micelles, the most comprehensive one was undertaken by Halle et al. These authors calculated
the free-energy change associated with the shape fluctuations of a spherical micelle that leads to
the formation of an ellipsoidal micelle. Specifically, they accounted for the effect of the position-
dependent curvature of the ellipsoidal shape on the free energy of micelle formation.” While
their theoretical development of the electrostatic free energy of deformation was very thorough,
Halle et al. did not account for the free-energy contributions arising from: (i) the loss of
conformational degrees of freedom of the surfactant tails in the micelle core, (ii) the steric
interactions between the head groups of the surfactants, and (iii) the curvature dependence of the
interfacial tension associated with the interfacial free energy of deformation.®” Using their model,
Halle et al. showed that under certain conditions, both prolate and oblate ellipsoidal micelles can
exist in aqueous solution. However, in their analysis, the authors only considered prolate

ellipsoids, oblate ellipsoids, and spheres, as possible shapes, leaving out cylinders and bilayers.
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A few other studies on the structure of micelles include a molecular-thermodynamic
model by Nagarajan and Ruckenstein'®, and a model based on shape fluctuations by Borkovec.*”®
In both of these studies, the position-dependent curvature was not explicitly accounted for in the
free-energy calculations. Instead, average geometrical properties of the ellipsoidal shape were
used. As it has been shown in Sections 3.3.2 and 3.5.2, as well as for discs in Section 3.7, not
explicitly accounting for the position-dependent curvature of micelle shapes can result in
significant discrepancies in the calculation of the free energy of micellization. Based on the
limitations of past modeling work on ellipsoidal micelles, it is clear that a rigorous theoretical
study on ellipsoidal micelles that incorporates the effect of the position-dependent curvature on
the free energy of micelle formation has not been undertaken to evaluate the feasibility of
forming ellipsoidal micelles relative to other commonly-formed micelle shapes, including
spheres, spherocylinders, and discs. Therefore, using the curvature-corrected model developed
for biaxial ellipsoidal micelles (see Sections 3.3.2, 3.4.2, 3.5.2, and 3.6.2), we next evaluate the

feasibility of biaxial ellipsoids as a micelle shape.

3.8.1 Shape Distribution of Micelles for Different Nonionic Surfactants

To evaluate the feasibility of forming biaxial ellipsoidal micelles, the shape distribution
of micelles formed by a 6-carbon fluorocarbon-based nonionic surfactant having a head area of
60 A% at its CMC, was predicted under two different scenarios. In the first scenario, it was
assumed that micelles can exist in only three shapes, namely, spheres, spherocylinders (finite
cylinders with hemi-spherical end caps having the same radius as the cylinder), and discs (finite
bilayers with semi-toroidal rims modeled using the Srinivasan and Blankschtein model*®). In the
second scenario, it was assumed that micelles can exist in five shapes, namely, spheres,

spherocylinders, discs, prolate ellipsoids, and oblate ellipsoids. The shape distribution
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corresponding to each of the scenarios was predicted by calculating the total number of
surfactant molecules forming micelles of a particular shape using Eq. (2-5). The number of
surfactant molecules forming a particular micelle of aggregation number, n, is given by
nX,(Ny+Ns). Note that the curvature-corrected model is only used for the biaxial ellipsoids and
not for discs to clearly differentiate between models in which the effect of curvature has been

explicitly incorporated (the CC model) and those in which it has not (the SB model).

The shape distributions corresponding to the two scenarios are shown in Figure 3-27 and
Figure 3-28. In the first scenario shown in Figure 3-27, 69% of the surfactant molecules in the

micellar state form spherocylindrical micelles, while the remaining 31% form spherical micelles.

The weight-average aspect ratio <AR>W of the cylindrical micelles is 4.3, while that of the entire

micellar solution (including cylindrical and spherical micelles) is 3.2. Here, the aspect ratio of a
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Figure 3-27: Shape distribution of micelles corresponding to the scenario where they can adopt spherical,
spherocylindrical, and discoidal shapes.
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cylinder is defined as (h+2r)/2r, where 4 is the height of the cylinder and 7 is the radius of the
cylinder. The aspect ratio for a sphere is 1. The weight average of the aspect ratio is calculated
using the following expression:

D AR-nX,

(R}, =5 (3-144)

n>1

In the second scenario (Figure 3-28), in which the formation of ellipsoidal micelles was
allowed, 84% of the surfactant molecules in the micellar state form oblate ellipsoidal micelles,
15% form prolate ellipsoidal micelles, and only 1% of the surfactant molecules in the micellar
state form spherical, spherocylindrical, and discoidal micelles. Contrary to claims made in

57, 58, 63, 66

several theoretical studies, this result clearly suggests that, in the context of our

theoretical framework, ellipsoidal micelles are indeed feasible micelle shapes when compared
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Figure 3-28: Shape distribution of micelles corresponding to the scenario where they can adopt spherical,
spherocylindrical, discoidal, prolate ellipsoidal, and oblate ellipsoidal shapes.
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with spheres, spherocylinders, and discs. The average aspect ratio of the micelles is 1.23,

which suggests that the micelles are globular and not very elongated.

Of all the five shapes considered, we found that an infinite cylinder of radius 8.54 A has
the lowest free energy of micellization (-8.81 kT). The next lowest free energy of micellization
of (-8.54 kT) corresponds to an oblate ellipsoidal micelle of aggregation number 21 having a
semi minor axis-length equal to 9.14 A. This observation, along with the results shown in Figure
3-28, indicates that in spite of having a higher micellization free energy, the oblate ellipsoidal
shape is the preferred one. This can be attributed to two factors. First, in practice, only finite-size
micelles can exist in solution, and in this case, the free energy associated with forming the
spherical end caps of a spherocylindrical micelle is significantly higher than that associated with
forming the cylindrical portion. As a result, shorter spherocylinders have a much higher
micellization free energy than longer spherocylinders. Second, the entropic penalty associated
with localizing n surfactant monomers to form a surfactant micelle of aggregation number 7 is
not included in the definition of the free energy of micellization introduced in Eq. (2-6). Instead,
it is included when calculating the concentration of micelles using Eq. (2-5). This entropic
penalty is smallest for small micelles, and increases as the micelle aggregation number increases.
As a result, at low concentrations, when fewer surfactant molecules are available to form
micelles, smaller micelles are preferred. Due to these two reasons, in the case considered above,
oblate ellipsoids are the preferred shape in spite of having a higher free energy of micellization
relative to an infinite cylindrical micelle. However, it should be noted that it is not impossible for
an ellipsoidal micelle to have a free energy of micellization which is lower than those
corresponding to the three regular shapes. In fact, for certain surfactants, it has been observed

that an oblate ellipsoidal shape has a lower free energy of micellization that that of a spherical,
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infinite cylindrical, or infinite bilayer micelle. Therefore, although the free energy of
micellization per molecule varies with position for ellipsoidal micelles, its average value can still

be sufficiently low to make it the preferred micelle shape.

Next, the shape distribution of micelles was compared when the various molecular
descriptors of the surfactant are changed by varying: (i) the tail length of the surfactant (by
changing the number of carbon atoms in the surfactant tail), (ii) the surfactant head area, and (iii)
the chemistry of the surfactant tail. Figure 3-29 shows the shape distribution of micelles at the
CMC for a series of fluorocarbon-based surfactants having a head area of 60.0 Az, and 5, 6, and
7 carbon atoms in the tail. The figure shows no discernible difference between the shape
distributions of micelles for the three different surfactants considered. The weight-average aspect

ratio does not show a lot of variation either, with values between 1.23 and 1.27 for the three
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Figure 3-29: Shape distribution of micelles at the CMC for a series of fluorocarbon-based surfactants
having different numbers of carbon atoms in the tail. Color Code: Green — 5-carbon fluorocarbon tail,
Blue — 6-carbon fluorocarbon tail, and Red — 7-carbon fluorocarbon tail.
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surfactants considered. This follows because with an increase in the number of carbon atoms in
the tail of the fluorocarbon-based surfactant, not only does the volume of the surfactant tail
increase, but also the length of the semi-minor axis of the ellipsoidal micelle increases. These
two factors offset each other’s effect, leading to shape distributions that are very similar for the

three different surfactants considered.

Figure 3-30 shows the effect of the head area on the shape distribution of micelles at the
surfactant CMC. Specifically, the figure shows the shape distribution of micelles at the CMC for
three fluorocarbon-based surfactants with a 6-carbon fluorocarbon tail having head areas of 50.0
A%, 60.0 A%, and 70.0 A% Figure 3-30 shows that as the head area increases, the fraction of
surfactant molecules in the micellar state that form oblate ellipsoidal micelles decreases from
95% to 72%, while that for prolate ellipsoidal micelles increases from 4% to 27%. In addition,

the calculated weight-average aspect ratio decreases from 1.42 to 1.15, i.e., the micelles become
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Figure 3-30: Shape distribution of micelles at the CMC for a series of 6-carbon fluorocarbon-based
surfactants having different head areas. Color Code: Green — 50.0 A%, Blue — 60.0 A%, and Red — 70.0 A”.
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increasingly globular. For this set of surfactants, the length of the surfactant tail remains the
same. As a result, the semi-minor axis length of the micelle also remains the same (at about 90-
100% of the surfactant tail length). However, the head area increases. Consequently, the steric
repulsions between the heads increase, leading to a more globular-shaped micelle which has a
higher surface area-to-volume ratio. Note that the increase in the contribution of the prolate
ellipsoidal shape is also due to the same reason, since for the same semi-minor axis length and

aspect ratio, a prolate ellipsoid has a higher surface area per molecule than an oblate ellipsoid.

Finally, Figure 3-31 compares the shape distribution of micelles formed by a 6-carbon
fluorocarbon-based surfactant and a 6-carbon hydrocarbon-based surfactant having the same
head area of 50 A”. For the fluorocarbon-based surfactant, 95% of the surfactant molecules in the
micellar state form oblate ellipsoidal micelles. On the other hand, for the hydrocarbon-based

surfactant, about 63%, 17%, and 20% of the surfactant molecules in the micellar state form
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Figure 3-31: Shape distribution of micelles at the CMC for a 6-carbon fluorocarbon-based surfactant
(Green), and a 6-carbon hydrocarbon-based surfactant (Blue), both having a head area of 50.0 A”.
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oblate ellipsoidal, prolate ellipsoidal, and spherical micelles, respectively. The calculated weight-
average aspect ratio for the fluorocarbon-based surfactant micelles is 1.42, while that for the
hydrocarbon-based surfactant micelles is 1.12. These results can be explained on the basis of the
volume of the two surfactant tails. Since the fluorocarbon tail is bulkier than the hydrocarbon tail
(see Section (2-18) and (2-19)), the fluorocarbon-based surfactant prefers to micellize in a shape
having a higher volume-to-surface area ratio. Since an oblate ellipsoidal shape has a higher
volume-to-surface area ratio, the fluorocarbon-based surfactant prefers to micellize in this shape
more than its hydrocarbon counterpart. In addition, for the same semi-minor axis length, an
elongated ellipsoidal shape has a higher volume-to-surface area ratio. Therefore, the
fluorocarbon-based surfactant prefers to form elongated micelles relative to the hydrocarbon-

based surfactant.

Finally, based on the results presented in Figures 3-28 — 3-31, it follows that for the set of
surfactants considered here, out of the two biaxial ellipsoidal shapes, oblate ellipsoids are
preferred over prolate ellipsoids. This follows because at a semi-minor axis length of 95% of the
surfactant tail length (which is the preferred value), the oblate ellipsoidal shape is the preferred
shape from an interfacial free-energy viewpoint, while the prolate ellipsoidal shape is the
preferred shape from the steric free-energy viewpoint (the packing free energies are not very
different for the two shapes). However, the difference in the interfacial free energies of the two
shapes is much higher than the difference in the steric free energies. As a result, the shape with
the lower interfacial free energy, the oblate ellipsoidal shape in this case, becomes the preferred
micelle shape. Note that with an increase in the head area, the difference in the steric free
energies of the two ellipsoidal shapes becomes increasingly significant, and this can lead to a

change in the preferred shape from an oblate ellipsoidal to a sphere/prolate ellipsoidal shape.
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Furthermore, if the surfactants are ionic, there would be an additional electrostatic free-energy
penalty, which may have a larger effect on the micelle shape distribution than that of the steric

free energy.

3.9 Conclusions

In summary, in this chapter, an MT model was developed for discoidal and biaxial
ellipsoidal micelles, which are both important micelle shapes in the context of fluorocarbon-
based surfactants. The model incorporated the effect of the position-dependent curvature on the
various free-energy contributions to the free energy of micellization. The model for discoidal
micelles was compared with a previous model for discoidal micelles that did not incorporate the
effect of the position-dependent curvature on the free energy of micellization.”® The comparison
showed that it is imperative to explicitly incorporate the effect of the varying curvature,
especially in the case of the interfacial free energy and the electrostatic free energy, to yield
accurate results. In the context of biaxial ellipsoidal micelles, the model was used to show that
the biaxial ellipsoidal shape is indeed a feasible micelle shape, a conclusion that was previously

challenged in several theoretical studies.’”** %% %

In the next chapter, I discuss modeling the micellization behavior of mixtures of
surfactants, where a new Computer-Simulation-Molecular-Thermodynamic (CSMT) framework
is presented to model such mixtures. The CSMT framework is particularly useful for mixtures of
surfactants having a complex chemical structure, which are therefore, not amenable to traditional

MT modeling.
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Chapter 4
Modeling the Micellization Behavior of
Binary Mixtures of Fluorocarbon-Based

Surfactants

4.1 Introduction

In most industrial applications, a surfactant formulation consists of several surfactants
mixed together. These mixtures can form as a result of the synthesis process in which various,
difficult to separate, homologous surfactants are produced, and therefore, yield an impure end
product.” However, multiple surfactants are often deliberately mixed to improve the performance

%7 For example, nonionic alkyl ethoxylate

characteristics of a surfactant formulation.
surfactants are often added in surfactant formulations because they have better tolerance towards

hard water and have a low foaming tendency.®’

The choice of a particular surfactant mixture formulation is made based on the desired

solution properties, including the mixture critical micelle concentration (CMC), and the mixed-
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micelle shape, size, and composition. As a result, the formulator is faced with the challenging
task of choosing the most appropriate mixture of surfactants from a broad class of available
surfactants that range from simple linear surfactants to complex branched or aromatic
surfactants. Several models have been developed to gain a theoretical understanding of the
behavior of the CMCs of mixtures of surfactants. Most of these models are based on the
pseudophase approximation, and include Clint’s ideal solution model,”" Holland and Rubingh’s
regular solution model,”” Hao et al.’s two-parameter Margules model,”” and Georgiev’s two-
parameter Markov chain model.”* Use of all these models require knowledge of the CMCs of the
constituent surfactants, as well as of other experimental results to estimate the values of the
various parameters used in the models. Recently, models based on Monte Carlo simulations have

5-79 .
7 However, these models also require

also been developed to describe mixed micellization.
knowledge of parameters that quantify the interactions between the different heads and tails of
the surfactants comprising the mixture. This limitation is mitigated in the molecular-

thermodynamic (MT) approaches developed to model the micellization of surfactant mixtures.**

84

Due to recent advances in computational capabilities, molecular dynamics (MD)
simulations have become an attractive tool to study micellar properties.”” Although MD
simulations can certainly be utilized to obtain molecular-level details about the micellization
process,”™ their use is currently limited by constraints on the system size (of the order of
nanometers) and on the time scales (of the order of nanoseconds). Micellization properties like
CMCs are not easy to calculate using all-atomistic simulations alone, and therefore, several

indirect methods have been used to calculate such micellization properties.'> * %4
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Notably, in spite of the extensive practical use of mixtures of surfactants, a very small
fraction of the simulation studies available in the literature focus on mixed micellization. For
example, Yakovlev et al. used MD simulations to determine the change in micelle shape as a
function of the composition of a mixed micelle containing an anionic and a cationic surfactant.”
More recently, Ferreira et al. published a study in which they probed the interactions between the
tails of homologous surfactants forming a mixed micelle.”® Stephenson et al. used an alchemical
computer simulation method to calculate the free-energy change associated with varying the
composition of a mixed micelle, which can in turn be correlated to the change in the mixture
CMC.” The major limitation of the method developed by Stephenson et al.”” is that it does not
yield realistic predictions for binary surfactant mixtures in which the two surfactant components

possess very different chemical structures.”®

In this chapter, we develop a model that may be used to predict micellization properties
of mixtures of surfactants by incorporating structural details obtained using all-atomistic MD
simulations of micelles and monomers into the well-established molecular-thermodynamic
framework introduced in Chapter 2 for mixed surfactant micellization.*" ° The model is based
on the computer simulation—molecular-thermodynamic (CSMT) framework developed by

4.4 The theoretical

Stephenson et al. for single surfactants which was discussed in Section 2.
basis of the mixture CSMT framework is presented in Section 4.2. Additionally, the challenges
associated with the practical implementation of the mixture CSMT framework are addressed by
formulating a simpler mixture CSMT model based on a composition-weighted average approach
involving single-component micelle simulations of the mixture constituents. The molecular

dynamics simulation protocol followed in the study is discussed in Section 4.3 followed by a

discussion of results in Sections 4.4 and 4.5. Specifically, a comparison between the mixture
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CSMT model and the simpler mixture CSMT model is presented in Sections 4.4 and a
comparison between the CMCs predicted using the mixture CSMT model and the experimental

CMC values is presented in Section 4.5.

4.2 CSMT Framework for Surfactant Mixtures

In order to extend the CSMT framework to surfactant mixtures, expressions analogous to

Egs. (2-37) and (2-39) for a simulated mixed micelle containing N; molecules of surfactant j

need to be derived. To this end, we first derive expressions for the extensive free energies of
dehydration and hydration, Genyar and Gyyar, respectively, to include the contributions from all
the constituents of the simulated mixed micelle. This is done by adding up the free-energy
contributions of the various surfactant molecules comprising the simulated mixed micelle. The
resulting expressions for Guena- and Gjye are subsequently divided by the total aggregation
number of the mixed micelle to obtain guens- and gpa- for the simulated mixed micelle.

Specifically,
Gdehydr = Z N]'gdehydr,j = Z Nj Z(l - -f;]- )gtr,j/ (4-1)
J J i

ZNjZ(l_f’}' )g’r’ff
Eaehyar = - ljz N, = ZajZ(l —fij )gtr,ij (4-2)

J L

where o; is the composition of surfactant j in the simulated mixed micelle, and the index, i,
denotes group i in surfactant j. Note that a,; introduced in Eq. (2-5) is identical to ¢; introduced

in Eq. (4-2) where the subscript 7, denoting the aggregation number, has been omitted for clarity.

Analogous expressions can be derived for Gyy4 and gpyq-. Specifically,
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j
where ¢; denotes the groups in surfactant j that reside in the micelle core. Substituting Eqs. (4-2)

and (4-4) in Eq. (2-40) yields g, csur for a mixed micelle.

Equations (4-2) and (4-4) clearly show that g csyr for a mixed micelle depends on the
composition of the simulated mixed micelle. Because one has no a priori knowledge of the
composition of the mixed micelle that exists in solution, one does not know the composition at
which the mixed micelle should be simulated. As a result, the implementation of the above
model for g, csyr would require knowledge of g csyr as a function of the micelle composition.
This, in turn, would require carrying out mixed-micelle simulations at compositions spanning the
entire composition range, which is computationally very expensive. To facilitate implementation
of the CSMT model for mixtures of surfactants, a simplified mixture CSMT model is proposed
in which g csyr of a simulated mixed micelle is estimated using a composition-weighted
average of the g, csyr values of the individual surfactants comprising the mixture, which can be

calculated from the single-component micelle simulations. The composition-weighted average

a—-avg

model for g;.csur 1s referred to hereafter as g, 'ov. ,

and for a binary mixture of surfactants, is

given by:

avg _
glr esur = Cu8y csur,a T Xp8y csur. s (4-5)
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where the mixed micelle consists of surfactants 4 and B, a4 and ap are the compositions of 4 and
B in the micelle, respectively, and g, csyr4 and gy, csur s are the g, csyr values calculated using
single-component micelle simulations of surfactants A and B, respectively, using the method
described in Section 2.4. Clearly, if this approximation is valid, it would greatly simplify the
estimation of g;. csyr for mixed micelles. Indeed, such an approximate g, csyr model would only
require carrying out micelle simulations of the individual surfactant components. Therefore, if
the approximate model is valid, once one generates such a library of single surfactant micelle and
monomer simulations, one can then predict the micellization behavior of mixtures of any number

of surfactants available in the library.

To test the range of applicability of the above composition-weighted average model for

a-avg

g, csmuT, cOmparison between g ‘oF

and g, csur calculated from the mixed-micelle simulation

was carried out for various binary surfactant mixtures. The following binary surfactant mixtures
were considered: (i) a set of surfactants having the same head but different tails, (ii) a set of
surfactants having the same tail but different heads, and (iii) a set of ionic and nonionic
surfactants. Note that the binary surfactant mixtures in (i), (ii), and (iii) above were selected to
enable testing the validity of the above approximation by systematically varying the head and tail
regions of the surfactants. This selection allows for the identification of those surfactant mixtures
for which the approximation is valid, including drawing general conclusions about the
applicability of the approximation. Note that the most important difference between the two

models is that a mixed-micelle simulation is required to calculate g,.csyr for the mixed micelle.

a-avg

On the other hand, only single-component micelle simulations are required to calculate g, ¥,

for the mixed micelle.
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4.3 Molecular Dynamics Simulations Protocol

All the simulations reported in this thesis are all-atomistic, explicit solvent simulations
carried out using GROMACS version 4.5.1."% ! The OPLS-AA force field was used for all
parameterizations.'®* '”> Custom parameters from the literature were used in cases for which the
OPLS-AA parameters were missing. Usually, the OPLS-AA parameters were missing for the
head groups of surfactants (for example sulfate head in alkyl sulfates), and for these cases,
parameters available in the literature were used. For the alkyl sulfates and alkyl sulfonates
considered here, the parameters developed by Lopes et al.'™ were used. For the alkyl ethoxylate
heads, parameters developed by Anderson and Wilson were used.'” Finally, parameters
developed by Stephenson et al. were used for the alkyl glucosides.*® Water was modeled using
the SPC/E model for water.'”” The van der Waals interactions were modeled using a 12-6
Lennard-Jones potential with a short cut-off distance of 0.9 nm, and a long-range dispersion

45,107

correction to the energy and the pressure. The Coulombic interactions were modeled using a

47, 107-110

three-dimensional particle-mesh Ewald summation. The temperature of the simulation

107, 111

was maintained at 298.15 K using a velocity-rescaling thermostat, and the pressure was

maintained at | bar using a Berendsen coupling algorithm.'*”-''?

Note that two types of molecular dynamics (MD) simulations need to be carried out to
calculate g, csyr of @ mixed micelle.*® These include an MD simulation for monomers of each of
the surfactants forming the mixed micelle, which are referred to as the monomer simulations, and
an MD simulation of the mixed-micellar aggregate, referred to as the micelle simulation. The
same simulation protocol described above is implemented for both the monomer simulation, in
which a surfactant molecule is simulated in a box of water, and the micelle simulation, in which

a preformed surfactant aggregate is allowed to equilibrate in a box of water. The size of the
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simulation box is chosen such that there would be at least a 2 nm separation between the
surfactant monomer, or micelle, and its periodic image.*® This is done to avoid any interactions
between the surfactant monomer, or micelle, and its periodic image. Note that to ensure this,
results obtained from a micelle simulation of sodium dodecyl sulfate simulated in a cubic box
having an edge length of 5.75 nm were compared with the results obtained from a micelle
simulation in a cubic box having an edge length of 11.50 nm. It was found that the results show

no significant difference.

Instead of allowing the surfactant molecules to self-aggregate, a preformed surfactant
aggregate was used for the micelle simulation because the aggregation process in a fully-
dispersed surfactant solution would require significant computational time to reach equilibrium.
The various steps required to preform the surfactant aggregate include:*’ (1) carrying out
separate MD simulations in vacuum of a single molecule of each of the surfactant species to
build up a library of surfactant configurations,*® (2) randomly placing surfactant molecules from
the library created in step (1), in accordance with the aggregation number of the different
surfactant species, at equidistant locations on a sphere with the surfactant tails pointing towards
the center of the sphere, (3) increasing the size of the sphere in step (2) until there are no
overlaps between the different surfactant molecules, and (4) reducing the size of the sphere by
pushing the surfactant molecules towards the center of the sphere by means of a fictitious force.
This is done until the resulting micellar structure has a sufficiently low void fraction that a
solvent molecule (water in this case) fails an insertion test at some threshold level (typically 90%
yields a dry micelle core). This preformed micelle is then introduced into a box which is
subsequently completely filled with water molecules. The box of water with the preformed

micelle is then simulated sufficiently long (~25 ns), such that rearrangement of the surfactant
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molecules is allowed and equilibration is attained. The simulation is considered to have
equilibrated when the solvent accessible surface area (SASA) has equilibrated, since SASA is
proportional to the degree of hydration, which is the quantity that one is primarily interested in
when utilizing the CSMT framework.*® A representative plot of the variation of SASA during the
course of the simulation of an equimolar mixed micelle of sodium dodecyl sulfate and sodium
dodecyl sulfonate is shown in Figure 4-1 below. The mean value of SASA in the last 20 ns is

42.2 nm?, with a block averaged error of 0.2 nm” which is about 0.5 % of the mean value.
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Figure 4-1: Variation of the normalized SASA of the mixed micelle as a function of time.
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4.4 Comparison between the Mixture CSMT Model and the Composition-

Weighted Average Based Approximate Mixture CSMT Model

a-avg

To evaluate the applicability of using g, ¥/, calculated using the composition-weighted

average based mixture CSMT model in lieu of g, csyr calculated using the mixture CSMT

model, g 5% was compared with g, csur for various binary mixtures of surfactants. The

mixtures of surfactants were chosen such that they satisfy the criteria presented in (i), (i1), and
(ii1) towards the end of Section 4.2, and that there is available experimental critical micelle
concentration (CMC) data for these mixtures to allow comparison with the predicted CMCs.
Because, there is not much experimental CMC data for binary mixtures of fluorocarbon-based
surfactants (to the best of my knowledge, experimental data CMC is available solely for the
binary mixture of lithium perfluorooctanoate and lithium perfluorooctyl sulfonate),'”® binary
mixtures of hydrocarbon-based surfactants were used for this study. The specific binary mixtures
studied include: (1) a set of mixtures of sodium alkyl sulfates (anionic surfactants) having
different number of carbon atoms in the alkyl tail, (2) a set of mixtures of alkyl ammonium
chlorides (cationic surfactants) having different number of carbon atoms in the alkyl tail, (3) a
mixture of sodium dodecyl sulfate (anionic surfactant) with sodium dodecyl sulfonate (anionic
surfactant), (4) a set of mixtures of dodecyl ethoxylates (nonionic surfactants) with different
number of ethoxylate units in the surfactant head, (5) a set of mixtures of dodecyl glucoside
(nonionic surfactant) and dodecyl ethoxylates (nonionic surfactants) with different number of
ethoxylate units in the surfactant head, (6) a set of mixtures of sodium dodecyl sulfate (anionic
surfactant) with alkyl ethoxylates (nonionic surfactants) and alkyl glucosides (nonionic

surfactants), and (7) a set of mixtures of dodecyl ammonium chlorides (cationic surfactants) with
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alkyl ethoxylates (nonionic surfactants) and alkyl glucosides (nonionic surfactants). Surfactant
mixtures (1) — (7) above were selected to isolate the effects of the surfactant head, the surfactant
tail, and the surfactant charge on g, csyr. Specifically, sets (1) and (2) are binary mixtures of
surfactants having the same head but different tails, sets (3), (4), and (5) are binary mixtures of
surfactants having the same tail but different heads, and sets (6) and (7) are binary mixtures of

1onic and nonionic surfactants

a-avg
tr ,CSMT

For all the binary ionic surfactant mixtures considered in (1), (2), and (3) above, g
was found to agree very well with g, csi7. As an illustration, results for binary mixtures

belonging to set (1) above are shown in Figure 4-2. This set includes binary mixtures of sodium

decyl sulfate (C10SUL) and: (a) sodium dodecyl sulfate (C12SUL, red), (b) sodium tetradecyl
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Figure 4-2: Variations of &or.csMT (lines) and g, csur (filled circles) as a function of micelle composition

for a set of binary mixtures of sodium alkyl sulfates.
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sulfate (C14SUL, blue), and (c) sodium hexadecyl sulfate (C16SUL, green). Figure 4-2 shows

a-avg

the variation of g; %%  and g, csur of mixed micelles as a function of the micelle composition.

For the three binary mixtures considered, the filled circles correspond to g csur, and the solid

a-avg

lines correspond to g,/ ‘s . Note that the error bars shown in Figure 4-2 and the other figures

included in this chapter were calculated using a procedure discussed in Section 7.1.16 of the

Appendix.

a—-avg

Figure 4-2 shows that the agreement between g, ‘¥, and g, csyr for the binary mixtures
considered is excellent. A similar conclusion can be drawn from Figure 4-3, which shows the
a—-avg

variations of g7 = and g, csur as a function of micelle composition in a mixed micelle of

C12SUL and sodium dodecyl sulfonate (C12SFN). Note that, relative to Figure 4-2:, the error
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Figure 4-3: Variations of &er.omr (lines) and g, csyr (filled circles) as a function of micelle composition
for a binary mixture of sodium dodecyl sulfate (C12SUL) and sodium dodecyl sulfonate (C12SFN).
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bars in Figure 4-3 appear to be very large. However, this is not the case, because the range of the
y-axis in Figure 4-3 is only 0.6 k7, while that of the y-axis in Figure 4-2: is 9 k7. Accordingly,

the errors in both figures are actually of the same order of magnitude.

a-avg

Figure 4-4 shows the variations of g ¥, and g,csur as a function of micelle

composition for a set of binary mixtures of dodecyl ethoxylates (set (4) above). This set includes
binary mixtures of tetracthylene glycol monododecyl ether (C12E4) and: (a) hexaethylene glycol
monododecyl ether (C12E6, red), (b) octacthylene glycol monododecyl ether (C12ES, blue), and
(c) decaethylene glycol monododecyl ether (C12E10, green). Figure 4-4 shows that, unlike the

ionic surfactant mixtures considered in Figures 4-2 and 4-3, for the binary mixtures of the alkyl
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Figure 4-4: Variations of &or.omr (lines) and g, csyr (filled circles) as a function of micelle composition

for a set of binary mixtures of dodecyl ethoxylates.
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ethoxylates considered, g and g, csyr do not agree well with each other. Instead, o csur is

systematically higher than g, csur.

Another important conclusion that can be drawn from Figure 4-4 is that although the four
alkyl ethoxylates considered here (C12E4, C12E6, C12ES8, and C12E10) have the same dodecyl
tail, their g, csyr values are not the same. This can be seen from the points corresponding to a
micelle composition of 0 and 1 in Figure 4-4. Specifically, g,.csur of the four surfactants
decreases as the number of ethoxylate units in the surfactant head increases. The increase in the
number of ethoxylate units makes the surfactant head increasingly flexible which, in turn, allows
the ethoxylate head to more effectively shield the micelle core from contact with water. Since the
micelle core is hydrophobic, its contact with water is not favorable from a free-energy viewpoint.
As a result, better shielding of the micelle core from water leads to a lower g, csyr value. This
interesting finding is also reflected in the variation of the degree of hydration, f;, defined in Eq.
(2-38), of the 12-carbon surfactant tails for the four dodecyl ethoxylate surfactants considered
(see Figure 4-5). Note that group 1 corresponds to the terminal methyl group in the 12-carbon
surfactant tail, and group 12 corresponds to the methylene group adjacent to the ethoxylate head.
Examination of Figure 4-5 reveals that as the number of ethoxylate units in the head region
increases, the micelle core becomes more dehydrated, as reflected by the lower f; values. This
reduction in hydration of the micelle core in turn results in the observed decrease of g, csur with
increasing ethoxylate head length reported in Figure 4-4. Continuing with the binary mixtures of
dodecyl ethoxylates, consider the binary mixture of C12E4 and C12E10. Because C12E10 has a
more flexible head than C12E4, the E10 head can shield the micelle core more effectively than
the E4 head. Due to the presence of the E10 head in the mixed micelle, the f; values of the groups

in the dodecyl tail of C12E4 are lower in the (C12E4+C12E10) mixed micelle than those in the
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Figure 4-5: Variation of the fractional degree of hydration, f;, as a function of group number in the 12-
carbon tails for the four dodecyl ethoxylates considered (the aggregation numbers of the four simulated
dodecyl ethoxylate micelles were the same).

single-component C12E4 micelle. This is reflected in Figure 4-6, which shows the variation of f;
of the 12-carbon tail of C12E4 in the single-component micelle (purple) and in the mixed micelle
(red). The observed decrease in f; results in a decrease in g, csyr for the mixed micelle relative to
that of the single-component C12E4 micelle. On the other hand, the f; values of the groups in the
dodecyl tail of CI2E10 are higher in the (C12E4+C12E10) mixed micelle than in the single-
component C12E10 micelle, due to the presence of the less flexible E4 head. This is also
reflected in Figure 4-6. This results in an increase in the g, csyr value of the mixed micelle
relative to that of the single-component C12E10 micelle. However, the interactions between

C12E4 and C12E10 in the mixed micelle are such that the net effect of mixing the less flexible
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Figure 4-6: Variations of the fractional degree of hydration, f;, as a function of group number in the 12-
carbon tail of C12E4 and CI2E10 in a single-component micelle (purple) and in an equimolar
(C12E4+C12E10) mixed micelle (red).

E4 head with the more flexible E10 head is a better shielding of the micelle core, thereby leading

a-avg

to a lowering of g,.csur. Because g ‘¥, does not incorporate any interactions between the

surfactants comprising the mixed micelle, it is unable to reproduce the g csyr values obtained
using the mixed-micelle simulation, where these interactions are accounted for. Therefore, the
composition-weighted average method does not work well for binary mixtures of ethoxylate

surfactants.

a-avg

Figure 4-7 shows the variations of o comr and gy,.csyr as a function of micelle

composition for binary mixtures in set (5) above. This set includes binary mixtures of dodecyl
glucoside and: (a) tetraecthylene glycol monododecyl ether (C12E4, purple), and (b) octaethylene

glycol monododecyl ether (C12ES, blue). Similar to the results in Figure 4-4, Figure 4-7 shows

that g, ‘v (lines) overpredicts gucsur (filled circles). This can again be attributed to the better

shielding of the micelle core by the more flexible ethoxylate heads.

Finally, we consider the case of binary mixtures of ionic and nonionic surfactants.
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Figure 4-7: Variations of &or.omT (lines) and g, csir (filled circles) as a function of micelle composition

for a set of binary mixtures of dodecyl ethoxylates and dodecyl glucoside.

Results for the set of binary mixtures of surfactants in set (6) above are shown in Figure 4-8 and

a—-avg

Figure 4-9. Figure 4-8 shows the variations of gy.csur and g, ‘7 as a function of micelle

composition for mixtures of C12SUL with various alkyl ethoxylate surfactants, namely: (1)
tetraethylene glycol monooctyl ether (C8E4, green), (2) tetraethylene glycol monodecyl ether
(C10EA4, red), (3) tetracthylene glycol monododecyl ether (C12E4, purple), and (4) octaethylene

glycol monododecyl ether (C12ES, blue). Similar to the other binary mixtures containing alkyl

a—-avg
tr,CSMT

ethoxylates (see Figure 4-4 and Figure 4-7), again, g and g, csur do not agree well with

a-avg

each other. Instead, g, "¢,

is systematically higher than g, csyr. Again, this can be explained

based on the better shielding of the micelle core in the presence of the more flexible ethoxylate

heads.
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for a set of binary mixtures of alkyl glucosides and sodium dodecyl sulfate.
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Figure 4-9 shows the variations of g ¥, and g,csur as a function of micelle

composition for a set of binary mixtures containing C12SUL and alkyl glucosides, including: (1)
decyl glucoside (C10GLU, blue), and (2) dodecyl glucoside (C12GLU, red). Unlike the results in
Figure 4-8, for the binary mixtures of sodium dodecyl sulfate and alkyl glucosides considered

a—-avg

here, o comr and g, csyr agree well with each other. This may reflect the fact that although the

glucoside head is relatively big compared to the ionic surfactant head, it is not as flexible as the
ethoxylate head to improve the overall shielding of the micelle core. This is also reflected in
Figure 4-10 which shows the variations of f; of the 12-carbon hydrocarbon chains of C12SUL
and C12GLU in the single-component micelle (purple) and in the mixed micelle (red). Note that
based on the Tanford definition of surfactant head and tail for ionic surfactants, the methylene
group connected to the oxygen in C12SUL is considered to be part of the surfactant head. A
comparison of Figures 4-6 and 4-10 shows that unlike the case in Figure 4-6, in Figure 4-10,
there is no systematic shift in f; of the surfactant tails in the single-component micelle relative to

the mixed micelle. This suggests that the glucoside head does not provide any extra shielding of
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Figure 4-10: Variations of the fractional degree of hydration, f;, as a function of group number in the 12-
carbon hydrocarbon chain of C12SUL and C12GLU in a single-component micelle (purple) and in an
equimolar (C12SUL+C12GLU) mixed micelle (red).
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the micelle core, which was the case for the ethoxylate head. As a result, gy csur and g, csur

agree well with each other in the glucoside case. Note that results which are similar to those
presented in Figure 4-8 and Figure 4-9 are obtained when C12SUL is replaced with dodecyl

ammonium chloride (results not presented here).

a—avg

To summarize, based on the comparisons of g; . and g, csur presented above, one

a—avg

can conclude that g, ¥ works as well as gy, csyr for binary mixtures of surfactants where the

surfactant heads are small and/or rigid. On the other hand, for binary mixtures containing

a-avg

surfactants with long and flexible heads, like the alkyl ethoxylates, g, ‘¢, Systematically

overpredicts g,.csur. The observed difference is related to the fact that in a mixed micelle
containing alkyl ethoxylates, the long and flexible ethoxylate head is able to interact with the
constituent surfactants in a way that improves the shielding of the micelle core from contact with

water. While these interactions between the various surfactant species in a mixed micelle are

accounted for in calculating g;.csur, they are not accounted for in calculating gj"c“;ﬁir. As a

a-avg

»csyr 1n the case

result, based on the above findings, caution should be exercised when using g
a-avg

of surfactants with long flexible head groups. In the cases where g,/ ¢/, does not mimic g, csur,

a quadratic or cubic polynomial fit can be obtained for g, csur as a function of the micelle

composition which can be used in place of g, in Eq. (2-6).

4.5 Prediction of Micellization Propertied of VVarious Binary Surfactant
Mixtures

To evaluate the predictive ability of the new mixture CSMT model, it was used to predict

critical micelle concentrations (CMCs) of various binary mixtures of surfactants and the
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predicted CMCs were compared with the experimental ones. Figure 4-11: shows predicted
CMC:s as a function of solution composition using the CSMT and the MT models for a binary
mixture of sodium dodecyl sulfate (C12SUL) and sodium decyl sulfate (C10SUL). Note that

a—-avg

gy csyr Was used to make the mixture CSMT CMC predictions. This was done because Figure

a-avg

4-2 clearly shows that o comr is as good as g csur for this particular binary surfactant mixture.

Figure 4-11: shows that the CMCs predicted using the CSMT and the MT models
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Figure 4-11: Predicted and experimental CMCs vs. solution composition for a binary mixture of sodium
decyl sulfate and sodium dodecyl sulfate.

compare very well with the experimental CMCs.""* All the predicted CMCs are within a factor of
1.7 of the experimental CMCs. The CSMT model does marginally better than the MT model

because it better predicts the CMC of sodium decyl sulfate when compared to the MT model.

Figure 4-12 shows predicted CMCs as a function of solution composition using the
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CSMT and the MT models for a binary mixture of sodium dodecyl sulfate (C12SUL) and decyl

glucoside (C10GLU). The experimental CMCs'" are also shown for comparison. Similar to the

a-avg

predictions in Figure 4-11:, g, *% . was used to predict the CMCs because Figure 4-9 shows that

a-avg

for this binary surfactant mixture, o comr is as good as g,.csyr. Note that for this binary

surfactant mixture, the MT model yields marginally better predictions than the CSMT model.

This follows because the CMC of decyl glucoside predicted by the MT model is lower than the
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Figure 4-12: Predicted and experimental CMCs vs. solution composition for a binary mixture of sodium
dodecyl sulfate and decyl glucoside.

experimental CMC, while the CMC of sodium dodecyl sulfate predicted by the MT model is
higher than the experimental CMC. As a result, the CMCs predicted by the MT model at
intermediate compositions are quite close to the experimental CMC values. On the other hand, in
the case of the CSMT model, the predicted CMCs at the end points are both lower than the
experimental CMC values. As a result, the CMCs predicted by the CSMT model at intermediate
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compositions are systematically lower than the experimental CMCs. Note that both the MT and
the CSMT models predict a minimum in the CMC at a solution composition of 10% C12SUL
and 90% C10GLU, while the experimentally observed minimum in the CMC occurs at a solution

composition of 20% C12SUL and 80% C10GLU,'"” which is quite close.

In the following three figures, the CMCs predicted using the CSMT and the MT models
are compared with experimental CMCs for three binary surfactant mixtures where at least one of
the surfactants is an alkyl ethoxylate. Specifically, the three binary mixtures include: (1) a
mixture of sodium dodecyl sulfate (C12SUL) and tetracthylene glycol monooctyl ether
(C8E4)''® (see Figure 4-13), (2) a mixture of sodium dodecyl sulfate (C12SUL) and octaethylene
glycol monododecyl ether (C12E8) in the presence of 500 mM of NaCl''" (see Figure 4-14), and

(3) a mixture of hexaethylene glycol monododecyl ether(C12E6) and tetraethylene glycol
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Figure 4-13: Predicted and experimental CMCs vs. solution composition for a binary mixture of sodium
dodecyl sulfate and tetraethylene glycol monooctyl ether.
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Figure 4-14: Predicted and experimental CMCs vs. solution composition for a binary mixture of sodium
dodecyl sulfate and octaethylene glycol monododecyl ether with 500 mM NaCl.
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Figure 4-15: Predicted and experimental CMCs vs. solution composition for a binary mixture of
tetracthylene glycol monodecyl ether and hexaethylene glycol monododecyl ether.
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monodecyl ether (C10E4)"® (see Figure 4-15). Based on the findings in Section 4.4, it is known

a-avg

that, for binary mixtures containing alkyl ethoxylates, g ‘¥, overpredicts relative to gi.csur

(see Figure 4-4, Figure 4-7, and Figure 4-8). As a result, g, csyr 1s utilized to predict the CMCs
shown in Figure 4-13, Figure 4-14, and Figure 4-15. To this end, the simulation results were first
fitted to analytical polynomials to capture the variation of g csyr as a function of the micelle
composition. Subsequently, these polynomials were used to predict the CMCs. It is noteworthy
that for the alkyl ethoxylates considered, different head areas were used for the MT and the
CSMT models. The reasons behind this choice, including related calculations, are discussed in
Section 7.3 in the Appendix, where values of the molecular descriptors of the various surfactants

considered in this thesis are summarized.

Figures 4-13, 4-14, and 4-15 show that, for these three binary surfactant mixtures, the
CSMT and the MT models yield very good CMC predictions. At certain compositions, the
CMCs predicted by the MT model are better than those predicted by the CSMT model, while for
other compositions, the reverse is true. CMCs predicted using both models are, on average,

within a factor of 1.5 from the experimental CMC values.

Note that the computational cost associated with making the predictions shown in Figures

4-13, 4-14, and 4-15 (using g csmr) 1s significantly higher than that associated with making the

a—-avg

predictions shown in Figures 4-11 and 4-12 (using g, ‘7

). To understand the errors in the

a-avg

predicted CMCs resulting from the use of o comr instead of g,.csyr for binary mixtures

containing surfactants having flexible head groups like those shown in Figures 4-13, 4-14, and

4-15, the CMCs predicted using g, ‘s are compared with the CMCs predicted using gi.csur

for a representative case of the binary mixture of sodium dodecyl sulfate and octaethylene glycol

162



0.20

0.18 | MCSMT (g, csur)
0.16 F  mCsMT (g7)
0.14 |
%0.12 .
=010 t
Z 008 |
0.06 |
0.04
0.02 I
0.00 ' ' ' ' '
021 041 091 097

0.61 0.81
Composition of C12SUL

Figure 4-16: Predicted CMC using gfr'jcf‘;AiT and g;.csyr for a mixture of sodium dodecyl sulfate and

octaethylene glycol monododecyl ether

monododecyl ether. The results are presented in Figure 4-16, which shows that the predicted
CMC using g, csur is lower than the predicted CMC using g, ‘7 . This is due to the fact that

—avg

g, coyr 18 always higher than g, csur, as can be seen in Figures 4-4, 4-7, and 4-8. Indeed, Figure

4-16 shows that, for the C12SUL-C12ES8 mixture considered, on average, there is a difference of

0.8 kT between g,i‘jc"svér and g csyr. An examination of Figure 4-16 shows that, on average, the

a—-avg

CMCs predicted using g, '« are a factor of 2 higher than the CMCs predicted using g, csur-

Note that in free-energy units, a factor of 2 is equal to In(2) = 0.7 kT (free energy ~ In(CMC)),
which is very close to the average difference between g, i, and gi.csur (0.8 kT). Therefore, by

a-avg
tr,CSMT

quantifying the difference between g and g,.csur, one can quantify the expected error in

the predicted CMCs if one used g, ‘¢, , which is computationally cheaper than using g, csur.
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To decide between using the mixture CSMT model or the composition-weighted average based

mixture CSMT model, one can perform an equimolar mixed-micelle simulation and evaluate the

a-avg

difference between g7 ‘¥

and g, csur. Based on this difference, one can quantify the expected

a-avg

error in the predicted CMC if o comr is used instead of g, csyr, and decide accordingly which

model to use.

Finally, the mixture CSMT model was used to predict the CMCs of the only binary
mixture of fluorocarbon-based surfactants for which experimental data is available in the

literature, namely, a binary mixture of lithium perfluorooctyl sulfonate (LiPFOS) and lithium

113
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perfluorooctanoate (LiPFO). "~ First, Figure 4-17 compares gy, csur and g, 'y, for the binary

mixture of lithium perfluorooctyl sulfonate (LiPFOS) and lithium perfluorooctanoate (LiPFO).
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Figure 4-17: Variations of g,"’,/

(lines) and g, csur (filled circles) as a function of micelle composition

for a binary mixture of lithium perfluorooctyl sulfonate (LiPFOS) and lithium perfluorooctanoate
(LiPFO).
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The figure clearly suggests that g, ‘@, (red solid line) compares very well with gy csur

calculated from the mixed-micelle simulation (red filled circles). Subsequently, the mixture
CSMT and MT models were used to predict the mixture CMC. A comparison of the predicted
and the experimental CMC values is presented in Figure 4-18. Similar to the predictions for the
other binary mixtures presented in this section, the CMCs predicted using the CSMT and the MT
models shown in Figure 4-18 compare very well with the experimental CMCs.'" All the
predicted CMCs are within a factor of 1.5 of the experimental CMCs. This is considered
excellent agreement in the context of the MT and the CSMT models because the critical micelle
concentration has an exponential dependence on the free energy of micellization (see Eq. (2-41)),
which is the quantity that is actually modeled.” Therefore, even a small error in the predicted

free energy of micellization can lead to a significant error in the predicted critical micelle concentration.
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Figure 4-18: Predicted and experimental CMCs vs. solution composition for a binary mixture of lithium
perfluorooctyl sulfonate (LiPFOS) and lithium perfluorooctanoate (LiPFO).
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Moreover, it is important to recognize that the main motivation behind developing the mixture CSMT
framework is not only to predict the micellization behavior of mixtures of simple surfactants, but also to
predict the micellization behavior of mixtures of surfactants possessing complex chemical architectures,
including branched and aromatic surfactants, which cannot be modeled using the traditional MT
framework. The work presented here aims at building the foundation for the mixture CSMT framework,
while ensuring that it predicts the micellization behavior of relatively simple surfactant mixtures
accurately. Now that this has been established, the new mixture CSMT framework can be used to predict
the micellization behavior of surfactant mixtures that cannot be modeled using the traditional MT

framework.

4.6 Conclusions

In summary, in this chapter, a computer-simulation-molecular-thermodynamic (CSMT)
framework was developed to predict the micellization behavior of surfactant mixtures. To
overcome the difficulty in implementing the CSMT framework due to the computational costs
associated with simulating mixed micelles at several compositions, an approximation to calculate

a—-avg

gu.csmr, referred to as g, ¥, , was implemented. This approximation uses only information from

the simulated single-component surfactant micelles for each of the constituent surfactants
comprising the mixture. The approximation was tested for a variety of binary surfactant

mixtures, and it was found to work very well for all the binary surfactant mixtures considered,

a-avg

tr,CSMT and

except for those containing alkyl ethoxylate surfactants. The difference between g

grcsur In the context of mixtures containing alky ethoxylate surfactants was attributed to the
interactions between the surfactant molecules resulting from the flexible nature of the ethoxylate
heads. CMC predictions made using the mixture CSMT model and the MT model were

compared with the experimental CMCs for various binary mixtures of linear surfactants. The
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predictions made using the MT model were found to be as good as the predictions made using
the CSMT model for the binary mixtures of linear surfactants considered here. By demonstrating
the applicability of the mixture CSMT model in the case of mixtures of simple surfactants, I have
laid the foundation for the use of the mixture CSMT framework to model mixtures of surfactants
that have a complex chemical architecture (for example, branched and aromatic surfactants), and

are therefore not amenable to traditional MT modeling.

In the next chapter, I develop an MT model for binary mixtures of fluorocarbon-based
and hydrocarbon-based surfactants. These surfactant mixtures are very different from those
considered in this chapter because the fluorocarbon surfactant tails and the hydrocarbon
surfactant tails mix nonideally. This nonideal mixing can lead to unconventional micellization

behavior, including the coexistence of fluorocarbon-rich and fluorocarbon-poor mixed micelles.
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Chapter 5
Modeling the Micellization Behavior of
Binary Mixtures of Fluorocarbon-Based and

Hydrocarbon-Based Surfactants

5.1 Introduction

The special properties of fluorocarbon-based surfactants, discussed in Section 1.1, make
them far superior than their hydrocarbon counterparts, resulting in their widespread use in paints,
polishes, floor waxes, adhesives, fire-fighting foams,” and emulsion polymerization.” However,
as discussed in Section 1.2, the downside of using fluorinated surfactants is that due to their
chemical inertness and thermal stability, they are not biodegradable,” and hence, are potentially
toxic.'™ ''® Concerns about the bioaccumulation and toxicity of fluorinated surfactants have
prompted a search for alternative surfactant formulations which minimize the use of
fluorocarbon-based surfactants. To this end, an interesting strategy involves mixing
fluorocarbon-based surfactants with other environmentally-benign surfactants, such as,

hydrocarbon-based surfactants. In addition to reducing the fluorocarbon content of the surfactant
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formulation, mixing fluorocarbon-based and hydrocarbon-based surfactants also reduces the cost
of the surfactant formulation because fluorocarbon-based surfactants are much more expensive

than their hydrocarbon counterparts.’

It is well known that fluorocarbons and hydrocarbons interact non-ideally, with their
mixtures exhibiting positive enthalpies of mixing.'"” As a result, mixtures of fluorocarbon-based
and hydrocarbon-based surfactants have received considerable academic attention, because they
can exhibit significant deviations from the ideal-solution behavior. For example, for the binary
mixture of sodium perfluorooctanoate (SPFO) and sodium decyl sulfate (SDeS), Mukerjee and
Yang found that the experimental CMCs, measured using electrical conductance, were not very
different from the CMCs calculated by assuming complete demixing of micelles. This led them
to suggest that mixing of SPFO with SDeS leads to the coexistence SPFO micelles and SDeS
micelles.'”® Aratono et al. concluded that, for certain solution compositions, mixing SPFO and
SDeS leads to the coexistence of two types of mixed micelles: one rich in SPFO and the other
rich in SDeS."*" Aratono et al. arrived at this conclusion based on a thermodynamic treatment of

their experimentally-measured surface tension data.

For the same system, Shinoda and
Nomura'** used the Regular Solution Theory (RST) to model the experimental data reported by
Mukerjee and Yang,'* and found that the RST interaction parameter was less than 2.0. Similar
to the case of mixing in a binary solution, Shinoda and Nomura showed that for a binary mixture
of surfactants, an interaction parameter that is smaller than 2.0 implies no demixing of micelles,

that is, the existence of only one type of mixed micelle in solution.'*

Therefore, they concluded
that the SPFO-SDeS binary mixture resulted in only one type of SPFO-SDeS mixed micelle.

Kamogawa and Tajima also arrived at the same conclusion by measuring the electron-spin

resonance (ESR) correlation times for certain spin probes in the mixed-micellar system
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consisting of SPFO and SDeS at 25°C in the absence of salt.' Interestingly, using nuclear-
magnetic resonance spectroscopy, Nordstierna et al. concluded that the experimental

124 1n other

measurements can be explained by assuming demixing within the mixed micelle.
words, the experimental data can be rationalized by assuming that only one type of mixed
micelle exists with a fluorocarbon compartment and a hydrocarbon compartment within the
micelle. In view of the above, it is clear that, for the same binary surfactant mixture, use of
different methods has led to very different conclusions, with some studies suggesting the
existence of one type of mixed micelle, and others suggesting the coexistence of two types of

micelles. This follows because there is no direct experimental method to verify the existence of

two types of mixed micelles, and all the conclusions were reached based on indirect evidence.

While there have been many experimental studies on the micellization behavior of
mixtures of fluorocarbon-based and hydrocarbon-based surfactants, relatively little effort has
been devoted to theoretically understand the micellization behavior of these interesting surfactant
mixtures. To the best of my knowledge, Nagarajan’s molecular-thermodynamic (MT) model is
the only one that was developed to predict the micellization properties of mixtures of
fluorocarbon-based and hydrocarbon-based surfactants.*> With this in mind, in this chapter, I
present a theoretical framework to model the micellization behavior of mixtures of fluorocarbon-
based and hydrocarbon-based surfactants. Like Nagarajan’s model, the model presented here is
also based on a MT description of the micellization process, because as explained in Chapter 2,
the MT framework provides useful insight on the roles played by the constituent surfactants in
the mixture, including the surfactant head and tail, as well as on the effect of the solvent, the

ions, and other solution conditions, on the micellization process.
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In this chapter, the MT framework, originally developed by Puvvada and Blankschtein,'’

18, 19, 26, 39, 82, 99
and subsequently advanced by several others ™ > > °7 %

(as discussed in Chapter 2), is
generalized to allow predictions of micellization properties of mixtures of fluorocarbon-based
and hydrocarbon-based surfactants. In particular, the new MT framework allows predictions of
the coexistence of two types of micelles in solution, as has been observed experimentally. In
addition, the new MT framework can be used to predict CMCs, micelle shapes, sizes,
aggregation numbers, compositions, and degrees of counterion binding. Most importantly, the
new MT framework provides a theoretical basis to identify the conditions for which mixing
fluorocarbon-based and hydrocarbon-based surfactants leads to the coexistence of two types of
mixed micelles. In addition to the clear fundamental relevance, the coexistence of two types of
micelles can be very useful practically. Indeed, one can design surfactant formulations to
generate materials with hierarchical or multimodal pore architectures for optimized transport and

: I 125, 126
size selectivity. ™

Note that the MT framework presented here does not model
inhomogeneous micelles with compartmentalization within the micelle. This will be briefly

discussed in the next chapter (see Section 6.2.3).

Theoretical details of the MT framework as they pertain to mixtures of fluorocarbon-
based and hydrocarbon-based surfactants are presented in Section 5.2. These include
modifications to the packing free energy, gpucr, to the mixing free energy, gmi, as well as
modifications in the method discussed in Section 2.5 to calculate micellization properties. The
main improvements in the new MT framework, as compared to that developed by Nagarajan,*’
are also discussed in Section 5.2. Following the theoretical details, Section 5.3 demonstrates the
model’s ability to predict the coexistence of two types of mixed micelles in solution. This is done

by predicting the micelle population distributions for three hypothetical binary mixtures of
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surfactants. Finally in Section 5.4, the new framework is used to predict various micellization
properties, including mixture CMCs, micelle population distributions, and optimal micelle
compositions, for various mixtures of fluorocarbon-based and hydrocarbon-based surfactants.

These predictions are also compared with the corresponding experimental measurements.

5.2 MT Framework for Mixtures of Fluorocarbon-Based and Hydrocarbon-

Based Surfactants

5.2.1 Packing Free Energy of Mixtures of Fluorocarbon and Hydrocarbon Tails

The packing free energy per molecule, g, is the free-energy penalty associated with the
restructuring of an oil drop such that it mimics the micelle core (with the surfactant’s head tail
connection tethered at the interface). As discussed in Section 2.3, g, for a micelle of a given
shape and size is calculated based on the mean-field, statistical-mechanical method pioneered by
Ben-Shaul et al.>* For the case of binary mixtures of surfactants, g,.« is a function of both the
micelle composition and the micelle shape and size. Therefore, for each micelle shape and size,
Zpack 1 calculated for all micelle compositions using the method described in Section 2.3.2! For
every micelle shape, size, and composition, this is done by sampling all the chain conformations
for both surfactants. The generated packing data for each shape is then converted into
polynomials that relate the packing free energy to the micelle size and the micelle composition.
These polynomial functions are subsequently used to calculate the free energy of micellization,
Zmie» the CMC, and other micellization properties.”’ The packing polynomials for various
mixtures of fluorocarbon and hydrocarbon tails considered in this thesis are reported in Section

7.2 in the Appendix.
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In the context of the packing free energy, the size of the micelle core (that is, the radius
for spheres and infinite cylinders, and the half thickness for infinite bilayers) is limited by the
maximum extension length of the surfactant tail, because the micelle core cannot have voids.
However, in the case of a mixed-micelle core formed by surfactants having different tail lengths,
the maximum size of the micelle core becomes a function of the micelle composition. Nagarajan,
in his MT framework, assumed that the maximum size of the mixed-micelle core, 7y, 1S equal
to a volume-fraction based weighted average of the maximum lengths of the constituent

surfactant tails. Specifically, he assumed that:*®

Ve = Bliaits ¥ Dol 2 (5-1)
where ¢ and ¢, are the volume fractions of components 1 and 2, and /4,1 and /. are the tail

lengths of surfactants 1 and 2, respectively. Because our method to calculate g,..« (see Section
2.3) explicitly involves calculating the packing free energy at different micelle compositions,
shapes, and sizes, one can actually infer the functional dependence of the maximum micelle-core
size on the micelle composition without making the simplifying assumption made by Nagarajan.
As an illustration, Figure 5-1 shows plots of the variation of 7,,,, as a function of the composition
of the longer-tail in binary mixtures of C¢Fi3 and CioH,; packed in infinite bilayers, infinite
cylinders, and spheres. To understand the effect of the surfactant tail lengths, Figure 5-2 shows
plots of the variation of 7,,, as a function of the composition of the longer-tail surfactant, for
spherical micelles formed by three binary mixtures: (i) C;F;s and CgH,7, (i1) C¢F3 and CoHjo,
and (ii1) C¢Fy3 and CyoHy;. The reported 7, values (shown as red circles in Figures 5-1 and 5-2)
correspond to the maximum size of the micelle core for which gy« could be calculated without
violating the uniform density packing constraint (see Eq. (2-21) in Section 2.3). Note that for
every shape, g,q is calculated for discrete values of size (typically at intervals of 0.5 A) and
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Figure 5-1: Plots showing the variation of r,, of a mixed-micelle core formed by C¢F,; and CioHy,
surfactant tails, as a function of the composition of the longer-tailed surfactant for infinite bilayer-like,
infinite cylindrical, and spherical micelle cores. The red circles represent the actual 7, values, the dashed
green line represents r,,, calculated using Eq. (5-1), and the solid blue line represents r,,, calculated

using Eq. (5-2).
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Figure 5-2: Plots showing the variation of r,,, of a spherical mixed-micelle core as a function of the
composition of the longer-tailed surfactant for three binary mixtures of fluorocarbon-based and
hydrocarbon-based surfactants. The red filled circles represent the actual r,,,, values, the dashed green line
represents 7,,, calculated using Eq. (5-1), and the solid blue line represents 7,,, calculated using Eq. (5-2).
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composition (typically at intervals of 0.1). Therefore, the red circles shown in Figures 5-1 and
5-2 do not vary continuously. To obtain a continuous curve, g,..« would have to be calculated at

smaller intervals of sizes and compositions.

Figure 5-1 shows that, for cylindrical and spherical micelle cores, 7., starts at #uux shorrs
the maximum tail length of the shorter tail, when the composition of the longer tail is 0.0, and
rapidly increases tO Fumaxiong, the maximum tail length of the longer tail, well before the
composition of the longer tail is 1.0. Similarly, Figure 5-2 shows that when the difference
between axshort AN Py jong 15 1arge€, Fiay Starts at ry,q. shorr, When the composition of the longer
tail is 0.0, and rapidly increases to 7y 0ng Well before the composition of the longer tail is 1.0.
Based on these observations, the following functional form can be used to relate 7,4, t0 @ong, the

composition of the longer tail:

_a/ang/
— _ _ %y -
rmax - rmax,short + (r;nax,long rmax,short )[1 e j (5 2)

where ay is a parameter used to fit the data. Values of the fitting parameter, oy, for various binary
surfactant mixtures are tabulated in the packing polynomial tables in Section 7.2 in the
Appendix. Figures 5-1 and 5-2 also compare the 7,4 values, calculated using Eq. (5-1) [green
dashed line] and Eq. (5-2) [blue solid curve], with the actual r,,, values, calculated using the
actual packing data (red circles). As expected, the functional form in Eq. (5-2) works best for
cylindrical and spherical micelle cores, and for cases when the difference between 7,4 snor and
Fmaxlong 18 large. On the other hand, Eq. (5-1)* systematically underpredicts the maximum
micelle-core size for these cases. For bilayers, as well as for cases when the difference between
Fmas,short A0 Fimay jong 18 small, Eq. (5-2) does not work as well, while Eq. (5-1) works better. This

difference in the behavior of 7,,, for the different micelle-core shapes is due to the difference in
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the volume distribution in the three micelle-core shapes. Indeed, bilayers have a uniform
distribution of volume, while cylinders and spheres have more volume near the periphery than in
the center. Compared to cylindrical and spherical micelles, bilayer-like micelles are not that
commonly encountered micelle shapes. Therefore, Eq. (5-2) was used to determine the

maximum micelle-core size.
5.2.2 Enthalpy of Mixing

The primary reason for the coexistence of two types of micelles in mixtures of
fluorocarbon-based and hydrocarbon-based surfactants is the positive enthalpy of mixing
exhibited by mixtures of fluorocarbons and hydrocarbons. As discussed in Eq. (2-35) in Section
2.3, the enthalpic contribution to the free energy of mixing was neglected because the surfactant
tails in mixtures of hydrocarbon-based surfactants are expected to behave ideally. However, the
same cannot be assumed for the surfactant tails in mixtures of fluorocarbon-based and

hydrocarbon-based surfactants.

In any model aimed at predicting the micellization properties of binary mixtures of
fluorocarbon-based and hydrocarbon-based surfactants, it is imperative to accurately model the
enthalpy of mixing between the fluorocarbon-tails and the hydrocarbon-tails. Early attempts to
model mixtures of fluorocarbons and hydrocarbons utilized the Regular Solution Theory (RST),
along with the commonly used mixing rules, to model the interaction parameter quantifying the
interactions between two different types of molecules. Unfortunately, this did not yield
satisfactory results.'”” Specifically, it was found that the geometric-mean mixing rule to estimate
the unlike interaction parameter yielded values which are higher than those required to

accurately predict the mixture properties.''” More sophisticated models, based on the Statistical
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Associating Fluid Theory (SAFT),"*” were also utilized to predict the phase behavior of mixtures

128-130
of fluorocarbons and hydrocarbons.

These models confirmed the findings by other
researchers that the unlike interaction energy has to be about 10% smaller than that predicted by
the geometric-mean mixing rule for the model to accurately predict the experimental data. It then
follows that the departure from the geometric-mean mixing rule needs to be accounted for in any

model used to properly quantify the enthalpic interactions between fluorocarbons and

hydrocarbons.

With the above in mind, we have used the RST to model the non-ideal interactions
between the fluorocarbon and the hydrocarbon tails, because of its simple mathematical form and
broad applicability to non-polar mixtures. However, because of the challenge associated with the
estimation of the interaction parameter discussed above, we estimated this parameter based on
experimental phase equilibrium data for mixtures of fluorocarbons and hydrocarbons, instead of
implementing commonly-used mixing rules. Recall that, in the RST, the enthalpy of mixing,

AH iy, of a binary solution is given by:

AH,, = 4,38V (5-3)

mix

where A4, is the interaction parameter between component 1 and 2, ¢ and ¢, are the volume

fractions of components 1 and 2, respectively, and V' is the solution volume. Using Eq. (5-3) and
Eq. (2-35), the free energy of mixing per molecule, g, for mixtures of fluorocarbon-based and

hydrocarbon-based surfactants can be written as follows:

_ i B, _
Goic = kT[Zln(l ) ]+ A ln(1+ 7 D + 4,4, [Zavj (5-4)
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where the extensive solution volume, V, in Eq. (5-3) is replaced by the intensive average tail
volume, which is the volume of the micelle core on a per molecule basis, to obtain the mixing
free energy per molecule. The value of A, was calculated based on the values reported in
several experimental studies involving mixtures of fluorocarbons and hydrocarbons.''® '*'"'3° In

these studies, the values of 4, for mixtures of fluorocarbons and hydrocarbons having 5-8

carbon atoms were calculated based on measurements of vapor-liquid equilibiurm,'* liquid-

31, 133 2 1

liquid equilibrium,’ calorimetry data,'*? consolute temperatures,””' and infinite-dilution
activity coefficients.'* The value of Amixy was found to vary as a function of temperature and of
the number of carbon atoms in the fluorocarbon and the hydrocarbon constituents. Specifically,
the A, values were found to vary between 6.6 cal/cm’ and 9.8 cal/cm’, for temperatures varying
between 10°C and 50°C and number of carbon atoms in the fluorocarbon and the hydrocarbon
chains varying between 5 and 8. Note that this variation in A4,,;, is indeed significant. However, in
the absence of quality data characterizing the effect of the hydrocarbon chain length, the

fluorocarbon chain length, and the temperature, an average, constant value of A4,,;, = 7.16 cal/cm’

was used in the calculations reported here.

5.2.3 Prediction of Micellization Properties

In Section 2.5, I presented a method to calculate micellization properties, such as the
critical micelle concentration (CMC), the micelle shape, the micelle size, the micelle
composition, and the degree of counterion binding. This method was based on calculating the set
of micelle characteristics that correspond to the lowest free energy of micellization, and
consequently, to the highest concentration of micelles in the surfactant solution. The method
presented in Section 2.5 to calculate micellization properties assumes that the micelle population

distribution is unimodal. However, in the case of mixtures of fluorocarbon-based and
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hydrocarbon-based surfactants, the micelle population distribution can be bimodal, yielding two
local maxima. As a result, the method presented in Section 2.5 needs to be modified to

accurately predict CMCs and other micelle characteristics.

Recall that the CMC is defined as the surfactant concentration that marks the onset of
aggregate formation (see Section 2.5). In addition to the definition proposed in Section 2.5,
which involves calculating the minimum value of the free energy of micellization, other CMC
definitions have been proposed to predict CMCs. For example, Tanford defined the CMC as the
surfactant concentration at which 5% of the surfactant molecules are in micellar form and the
remaining 95 % are in monomeric form.' Ruckenstein and Nagarajan defined the CMC as the
concentration of surfactant at which the micelle population distribution, defined in Eq. (2-5) as a

136 1n the context of the MT

function of the aggregation number, shows a point of inflection.
model for mixtures of fluorocarbon-based and hydrocarbon-based surfactants, implementing the
method introduced by Ruckenstein and Nagarajan to determine the CMCs is much more
complicated than implementing the CMC definition introduced by Tanford. This follows because
the Tanford method does not require derivatives of the micelle population distribution for its
implementation. Therefore, to simplify calculations, we adopted Tanford’s definition to predict
CMCs for the systems considered. Note that other micelle characteristics, including micelle
shapes, sizes, compositions, and degrees of counterion binding, can be predicted by first
determining whether the micelle population distribution is unimodal or bimodal. Specifically, if
the micelle population distribution is found to be unimodal, then, the optimal micelle
corresponds to the micelle with the highest population. On the other hand, if the micelle

population distribution is found to be bimodal, then, the characteristics of the two types of

micelles correspond to the two peaks in the micelle population distribution.
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The micelle population distribution is computed by calculating the concentration of each
type of micelle that can exist in solution. For each aggregation number, the concentrations of
various micelles spanning micelle compositions between 0.0 and 1.0 and degrees of counterion
binding between 0.0 and 1.0 are calculated. In the case of spherical micelles, the aggregation
number uniquely determines the size of the micelle. However, in the case of spherocylindrical
and discoidal micelles, the aggregation number alone is not sufficient to determine the size of
these micelles. For example, in the case of a spherocylindrical micelle, each micelle aggregation

number corresponds to a set of infinitely many combinations of the cylinder radii and lengths.

The population of all possible types of micelles is calculated to evaluate what fraction of
the added surfactant remains in micellar form. This information is needed in order to solve the
mass balance equations, Eqgs. (2-3) and (2-4). Specifically, for each aggregation number, the
population of micelles is integrated over three independent variables: (i) the micelle composition,
(i1) the degree of counterion binding, and (iii) the micelle radius or width for spherocylinders and
discs, respectively. The integration is carried out numerically using the trapezoidal rule. Note
that the integrals over all three variables are finite, because the micelle composition and the
degree of counterion binding vary between 0.0 and 1.0, and the micelle radius and thickness in

the case of spherocylinders and discs, respectively, is limited by 7,4 [see Eq. (5-2)].

Another important consideration in calculating the micelle population distribution
involves determining the upper limit on the aggregation number. For spherical micelles, the
aggregation number is limited by 7,4 [see Eq. (5-2)]. However, spherocylindrical and discoidal
micelles can theoretically grow indefinitely in one and two dimensions, respectively.
Nevertheless, from an entropic standpoint, the micelles cannot grow indefinitely. As a result, the

population of micelles will eventually become negligible beyond some threshold aggregation
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number. Because there is no theoretical way to a priori estimate this threshold aggregation
number, it is estimated in the process of calculating the population of micelles of different
aggregation numbers. Specifically, starting from the lowest aggregation number, set at 6 here
(this choice does not significantly affect the model predictions), the contribution of micelles of
each aggregation number, in increasing order, is calculated and added to compute the
concentration of surfactant molecules in micellar form. This addition is concluded when the
following criterion is met: the contribution of micelles of the ten largest aggregation numbers,
towards the population of micelles, is less than 1% of the maximum contribution by any
aggregation number. In other words, if the sum of the population of micelles with aggregation
numbers n, nt+l, nt+2, ...., n+9 is less than 1% of the population of micelles with aggregation
number m, where m is the aggregation number with the largest population of micelles, then, the
population of micelles with an aggregation number higher than n+9 is ignored. Note that the idea
behind choosing the ten largest aggregation numbers is to select a sufficiently large number such

that no significant portion of the micelle population distribution is neglected.

5.2.4 Salient New Features

In addition to the difference in the calculation of the maximum micelle-core size for
mixtures of surfactants presented in Section 5.2.1, there are several other differences between the
MT framework for mixtures of fluorocarbon-based and hydrocarbon-based surfactants presented
here and the MT framework developed by Nagarajan.® For example, the method used to
calculate the packing free energy, gpuc, in the MT framework presented here, is very different
from that used by Nagarajan,” which is based on the model developed by Nagarajan and
Ruckenstein.'® The equivalent of Zpack 1In the MT framework developed by Nagarajan and

Ruckenstein (NR) is referred to as the deformation free energy of the surfactant tail. In the NR

182



model, the method to calculate the deformation free energy utilizes an approach which is similar
to the theory developed by Semenov'®’ for block copolymers by using a lattice representation.
This approach yields convenient analytical expressions in terms of various parameters, including
the lattice size and the chain length.'™ ¥ Consequently, the NR model is much easier to
implement than the model for g,..« presented in Sections 2.3 and 5.2.1. However, it is not clear if
the theory for polymeric chains is applicable for the shorter surfactant tails considered. In
addition, this model does not account for the different energies associated with the different
conformations of the surfactant tail. In other words, information about the difference in rigidity
of the fluorocarbon tails compared to that of the hydrocarbon tails is neglected in calculating the
deformation free energy. Similarly, the difference in the geometrical properties of the
fluorocarbon tail and the hydrocarbon tail, including the volume of the tail, is not accounted for.
As a result, the behavior of the deformation free energy as a function of the micelle size and
composition is very different from the behavior of the packing free energy discussed in Sections

2.3 and 5.2.1.

Other new features in the MT framework presented here include: (i) accounting for
counterion binding, and (ii) incorporating the effect of curvature on the interfacial tension. The
NR model'® * does not account for counterion binding. As a result, it severely affects the
calculation of the electrostatic free energy and the steric free energy presented in Section 2.3. In
addition, the NR model does not account for the effect of curvature on the calculation of
interfacial tensions. This, in turn, can have a significant effect on the calculation of the interfacial
free energy, because the micelle cores are small in size. As a result, they have a high curvature,
for which the interfacial tension is known to deviate from its value for a flat (zero curvature)

. 27,29
interface.”"”
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5.3 Model Predictions for Hypothetical Binary Surfactant Mixtures

The MT framework for mixtures of fluorocarbon-based and hydrocarbon-based
surfactants presented in this chapter was used to predict the critical micelle concentrations
(CMCs) and micelle population distributions of three hypothetical binary surfactant mixtures. In
particular, the model’s ability to predict bimodal micelle population distributions was tested. The
three hypothetical surfactant mixtures include:

1. A binary mixture consisting of two identical 7-carbon fluorocarbon-based nonionic

surfactants having a head area of 60 A* (typical of a glucamide head).

2. The binary mixture in 1 above with added hypothetical antagonistic enthalpic
interactions between the surfactant tails. The enthalpic interactions are calculated
using Eq. (5-3) with 4,,;,=7.16 cal/cm’.

3. The binary mixture in 2 above, but with the nonionic head of one of the two

surfactants replaced by an ionic sulfonate head.

The resulting micelle population distributions at different solution compositions, a,
(shown at the top of each plot), for mixtures 1, 2, and 3 above are shown in Figure 5-3, Figure
5-4, and Figure 5-5, respectively. Specifically, for each solution composition, the relative micelle
population distribution is plotted as a function of the aggregation number, n, and the micelle
composition, a,. The relative micelle population is calculated by dividing the micelle
concentration calculated using Eq. (2-5) by the highest micelle concentration. As a result, the
micelle with the highest concentration has a relative population of 1. Note that all the surface
plots presented in this chapter are smoothened surface plots, and do not represent the raw data

obtained from Eq. (2-5).
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Figure 5-3: Relative micelle population distribution for the hypothetical binary mixture 1 consisting of
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two identical 7-carbon fluorocarbon-based nonionic surfactants having a head area of 60 A”,
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Figure 5-4: Relative micelle population distribution for the hypothetical binary mixture 2 consisting of
two identical 7-carbon fluorocarbon-based nonionic surfactants having a head area of 60 A’ and a

hypothetical enthalpy of mixing given by Eq. (5-3) with 4, = 7.16 cal/cm’.
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Figure 5-5: Relative micelle population distribution for the hypothetical binary mixture 3 consisting of
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two 7-carbon fluorocarbon-based surfactants with a hypothetical enthalpy of mixing given by Eq. (5-3)
with A4,,;, = 7.16 cal/cm®. One of the surfactants has a sulfonate head and the other has an uncharged head

with a head area of 60 A%. Note that a and o, correspond to the composition of the nonionic surfactant.



The micelle population distribution for mixture 1 is presented in Figure 5-3. Figure 5-3
shows that as the solution composition increases, the peak of the micelle population distribution
moves along the micelle composition axis, such that the composition of the micelle with the
highest population, auuic pear, 15 €qual to the solution composition, a (this will be quantified more
clearly in Figure 5-9). This follows because for this particular hypothetical binary surfactant
mixture, both surfactants have identical tendencies to micellize. In addition, the micelle
population distribution remains unimodal for the entire solution composition range. This follows
because there are no antagonistic interactions between the two surfactants considered. As a
result, the entropic contribution to mixing dominates, and there is no enthalpic driving force to
form two types of micelles.

By artificially imposing a positive enthalpy of mixing on binary mixture 1, the micelle
population distribution for binary mixture 2, shown in Figure 5-4, is very different from that
corresponding to binary mixture 1, shown in Figure 5-3. Indeed, unlike the micelle population
distribution in Figure 5-3, the micelle population distribution in Figure 5-4 shows bimodality at o
= 0.5. This follows because when the micelle composition approaches 0.5, from a free-energy
viewpoint, it is beneficial to form two types of micelles: one rich in surfactant 1 and the other
rich in surfactant 2, instead of forming a single type of a well-mixed micelle which would result
in an increased enthalpy of mixing, and hence, in a larger free energy of micellization. Note that
the peaks associated with the bimodal micelle population distribution shown in Figure 5-4 are
not very sharp. This indicates that the chosen magnitude of the enthalpy of mixing is quite weak.
In Figure 5-6, g for mixture 2 is plotted as a function of the volume fraction of one of the
surfactants. The red curve corresponds to A, = 7.16 Cal/cm3, as discussed in Section 5.2.2. The

difference between the local maximum and the local minima for the red curve is only 0.03 kT,
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Figure 5-6: Variation of the free energy of mixing of a binary mixture of 7-carbon fluorocarbon-based
nonionic surfactants with an enthalpy of mixing given by Eq. (5-3), for different values of 4.

which indicates that the two minima are quite shallow. Upon increasing A4, by 20% to 8.59
cal/cm3, which is close to the maximum value of 4,,;, reported in Section 5.2.2, the difference
between the local maximum and the local minima for the dark blue curve increases by more than
a factor of two, which indicates an increase in the depth of the minima.

The effect of increasing A, on the micelle population distribution formed by the
hypothetical binary mixture 2 is shown in Figure 5-7. Both plots in Figure 5-7 correspond to a
solution composition of 0.5. Figure 5-7 clearly shows that an increase in A, results in: (i) a
narrowing of the peaks in the micelle population distribution and (ii) an increase in the difference
between the micelle compositions corresponding to the two peaks of the micelle population

distribution. This is a direct consequence of the change in g,,;; due to the change in 4,;,.
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Figure 5-7: Relative micelle population distribution for the hypothetical binary mixture consisting of two
identical 7-carbon fluorocarbon-based nonionic surfactants having a head area of 60 A’ and a
hypothetical enthalpy of mixing given by Eq. (5-3). The plot on the left corresponds to 4,,;, = 7.16 cal/cm’
and the plot on the right corresponds to 4,,;, = 8.19 cal/cm’.

The micelle population distribution of the final hypothetical binary mixture 3 is shown in
Figure 5-5. Recall that, in mixture 3, one of the surfactants has a charged sulfonate head and the
other has an uncharged head with a head area of 60 A”. In addition, mixture 3 has a hypothetical
enthalpy of mixing given by Eq. (5-3) with A, = 7.16 cal/cm’. Figure 5-5 shows that, similar to
Figure 5-3, as the solution composition increases, the peak of the micelle population distribution
moves along the micelle composition axis, and remains unimodal over the entire solution
composition range, in spite of the positive enthalpy of mixing between the surfactant tails. This
follows because although the surfactant tails do not like to mix with each other, the ionic
surfactant heads prefer to mix with the nonionic surfactant heads to reduce the net charge on the
micelle in order to reduce the charging free energy discussed in Section 2.3. In this case, the
synergy resulting from mixing of the surfactant heads is greater than the antagonism resulting
from mixing of the surfactant tails. This, in turn, produces a micelle population distribution that
remains unimodal over the entire solution composition range. Another important aspect of Figure

5-5 is that, unlike Figure 5-3, the micelle composition corresponding to the peak of the micelle
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population distribution does not coincide with the solution composition (this is more clearly
shown in Figure 5-9). This follows because the two surfactants comprising binary mixture 3 are
not identical, as was the case for the two surfactants comprising binary mixture 1. In the case of
binary mixture 3, the nonionic surfactant has a higher tendency to micellize than the ionic
surfactant. Therefore, the resulting micelle typically contains more of the nonionic surfactant,
while the monomers contain more of the ionic surfactant. Note that, in Figure 5-5, a and o,
correspond to the composition of the nonionic surfactant.

The predicted CMCs as a function of a for the three hypothetical mixtures considered
here are shown in Figure 5-8. Figure 5-8 shows that the CMC of binary mixture 1 (the red
circles) remains constant throughout the solution composition range. This follows because the
two surfactants comprising the binary mixture have the same tendency to micellize. For mixture

2 (the blue circles), the CMC exhibits a maximum at & = 0.5. This is a direct result of the positive

9.0

8.0 =®-Binary Mixture 1
70 F =8—Binary Mixture 2
6.0 =@=Binary Mixture 3

0.0 0.2 0.4 0.6 0.8 1.0
Solution Composition, o

Figure 5-8: Predicted mixture CMCs as a function of solution composition, a, for the three hypothetical
binary mixtures considered here.
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enthalpy of mixing associated with binary mixture 2. The CMC shows a maximum at a = 0.5
because the two surfactants are identical and the enthalpy of mixing in Eq. (5-3) is symmetric
This behavior is absent in the case of mixture 3 (the green circles) because the antagonistic effect
of the enthalpy of mixing is overcome by the synergism in the head region due to mixing of the
ionic and the nonionic surfactant heads. Note that the CMC of the ionic surfactant
(corresponding to a = 0.0 in the green curve in Figure 5-8) is higher than that of the nonionic
surfactant (at o = 1.0) due to the additional electrostatic free-energy contribution to the
micellization free energy in the case of ionic surfactants (see Section 2.3). Figure 5-9 shows the
variation of the composition of the micelle with the highest population, referred to as the optimal
micelle composition, Ouicpeak, as a function of the solution composition, a, for the three
hypothetical binary surfactant mixtures considered here. Note that the various points in Figure

5-9 do not vary smoothly because the micelle population was calculated for micelle
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Figure 5-9: Variation of the optimal micelle composition, yicpear, as a function of the solution
composition, a, for the three hypothetical binary mixtures considered here. Note that the various dashed
curves are drawn to guide the eye.
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compositions at intervals of 0.1. To obtain a smoother plot, the micelle population distribution
has to be calculated for micelle compositions at intervals which are smaller than 0.1.

As expected, the optimal micelle composition for binary mixture 1 perfectly tracks the
solution composition, as was shown in Figure 5-3, as well as by the red circles in Figure 5-9. For
mixture 2, Figure 5-9 only shows the composition of the optimal micelle in the unimodal region
of the micelle population distribution. As a result, no points are shown for 0.4 < a < 0.6, for
which the micelle population distribution is bimodal (see Figure 5-4). For mixture 2, the optimal
micelle composition remains smaller than, or equal to, 0.1 for 0 < a < 0.4. When a > 0.6, the
optimal micelle composition increases dramatically to values higher than, or equal to, 0.9. This
results from the positive enthalpy of mixing between the surfactant tails which discourages
mixing of the tails. For mixture 3, the optimal micelle composition varies smoothly between o =
0 and a = 1 (see the green circles in Figure 5-9). Note that the green circles in Figure 5-9
consistently lie above the red circles. This indicates that, for all a values, the micelles are richer
in the nonionic surfactant, while the monomers are richer in the ionic surfactant. This is because

the nonionic surfactant has a higher tendency to micellize due to its lower CMC (see Figure 5-8).

5.4 Model Predictions for Mixtures of Fluorocarbon-Based and

Hydrocarbon-Based Surfactants

The results in Section 5.3 clearly demonstrate that the MT framework presented in this
chapter is capable of predicting the coexistence of two types of micelles in solution. Next, to
demonstrate the applicability of this framework to mixtures of fluorocarbon-based and
hydrocarbon-based surfactants, in this section, the MT model predictions of CMCs, micelle
compositions, and micelle population distributions are compared with available experimental
data for various mixtures of fluorocarbon-based and hydrocarbon-based surfactants.
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5.4.1 Binary Mixture of Lithium Perfluorooctyl Sulfonate (LiPFOS) and Octyl Glucoside

(OG)

Figure 5-10 shows the micelle population distribution for the binary mixture of lithium
perfluorooctyl sulfonate (LiPFOS) and octyl glucoside (OG) at various solution compositions.
Note that all the micelle population distribution plots shown in this section correspond to A4, =
7.16 cal/cm’, unless otherwise specified (see Section 5.2.2). Figure 5-10 shows that the micelle
population distribution remains unimodal over the entire solution composition range. This
indicates that the synergism resulting from mixing of the ionic sulfonate heads and the nonionic
glucoside heads is greater than the antagonism resulting from the positive enthalpy of mixing
between the heptyl fluorocarbon tails (note that for an ionic surfactant, the carbon connected to
the surfactant head is considered to be part of the surfactant head') and the octyl hydrocarbon

tails [see Eq. (5-3)].

Figures 5-11 and 5-12 compare the predicted CMCs and the predicted micelle
compositions for the binary mixture of LiPFOS and OG with the available experimental values,

respectively.'*®

The MT framework accurately predicts the qualitative trends for both the mixture
CMC and the micelle composition. Quantitatively, the predicted CMCs are within a factor of 1.5
of the experimental CMCs, which is viewed as excellent agreement, because the CMC has an
exponential dependence on the free energy of micellization, g, which is the quantity that is

actually modeled in the MT framework. As a result, a small error in g, can result in a

significant error in the CMC. This important point has been emphasized in Section 4.5.
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Figure 5-10: Relative micelle population distribution for the binary mixture of lithium perfluorooctyl

sulfonate (LiPFOS) and octyl glucoside (OG). Note that the micelle composition, a,,., and the solution

composition, a, correspond to the composition of LiPFOS.
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Figure 5-11: Predicted and experimental CMCs vs. solution composition for a binary mixture of lithium
perfluorooctyl sulfonate (LiPFOS) and octyl glucoside (OG).
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Figure 5-12: Predicted and experimental micelle compositions vs. solution composition for a binary
mixture of lithium perfluorooctyl sulfonate (LiPFOS) and octyl glucoside (OG).
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The MT framework predictions of the composition of LiPFOS in the micelle are
systematically lower than the experimental values (see Figure 5-12). To understand this trend,
consider Figure 5-11 which shows that the CMC of LiPFOS (at o = 1.0) is lower than that of OG
(at @ = 0.0). This indicates that LiIPFOS has a higher tendency to micellize relative to that of OG.
As a result, the micelles are richer in LiPFOS, while the monomers are richer in OG. This
behavior is reflected in both the experimental and the predicted values of the optimal micelle
composition of LiPFOS, which is always higher than, or equal to, the solution composition of
LiPFOS (see Figure 5-12). In Figure 5-11, the MT framework underpredicts the CMC of OG (at
o = 0.0), while it overpredicts the CMC of LiPFOS (at a = 1.0). As a result, the difference
between the predicted CMCs of OG and LiPFOS is lower than the difference between the
experimental CMCs of OG and LiPFOS. Accordingly, the tendency of LiPFOS to micellize
relative to that of OG predicted by the MT framework is not as high as that based on the
experimental data. This is the reason behind the systematic underprediction of the micelle

composition of LiPFOS shown in Figure 5-12.

5.4.2 Binary Mixture of Sodium Perfluorooctanoate (SPFO) and Sodium Decyl Sulfate

(SDeS)

Figure 5-13 shows the micelle population distribution for the binary mixture of sodium
perfluorooctanoate (SPFO) and sodium decyl sulfate (SDeS) at various solution compositions, .
Figure 5-13 shows that the micelle population distribution remains unimodal over the entire
solution composition range, but becomes very broad for 0.4 < a < 0.5. This indicates that the
enthalpic antagonism between the surfactant tails characterized by A, = 7.16 cal/cm’ is not
sufficiently strong to lead to the formation of two distinct types of micelles. This conclusion
agrees with the conclusions reached by Shinoda and Nomura'** and by Kamogawa and
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Tajima.'” However, it does not agree with the conclusions reached by Mukerjee and Yang'*’

1."' who concluded that this binary surfactant mixture resulted in the

and by Aratono et a
coexistence of two types of micelles. It is interesting to note that by increasing the enthalpic
interaction parameter A,; by 20 %, from 7.16 cal/cm® to 8.59 cal/cm’ , which is close to the
maximum value of 4, observed for mixtures of hydrocarbons and fluorocarbons, as described
in Section 5.2.2, two peaks clearly emerge in the micelle population distribution, as illustrated in

Figure 5-14, and as suggested by Aratono et al.'*!

Figures 5-14 and 5-7 indicate that the predicted micelle population distribution strongly
depends on the magnitude of the enthalpic interaction parameter used. In the predictions shown,
the value of 4, used is an average calculated based on the available experimental data for
mixtures of fluoroalkanes and alkanes of various lengths and measured at various temperatures,
as discussed in Section 5.2.2. Based on the results in Figure 5-14, it is clear that the ability of the
MT framework to predict micelle population distributions will benefit greatly from a more

accurate estimation of the enthalpic interaction parameter, A ;.
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Figure 5-14: Relative micelle population distribution for the binary mixture of sodium perfluorooctanoate
(SPFO) and sodium decyl sulfate (SDeS). The plot on the left corresponds to A, = 7.16 cal/cm’ and the
plot on the right corresponds to 4,,; = 8.59 cal/cm®
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Figure 5-15 compares the predicted and the experimental CMCs as a function of the solution
composition of SPFO, aspro, for the binary mixture of SPFO and SDeS."?! The MT framework
accurately predicts the qualitative trends in the mixture CMC. Quantitatively, the predicted
CMCs are within a factor of 1.3 of the experimental CMCs, which is viewed as excellent
agreement, as discussed in Sections 4.5 and 5.4.1. The MT framework predicts a maximum in
the CMC at aspro = 0.40, while the experimental maximum is observed at aspro = 0.50. Note
that the experimental CMCs of SPFO (31.2 mM) and SDeS (31.3 mM) are very close to each
other, which results in the experimentally observed maximum at 0.50. On the other hand, the MT
framework predicts that the CMC of SPFO (25.7 mM) is lower than that of SDeS (32.8 mM). As
a result, the predicted maximum in the CMC occurs at a solution composition that is richer in

SPFO, rather than at an equimolar solution composition.
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Figure 5-15: Predicted and experimental CMCs vs. solution composition of SPFO, agprp, for a binary
mixture of sodium perfluorooctanoate (SPFO) and sodium decyl sulfate (SDeS).
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5.4.3 Binary Mixture of Sodium Perfluorooctanoate (SPFO) and Sodium Dodecyl Sulfate

(SDS)

Figure 5-16 shows the micelle population distribution for the binary mixture of sodium
perfluorooctanoate (SPFO) and sodium dodecyl sulfate (SDS) for various solution compositions,
o. The micelle population distribution in Figure 5-16 shows some indication of bimodality at a =
0.845. Upon increasing the value of 4,,; by 20%, from 7.16 cal/cm® to 8.59 cal/cm3, the micelle
population distribution does indeed become bimodal for 0.83 < o < 0.89. This again indicates
that A, = 7.16 cal/cm’ is not sufficiently high to clearly observe two distinct types of micelles,

as was the case for the binary mixture of SPFO and SDeS discussed in Section 5.4.2

Figure 5-17 compares the predicted and the experimental CMCs as a function of aspro for
the binary mixture of SPFO and SDS."*’ Quantitatively, the predicted CMCs are within a factor
of 2.0 of the experimental CMCs which is viewed as very good agreement, as explained in
Sections 4.5 and 5.4.1. However, Figure 5-17 shows that qualitatively, the MT framework does
not predict the maximum observed in the experimental CMC data at aspro = 0.91. Instead, the
CMC is predicted to plateau at 0.84 < a < 0.96, and then increase again. The maximum in the
CMC observed by Sugihara et al."* is absent in the mixture CMCs calculated by Kamrath and
Franses'*’ using the differential conductance data of Mukerjee and Yang.'”” However, the
absence of the maximum may be attributed to fewer number of solution compositions at which
the CMC was calculated. Note that although the MT framework predicts bimodality in the
micelle population distribution, the predicted mixture CMC does not show a maximum even
when 4,,;, is increased by 20%, from 7.16 cal/cm’® to 8.59 cal/cm’. This indicates that 4,,; would
have to be increased significantly to predict a maximum in the CMC for this mixture. This is

probably because SDS has a CMC that is much lower than that of SPFO due to a lower transfer
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Figure 5-16: Relative micelle population distribution for the binary mixture of sodium perfluorooctanoate

(SPFO) and sodium dodecyl sulfate (SDS). Note that the micelle composition, a,,;., and the solution

composition, a, correspond to the composition of SPFO.
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Figure 5-17: Predicted and experimental CMCs vs. solution composition of SPFO, agpro, for a binary
mixture of sodium perfluorooctanoate (SPFO) and sodium dodecyl sulfate (SDS).

free energy [refer to Egs. (2-8) and (2-10)]. Upon adding a small amount of SDS to SPFO, while

the mixing free energy goes up, the transfer free energy goes down thereby reducing the CMC.

5.4.4 Binary Mixture of Sodium Perfluorooctanoate (SPFO) and Sodium Dodecanoate

(SDO)

Figure 5-18 shows the micelle population distribution for the binary mixture of sodium
perfluorooctanoate (SPFO) and sodium dodecanoate (SDO) at various solution compositions, a.
The micelle population distribution in Figure 5-18 remains unimodal over the entire solution
composition range, but becomes very broad at o = 0.70. This indicates that the antagonism
between the surfactant tails is not sufficiently high to result in the coexistence of two types of

141
1.

micelles. This conclusion agrees with the conclusions reached by Pedone et a and Caponetti

et al.'** that the binary mixture of SPFO and SDO does not demix. However, it does not agree
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Figure 5-18: Relative micelle population distribution for the binary mixture of sodium perfluorooctanoate

(SPFO) and sodium dodecanoate (SDO). Note that the micelle composition, a,;., and the solution

composition, a, correspond to the composition of SPFO.
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Figure 5-19: Predicted and experimental CMCs vs. solution composition of SPFO, agprp, for a binary
mixture of sodium perfluorooctanoate (SPFO) and sodium dodecanoate (SDO).

with the conclusions reached by Mukerjee and Yang,'*” who claimed that the binary mixture of
SPFO and SDO results in the coexistence of two types of micelles. Figure 5-19 compares the
predicted and the experimental CMCs'* for the binary mixture of SPFO and SDO.
Quantitatively, the predicted CMCs are within a factor of 2.2 of the experimental CMCs, which
is viewed as very good agreement, as discussed in Sections 4.5 and 5.4.1. However,
qualitatively, the MT framework does not predict the maximum in the CMC observed in the
experimental data at aspro = 0.5 (see Figure 5-19). The primary reason behind the absence of the
maximum in the predicted CMC is the underprediction of the CMC of SDO by the MT
framework.'* Based on the experimental CMC data shown in Figure 5-19, SPFO and SDO have
similar CMCs, and therefore, exhibit similar tendencies to micellize. However, in the context of

the MT framework predictions, SDO exhibits a higher tendency to micellize relative to that of
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SPFO. To better understand this observation, consider the experimental and predicted CMC
values for a set of fluorocarbon-based and hydrocarbon-based surfactants shown in Table 5-1.
The table compares the CMCs of two carboxylate surfactants (C;;H,3COONa and CgF;7COONa)
with those of analogous sulfonate surfactants (C;1H,3SOs;Na and CgF;7SOs;Na) having the same
tails. The MT framework predicts that the CMCs of the carboxylate surfactants are lower than
those of the corresponding sulfonate surfactants because the carboxylate head has a smaller head
area than the sulfonate head (see Table 7-1). However, the experimental trends are opposite, that
is, the experimental CMCs of the carboxylate surfactants are higher than those of the
corresponding sulfonate surfactants. This result suggests that the carboxylate head is not
accurately modeled in the MT framework. The discrepancy is more severe in the case of
hydrocarbon-based carboxylate surfactants, because the difference between the experimental
CMCs of C;;H»;COONa (28.1 mM)'* and C;;H,;SOsNa (17 mM)™** is 11.1 mM, while that
between C;1H»3SO3Na (17 mM)144 and C;H,3SO4Na (16 mM),145 an analogous surfactant with a
sulfate head, is only 1 mM. Note that although the predicted CMC of SDO is within a factor of
1.75 of the experimental value, which is viewed as very good agreement (see Sections 4.5 and
5.4.1), to accurately predict qualitative trends of surfactant mixtures, it is necessary to accurately

predict the qualitative behavior of the CMCs of the individual surfactant components.

Table 5-1: Predicted and Experimental CMCs for fluorocarbon-based and hydrocarbon-based surfactants.

Name C11H23COONa | C11H»23S03Na CgF17COONa | CgF17SO3Na
Tail Type Hydrocarbon Hydrocarbon Fluorocarbon | Fluorocarbon
Niail 10 10 7 7

Head COO+CH2 SO3+CH2 COO+CF2 SO3+CF2
Predicted CMC 16.1 mM 21.3mM 6.6 mM 7.6 mM
Experimental CMC [ 28.1 mM'* 17.0 mM'** 11.0mM™ | 8.0 mM’
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The precise cause behind the discrepancy in the predicted and experimental CMCs of
SDO is unclear. The nature of hydrogen bonding associated with the alkyl carboxylate can be
one reason, because the hydrogen bonds formed with the sulfonate head can be different than
those formed with the carboxylate heads.'*” In addition, the nature of the group connected to the
carboxylic acid plays an important role in its protonation properties, which may help explain the
difference in behavior of the CMCs of the hydrocarbon-based carboxylate surfactants relative to

the fluorocarbon-based carboxylate surfactants.

5.5 Conclusions

In summary, in this chapter, I presented a molecular-thermodynamic framework to
predict the micellization properties of mixtures of fluorocarbon-based and hydrocarbon-based
surfactants. The framework includes modifications to the packing free energy, gycr, as well the
inclusion of an enthalpy of mixing contribution in the mixing free energy, gu.., using the Regular
Solution Theory. The framework presented here is able to predict the coexistence of two types of
mixed micelles in solution, including the resulting micelle population distributions, CMCs, and
optimal micelle compositions, which compare well with the experimental values for various
binary mixtures of fluorocarbon-based and hydrocarbon-based surfactants. Prediction of the
micelle population distribution is affected greatly by the value of the enthalpic interaction
parameter, A,,, used. As a result, the model predictions would become much more reliable if an
accurate estimate of A,,, could be obtained. The CMCs predicted by the MT framework
developed in this chapter compare well with the experimental CMCs for the binary mixtures of
LiPFOS and OG and of SPFO and SDeS. On the other hand, the MT framework was unable to

fully predict some aspects of the experimental mixture CMC data for the binary mixtures of
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SPFO and SDS and of SPFO and SDO. Possible reasons for these results were discussed in
Sections 5.4.3 and 5.4.4.

The work presented in Chapters 3, 4, and 5 can be extended in a number of interesting
directions to further advance our understanding of the micellization behavior of fluorocarbon-
based surfactants and associated surfactant formulations. A discussion of some of the interesting

topics that were not addressed in this thesis is presented in the next Chapter.
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Chapter 6
Thesis Summary and Future Research

Directions

6.1 Thesis Summary

The goal of this thesis was to theoretically model, at the molecular level, various aspects
associated with the micellization behavior of fluorocarbon-based surfactants and their mixtures
in order to gain an understanding of the roles played by the surfactant chemical structure (polar
head and nonpolar tail) in the micellization process. This understanding, in turn, aids in the
rational design of surfactant formulations for various applications. To meet the thesis goal,
several important challenges associated with modeling the micellization behavior of
fluorocarbon-based surfactants were addressed. The knowledge gained is generally applicable to
the theoretical modeling of surfactant micellization.

In Chapter 3, models to calculate the free energy of micellization of discoidal and biaxial
ellipsoidal micelles (which are both important micelle shapes in the context of fluorocarbon-
based surfactants) were developed. These models are significantly more complex than the

corresponding models for spheres, cylinders, and bilayers. Indeed, unlike these regular shapes,
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discs and biaxial ellipsoids have a position-dependent curvature. Consequently, the effect of
curvature on the interfacial free energy, the packing free energy, the steric free energy, and the
electrostatic free energy was explicitly incorporated in order to develop models for the free
energy of micellization of discoidal and biaxial ellipsoidal micelles (referred to in this thesis as
the curvature-corrected model). The importance of incorporating the position-dependent
curvature in the free-energy models was demonstrated by comparing the Curvature-Corrected
(CC) model with a model developed by Srinivasan and Blankschtein (SB), in which the effect of
curvature was not explicitly accounted for. The comparison between the CC and SB models
presented in Section 3.7 shows that the SB model significantly overpredicts the free energy of
micellization relative to the CC model, clearly demonstrating the importance of the CC model.
The CC model was also used to evaluate the feasibility of forming biaxial ellipsoidal
micelles. In the literature on micelle shapes, there has been some controversy about the shape of
globular micelles. While many experimental studies claim that some surfactants under certain

52-54, 61

solution conditions form ellipsoidal micelles, several theoretical studies have refuted this

premise based on arguments related to the packing criterion,” the surface area per molecule,®

3738 associated with the ellipsoidal micelle shape. However, none of these

and the high curvature
conclusions were based on a rigorous theoretical study of ellipsoidal micelles that incorporates
the effect of the position-dependent curvature on the free energy of micelle formation. Using the
CC model developed in Chapter 3, in Section 3.8, I showed that contrary to the conclusions
reached in previous theoretical studies, the biaxial ellipsoidal shape is indeed a feasible micelle
shape.

In Chapter 4, I developed a computer-simulation-molecular-thermodynamic (CSMT)

framework to predict the micellization behavior of surfactant mixtures. This framework blends
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microstructural details obtained from molecular-dynamics simulations of surfactant micelles and
monomers with the well-established MT framework, and allows better quantification of the
hydrophobic effect through gi.csur. However, using the CSMT framework to predict
micellization properties of surfactant mixtures is computationally very expensive, because it

requires carrying out multiple mixed-micelle simulations at various micelle compositions. To

a-avg

overcome this difficulty, an approximation to calculate g, csyr, referred to as o oo »

was

a-avg

developed. Specifically, g, "7 is calculated as a micelle-composition based weighted average

of the transfer free energies calculated from the simulated single-component surfactant micelles

a-avg

for each of the surfactants comprising the mixture. g, ', was compared with g, csur for

several binary surfactant mixtures, and was found to work very well for all the binary surfactant
mixtures considered, except for those containing alkyl ethoxylate surfactants. The observed
discrepancy in the context of mixtures containing alky ethoxylate surfactants was attributed to
the interactions between the surfactant molecules resulting from the flexible nature of the
ethoxylate heads. This flexibility allows the ethoxylate heads to shield the micelle core from
water better than other surfactant heads. CMC predictions made using the mixture CSMT model
and the MT model compared very well with the experimental CMCs for various binary mixtures
of linear surfactants. By demonstrating the applicability of the mixture CSMT model in the case
of binary mixtures of simple surfactants, I have laid the foundation for the use of the mixture
CSMT framework to model mixtures of surfactants that have a more complex chemical
architecture (for example, branched and aromatic surfactants), and are therefore not amenable to
traditional MT modeling.

In Chapter 5, a molecular-thermodynamic framework to predict the micellization

properties of mixtures of fluorocarbon-based and hydrocarbon-based surfactants was developed.
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Due to the enthalpic interactions between the fluorocarbon tails and the hydrocarbon tails, these
surfactant mixtures can result in the coexistence of two types of mixed micelles in solution: one
rich in the fluorocarbon-based surfactants and the other rich in the hydrocarbon-based surfactant.
Accordingly, the MT framework was modified to include an enthalpy of mixing contribution,
which was modeled using the Regular Solution Theory. The ability of the MT framework to
predict the coexistence of two types of mixed micelles in solution was demonstrated in Section
5.3. In addition, the MT framework predictions of micelle population distributions, CMCs, and
optimal micelle compositions were compared with the corresponding experimental values for
various mixtures of fluorocarbon-based and hydrocarbon-based surfactants. It was found that the
predictions of the population distribution of micelles are significantly affected by the value of the
interaction parameter, 4,,, used to calculate the enthalpy of mixing. Therefore, it was concluded
that the MT framework predictions would become more reliable if a better estimate of A4, can

be obtained.

6.2 Future Research Directions

6.2.1 Improving the Modeling of Discoidal and Biaxial Ellipsoidal Micelles

In Chapter 3, curvature-corrected models for the interfacial free energy, the packing free
energy, the steric free energy, and the electrostatic free energy were discussed. Of the four free
energies, only the interfacial free energy can be evaluated using analytical expressions [see Egs.
(3-41), (3-42), (3-43), and (3-50)]. The steric free energy can be calculated using numerical
integration, as described in Egs. (3-72) and (3-76). Numerical integration of Egs. (3-72) and
(3-76) using the Gauss quadrature technique is also not very computationally intensive, because
it only requires evaluating the integrand for several values of the variable of integration. On the

other hand, calculating the packing free energy, g,.ck, and the charging component of the
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electrostatic free energy, g.;, 1S computationally very expensive. As discussed in Section 3.4, to
calculate g, all internal conformations of the surfactant tail have to be evaluated for 500
different external conformations at various locations on the discoidal or the ellipsoidal micelle
surface (see Figure 3-9). The total number of internal tail conformations, even for a short 6-
carbon fluorocarbon tail, is 3* = 81 (there are a total of 4 rotatable bonds and each rotatable bond
can take three states). Based on the recipe given in Section 3.4.1 to calculate the packing free
energy of the 6-carbon fluorocarbon tail packed in a discoidal micelle with b = b'= 8.0 A, all the
81 tail conformations have to be evaluated at 16 different locations on the discoidal surface.
Accounting for the 500 external conformations for each internal tail conformation pinned at each
of the 16 locations, the total number of terms in the summation in Eq. (3-52) equals 81x16x500 =
648000! Additionally, the uniform density constraint in Eq. (3-52) has to be satisfied for a total
of 54 cells (see Figure 3-11). Based on these numbers, it is clear that evaluating g, for a single-
surfactant tail packed in discs or biaxial ellipsoids of a variety of sizes represents a
computationally intensive task. Therefore, it would be beneficial if a simpler method of
calculating g,..« can be developed. While the method developed in Section 3.4 is based on a
mean-field statistical mechanical method, other approaches, like Monte Carlo-based methods*”
18 can also be considered, because they may be computationally less expensive. A faster
method would be particularly important for surfactants having a larger number of carbon atoms
in the tail (for example, commercial hydrocarbon-based surfactants). This follows because an
increase in the number of carbons in the surfactant tail by 1, increases the total number of
internal tail conformations by a factor of 3. In addition, it increases the size of the micelle, which
in turn increases the number of cells and the number of locations at which all the tail

conformations need to be sampled.
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Similar to gk, the calculation of g., using the method discussed in Section 3.6 is also
computationally very intensive. This follows because the method involves numerically solving a
set of partial differential equations for a variety of micelle sizes, micelle surface charges, and
solution ionic strengths. The interpolation table used to generate the results presented in Section
3.7 has close to 1400 points, and is applicable only for single monovalent surfactants having an
associated monovalent counterion. For other surfactant systems, including divalent surfactants

149, 150" djvalent counterions, or mixtures of surfactants, the

such as phosphate surfactants,
interpolation table would have to be regenerated, which represents a very expensive task.
Therefore, developing a simpler method to calculate g, will prove very useful. In this regard,
several authors have presented solutions to the Poisson-Boltzmann equation which are valid

under a variety of simplifying conditions. These include: (i) Aoi’s study of the properties of the

solution to the linearized Poisson-Boltzmann equation (valid for low electric potentials) for

152 153, 154

biaxial ellipsoids using spheroidal functions,””' (ii) Yoon and Kim’s'** and Hsu and Liu’s
derivations of the exact solution to the linearized Poisson-Boltzmann equation valid for low
electric potentials for biaxial ellipsoids using spheroidal wavefunctions, and (iii) Hsu and Liu’s
derivation of a perturbation-method based solution to the Poisson-Boltzmann equation for biaxial

155 In the case of a torus, Cade used a

ellipsoids valid for moderately thick double layers.
perturbation method to solve problems in electrostatics,'*® while Andrews introduced a method
based on separation of variables to solve the Laplace equation in toroidal coordinates.'®’
Simplifying the calculations of g,.« and g.; will allow use of the CC model to predict the micelle
shapes of several longer-tailed hydrocarbon-based surfactants for which experimental data is

. 52-54
available.
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6.2.2 Modeling of Surfactant Mixtures using the Mixture CSMT Framework

In Section 4.5, I showed that the mixture CSMT framework discussed in Chapter 4 is
able to predict CMCs of binary mixtures of linear surfactants. However, the main motivation for
developing the mixture CSMT framework is to use it to model surfactant mixtures that are not
amenable to traditional MT modeling. Such mixtures may contain aromatic surfactants, branched
surfactants, or gemini surfactants.

The mixture CSMT framework is essential to model these more complex surfactant
mixtures, because it is challenging to identify the head and tails groups in these surfactants by
visual inspection. For example, in the case of linear alkyl benzene sulfonates, it is not clear what
part of the benzene ring, if any, is part of the surfactant head. Recently, the CSMT framework for
single surfactant systems was used to identify the heads and tails of various linear, branched, and
aromatic surfactants.?’ It is possible that for surfactant mixtures, the head and tail identifications
of the various surfactants comprising the micelle is a function of the micelle composition.
Therefore, the next steps in the development of the mixture CSMT framework include: (i)
Identifying the heads and the tails for mixtures of linear surfactants, and then evaluating how the
identification behaves for various types of surfactant mixtures, similar to the study presented in

a-avg

Section 4.4. (ii)) Comparing g, ‘«/r With gy csur for binary mixtures of more complex

a—avg

surfactants. If one can show that g, ¥, compares well with g, csur for a particular set of

surfactant mixtures, then, mixed-micelle simulations would not be needed to predict the
micellization properties of these mixtures. (ii1) Predicting the micellization properties of mixtures
of more complex surfactants, including comparing these with experimental data. In the absence
of experimental data, a design of experiments can be carried out to measure micellization

properties, including CMCs, of a well-chosen set of binary surfactant mixtures (similar to the set
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considered in Section 4.4) that would aid in identifying the reasons behind any discrepancy

observed between the model predictions and the experimental data.

6.2.3 Modeling Inhomogeneous Mixed Micelles

Experimental studies of mixtures of fluorocarbon-based and hydrocarbon-based
surfactants have shown that while certain mixtures yield a single type of mixed micelle in
solution, other mixtures result in the coexistence of two types of micelles in solution: one rich in
fluorocarbon-based surfactant and the other rich in hydrocarbon-based surfactant. Based on these
observations, in Chapter 5, an MT framework capable of modeling the coexistence of different
types of micelles was developed. This MT framework is not able to predict inhomogeneity
within a micelle, that is, a mixed micelle consisting of a fluorocarbon compartment and a
hydrocarbon compartment. The existence of such an inhomogeneous micelle was hypothesized
by Nordstierna et al. to explain their nuclear-magnetic resonance spectroscopy data.'** It would
indeed be interesting to theoretically evaluate the feasibility of forming inhomogeneous micelles
by comparing its free energy relative to the free energies associated with forming a well-mixed
micelle or with the coexistence of a fluorocarbon-rich and a hydrocarbon-rich micelle.

Modeling inhomogeneous micelles will involve the appropriate calculations of the
interfacial free energy, the packing free energy, the steric free energy, and the electrostatic free
energy. The interfacial, the packing, and the steric free energies can be calculated by modifying
the calculations discussed in Section 3.3, 3.4, and 3.5, respectively. However, instead of the
curvature varying with position, the surfactant properties, including the tail volume, the tail
length, and the head area will vary with position. Therefore, position-dependent surfactant
properties would have to be incorporated in the free-energy models in a manner similar to the

incorporation of the position-dependent curvature. An additional interfacial free-energy
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contribution associated with the interface between the hydrocarbon compartment and the
fluorocarbon compartment within the micelle core would have to be added to the model (if there
are only two compartments. If there are more than two compartments, then, free energies
associated with forming all the interfaces, as well as with the mixing of the different
compartments, would need to be accounted for). This contribution would depend on the
interfacial tension between the hydrocarbon and the fluorocarbon tails, as well as on the surface
area of the internal interface. By formulating a model for the free energy of micellization of an
inhomogeneous micelle, the feasibility of forming such a micelle can be theoretically evaluated
by comparing the predicted populations of inhomogeneous micelles, homogeneous mixed

micelles, and fluorocarbon-rich and hydrocarbon-rich mixed micelles calculated using Eq. (2-5).

6.2.4 Potential Replacements for Traditional Fluorocarbon-Based Surfactants

One of the goals of this thesis was to gain a molecular-level understanding of the
micellization behavior of traditional fluorocarbon-based surfactants, as well as to exploit this
understanding to model surfactant mixtures where the use of traditional fluorocarbon-based
surfactants is reduced. While mixing fluorocarbon-based surfactants with hydrocarbon-based
surfactants represents an interesting strategy to reduce the fluorine content of the surfactant
formulation, it does not eliminate the use of the traditional fluorocarbon-based surfactants. Some
of the potential replacements for traditional fluorocarbon-based surfactants include: (i) hybrid
surfactants with a fluorocarbon chain and a hydrocarbon chain linked together by a common

163-166

hydrophilic head,"”*'* (ii) partially-fluorinated surfactants, and (iii) fluorinated surfactants

with intermittent ether linkages along the fluorocarbon chain.'>'%°

There are several challenges associated with modeling the surfactants listed in (i), (ii),

and (iii) above. The biggest challenge is the lack of experimental solubility and interfacial

217



tension data for the surfactant tails. For example, in the case of the hybrid surfactants in (i)
above, it is not clear whether the solubility of the hybrid tail is equal to the sum of the solubilities
of the individual fluorocarbon and hydrocarbon tails. Experimental solubility data for
fluorocarbon chains with intermittent ether linkages is not available. Accurate experimental
solubility data is essential to predict CMCs, because the solubility is a quantitative measure of
the hydrophobic effect, which is the main contribution to the free energy of micellization. With
this in mind, a systematic experimental study of the solubility of these novel surfactant tails
would be extremely beneficial in the context of modeling their micellization behavior.
Development of theories capable of predicting the solubilities of such complex surfactant tails
will also be useful. The other serious challenge in modeling these novel surfactants is associated
with the evaluation of the packing free energy. Indeed, the packing free energy will have to be
generalized to account for two tails in the case of the hybrid surfactants in (i) above. In addition,
new RIS models, associated with the heterogeneous surfactant tails in (ii) and (iii) above, would
have to be included to calculate the corresponding packing free energies. Development of a
micellization framework capable of predicting the micellization properties of such novel
surfactants and their mixtures would be very useful, because the framework predictions can
guide surfactant formulators in synthesizing and characterizing those surfactants which exhibit

optimal properties.
6.2.5 Experimental Measurements for Validating Theoretical Predictions

Experimental measurements of micellization properties, including CMCs, micelle
population distributions, micelle aggregations numbers, micelle shapes, micelle sizes, and
micelle compositions are extremely important to validate theoretical predictions. Often, the

experimental data available in the literature reports measurements for a wide variety of
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surfactants having different head and tail groups. To gain a better understanding of any
shortcomings of the theoretical modeling, including the effect of the surfactant structure on
micellization behavior, it is beneficial to have experimental data for a carefully-chosen set of
surfactants (similar to the set considered in Section 4.4). This should aid in identifying the
reasons behind any discrepancy observed between the model predictions and the experimental
data.

In the context of the theoretical modeling of biaxial ellipsoidal micelle shapes,
experimental measurements of the micelle shapes and sizes of a variety of surfactants including:
(1) a set of nonionic surfactants having the same head (for example a glucoside head) and
different number of carbon atoms in the tail, (ii) a set of nonionic surfactants having the same tail
but different heads (glucoside and maltoside heads, or ethoxylated heads with different number
of ethoxylate units), and (iii) a set of ionic surfactants having the same tail but different heads
(carboxylate head, sulfate head, trimethyl ammonium head, etc.), would be useful to understand
the effect of the surfactant head and tail on the micellization behavior and validate the model
predictions made in Section 3.8.1. Experimental measurements that are useful in the context of
the mixture CSMT framework were discussed in Section 6.2.2. Finally, in the context of the
theoretical modeling of mixtures of fluorocarbon-based and hydrocarbon-based surfactants, it is
essential to obtain a reliable estimate of the interaction parameter, A4,;, as a function of
temperature and the fluorocarbon and hydrocarbon chain lengths, to further improve the
predictions of micelle population distributions. Phase equilibrium measurements for several
binary mixtures of fluorocarbons and hydrocarbons having different number of carbon atoms
will aid in obtaining a reliable estimate of A,,. In addition, as discussed in Section 5.1,

conclusions about the unimodality or the bimodality of the micelle population distributions are

219



based on indirect evidence. The development of experimental methods to reliably determine the
unimodality and bimodality of micelle population distributions would improve our understating
of the micellization behavior of mixtures of fluorocarbon-based and hydrocarbon-based

surfactants.
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Chapter 7

Appendix

7.1 Mathematical Derivations and Proofs

7.1.1 Differential Volume of a Discoidal Micelle

The Jacobian matrix for the parameterization of the semi-toroidal rim of a discoidal

micelle shown in Eq. (3-14) is given by:

o o @]
or  oOu Ov cosvcosu —(b+rcosv)sinu —rsinvcosu
J= Py oy | cosvsinu (b+rcosv)cosu —rsinvsinu (7-1)
or oOu Ov )
0z 0z Oz S 0 TRy
& o

|J‘_COSVCOSZA ((b-l—l’COSV COSM rcosy— O)

+(b+rcosv)sinu-(cosvsinu - rcosv+rsinvsinu -sinv)

(7-2)
—rsinvcosu( b+rcosv cosu s1nv)
=r(b+rcosv)
Substituting Eq. (7-2) in Eq. (3-12) yields:
dV =dxdydz = r-(b+rcos v)drdudv (7-3)

which is the result obtained in Eq. (3-15)
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7.1.2 Differential Area and Mean Curvature of a Discoidal Micelle using the First and

Second Fundamental Forms

To evaluate the first fundamental form for a discoidal micelle, we first evaluate x; and x»,

defined in Eq. (3-1), and their inner product, g;, defined in Eq. (3-4), for the surface

parameterization given in Eq. (3-16) as follows:

X, =?=((b+b'cosv)(—sinu),(b+b'cosv)cosu,0) (7-4)
u

X, :a—x:(—b'sinvcosu,—b'sinvsinu,b'cosv) (7-5)
v

g, = <xl,x1> =(b+b'cos v)2 ((—sinu)2 +cos’ v) =(b+b'cos v)2 (7-6)

g =& :<x1,x2> =b'(b+b'cosv)(—sinu-(—sinvcosu)—cosu-sinvsinu)=0  (7-7)

g, = <x2,x2> =b" (sin2 vcos” u +sin® vsin® u +cos’ v) =b" (7-8)

. 2
= & g12j|: (b+b'cosv) 02 (7-9)
8 8» 0 b'

Substituting Eq. (7-9) in Eq. (3-5) yields:

dA = gldudv =b'(b+b'cosv)dudv (7-10)

The following equations show the steps needed to obtain an expression for the mean

curvature of the surface of the semi-toroidal rim based on the recipe introduced in Section 3.2.

X, sz

n=
‘x]xx2|
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7.1.3

~ A

((—sinu)-(—sinvsinu)-k+(—sinu)-cosv-(—1)+cosu~(—sinvcosu)-(— )+cosu-cosv-i)
2 2 -2 2 . 2 : -2 \?
cos” 1 cos® v+sin® u cos v+(smvcos u+sinvsin u)

—_— =
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ou
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L,= <x11,n> =—(b+b'cosv)(cosu-cosvcosu+sinu-cosvsinu+0)
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I
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B=L,g" +L,g” =0-b"— —— L
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Differential Volume of a Biaxial Ellipsoidal Micelle

(7-11)

(7-12)

(7-13)

(7-14)

(7-15)

(7-16)

(7-17)

(7-18)

(7-19)

(7-20)

(7-21)

The Jacobian matrix for the parameterization of the biaxial ellipsoid shown in Eq. (3-20)

is given by:
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gr g” 2" pcosusiny —prsinusiny  prcosucosv
) A A psinusinv  prcosusinv  prsinucosv

or Ou Ov )

or oz oz gcosv 0 —grsiny

or ou ov]

|J‘ :pcosusinv-(prcosusinv-(—qrsinv)—O)
+prsinusinv'(psinusinv-(—qrsinv)—prsinucosv-qcosv)
+prcosucosv'(0—prcosusinv~qcosv)

=—p’qr’sinvy

Substituting Eq. (7-23) in (3-12) yields:

dV = dxdydz = p*qr® sin vdrdudv

(7-22)

(7-23)

(7-24)

It should be noted that the absolute value of the determinant of the Jacobian is used to calculate

the differential volume.

7.1.4 Differential Area and Mean Curvature of a Biaxial Ellipsoidal Micelle using the

First and Second Fundamental Forms

To evaluate the first fundamental form, we first evaluate x; and x,, defined in Eq. (3-1),

and their inner product, g;, defined in Eq. (3-4), for the surface parameterization given in Eq.

(3-20) as follows:

x, =— =(—psinusinv, pcosusinv,0)

ou

X . .
X, :a—:(pcosucosv,psmucosv,—qsmv)
v

2 2.2 c 02 2 2 c 2 2 :02
g11=<xl,xl>:p sin“usin” v+ p~cos usin”“ v= p“sin” v

(7-25)

(7-26)

(7-27)

g =85 :<xl,x2>:(—psinusinv)-pcosucosv+pcosusinv‘psinucostrO:0 (7-28)

224



g, = <x2,x2> =p’cos’ucos’ v+ p’sin‘ucos’v+¢q’sin’v=p>cos’v+g’sin’v  (7-29)

2 2 O
. g 8n _ p smv i i o (7-30)
g, E» 0 p cos"v+g sinTvy

Substituting Eq. (7-30) in Eq. (3-5) yields:

dA = \/Edudv = psin v\/p2 cos’ v+ ¢” sin® vdudv (7-31)
The following equations show the steps required to obtain an expression for the mean

curvature of a biaxial ellipsoidal surface based on the recipe introduced in Section 3.2.

L KX :—(qsinvcosu,qsinvsinu,pcosv) (7-32)
‘xl XX, | \/p2 cos’v+g’sin’v
0’x : L
X, =W=(—ps1nvcosu,—ps1nvsmu,0) (7-33)
o’x .
X, =X, —%:(—pcosvsmu,pcosvcosu,O) (7-34)
0’x
Xy, =W:(—psinvcosu,—psinvsinu,—qcosv) (7-35)
I —<x n> _ psinvcosu- pgsin® veosu + psinvsinu- pgsin’ vsinu +0
11 = \M )= : -
psin v\/p2 cos’ v+¢g’sin’ v
pgsin® v (730)
\/p2 cos’ v+q°sin® v
pcosvsinu- pgsin® veosu — pcosveosu - pgsin® vsinu +0
L,=1L, =<x12,n>: ; > > )
psin v\/p cos’v+gq’sin’v (7-37)
=0
I —<x n)_psinvcosu-pqsinz veosu + psinvsinu - pgsin® vsinu + p° sinvcosv-gcosy
o psin v\/p2 cos’ v+q’sin® v (7-38)

_ P4
\/pz cos’v+g’sin’ v
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7.15

» 1 pPcos’v+q’sin’ v

0

p’sin’ v(p2 cos’v+¢°sin’ v) 0 p’sin’v

1

)
pgsin” v 1 q
Lll :Lngll +L21g21 = =

N 2 2 2 2. laniv  n 2 2 2 : 2
\/p cos“v+g sin“y p SV P\/p cos“v+qg sin“v

=L g +L,g” =0+ Pq !

Pq

)A

(p2 cos’ v+g’sin’ v

1 q )2

+

) T2 2 2 .2
\/p2c0s2v+qzsm2v p Cos"v+q sinTv

c=E(L11+L§):%

1 q(p2 cos’ v+¢’ sin’ v)+p2q
2 )%

2 p(p2 cos’ v+g’sin’ v

Interfacial Free Energy of a Discoidal Micelle

p(p2 cos’ v+¢°sin® v)% (p2 cos’ v+¢°sin’ v)

%

(7-39)

(7-40)

(7-41)

(7-42)

The mathematical details of the evaluation of the integral in Eq. (3-40) are given below:

3bb"+2b" cosv

v%(b+2b'cost(bb'2 b® jd V%(2b+2b'cosv—b
J‘ +Z—cosv ldv= I

<\ b+b'cosv 2 3 o b+b'cosv
v==" vf—A

:IA 36b"+2b" cosv _( b 3bb"+2b" cosv)
o 3 b+b'cosv 6
=7

=bb"” 7+

4b" A( b j(2bb'2+2b'3cosv+bb'2]dv

3 _V?% b+b'cosv 6

=bb"” 1+ 4b - VJ% bb" + bb” dv
3 vy 3 6(b+b'cosv)
/2

4b'3_bb'27r_vj% b |, _V _bb'z
32y 6(b+b'cosv)
/2

=bb" 1+

The integral in (7-43) is evaluated as follows:
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[

b+b'cosv

6

b2b12

o

(7-43)

)]dv



7 7
f ! 2 ! dv

A(b‘“bvcos")dv:%(b(sin2%+cos2%)+b'(cosz%—sin2%))

% ((b=b")sin® vy +(b+b)cos? v3)  ((b=b")tan V) + (b+1"))
7 sec’ Y
= j dv

\]

7, ] (b_b' 2
A(b+b)£(b+b')tan Vj+1
For b > b', the integral in Eq. (7-44) is readily evaluated by making the following
substitutions:
b-b" v
= tan — 7-45
P 2 (7-4)
and
dp = al secz(v/z)-ldv (7-46)
b+b' 2

Substituting Egs. (7-45) and (7-46) in Eq. (7-44) yields:

(b+d") (7-47)

Substituting Eq. (7-47) in Eq. (7-44) and subsequently in the integral in Eq. (3-40) yields:

227



K_ bb v2
Vd 3
= n é 4tan”' (b b')
g = . A 27r§(b7r+4b) a0n+27ra0V(bvj b b'2 b+b')
b b')
(b+D")
" b+b') (7-48)
b-b'
2btan”' Eb b';
+
g =0, a—a, —27[5(b7r+4b')£ 2a0' 27m°bb 5
A b (b—b')
(b+b")
(b+b')
which is the result obtained in Eq. (3-41).
For b <b', anew variable ¢ can be defined as follows:
b'-b v
=,[——tan— 7-49
Norp 2 (7-49)
and
b'-b 1
dq = *(v/2)-—d 7-50
q Urbsec (v/2) 5 v (7-50)
Substituting Eqgs.(7-49) and (7-50) in Eq. (7-44) yields:
7 sec’ V (b'-b)/(b+b")
(bib') J (b-0) e 2 o) o %
(b+b') 2 (b+b')
(7-51)
b'-b b'-b b'-b
1 Y Vs 2 Y
= In 0 |_1n + = In +

e 1 v ey

Substituting Eq. (7-51) in Eq. (7-44) and subsequently in the integral in Eq. (3-40) yields:
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_%| 4o N nfo 2| 14,270 | |1 [P0
8 =" A-278(br+4b") a0n+2ﬂa0V(b’j e {n( bab | b'+b

a el Y

b ln[1+ b'_b]—m@— b'_bj
a 2a05_[27m0bb‘5j . b'+b b'+b

e e e

which is identical to Eq. (3-42).

If b=5", the integral in Eq. (7-44) reduces to:

7 sec V
_l/ (b+b/'2)dv= (bfb‘)(tan%—tan(—%))=(b+4b') (7-53)

Substituting Eq. (7-53) in Eq. (7-44) and subsequently in the integral in Eq. (3-40) yields:

, 278 (b +4b") 25 27bb'S 2b
gmt(b:b)zao a—q,—a——+q,| — |—q, T+
A b' 3V (b+b")
(7-54)

which is identical to Eq. (3-43)

7.1.6 Limiting Cases for the Interfacial Free Energy of a Discoidal Micelle
To verify the validity of the g,, expressions in Eqs. (3-41) - (3-43), consider the

following limiting cases:

1. The torus becomes a sphere. This corresponds to the case b = 0 and 4 = 4zb'". Taking

these limits in Eq. (3-42) yields:
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276 (0+4b' b'+0
LJFZ)JF%(EJ_%,O 7+lim b In (
4zb' b'

N (N
(0+b )\/Eb' O;

26 20 o
?+a0 (?DZ% (a—ao)[l—Zyj

(7-55)

which is identical to the g, expression utilized for a spherical micelle of radius b'.

The torus is a cylinder. This corresponds to the case when b—o0, 4 = (1/2)2nb'(27b), and

V = (1/2)nb*(2zb). Note that the factor of one half in the expressions for 4 and V account for the

fact that the cylinder is actually a hemi-cylinder because the rim is a semi-toroidal rim and the

height of the cylinder is equal to the inner circumference of the semi-toroidal rim which is equal

to 2zh. Using the expressions for 4 and V and taking the limit b—o0 in Eq. (3-41) yields:

=1

275 (brr) [25j 27bb'S 2 |(b)
—a—— 1o\ — |- 5| 7FT tan = |[—
27%bb’ b') " 37%bb (b) (

b) i
() @ (7-56)

é+a [Ej—a 2(14-1} =0 (a—a )(l—éj
b b)) "3 2 ’ YU

which is identical to the g,, expression utilized for a cylindrical micelle of radius b'.

7.1.7 Total Surface Area of a Biaxial Ellipsoidal Micelle

The integral in Eq. (3-48) is evaluated separately for p > ¢ and p < gq. For p > ¢, the

following substitutions are made:

t=\/p2 —q2 cosv

(7-57)

230



and

dt =—p* —q’ sinvdv (7-58)

Substituting Egs. (7-57) and (7-58) in the integral in Eq. (3-48) yields:

V=1 == pZiqZ)
A:27rp'|‘ sinv\/(pz—qz)coszv+q2dv:% _[ £ +qidt
v=0 (p —-q ) = (pz_qz)
2 = (pz_qz)
A=—_L_ [ P+qdr (7-59)

The integral in Eq. (7-59) is evaluated using integration by parts as follows:

2 P di=t P +at — J gdt =t P+ — t2+q2_ q
jt+q t=t- +q I—mtt tE +q '[[\/12+q2 N ¢

=P +q* - | JE+qide+ [ T (7-60)

\/tz +q2

=2 +q’di =11’ +q’ +J.%dt

A +q

To evaluate the integral on the right-hand side of Eq. (7-60), the following substitutions are

made:

t=qtané@ (7-61)

and

dt = gsec’ 0d0 (7-62)

Substituting Egs. (7-61) and (7-62) in the integral in Eq. (7-60) yields:
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d q’-gsec’ 6 10— q’ sec 0{9
'[\/t +q° ' j\/q tan® @+ ¢’ -[q‘sec9|

(7-63)

=Jq2‘secﬁ|d9:q21n‘sect9+tan6?| =¢’In 1+ 4

One can verify that in the interval of integration, —/p> —¢° <qtan@<./p>—q°, secO is

always positive, and as a result, ‘sec 6?| can be replaced by secd . Substituting Eq. (7-63) in Eq.

(7-60), and the subsequent result in Eq. (7-59) yields:

J}T\/t +q a’tJ'\/t +qidt= 2m+ J‘4dt

(P =4") ] JP+d
/+‘/1+%

AN (74 o

| 4
~r-")
- 227rp2 m+ j;dt]
(P _Q) (- )
:—27rp Je+q + q/ In ot 1+ J
(Pz—qz)

| ) ﬁ
\/7

__ 2zp q / \/ _1 7

(/j 4_\/ q B pq+\/(
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27p
= g’ +q In
(P - q){

el

el
()

which is identical to the expression in Eq. (3-48).

X

In

=2rpq /+

(7-64)

For p < g, the integral in Eq. (3-48) is evaluated by following a procedure similar to that

followed for p > ¢g. The variable of integration, v, in Eq. (3-48) is replaced by ¢ defined below:

=\/qg° —p° cosv

and

dt =—q* — p’ sinvdv

Substituting Egs. (7-65) and (7-66) in the integral in Eq. (3-48) yields:

V=1 == (q P
. —2rp 2
A=27sz. sinv (pz—qz)coszv+q2dv=— j q —tdt
v=0 \/ (q2 —pz) = (qupz)
= (qupz)
:272'—]? J‘ q2 —tzdl

The integral in Eq. (7-67) is evaluated using integration by parts as follows:

=g’ -1 —J'\/q2 —lzdt+J.q42dt
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:>2qu2—t%h=4Jq2—t2+j——%;;?ﬁ (7-68)

=

To evaluate the integral on the right-hand side of Eq. (7-68), the following substitutions are

made:

t=gsind (7-69)

and

dt =qcos0do (7-70)

Substituting Egs. (7-69) and (7-70) in the integral in Eq. (7-68) yields:

g’ -qcos@

CrqicosO ¢,
d@—jgﬁggfﬁ—fqdﬁ—qﬁ

¢
J.\/qz_tz t J.\/qz_qzsinze

(]

One can verify that in the interval of integration, —/q° —p° <gsin@<+/q¢°—p°, cos@ is

(7-71)

always positive, and as a result, cos 6’/ ‘cos 6’| can be replaced by 1. Substituting Eq. (7-71) in Eq.

(7-68), and the subsequent result in Eq. (7-67) yields:

2 2
A :ﬁ,__ﬁ\/qz —tzdtj\/qz —dt = (%)«/q2 —7 +(%)J-ﬁdt

t=\g*~p
2
. A=
t==¢*-p*
__27p (%) g -t +(q2 ]Sln 1(/) o
7 - p* 2 2 e
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_2zp q’ -
= PANg —p +q Sln
U

=27pq| (2 +Sin_l 1_(%)2 (7-72)
s

which is identical to the expression in Eq. (3-48).

7.1.8 Interfacial Free Energy of a Biaxial Ellipsoidal Micelle

The first and second integrals in Eq. (3-50) are similar to the integrals used to evaluate
the area and the volume of an ellipsoid presented in Egs. (3-48) and (3-49). Therefore, in this
section, mathematical details regarding the evaluation of the remaining integrals are discussed.

The following equations present the evaluation of the remaining four integrals for p > ¢:

I 9po ———sinvdv = I > 2qp5 ———sinvdv
2 o P cosTv+gisinTy 7.73)
= '[ qp ° —sinvdy
cos v+q
Substituting Egs. (7-57) and (7-58) in Eq. (7-73) yields:
V=1 V p q
I 5 qu§ 5 -sinvdy = ——— —4po T ! 7 dt
v:O(p —q )cos v+q’ (pz—q m
) 2 2
P —q
- (—) (7-74)

o 1 A
-0 |t )
(pz_qz) qtan (A)t\/m (pz_qz)ta q



e 2q5

—sinvdv=—— (7-75)
v=0 p p
3.
= 2_2 V=1 2.2
I aogijsinvdv= I aoﬁ q°po % sinvdv
v=0 3w’? v=0 3(p2 cos’ v+¢’ sin’ v) ?
_ 7-76
V=1 n q2p2§ ) ( )
= I a,— % sinvdv
v=0 VB((pz—qz)coszv+q2) ’
Substituting Egs. (7-57) and (7-58) in Eq. (7-76) yields:
v=r1 n q2p25 nq2p2§ = pf_qz) 1
a,— —sinvdy = a) ——F——— —dt )
R4 3(([72 _qz)cosz v+ g )A 3y [(pz _ 2) ) (tz + g )A (7-77)

To evaluate the integral in Eq. (7-77), the following substitutions are made:

t=qtand (7-78)

and

dt = gsec’ 0d0 (7-79)

Substituting Egs. (7-78) and (7-79) in the integral in Eq. (7-77) yields:

cos@
q2

|cos 0|
q2

2
1 di = gsec” 6@
(t2+q2

)%
2. o Q) e oo e v

gsec’ @

do
q’ |sec’ 6"

o= o= o=

(q2 tan” @ + qz)%
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One can verify that in the interval of integration, —/p° —¢° <gsin@ <+ p>—q°, cos@ is

always positive. This allows one to replace ‘cos 6’| by cosé. Substituting Eq. (7-80) in Eq.

(7-77), and the subsequent result in Eq. (7-76) yields:

2.2 2.2 -
a, L qpo sinvdv =aq, _"po I ;dt
% 2 2 2 W\ 0 2_ 2 2 0\
v=0 3((19 —q )cos v+gq ) 14 (P —q )t:_ /(pz_qZ)(t +q )
=7 q) 2 2
ng* p w's 2P -7) (7-81)
0
3V,/ —q \/l‘ +q t——\/ﬁ 3V (pZ_qz) p
_ 2npd
‘3
4,

V=71 2 V=1 2

I aoﬁq—isinvdv: j ao£ 90 —sinvdvy

v=0 3w’? v=0 3(p2 cos’ v+ ¢’ sin® v) ?
v=r1 2
j 1 g0 _sinvdvy (7-82)
2o V ((pz—qz)COSZ\H—qz)z

Substituting Egs. (7-57) and (7-58) in Eq. (7-82) yields:
T oon ) ng’s ) 1
Iao— 1 —sinvdv = a, el I

SV 3((p2 —qz)coszv+q2) ?

Using the result in Eq. (7-63), the integral in Eq. (7-83) can be evaluated as follows:
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= [r*-¢)

=aOM1n7+ /(7)2_1
£ (pz—qz) q q

Substituting Egs. (3-48), (3-49), (7-74), (7-75), (7-81), and (7-84) in Eq. (3-50) yields:

(7-84)

Ww’? sin vdv— j aoiﬂsinvdv— @sinvdv— I ﬁsinvdv
2770,p | \=o 2 V3 o W o P
int — n 2 2 2
+ j a, P y& sinvdv + j a, i sin vdv
=0 3w v=0 w2
2 2 2
d—agn_ 3PS | NP =4 _dngs
0 2 2
_0, Ny q
S N A A
)% “3p /p2 -4 q q

—| A—na,—4nqo

A—na,—4rqd

_4zgd (%) tan” (%)2—1“ +24, (7-85)
R

which is identical to the expression in Eq. (3-50).

gint = 00 a _aO
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A similar analysis is carried out to evaluate the integral in Eq. (3-50) for p < ¢. In Eq.

3-50), the first two integrals, like in the case of p > ¢, are similar to the integrals shown in Egs.
g p-q g q

(3-48) and (3-49), respectively. The remaining four integrals are evaluated as follows:

Substituting Egs. (7-65) and (7-66) in Eq. (7-73) yields:

V].” qpo >sinvdy = __apd - (}Z_PZ) ! >-dt
- =
2o (P =47 )cos’ v+’ Ja - ki
(q p> q—t+qg+t di = po : (qj-pz) 1 N 1 dr
1/ (4 - mzq g-t)(q+1) 2 (¢°-p") (qupz)(q—i_t) (¢-1)
(qupz) 2 2 2 2
+ - + -
___pd ln|61+t| __ 25 | (‘1 P )_‘1 (‘1 p ) (7-86)
2(4 - r) F f|_ i (7-1") |a-(&*-P") a+\(d-P)
q+y(q"-p’ ) 2
0 ln( ( )2 ___2p0 ln%+ (%) -1
(4°-77) qz—( qz—pz) (4" -r")
I 90 —sinvdv = 290 (7-87)
v=0 p p
Substituting Egs. (7-65) and (7-66) in Eq. (7-76) yields:
. q2p25 nq2p25 =(4-r?) 1
ay— 7 sinvdv = a, T J. P dt (7-88)
v=0 3((p2—q2)coszv+q2) ? 3V (q 4 ),:_ (-7 (q —t )2
To evaluate the integral in Eq. (7-88), the following substitutions are made:
t=gsinf (7-89)

239



and

dt =qgcos@ (7-90)

Substituting Egs. (7-89) and (7-90) in the integral in Eq. (7-88) yields:

1 B gcost [ gqcos® _ b _ b
j—%dz _j(qz e 9)% do = I—q3 eos § do = - [sec? 0a0 = - tan @

(7-91)

In the interval of integration, —/q’ —p° <gsin@<./qg°—p°, cos@ is always positive.

Therefore, cos 6?/ ‘cos 6’| is replaced by 1. Substituting Eq. (7-91) in Eq. (7-88) yields:

wps N s 0 [N
0
v (q2 _pz) i=—(¢*~r’) (q2 _tz)é v (qz _pz) T g’ - t=(¢-r?)
_a, np>S 2 (q2 _pZ) . 2npS (7-92)
3y (qz _pz) p V

4. Substituting Egs. (7-65) and (7-66) in Eq. (7-82) yields:

V:”a z a9 sinvdv = aq, & ;d;
v'!.o 'y 3(([72 _qz)cosz viq )% 0 3y (q2 _pz) . ({2_}’2) (qz _p )% (7-93)

Using the result in Eq. (7-71), the integral in Eq. (7-93) can be evaluated as follows:
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=a 2ng°5 sin”' - a _pz)
0 3V [(qz _pz) q

Substituting Egs. (3-48), (3-49), (7-86), (7-87), (7-92), and (7-94) in Eq. (3-50) yields:

v=m u=2r7¢ . 2
a1 ] —f’opsm[l-z_ﬁ jwcsj(w%_%g%jdudv
v=0 u=l

n p w/
'f w2 sinvdy — J. aoﬁﬂsinvdv j apd ——sinvdv— J.—551nvdv
27[0'017 =0 2 V3 p
n V=1 n q2p2§ q25
+ sinvdv + sinvd
V_La Vo 37 sinvdv j ao Vs / vdvy
—aon— 47zp5 / ,’ —4rqd
[ q P

n
+a, dznp” 5+a 4rng’ pé )sin'l 1—(%)

k1% 3V\/q _p
7\ %)

2
AR P
=0, a—ao—4ﬂq§ q In y+ (y) -1+1 +47qu5a0 4
n \/ 2 p p k1% 27 pq
(%)
q

2
AN P
=0, a—a0—4”q5 4 In y+ (%) -1+1 +25—AaO
p p 3V

=— Ana047rqé{ ln

")

which is identical to the expression in Eq. (3-50).
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7.1.9 Limiting Cases for the Interfacial Free Energy of a Biaxial Ellipsoidal Micelle

To verify the validity of the g;,, expressions in Eq. (3-50), consider the limiting case p = g
when the ellipsoid becomes a sphere. Taking this limit for the equation corresponding to the

oblate ellipsoidal micelle in Eq. (3-50) yields:

8in = O a, " liin 2 0
q-p » ~ 3 7rp3j
IR
4z po 87 ps A (7-96)
=0'0(a—a0— ”: (1+1)+(2%)a0j:ao[a—ao_%z+(25p)ao)

which is identical to the g, expression utilized for a spherical micelle of radius p.

Taking the limit p = ¢, for the equation corresponding to the oblate ellipsoidal micelle in

Eq. (3-50) yields:

. 25(47[]92) (7-97)

The limit in Eq. (7-97) is evaluated using L.’Hdpital’s rule as follows:

- S A i d((j/p){l“%ﬂ/WJ

- \/1_(%) - d(j/p)[ 1‘(%)]
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a/, l(a/\ ) 1_%:Z§:
ARz
a/p—1 _fZ; alp>1\/ P

e

Substituting the limit obtained in Eq. (7-98) in Eq. (7-97) yields:

g =0, (a—ao —4”p5(1+1)+2d0]= o, (a—ao _8apd -£+2a0 (y)j
p n A p

:Uda-Qo@—2(§?D

which is again identical to the g, expression utilized for a spherical micelle of radius p.

7.1.10 Volume of a Cell to Calculate gpack Of @ Biaxial Ellipsoidal Micelle

The integral in Eq. (3-67) can be evaluated as follows:

3
2 2 )3
pn qn

2
[p"q’”] tan® v +1
qnpnfl

O 2
27plq, '[ % 1- (p’”j + sinvdv

Py

2 2 2 2
27 p? " [q”l] taﬂzv‘{p"lj +[qﬂ1] —[p"'J
= —7”3)” D cos 0,,—cost, , — j 9, Py z 9. Py
[y p q -1 2
22 | tan” v+1
[ qnpnfl J

27 p " ’ 2 :
= —1;" | cos 6, . —cosb,, — I h] ‘sec3 v‘ [%J tan’v+1| sinvdv

QNH qn qnpn—l
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sin vdv

(7-98)

(7-99)




3 2
2 2 an,k 2
= Z2Puln | oo 0,,, —cosO , — J. D1 | sec?vianv| | Lodot | tan2v o1 | av (7-100)
3 ’ ’ ‘9;1,1(71 q,, qnpn—l

The integral in Eq. (7-100) can be evaluated by making the following substitutions:

2
t:1+(M] tan® v (7-101)
qnpn—l
and
2
dt = (%j 2tanvsec’ v (7-102)
qnpn—l

Substituting Egs. (7-101) and (7-102) in Eq. (7-100) yields:

2
1_{}1,,!1,,,1] tan’ 0, i

3
2 2 GnPn1 t_3/2
—]; nds cos 6?,1’,{71 —COoS Hn’k - I Du1 ~dt
2 q,
1+[Pn‘1nf|] tan2 0, 1 2 pnqn—l
9nPn- qn pn—l

5 ) -1/2
2 2
==t cosd,, —cos),, +[MJ(MJ 1+[M] tan* 6,
3 q, D, q,P,

which is identical to Eq. (3-67)

) -2
_{1+(pnqn1j tan> gn)li }J (7'103)
q}vzpnfl

7.1.11 Interpolation Scheme to Calculate the Charging Free Energy

For a regular grid, the interpolation scheme introduced in Section 3.6 is equivalent to the
multilinear interpolation scheme. Consider the application of the interpolation scheme presented
in Section 3.6 using an interpolation table which is a regular grid. Specifically, when all the
points in the interpolation table are arranged in a five-dimensional space, they form a regular 5-D

rectangular grid with no missing points. In such a grid, the 32 nearest neighbors for any given
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point will form a regular polyhedron, where each face is perpendicular to every other face with
which it has a common edge (that is, the 4-dimensional version of a 2 dimensional edge). This is
easily visualized in a three-dimensional analog of the five-dimensional regular grid as shown in
Figure 7-1. In such a case, each vertex of the regular polyhedron formed by the nearest neighbors
is characterized by the values of the five variables, where each variable can take one of only two
values (3 and 7 for variable 1 in the example shown in Figure 7-1). Note that for an irregular

grid, this need not be true.

Let (a,b, c,d ,e) denote the 5-dimensional point at which one desires to find the surface
electric potential using the interpolation scheme. In addition, let the 32 nearest-neighbor grid
. X, X X X, X .
points be denoted by (a b et d et ) , where superscripts X;, Xo, X3, Xy, and X5 are equal
to either +1 or -1. A superscript of +1 denotes the high value of the variable, while a superscript

of -1 denotes the low value. For example, for variable 1 in Figure 7-1, a superscript of +1

corresponds to 7, and a superscript of -1 corresponds to 3. For such a grid, the weights
. . X, X, X X, X . .ye . . .
corresponding to the point (a ,b*2 ¢ d e ) in the multilinear interpolation scheme is

given by:

~ ‘a—afx‘yb—b*XZ Je—c™ "d—dﬁX“ "e—e_x5 7104
Wt(axl B2 a5 T (a+1 _a—1>_(b+1 _b—l)_(c+1 _C—l)_(d+1 _d—1>_(e+1 _e—l) (7-104)

For the interpolation scheme described in Section 3.6, the weight corresponding to the

point (aX‘,bXZ,cX3,dX“,eX5) is given by:
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-1 -1 -1 -1 -1

X, X X X, X
jaa[ pb| leme®] Ja—d™[ e-e|
Wt(a)q Xy X3 ;X4

e ! e ! Y (7-105)
‘a—a 1‘ -‘b—b 2‘ -‘c—c 3‘ ~‘d—d “‘ -‘e—e 5‘

(3,21,1) (7,21,1)

(3,15,1

Figure 7-1: A schematic of the regular polyhedron formed by the 8 nearest neighbors of the point shown
in red.

where the denominator is introduced so that all the weights add up to 1. To prove the equivalence
of the two weighting schemes shown in Egs. (7-104) and (7-105), we simplify Eq. (7-105) as
follows:

-1 -1 -1 -1 -1
X X
‘a_aXl‘ .‘b_bxz‘ “C_c 3‘ .‘d_dX4‘ .‘e_e 5‘
wt( . =

a1 pY2 X3 g Xa ’eXs) —-1,+1

-1 -1 -1 -1 -1
X, X X X X.
‘a—a 1‘ -‘b—b 2‘ -‘c—c 3‘ ~‘d—d “‘ -‘e—e 5‘
X1,X,,X3,X4,X5

-1 -1 -1 -1 -1
X, X X X X

{(1/(eel)+1/(e+1 —e)) J

< s s ! s
) Z ‘a—a“ -‘b—bz‘ -‘c—c3‘ -‘d—d“‘

X, X5, X5, X,

-1 -1 -1 -1 -1
X, X X X, X
I A I

(¢'=¢) =) (e"=¢)
Y ama [ o e - a [

X\, X5,X3,X,
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-1 -1 -1
X, X X
‘a—a 1‘ -‘b—b 2‘ -‘c—c 3

[ e ) ()
. —1,+1 _ Xl_l. _ Xz_l_ _ X}fl. e v
2 e[t eme [y ) v(a ~a)
la—a®["-|p-p"[" Cd-a®fe-e
(e e) e} (e ) ) a0 )

—1,+1

-1 -1
X, X

X5 ]!

X
-‘c—c 3

-1

-1 -1
X, X X
‘a—a 1‘ -‘b—b 2 -‘c—c 3‘

-1 -1 -1 -1

‘a—ax“ -‘b—bxi‘ -‘c—cX3 -‘d—d‘“‘ -‘e—eXS‘
(e“—e)il-(e—e’l)il(e“—e’1 . a’“—d)il-(d—d’l)il(d“—d’l)

(
(b =) (b-b") (b b7

a=a’| -|b=b"| 'M'd_ 1 'Je/_(y{rr
Je/—%r("e‘e_XS‘l'(e+l‘e_l)' d=d* |d—d [ (d"~a") (7-106)

-1

Equation (7-106) is identical to Eq. (7-104). Hence, we have proved that the weighting scheme
presented in Section 3.6 is identical to that for a multilinear interpolation scheme, if the

interpolation table forms a regular grid with no missing entries.

7.1.12 Laplace and Gradient Operators for the Discoidal Coordinate System

The Laplace operator for the parameterization introduced in Eq. (3-14) can be calculated

by substituting Eq. (3-14) in Eq. (3-78) as follows:
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1
h = ‘(cosvcos u,cosvsinu,sin v)‘ = (cos2 veos® u +cos’ vsin® u + sin’ V)A (7-107)

=1
1
h, =‘ —rsinvcosu,—rsinvsinu,rcosv)‘=r(sin2vcos2qusinzvsinzu+cos2 v) 2 (7-108)
=r
. . SRVZ
h, =‘(—(b+rcosv)smu,(b+rcosv)cosu,0)‘=(b+rcosv)(sm U +cos u) 2
(7-109)
=(b+rcosv)
Substituting Egs. (7-107) - (7-109) in Eq. (3-77) and (3-79) yields:
Vi - 1 0 (r(b+reosy)dy L0 (b+rcosv)xl oy +i( 1xr a_u/) (7-110)
l//_lxrx(b+rcosv) or b or ) ov r ov | ou\b+rcosv ou
and
o
vV oV ow g (7-111)

or r ov b+rcosv

which are identical to Egs. (3-80) and (3-83), respectively.

7.1.13 Linearization of the Poisson-Boltzmann Equation

The nonlinear Poisson-Boltzmann equation in Eq. (3-92) can be linearized as follows:

54 azl/_/ n §4b @4_ 52 821/_/ . fzbc{harge Sinv @
0&* (§b+bﬁ cos v) o0& oV’ (§b+b/ cos v) ov

harge charge

(Kbc{harge )2 z 1, oz, €xp (_Z,‘J) (Kbc/harge )2 z 1,02, (1 - Z,-l/_/)

Z:Ii’ozi2 T Zli’ozf
/ 2 . 2 / N 2
(Kbcharge) (Zli,ozi Zli,OZi ‘//J (Kbcharge) (0 Z[i,ozi l//j

2 2
z]i,ozi Zli,OZi
;
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= (KBl ) ¥ (7-112)

which is identical to Eq. (3-108).

7.1.14 Laplace and Gradient Operators for the Prolate Ellipsoidal Coordinate System

The Laplace operator for the parameterization introduced in Eq. (3-109) can be calculated

by substituting Eq. (3-109) in Eq. (3-78) as follows:

h, :|(f coshfsinvcosu,fcoshfsinvsinu,fsinhfcosv)‘
)%

(cosh2 Esin® vcos® u + cosh® Esin’ vsin® u +sinh® £ cos® v

=/ | (7-113)
= f(cosh2 Esin® v+sinh® £ cos’ V)A = f((1+ sinh’ §)sin2 v+sinh® gf(l—sin2 v)) 2
S

(sin2 v+sinh® f)%

h, = ‘(f sinh £ cosvcosu, f sinh & cosvsinu,— f cosh &sin v)‘
1
= f(sinh2 £cos’ veos® u+sinh® & cos” vsin® u + cosh® &sin’ V)A (7-114)
1 1
= f(sinh2 £cos’ v+cosh’ £sin’ v)é = f(sin2 v+sinh® cf)é

h, = ‘(—fsinhfsinvsinu,fsinhésinvcosu,O)‘

L
= f(sinh2 Esin® vsin® u +sinh” £sin’ vcos® u)A (7-115)

= f'sinh&sinv

Substituting Eqs. (7-113) - (7-115) in Eq. (3-77) and (3-79) yields:

1 %(f sinh & sin vi—?j-&-%(f sinh & sin vaa—l/v/)

S (sin’ v sinh” £)sinh Zsinv| a( sinh&siny O
/(

(7-116)

Vi =

ou| f(sin®v+sinh? §) ou

and
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oy
1 oy » 1 ow . u N
. — a"’§+ . — a’”v+ O i (7-117)
f(sm2v+smh2 f) 2 0¢ f(sm2v+s1nh2 §) 2 0v. fsinvsinhg

Vi =

which are identical to Egs. (3-111) and (3-112), respectively.

7.1.15 CC Model vs SB Model for the Steric Free Energy of Discoidal Micelles

In Section 3.7.3, the systematic difference between the CC model and the SB model, in
the context of the steric free energy, was attributed to the fact that the average of logarithmic
terms is smaller than the logarithm of the average of the terms. The proof, which builds on the

fact that arithmetic mean is greater than the geometric mean, is shown below:

n n 1/’1 n n l/l’l n
leiZ(Hxl} :ln(leijzln[(Hxij }:ln<xi>zlln(nxl)
nio i=1 nig i=1 n i=1

Sin(x) 223 Inx = In(x )2 (Inx,)
nis

(7-118)

7.1.16 Calculation of the Error in Modeling gir.csmt

The errors associated with counting the number of hydrating contacts and with
calculating the solvent accessible surface area were obtained using the block-averaging
technique.*® ' The block-averaging technique yields errors in the fractional degree of hydration,
fi, and in the solvent accessible surface areas, SASA4; and SASA4..r., Which are used to calculate the

root-mean square error in g, csyr. Substituting Eqs. (4-2) and (4-4) in Eq. (2-40) yields:

O-mix [Awre - Z N/ aov.f J
8 csmur = ZajZ(l - f[/ )gzr,i, + Za/‘ch, 'SASAU, [ -
J J c;

v SASA,,.,—->.N,a, jj
J

tr.c;

©S4s4,

—&im

O i [Az'arc _ZN %o.j J
=Y | (1= 1 ) + 2 (11 )& +31, -S54, [ / j + 1,8, |~ &

Jj ¢ i#C;

SASA. = 2N ay,
j
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O ix [Acm'e - z Nja0<j ] . (7' 1 1 9)

:Zaiz&w+2@—ﬁkm+2ﬁﬁﬂ&%
J < ij#c; <

Let the error in the variable x be denoted by Ax. Accounting solely for the errors from the
simulations, that is, for errors arising from the calculation of f;, SASA;, and SASA s, the error in

the calculated g, csyr is given by:

2

O ix {Acol‘e - Z Na, jJ
J

(SASAmm - Z Njaﬂ‘j J
J

2

+(Ag,, )

Ag, cour = Za/ (:Z(Agrr,mnre/ )2 +i; (A((l -/ )gm, ))2 + Z Al f. -SASA,
(7-120)

£, 5454,

SASA,,.~Y" N/.aou,]
J

2

+0

=Ya, 0+2(gw.,Afi,)2+Z O'WX[AM_F—ZN].%JJA (
ij#c; ¢ j

£, 8454,

SASA,,. =Y. N,ao_,]
J

J ij#c;

2
:zaj z(grr.i,Aﬁ,) +Z O—mix[ArurezNjaO./jA [
¢ J

2
f. -SASA. 2
A J J
SASA,,, — Zj: Na,, AoV (asasa ) A (SASAW —~ Zj: N.a,. j]
= ~ | + ~ | +
f. -SASA, 1. SASA, SASA,,..— Y N.a,,
SASA,,, — Z Na,, /
J

2 2 2

Af. ASASA,
| e | [ 228% ASASA,,, (7-121)
1. SASA, SASA,,.— > N.a,
J

Substituting Eq. (7-121) in Eq. (7-120) yields the error in g csur.
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7.2 Packing Polynomials

The packing polynomials used to calculate the packing free energy for the surfactants
considered in this thesis are listed in this section. The polynomial function is specific to the
surfactant tail, or to be surfactant tail mixture, as well as to the micelle shape. For a single
surfactant system packed in one of the three regular shapes, namely, spheres, infinite cylinders,

or infinite bilayers, the polynomial is of the form:

gpack Zan }"/ re[ (7-122)

n=0

where 7 is the half-thickness in the case of an infinite bilayer, and is the radius in the case of an
infinite cylinder or a sphere, r,.; is a length parameter, and a, are the polynomial coefficients.

The upper and lower limits on 7 are 7, and 7., respectively.

For the biaxial ellipsoidal case or for the discoidal case, the polynomial is a function of
two size variables, since two parameters are required to uniquely define their size. Therefore, the

polynomial is of the form:

4 4
gpac/c,pmlate zzalj p/prel q/pn/) (7_123)
j=0 i=0
4 4 ;
gpack,ublale Z Z alj q/qrel (p/qrel) (7-124)
j=0 i=0
6 6
gpack,disc Z z alj rel b/qrel ) (7- 1 25)
j=0 i=0

where p and g are the two semi-axis lengths as shown in Figure 3-2, b and b' are the size

variables associated with a discoidal micelle as shown in Figure 3-1 p,;, g, and 7, are length
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parameters, and a;; are the polynomial coefficients. In the case of a prolate ellipsoid, an oblate
ellipsoid, and a disc, the upper limits on p, ¢, and b' are pax, Gmax, and b'yay, respectively, and the
lower limits on p, g, and b' are puin, Gmin, and by, respectively. In addition, the polynomial has
been fitted using data for aspect ratios varying between (q/p)min and (g/p)ma, for prolate
ellipsoids, (p/q)min and (p/q)max, for oblate ellipsoids, and (b/b");n and (b/b")may, for discs. All the
polynomial coefficients, parameters, and limits introduced above are listed in the parameter

table.

For the case of binary mixtures of surfactants forming spherical, cylindrical, and bilayer-
like micelles, the polynomial is a function of 7 and the micelle composition of the surfactant with

the shorter tail, a. Therefore, the polynomial is of the form:

2 4 o
Lpack =2, 2.4 (/1) @’ (7-126)
j=0 i=0
where a;; are the polynomial coefficients. In addition, the parameter ay, and the limits 7ax shors

and 74y 1ong Introduced in Section 5.2.1, are also tabulated along with the coefficient table. Note

that to minimize the number of parameters, 7,.; in Eq. (7-126) is chosen to be #yax shorr-

7.2.1 Packing Polynomials for Single Fluorocarbon Tails in Spheres, Cylinders, and

Bilayers
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ne Shape Vmin Vinax Frel agp aj a as ay as ag
Dl A 1A
5 Bilayer 2.6 7.4 6.5 2486 | -186.7 | 611.9 -1046 | 982.4 | -482.9 | 98.22
5 Cylinder | 2.6 7.9 6.5 39.90 | -267.0 | 790.7 -1252 1112 | -525.2 | 103.3
5 Sphere 2.6 7.9 6.5 132.8 | -893.2 2568 -3937 3379 | -1537 | 288.9
6 Bilayer 3.1 9.1 7.8 6.955 | -31.75 | 71.31 -72.36 | 28.21 0.0 0.0
6 Cylinder | 3.1 9.1 7.8 4444 | -295.8 | 861.5 -1331 1145 | -520.7 | 98.10
6 Sphere 3.1 9.1 7.8 115.6 | -737.4 2009 -2908 2346 | -998.3 | 175.1
7 Bilayer 3.2 10.1 9.1 31.83 | -264.0 | 959.9 -1857 2012 | -1159 | 278.2
7 Cylinder | 3.2 10.5 9.1 2048 | -99.77 | 2148 -227.3 | 1153 | -21.72 0.0
7 Sphere 32 | 10.5 9.1 160.1 -1130 3416 -5520 4993 | -2390 | 472.1
n. 1s the number of carbon atoms in the fluorocarbon tail
7.2.2 Packing Polynomials for Single Hydrocarbon Tails in Spheres, Cylinders, and
Bilayers
ne Shape Vmin Vmax Vyel ag aj ar as ay ds ags
Al A 1A
6 Bilayer 2.7 8.2 7.7 7.667 | -37.53 89.98 -94.78 | 38.68 0.0 0.0
6 Cylinder | 2.7 9.1 7.7 2032 | -111.0 | 2748 -338.6 | 204.1 | -47.53 0.0
6 Sphere 2.7 9.1 7.7 117.1 -846.8 2616 -4279 3887 | -1856 | 364.1
8 Bilayer 3.6 | 10.5 9.7 6.653 | -29.46 | 68.48 -73.36 | 31.08 0.0 0.0
8 Cylinder | 3.6 | 10.5 9.7 1540 | -66.26 128.6 -113.1 | 37.60 0.0 0.0
8 Sphere 36 | 11.3 9.7 165.9 -1310 4420 -7927 7932 | -4191 | 9129
9 Bilayer 40 | 114 | 10.9 | 6479 | -28.57 | 67.58 -74.29 | 32.59 0.0 0.0
9 Cylinder | 4.0 | 123 | 109 | 1235 | -47.55 | 87.47 -74.49 | 2447 0.0 0.0
9 Sphere 4.0 | 123 | 109 | 62.39 | -3674 | 9173 -1143 | 703.2 | -170.4 0.0
10 Bilayer 4.5 12.1 | 11.1 | 7.313 | -31.45 | 69.26 -70.16 | 28.09 0.0 0.0
10 | Cylinder | 4.5 13.2 | 11.1 12.86 | -47.03 82.10 -66.40 | 20.67 0.0 0.0
10 Sphere 4.5 13.7 | 11.1 | 88.300 | -574.5 1635 -2482 2106 | -942.6 | 173.9
11 Bilayer 49 | 134 | 12.8 | 7.381 -33.23 | 76.95 -82.43 | 35.17 0.0 0.0
11 Cylinder | 49 | 139 | 12.8 | 13.80 | -54.54 101.3 -86.71 | 28.50 0.0 0.0
11 Sphere 49 145 | 12.8 1109 | -814.8 2593 -4391 4140 | -2056 | 420.0
12 Bilayer 54 | 139 | 13.3 | 7.071 -29.96 | 66.93 -69.61 | 29.07 0.0 0.0
12 Cylinder | 54 | 152 | 133 12.73 | -46.36 | 81.62 -67.04 | 21.36 0.0 0.0
12 Sphere 54 | 158 | 13.3 | 4895 | -259.6 | 6009 -699.4 | 4039 | -91.95 0.0

n. is the number of carbon atoms in the hydrocarbon tail.
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7.2.3 Packing Polynomials for Surfactant Tails in Biaxial Ellipsoidal Micelles and

Discoidal Micelles

a. 5-Carbon Fluorocarbon Tail

Shape: Prolate Ellipsoid

Parameter Table

pmin

2.6152 A

DPmax

7.6822 A

Prel

6.5380 A

(q/ p )min

1.0

(9/P)max

3.0

Shape: Oblate Ellipsoid

Parameter Table

Qe | 7.6822 A

qrel 6.5380 A
(p/CI)min 1.0
P/Pmax | 3.0

b. 6-Carbon Fluorocarbon Tail

Shape: Prolate Ellipsoid

Parameter Table

DPoar | 8.8069 A

Drel 7.7851 A
(q/p)min 10
(¢/P)nax | 4.0

Coefficient Table
1 q/prel (q/prel)2 (q/prel)3 (q/prel)4
1 89.72 -174.75 131.18 -32.67 0.0
D/Drel -380.56 752.49 -555.73 137.12 0.0
(p/p,e,)2 623.67 -1214.52 880.30 -214.69 0.0
(p/p.)’ | -452.59 865.63 -615.97 | 148.39 0.0
(v/p.)’ | 122.06 -229.27 160.41 -38.18 0.0
Coefficient Table
1 p / Grel (P/ q rel)2 (p/ q;fel)3 (p/ QVe1)4
1 75.6089 -286.36 389.62 -218.18 43.21
q/q,er -213.37 949.83 -1379.95 804.65 -164.25
(9/g,.)* | 19742 | -1126.90 | 179554 | -1099.75 | 232.25
(q/q..) | -41.73 538.55 -1004.59 657.60 -144.61
(q/g,.)" | -14.98 -76.84 200.43 -144.59 33.42
Coefficient Table
1 q/ Prel (q/ p rel)2 (q/ P rel)3 (6] /p rel)4
1 81.18 -122.77 80.97 -18.65 0.0
PIPra -354.69 529.76 -339.43 78.21 0.0
(p/p.)’ | 61028 | -869.89 | 536.69 | -122.88 0.0
(p/p.)’ | -470.11 | 638.66 | -377.90 85.59 0.0
(/p)’ | 13553 | -175.99 | 99.766 -22.28 0.0
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Shape: Oblate Ellipsoid

Parameter Table Coefficient Table
G min 3.1140 A 1 p/qrel (p/qrel)2 (p/qrel)3 (p/qrel)4
Gmax 9.1475 A 1 92.38 -233.27 237.37 -106.58 17.60
Ga | 77851 A ¢/ | -362.89 | 89624 | -888.73 | 397.97 | -66.62
O/Qin | 1.0 (9/q,.)° | 577.51 | -1343.28 | 1275.46 | -562.17 | 94.74
O/Qmax | 4.0 (9/q,.)° | -418.01 | 915.66 | -826.37 | 355.19 | -59.93
(q/q,e;)4 113.57 -236.27 202.79 -84.52 14.22
Shape: Disc
Parameter Table Coefficient Table
b'min 31 140 A 1 b/rrel (b/rrel)z (b/rre/)3 (b/rrel)4 (b/rrel)5 (b/rrel)6
b 8.4463 A 1 759 | -481.4 1205 -1434 924.8 -315 44.0
r | 77851 A blr | -395 | 2804 | -7085 | 8314 | -5350 | 1851 | -267
b /bv) ] 1.0 (b'/r,e,)2 795 -6542 16946 | -19666 | 12643 -4469 670
b /b.)”“" 5'0 (b/ra)’ | 643 | 7562 | 20792 | 24044 | -15514 | 5646 | -886
Az - (b'/r,e,)4 6.28 -4257 13484 | -15784 | 10321 -3918 651
(b'/r,e,)S 270 863.4 -4175 5128 -3469 1406 -252
(b'/r,e,)6 -107 51.94 418.6 -602.8 4443 -201 40.0
c. 7-Carbon Fluorocarbon Tail
Shape: Prolate Ellipsoid
Parameter Table Coefficient Table
Pmin 3.1915 A 1 q/prel (q/prel)z (q/prel)3 (q/prel)4
Pmax 10.4865 A 1 115.73 -257.14 221.73 -65.10 0.0
Drel 9.1187 A PIDrel -501.98 1106.46 -932.18 272.74 0.0
(/P )min 1.0 (/p)” | 855.72 | -1814.32 | 1478.33 | -428.00 | 0.0
(q/P)max 3.0 (0lp)’ | -657.89 | 1335.06 | -1045.8 | 297.93 0.0
Wp)' | 19048 | -370.12 | 277.98 | -77.59 0.0
Shape: Oblate Ellipsoid
Parameter Table Coefficient Table
Gun | 3.1915A 1 Plgre | Plge)’ | 0lg)’ | (Plgre)’
Gmax 10.4865 A 1 141.44 -499.73 698.15 -430.48 96.49
Grel 9.1187 A q/q,el -531.42 1833.84 -2538.34 1591.38 -366.55
P/ min 1.0 (9/9.)° | 832.83 | -2664.73 | 3541.67 | -2220.97 | 522.41
(P/9)max 3.0 (9/q,.)° | -619.05 | 1811.20 | -2254.12 | 1389.31 | -331.30
(¢/q,.)" | 17855 | -481.09 | 552.87 | -329.25 | 78.95
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d. 6-Carbon Hydrocarbon Tail

Shape: Prolate Ellipsoid

Parameter Table Coefficient Table
Puin | 2.6811 A 1 9P| (qlpr)” | (@pra)’ | (qIpre)’
Dmax 9.1158 A 1 62.44 -97.64 62.33 -13.63 0.0
Pra | 7.6603 A Dlp | -282.64 | 44497 | 27049 | 57.66 0.0
(@/P)win | 1.0 (0/p) | 50877 | -771.82 | 44459 | 91.63 0.0
(@/P)mar | 4.0 (0/p.) | -406.28 | 59437 | -325.35 | 64.64 0.0
(p/p,d)4 119.90 -169.86 88.91 -17.03 0.0
Shape: Oblate Ellipsoid
Parameter Table Coefficient Table
qmin 2.6811 A 1 p/QI‘el (p/CIrel)z (p/CIrel)3 (p/CIrel)4
Gmax 9.1158 A 1 59.36 -168.30 186.33 -87.85 14.83
Grel 7.6603 A q/q el -223.12 647.48 -705.9 332.52 -56.69
@/Pwin | 1.0 (9/q,)° | 34943 | -975.67 | 1027.00 | -476.70 | 81.45
O/Dmas | 4.0 (9/9.)° | -247.99 | 666.40 | -673.77 | 305.69 | -52.05
(@/g.)’ | 64.615 | -170.13 | 166.54 | -73.70 | 12.468

7.2.4 Packing Polynomials for Binary Mixtures of Surfactants in Spheres, Cylinders, and

Bilayers

a. Packing Polynomial for a Binary Mixture of Octyl and Undecyl Hydrocarbon Tails

Shape: Bilayer

Parameter Table Coefficient Table
Ne short 8 1 o o 2
ne long 1 1 1 043 12 —5984 —04666
Fonin 49 A Tvel 8.970 22.96 8.185
Foaxshort | 10.6 A (r/ra)’ | -16.34 -28.41 -23.58
Faciong | 134 A (rlr)’ | 9.328 11.01 18.62
g 0.333 (r/rye)’ 0.0 0.0 0.0
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Shape: Cylinder

Parameter Table Coefficient Table
Ne short 8 1 o o’
Melong 11 1 6.214 -1.094 0.0
F i 49 A FI¥ el -8.207 0.2906 0.0
Fuasshort | 11.1A (rlr,)” | 4.124 1.031 0.0
Fuasione | 13.9 A (rlre)” | 0.0 0.0 0.0
g 0.101 (rlrye)’ 0.0 0.0 0.0

Shape: Sphere

Parameter Table Coefficient Table
Reshors 8 1 a a’
Melong 11 1 30.64 -19.21 0.0
Fin 49 A FIT el -110.7 79.15 0.0
Foarshortr | 11.1 A (rlr)” | 169.6 -126.7 0.0
Fmaiong | 14.5 A (rlra)’ | -117.0 89.87 0.0
o 0.150 (rlra)’ | 30.21 -23.48 0.0

b. Packing Polynomials for a Binary Mixture of Nonyl and Undecyl Hydrocarbon

Tails

Shape: Bilayer

Parameter Table Coefficient Table
Ne short 9 1 a a ’
Nelone 11 1 0.2712 | -6.620 3.250
P i 49 A P/ yer 10.16 28.55 -12.27
Fuaxshort | 11.1 A (/) | -19.07 -40.51 12.88
Fasjong | 134 A (rlrye)’ 11.25 18.90 -2.736
o 0.242 (r/rre)’ 0.0 0.0 0.0
Shape: Cylinder
Parameter Table Coefficient Table
Ne short 9 1 o o’
Melong 11 1 6.224 | -0.7810 0.0
Fonin 49 A /P el 9.114 | 0.3210 0.0
Fasshorr | 122 A (rlr,)” | 5.122 0.7168 0.0
Fmasiong | 13.9 A (r/re)’ 0.0 0.0 0.0
o 0.116 (rlrye)’ 0.0 0.0 0.0
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Shape: Sphere

Parameter Table

e short 9
nc,long 1 1
Vmin 4.9 A
Vinax,short 122 A
Oy 0.131

¢c. Packing Polynomials for a Binary Mixture of Decyl and Undecyl Hydrocarbon Tails

Coefficient Table
1 a a’
1 30.66 -13.32 0.0
Hre | -122.1 59.01 0.0
() | 206.1 -100.7 0.0
(rlr,)’ | -156.5 75.52 0.0
()’ | 44.48 | -20.69 0.0

Shape: Bilayer

Parameter Table

e short 10
N long 11
Vmin 49 A
rmax,short 122 A
Vimax,long 134 A
o 0.355

Shape: Cylinder

Parameter Table

e short 10

Ne.long 11
Vin 4.9 A
Vinax,short 134 A
Fmasione | 139 A
Oy 0.267

Shape: Sphere

Parameter Table

Ne short 10
nc,long 1 1
min 49 A
Vinax,short 13.4 A
Vimax,long 14.5 A
0y 0.278

Coefficient Table
1 o a’
1 -0.2644 | -0.9448 0.0
1 e 13.70 4.880 0.0
(rlr) | 2681 | -9.433 0.0
(r/ra) | 16.69 6.415 0.0
(r/rre)’ 0.0 0.0 0.0

Coefficient Table
1 o a’
1 6.243 | -0.3587 0.0
¥re | -10.06 | 0.0217 0.0
(rIra) | 6240 | 0.5340 0.0
(7))’ 0.0 0.0 0.0
(r/rye)’ 0.0 0.0 0.0
Coefficient Table

1 a a’
1 30.48 -6.374 0.0
¥ | -131.9 28.38 0.0
(rlr,)” | 2417 -47.47 0.0
()’ | -199.4 | 33.70 0.0
(r)’ | 6152 | -8.254 0.0
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d. Packing Polynomials for a Binary Mixture of Decyl and Dodecyl Hydrocarbon Tails

Shape: Bilayer

Parameter Table Coefficient Table
e short 10 1 a o ’
Nelong 12 1 -0.4975 -0.1822 0.0
Fin 54 A FIT el 13.59 1.695 0.0
Foasshort | 12.1 A (rlr,a)” | -23.82 -6.122 0.0
Fasiong | 13.9 A (rira)’ | 1332 5.914 0.0
o 0.262 (r/rre)’ 0.0 0.0 0.0
Shape: Cylinder
Parameter Table Coefficient Table
Reshors 10 1 a a’
Nelong 12 1 6.315 -0.7817 0.0
Vmin 54 A V¥ el -9.407 0.5029 0.0
Foacsiorr | 133 A (r/ra)’ | 5390 | 0.5075 0.0
Fmasiong | 15.2 A (r/re)’ 0.0 0.0 0.0
o 0.262 (rlrye)’ 0.0 0.0 0.0
Shape: Sphere
Parameter Table Coefficient Table
Ne short 10 1 o a’
Nelong 12 1 28.13 -11.03 0.0
Vmin 54A PIFyel -109.5 49.96 0.0
Fosiorr | 13.3 A (r/r.) | 1833 -80.45 0.0
Fmasiong | 15.8 A (rlre)’ | -139.0 59.15 0.0
o 0.231 (r/r)’ | 3954 | -15.79 0.0

e. Packing Polynomials for a Binary Mixture of Undecyl and Dodecyl Hydrocarbon

Tails
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Shape: Bilayer

Parameter Table

e short 11
U» long 12
Vinin 5.4 A
rmax,short 13 3 A
Vmax,long 13.9 A
O 0.268

Shape: Cylinder

Parameter Table

Ne short 11
ne long 12
Vinin 5.4 A
Vinax,short 13.9 A
Vimax,long 15.2 A
(%)) 0.280

Shape: Sphere

Parameter Table

Ne short 11
N long 12
Vomin 54 A
Vinax,short 14.6 A
Fmaciong | 152 A
0y 0.159

f. Packing Polynomials for a Binary Mixture of Perfluorohexyl Fluorocarbon Tail and

Coefficient Table
1 o a’
1 0.4684 | -1.440 0.0
Pl yer 10.40 7.290 0.0
(rlra)” | -22.15 -13.09 0.0
(rlrye)’ 14.75 8.166 0.0
(r/r.a)’ 0.0 0.0 0.0

Coefficient Table
1 o a’
1 6.329 | -0.3745 0.0
Plre | <9913 | 0.2019 0.0
(rlr)” | 5.990 0.3006 0.0
(r/re)’ 0.0 0.0 0.0
(rlrye)’ 0.0 0.0 0.0
Coefficient Table

1 o a’
1 29.69 -7.189 0.0
Py | -129.7 36.16 0.0
() | 2425 | -69.09 0.0
(r/rv)’ | -205.1 58.06 0.0
(rlr)’ | 65.06 -17.81 0.0

Nonyl Hydrocarbon Tail

Shape: Bilayer

Parameter Table

e short 6
Ne jong 9
Vmin 4.0 A
rmax,short 86 A
Fuariong | 11.4 A
0 0.615

Coefficient Table
1 o a’
1 -0.6454 | -0.3282 0.0
Iyl 12.76 2.686 0.0
(rr) | 2022 | -9.547 0.0
(/7)) 10.11 8.512 0.0
(r/re)’ 0.0 0.0 0.0
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Shape: Cylinder

Parameter Table Coefficient Table
Ne short 6 1 o o’
Melong 9 1 6.098 -1.593 0.0
Fomin 4.0 A ¥ rer -8.035 1.044 0.0
Fnas.short 9.1 A (rlr,)” | 4.008 0.5285 0.0
Fmaviong | 12.3 A (1/72e1)’ 0.0 0.0 0.0
g 0.330 (rlrye)’ 0.0 0.0 0.0

Shape: Sphere

Parameter Table Coefficient Table
Reshors 6 1 a a’
Melong 9 1 32.84 -16.19 0.0
Fonin 4.0 A /T el -116.9 60.56 0.0
P short 9.1 A (rlr,)” | 172.6 -85.77 0.0
Fmasiong | 12.8 A (rlr.)’ | -113.8 53.00 0.0
o 0.145 (rire)’ | 27.93 -11.74 0.0

g. Packing Polynomials for a Binary Mixture of Perfluorohexyl Fluorocarbon Tail and

Decyl Hydrocarbon Tail

Shape: Bilayer

Parameter Table Coefficient Table
He short 6 1 a a :
N long 10 1 0.5987 -11.27 0.3035
oin 45 A 7/¥ el 7.404 43.54 7.541
Foarsiorr | 9.1 A (rlr)’ | -12.67 | -55.89 | -26.07
Fiasiong | 12.1 A (rlr)’ | 6.759 23.30 20.93
g 0.645 (r/re)’ 0.0 0.0 0.0
Shape: Cylinder
Parameter Table Coefficient Table
Ne short 6 1 a a ’
Helong 10 1 6.117 -2.168 1.286
min 45A VIV el -7.300 2.496 -4.177
Foasshort | 9.1 A (rlr.)’ | 3.383 -1.106 3.579
Fmasiong | 13.2 A (r/7ye))’ 0.0 0.0 0.0
0 0.230 (rlrye)’ 0.0 0.0 0.0
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Shape: Sphere

Parameter Table

e short 6
nc,long 10
Vmin 4.5 A
Vimax,short 9.1 A
Oy 0.160

h. Packing Polynomials for a Binary Mixture of Perfluorohexyl Fluorocarbon Tail and

Coefficient Table
1 o a’
1 17.71 -9.689 0.0
rlre | -37.28 21.49 0.0
(rlr)’ | 30.75 -17.25 0.0
(rlr,)’ | -8.518 4758 0.0
(r/rye)’ 0.0 0.0 0.0

Undecyl Hydrocarbon Tail

Shape: Bilayer

Parameter Table

Ne,short 6
Nelong 11
Vmin 49 A
Vmax,short 8.9 A
Vmax,long 13.4 A
ag 0.725

Shape: Cylinder

Parameter Table

e short 6

Ne,long 11
Finin 49 A
Vinax,short 8.9 A
Fmaiong | 13.9 A
Oy 0.194

Shape: Sphere

Parameter Table

e short 6
Ne,long 11
Fonin 49 A
Vinax,short 8.9 A
V'max,long 14.5 A
Oy 0.091

Coefficient Table
1 o a’
1 0.1159 | -9.854 4.153
e 8.390 35.53 -8.045
(rlr)” | -12.16 -42.80 -4.666
(rfre) | 5.634 16.40 11.14
(r/ra)’ 0.0 0.0 0.0
Coefficient Table
1 o a’
1 6.201 2215 1.157
Mre | -6.628 2.139 -3.740
(rr) | 2761 | -0.9304 3.265
(r/rye)’ 0.0 0.0 0.0
(rlrye)’ 0.0 0.0 0.0
Coefficient Table
1 o a’
1 17.06 -9.155 0.0
rre | -31.58 17.14 0.0
(rr) | 2318 | -11.95 0.0
(rlre)’ | -5.745 2.981 0.0
(r/r)’* 0.0 0.0 0.0
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Packing Polynomials for a Binary Mixture of Perfluoroheptyl Fluorocarbon Tail

and Octyl Hydrocarbon Tail

Shape: Bilayer

Parameter Table

e short 7
e long 8
V'min 3.6 A
Vmax,short 10.1 A
Fasiong | 10.1 A
O 1.000

Shape: Cylinder

Parameter Table

Ne short 7
Ne,long 8
Vimin 3.6 A
Vinax,short 10.5 A
Vimax,long 10.9 A
0 0.890

Shape: Sphere

Parameter Table

e short 7

ne long 8
Pomin 3.6 A
Vinax,short 10.5 A
Foasiong | 11.3 A
0y 0.200

Coefficient Table
1 o a’
1 6.313 8.964 0.0
IFyel -28.38 | -65.38 0.0
(r/re)” | 68.62 168.7 0.0
(rlr)’ | -76.91 -186.7 0.0
(r/ra)’ | 3428 74.84 0.0

Coefficient Table
1 o a’
1 5984 | -0.1165 0.0
Plr | -10.11 | -0.6915 0.0
(rlr,)” | 6.524 0.5994 0.0
(r/re)’ 0.0 0.0 0.0
(rlrye)’ 0.0 0.0 0.0
Coefficient Table

1 o a’
1 69.69 27.78 0.0
Pl | -442.5 -203.0 0.0
(rlra)’ | 1177 585.9 0.0
(rlre)’ | -1555 -843.8 0.0
(rlr,)' | 1012 603.9 0.0
(rlr)” | 2589 | -171.1 0.0
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7.3 Molecular Descriptors of Surfactants

The molecular descriptors associated with the MT modeling of a surfactant includes: (i)
the surfactant tail volume, v, (i1) the surfactant tail length, /,,;, (iii) the shielding area, ay, (iv)
the interfacial tension between the tail phase and water, o,, (v) the tolman length, J, (vi) the head
area, ay, (vii) the head length, 4;, (viii) the distance of the charge from the head-tail junction,
dcharge, and (ix) the radius of the counterion, 7;,,. Equations to calculate the values of descriptors
(1) — (v) are presented in Section 2.3. The values of the remaining descriptors are listed in Table

7-1.

Note that the head areas, a;, for the alkyl ethoxylates in Table 7-1 are only used in the
MT framework. All the other molecular descriptors are used in both the MT and the CSMT
frameworks. Note that the head areas of the alkyl ethoxylates in Table 7-1 are not used with the

1.!7 The head area was

CSMT model because these were specifically derived for the MT mode
calculated as the ratio of the head volume and the head length. The head volume, vjeuq, is
proportional to the number of ethoxylate units, j. The head length was calculated using concepts
from scaling theories of polymers which yielded a;; = a0 (]')0'8. The parameter a; was fitted to
yield reasonable agreement between the predicted and the experimental CMC of C12E6." Since
the transfer free energy of the alkyl ethoxylates in the MT framework is significantly different
from that in the CSMT framework (for example, the transfer free energy of C12E6 is -19.95 kT

in the MT framework and -22.52 kT in the CSMT framework), the a; values were recalculated

for the CSMT framework.

To calculate a; for alkyl ethoxylates, a procedure similar to the one described above was

followed. In our approach, the head volume, vjq4, 1S proportional to j, similar to what was used
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by Puvvada and Blankschtein in deriving their equation for a;,; shown above.'” However, the
length of the ethoxylate head was calculated based on the study by Sarmoria and
Blankschtein.'”’. Using the data presented by Sarmoria and Blankschtein,'®” one can show that
the head length of PEO chains is proportional to j**, for j varying between 4 and 10. Therefore,
the head area of the ethoxylate head, a;, is proportional to P =0 e, anj = ap; (/i))*. By
varying a6, the CMC predicted using the CSMT framework can be matched to the experimental
CMC for C12E6. This yields a value of aps = 65.3 Az, which was subsequently used to make

predictions using the CSMT framework.

Table 7-1: Molecular Descriptors of the Surfactants Considered.

ap hl dcharge Vion
A | A | A | &
CI0SUL | 249 4.29 2.89 2.18
C12SUL | 24.9 4.29 2.89 2.18
C10GLU | 40.0 - - -

C8E4 28.3 - - -
CI2E8 52.9 - - -
CI12E6 42.0 - - -
C10E4 28.3 - - -
LiPFOS 29.8 3.55 2.15 243
oG 40.0 - - -
SPFO 29.8 4.31 291 2.18
SDO 21.0 431 291 2.18
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